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Abstract 

In this work, we present theoretical analysis of the solution of Fuzzy Sylvester 
Matrix Equation (FSME) in the form AX + XB = C. The necessary and sufficient 
conditions for the existence of fuzzy solutions are proposed and some operators 
to finding the solution of FSME are exploited. Furthermore, an iterative scheme 
which can solve two n x n system instead one In x 2n system is presented to 
solving extended iwzxy linear system. Several numerical examples are performed to 
illustrate developed theory. 

keywords: Fuzzy Sylvester matrix equation, Fuzzy linear system, Iterative method. 
2000 AMS Subject Classification: 15A06 

1 Introduction 

The matrix equation 

AX + XB = C, (1.1) 

where A e R nxn , B e R mxm and C E R nxm are known matrices and X e R nxm is an 
unknown matrix is called a Sylvester matrix equation. This equation is of considerable 
importance in many applications such as system theory, control theory, matrix prob- 
lems arising in partial differential equations and some techniques in ordinary deferential 
equations [8], [9], [14]. The solution of the Sylvester matrix equations uses two types of 
methods. The first type of methods is based on the transforming the coefficient matrices 
to Schur or Hessenberg form and then solving corresponding linear system directly. The 
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second type of method are iterative scheme methods focusing on large sparse systems [8] , 
[9], [14]. Now, consider the matrix equation 

AX + XB = C, (1.2) 

where X G ]^ raxm j s an unknown fuzzy matrix and C G ]R nxm is a known fuzzy matrix. 
This paper will investigate the solution of (1.2) which is called a "fuzzy Sylvester matrix 
equation" . 

It is known that the systems of linear equations play major role in various areas such 
as science, engineering and economics. The concept of fuzzy numbers and arithmetic 
operations associated with these numbers was first presented by Zadeh [20]. Friedman et 
al. in [12] proposed a model for solving annxn fuzzy linear system of equation where the 
coefficient matrix is crisp and the right-hand side column is an arbitrary vector of fuzzy 
number. They used the embedding method and replaced the original n x n fuzzy linear 
system by 2n x In crisp function linear system. Authors such as Abbasbandy et al. in 
[1], [2], Allahviranloo et al. in [3], [4] and Dehghan and Hashemi in [10] have extended 
the work of Friedman. 

Recently, some authors focus on solving fuzzy matrix equations. Zengtai and Xiaobin 
in [13] investigated the fuzzy matrix equation in the form of AX = B. They used 
generalized matrix inverse and presented the least square solution to the fuzzy matrix 
equation. Allahviranloo et al. in [5] presented a two stage method for computing fuzzy 
linear matrix equation AXB = C. They applied the Kronecker product to transform this 
fuzzy linear matrix equation to a non-square system and used the embedding approach. 
Salkuyeh [18] investigated the fuzzy Sylvester matrix equation where the crisp matrices A 
and B are M-matrices. He has solved the associated system by accelerated over relaxation 
method. 

In this paper we investigate analytically and practically the fuzzy Sylvester matrix 
equation AX + XB = C where A is an n x n matrix, B is a m x m matrix and C is 
an m x n fuzzy matrix. Some operators such as Kronecker product, Kronecker sum and 
vec-operator are exploited to transform the fuzzy Sylvester matrix equation to mn x mn 
fuzzy linear system. An iterative method which has feasible property will be introduced 
for solving the associated fuzzy linear system. Furthermore, an interesting application 
of fuzzy Sylvester matrix equation is introduced. Throughout this note, the Kronecker 
product of two matrices denoted by A<g>B, the vector of each matrix A G C mx ™ presented 
by vec(A) G C mn , and the spectrum of an arbitrary matrix W introduced by a(W). 
The outline of the paper is as follows: In Section 2 we will present basic definitions and 
concepts. In Section 3 we will discuss about the necessary and sufficient condition for 
existence of solution of FSME. In section 4, an algorithm will be presented for solving 
fuzzy linear system. Numerical examples will be given in Section 5 and the conclusions 
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are in Section 6. 

2 Basic concepts 

In this section, some brief preliminary concepts of the fuzzy number arithmetic and fuzzy 
Sylvester matrix equation are given. 

Definition 2.1: [10] A fuzzy number is defined by an ordered pair of functions (u(r),u(r)), 
< r < 1, which satisfy the following conditions: 

1. u(r) is a bounded left continuous non-decreasing function over [0, 1]; 

2. u(r) is a bounded left continuous non-increasing function over [0, 1]; 

3. u(r) < u(r), < r < 1. 

A crisp number a is represented by u(r) = u(r) — a, < r < 1. For an arbitrary fuzzy 
number u = (w(r),w(r)), v = (v(r),v(r)) and Ael, arithmetic operators can be defined 
as [10]: 

u = v iff u(r) = v(r) and u(r) = v(r), 
u + v = (u(r) + v(r),u(r) + v(r)) 

u — v = (u(r) — v(r),u(r) — v(r)) (2 1) 

Xu= (A«(r),A«(r)), A > 0, 
(Au(r),Au(r)), A < 0. 

Definition 2.2: The Sylvester matrix equation AX + XB = C is called a fuzzy Sylvester 
equation (FSME) if matrices A = (a^), 1 < i,j < n and B = (%), 1 < i, j < m are crisp 
matrices and right-hand side matrix C = (Qj), l<i<n,l<j<mis& known fuzzy 
matrix, where X = (x^), 1 < % < n, 1 < j < m is an unknown fuzzy matrix. Note that 
the ijth equation of this system is: 

^ a ik x kj + ^2 x itbij = Cij, 1 < i < n, 1 < j < m. (2.2) 

k i 

By writing the matrices in (1.2) in terms of their columns, it is easily seen by equating 
ith column we have the relation 

m 

A*i + Xbi = Ax. + ^2 bji%j = c i (2-3) 
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These equations can be written as the van x van fuzzy linear system as follows: 
/A + bnl b 2 J ■■■ b ml I \ /xi\ /ci\ 



612/ A + 6 22 J ••• 



bm.oI 



X 2 



c 2 



(2.4) 



y 0\ m l 02m-' ' -<i "T mm l J yX m y \Cm/ 

Clearly, the system of equation (2.4) can be replaced in the form 

(A © £*)vec(X) = vec(C), 



(2.5) 



where (A © 5*) is Kronecker sum of matrices A and B that can be defined as (A © 5*) = 
(I m © A) + (5* © /„). In continue of this paper, we use vec(W) = w (small and bold) 
for given matrix W G C mxn . Now, in the following definition we define a solution of the 
FSME. 

Definition 2.3: A fuzzy number matrix X = (xij), 1 < i < n,l < j < va given 
by Xij = (Xj (r), Xjj(r)), 1 < % < n, 1 < j < va is called a solution of the FSEM if: 



^2 a ik%kj + ^ ^%( r ) = ^2 a ik X kj{r) + ^2 Xiebl 



.aikXkj + 2 , x i£°ej\ r > 

k I k 



^2a ik x kj + ^2x ie b ej (v) = ^2a ik x kj (v) 



+ ^ X i^. 



[V) = Cij {V), 



[V) = Cij {V). 



(2.6) 



From (3.1) in particular , if a^ > 0, for 1 < i < n, 1 < j < va and bij > 0, for 
1 < i < n, 1 < j < va or if an + bjj > 0, for 1 < i < n, 1 < j < va, we simply get: 



^2a ik x kj + y^ j x i eW j (r) = '^a i kXkj{r) + ^a^(r)% = %(r), 
k e k e 



(2.7) 



^ a-ikXkj + y^ y Xjtbej(r) = ^2a ik x kj (v) + ^x i£ (r)% = c i:j (r). 
k e k e 



In general, an arbitrary equation may include a linear combination of x^s and x^'s for 
either c^- or c^. Hence, where the right hand side vector is the function vector C = (3c), 
one can solve a crisp linear system in order to solve the system given by (2.6) and (2.7). 

3 Fuzzy Sylvester Matrix Equation 

In this section we discuss some aspects related to the FSME. First, in the following theo- 
rems we are ready to state the condition which the FSME must satisfy to have a unique 
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fuzzy solution. For this purpose, we need to find the eigenvalues and eigenvectors of A®B. 

Theorem 3.1: [16] Let A G R nxn have eigenvalues \ iy i = l,...,n and B G R nxn 
have eigenvalues fij, j — 1, . . . , m. Then the kronecker sum A © B have van eigenvalues 

Ai + Hi, . . . , Ai + Hm-i A2 + l^i, • • • , A2 + Hm, . . . , A n + /ii, . . . , A„ + Hm- 

Moreover, if xi, . . . ,x p are linearly independent right eigenvectors of A corresponding to 
Ai, . . . , X p (p < n), and zi, . . . ,z p are linearly independent right eigenvectors of B cor- 
responding to Hi, ..., fj, q (q < m) , then Zj © X{ G lR mn are linearly independent right 
eigenvectors of A © B corresponding to \ + Hj, i — 1; • • • , P, J ' — 1) • • • , Q- 

We can now prove the following theorem. 

Theorem 3.2: Suppose that A G IR nxn , B G W mxm are crisp matrices, and C is m x n 
fuzzy matrix. Then the fuzzy Sylvester matrix equation AX + XB = C has a unique 
fuzzy solution if and only if A and —B have no eigenvalue in common. In other words, 
cr(A)ncr(-B) = 0. 

proof: According to definition of Kronecker sum, the equation (1.2) can be written as 
follows: 

(A © £*)x = c, 

Suppose that FSME has a unique fuzzy solution. The equation AX + XB = C has a 
unique fuzzy solution if and only if (A © B l ) is a nonsingular matrix. But we know that 
(A © B l ) is a nonsingular matrix if and only if it has non zero eigenvalues. According to 
Theorem 3.1 we then have 

{A © S*)(Aj + /ij) = (Ai + ^)(x <g> z) 

where A« G o"(A),i = 1, . . . ,n and /ij G a(B),j = 1, . . . ,m. Hence we conclude o~{A) fl 
a(-B) = 0. 

Conversely, suppose that o~(A) f]a(—B) = 0. We would like to show that the equation 
AX + XB = C has a unique solution. Let us put T = (q^b) anc ^ % = ( 7 ™ * ) . It is 
clear that 

z _i TZ = (im xY 1 (a c\fi m x\ = (a 

\0 In) \0 -B)\-B I n ) \Q -B / 

Thus the two matrices (q_^ b ) and ( q _° b ) are similar and have the same set of eigen- 
values. According to [15], this condition is equivalent to the condition for existence of a 
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unique solution of AX + XB — CO 

In this part, we are going to rearrange the FSME so that the unknowns are x^, —Xij, 
for 1 < % < n, 1 < j < m. For this purpose, first we compute the coefficient matrix 
Q = (A © B l ). Clearly, we can state that 



Where, the 2mn x 2mn matrix S 



vmnxmn 



hJ 



1,2,.. 



, ran 



is determined as follows: 



If qij > for i, j — 1, . . . , mn, then we can put Sij = q^ and s 



^i+n,] 



qij. 



If q^ < for i,j — 1, . . . , mn, then we can put Sj J+n = — q^ and Sj 



!+nj 



)«r 



Thus, the system AX + XB = C is extended to the following crisp linear system 

SX = C (3.1) 

where S* = (s^) for 1 < i,j '< 2mn and A" = f x — x) , C — fc — c) . The structure of 
S implies that s^ > for 1 < i, j < 2mn and 



S 




(3.2) 



where Si contains the positive entries of (A © B f ), S^ contains the absolute values of the 
negative entries of (A © B l ). Thus we have A © B l = Si — S2, which implies that the rest 
of the entries are zero. As can be seen, the Sylvester matrix equation is a general crisp 
system of linear equations and we can solve 2mn x 2mn system for X . But, we should 
answer this important question: "Does a crisp function linear system have a solution when 
the FSME has a solution?" The next example shows that it is possible for SX = C to have 
no solution or an infinite number of solutions even if AX + XB = C has a unique solution. 

Example 3.1: Consider the fuzzy Sylvester matrix equation AX + XB = C where 



A 







B 




C 




-2 + 3r,4-3r) 
-2 + 2r, 5 - 5r) 



The coefficient of the left hand side system 



Q 



(l 
1 

1 

Vo 




-1 


1 





1 
1 







-1/ 



is a nonsingular matrix and hence (A©5 t )x = c has a unique solution, while S = ( f 1 | 2 ) 
is singular, because Si and S2 are singular matrices. It can be seen that a FSME may 
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have no solution or an infinite number of solution. 

If A + and B + contain the positive entries of A and B respectively and A^ and _B_ 
contain the negative entries of A and B respectively, it is obvious that A = A + — A- and 
B = B + — B_. So, by simplifying the expression (7 m © A) + (B f ® /„) = Si — S 2 , then Si 
and S 2 can be obtained as 

S 1 = (A + ®B%), S 2 = (A_®B t _), (3.3) 

Thus, it can be concluded 

Si + S 2 = (A + + A_) © (B+ + B_f. (3.4) 

Theorem 3.3: [12] The matrix S is nonsingular if and if only the matrices Si — S 2 and 
Si + S 2 are both nonsingular. 

Corollary 3.1: Suppose that A, B are square matrices. Then S = (f 1 f 2 ) is nonsin- 
gular matrix if and only if matrices (A © B*), (A + + A_) © (B + + £?_)* are nonsingular. 

Corollary 3.2: Let matrix S be in the form introduced S = (si si)- Then we have 

! _ 1 A(A+ + A_) © (5+ + B-Y)- 1 + (A © 5*)- 1 ((A+ + A.) © (5+ + B-)*)" 1 - (A © 5')- 1 ' 
" 2 ^((A+ + A_) © (B+ + B-) 1 )- 1 -(A® B 1 )- 1 {{A + + A_) © (£+ + -B^)*)" 1 + (A © S')- 1 

(3.5) 

Corollary 3.3: If a crisp linear system does not have a solution, the associated fuzzy 
Sylvester linear system does not have one too. In order to solve the fuzzy linear system 
SX = C directly, S' 1 must be calculated (whenever it exists). 

The next theorem provides information related to the structure of S -1 . 

Theorem 3.4: [12] The unique solution X of Equation (3.4) is a fuzzy vector for ar- 
bitrary C if and only if S" 1 is nonnegative. i.e, (sij) -1 > 0. 

By using result of Theorem 3.4 and corollary 3.2, we are ready to present necessary 
and sufficient condition for the existence of the solution to the system SX = C. 

Theorem 3.5: The necessary and sufficient conditions for SX = C to have a solu- 
tion is that ((A + + A J) © (B + + i?_)*) _1 x = u and (A © 5*)x = v should have a solution, 
where u = c — c and v = c + c. 
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proof: According to [17] a necessary and sufficient condition for non-square system 
SX = C to be consistent is SS~C = C where S~ is a generalized inverse of matrix 
S. If we consider square system, then it can be written SS~ 1 C = C. Now SS~ 1 C = C if 
and only if: 

[\[{{A + + A.) © (B + + B_Y)((A + + A.) © (B + + B_Y)-\c + c) 

+(A © B l )-\A © 5*)(c + c)] = c, 
\[{{A + + A.) © (B + + B_)*)((Aj. + A_) © (B + + B.)*)" 1 ^ - c) 

+(A © fi*)- 1 ^ © S*)(c - c)] = -c, 
i.e., if and only if 

({A+ + A.) © (B + + S_)*)((A+ + A_) © (B+ + B_y)-\c - c) = c - c, 
(A © £*)(A © A*)- 1 ^ + c) = (c + c), 

i.e., if and only if 

/ {(A + + A.) © (B+ + B_)*)x = u 
(A © S*)x = V 
where u = c — c and v = c + c are consistent. □ 

Since c and c are linear combinations of c^- and Qj, then c and c are bounded and 
left continuous. Hence, we should have the following properties for sufficient condition 
for one of solution of (3.1) to be fuzzy solution vector of (2.5) [5]: 

1. c(r) monotonically increasing. 

2. c(r) monotonically decreasing. 

3. For < r < 1 we have c(r) < c(r). 

Now, we are ready to define fuzzy solution to the linear system. 

Remark 3.6: More recently Allahviranloo et al. in [6] has proposed that the fuzzy 
solution of the fuzzy linear systems, introduced by Friedman et al. [12] may not be a 
fuzzy numbers vector. In other words, in that case it may be at least one of vector's 
components is not fuzzy number. It should be emphasized that in this work the authors 
considered the fuzzy solutions which are fuzzy vector numbers. 

4 New iteration for solving fuzzy linear systems 

System (3.1) can be solved directly by using of the inverse of S. In this section, an itera- 
tion to solve fuzzy linear system (3.1) is presented. 
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Suppose that A G IR raxra be a full-rank matrix to be determined, Ax = y is the linear 
system and 7 be the step-size or convergence factor. Ding and Chen in [11] proposed a 
family of iterative methods for solving linear systems which lim^oo x^ fc ^ = x as follows: 

x (fe) +7G[y-AxW], 0< 7 <^- T (4.1) 



x 



(k+i) 



Af 



Now suppose that we take G = S T , A — S, X — (i^), and C — {%} then the following 
recursion converges to X: 

X (k+i) = X {k) + iS t^ c _ sx ( k )^ < 7 < -^ (4.2) 

IpII 

Thus, the following algorithm is given: 

Algorithm 1: (Iterative method for solving Eq.(3.1)) 

1. Choose initial guesses x(°) and x"(°); 

2. Compute Sf and Sj; 

3. For A; = 0,1,2,... Do 

4. x (fe+1) = x (fe) + 7 [ST(c - 5ix( fc ) + S 2 ^ k) ) + Sj(-c - S 2 ^ k) + Six^)] ; 

5. x( fe+1 ) = x« + 7 [Sji-c + 5ix( fe ) - S 2 x«) + Sf(c + S 2 ^ - 5ix( fc ))] ; 

6. If the stopping criterion satisfied, then stop, 

7. End do. 

We note that S[ and Sj are transpose of matrices Si and S 2 . 

5 Numerical examples 

In this section, some numerical experiments are given to illustrate the presented theoretical 
results. The computations are carried out by MATLAB 7.10. In addition, the triangular fuzzy 
numbers are used in all of the following numerical examples. For a triangular fuzzy number 
u = (u(r),u(r)) = (a + br,c + dr), its norm as in Wang and Zheng [19] is defined as ||x|| = 
max{|a|, |6|, \c\, \d\}. It must be noticed that for stopping, the norms of 

|| x (fc+i) _ X W|| ||x( fc+1 ) -x( fe )|| 

< £ and - — n — r, , ^ n — < £ 



HxO+i)!! llTf( fc + 1 )|| 

can be used where e = 10 -4 . 

Example 4.1: For the first example consider FSME, AX + XB = C, whenever 
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and fuzzy right hand side 



C 



-15 + 17r, 19 - 17r) (-26 + 26r,30 - 30r) 
-24 + 31r,38-31r) (-42 + 47r, 56 - 51r) 



The exact solution of this system is 



X 



-3 + 4r,5-4r) (-l + 2r,4-3r) 
-4 + 5r, 6 — 5r) (—5 + 6r, 7 — 6r) 



Clearly, <r(A) = {1.0000 + 2.0000i, 1.0000 - 2.0000i} and a(-B) = {-2,-3}. Since a{A) n 
a{—B) = 0, the condition of the Theorem 3.3 is satisfied. The coefficient and right hand side of 
the system (A © 5*)x = c are as following 



Q 



( 3 -10 \ 

4 3 

-3 4-1 

\0 -3 4 4 / 



/(-15 + 17r, 19-17r)\ 
-24 + 31r,38-31r) 
-26 + 26r, 30 - 30r) 

y(-42 + 47r,56-51r)y 



Therefore, the coefficient of the extended 8x8 system SX = C can be written as S = ( s x s 2 ) 
where 



S'i 



/3 0\ 

4 3 

4 

^0 4 4/ 



S 2 



/o 1 o o\ 



3 1 

\o 3 o oy 



The extended system S^f = C can be solved by utilizing Algorithm 1. By taking 7 = 0.0308 
after 536 iteration we obtain 



X 



'(-2-9997 + 3.9997r, 4.9997 - 3.9997r) (-1.0005 + 2.0005r, 4.0005 - 3.0005r)\ 
(-4.0005 + 5.0005r, 6.0005 - 5.0005r) (-4.9990 + 5.9990r, 6.9990 - 5.9990r)y 
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Example 4.1 



J? 12,UX6 Zi . The relation between stop size 7 and the number 
of iterations in Example 4.1 
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The difference between exact and approximated fuzzy solutions can be seen in Fig. 1. Using 
solid lines (Exact solution) and the dotted lines (Approximated solutions), respectively, the prox- 
imity between the exact triangular fuzzy numbers and their approximation is clearly observed. 
In addition, the relation between the number of iterations and the step size 7 is presented in 
Fig. 2. It can be seen that the closer value of the step size is to 2/ \\S\\ , then the number of 
iterations needed to obtain the solution decreases. 

Example 4.2: One of the applications of Sylvester equation is a special decoupling prop- 
erty of the solution for computing matrix sign function [7]. If A = Zdiag( J\, J2)Z~ l is a Jordan 
canonical form of A where J\ is a p x p Jordan block, J2 is a q x q Jordan block and Z is a 
nonsingular matrix, then the matrix sign function is defined as follows 

sign(A) = Zr p 

By considering T = {^ _° B ) and Z = ( 7 ™ *■ ) . Then the matrix sign function gives an expression 
for the solution of a FSME: 





sign(T) = Zsign ) Z' 1 = Z 



lm U \ ry— 1 / ■'■Tn ^-s*- 






r .., (-34 + 9r, 9 - 34r) (-22 + 18r, 18 - 22r) 

B = 6 



I) \1 2 J \ v (-14 + 21r,21-14r) (-18 + 17r, 17 - 18r)J 

By taking 7 = 0.0236 after 222 iterations, the following solution is obtained 

~ _ /(-4.0002 + 1.0002r, 1.0002 - 4.0002r) (-3.0001 + l.OOOlr, 1.0001 - 3.0001r)\ 
" \J-1.0001 + 3.0001r, 3.0001 -l.OOOlr) (-1.0000 + 4.0000r, 4.0000 - 1.0000r)y ' 

Then sign(T) can be evaluated by using the following expression 

sign(T) = 




It should be emphasized that the exact solution of the associated Sylvester equation is 

~ _ /(-4 + r, 1 - 4r) (-3 + r, 1 - 3r)\ 
~ y(-l + 3r,3-r) (-l + 4r,4-r)y 

In Fig. 5 the exact solutions and approximated solutions can be compared. In addition the 
relation between the number of iteration and step size 7 is presented in Fig. 6. According to 
the Fig. 6, it is recognized that the number of iterations is again decreasing function when the 
step size approaches to ttJW- 
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■olutions in *- lffllrG 41. The relation between step size 7 and the number 

of iterations in Example 4.2 



6 Conclusion 



In this note, the general analysis for solving the fuzzy Sylvester matrix equation is described. 
The original fuzzy system utilizing known operators is replaced by a crisp linear system. A 
numerical iterative method is proposed for solving fuzzy linear system. The important advantage 
of this iteration that is each n x n square system can be solved efficiently instead of In x 2n 
system. As we know, the used computational complexity in this case is less than solving one 
In x In. Furthermore, the relation between step size parameter 7 and the number of iteration is 
investigated. It is concluded that if parameter approaches to -rr^a then the number of iterations 



is decreased. Examples were given to demonstrate the theory. 



usir 
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Abstract. In this paper, we introduce a new sequence space denoted by m ((f), p, u, A£) and 
give some properties of this sequence space. Also, we examine Banach-Saks property of type p 
for this space. Finally, we find Gurarii's modulus of convexity and so show that the sequence 
space m(<fi,p, u, A£) is uniformly and strictly convex. 

AMS Mathematical Subject Classification : 40A05, 40C05, 46A45. 

Key words : Difference sequence, Banach-Saks property, uniform convexity, strict convexity, Gurarii's modulus of 

convexity. 

1. Introduction 

Let (4> n ) be a non-decreasing sequence of positive numbers such that < <j) 1 < 4> n < 4> n +i < 

00 and n(f) n+1 < (n + 1) (j> n for all n G N. The class of all sequences (0„) is denoted by <F Let 
w be the set of all real sequences and 

$=L= (4> n ) : 4>i > 0, V^ > 0, V (&\ <0(k = 1,2,...) 

where V(j) k = <j) k — 4> k -i- Throughout the paper Q denotes the space whose elements are finite 
sets of distinct positive integers. For a G Q, we write c(a) for the sequence (c n (a)) such that 
Cn (o~) = 1 for n G a, and c n (a) = 0, otherwise. Moreover 

( oo 

Qs = {o- eQ : Y, c n (o-) < s 
I n=l 

is the set of those a whose support has cardinality at most s, where s is a natural number. 

Sargent [1] defined the sequence space m (4>) as follows: 

m (4>) = I x = (x k ) G w : sup — J2 \ x k\ < °° > ■ 

[ s>l,aeg s 9s k£a J 

Mursaleen [2] studied some geometric properties of this space. Subsequently geometric properties 
of some sequence spaces have been studied by Petrot and Suantai [3], Savas, et.al [4], Suantai 
[5]. Tripathy and Sen [6] extended the sequence space m(0) to the sequence space m((j),p) for 

1 < p < oo. 

The operators A r , (A r )~ = 57 : w — > w are defined by 
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Ax 

A" x x 

A r 
A r o E r 



( Ax )k = ( x k - x k+i) ; A 2 x = (A 2 x) 



(A-i X ) k =( k f: Xj ); (A^ ' - * 



x 



r— 1 . ] I a r\ — 1 



(Ax fc - Ax fc+ i) , 

fk-ij-i \ 



AoA'- 1 and (A 
E r o A r = / 



S r = £ o £ 



r-\ 



(r>2) 



and the operators A r and £ r are represented by the following matrices, respectively 



a: 



nk 



v _ l) n (fc-n)' fe>n>max{0,w-r} 

0, < max {n — r} < fe or fe < n 



and 



£ 



tiA; 



tr+k— n— 1\ 
{ k-n )■> 



o, 



k >n > 1 
k < n 



The notion of difference sequence spaces was introduced by Kizmaz [7] and it was generalized 
by Et and Qolak [8] . Then the difference sequence spaces have been studied by Altay and Basar 
[9], Bhardwaj and Bala [10], Et [11], Isik [12], Savas [13], Srivastava and Kumar [14] and Tripathy 
et al. [15]. Recently, Qolak and Et [16] and Khan [17] generalized the sequence space m((f)) to 
the sequence spaces m((f),p,A r ) and m((f),p, A r v ) by using the generalized difference operator, 
respectively. 

Throughout the paper by U, we denote the set of all sequences u such that u k ^ (k = 0, 1, ...) . 

Let u, v G U, r be a non-negative integer and < p < oo. Now we define the sequence space 
m (cj), p, u, A£) as follows: 



m((f),p,u,A r v 



{x G uj : sup — V^ \ukA r v Xk\ p <oo>,0<p<oo 



where A° v x = (v k x k ) , A> = (A™" 1 ** - A^-^fc+i) and so A™x fc = £ (-1)* {™)v k+i x k+i . 

4 = 

It is clear that if u k = 1 and t^ = 1 for all /c G N, then m((f),p, u, A£) = m(<j),p, A r ); if 
■Ufc = 1, ffc = 1 for all k G N and r = 0, then m (0, p, it, A£) = m (0, p); if u& = 1 for all k G N, 
r = and p = 1, then m (</>,p, u, A£) = m (0, u) and if «& = 1, v k = 1 for all k G N, r = and 
p = 1, then m((j),p,u, A r v ) = m((j)) . 

The main purpose of our study is to characterize Banach-Saks property of type p, uniform 
convexity and strict convexity of the space m (</>,p, u, A£) for 1 < p < oo and u k = 1, all k G N. 

A Banach space X is said to have Banach-Saks property of type p (1 < p < oo) if every 
weakly null sequence (x k ) has a subsequence (x kl ) such that for some C > 



J2 Xk i 

1=0 



<C(n + l 



,Vp 
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for all neN. This property was considered in ([18], [19] ). 

Let X be a normed space with dimX > 2 and S (X) be the unit sphere of X. In [20] 
Clarkson's modulus of convexity is the function Sx '■ (0, 2] — ► [0, 1] defined by 



S x (e) = inf \l 



x + y 



2 
and in [21], Gurarii's modulus of convexity is defined by 



y\\ = 1 ,\\x-y\ 



Px ( £ ) = i 11 ^ i 1 ~~ i 11 ^ \\ ax + (1 ~~ a ) V\\ '■ x,y E S (X) , \\x — y\\ = e > . 
I ae[o,i] J 

If Px ( £ ) -- 1) then X is strictly convex and if < j3 x ( £ ) < 1) then X is uniformly convex. Also, 

Sanchez and Ullan [22] proved that the inequality @£ (e) < 1 — I 1 — I - J I is provided. 



,2/ 
2. Some Topological Properties of the Space m((f),p, it, A£) 

In this section we prove some results involving the sequence space m((f),p, u, A£) and show 
that m((/),p,u,Av) is not perfect, normal and monotone. 

The proof of the following theorem is easy and thus omitted. 

Theorem 2.1 The sequence space m (<j),p, u, A r v ) is a BK— space with the norm 



i/p 

— V^ l„,.„,.~.l _l o„^ _L / V^ L,. A? - ^. IP ^ 

lm(0,p,- 



X \\m(6.r,.u.Ar.) = /, \UiViXi\ + SUp — V \u k A r v X k \ P ,l<p<OQ 



.,«,*;) =E 1^**1 + SUP T" E 
i=i «>i,«TeO. <P S \ fce(T 

and a complete p— normed space with the p— norm 

r i 

\\ x \\m p (<t>,u,AZ) = ^\ u i v i x i\ P + SU P — ^2\u k A r v x k \ p ,0 < p < 1 



t =i s>i,aeg s r, fc£(7 



for 6 E <&. 



Theorem 2.2 For </>€<!> and u E U, m(0, «, A£) C m((f),p, u, A£) . 

Proof. Let x E m(4>, u, A£) . Then there exists a positive number X such that 



fcScr 

Hence 



SU P T~ y^\ u kA r v x k \ p < K 
for p > 0, a E Q s and this implies that x Em (4>,p, u, A£) . 



Theorem 2.3 For any two sequences (0 S ) and (tp s ) of real numbers m (<fi,p, u, A£) C 
m(ip,p,u,Al) o- sup I -p ) < oo. 

S>1 V^s/ 



3 
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Proof. Let x G m {4>,p, u, A£) . Then sup 4- Yl WkA r v Xk\ p < oo. Assume that sup I -f- ] 

s>l,aeG s s k€a ' s>l \WsJ 

1 K , 
K < oo. Then <p < Kip and so — < — for all s and K > 0. Hence, 

1 ET 

— ^2 \ u k^ r vX k \ p <—^ \uk^ r v x k \ p 

^ s fce<7 ^ s k€a 

for each s. Now we obtain 

sup — y^\u k A r v x k \ p < K sup — y^ \u k A r v x k \ p < oo 
»>i,<rec. ^ s ^ s >i,aea s S %£ 

by taking supremum over s > 1 and er G C? s . Hence x€m((/»,f),u,AJ). 

Conversely let m(^),p, u, AT.) C m(ip,p, u, AT.) and assume that sup ( — - I = sup(C s ) = oo. 

s>l \VsJ S>1 

Then there exists a subsequence (£ s .) of the sequence (( s ) such that lim (C s ) = °°- For x G 
m(>,p,«,A;), 

sup — y"|n fc A^Xfc| p > sup — y^\u k A r v x k \ p = oo 
«>i,*e0. ^ s j^ .i>l,«re0. 0* ^ 

and so x ^ m (t/>,p, it, A£) . This is a contradiction. Therefore sup (£ s ) = sup I — - ] < oo. 

S>1 s>l V^s/ 

Corollary 2.1 For any two sequences ((j) s ) and (?/> a ) of real numbers m((j),p, u, A£) = 



m(ib,p,u,AT.) <^ < inf — < sup — < oo. 

Theorem 2.4. For G $ and u E U, m ((f), p, u, A£ _1 ) C m(<p,p, u, A£) and the inclusion 



is strict. 

Proof. The inclusion is obtained from Minkowski's inequality and the inequality 

fc+i • 



|-UfcA;x| = 1-UfcA; ^fc --UfcA; ^fc+ij < 1-UfcA; ^fcl + UfcA; 1 x k -\ 



The following example show that the inclusion is strict. 

Example 2.1 Let <f> n = 1 for all n G N , x = (& r_1 ) , u = v = (1,1,...) then x G 

m {(p, p, u, a;) \m (</>, p, u, a;- 1 ) . 

Theorem 2.5 If |ufe| < 1 for all fe G N, then m (0, A£) C m (0, it, A£) for r > 1. 

Proof. Proof is easy and thus omitted. 

Theorem 2.6 Although the space m((f),p) is solid, symmetric and monotone, the space 
m (4>,p, u, A£) is neither solid nor symmetric, nor sequence algebras for r > 1. 

Proof. The first part of theorem follows from [6]. Now let x = (& r_1 ) and u = v = (1, 1, ...) , 
then x G m(((),p,u, A£) , but (akXk) <f. m(4>,p,u,A r v ) when a k = (—1) for all k G N, so the 
sequence space m (4>,p, u, A£) is not solid. The other cases can be proved on considering similar 
examples. 

Corollary 2.2 The sequence space m((f),p,u,A r v ) is not perfect. 

Theorem 2.7 £ p (u,A r v ) c m(<f>,p,u, A r v ) c 4o («, A£) . 
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Proof. Since m((f),p, u, A£) = t p (u, A£) for <j) n = 1 for all k € N, the first inclusion is 
obvious. Suppose that x E m ((f), p, u, A£) . Then 



— ^2 \u k A r v x k \ p = K => |-u fc A^Xfc| < i^0! 



sup 

for all n£N. Hence x E too (u, A.^) . 

Corollary 2.3 If < p < q, then m ((f), p, u, A£) C m ((f), q, u, A£) . 

3. Some Geometric Properties of the Space m(<p,p, A£) 

In this section, we give Banach Saks property of type p and Gurarii's modulus of convexity 
of the space m((f),p,/Y v ). 

Theorem 3.1 The sequence space m (4>,p, A£) has the Banach-Saks property of type p. 

oo 1 

Proof. Let (e n ) be a sequence of positive numbers such that 2_,£ n < 7. and (x n ) be a 

n= 1 

weakly null sequence in B (m ((f), p, A£)) . Take xo = and zi = x ni = A£cci. Then there exists 
siGN such that 



£*( 



1) e 



('■) 



igri 



<£l. 



™(<P,pAv) 



Since x n — > implies that x n — > coordinatewise, there exists 77,2 £ N such that 



E 



x n me 



W 



<£l 



™{4>,pAl) 



for n > ?i2. Take Z2 = £n 2 = A^X2- Then there exists S2 > s\ such that 



£ *» (») 



9 « 



'i€T2 



<e 2 - 



m(4>,pAl) 



Since x ra — ► 0, there exists 77.3 6 N such that 

f>n(^ <;i 



U e^ 



<£2 



m((^,j),Aj) 



for n > 77,3. Continuing this method, we find increasing sequences (sj) and (rii) such that 



£ 



,(0 



< £,• 



"»(0,p,Aj) 



where Zj = x nj = A^Xj and Tj consists of the elements of a which exceed Sj and 



£ 



x n U e 



W 



<£7 



m(0>Pi A £) 
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for all n > n,+i. Hence, 






m(<^>,p,A;) 



n /S7-1 



j=l \ 4 = 1 i = Sj_l + l 



i£t,- 



m(<P,pAv) 



< 



n / s j-i 

EE 



,(*) 



+ 



m(0,P,A£) 



E E z ^ i){ 

j=l \i = S j - 1 +l 



w 



"»(^>p,^E) 



E E^ ,r 



('■) 



< 



j = l \ierj 



™(<t>,pAZ) 



E E ^ w 

j=l \i=sj_i+l 



+ 2 E e i- 



™(<t>,pAv) 



i=i 



Since £j_i + £j < 1, it can be seen that ||^|| m (rf, p A r ) < 1 an d so i 



E E z ^ %)( 

j=l \i=Sj_l+l 



W 



n I ^ Sj 

= V sup sup I — V |zj(») 

,=1«>1»*-1 \^i= a ,._ 1+ l 

< Vsup sup — E l z i (^)I P 



< n. 



Therefore we get 



00 1 

Since E £n - 9 



E E z i U)( 

j = l \i=Sj_i + l 



w 



< n 1 ^. 



™(<f>,pAv) 



n=l 



- 2' 



E 



i=i 



< n 1 ^ + 1 < 2n l l p . 

™{4>,pA r v) 
Consequently, the space m (4>,p, A£) has the Banach Saks property of type p. 

Theorem 3.2 Gurarii's modulus of convexity for the Banach space m ((f), p, A£) is 



P. 



m(<t>,pAv) 



(s)<l- 1- 



£\P\ 1/P 



for < £ < 2. 



Proof. Let us take x E m ((f), p, A£) and consider the sequences 
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k = {kn) =(,,-) f(E r (i-(in) 1/p .r(i). ».».- 



(« = ("»')((E r ( 1 



£\P\\ Vp v-^r / £\ 



where < e < 2 and Wi = ^2- Hence, we get 



i lIl'V", (|)0,,. 



' \2/ ' 



\' J ri 



2 

e\p\i/p / e 

2~J J 'V 2 



),0,0,... 



where z = (z n ) = (A r v k n ) = (A r (v n k n )) and t = (t n ) = {A r J n ) = (A r (v n l n )) • Now we obtain 
the following equalities by using the above sequences, 



'm(<f>,p) 



IA r iHl p 



1- 



e\P\ 1 /p 
2/ ) 



e\P 

2, 



e\P 

2, 



l+IIP 

I Hm(0,p) 



IA r /ll P 



1- 



1- 
1, 



£T\P 

2, 



e\p 
2, 



e\p\ 1 /p 
2 



2-t 



m(<f>,p) 



I A r t — A r /ll 

|^ V K ^Vllm(</>,p) 



P\ 1/P 



1- 



e. 



For < a < 1, 



e\p\ Vp 
2 



Vp 



inf llaz + (1 — a) il 
*e[o,i] 



m((j),p) 



inf llaArjfe + (1 - a) ATi 



ae[0,l] 

inf 

ae[0,l] 



u \\m(<f>,p) 



'E\P\ 1/P 



(1- (I)-) "%(!-«)(. 



a i - 



e\p\i/p 
2 



a 



©+<' -«>(-§) 



Vp 



inf 

aS [0,1] 



i-®' +P a-ir(f' 

e\p\ i/p 



Vp 
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Hence for p > 1, 



Pm(<f,,pAV (£) < 1 - (l - (I)") 

and this completes the proof. 

Corollary 3.1 If s = 2, then /3 m (^ :P) Aj) ( e ) < 1 an d hence m((f),p, A£) is strictly convex. 

Corollary 3.2 If < e < 2, then < (3 m u tPj A r ) ( e ) < 1 an d hence m (0,15, A£) is uniformly 
convex. 

Corollary 3.3 If a = -, then 5 m(<teAE) (e) = P m (4>, P ,A r v ) ( e ) ■ 
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Abstract 

In this paper, the order of simultaneous approximation and Voronovskaja-type results with 
quantitative estimates for complex Szasz-Kantorovich operators attached to analytic functions 
on compact disks are obtained. 

Keywords. Szasz-Mirakjan operator, Szasz-Kantorovich operator, complex approximation. 
1 Introduction 

For a real function of real variable / : [0, oo) — > R, it is well known that the Favard-Szasz-Mirakjan 
operators are given by 

S n {f;x) = e-™f2 { ^ff(- 

3=0 J V 

where for the convergence of S n (/; x) to / (x), usually / is supposed to be of exponential growth, 
that is |/(x)| < Cexp(i3a;), for all x € [0, oo), with C, B > 0, (see Favard [1]). Also, concerning 
quantitative estimates in approximation of / (a;) by S n (/;x), in e.g. [2], it is proved that under 
some additional assumptions on /, we actually have \S n {f;x) — f (x)\ < — , for all x € [0, oo), 
n <G N. In [4] Gal, under the condition that / : [0, oo) -> C of exponential growth, obtained 
quantitative estimates in closed disks with center in origin. Unlike the convergence results in [5], 
all the results in the present paper are obtained in the absence of the exponential-type growth 
conditions for analytic / in the disk. Approximation properties of the g-Szasz-Mirakjan operators 
are studied in [6]. 

The goal of the present note is to extend these type of results to complex Szasz-Kantorovich 
operators defined as follows 

^-^ (nzf f f j + t 



K n (f;z) = e-^^Jf^)dt (1) 

3-0 

If / is bounded on [0, oo) then it is clear that K n (/; z) arc well defined for all z £ C 

Let Dfl be a disc B# :~ {z E C : \z\ < R} in the complex plane C Denote by H (Br) the space 
of all analytic functions on Br. For / <G H (Br) we assume that / (z) — X)m=o a m,z m ■ 

We start with the following quantitative estimates of the convergence for complex Szasz- 
Kantorovich operators attached to an analytic function in a disk of radius R > 1 and center 
0. 

Theorem 1 Let f e H (D R ) and f : [R, oo) U Br ->• C be bounded on [0, oo). // 1 < r < f , then 
for all \z\ < r and n £ N we have 

\K n (/; z) f (z)\ < - J2 \c m \ m (m + 1) (2r) m . 

m— 1 
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The next theorem gives a Voronovskaja type result in compact disks, for complex Szasz- 
Kantorovich operators attached to an analytic function in Br, R > 1 and center 0. 

Theorem 2 Let f £ H (Br) and / : [R, oo) U Br~ -)• C 6e bounded on [0, oo). J/ 1 < r < f t/ien 
/or a/Z |z| < r anrf n g N we /love 



ff n ,„ (/; z) - / (z) - ^-^r-J (z) Jf-^/" (*) 

2 (n + 1) 2 (n + 1) 



in °° 

<^^| am |m(m-l) 3 (2r) m . 



m=2 



As an application of Theorem 2 we present the order of approximation for complex o-Kantorovich 
operators. 

Theorem 3 Let f £ H (Br) and f : [R, oo) U Br -)• C 6e bounded ok [0, oo). 7/ 1 < r < f and i/ 
/ is not a constant function then the estimate 

\\K n (f)-f\\ r >^C r (f), n£N, 

holds, where the constant C r (/) depends on f and r but it is independent of n. 

2 Auxiliary results 

Lemma 4 For all n £ N, m £ NU {0}, z £ C we have 

Proof. The recurrence formula can be derived by direct computation: 



dt 



U Jl t UJ(n + l) m (m-Hl) dJ 
m\ n K „-nzS^( nz ) (3 



^ \ k J (n+l) m (m-fc + l) ^ j! V" 

fc=0 \ / V ' / v y j =0 J 

I m / \ A; 

^tE(t) ( m - fc+ i)^ (efe;z) - 



(n + l) m ^\k J (m-fc + l) 



Lemma 5 _Fbr all z £ C we have 

\K n (e m ;z)\<(2r) m , met 

Proof. Indeed, using the inequality \S n (e^; z)| < (2r) J from [3] p. 115, we get 

rn , -. j 

|i^n(e m ;z)| < V ( 7 J 7 ^TTT l^nfe; z)| 

^ V 3 J (m - j + l) 



<|S„(e m ;z)|<(2r) r 
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Lemma 6 We have 

1 n 

K n (e ;z) = l, K n (ev,z) = — — — - H —z, 

2 (n + 1) n + 1 

T ^ i •> ! 2n " 2 2 

3 (n + 1) 2 (n + 1) 2 (n + 1) 2 

r . /, ,2 \ 1 n — 1 1 2 

if„ ( (ej - xe ) ; z \ = + z + z . 

v ' 6 (n + 1) (n + 1) (n+1) 

Lemma 7 For all n,m € N, z <G C we /lave 

z / 

^n (e m +i; z) = -K n (e m ; z) + zK n (e TO ; z) 
n 

1 v~^ / TO + 1 



(n + 1) ^V J / (m-j + 2) \n + l (to + 1) n 



ir£l i ) (to-7+2) (n + 1 (m + l)n) Sn{ej ' z) - (3) 



Proof. We know that, (see [3] p. 115) 



' ft 

S n (ej]z) = -nS n (ej-,z) + -S n (e j+ i; z) . 

Taking the derivative of the formula (2) and using the above formula we have 

' , . 1 V"^ ( m\ "U? i „ I n n n , \ 

K n (e m ; z) = {n + l)m l^[j ) (m _ j + fj (~ n5 " ( e ji z ) + -^» fo+i; z ) 

7Z I x — ^ / 777 \ T\P i X — ^ / Tfl \ Tip 

-. m+l , s j_ l 

n (n + 1) +^ \J? - 1/ (to- J +2) 

It follows that 

Z ' 

K n (e m+ i; z) = -K n (e m ; z) + zlif n (e m ; z) 
n 



i y/TO + n r>* 

l) m+1 ^ V J / (m-i + 2) " v J ' ; 



(n + 1) 

fir S ( i - i ) (to-7 + 2) 5 " fe; z) 



3=0 

m+l 



(n + l) m ^ U-V (m-i + 2) 

z ' 1 

= -if„(e TO ;z) + zK n (e m ;z) + 



n ny "" y ' ~""v"»~> ' n™+i(m + 2) 



m+l 



1 v-^ I m + i \ "^ I i i 



(n + l)" 1 ^!, j J (m-. 7 +2)\n + l (to + 1) n J 5n ^ z) 



z 



ii 



K n (e TO ; z) + zK n (e m ; z) 



i m+1 / i 

1 v— \ / TO + 1 



(n + l ) ™E( v j J( m _ i + 2 )\n + l (m + l)n\ Sn{ej ' ,z) - 



Here we used the identity 

TO \ / TO + 1 \ j 



.7-1 / ^ .7 / (m+l)' 
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Define 



^71,771 \Z ) • — ft-n y^rm ZJ e m yZ J 



(to 2 — 2mz) z m 1 



2(n + l) 

Lemma 8 Let n,m G N, we have the following recurrence formula 

E n , m (z) = - (K n {e m -\;z) - e m _i (z))' + zE nm _ x (z) H — — -z m_1 - — — — — ; 

n n (n + I) l\n + 1) 



n + 1 



1 



irX, 



3=0 



3 J (m- j + 1) 



1- — \ S n {ef,z) 

to win 



Proof. It is immediate that E n _ m (z) is a polynomial of degree less than or equal to to and that 
E n , (z) = 0. 

Using the formula (3) we get 



E, 



' n ,m (z) = ~ \(K n (e m _i;z) - e m -i (z))' + (z m x ) I 

I (to — 1) — 2 (to — 1) z I z 
+ z { £?„,„_! (z) + z" 1 - 1 + ^ 



ra-1 



1 y 

,-,771-1 / j 



2(n + 1) 

_J J_ 

j / (to — j + I) ]_ n + I mri 



"n ( e j j z ) z 



(to 2 — 2toz) z m 1 
2(n + l) ' 



(n + 

z 1 ((to-1) 2 -2(to-1)zW' 

- (K n {e m -i;z) - e m _i (z))' + z m l + zE n , m ^ + ^ — — '- — 

n n lyn + 1) 



1 



i V 

, \m—l / j 
L > 3=0 



j J (to — j + I) [ n + I mn 



1 



■j | (to 2 — 2toz) z m 1 

'-'n \ e j] Z) — 



2(n + l) 



which is the desired recurrence formula. ■ 

3 Proofs of the main results 

Proof of Theorem 1. Using the recurrence formula (3) we obtain the following relationship: 



K n , q (e m ; z) - e m (z) = -K n (e m -i;z) + z (K n (e m _i; z) - e m -\ [z)) 

n 



1 



D m L^, 



(n + l) m f^\3 J (m-j + 1) 
We can easily estimate the sum in the above formula as follows: 
1 



1 _ 3 .]_ 

to mn 



S n (ef,z). (4) 



ir^ 



(n + l) ^ Vi/ (m-j + l) 



1 I >^ / TO — 1 \ TO 



1 1 

to mn 



&n \fij > Z) 



m — j to — j + 1 



to TOn 



|S n (ej-;z)l 



// 



m— 1 



>, ^n \^mj Z ) 



< 



(n+l)' 



2to (n + l) + n 



m_1 i m m-l 



(2r) m < 



2to+ 1 



(27 



(5) 



(n + l) m v ~' " n + l 

It is known that by a linear transformation, the Bernstein inequality in the closed unit disk becomes 

\P; n (z)\<™\\R m \\ r 35 for all \z\<r, r > 1, 
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where P m (z) is a complex polynomial of degree < m. From the above recurrence formula (4) we 
get 

\K n ,q (e m ;z) -e m {z)\ < — K n (e m -r,z) + \z\ \K n (e m -\\z) - e m -i (z)\ H — — (2r) m 

n n + 1 

r to — 1 „ _, . . , , ,, , x , m (2m + 1) . . m 
< ||^„ (e m _i)|| r + r |tf n (e m _i;z) - e m _i (z)\ + ± — 1 (2r) m 



n r 



3m 



< r \K niq (e m _i; z) - e m _! (z)| H (2r) 



n + 1 



Writing the last inequality for k = 1, 2, ..., we easily obtain, 

(2r) m (2r) m_1 (2rO m 

|tf„ (e m ; z) - e m (z)| < ^^3rn + r^ 3 (to - 1) + r 2K -^- 

n n n 

= g (m + m -l + .„ + 1) < 3ffl (" 1 + 1 ) (2rr , 
n 2n 

Since if n (/; z) is analytic in O^, we can write 

oo 

K n (f;z) =^a m K n (e m ;z) , z£D B , 



n 



(6) 



which, together with estimate (6) immediately implies for all \z\ < 



\K n (f;z)-f(z)\ < V \a m \\K n (e m ;z)-e m (z)\ < — V \c m \ m (to + 1) (2r) 

Z ^ ^^j z ^ 



m— 



m— 1 



Proof of Theorem 2. A simple calculation and applying the recurrence formula (3) lead us to 

the following relationship 

E ntm (z) = - (K n (e m -i;z) - e m _i (z))' + zE nm _i (z) -\ — — — z" 1-1 

n n (n + 1J 



1 1 / n m_1 

n + 1 n + 1 V (n+1) 



,_1 J *-*n \&mi Z) 



n" 1 1 

- — — — ^ (to- 1) S„ (e m -i; z) + — — — - (S n (e m -i; z) - z m_1 ) 
,{n + l) 2 [n + 1) 



1 



1- 



n 



m—l 



-1 J "n (Cm— li 2 j 



2 (n + 1) ^ (n + 1) 

I x — ^ / 777 \ T\P \ 1 1 

(n+l) m ^ \j J (m-j + 1) 1 * " TO " m ^ 5n (6J ' ;Z) 



:=£'*■ 



fc=i 



From the proof of Theorem 1.8.4 of [3], we have 



|z m -5»( em ;z)|< 6(m 1) (2r) m - 1 



It follows that 



N<^|^-5„ (em ;z)|< 6(w - 1)(2r)r 



|/ 7 I< 



n+1 
1 



n (n + 1) 



2 (n+1) 



e m _i;z)| < 



3(m-2)(2r) r 
n(n+ 1) 
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Applying the inequality 



k k 

i-Hxj<j2o-- x j)> o<x,<i, j=i,...,k 



we have: 



UrI < 



n + 1 \ (n + 1) 



n m \ ln , m-1 , 

3T |6 n (e m ; z)| < -2 (2r) 



(n + l) z 



|/«l< 



1- 



2 (n + 1) I {n + 1) 



tt \S n {e m -r,z)\ < 



m — 1 

2 (n+1) 1 



(2r) r 



For /q we have 



|/qI< 



< 



l) m ^ 



to — 2\ m(m — 1) 



(n+1) ~^ V J J ( m — j)( m ~j :_ 1) ( m — 3 + 1) 

_ 2 2to(to - 1) 2 



to ?nn 



\S n (ej]z)\ 



2to(to — 1) (n + 1) T 
(n + l) m 



(2r)m -, < 



(n + iy 



(2r) 



Thus 



|£„, m Wl < " |(#„ (e m -i; z) - e m _i (z))'| + r K,^ (z)| + ™ /.. f"- 1 + 6 ( , m ■ ^ pr)" 1 " 1 
n 1 ' n(n+l) n(n+l) 



to — 1 . . 
o(2r 

(n + l) 2V 2 (n+1) 

to — 1 

2 (n+1) 



to - 1 TO _! 3 (to - 2) (2r) 

2 ( 2r ) + 



m-1 



n (n + 1) 



2 (2r) 



z-i 2to(to - 1 ) /o .,„ 2 
(n + 1) 2 



,2 (2rj 



r to — 1 3to (to — 1) .„ , ™ . _ , . , 8to(to — 1) . , 
< (2r) m + r |£ n , m _i (z)| + 2 ( 2r ) 



2n 



(n+1)' 



<r |£+ m _i (z) | + 



10m (to — 1) 



(2r) 



|-En,m (z)| < r |-E„, m _i (z)| + 



10m (to — 1) 



(2r) 



As a consequence, we get 



|£», m («)|< 



IOto (to — l) v 



(2r) r 



Note that since f^ = X)m=4 a m m ( m — 1) (to — 2) (to — 3) z m ~ 4 and the series is absolutely 
convergent for all \z\ < R, it easily follows the finiteness of the involved constants in the statement. 
■ 
Proof of Theorem 3. For all z £ B# and n e N we get 



K n (f;z)-f(z) = \ | (L_M/ W + £/'(*) + n ( Kn (/;z) - / (z) - ^^/W - |/(*) 



We apply 
to get 



|J , + G|| r >|||F|| T .-||G|| J .|>||F|| r -||G|| T 



ll^n (/)-/!!,> 



1 



^/(*) + §/"(*? 



n [ K n (/; z) - / (z) - ^-^/(z) - |-/" (z) 

In In 
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Taking into account that by hypothesis / is not a polynomial of degree in Dr, we get ||ei(l — 

ei)f"-e 1 f'\\ r >0. 

Indeed, supposing the contrary it follows that (1 — 2z)f'(z) + zf"(z) = for all \z\ < r, that 

is (zf (z))' — 2zf'(z) — for all \z\ < r. The last equality is equivalent to zf'(z) = Ce 2z for all 

e 2z 
\z\ < r with z^O. Therefore we get f'(z) = C — , for all \z\ < r with z^O. But since / is 

' z ' 

analytic in D r , we necessarily have C — 0, which implies f'(z) — and f(z) = c for all z G D r , a 
contradiction with the hypothesis. 
Now, by Theorem 2 we have 



*»(/;*)-/(*)-^/(*) -£/'(*) 



10 



< — 2_. \ a m\ m ijn — 1) (2r) m — > as n — > oo. 



Consequently, there exists n\ (depending only on / and r) such that for all n>n\ we have 



^/M + fA.) 



» ! ^ (/; «) - / («) - ^2^/'(*) - I,/" W 



> 



i 



^/W + i/-W 



which implies 



|^n(/)"/|| r > 



2n 



-^— f{z) + -f (z) 



for all n > n\. 



For 1 < n < n\ — 1 we have 



\\K n (/) - /|| r > - (n ||^„ (/) - /|| r ) - -M r , n (/) > 0, 
n n 



which finally implies that 



\\K n (f)-f\\ r >-C r (f) 



for all n, with 



ith C r (/) = min{M ril (/),..., M r , ni _! (/) , | |ii^l/'(z) + §/"(*) | } 
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IDENTITIES ON THE MODIFIED g -EULER AND 
g-BERNSTEIN POLYNOMIALS AND NUMBERS WITH WEIGHT 

SEOG-HOON RIM AND JOOHEE JEONG 



Abstract. Recently, the modified g-Euler numbers and polynomials with 
weight a are introduced in [15]. In this paper, we give some interesting iden- 
tities on the modified (jr-Eulcr numbers and polynomials with weight a and 
g-Bernstcin polynomials. These results are different from those in [11]. 



1. Introduction 

Let p be a fixed odd prime number. Throughout, this paper Z p ,Q p , and C p 
will respectively denote the ring of p~ adic integers, the field of p— adic rational 
numbers and the completion of the algebraic closure of Q p . Let N be the set of 
natural numbers and Z + = N[J{0}. Let v p be the normalized exponential valuation 
of C p with \p\ p = 1/p. Let geC with |1 — q\ p < 1. As a notation of g-numbcrs, 
[x] q is defined by [x] q = ij^— , (cf . [1-16]) In this paper, we assume that a G Q p . 
Note that lim g _^i[a;] g =a;. Let C(Z p ) be the space of continuous function on 1 p . For 
/ G C(Z p ), the g-Bcrnstcin operator is introduced in [2, 3, 6, 11, 15] as follows : 

a) 

k=0 

Hcrc,B„ (/ : x) is called the weighted g-Bernstain operator of order n for /. For 
k,n G Z_|_, the weighted q-Bernstein polynomial of degree n is defined by 

(2) B%(x) =(fy[x] k qa [l-x]V k , (see [4, 7, 11]). 

For / G C(Z p ), the p-adic invariant g-integral on Z p is defined by Kim as follows: 

I- g (f) = I f{x)dn- q {x) 



1 p n -i 
(3) = J™, pv]^ E /(*)/*-,(* +P J %) 



x=0 



N^oo [p- j_ g — 



Let fi(x) = f(x + 1). Then we see that 
(4) I- q {q~ x h) + I- q (Q- x f) = [2],/(0) (see [5, 6]) 
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In [15], the modified g-Euler numbers and polynomials with weight a are defined 
as follows: 



£%l = / q- x [x)™ a dn- q {x), for n e Z H 



[2], yM, 1V Q al 

(5) (l-ga)nZ^^^ ^ l + q al 



1=0 



[2],£(-ir[<- 



m— 



From (5), we can derive the following relations on modified g-Euler polynomials 
with weight a and modified q-Euler numbers with weight a: 

(6) ;=o ^ ' 

= (N qQ+? ^))", 

with the usual convention about replacing {£ q a ') n by £„%. (see [11, 15]) 
By (5) and (6), we get the following recurrence relation for £n,q- 



Zr(a) _ l 2 ]? 
£ 0, 9 - 2 . 

( ^( tt) + ir+ ^) = |[2] 9 , ifn-0, 

0, if n > 0, 



with the usual convention about replacing {£ q ) n by £n,q. 

In this paper, we give some interesting properties between the weighted q- 
Bernstein polynomial and the modified g-Eulcr numbers with weight by using p-adic 
invariant g-integral on Z p . From these properties, we derive identities on the mod- 
ified q-Euler polynomials with weight and the weighted g-Bernstein polynomials. 
These results are different from those in [11]. 



2. Identities on the modified </-Euler polynomials 
and Bernstein polynomials 

The relation of reflection symmetry of the modified g-Euler polynomials with 
weight a, we evaluate the following p-adic g-integral on Z p , we have 

(8) £i a) Jl-x) = (-lTq an £^(x). (see [15]) 
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From (8), we have 

3$ (2) = ([2],„ + q 2a £$) n = (q a (q a £ { q a) + 1) + 1)" 



(=0 ^ 



(9) 



£$+nq a (q a £^ + l) 1 + £ ( " )q al (q a £^ + 1) 



2=2 v ' 

n^^+E^)^,,, for n>0. 



Let n € N with n > 2. Then, by (7) and (9), we obtain the following: 
For n£N with n > 2, we have 

(10) ££0 ( 2 ) - n 9 A = (<$"> + 1)™ = £$ • 

From (2), we have 

\ 71 — fc / T 

n \ x-^ ( n — k 



(ii) = UJ?l 7 ^(-D'X ^N^-,(x) 



k ^\ i 

1=0 

I)g(V)<-»'^ 



\J?(a) 



Thus by (11), we have a proposition: 
Proposition 1. For n, fc G Z+, we have 

i — A: 



| z (T-sK^ «)**-«(*) = © E ( n ; ^-^ 



i?( a ) 

k+l,q- 
1=0 



By the definition of the weighted g-Bcrnstcin polynomials in (2) , we see that 
(12) B£l(x,q)=B<?\ n (l-x,l/q), 

where k,n G Z + and x G Z+. From (12), wc have 

Q- x B^(x, q)d»- q {x) = I q- x B ( n a \ n (l x, l/q)d^ q {x) 

J-L v 

(i 3) =(:)g (*)<-i)* + ' /^-m-<-i*-,M 

t)i:C)(- i )' + '^,.-.( 2 )- 

Therefore, by (13), we obtain the following theorem : 
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Theorem 2. For n,k e Z + , we have 

J^«-"5g(x,g)d/,_,(x) = Q E (*) (-1)^^(2)- 

By comparing the coefficients on the both sides of proposition and Theorem 2, 
we obtain the following corollary : 

Corollary 3. For n,k <G Z + , we have 

(=0 ^ ' 1=0 ^ ^ 

From (10) and Corollary 3, we obtain the following corollary : 
Corollary 4. For n,k e Z + with n > k, wc have 

E ( n 7 fc ) (-i)'®^ = t (f) (-i)^-^ (2)- 

In particular, if fc = , we have 

E (7) (-i)'^ - §2- ( 2 ) - ^ + »«" a ^- 

For to, n, k G Z + with m 1 n> k. Then we can derive the following equation from 
the p-adic invariant (/-integral on Z p : 

(14) 

*)(*)/ r'[x]%[i-x\pr»'d»- q {x) 



2fe 

n\ I to 



E (?) (- 1 )' +2fe / z « _ *[i - «]^-'**-,(x) 



k \k , 

1=0 

2k 

:)(T)g(?)(-i>'-eu-.c) 



Therefore, by (14), we obtain the following theorem : 
Theorem 5. For k,n, m G Z+, with m,n> k, we obtain 



^£K(*,s)0^)^-«(*) - © (l) E (?)(-i)' +2fe ^U^( 2 ) 
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From (14), we have 

T*Bg(«)Bg,(x, «)<W) 

(1 5> - (1)0 t (?)<-!>- (2 + ?„"»„-,„-. 

:)(:)g(T)<-') ,+ ^ + u,-.. 

Let k,n,m E Z+. By (3)and (4), we get 

r"3£2(*.«)B]K>.9)4<-«(z) 

(u) -■;)(")/ ^Bsp -,]«--*_(.) 



n\ t m 



z, 

ro+m— 2/c 



e ( n+ r 2 *)(-i)'3&*- 



k \k ^ \ I 

1=0 



Therefore, by (16), we obtain the following theorem : 
Theorem 6. For k, n, m € Z + with to, n > fc, we obtain 



£ <-££(*, ff) f a ( x, ,)^- 9 (x) = (») (7) "|f ( n + ™ - 2k ) (-1)^:1, 

By comparing the coefficients on the both sides of proposition and Theorem 6 
and (16), we obtain the following corollary : 

Corollary 7. For m, n, k G Z + with to, n > k, we have 

n+m — 2fc /,<-,, \ 2fe / 07 \ 

£ (" + T ji*..^!')'- 1 '"^-,,,-.. V *>»• 

In particular, if fc = , we have 

E (" 1 ") (-D'3? - (» + m)*-«A 4- ^„_, 
Continuing this process, we obtain the following theorem : 



Theorem 8. For k, Hi, U2, ..., n s € Z + with ni + ri2 + ••• + n s > sk, we obtain 

?ll+n2 + ... + ro s — sk 

^-v ( /n -I- /*2 "I" ••• -T U s — SK \ t ^lp(a 

sk,q 



\-...+n s —sk , , -. 

■sp / m + n 2 + ... + n s - sk\ , y ~( Q ) 



;=o 






sk 



T )(-iy k+l £ ia { + + , m if fc>o. 



43 



RIM AND JEONG 



IDENTITIES ON THE MODIFIED Q-EULER AND Q-BERNSTEIN POLYNOMIALS 

In particular, if k = , we have 

n 1 +n 2 + ...+n 



E 



ni +n 2 + ...+n s \ ;~ (Q) = 

(n 1 + ---+n s )q- a ^+£ {a l + ^ 

^ 1 s '^ O n\+U2 + ...+n s ,q 1 
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GENERALIZED TERNARY BI-DERIVATIONS ON TERNARY 
BANACH ALGEBRAS: A FIXED POINT APPROACH 

MADJID ESHAGHI GORDJI, GWANG HUI KIM, JUNG RYE LEE*, AND CHOONKIL PARK 

Abstract. Using fixed point method, we investigate the Hyers-Ulam stability of gen- 
eralized bi-derivations on ternary Banach algebras. 



1. Introduction and preliminaries 

The stability problem of functional equations had been first raised by Ulam (cf. [35]): 
Let (Gi, .) be a group and let (G 2 , *) be a metric group with the metric d(., .). Given 
e > 0, dose there exist a 5 > 0, such that if a mapping h : G\ — > G2 satisfies the 
inequality d(h(x.y), h(x) * h(y)) < 5 for all x, y G G±, then there exists a homomorphism 
Hid — >G 2 with d(h(x), H(x)) < e for all x G G{! 
Ulam [34] discusses: 

The notion of stability of mathematical theorems considered from a rather general point 
of view: When is it true that by changing a little the hypothesis of a theorem one can 
still assert that the thesis of the theorem remains true or approximately true? 
In the other words, under what condition does there exist a homomorphism near an 
approximate homomorphism? The concept of stability for functional equation arises 
when we replace the functional equation by an inequality which acts as a perturbation 
of the equation. In 1941, Hyers [15] gave a first affirmative answer to the question of 
Ulam for Banach spaces. 

In 1978, Th.M. Rassias [28] introduced a new functional inequality that we call Cauchy- 
Rassias inequality and succeeded to extend the result of Hyers by weakening the condition 
for the Cauchy difference to be unbounded: if there exist an e > and < p < 1 such 
that 

11/(0; + y)-/(o;)-/(y)||<e(||a;r+||y|n 

for all x, y G Ei, then there exists a unique additive mapping T : E\ — >■ E 2 such that 

\\f(x)-T(x)\\<-^-\\xr 
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for all x G E 1 (see [16, 17, 29, 30, 31]). In 1991, Gajda [13] solved the problem for 1 < p, 

which was raised by Th.M. Rassias. In fact, the result of Th.M. Rassias is valid for 

1 < p; moreover, Gajda gave an example that a similar stability result does not hold for 

p — 1. Another example was given by Th.M. Rassias and P. Semrl [32]. 

In 1994, a generalization of the Th.M. Rassias' theorem was obtained by Gavruta as 

follows [14]. 

Suppose (G,+) is an abelian group, E is a Banach space, and that the so-called admissible 

control function (p : G x G — > R satisfies 

oo 

<p(x, y) := 2' 1 Y, 2-V(2 B s, Ty) < oo 

ra=0 

for all x, y G G. If / : G — > E is a mapping with 

\\f(x + y)-f(x)-f(y)\\<<p(x,y) 

for all xjeG, then there exists a unique mapping T : G — >■ E such that T(x + y) — 
T(x) +T(y) and ||/(x) —T(x)\\ < <p(x,x) for all x,y EG. 

Ternary algebraic operations were considered in the 19-th century by several mathe- 
maticians such as A. Cayley [3] who introduced the notion of cubic matrix which in turn 
was generalized by Kapranov, Gelfand and Zelevinskii in 1990 ([19]). The comments on 
physical applications of ternary structures can be found in [1, 20, 21, 33, 36]. 

A C*-ternary algebra is a complex Banach space A, equipped with a ternary product 
(x,y,z) >-» [xyz] of A 3 into A, which is C-linear in the outer variables, conjugate C- 
linear in the middle variable, and associative in the sense that [xyfzfw]] = [x[wz|/]f] = 
[[xyzju'f], and satisfies ||[a;y^]|| < ||a;||.||y||.||z|| and ||[a;a;x]|| = ||:r|| 3 (see [3], [6]-[12] and 
[24]). 

A C- bilinear mapping 8 : A x A — > A is called a ternary bi-derivation if it satisfies 

S([abc],d) = [8(a,d)bc] + [a8(b, d)c] + [abS(c, d)], 

5 (a, [bed]) = [S(a,b)cd] + [bS(a, c)d] + [bcS(a,d)] 

for all a, b, c, d G A (see [2]). A C-bilinear mapping D : A x A — > A is called a ternary 
generalized bi-derivation if there exists a bi-derivation S : A x A — > A such that 

D([abc],d) = [D(a,d)bc] + [aS(b,d)c] + [abS(c,d)], 

D(a, [bed]) = [D(a, b)cd] + [bS(a,c)d] + [bcS(a,d)] 

for all a, b,c,d G A. 

Let X and y be be real or complex linear spaces. For a mapping / : X x X — > y, 
consider the functional equation 

f(a + b,c-d) + f(a-b,c + d) = 2/(a, c) - 2/(6, d). (1.1) 
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Bae and W. Park [2] investigated the Hyers-Ulam stability of ternary bi-derivations for 
bi-additive mappings satisfying (1.1). 

We recall a fundamental result in fixed point theory 

Theorem 1.1. ([5]) Suppose that a complete generalized metric space (X,d) and a 
strictly contractive mapping J : X — > X with Lipschits constant < L < 1 are given. 
Then, for a given element x G X, exactly one of the following assertions is true: 
either 

(1) d(J n x, J n+1 x) = oo for all n > or 

(2) there exists hq such that d(J n x, J n+1 x) < oo for all n > no- 

Actually, if (a-z) holds, then the sequence J n x is a convergent to a fixed point x* of J and 

(3) x* is the unique fixed point of J in A := {y G X, d(J n °x, y) < 00}; 

(4) d(y,x*) < %^ for all y G A. 

In this paper, we investigate the Hyers-Ulam stability of ternary generalized bi-derivations 
associated with the functional equation 

f(x -y,t) + f(x, t-s) = 2f(x, t) - f(y, t) - f(x, s). 

2. Main results 

From now on, we assume that A is a ternary Banach algebra. For a given mapping 
/ : A x A — > A, we define the difference operator E\^f : A A — > A by 

E\,»f(a, b, c, d) = f(\a - Xb, fie) + f(Xa, fie - fid) - A/x(2/(a, c) - f(b, c) - /(a, d)) 

for all X,fi ET 1 := {X G C; |A| = 1} and all a, b,c,d G A. 

We establish the stability of ternary generalized bi-derivations. 

Theorem 2.1. Let f,g:AxA^Abe mappings such that #(0,0) = /(0, 0) = 0. Let 

if : A 4 — > [0, 00) be a function such that 

max{\\E x ^f(a,b,c,d)\\, \\E x ^g(a,b,c,d)\\} < <p(a,b,c,d), (2.1) 

max{\\f([abc],d) — [f(a,d)bc] — [0/(6, d)c] — [abf(c,d)]\\, 

||/(o, [bed]) - [f(a,b)cd] - [bf(a,c)d] - [bcf(a,d)}\\} (2.2) 

< ip(a, b,c, d), 

max{\\g([abc],d) — [g(a,d)bc] — [af(b,d)c] — [abf(c,d)]\\, 

\\g(a, [bed]) - [g(a,b)cd] - [bf(a,c)d] - [bcf(a, d)]\\} (2.3) 

< ip(a, b, c,d), 

lim — v?(2 n a, 2 n b, Tc, Td) = 
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for all \, fi G T 1 and all a,b,c,d G A. If there exists an L < 1 such that \I/(a,6) < 
4L^(§, |) for all a,b G A, where 

*(a, b) := ip(0, a, 26, 0) + ip{a, -a, 26, 6) + </?(0, 0, 26, 0) + 3(</?(a, 0, b, -b) 

+V?(a, 0, 0, b) + y?(a, 0, 0, 0) + y?(0, 0, 6, 0)), 

then there is a unique ternary bi-derivation 5 : A x A — > A and a unique ternary 
generalized bi-derivation D : A x A — > A (related to 5) such that 

max{\\g(a,c) - D(a,c)\\, \\f(a, c) -5(a,c)\\} < ^3X^2' ^ 
for all a, c G A. 

Proof. It follows from (2.1) that 

\\E x ^f(a,b,c,d)\\<<p(a,b,c,d), (2.4) 

Setting A = \x = 1 in (2.4), we have 

\\f(a-b,c) + f(a,c-d)-2f(a,c) + f(b,c) + f(a,d)\\<<p(a,b,c,d), (2.5) 

| \g(a — b,c) + g(a, c — d) — 2g(a, c) + g(b, c) + g(a, d) \ \ < <p(a, b, c, d) (2.6) 

for all a, b,c,d G A. Letting a = 6 = d = 0in (2.5), shows that 

||/(0,c)||<v?(0,0,c,0). 
Letting 6 = c = d = 0in (2.5), we get 

||/(o,0)||<^(a, 0,0,0). 
Setting b = —a, c = 2d in (2.5), we get 

| |/(2a, 2d) + 2/(a, d) - 2/(o, 2d) + /(-a, 2d)| | < y>(a, -a, 2d, d). (2.7) 

Putting a = d = in (2.5), we conclude that 

\\f(-b,c) + f(b,c)\\<<p(0,b,c,0) + <p(0,0,c,0). (2.8) 

Letting b = a, c = 2d in (2.8), we get 

| \f(-a, 2d) + f(a, 2d) 1 1 < </?(0, a, 2d, 0) + y?(0, 0, 2d, 0). (2.9) 

By (2.7) and (2.9), we obtain 

| \f(2a, 2d) +2/(o, d) - 3/(o, 2d) 1 1 < </?(0, a, 2d, 0) + y?(a, -a, 2d, d) +</?(0, 0, 2d, 0). (2.10) 
Setting 6 = and d = — c in (2.5), we get 

\\f(a,2c) - f(a,c) + f(0,c) + f(a,-c)\\ < ip(a,0,c,-c). (2.11) 

Letting 6 = c = in (2.5), we have 

||/(o, d) + /(a, -d) || < y?(a, 0, 0, d) + V (a, 0, 0, 0). (2.12) 
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Substituting d by c in (2.12) shows that 

\\f(a, -c) + f(a, c)||<^(a,0,0,c) + ^(o, 0,0,0). (2.13) 

By (2.11) and (2.13), we obtain 

||/(a,2c)-2/(a,c)||<^(a,0,c,-c) + ^(a,0,0,c) + ^(a,0,0,0) + ^(0,0,c,0). (2.14) 
Letting c = d in (2.14) and multiplying both sides by 3, we get 

||3/(a, 2d)-6/(a, d)|| < 3((p(a, 0, d, -d)+ip(a, 0, 0, d)+y?(a, 0, 0, 0)+y?(0, 0, d, 0)). (2.15) 
By (2.15) and (2.10), we obtain 

||/(2a,2d)-4/(a,d)||<*(a,d). 
Hence 

||^/(2a,2d)-/(a,d)|| < U>{a,d)<L^C 2 , d 2 ) (2.16) 

for all a, d G A. 

Consider the set X := {g\ g : A x .4. — > A,g(0) = 0} and introduce the generalized 

metric on X 

d(g,h) := inf{£ e M + : \\g(a,d) - h(a,d)\\ < £*(-, -), Vo, d G .4.}. 

It is easy to show that (X, d) is a complete generalized metric space. 
Now we consider the linear mapping J : X — > X such that 

J(g)(a,d):=^g(2a,2d) 

for all g G X,a,d G A. 

Let 5, ft G I be given such that d(g, h) = e. Then 

\\g(a,d)-h(a,d)\\<6V(*,*) 
for all a,d G X. Hence 

|| J 5 (o, d) - J/i(o, d) || = - ||#(2a, 2d) - /i(2a, 2d) || < -e*(a, d) < Le 
for all a, d G A. So d(<?, h) = e implies that d(J(g), J(h)) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 

for all g,heX. It follows from (2.16) that d(/, J/) < L. 

By alternative fixed point, J has a unique fixed point in the set X\ := {h G X : 
d(f, h) < oo}. Let 5 be the fixed point of J, that is, 

5(2a,2d) = 4<5(a,d) 

for all a, d G A, and there exists a t G (0, oo) such that 

||5(a,d)-/(o,d)||<^(^) 
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for all a, d G A. On the other hand, we have 

lim d{J n f,5) =0. 
It follows that 



lim ^f(2 n a, 2 n d) = 8(a,d) (2.17) 

n— >oo 4 



for all a,d G A. It follows from d(f, 5) < j^d(f, Jf) that 
This implies that 



||/(a,c)-%,c)||<^y/K^) (2.18) 

for all o,ceA It follows from (2.4) and (2.17) that 

\\5(x -y,t) + 8(x, t- s) - 25(x, t) + 8(y, t) + 5(x, s) \\ 

= \uaUf(2 n (x-y)Xt) 

n— ¥oo 4 

+ f(2 n x, 2 n (t - s)) - 2f(2 n x, 2 n t) + f(2 n y, 2 n t) + f(2 n x, 2 n s) 
< lim ^ V (2 n x,2 n yXt,2 n s) 

n— >oo 4 

= 

for all x, y,t,s G A. So 

5(x — y,t) + 8(x, t — s) = 28(x, t) — 8(y, t) — 8(x, s) 

for all x,y,t, s6 A By [12, Lemma 2.2], the mapping 5 : A x A ^- A is C-bilinear. 
By (2.6), we can use the same method as above to show that the limit 

D(a,d)= lim ^g(2 n a,2 n d) 

n— ¥oo 4 

exists for all a, d G A. Moreover, we can show that D : A x A — > A is C-bilinear mapping 
satisfying 

||0(a,c)-i?(a,c)||<^tt(|,|) 

for all a,c £ A. It follows from (2.2) that 

||5([o6c],d) — [<5(a,d)bc] — [a8(b, d)c] — [ab8(c, d)]\\ 
= lim ^(\\f([2 n a2 n b2 n c]Xd)-[f(2 n aXd)2 n b2 n c} 

n— >oo 4 

- [2 n a/(2 n 6,2 n rf)2 n c] - [2 n a2 n bf(2 n c,2 r 
< lim ^(2 n a,2 n 6,2 n c,2™d) =0 
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for all a, b,c,d G A. This means that 

S([abc],d) = [8 (a, d)bc] + [a8(b, d)c] + [ab5(c,d)} 
for all a, b,c,d G A. Similarly, we can show that 

8(a, [bed]) = [S(a,b)cd] + [b8(a, c)d] + [bcd~(a,d)] 
for all a, b,c,d G *A. Hence S is a bi-derivation. On the other hand, by (2.2), we have 
||.D([afec], d) — [D(a,d)bc] — [a5(b, d)c] — [ab5(c, 



= lim ±(\\g([2 n a2 n b2 n c},2 n d)-[g(2 n aXd)2 n b2 n c] 

n— >oo 4 

- [2 n a/(2 n 6, 2 n rf)2"c] - [2 n a2 n bf(2 n c, 2 n d)}\\) 
< lim ^(2 n a, 2 n b, 2 n c, 2 n d) = 
for all a, b,c,d £ A. It follows that 

D([o6c],d) = [D(a,d)6c] + [a8(b,d)c] + [ab8(c,d)\ 
for all a, b,c,d G ^4. Similarly, we can show that 

D(o, [bed]) = [D(a,b)cd] + [6«J(a,c)d] + [bc8(a,d)\ 
for all a, b,c,d G .4.. This means that D is a generalized bi-derivation related to 5. □ 

Corollary 2.2. Lei p G (0,2) and q G (0, oo) fee real numbers. Suppose that f,g : 
A x A ->■ .4. witt #(0, 0) = /(0, 0) = satisfying 

max{ ||E A)M /(a, 6, c, d) || , ll-E^^a, 6, c, d) || , 

\\f([abc],d) - [f(a,d)bc] - [af(b,d)c] - [abf(c,> 
||/(a, [feed]) - [f(a,b)cd] - [bf(a,c)d] - [bcf(a, ■ 
||#([afec], d) — [<?(a,d)fec] — [o/(fe, d)c] — [afe/^, d)] ||, 
||<7(a, [feed]) — [g(a,b)cd] — [bf(a,c)d] — [bcf(a,d)]} 
< q(\\a\\ p + \\b\\ p + \\c\\ p + \\d\\ p ) 

for all a, b,c,d G ^4. T/ien ttere exzsi a unique ternary bi-derivation 5 : A x „4 — > A and 
a unique ternary generalized bi-derivation D : A x A — > A (related to 5) such that 

m ax{\\g(a,c)-D(a,c)\\,\\f(a,c)-5(a,c)\\}<^^(\\a\\ p +\\c\\ p ) 

for all a,c G A. 

Proof. It follows from Theorem 2.1 by putting 

<p{a,b,c,d) := q{\\a\\ p + \\b\\ p + \\c\\ p + ||cf) 
for all a,b,c,d G A and L = 2 P ~ 2 . U 
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Theorem 2.3. Let f,g:AxA^-Abe mappings such that g(0,0) = /(0, 0) = 0. Let 

ip : A 4 —¥ [0, oo) be a mapping satisfying (2.1), (2.2) and (2.3). Let 

lim 4 n V (2- n a,2- n b,2- n c,2- n d) = 

n— >oo 

for all X,fi G T 1 and all a,b,c,d G A. If there exists an L < 1 such that ^(a,b) < 
^(2a,2b) for all a,b G A, where \&(a, 6) is defined in Theorem 2.1. Then there exist 
a unique ternary bi-derivation 5 : A x A — > A and a unique ternary generalized bi- 
derivation D : A x A — > A (related to 5) such that 

max{\\g(a,c) - D(a,c)\\,\\f(a,c) -5(a,c)\\} < 4 _ 4L ^K C ) 

for all a,c G A. 

Proof. The proof is similar to the proof of Theorem 2.1. □ 

Corollary 2.4. Let p G (2,oo) and q G (0, oo) be real numbers. Suppose that f,g : 
A x A -> .A wift ^(0, 0) = /(0, 0) = satisfying 



max{\\E x ^f(a, b, c, d) \\ , || J E7 A , / x^(a, b, c 

\\f([abc],d) - [f(a,d)bc] - [af(b,d)c] - [abf(c, 
\\f(a, [bed]) - [f(a,b)cd] - [bf(a,c)d] - [bcf(a, 
\\g([abc],d) — [g(a,d)bc] — [af(b,d)c] — [abf(c,d)]\\ 
\\g(a, [bed]) — [g(a,b)cd] — [bf(a,c)d] — [bcf(a,d)]} 
< q(\\a\\ p + \\b\\ p + \\c\\ p + 



for all a, b,c,d G A. Then there exist a unique ternary bi-derivation 5 : A x A — > A and 
a unique ternary generalized bi-derivation D : A x A — > A (related to 5) such that 

m<M ;{||^(a, c )-i?(a,c)|U|/(o,c)-«5(o,c)||}<^ i (||o||'+||c||*) 
for all a,c G A. 
Proof. It follows from Theorem 2.3 by taking 

V (a,b,c,d) := q(\\a\\ p + \\b\\ p + \\c\\ p + \\c\\ p ) 
for all a,b,c,d G A and L = 2 2 ~ p . D 
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DETERMINANT FORM AND A TEST OF CONVERGENCE FOR 
THE NEWTON-PADE APPROXIMATIONS 

ALEXEY LUKASHOV AND CEVDET AKAL 



Abstract. One of the main goals of the paper is to give a new extension of 
Hadamard's formula for numerator and denominator of Newton-Pade approx- 
imations in Newton form. As a byproduct, we'll give a test of convergence 
for the Ncwton-Padc approximations. The test is an analogue of M.B. Balk's 
test of convergence of Padc approximations and its proof heavily uses those 
determinant forms. 



1. Introduction 



The Newton-Pade approximants are a particular case of the multipoint Pade 
approximants, corresponding to the situation when the sets of interpolation points 
are nested. Given a formal power scries / (z) and a sequence {/3„ : n £ N} C C 
with the corresponding polynomials 

n 
(1.1) LJ n (z) = l[(z -fr), #)(«) = !. 

.7=1 

the linear Frobcnius-Pade approximation of degree [to, n] is built as a ratio R m ,n = 
Pm/Qn of the polynomials of degree < m and < n, respectively, such that Q n f~Pm 
is divisible by uj m+n+ i. 

First formula for R m ,n was given by Cauchy (concerning its version for the 
general case see [14], [13]). Computational aspects are discussed in many papers, let 
us indicate [10] and recent paper [16] , [18] and [6] as an example. Cauchy's formula 
may be considered as a generalization of the Lagrange interpolation formula. 

The main goals of the paper are a new extension of the Hadamard's formula 
for P m and Q n , and a convergence criterion based on the identity (3.6). The work 
contains also a substantial amount of auxiliary algebraic results, such as connection 
formulas for the expansion coefficients of a polynomial in terms of two different bases 
u>k and u/ k . 

Here we'll consider generalizations of the Newton interpolation formula for ra- 
tional case. So / will be considered as a formal Newton series. 

Definition 1.1. [7] A formal Newton series (FNS) is an ordered triple 

[{a«}(T , {/?n}(T , {fn}™] , 



Key words and phrases. Newton-Pade approximations, Newton series, Test of convergence. 
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where ao, oci, a%, ■ ■ ■ and /3i,/32,/33> ■ ■ ■ are complex numbers (not necessarily dis- 
tinct) and for each n — 0, 1, 2, • • • , /„ is the polynomial 



(1-2) f n 0) = ^2 a k^k 0) , 

where 



fe=0 



(1.3) w («) = l; ^(z) = [](z-/3 J ), fc = 1,2,3,- •• , 

and where z is a complex variable. The a n ,(3 n , and /„ are called, respectively, the 
nth Newton coefficient, interpolation point, and partial sum of [{«„} , {f3 n } , {fn}] 
and a FNS is said to converge at z if the sequence of partial sums {/„ (z)} is 
convergent. 

Definition 1.2. The Newton-Pade approximation 

M 

E c ^» 0) 

(1-4) RM ' N{Z) -Q^(zj-^— 

i=0 

with degree of numerator (resp. denominator) less than or equal to M (resp. AT), 
is the function of the form (1.4) such that 

(1.5) Q N (z) ■ f (z) - P M (z) = cIm+n+iVm+n+i (z)-\ . 

Different formulas for the Newton-Pade approximations were obtained by G. 
Claessens [4], A. Draux [5], M.A. Gallucci, W.B. Jones [7], D.D. Warner [17]. In [7] 
the approximations were given as a rational function R in the form 

M 

RM,N (Z) = l - =L r^ • 

?=0 

In their paper a determinant form for the denominator was given. In [4] the ap- 
proximations were considered in the form (1.4), but only recurrence formulas for 
numerator and denominator coefficients were given. Recently a very elegant for- 
mula for a special rational interpolation problem which also generalizes the Newton 
interpolation formula was given in [6, Theorem 2.2]. 

One of the main goals of this paper is to give an explicit determinant form for 
the numerator and denominator of Newton-Pade approximations in the form (1.4). 

Convergence of multipoint Pade approximations was considered by many authors 
(see, for instance; [1],[2],[8], [9] and survey [15]). But to the best of our knowledge 
there are very few papers with investigations of that convergence from algebraic 
properties of the Newton series coefficients (see [11], [12]). As a byproduct, we'll 
give a test of convergence for the Newton-Pade approximations. The test is an 
analogue of M.B. Balk's test of convergence of Pade approximations [3] and its 
proof heavily uses those determinant forms. 
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determinant form for newton-pade approximations 

2. Explicit formulas for Newton-Pade approximations 

Lemma 2.1. Let {z k } k=1 and {z k } k=1 be two finite sequences of (not necessarily 
distinct) complex numbers. 



If 



and 



Jn (z) =Y\_(z-Zk), wo (z) = 1 



fe=i 



then 



where 



c 



%n 



U'n 0) = - Z 'l) ( Z - 4) ' ' ' - z 'n) . 



W " ( Z ) = X! C " lW * ^ ' 
j=0 



i + 1 i+1 i+1 n— i 

EE- E n( zfe , -4 i+J --i). 



fci — 1 k2—k± k n -i — k n -i — i j — 1 

i = 0, 1, • • • ,n- 1, c n ,„ = 1 
Proof. By induction, suppose it is valid for n = m — 1. Writing down 

m— 1 



w m 0) = w !»-l 0) - 4) = Yl C hm-lVi (z) (z - z' m ) 

i=0 

= Y c i>m _iWj (z) [(z - z i+1 ) + (z i+1 - z' m )] 

2 = 

one gets 
(2.1) cj, to = Ci_i, TO _i + Cj, m _i (zj+i - z' m ) , i = 1,2, ■■■ ,m- 1. 

So, for z = we have 

Co,m = C0,m-l(zi — Z m ) = (zi — ZjJ • • • (zi — Z m _ 1 ) (z\ — Z m ) . 

Now, by (2.1) and by the induction hypothesis, 



% i i va—% 

Ci, m =EE"' H IT ( Zfe . - Z 'k : ,+l-l 

ki — lk2 — ki k m — i—k m -i-i j — 1 

i+1 i+1 i+1 m—i—1 

■EE"' 51 (*+i - z 'm) IT ( z ^ - 4+i-i) • 

&! = ! k2 — ki kjn — i-i—kjn-i-2 j = 1 
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Combining in all sums, we obtain 

i i i i+1 m— i 

&! = ! k2—k± km-i-i—km-i-2 k m — i—k m -i-i j — 1 



+ s (zfc l " 


-4j n («i+i-«jo+- 


■ • + n (**+* - 


-*J) 


fcl=l 


j=i+2 


j=i+2 




i+1 i+1 


i+1 r?i— i 







ki — lk2—ki k m -i=k m — i--L j — 1 

i = 1, 2, ■ ■ • ,m — 1; m = 1, 2, • • • , n. 
So, the lemma is proved. □ 

Corollary 2.2. Lei fc and I be two integers. Then the identity 

l + k 
L0 k (z) ■ UJi (z) = ^ ^k,l U i ( Z ) 

i-max(i.fc) 

holds, where 

i+1 i+1 i+1 

^fc,Z = Z^i L^i ' ' ' L^i \ Z ^ ~ Z jl-max((,fe)j ' ' ' 

i 7i=max(/,fe)+l J2=jl jk+l-i=jk+l-i-l 

X \ z ]k + i- l ~ ^ fc+ j_ i +fc+;-i-l-max(i.fe)j • 

Proof. This is an immediate application of Lemma 3. □ 

Lemma 2.3. If 

DC 

(2.2) /(*) = $>,«,(«) 

is a Newton series with finitely many non-zero terms and 

N 

(2.3) Qjy(z) = y^b k u k (z) , 

k=0 

then 

oo 

/ (z) Qn (z) = ^2 e i,N^i (z) , 
i=0 

where 

N-(N-i) + i 

(2.4) e i>N = J^ A.feftfc, A,fc = ^2 ai ^kl- 



fc=0 i=i-fc 



Proof Applying corollary 4, we get 

oo AT oo N l+k 

f (z) Q N {z) = y^ ai ^ bkWi (z)uk (z) = T^ ai T^ &fc ^ n£ju;j(z)- 

(=0 fe=0 (=0 fe=0 i=max(Z.fc) 
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Let us split the summation in three parts as follows, 

JV I l + k JV JV l + k 



f{z)Q N {z) = ^ai^b k ^Q% ) tl u] i {z) + ^a l E 6 fe ^^]w,(z) 

1=0 k=0 i=l 1=0 k=l+l i=k 

oo JV l + k 

(2.5) + e «*E 6 *E n S<^)- 

l=N+l k=0 i=l 

Then by changing the order of summations in each term of (2.5), we obtain 

N I l + k JV L*/2J i 

E ai E bk E n kli u i( z ) = E E E aib k n k z }u>i{z) 

1=0 k=0 i=l i=0 fc=0 l=i-k 

Nii 2JV [i/2] JV 

+ E E Y2 aibkn k} u i( z ) + E E E aib k Ct k l ju>i{z) 

j=0 fe=[(»+l)/2] i=fc i=N+l k =i-Nl=i-k 

2JV JV JV 

(2.6) + £ £ 5> 6 * fi 8u;i(*). 

i=JV+lfc=[(j+l)/2] l=k 



N JV l+k JV i fe-1 

2 a; ^ frkJ^Ji'W^E X! E a I & fc fi fc,I w i(«) 

Z=0 k=l + l i=k i=0 k=\(i+l)/2] l=i-k 

2N JV fe-1 

(2.7) + £ E E aj&fcfigwiO*), 

i=JV+lfc=|"(i+l)/2] l=i-k 

and 

oo JV l+k 2N i-N-1 i 

E a *E 6fe E fi M Wi ^ = E E E a « & fe fi M w i(«) 

/=JV+1 fe=0 »=J i=JV+l fe=0 J=t-k 

2N N i oo N i 

(2.8) +E E E °' 6 * fi $ w *(*)+ E EE^frw 

i=JV+l k=i~N l=N+l i=2N+lk=0l=i-k 

By combining (2.7) and the second and fourth terms of (2.6) we get, taking into 
account (2.5) and (2.8) the equality 

Nii 2N N N 

/wojvW^EE E «iWlV( z )+ E E E aib k n k z jiJi{z) 

i=0 fe=0 l=i-k i=N+l fe=[(i+l)/2] 2=«-fc 

2JV i-N-1 i 2N N i 

+ E E E Ol6fcfi^,Wi(«)+ E E E Ojftfcfigwj^) 
i=JV+l fe=0 i=»-fc i=JV+l k=i-N l=N+l 

oo JV i 2JV L*/ 2 J JV 

(2.9) + e E E ajfcfiJJStaw + E E E <**&§<*&. 

i=2N+lk=0l=i-k i=N+l k =i-Nl=i-k 
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Combining second, third, fourth and sixth terms of (2.9) we obtain 

N i i 2N N i 

f(z)Q N (z) = EE E aibk^Lu^z) + ^2 E E a l b k^k} u; i( z ) 

i=0 k=0l=i-k 

oo N i 

(2.10) + E E E «!&*"$<*(*)> 

t=JV+l k=0l=i-k 

and combining second and third terms of (2.10) we finally get 

oo N-(N-i) + i 

f (z) q n (z) = ^2 E E a i b k^kl^( z ) i 



i=iV+l fe=0 (=i-fc 



i=o fc=o ;=i-fc 



x, x > 
0, x<0 



where x + - 

Now, we may give the following definition. 



□ 



Definition 2.4. Let f(z) — J^ aiOJi(z) and g(z) = E ci^iiz) be formal Newton 

1=0 1=0 

series with interpolation points {zi} and let r be a complex number. We define: 
(a) (f + g)(z) = f:(ai + ci)u>i(z), 



1=0 

(b)(r-/)0O=E(r-cOw«(*), 

AT 
(c) If Qat (z) = J2 b k^k (z) , 
k=0 
oo iV-(JV-») + j 

/ (z) Q N (z) = ^ E E a;^fe^fejwi(z), 

i=0 fc=0 l=i-k 



>«, 



Definition 2.5. The Hankel-Newton determinants for a formal Newton series (2.2) 
are defined by 



H 



M,N 



1M,0 7m,i 

7m+i,o 7m+i,i 

7M+JV : 7M+Ar,l 



7m,jv 
7m+i,jv 

7Af+Ar,7V 



Theorem 2.6. Lei f(z) = J^ a;W/(z) 6e a formal Newton series with interpolation 

1=0 

points {z^ and let M and N be (fixed) nonnegative integers. Then, 
(A) If 

P M {z) = cqujq(z) + ciwi(z) + . . . + c M u M (z) 
and 

Q N {z) = &0^o(z) + frlWl(z) + . . . + 6ATWAr(z), 

i/ien a necessary and sufficient condition that the formal Newton series 

f{z)Q N {z)-P M {z) 
be of the form 

(2-H) / (z) Qm ( z ) — Pm(z) = C?AT+M+1 W A+M+1 + dN + M+2^N+M+2 + ■ ■ ■ 
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is that the coefficients Cj and bj satisfy the system of equations 
(2.12) 6o7o,o = c 

&o7i,o + &i7i,i = c i 

&o7m-i,o + &i7m-i,i + . . . + &m-i7m-i,m-i = cm-i 



(2.13) 



&o7m,o + &i7m,i + • • 
&o7m+i,o + &i7m+i,i + 



+ bNjM,N — C M 
■ ■ + &M7M+1,JV = 



bolM+Nfi + &i7m+jv,i + • • • + &m7m+a,a — 

where the ji t j are defined by (2.4) and ji_j = for i < j. 

(B) A nontrivial solution, bo,--- , 6jv 5 Co, • • • ,Cm, to tfte system of equations 
(2.13) is determined uniquely (up to a nonzero multiplicative constant) if and only 
if H m.n ^ 0. 

(C) If Cm, bo,--- ,b N satisfy (2.13), then 



(2.14) b r H 



M,N — 



7M,0 

7m+i,o 



7Mj-1 Cm jM,j + l ■ ■ ■ 1M.N 

7M+1 j-1 7M+1 ,j + l • • • 7M+1.JV 



7M+A,0 • • • lM+N,j-l 7M+Aj' + 1 • • • 1M+N,N 

i = 0,1, •••,7V. 

(T>) In particular, if Hm,n ¥" a7lc ^ &o> " " " > ^iv satisfy (2.12), then we can choose 
cm = 1 and obtain 

7m, o • • • 7mj-i 1 7m,j+i • • • 7m, a 

7m+i,o • • • 7m+i,j-i 7m+i,.j+i • • • 7m+i,jv 



(2.15) 



h = 



1M+Nfi ■ ■ ■ "fM+N,j-l 7M+A,j + 1 ' ' ' 1M+N,N 

Hm,n 
j = 0,l,--- ,N. 

Proof is quite analogous to the proof of Theorem 2 and Lemma 4 from [7] and 
is omitted here. 

Corollary 2.7. If Hm,n ^ 0, then the following determinant representations for 
the denominator and numerator hold: 

Wo (z) wi (z) ■■ ■ lu n (z) 
7m+i,o 7m+i,i • • • 7m+i,a 

7M+2,0 7M+2,1 ' ' ' 1M+2,N 



>N 



(*) 



1 



H 



M.N 



and 



lM+N,0 lM+N,l 
M 

Pm (z) = J^ c k uj k (z) 

fe=0 



lM+N,N 



where c k 's are given in (2.13). 
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3. Test of convergence for Newton-Pade approximations 

Firstly, recall a definition of convergence of double sequences. 

Definition 3.1. The double sequence {a M] „} of complex numbers converges 
if all sequences {oi/j, k ^ k }T_ 1 with non-repeating points (/ife,^fc) converge and have 
the same limit. 

Secondly, we will use the following theorem. 

Theorem 3.2. [3] If all subsequences {a^ fc .i/ fc } fc=0 , such that 

l)Mfc < Mfc+i, 

2)^fe < Vk+i, 

3) (Hk+i - Mfe) + { y k+\ - Vk) = 1, 
converge and have the same limit then the double sequence {a^.,,} v _ Q converges. 

Theorem 3.3. Suppose that for any increasing sequences {/x„} , {v n } such that 

{Vn < Mn+i < Mn + 1, 
V n < Vn+1 < Vn + 1, 
(Mn+1 - Mre) + (^"+1 - ^n) > 1- 

and H llntUn ^ 0, i/iere exists a natural number N such that the series 

oo „ 

(3.2) J] W" £ +1 '" n Q>>n +1 (^+u n+ 2) ^„+,„ + l (*) 

» r flu J, 

n—N ^ ' 



Q^„ (z) <3„„ +1 (z) ' 

converges uniformly in a domain G which contains points Z\.zi. .... Then the dou- 
ble sequence of the Newton-Pade approximations {R^. v (z)} with poles 21,22, •■•) 
converges in G to f (z) . 

Proof. Consider the expression 

(3.3) P^ n+1 (z) Q Vn (z) - P^ (z) Q Vn+1 (z) = [f (z) Q Vn (z) - P M „ (z)} Q Vn+1 (z) 

-[f{z)Q Vn+1 {z)-P^ +1 {z)]QvAz) 

The left hand side is a polynomial of u>k (z) with k < //,, + v n + 1. The second term 
in the right hand side by the definition of Newton-Pade approximations starts from 
the term Wk (z) with k > /U„+i + v n +i + 1 (> f-n + v n + 1), and the first term starts 
with the term u>k (z) with k = \i n + v n + 1. Hence, in both sides of (3.3) there is 
only one non-zero term with u>a n +v n +i (z) . □ 

Now, since H linVn 7^ 0, the solution of (2.12) and (2.13) with M — /i„, N = v n 
is determined uniquely (up to a nonzero multiplicative constant). 
The coefficient of u> lln + Vn +i (z) in 

is equal to the coefficient of w^+^+i (z) in the expression of 

lf(z)Q Un (z)-P, n (z)]Q Un+1 (z). 
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By Lemma 7, the coefficient of w (Un + ! y n +i (2) in / (z) Q Vri (z) — P^ n (z) is equal 
to eit„+i; n +i K„ and by straightforward calculations it is equal to 

0.4) (-ir %±^. 

By Corollary 6, the coefficient of ui lln+Vn+ i (z) in 

[/ (z) Q„„ (z) - P^ n (z)] Q„ n+1 (z) 
is equal to 

(3-5) (-i)"» %±^ E wfetstf 



jX n ,V n 



k=0 



H„ v - +1 '■ 



( _ lr ^±1^ £ 5fc JJ (w ^ +2 _ z .) 



Mti t^n 



fc=0 j=l 



So, 

(3-6) P M „ +1 (z) Q„„ (z) - P M „ (z) Q„ B+1 (z) 

= ( - 1) " ^T LJ5L< 9^n+l (^A»n+^n+2) a; /i„+fn+l ( Z ) ' 

Note that formula (3.6) may be considered as a complete analogue of the well-known 
formula valid for classical Pade approximants, see e.g. [1, chapter 3, (5.16)]. 
Hence, 

(3-7) R^n+lVn+l 0) - R »n,Vn 0) 

_ (_ 1 )Mn Mn+ ,*» Q (^ n + Vn +2) W Mn+I , n + l (z) 

1 



Q^ n (z) <2^„ +1 (2) 

From here it is clear if series (3.2) converges at a point z, then at that point the 
sequence {i? M „,„„ (z)} converges too. Denote the limit function by F (z) . From the 
supposition of theorem it follows that Q Vn (z) ^ in G, starting from some number 
TV. Hence, all functions Rji n , Vn (z) are analytic in G for n> N. Since the sequence 
{R[i n ,v n } converges uniformly on compacts in G, the function F (z) is also analytic 
in G. Moreover, for any point z G G 

ri fc fl M „,„„ (z) = rf fc F (z) 

ra— >oo dz fc GJz fc 

for any natural number k. Taking 21,22, • ■ • j f° r 2 values, we get that F (zj) = / (zj) , 
j — 1,2,.... Hence F (z) — f (z) identically in G. 
Application of Theorem 11 finishes the proof. 

Remark 3.4. M.B. Balk [3] considered a large class of functions satisfying supposi- 
tions of his test of convergence for the Pade approximations. A continuity argument 
shows that Theorem 12 may be applied for any function of that class and poles Zi, 
\zi\ < e with sufficiently small e > 0. 
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Abstract 

In this paper, we study the mean value of character sums in short intervals [l, |] and 
[l, |], and give a few asymptotic formulae, by using the Fourier expansion for character 
sums, and the mean value theorems of Dirichlct L- functions. 

Key words Character sums; mean value; short intervals. 

AMS subject classflcations 11L40; 11L26. 

§1. Introduction 

Let q > 1 be an integer, and x be a Dirichlet character modulo q. The character sums play 
an important role in number theory, so many authors studied the properties of the character 
sums and obtained lots of beautiful results. For example, for \ an Y non-principal character 
modulo p (prime) and any positive integer x, G. Polya [4] and I. M. Vinogradov [6] proved that 



X>(a) 



a=l 



< c^/plogp. 



The above inequality was established by D. A. Burgess [1] with the constant c = 1 as follows: 

«x 1 - 1 /V r+1 )/ 4r2 logp, 
where x and r are arbitrary positive integers, and N is any integer. 



N+x 
a=N+l 
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and the Fundamental Research Funds for the Central University. 
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Let x be a primitive character modulo q. For r = 1 or 2, and every e > 0, D. A. Burgess [1] 

showed that 

N+H 



N+H 
n=N+l 



A. V. Sokolovskii [5] proved that there exists a positive integer x, such that 



x+[q/2] 

Yl *( n ) 



> y/l -8(log q)/q ■-^■VQ- 



For general non-principal character \ modulo q, and any positive integer h, D. A. Burgess 
[2] gave the estimate 



E 

ra=l 



Y2 x ( n+ 



in) 



m=l 



< qh. 



Furthermore, he [3] obtained the following estimate for primitive character sums: 



E*E 

X mod qn=\ 



Y2 x ( n+ 



m 



m=l 



< 8d 7 (q)q 2 h 2 , 



where Y^* denotes the summation over all the primitive characters modulo q, and d(q) is the 

X mod q 

Dirichlet divisor function. 

In this paper, we shall study the mean value of character sums in short intervals [l, |] and 
[l, |] . This problem may be interesting since it relates to the existed works. Now we present 
the main results. 

Theorem 1.1. For any positive integer q > 1, we have 



E" 

X mod q 

x(-i)=i 



£*(«) 



«<! 



5 
144 



In J- + „2 

p\2q 



and 







4 


E* 

X mod g 
(-1)=-1 


£x(a) 


= < 



24 
5 



144 



p|2g + P 2 

1 + ^7 



? 



d|g 



where J{q) = > // I — I $>(d) denotes the number of all primitive characters modulo q. 



Theorem 1.2. For any positive integer q > 1, we have 



E* 


£*(«) 


X mod q 


a<§ 


x(-i)=i 





256 



p|3g 



-,2+e\ 



+ F 
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and 



E* 


E^ a ) 


X mod q 


o<§ 


(-1)=-1 





45 
256 



1-4 



p\3q + P 1 



§2. Some lemmas 

To prove the theorems, we need the following lemmas. 
Lemma 2.1. Let x be a primitive character modulo q, we have 

( 1 



£*( 



a = < 



a<I 



fl + x(2))(2-x (2)), 
2m 



if x(-i) = i; 



-r(x)L(l,x), t/x(-i) = -i, 

where x'4 is the non-principal real character modulo 4, and r(x) = 2_,x{ a ) e2ma i s ^ e Gauss 



0=1 



sum. 



Proof. Firstly we suppose that x( — 1) = 1- The Fourier expansion for primitive character 
sums, which was first used by Polya [4], is the following: 



Yl X(o) = < 

a<\q 



t(x) y^ xW sin(2vrnA) 



7T 



?1=1 



??. 



if x(-i) = i; 



t(x)^(1,x) t(x) v^ xH cos(2vrnA) 

Z_> 1 ' lf x(-i) = -i- 



7!7 



7T?, 



n=l 



n 



Then we have 



Since 



Ex(o) ^g^ffi 



sin 



a<f 



(t) 



n=l 



^ 1, if n = 1 mod 4 

0, if n = 2 mod 4 

— 1, if n = 3 mod 4 

0, if n = 4 mod 4. 

X4(™)> 



we have 



V x(«) = -r( X )L(l,xx' 4 ), if X(-1) = 1. 

Now we consider the case x( — 1) = — 1- From (2.1) we also get 

£x(o 



t( X )L(1,x) r( X )yX(n) cos (^) 



*<l 



Til 



7T1 



n=l 



11 



(2.1) 
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Since 



gx(n)cos(^) _^x(n)(-l)f _x(2)^x(n)(-ir 



n=l 



X(2) 



» 



foo 



£ 

ra=l 

2|n 



n 



£ 

n=l 



;? 






n=l n=l 

_ 2\n 2\n 

X(4)-X(2) r/1 _. 

= g M 1 '*)' 



n 



X(2) 



+ 00 _, s +OO _, 



n=l 
2|n 



;; 



» 



wc 



have 



Ex(«) 



»<i 



(l + x(2))(2-x(2)) 

2ttz 



t(x)L(1,x). 



This proves Lemma 2.1. 

Lemma 2.2. Lei x be a primitive character modulo q, we have 

( V3 



£x(< 



2 ;f 



. 27TZ 



r(x)^(i,xx3), »/x(-i) = i; 

r(x)^(l,XX3), t/x(-l) = -l, 



where x'3 is the non-principal real character modulo 3, and X3 denotes the principal character 
modulo 3. 

Proof. Firstly we consider the case x{~ 1) = 1- By (2.1) we have 



a<§ 



n=l 



;? 



Since 



sm 



27rn\ 
~3~/ 



if n = 1 mod 3; 



2 ' 

-^, if n = 2mod3; 
0, if n = 3 mod 3. 



we have 



E *(«) = ^r(x)L(l,XX 3 ), if X(-1) = 1. 



a<§ 



Now we suppose that x(— 1) = — 1. From (2.1) we can get 

t(xW,x) r( X )^ x(n)cos(^) _r( X )^ xW(l-cos(g^)) 
iri iri ^ 

n=l 

Since 



Ex(«) 



a<§ 



n 



7H 



£ 

n=l 



n 



/2vrn\ 
l-cosl— j 



|, if n = 1 mod 3; 
|, if n = 2 mod 3; 
0, if n = 3 mod 3. 
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we have 

2vri 



£*(«) = ^t(x)L(1,xx8)- 



a<§ 

This completes the proof of Lemma 2.2. 

Lemma 2.3. Let a; an ^ r be integers with q>2 and (r,q) = 1. T/ien we /lawe t/ie identity 

E* *(r)= E /*(i)^» 

X mod q d\(q,i — 1) 

where /i(q) is the Mobius function. 
Proof. This is Lemma 4 of [7] . 
Lemma 2.4. For any positive integer q > 1, we have 

E* H^M A =^^m\^- + 0^) ] (2.2) 

x(-i)=i 

^ (1 lN! 



C 4 (2) 



V; mod q ' 

x(-i)=-i 



2C(4) 

X mod g Pi? 



e x(^)iL(i, X )i = — — 3 • — j (g ) n - TTT - + q ( g 

Xmodg Z I 1 4 J SV 7 p|2g T P 2 

x(-i)=-i 



i C 4 (2) — ( ! - sr 



/or j > 0, and q odd; (2-4) 

3 



e i^^3)i = 27M j(Q) n\T^ +0( ^ ); (2 - 5) 

Xmodg ^ ' p|3(j P 2 " 

x(-i)=i 



E* |i(l.«§)| 4 =y|j( 9 )II i IT i ^ + Oh e ). (2-6) 

Xmodg ^ ' p\Sq P 2 

x(-i)=-i 

Proof. We only prove (2.4), since similarly we can deduce others. For any non-principal 
character \ modulo q, and parameter TV > q, by Abel's identity we get 

E *( n ) 

^^ n ^^ n at v 

n=l l<n<N JN y 

2-^ n \ N 

Kn<N v 
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Therefore 



E* X (2^)|L(l,x)| 4 - E* *&) E 

X mod q 

x(-i)=-i x(-i)=-i 



X{ni) sp X(n 2 ) 
n-i t—i n „ 

Xmodq l<ni<JV L l<n 2 <N 



X(mi 






X{m 2 ) 



+ o 



q 2 log q log TV 



mi * — ' mo 

l<mi<N l<m 2 <N 



N 



d{n) 



d(m 



E — E — E x(2 J )x(n)x(m) + 



n * — ' m 

l<n<Af 2 l<m<iV 2 X mod g 

x(-i)=-i 
For (ab,q) = 1, from Lemma 2.2 we have 



f 2 log g log TV 

TV 



E x ^ x 

Xmod g 

x(-i)=-i 



W-5 E "(S)*co-i E Ks)*w- 



d|(</,a— ft) 



d|(<j,a+&) 



Then we get 



d(n) 



d{m) 



E x(2')iL ( i,x)i 4 = i E T E ^ E Ki)«" 

X mod g l<n<JV 2 l<m,<JV 2 s|(g,2Jn-m) 

X(-1)=-1 (",<?)=! (m,g)=l 



1 y^ ^( n ) v^ d(m) 

l<n<iV 2 ' l<m<Af2 ' ' s\(q,2^n+m) 
(n,q)=l (m,q)=l 



E ng)<K*) + o 



f 2 log g log iV 

TV 



1 V^ f q \ a( \ V^ V^ d{n)d(m) 1 ^ /g\ ^ ^ d{n)d(m) 



2 ^ *^ \ S / ' ' ^ "^ * "^ TVffl 

s\q " l<n<N 2 l<m<N 2 

(n,q)=l (m,q)=l 

2^n~m mod s 



s|<; 



l<n<JV 2 l<rre<7V2 

(n,g)=l (m,q)=l 

2Jn~—m mod s 



nm 



-0 



1 2 log g log N 
N 



I'M E 



d(n)d(2*n) 



2" VJ ' ^ „ 2^'n 2 

l<n<Ar 2 
(n, g )=l 

/ 



+ o 



E*w E E 

s k l<n<JV 2 i-2J n <l< N 2 - 



d(n)d(ls + 2%) 
n(7s + 2i n) 



i^o 



+0 



E*w E E 

s\q l<n<N 2 l + 2Jn < i < N 2 +20n 



d{n)d{ls-2 :) n) \ (q 2 logqlog 3 N 



n(ls — 2in) 



N 



2J- 



n<%) E 



d{n)d{2in) Q / 'gi ! log q log 3 TV 



ra=l 
(n,q)=l 



n^ 



N 



From the properties of multiplicative functions we have 
d{n)d(2?n) ^ d(n)d(Vn 



E 

n=l 
(n,q)=l 



??. 



E 

ra=l 
(n,2<j)=l 



■/?. 



^ d(2n)d(2^ +1 n) 

+ E i^ — - + 

(n,2<j)=l 



(2n) 
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d(2 k n)d(2i +k n) 



+ ^ d(? k '")'l(0J+l< 
n=l 



/£*-) i z 



(2 k n 



+ ••• 



(ra,2g)=l 



+°° j2/ 

Ed (n 
n 2 

n=l 
\(n,2g)=l / 

Ti • T 2 . 



d(2>) + 



d(2)d(2^' +1 ) d(2 k )d(2i +k ) 



2 2 



+ ••• + 



i2A- 



+ 



By Euler products we can get 



p\2q 



2( m a\ 



tt / d2 (p) d 2 (p 

Ti = [J(l + — ^ + --- + 



jr 



2m 



+-)-n(i+?+-+ 



(a + 1) 5 



P 



2<> 



+ 



i + ? cv (l ; 



n^i 



S(i-^) 3 c(4) ^ i+ P - 



On the other hand, we easily have 



T 2 = (j + 1) + 



2(i + 2) 



+ ••• + 



(fc + l)(j + fc + l) 
4fc 



+ 



10" +1) + 3 



n 3 



(1-1) 



Now taking N = q? in the above, we immediately get 



ti, 2.«(l-i) 3 CM W ll 1 + 4, 



X mod <jr 

x(-i)=-i 
This proves Lemma 2.3. 



§3. Proof of the theorems 

By Lemma 2.1 and Lemma 2.4 we easily get 

4 



E 

X mod q 

x(-i)=i 



a<| 



1 



1 



X mod q p\2q V 

x(-i)=i 



2+<-> 



For odd integer g, we have 



E* 

X mod <; 

x(-i)=-i 

„2 



E 



«<! 



XlOy 



167T 4 



^* |(l + x(2))(2-x(2))| 4 |L(l,x)r 



X mod q 

x(-i)=-i 



167T 4 



^* (46 + 16 X (2) - 46 X (4) - 8 X (8) + 8 X (16)) |L(1, x)T 



X mod g 

x(-i)=-i 



5 
24 



P\2q 1 + ^ 
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If q is even, then from Lemma 2.1 and Lemma 2.4 we can get 



E" 



X mod q 

x(-i)=-i 



£x(a) 



a<J 



7T 1 



£* wwr 






X mod <jr 

x(-i)=-i 



p|<? 



+ pT 



This proves Theorem 1.1. 

Similarly, from Lemma 2.2 and Lemma 2.4 we have 

4 

9q 2 



X mod q 

x(-i)=i 



£x(< 



a<§ 



16vr 4 



E l^a. 



pZ 



X mod g 

x(-i)=i 



^ ) i 4= ^ 2j(9) n 1 i + 4 

p|3<? P 



+ o 



,2+eN 



and 



E* 

X mod q 

x(-i)=-i 



Ex( 



^ E i^.sx&i^lX-'to) 11^+ <>(«**>■ 



X mod g 

x(-i)=-i 



p\3q 



+ p 2 



This completes the proof of Theorem 1.2. 
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Abstract 

In this paper, we obtain the expression of the solutions of the following recursive 
sequences 

_ %n— 2%n— 4 „ -, 

x n+l — TTZ : r, Tl — U, 1, ..., 

X n -i(±l ± X n ^ 2 Xn-i) 

where the initial conditions are arbitrary non zero real numbers. Also, we study 
the behavior of the solution of these equations. 

Keywords: difference equations, stability, periodic solution. 
Mathematics Subject Classification: 39A10 

* Permanent address: Department of Mathematics, Faculty of Science, Mansoura 
University, Mansoura 35516, Egypt. 

1 Introduction 

In this paper we obtain the solutions of the following recursive sequences 

X n +1 = n-2 n-4 ^^ n = 0, 1, ..., (1) 

X n _i(±l ±X n - 2 Xn-4> 

where the initial conditions X-4, X-3, x_2, X-i, %o are arbitrary non zero real num- 
bers. Also, we study the behavior of the solution of these equations. 

Many researchers have investigated the behavior of the solution of difference equa- 
tions for example: Agarwal et al. [1] investigated the global stability, periodicity 
character and gave the solution of some special cases of the difference equation 

OjX n — lX n — k 



x n+l — O + 



b — cx r 
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Cinar [2] investigated the solutions of the following difference equation 



X n +l 



1 + bx n x n _ 1 



Elabbasy et al. [3-4] investigated the global stability, boundedness, periodicity char- 
acter and gave the solution of some special cases of the difference equations 

0X n (xX n — k 



•£«,+! ClX n j , X n +\ i— r/fc 



CX n -dx n ^ " r P + lUi=0 X n 



i=0 ^n-i 

See also [5-7]. 

Let I be some interval of real numbers and let 

/ : I k+l - I, 

be a continuously differentiable function. Then for every set of initial conditions 
x-k,X-k+i, ■■■jXo € /, the difference equation 

2-n+l — J \%m %n—l) •••■> %n—k)i 71 = U, 1, ..., \Z) 

has a unique solution {x n }^L_ k [7]. 

The linearized equation of Eq. (2) about the equilibrium x is the linear difference 
equation 

_ ^ df(x,x,...,x) 

i=o n - { 

Theorem A [7]: Assume that p { e R, i = 1, 2, ..., k and k E {0, 1, 2, ...}. Then 

k 

is a sufficient condition for the asymptotic stability of the difference equation 

x n +k + pix n+k ^i + ... + p k x n = 0, n = 0, 1, ... . 



2 On the Difference Equation x n+ i = 



x n—2 x n—A 



X n ^i{l+X n ^ 2 Xn-4) 



In this section we give a specific form of the solution of the first difference equation 
in the form 

x n+1 = n ~ 2 n = 0,l,..., (3) 

where the initial values are arbitrary non zero real numbers. 
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Theorem 1 Let {^ n }^_4 be a solution of Eq.(S). Then for n — 0, 1, ... 

TtV I 1 + ( 4i + l ) hd ) (! + ( 4 * + 2 ) ac ) (! + ( 4? ) ec ) 

i=0 
ra-1 

%l2n-3 — d J^ | 
j=0 
n— 1 

£l2n-2 = cj| 
j=0 
n— 1 

Xl2n-1 = b JJ 

i=0 
n—1 

X\2n = dY[ 
i=0 



1 + (4i + 3) fed) (1 + (4i) ac) (1 + (4z + 2) ec 

(1 + (4i) fed) (1 + (4i + 1) ac) (1 + (4i + 3) ec) 
(1 + (4i + 2) fed) (1 + (ii + 3) ac) (1 + (4i + 1) ec) 

(1 + (4i + 3) bd) (1 + (4i) ac) (1 + (4i + 2) ec) 
1 + (ii + 1) fed) (1 + (4i + 2) ac) (1 + (4i + 4) ec) 

1 + (4i + 2) fed) (1 + (4i + 3) ac) (1 + (4z + 1) ec) 
1 + (ii + 4) fed) (1 + (4i + 1) ac) (1 + (ii + 3) ec) 

(1 + (4z + 1) fed) (1 + (4z + 2) ac) (1 + (4i + 4) ec) 
(1 + (4i + 3) fed) (1 + (ii + 4) ac) (1 + (4i + 2) ec) 



X\2n+1 



ec 



n-1 

6(l+ec) 11 

j=0 



1 + (4j + 4) fed) (1 + (4z + 1) ac) (1 + (4z + 3) ec) 



n-l 



1 + (4i + 2) fed) (1 + (4i + 3) ac) (1 + (4i + 5) ec 

fed yV / (! + (4j + 3) fed) (1 + (4j + 4) ac) (1 + (4j + 2) ec) \ 
Xl2n+2 ~ °( 1+bd ) 1J V (1 + (4i + 5) fed) (1 + (4i + 2) ac) (1 + (4i + 4) ec) J ' 

g fc (i +ec ) tt / (!_+ (4j + 2) fed) (1 + (4j + 3) ac) (1 + (4j + 5) ec) \ 

Zl2n+3 - e(1+ac) |1 ^ + ^ . + 4) ferf) ^ + ^ + 5) flc) (1 + ^ . + 3) ec) j , 

aec(i +bd ) n j\( (1 + (4j + 5) fed) (1 + (4j + 2) ac) (1 + (4j + 4) ec) \ 

Xl2n+A bd(l+2 ec) JLi ^ + (^ + 3) M ) (1 + ( 4 , + 4) Qc ) (1 + ( 4 , + Q) e£ .) J ' 

de(i + ac) ttV (1 + <M + 4 ) &g (1 + (4j + 5) ac) (1 + (4j + 3) ec) \ 

^12n+5 a(l+ec)(l+2M) JLI y {l + (4 , + g) hd) (j + ( 4i + 3) flc ) ( X + (4 , + 5) ec) J 

Ki+gec) jt( (1 + (4j + 3) fed) (1 + (4j + 4) ac) (1 + (4j + 6) ec) \ 

Xl2U+6 e(l+bd)(l+2ac) 11 ^ + ( 4i + 5) ftd ) (J + ( 4i + g) flc ) ( X + ( 4i + 4) ec ) J 

1 + (4z + 6) fed) (1 + (4z + 3) ac) (1 + (4i + 5) ec) 



j=0 
n—1 



ac(l+ec)(l+2fed) TT / ^ f ^ -|- uj va) \l -|- ^» -|- o; uc; ^i -|- ^ -|- o) ec; 

^12„+7 - d(l+a C )(l+3e C ) JLI ^ + ^ + 4) ^ ^ + ^ + 5) flc) (j + ^ + 7) gc) 

where x_ 4 = e, x_ 3 = d, x_ 2 = c, x_i = fe, x = a. 

Proof: For n = the result holds. Now suppose that n > and that our assumption 
holds for n—1. That is; 



n-2 

Xl2n-16 — e 11 
i=0 



1 + (4i + 1) fed) (1 + (4z + 2) ac) (1 + (4i) ec) 
4 + (ii + 3) fed) (1 + (4i) ac) (1 + (4« + 2) ec) 
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n-2 



y\ ( (l + (4t)6d)(l + (4t + l)ac)(l + (4i + 3)ec) \ 

*12n-15 11 ^ (1 + (4 . + 2) M) (1 + (4 . + 3) flc) (1 + (4 . + x) ec) J 

(1 + (4z + 3) fed) (1 + (4i) ac) (1 + (4i + 2) ec) 



j=0 
n-2 

X\2n-IA — C \_l 
i=0 

n-2 



1 + (4z + 1) fed) (1 + (4i + 2) ac) (1 + (4i + 4) ec 

Zl2n-13 11 ^ (1 + (4 . + 4) ftd) (1 + (4 . + x) flc) (1 + (4 . + 3) ec) J 

1 + (4i + 1) fed) (1 + (4i + 2) ac) (1 + (4i + 4) ec 



i=0 

n-2 

X\2n-12 = a J_ | 
i=0 

^12n-ll 



1 + (4i + 3) fed) (1 + (4i + 4) ac) (1 + (4i + 2) ec) 



n-2 

6(l+ec) 11 
i=0 

n-2 



X 12n-10 - a (l+M) 11 
j=0 
n-2 
a6(l+ec) TT 
X 12n-9 - e (l +ac ) H 



^12n- 



j=0 

n-2 
aec(l+bd) 



6d(l+2ec) 

i=0 



n 



1 + (4j + 4) bd) (1 + (4i + 1) ac) (1 + (4z + 3) ec) 
1 + (il + 2) fed) (1 + (il + 3) ac) (1 + (4i + 5) ec) 

(1 + (4z + 3) fed) (1 + (4z + 4) ac) (1 + (4z + 2) ec) 
(1 + (4i + 5) fed) (1 + (4i + 2) ac) (1 + (ii + 4) ec) 

1 + (4z + 2) fed) (1 + (4z + 3) ac) (1 + (4z + 5) ec 
1 + (ii + 4) fed) (1 + (ii + 5) ac) (1 + (ii + 3) ec 

(1 + (4z + 5) fed) (1 + (4z + 2) ac) (1 + (4z + 4) ec) 
(1 + (4l + 3) fed) (1 + (ii + 4) ac) (1 + (il + 6) ec) 



n-2 



de(i+a C ) TT / (1 + (fj + 4) fed) (1 + (4i + 5) ac) (1 + (4j + 3) ec) 

^12n-7 a(l+e C )(l+26d) 11 \^ + (^ + g) M ) ^ + ^ + 3) flc ) (J + (^ + 5) ec ) 

6d(i+2 ec ) ttV (1 + (fj + 3) fed) (1 + (4^ + 4) ac) (1 + (4j + 6) ec) 

^12n-6 e(l+6d)(l+2ac) 11 ^ (J + (^ + 5) M ) (J + ( 4i + g) flc ) (j_ + ( 4f + 4) ec ) 



i=0 

n-2 



ac (i +ec )(i+2M) tt / a + (fj + 6) fed) (1 + (4j + 3) ac) (1 + (4j + 5) ec) 

^12n-5 d (l+a C )(l+3e C ) JJ. ^ + ^ + 4) ^) (j + (4, + 5) ^ ^ + ^ + 7) ec ) 



j=0 

Now, it follows from Eq.(3) that 

%12n-7 x 12n-9 



Xl2n-A 



^12n-6(l + ^12n-7^12 



n-9j 



n-2 



bd TT f (l+(4i+2)6cQ \ 
(1+2M) 11 ^(l+(4i+6)6d)y 
i=0 



n-2 / n-2 

brf(l+2ec) TT f (l+(4i+3)fcfiQ(l+(4i+4)ac)(l+(4i+6)ec) \ [ -, . bd TT <^ (l+(4t+2)bd) \ 

e{l+bd){l+2ac) 11 ^(l+(4i+5)fed)(l+(4i+6)ac)(l+(4i+4)ec)y I - 1 "^ (l+26d) 11 ^ (l+(4J+6)6c() y 

i=0 V i=0 



/«; 



n-2 



e(l + M)(l+2ac) I 1+ (l + (4n-2)6d) I i=0 



(i+(4n-2)bd) TT / (l+(4t+5)brf)(l+(4t+6)ac)(l+(4i+4)ec) 

hd(i+2ec) /, ferf N 11 Ul+(4i+3)6d)(l+(4i+4)oc)(l+(4i+6)ec) 
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Hence, we have 

(1 + (4i + 1) bd) (1 + (4z + 2) ac) (1 + (4i) ec) 
+ (4i + 3) fed) (1 + (4i) acj (1 + (ii + 2) ec) 



n— 1 
X\2n-A = e 



n 



i=0 

Also, from Eq. (3) we see that 

%12n-6%12n-8 



Xl2n-3 



^12n-5(l + ^1278-6^12^-8) 

n— 2 



n< 



(l + (4i + 2)gc) ' 

(l+2ac) J_ J_V (l+(4t+6)oc) , 

i=0 



n — 2 / 71—2 



ac(l + ec)(l + 26d) I I / (l + (4i + 6)bd)(l + (4i + 3)ac)(l + (4i + 5)ec) \ . ac I / (l + (4t+2)ae) ' 

d(l+ac)(l+3ec) J_ J_ l(l + (4i+4)bd)(l + (4i+5)ac)(l + (4i+7)ec) J I 1_l ~ (l+2ac) J_ J_ V (l+(4i+6)ac) , 

i=0 V i=0 



d(l + ac)(l + 3ec) 



ra-2 



'1 + ec)(l + 2bd) (1 + (4n - 1) ac) . f] 



nf (l+(4i+4)bd)(l+(4i+5)ac)(l+(4i+7)ec) \ 
\ (l+(4i+6)6d)(l+(4i+3)ac)(l+(4J+5)ec) J ' 



Hence, we have 

n— 1 



^12n-3 



i=0 vv 



(1 + (4i) 6d) (1 + (4i + 1) ac) (1 + (4z + 3) ec) 
+ (ii + 2) bd) (1 + (4i + 3) ac) (1 + (4i + 1) ec) 



Similarly, we can easily obtain the other relations. Thus, the proof is completed. 

Theorem 2 Eq. (3) has a unique equilibrium point which is the number zero and this 
equilibrium point is not locally asymptotically stable. 

Proof: For the equilibrium points of Eq.(3), we can write 

_ x 2 

x 



x(l + x 2 )' 
Then we have 

3^ = 0. 

Thus the equilibrium point of Eq.(3) is x = 0. 

Let / : (0, oo) 3 — >■ (0, oo) be a function defined by 

vw 



f(u,v,w) = 

u(l + vw) 

Therefore it follows that 

VW W V 
f u (u,V,w) = — — -, f v {U,V,w) = — -=, f w (u,V,w) = — -=, 

u 2 (l + vw) u(l+vw) u(l + vw) 

we see that 

J u yX, X, X ) 1, J v yX, X, X ) 1, J w yX, X, X) 1. 

The proof follows by using Theorem A. 



77 



ELSAYED: RATIONAL DIFFERENCE EQUATIONS 



3 On the Difference Equation x n+ \ = , x ". \^ Xn 4 Y 

We obtain in this section the solution of the second difference equation in the form 

X n+l = n ~ 2 r, 71 = 0, 1,..., (4) 

X n -l{— J- + Xn-2Xn~4) 

where the initial values are arbitrary non zero real numbers with xqX-2, X-1X-3, X-iX-± 7^ 
1. 

Theorem 3 Let {x n }'^ = _ 4 be a solution of Eq.(4). Then every solution of Eq.(4) is 
periodic solution with period twelve and for n — 0,1, 2, ... 

-A - h eC 

X l2n-A — 6, Xi2n-3 — 0>i %12n-2 ~ C, X\2 n -\ ~ °, %12n ~ Q>, %12n+l ~ 77 i — , 7> 

b(— 1 + ec) 
bd ab(— 1 + ec) aec{— 1 + bd) 

X\2n+2 = —, : , , a) ^12n+3 = ~ 7 7~. !T, ^12n+4 = 7~j , 

a{— 1 + bd) e{— 1 + ac) bd 

de(— 1 + ac) bd ac 

Xl2n+5 = — / : — ; Z-, Xl2n+6 = ~, : — , , A , ^12ra+7 



o(— 1 + ec) ' ^' ' e(—l + bd) , "' ' d(— 1 + ac) 

Proof: For n = the result holds. Now suppose that n > and that our assumption 
holds for n — 1. That is; 

x l2n-l§ — e, Xi2n-15 = d, Xl2ra-14 = c j ^12n-13 = °, %Y2n-V2 = 0,, Xl2n-ll 

bd ab(— 1+ec) _ aec(— 1+bd) 

^12n-10 — a (-l+6d)' ^12n-9 — e (_l +ac ) ) ^12n-8 — ^ , 

_ de(— 1+ac) fed ac 

2?12n-7 — a (-l+ec) ' X 12n-6 — e (_ 1+bd ); x 12n-5 ~ d(-l+ac)- 



fe(-l+ec) 



Now, it follows from Eq.(4) that 



%12n-4 — 




Xl2n-7 x 12n-9 




%12n- 


-6(-l+a:i2n-7^12n- 


-9) 


^12n-3 — 




x 12n-6 x 12n-8 




Xl2n- 


-b{— l+Xl2n-6%12n- 


-8) 



de( — 1+ac) ab( — 1 + ec) 
a( — 1 + ec) e( — 1 + ac) bd 



-1- 



de(— 1 + ac) ab( — 1 + ec) \ bd / i i y\ 

- a (_l + ec) e(-l + ac) J e(-l + bd)) V ^"^ 



e(-l + bd)) V ^ a(-l + ec) e(-l + ac) 

bd aec( — 1 + bd") 

e(— 1 + bd) bd ac J 

f 1 I bd aec(-l + bd) \ — etc (_ 1+ ac ) ~ «■ 

d(_l+ac)V i+ e(-l + bd) bd ) <J(-l+ac)V ; 

Similarly, we can easily obtain the other relations. Thus, the proof is completed. 

Theorem 4 Eq.(4) has three equilibrium points which are 0, ±-\/2. and these equilib- 
rium points are not locally asymptotically stable. 

Proof: For the equilibrium points of Eq.(4), we can write 

_ x 2 

x(— 1 + x 2 )' 
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Then we have 

x 2 (x 2 - 2) = 0. 

Thus the equilibrium points of Eq.(4) are 0, ±\/2. 
Let / : (0, oo) 3 — ► (0, oo) be a function defined by 

vw 



f(u,v,w) 



u (—1 + vw) 

Therefore it follows that 

vw — w — V 

f u (u,V,w) = - r, f v {U,V,w) = —— -2, f w (u,V,w) = —— -j, 

u 2 (-i + vw) u(-i + vw) u (_i + vw y 

we see that 

j u yx, x, x ) ^tJ-j J v\% iXfX j i, j w yx, x, x j i. 

The proof follows by using Theorem A. 

Theorem 5 Eq.(4) has a periodic solutions of period four iff xqX-2 = X-\Xs = 
X-2X-& = 2, and will be take the form {x_ 4 , rr_ 3 ,:r_2, £-i,£-4, £-3, X-2,X-\, ....}. 

Proof: First suppose that there exists a prime period four solution of Eq.(4) of the 
form 

Then we see from the form of solution of Eq.(4) that 

%12n-4 = 6, Xun-3 = d, X\2n-2 = C, X\2n-l = V, X\2n = C, X\2n+1 = b(-l+ec) = ^' 

™ _ bd _ _ ab(-l+ec) _ , _ aec{- 1+bd) _ 

Xl2n+2 ~ a( _ 1+bd) ~ C, Xi2„+3 - e (_i +ac ) - 0, X 12n +4 ~ ^ - e, 

_ de(-l+oc) _ j _ bd _ _ aC __ i 

X 12n+5 - a (_i +ec ) - "> ^12n+6 ~ e (_i +M )) ~ C > ^12n+7 - "_ 1+ x ~ °- 

Then 

a = e, bd = ec = 2. 

Second suppose that 

XqX-2 = £-lX_3 = X_ 2 X-4 = 2. 

Then we see from the solution of Eq. (4) that 

Xl2n-4 = e, Xi2n-3 = ", X\2n-2 = C, X\2 n -\ = b, X\2n — d — e, 

rr — ec _ -J „. _ bd _ _ ab(-l+ec) _ , 

• X 12n+1 - b(-l+ec) _ "' X 12n+2 - a (_i +b d) ~ C > ^12n+3 - e (_i +ac ) ~ °, 



aec(—l+bd) _ de(— 1+ac) 

6d ~~ e ' X 12n+5 — "^pi 

bd _ ac 



_ aec(-l+bd) _ _ de(-L+ac) _ , 

Xl2n+4 - m - e, Xi2n+5 - a (_i +ec ) ~ «, 



™ oa „ ^ ac L 

' X 12«+6 - e (_i +6d ) - C > ^12n+7 - d (_i +ac ) ~ »• 

Thus we have a period four solution and the proof is complete. 

The proofs of the theorems in the following sections are similar to that are pre- 
sented in the previous sections and so will be omitted. 
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4 On the Difference Equation x n+ i = x n J* x n 4 — 

x n— lv4 x n— 2 x n— 4) 
In this section we get the solution of the following difference equation 

x n+l = n ~ 2 -, ra = 0,l,..., (5) 

%n— 1 v-L %n-2 x n~4:) 

where the initial values are arbitrary non zero real numbers. 
Theorem 6 Let {x n } c ^ = _ i be a solution of Eq.(5). Then for n — 0, 1, ... 

'^ ( (1 - Ui + 1) bd) (1 - (4i + 2) oc) (1 - (4i) ec) ' 

^12n-4 = e J_I 
i=0 
n-1 



%12n-3 — d | | 
j=0 
n— 1 

^12n-2 = C J| 
i=0 

n-1 

Zl2n-1 = & J"{ 
i=0 
n-1 

£i2n = a J | 

i=0 



X\2n+1 



[I - (4z + 3) 6d) (1 - (4z) ac) (1 - (4i + 2) ec 

(1 - (4i) 6d) (1 - (4i + 1) ac) (1 - (4i + 3) ec) 
(1 - (4i + 2) bd) (1 - (4i + 3) ac) (1 - (ii + 1) ec) 

(1 - (4i + 3) 6d) (1 - (4i) ac) (1 - (4z + 2) ec) 
1 - (4i + 1) bd) (1 - (4i + 2) ac) (1 - (4i + 4) ec) 

4 - (4i + 2) 6d) (1 - (4i + 3) ac) (1 - (4z + 1) ec) 
1 - (4i + 4) bd) (1 - (4i + 1) ac) (1 - (4« + 3) ec) 

(1 - (4i + 1) 6d) (1 - (4i + 2) ac) (1 - (4z + 4) ec) 
(1 - (4i + 3) fed) (1 - (4i + 4) ac) (1 - (4i + 2) ec) 



n— 1 



(:!C 



1 _ (4i + 4) 6d) (1 - (4z + 1) ac) (1 - (4i + 3) ec) 

1_ec) f_n V(l - ( 4i + 2 ) 6d ) (1 - ( 4i + 3 ) ac ) (1 - ( 4 « + 5 ) ec ) 

1 - (4z + 3) 6d) (1 - (4z + 4) ac) (1 - (4i + 2) ec] 



n 

i=0 

n— 1 



^12n+2 a(1 _ M) || ^ _ ^ . + ^ b ^ ^ _ ^ . + ^ ^ ^ _ ^ . + ^ eS) 

g b (l-ec) TTV iiZ (^ + 2 ) 6d ) ( 1 ~ (^ + 3 ) flC ) ( 1 ~ ^ + 5 ) eC ) 

^i2n+3 - e(1 _ ac) |1 y^_ ^ . + 4 ) 6d ) ( X _ ( 4i + 5) ac ) (i _ ( 4i + 3 ) ec ) 

aecd-M) TTV (1 ~ (4 ' + 5) M) (1 - (4 ' + 2) QC) (1 - (4 ' + 4) 6C 
^12n+4 M (l_2ec) || ^ _ ^ + 3) y^ (J _ ^ + 4) <«.) (1 _ (4j + 6 ) eC 

ded-ac) frV (1 ~ (fj + 4) bd) (1 - (4j + 5) ac) (1 - (4j + 3) ec 

^12n+5 a(l-ec){l-2bd) || ^J _ ^ + g) ^) (J _ ^ + 3) flc ) (J _ ^ + 5) gc 

bd(i-2ec) yr( (l-(4i + 3)bd)(l- (At + 4) ac) (1 - (4j + 6) ec 

Zl2n+6 - e (i_ M ) (1 _ 2ac ) II ^ _ ^ • + ^ ^ ^ _ ^ • + ^ ^ ^ _ ^ • + ^ ec 

ac(i- ec) (i-26d) ttV (1 ~ (4i + 6) fed) (1 - (4j + 3) ac) (1 - (4i + 5) ec) 

Zl2n+7 d(l- a c)(l-3ec) 11 ^(J _ ^ + 4) M ) (j _ (4^ + 5) flc ) ^ _ ( 4i + 7) gc ) 
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Theorem 7 Eq. (5) has a unique equilibrium point which is the number zero and this 
equilibrium point is not locally asymptotically stable. 

5 On the Difference Equation x n+ \ — x n-2x n -A 

x n—l\ -L x n— 2 x n— 4) 
Here we obtain a form of the solutions of the equation 

x n+ i = "~ 2 r, n = 0, 1,..., (6) 

where the initial values are non zero real numbers with xqX^2, X-iX-z, X-2%-& 7^ — 1- 

Theorem 8 Let {x n }^ = _ 4 be a solution of Eq.(6). Then every solution of Eq.(6) is 
periodic solution with period twelve and for n — 0,1, 2, ... 

Xl2n-4 = e, Xun-3 = «, ^12n-2 = C, X\2n-\ = b, X\2n = O, ^12n+l = 6 (_i!l ec ), 

~ _ feci „ _ ab(-l-ec) _ aec(-l-brf) 

' X 12n+2 - a (_i_ M ), ^12n+3 ~ e (_i_ ac ) > ^12n+4 - ^ , 

_ de(-l-ac) _ fed _ «c 

^12n+5 — a (_i_ec) ' Xl2n +® ~ e(-l-bd)' x 12n+7 ~ d(-l-ac) ' 

Theorem 9 Eq. (6) has a unique equilibrium point which is x = and this equilibrium 
point is not locally asymptotically stable. 

Theorem 10 Eq.(6) has a periodic solutions of period four iff xqX-2 = x^iXs = 
X-2X-4 = —2, and will be take the form {x-4,X-3,X-2,X-i,X-4,x~3,X-2,X-i, ••••}• 
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1 Introduction 

Variational inequalities theory, which was introduced by Stampacchia [26) can be viewed as a natural 
generalization of the variational principles. Because of its wide applications, variational inequalities have 
been generalized and extended in several directions using the novel and new techniques in the past years. 
Among these generalizations, variational inclusion introduced and studied by Hassouni and Moudafi [T^] is 
of interest and importance. It provides us with a unified, natural, novel innovative and general technique 
to study a wide class of problems arising in different branches of mathematical and engineering sciences, 
see for example [21 SI E]- It is known that one of the most important and interesting problems in the 
theory of variational inequality is the development of an efficient and implementable algorithm for solving 
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various variational inequalities and variational inclusions. In recent years, many numerical methods have 
been developed for solving various classes of variational inequalities and variational inclusions in Euclidean 
spaces or Hilbert spaces, such as the projection methods and its variant forms, linear approximation, descent 
method, Newton's method and the method based on auxiliary principle technique. In particular, the method 
based on the resolvent operator technique is a generalization of projection method and has been widely used 
to solve variational inclusions. 

Some new and interesting problems, which are called systems of variational inequality problems have 
been introduced and studied. Pang |24j . showed that the traffic equilibrium problem, the spatial equilib- 
rium problem, the Nash equilibrium and the general equilibrium programming problems can be modeled 
as a variational inequality. He decomposed the original variational inequality into a system of variational 
inequalities which are easy to solve and studied the convergence of such methods. Kassay and Kolumban 
[IB] introduced a system of variational inequalities and proved an existence theorem by the Ky Fan lemma. 
Subsequently, for examples, Argawal et. al. jl], Cho et. al [5], [7], [8], Cho and Petrot[6], Kim and Kim 
[T5] . Kumam et. al. [2U] and Petrot[2S] introduced a new system of generalized nonlinear (quasi)-variational 
inequalities and obtained some existence and uniqueness results of solution for these system of generalized 
nonlinear (quasi)-variational inequalities in Hilbert spaces. 

On the other hand, it is known that accretivity of the underlying operator plays indispensable roles in 
the theory of variational inequality and its generalizations. In 2001, Huang and Fang jH] were the first to 
introduce generalized m-accretive mapping and give the definition of the resolvent operator for generalized 
m-accretive mappings in Banach spaces. They also proved some properties of the resolvent operator for 
generalized m-accretive mappings in Banach spaces. In |22j . Lan et al. first introduced a new concept 
of (A, ?y)-accretive mappings, which generalizes the existing monotone or accretive operators and studied 
some properties of (A, ?7)-accretive mappings and defined resolvent operators associated with (A, ^-accretive 
mappings. They also investigated a class of variational inclusions using the resolvent operator associated 
with (^4, ^-accretive mappings. Subsequently, Lan [21) by using the concept of (^4, ?y)-accretive mappings and 
the new resolvent operator technique associated with (A, ^-accretive mappings, introduced and studied a 
system of general mixed quasivariational inclusions involving (A, ^-accretive mappings in Banach spaces and 
constructed a perturbed iterative algorithm with mixed errors for this system of nonlinear (A, ?7)-accretive 
variational inclusions in q- uniformly smooth Banach spaces. Recently, Jin |15j . by using the concept of 
(A, ^-accretive mappings and the resolvent operator technique associated with (^4, ?y)-accretive mappings 
due to Lan et al., introduced and studied a new class of nonlinear variational inclusion systems with (A, rj)- 
accretive mappings in Banach spaces and constructed some new iterative algorithms to approximate the 
solutions of the mentioned nonlinear variational inclusion systems. 

Inspired and motivated by recent research works in these fields, in this paper, we shall introduce and 
study a new system of generalized nonlinear variational inclusions with A-maximal m-relaxed ^-accretive 
(so-called (A, r/)-accretive) mappings in g-uniformly smooth Banach spaces. By using the resolvent operator 
technique associated with A- maximal m-relaxed ?y-accretive mappings due to Lan et al. , we construct a new 
perturbed iterative algorithm with mixed errors for approximating the solutions of this system of generalized 
nonlinear variational inclusions in Banach spaces. Further, we shall prove the existence and uniqueness of 
solution and the convergence of the sequence generated by the our algorithm in (/-uniformly smooth Banach 
spaces. Our results improve and extend the corresponding results of [lOj [TTJ, [13l [15j [T71 |27l [28j ES] and many 
other recent works. 
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2 Preliminaries 

Let X be a real Banach space with dual space X* , (•,•) be the dual pair between X and X* and 
CB(X) denote the family of all nonempty closed bounded subsets of X. The generalized duality mapping 
J q : X — o X* is defined by 

J q (x) = {/* e x* : (xj*) = \\x\\ 9 , ll/l = IMr 1 }, V* e x, 

where q > 1 is a constant. In particular, J 2 is the usual normalized duality mapping. It is known that, in 
general, J q (x) = \\x\\ q ~ 2 J2(x) for all x ^ and J q is single-valued if X* is strictly convex. In the sequel, we 
always assume that X is a real Banach space such that J q is single- valued. If X is a Hilbert space, then Ji 
becomes the identity mapping on X. 

The modulus of smoothness of X is the function px '■ [0, oo) — ► [0, oo) defined by 
Px {t) = sup{~(||z + y\\ + \\x- V \\)-l: \\x\\ < 1, || v || < *}. 
A Banach space X is called uniformly smooth if 

Hm e*VL = o. 

*->o t 
X is called q-uniformly smooth if there exists a constant c > such that 

Note that J q is single-valued if X is uniformly smooth. Concerned with the characteristic inequalities in 
g-uniformly smooth Banach spaces, Xu [30 proved the following result. 

Lemma 2.1. The real Banach space X is q-uniformly smooth if and only if there exists a constant c q > 
such that for all x, y e X, 

\\x + y\\i<\\x\\i + q(y,J q (x)) + c q \\y\\i. 

Definition 2.2. A set-valued mapping T : X — o X is called ^-H-Lipschitz continuous if there exists a 
constant £ > such that 

H(T(x),T(y))<£\\x-v\\, Vx,y € X, 

where H is the Hausdorff pseudo- metric, i.e., for any two nonempty subsets A, B of X, 

H(A, B) = maxjsup d(x, B), sup d(y, A)}, 

where d(u, K) = inf \\u — v\\. 

It should be pointed that, if the domain of H is restricted to closed bounded subsets CB(X), then H is 
the Hausdorff metric. 

Definition 2.3. Let X be a g-uniformly smooth Banach space, T,A:X^X and n : X x X — > X be three 
single- valued mappings. 

(a) T is said to be accretive if 

(T(a;)-T(2 / ),J g (x-y))>0, Va;,yeA; 
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(b) T is called strictly accretive if T is accretive and 

(T(x)-T(y),J q (x-y)}=0, 

if and only if x = y; 

(c) T is said to be r -strongly accretive if there exists a constant r > such that 

(T(x) - T{y),J q {x - y)) > r\\x - y\\ q , Vx, y e X; 

(d) T is called m-relaxed accretive if there exists a constant m > such that 

(T(x) - T(y), J q (x - y)) > -m\\x - y\\ q , Vx, y e X; 

(e) T is called k-cocoercive if there exists a constant fc > such that 

(T(x) - T(y),J q (x - y)) > k\\T(x) - T(y)\\\ Vx,y e X; 

(f) T is said to be "{-relaxed cocoercive if there exists a constant 7 > such that 

(T(x) - T(y), J q (x - y)) > -y\\T(x) - T(y)\\\ Vx, y e X; 

(g) T is said to be (C,,^) -relaxed cocoercive if there exist constants £,<; > such that 

(T(x) - T(y), J q (x - y)) > -(\\T(x) - T(y)\\" + ,\\x - y\\", Vx, y e X; 
(h) T is said to be g-Lipschitz continuous if there exists a constant g > such that 

||T(x)-T(y)||<£||x-2/||, Vx,yeX; 
(i) 77 is said to be r-Lipschitz continuous if there exists a constant r > such that 

\\v(x,y)\\ < r\\x-y\\, Vx,y e X. 

Definition 2.4. Let X be ^-uniformly smooth Banach space and T : X x X ^ X be & single-valued 
mapping. Then T is said to be (a, /3)-Lipschitz continuous if there exist constants a, f3 > such that 

\\T(x,y)-T(x',y')\\ < a\\x - x'\\+ 0\\y - y'\\, Vx,y,x',y' e X. 

Definition 2.5. Let X be a g-uniformly smooth Banach space, 77 : X x X — > X and _ff, ^4 : X — > X be three 
single- valued mappings and Af : X — o X be a set-valued mapping. Then, M is said to be: 

(a) accretive if 

(u - v, J q (x - y)) > 0, Vx,y e X,u e Mx, v <G My; 

(b) rj-accretive if 

(u - w, J q (r]( x , y))) > 0, Vx,y e X,u e Mx, v € My; 

(c) strictly rj-accretive if M is 77-accretive and the equality holds if and only if x = y; 

(d) r-strongly rj-accretive if there exists a constant r > such that 

(u — v, J q (rj(x,y))) > r\\x — y\\ q , Vx, y € X, u € Mx, v e My; 
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(e) a-relaxed rj-accretive if there exists a constant a > such that 

(u- v,J q (r)(x,y))) > -a\\x - y\\ q , Wx,y e X, u e Mx,v € My; 

(f) m-accretive if M is accretive and (J + XM)(X) = X for all A > 0, where I denotes the identity 
mapping on X; 

(g) generalized m-accretive if M is 77-accretive and (/ + XM)(X) — X for all A > 0; 
(h) H -accretive if M is accretive and (H + XM)(X) = X for all A > 0; 

(i) (H,rj)- accretive if M is 77-accretive and (H + XM)(X) — X for all A > 0. 

Remark 2.6. It should be noticed that 

(1) The class of generalized m-accretive mappings was first introduced by Huang and Fang [14] and in- 
cludes that of m-accretive mappings as a special case. The class of i^-accretive mappings was first introduced 
and studied by Fang and Huang [11 and also includes that of m-accretive mappings as a special case. 



(2) When X = Ti., parts of (a)-(i) of Definition 2.5 reduce to the definitions of monotone operators 



77-monotone operators, strictly 77-monotone operators, strongly 77-monotone operators, relaxed 77-monotone 
operators, maximal monotone operators, maximal 77-monotone operators, iJ-monotone operators, (H, rf)- 
monotone operators, respectively. 

Definition 2.7. Let A : X ^ X, n : X x X ^ X be two single-valued mappings and M : X — o X be a 
set- valued mapping. Then M is called A-maximal m-relaxed rj-accretive (so-called (A, rj) -accretive |22j ) if 
M is m-relaxed 77-accretive and (A + XM)(X) = X for any A > 0. 

Remark 2.8. For appropriate and suitable choices of m, A, r/ and the space X, it is easy to see that 



Definition 2.7 includes a number of definitions of monotone operators and accretive mappings (see |22jV 



In [25], Lan et al. showed that (A + pM)~ l is a single- valued mapping if M : X —o X is a A-maximal 
m-relaxed 77-accretive mapping and A : X — ► X a r-strongly maccretive mapping. Based on this fact, we 
can define the resolvent operator KP' A associated with an A-maximal m-relaxed 77-accretive mapping M as 
follows: 



Definition 2.9. Let A : X — > X be a strictly 77-accretive mapping and M : X — o X be an A-maximal 
m-i 

by 



m-relaxed 77-accretive mapping. The resolvent operator RP' A : X — > X associated with A and M is defined 



R^(x) = (A+pM)- 1 {x), Vie e X. 



Proposition 2.10. [22 Let X be a q-uniformly smooth Banach space, 77 : X x X — ► X be r-Lipschitz 
continuous, A : X — ► X be an r-strongly rj-accretive mapping and M : X — o X be an A-maximal m-relaxed 
rj-accretive mapping. Then the resolvent operator R v p A : X — > X is ^_ m -Lipschitz continuous, i.e., 



\& P $(x)-B2$(y)\\ < \\x-yl v-^a, 

1 ■ H ' r — pm 



where p € (0, ^) is a constant. 
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3 A new system of generalized nonlinear variational inclusions 

In this section, we introduce a new system of generalized nonlinear variational inclusions in q-uniformly 
smooth Banach spaces and investigate some its special cases. 

System 3.1. Let X be an (/-uniformly smooth Banach space and Ai,fi,gi : X — * X, B t ,r]i : X x X — » X 
(i = 1,2) be nonlinear single-valued mappings. Further, suppose that for each i — 1,2, Mi : X x X — o X 
is an A^-maximal m^-relaxed ^-accretive mapping such that for all u £ X, gi{u) £ dom{Mi{-,z)) for each 
z£l. For any given a,b € X and pi > (i = 1, 2), our problem is finding i,i/£l such that 

f «e Ai( 5 i(^)) - ^i(.9 2 (y)) + Pi(Bi(f 2 (y),h(x)) + M x ( gi (x),x)), 
\ b € 4,(0,(1,)) - A 2 ( ffl (aO) + p 2 {B 2 {f x {x), My)) + M 2 (g 2 (y),y)). 

This system is called a system of generalized nonlinear variational inclusions with A-maximal m-relaxed 
r\-accretive mappings. 

Remark 3.2. For appropriate and suitable choices of X, Ai, Bi, r/i, fo, gi, Mi, pi (i — 1,2), a and b, one can 
obtain many known classes of variational inequalities and variational inclusions as special cases of System 
|3.1[ The following are some special cases of problem. 

Case I: If for each i = 1,2, Bi : X — ► X and Mi : X — o X are univariate nonlinear mappings, /* = /, 



the identity mapping, gi — g and a = b = 0, then System 3.1 collapses to the following system of nonlinear 
variational inclusions with A-maximal m-relaxed ^-accretive mappings: 
Find x, y £ X such that 

(3 1} f G A.igix)) - AMV)) + Pi{B{y) + M x ( S (x))), 

\0£A 2 (g(y))-A 2 (g(x))+p 2 (B(x) + M 2 (g(y))). 

The problem (3.1) was introduced and studied by Jin |15j . 

Case II: If for each i = 1,2, Ai — A, Mi — M, r\i — r\, pi — p and x — y, then the system (3.1) reduces 
to the following nonlinear variational inclusion problem: 
Find x £ X such that 

(3.2) 0£B(x) + M(g(x)). 



In view of Remark 2.8 one can easy to see that the problem (3.2) contains the variational inclusions with 



ii-accretive mappings or iJ-monotone operators in [TOl LH] as special cases. 

Case III: If X = Ti is a Hilbert space, for each i = 1,2, Mj : Ti — ° TL is an univariate nonlinear operator, 
fi = gi = I , Ai = A, Bi = B and a = b = 0, then System |3T] reduces to the following system of nonlinear 
variational inclusions with A-maximal m-relaxed ^-monotone operators: 

Find (x, y) £ TL x H such that 

foe A(x) - A{y) + Pl (B(y,x) + M{x)), 
}0€ A{y) - A(x) + p 2 (B(x,y) + M{y)), 

which was introduced and studied by Wang and Wu [2U| . 
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Case IV: Taking x = y in (3.3), the system (3.3) reduces to the following nonlinear variational inclusion 
problem: Find x £ TL such that 

(3.4) 0£B{x,x) + M(x). 

The problem (3.4) considered and studied by Verma [28 . 

Case V: If for each i = 1,2, Mj = M : X — o X be ff-accretive mapping and Ai = H , then the system 
(3.1) changes into the following system of variational inclusions with _ff-accretive mappings: 
Find x, y £ X such that 

(3 5) foe H(g(x)) - H(g(y)) + Pl (B(y) + M(g(x))), 

\o£H(g(y))-H(g(x)) + p 2 (B(x) + M(g(y))). 

The system (3.5) was introduced and studied by He et al. [T3]. Some special cases of the system (3.5) were 
studied by Verma [27] . 

Case VI: If H = I , then the system (3.5) reduces to the following system considered by Kazmi and Bhat 

(3 6) foe g(x) - g{y) + pi(B(y) + M(g(x))), 

[0 £ g(y) - g(x) + p 2 (B(x) + M(g(y))). 

For applications of such variational inclusions, see [T^LH]. Some special cases of the system (3.6) can be 
found in [13 and the references therein. 

4 Existence of solution and uniqueness 



In this section, we prove the existence and uniqueness theorem for solution of System 3.1 For our main 
results, we have the following lemma which offers a good approach to solve System [3. 1| 



Lemma 4.1. Let X, Ai, Bi, fi, gi, rji, Mi, pi (i — 1,2), a and b be the same as in System 3.1 Further. 



suppose that Ai is r,i-strongly rji- accretive mapping and Mi is Ai-maximal mi-relaxed r/i-accretive mapping for 



i = 1,2. Then an element (x* , y*) £ XxX is a unique solution for System 3.1 if and only if (x* , y*) G X x X 
satisfies 

1} IW) - KSf^ 1 ~ *i)AMx*)) + \ l (A l (g 2 (y*)) pMMy*), h(x*)) + a)}, 

1 92(y*) = RTfJf } [(l - \2)A 2 (g 2 (y*)) + X 2 (A 2 ( 9l (x*)) - p 2 B 2 (f x (x*), h{y*)) + b)], 



where 

and \i > (i = 1, 2) are two constants. 



K: o M ± X ' } - (A 1 + X lPl M 1 (.,x*))- 1 , RZf± V * ] = (A 2 + \ 2P2 M 2 (.,y*))-' 



Theorem 4.2. Let X, Ai, Bi, fi, g^, rji, M t , pi (i = 1,2), a and b be the same as in System 3.1 Also, 
suppose that for each % = 1, 2, 

(a) Ai is Ti-strongly r^-accretive and Pi-Lipschitz continuous mapping; 
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(b) Bi and fi are (t;i,o~i)-Lipschitz continuous and ^-Lipschitz continuous mappings, respectively; 

(c) <7i is (Hi, 9 i) -relaxed cocoercive and iti-Lipschitz continuous mapping; 

(d) there is constants Xi £ (0, Ti ) and \x% > such that 



Z'ZX' X, (Z)-BZ'ZX V '(*)\\<I«\\*-VI Va^zeX; 



(e) Mi + - ggi + K + WW + r '' (|1 " r ^^ lPlgin) + ^^ 



9-1 

1 

9-1 



(ggTTl+pglgft) 



-A2P2"^2 



<l; 



(f) m 2 + yi - g e a + ( Cq + ^k; + g= {]i -^iz 2 Xr^ 2) + Airr ri ifc + m 1 i€ia) < *» 



where c q > is a constant guaranteed by Lemma 2.1 Then System 3.1 admits a unique solution 



Proof. For any given Ai > 0, A 2 > 0, define ^> Xl > $\ 2 '■ X x X —> X by 



(4.2) 



*xi(x,y) 



«,Mi(',i) 



= x gi (x) + RZXX'K 1 - Ai)^i(si(s)) + MM92(y)) - pMf 2 (y), fi{x)) + a)}, 
*A 2 (a;,y) 

= y g 2 (y) + R?£$f[0. M)A 2 (g 2 (y)) + X 2 (A 2 ( 9l (x)) - p 2 B 2 (h(x)J 2 (y)) + b)} 



for all (x, y) e X x X. Now, define || • ||* on X x X by 

||(s,l/)||* = IMI + ||l/||, V(x,y)eXxX. 
It is easy to see that (X x X, || • ||«) is a Banach space. Also, define a mapping F\ lt \ 2 : X x X ^ X x X by 
(4-3) J F 1 Al ,A 2 (x,y) = (*A 1 (a;,?;),$A 2 (a;,2/)), (x,y) e X x X. 
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It follows from Proposition 2.10 and the condition (d) that, for all (x,y), (x',y') E X x X, 



(4.4) 



\\* Xl (x,y)-* Xl (x',y')}\ 

= \\x- 9l (x) + RZ'™± X) [(1 ~ X 1 )A 1 (g 1 (x)) + X l {A 1 {g 2 {y)) 

- Pl B 1 (f 2 (y), h{x)) + a)] (x' gi(x') + ^^''[(l - X 1 )A 1 (g 1 (x')) 

+ ^{AMv')) - PiBi(h(y'),fi(x')) + o)])|| 

< \\x - x' - (gi(x) - gi(x'))\\ 

+ WK'pHf^ - M)AMx)) + \MMv)) 

p 1 B 1 (f 2 (y), h(x)) + a)} - RT^± X,) [(1 - X 1 )A 1 (g 1 (x')) 

+ X 1 (A 1 (g 2 (y'))-p l B 1 (f 2 (y')J 1 (x'))+a)}\\ 

< \\x - x' - ( gi (x) - gi (x'))\\ 
+ KZX^IO- X ^M9i(x)) + X 1 (A 1 (g 2 (y)) 

PiBi(/ 2 (y), h{x)) + a)} - RT^± x,) Ki - XjAMx)) 
+ Ai(Ai(fl2(y)) - piBi(/ 2 (i/),/i(x)) + o)]|| 
+ mt'^if^ - *i)AMx)) + X 1 (A l (g 2 (y)) 

p 1 B 1 (f 2 (y), Mx)) + a)} - Rl^± X \l - XMiigiW)) 
+ X 1 (A 1 (g 2 (y'))-p 1 B 1 (f 2 (y'),f l (x'))+a)}\\ 

< \\x - x' - (gi{x) - gi(x'))\\ + Vi\\x - x'\\ 

+ -, f |1 - \i\UMx)) - A 1 {g 1 {x'))\\ 

n - Xipimi i 

+ \i(\\A 1 ( ga (y))-A 1 fa(i/))\\ 

+ Pi\\B 1 (f 2 (y),f 1 (x))-B 1 (f 2 (y')J 1 (x'))\\)}. 

By Lemma [2.1 1 there exists c q > such that 

\\x - x 1 - ( 9l (x) - <?i(x'))|| ? < ||rc - x'\\ q - q( gi (x) - gi (x'), J q (x - x')) + c q \\g x {x) - 9l {x')\ 

It follows from (ki, $i)-relaxed cocoercivity and 7Ti-Lipschitz continuity of gi that 

\\x-x 1 - ( 9l (x) - gx(x')W <\\x- x'W" - Q0i\\x - x'\\ q + (c q + q^irfWx - x'\\" 

= (l-q9 1 + (c q + q Kl )ir'l)\\x-x'\\«. 

Since A\ is /3i-Lipschitz continuous and for each i = 1,2, g, is 7Ti-Lipschitz continuous, we have 

(4-6) Pi(siOc)) - ^iG?i(z'))ll < /?i||fli(ar) - 9i&)\\ < Pi*i\\x ~ x'\\ 

and 

(4-7) \\Ai(92(y)) - A 1 (g 2 (y'))\\ < /?i||<7 2 (j/) - ff 2 (j/')ll < PwWv - V% 

By using (£i, cri)-Lipschitz continuity of B\ and Q-Lipschitz continuity of fi for i = 1, 2, we get 
||Bi(/ 2 (»), A(x)) - B 1 (/ 2 ( 2/ ') 5 /i(^ , ))ll < ei||/ 2 (j/) - / 2 (y')ll + <n||/i(*) - h(x')\\ 

<ZMv-i/\\ + <rMx-Jl 



.'Ml 8 



(4.8) 
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Combining (4.4)-(4.8), we obtain 

(4-9) \\* Xl (x,y)-* Xl (x',y')\\<<p 1 \\x-x'\\ + <j> l \\y-y% 

where 

f] l - Al|/3l7Tl + AlPlCTKl) 



fi = mi + y i - i®i + (<% + qki)wI + — 

and 



>i = 



r x - \\p\m\ 



-'i - Aipimi 



Similarly, one can easily get 

(4-10) \\$x.(x,y) - $\ 2 (x',y')\\ < V2 \\x- x'\\ + 4>2\\v -y'h 

where 



,9-1, 



■2 = M2 + v 1 - <7#2 + (eg + gK 2 )7r| + 



1 - A 2 |/3 2 7T 2 + A 2/ 9 2 CT 2 ^ 2 ) 



¥>2 



r 2 - \ 2 p 2 m 2 
^2T-| _1 (/3 2 7ri + j0 2 6?i) 



r 2 - \ 2 p 2 m 2 
It follows from (4.9) and (4.10) that 

(4.11) 11^(3,!/) - ^(^,2/011 + H^M&.v) - *A 2 (x',y')ll < 0(11* - x'|| + ||»- y'||), 

where 

■d = max{(^i + y> 2 ) <f>i + 4>2}- 
By using (4.3) and (4.11), we obtain 

(4-12) \\F XlM (x,y)-F XlM (x / ,y / )\U < tf||(z,y) - (x',y')\U. 

In view of the conditions (e) and (f), we know that < d < 1 and so it follows from (4.12) that F\ 1 \ 3 is 
a contraction mapping. According to Banach fixed point theorem, there exists a unique (x*,y*) E X x X 
such that F\ lt \ a {x*,y*) — (x*,y*). The relations (4.2) and (4.3) imply that 

9l (x*) = Rtf'± xn [(l - X 1 )A 1 (g 1 (x*)) + Xi(A 1 (g 2 (y*)) Pl B x {f 2 {y% f x {x*)) + a)], 
M^) = R x£i?\0- " ^)A 2 (g 2 (y*)) + X 2 (A 2 ( 9l (x*)) - p 2 B 2 {h{x*)J 2 {y*)) + 6)]. 



Now, Lemma [4. 1| guarantees that (x*,y*) is a unique solution of System 3.1 and this is desired result. 

5 Variational convergence and algorithm 

In this section, by using resolvent operator technique associated with A-maximal m-relaxed ry-accretive 
mappings, we construct a new perturbed iterative algorithm with mixed errors for solving the system of 
generalized nonlinear variational inclusions in g-uniformly smooth Banach spaces. We also establish the 
convergence of the iterative sequence generated by our suggested iterative algorithm. 

Definition 5.1. Let M n ,M : X — o X (n > 0) be set-valued mappings. We say that the sequence {M n } is 
graph-convergent to M (denote by M n — ► M) if, for all (x,u) £ Gph(M), there exists (x n ,u n ) e Gph(M n ) 
such that x n —* x and u n — > u as n — ► 00, where Gph(M) is defined as follows: 

Gph(M) = {(x,u) G X x X : u G M(x)}. 
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Theorem 5.2. [3] Suppose that r] n ,r) : X x X — ► X (n > 0) are r n -Lipschitz continuous and r-Lipschitz 
continuous, respectively, A n : X —* X is r n -strongly r/ n -accretive and (3 n -Lipschitz continuous and A : X — > 
X is r-strongly rj-accretive mapping. For n > 0, let M n ,M : I -» X fc A n -maximal m n -relaxed r\ n - 
accretive and A-maximal m-relaxed rj-accretive mappings, respectively. Further, assume that, for any given 



constant p > 0, the sequences 



r9 -i 



) _ and 

/ n— 



P n % 



q-1 



) are bounded and lim A„(a;) = -A(x) /or any 

** — *» 77. — *rv~i 



pm n / n—0 \r n —pm n 

x G X. Then, for any given constant p > 0, £fte sequence {M n } is graph- convergent to M if and only if 



R 



' (z) -* m>™ (z) /or a// z € X . 



Remark 5.3. The equality (4.1) can be written as follows: 

' v = (1 - X 1 )A 1 (g 1 {3*)) + X 1 (A 1 (g 2 (y*)) - p 1 B 1 {f 2 {y*) ,h{x*)) + a), 
« = (1 - X 2 )A 2 {g 2 {y*)) + A 2 (A 2 ( 0l (x*)) - p 2 B 2 (f 1 (x*), f 2 (y*)) + 6), 

52 (y*) = ^^t !/ * ) («)- 



The above fixed point formulation enables us to construct the following perturbed iterative algorithm 
with mixed errors. 



Algorithm 5.4. Let X, Aj, Bi, fi, gi, rji, Mi, pi (i = 1, 2), a and b be the same as in System 3.1 such that for 
each i = 1, 2, <7i be an onto mapping. Further, for each n > and i= 1, 2, let T] n ,i ■ X x X — ► X, A n j : X — ► X 
be single- valued mappings and M n ^ : I x I ^ I be any nonlinear mapping such that, for all s G X, 
M n> i(-, s) : X —o X be an A ni j-maximal m n] j-relaxed n^-accretive mapping with g(X)ndom(M n> i(- , s)) ^ 0. 
Step 1. For any given (po,qo) € X x X, choose (xo,yo) ^ X x X such that 



-,770,l,M 0l l(-,£Co) , 



->»7o,2 ,-Mb, 2(-,l/o) / 



0l(Zo)=-R AiPl ,A o>1 (PO), ff2(yo) = ^A2p2,A ,2 (*))• 

Step 2. For all n = 0, 1, 2, • • • , let 



gi (x n ) = R{ ipiAni y '(p n ), 



(5.2) 



e!"'! (, ' fc) W, 



g2\y n ) — -"-A 2 p 2: A„, 2 

Pn+i = (1 - a n )p„ + a„[(l - Ai)Ai(5i(x n )) + X\{Ax (g 2 (y n )) 

- piB^fziyn), fi(x n )) +o)] +a„e n + /„, 

3n+i = (1 - a»)? n + a n [(l - A 2 )yl 2 (a 2 (y„)) + X 2 {A 2 {g x {x n )) 

- P2B 2 {fi(x n ),f 2 (y n )) + b)} + a n j n + fc„, 



where {a„} is a sequence in [0, 1] with ^ a n — oo and {e ra }, {Z n }, {j n }, {& n } C X are errors to take into 

n=0 

account a possible inexact computation of the resolvent operator point satisfying the following conditions: 



(5.3) 



E ll(«) 



in = Jn+^', lim || (e^,^) || 

n 
< OO, J] ||(/„,fcn)||* < OO. 



0; 



Kn=0 



Step 3. If {p n +i}, {q n +i\, {x n }, {y n } satisfy (5.2) to a sufficient degree of accuracy, then we stop here. 
Otherwise, set n := n+ 1 and consider Step 2. 
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Remark 5.5. Let X, /$, g it Bi (i = 1, 2), a and b be the same as in System 3.1 

(1) If for each i = 1,2 and n > 0, r\ n ^ — rji, A n ^ — A;, M n> i — Mi : X —o X is an univariate nonlinear 



mapping, a„ = 1 and A^ = 1, then Algorithm 5.4 reduces to Algorithm 3.1 in |15j . 

(2) If for each i = 1,2 and n > 0, r^ = n, A n ,i = A, M n ^ = Af : X — o X is an univariate nonlinear 



mapping, 77^ = 77, a n = 1 and a; n = y„, then Algorithin 5.4 reduces to Algorithm 3.2 in [15 



Lemma 5.6. Let {a n }, {b n } and {c n } be three nonnegative real sequences satisfying the following condition: 
there exists a natural number n such that 

a n +\ < (1 - t n )a n + b n t n + Cn, Vn > n a , 

00 00 

where t n € [0, 1], ^2 t n = 00, lim b n = and ^2 c n < 00. Then lim a n = 0. 



n=0 



n=0 



n— »0 



Proof. The proof directly follows from Lemma 2 in Liu 



Theorem 5.7. Suppose that X , Ai, Bi, fi, gi, r\i, Mi, pi (i — 1, 2), a and b are the same as in Theorem 4.2 
and all the conditions of Theorem |4.2| hold. Assume that, for each i = 1,2 and n > 0, gi is an onto mapping 



and rj n _i, A n .i, M„ t i are the same as in Algorithm 5.4 Further, for each i = 1,2 and n > 0, let 



(a) Vn,i '■ X x X —> X be T n j-Lipschitz continuous; 

(b) A n ^ : X — > X be r n ^-strongly r/ n ^-accretive and (3 n j-Lipschitz continuous; 

(c) lim A n ^{x) = Ai(x) and M n ^(-,x) — > Mi(-,x), for any x G X; 



(d) the sequences ( 



r n,i—^iPi m n, 



)^=o and ( 






)^=o be bounded and } 



g-l 



Ti-XiPi'mi r 2 — \ 2 p 2 m 2 - 



(e) there exists constant A, G (0, Ti ) swc/i that 



\R 



J)n,i,M n ,i(-,x), 

XiPi,A n4 



W-Cr: ( '' w} («)ll<i^,<lk-y||, V.^^ei; 



(f)r„ 



7~£j ^*n,2 * ' ij m<rL,i ' '**'zj /^n,z ' ^i; t*5 77 ' OO. 



TTien i/ie iterative sequence {(x n , y n )}^Lo generated by Algorithm 5.4 converges strongly to the unique solution 



(x*,y*) of System 3.1 



Proof. According to Theorem 4.2 System 3.1 admits a unique solution (x*,y*) G X x X. It follows from 
Remark 15.31 that 



(5.4) 



g x [x ) - K XipiAi [p), 

92\y ) - ti\ 2P2 ^A 2 w> 

p = (1 - \ l )A 1 (g 1 (x*)) + Ai(Ai(fl2(0*)) - p 1 B l {f 2 {y*), A(x*)) + a), 
ff = (1 - A 2 ) J 4 2 (.g 2 (y*)) + A 2 (v4 2 ( 5l (x*)) - p 2 B 2 (f 1 (x*), f 2 (y*)) + b). 
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From (5.2)-(5.4) and the assumptions, we have 

||Pn+i ~p\\ < (1 - ctn)\\p n - p\\ + a n {|l - Ai | \\Ax (gi (x n )) - Ai (gi (x*)) || 
+ A 1 (pi( fla (y n ))-A 1 ( 92 (y*))|| 
+ Pi||Bi(/ 2 (»„) ) /i(x„))-B 1 (/ 2 (i,*),/ 1 (x*))||)} 

+ MIKH + IKH) + ||/„|| 
, . < (1 - a n )\\p n -p\\ + a n ||l - Ai|/3i7ri||cc„ - x*\\ 

+ Ai(/3i7r 2 ||j/„ -i/*|| +Pi^iT2||y™ -y*|| + pi0i?i||x„ -x*||)j 

+ an||e / J| + |KH + IIU 
= (1 -ot n )\\p n -p\\ + a n |(|l - Ai|/?i7Ti + Aipicr 1 ci)||a;„ — a;* || 

+ Xi{Pitt2 + Pi^2)\\Vn -y*\\j + a„||e'J| + ||e"|| + ||/ n ||. 
By using the same argument, we can prove that 

||&i+l - q\\ < (1 - a n )\\q n - q\\ + a n \ (|1 - A 2 |/3 2 7r2 + A 2 /9 2 <7 2 <r 2 )||y„ - V*\\ 
(5.6) L 

+ A 2 (/3 2 7r 1 + p 2 &i)\\xn -x*\\j + a n \\j'J + \\%\\ + ||M- 

On the other hand, we find that 

II a; n - x*|| < ||x„ - x* - (gi(x n ) - gi(x*))\\ 

i II p'7n,i,Afn,i(-.a:n)/_ \ D'7n,i,M n) i(-,a: n )/ -.i, 

+ ii^*.i ( " , " B) (p)-^ , , J S::i ( " , " ,) (p)ii 
+ ii^V,t;i ( '' a: * ) w-^ 1 1 S; x * ) wii 



f Mn,i + y 1 - 9#i + (c 9 + 9Ki)ttiJ ||x„ - x*|| 

\\Pn ~P\\ + \\h n \\ 



< 



and 



where 



r n ,i - Aipim^i 
|j/ n -y*\\ < Wvn-y* - (.92(2/n) - 92(y*))\\ 

,\lnVn,2,Mn,2(->Vn)/' i \ p»7»,2 ,M n , 2 (-,I/n) /-N || 

+ 11^2/92^,2 (?«) - «A 2P2 ,^„, 2 (9)11 

+ 11^2,92,^,2 (?) - «A 2P2 ,A„, 2 (?)ll 

+ 11^2^,^,2 (?) - ^A 2P2 ,A 2 (9)11 

< (m™,2 + y 1 - 9#2 + (C, + 9^2)ttIJ ||j/n - J/* II 

H T^ Il9n - 9ll + IMnll, 

r n ,2 - A 2 p 2 m„, 2 

,%,i,M„,i(.,i*), x „ m ,Mi(;x') f s , _ pl„,2,M„,2(-,J*) M p»?2,M 2 (-,s/*). 



Hence we have 

/ 5 7 -> (r-„,i - Aipim„,i)(l - /!„,i - V 1 - 9^1 + (c g + 9«iW) 



1 - Mn,l - ^1 -9^1 + (c 9 + (7Ki)7T^ 
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and 

hn - V*\\ < 7 r- "' 2 q/ , i =7 = ; 9 J |gn - ?ll 

H =Nn||- 

1 - Mn,2 ~ V 1 ~ <?#2 + ( C <? + 9^2)^2 

Combining (5.5)-(5.8), we obtain 

lbn+i ~P\\ 

Ai(/3i7r 2 + Pi^i?2)t, 9_ ' 

(r"„,2 - A 2 P2m„ l2 )(l - A*n,2 - V 1 ~ <?#2 + (Cq + qH 2 )TTl) 

|1 - Ai|/3i7n + AiPictiCi)^ 1 



< (1 - a„)|b„ - p|| + a„(- — ||g„ - g|| 



and 



0„,i - Aipim„,i) (1 - AVi - Vl - <?#i + (^ + qn\)^t) 

|1 - Ai|/3i7ri + Aipigjji .. .. 

1 - /Vi _ \A - qOi + (c q + qni)iT q i 

Al(/3l7T 2 + P1C1T2) n , |,\ I, , I, I, ,/„ ||, H 

+ , , . J KII } + On||e„|| + ||e n || + \\l n \\ 

1 - Mn,2 - V 1 - 1^2 + (Cq + qK2)TT2 

Un+1 -q\\ 

^ ,-, Ml- -II, f A 2 (/?27Ti + p 2 6gl)7-nq 1 || |i 

< (1 - On) ||9n - 9|| + CXn{- rj- ■ g J |Pn - p|| 

1 (r„,l - AlPlTO n ,l) (1 - /U„,l - V 1 - ^1 + (C q + qHljTTl) 

(|1 - A 2 |/3 2 7r2 + A 2 p 2 o'2?2)T^ :L 



(V„,2 - A 2 P2TO„ l2 )(l - Mn,2 - </l - <7#2 + (Cg + qK^T) 
|1 - A 2 |/3271"2 + ^ 2 p 2 C 2 <i 2 



«n -«|l 



= 1 1 rf n I J 

1 - Mn,2 - if 1 - <?#2 + (C q + qn 2 )^l 

A 2 (/327Tl +P26ft) n, ||\. I, ./ || , ||.//,| , ||, || 

+ " , J 1M} + «n|b„|| + Ib„|| + IIM 

Therefore, it follows that 

\\(p n +i,q n +i) - (P,q)\\* 

= \\Pn+l ~P\\ + Un+1 ~q\\ < (1 -Oi n ){\\Pn ~ P\\ + Un ~ <?||) 



( Ml - Al|/?l7Tl + AlPl<7l?l + A 2 (/327Tl +P26?l)) r nl 1 

2 J S / ' ||p n _pj 

" *■ (r„,i - Aipim n ,i) (1 - /u„,i - ^1 - g6»x + (c q + g«i>rf) 

Ml - A 2 |/3 2 7I"2 + A 2 /92C2'S! + Al(/3l7T 2 + Pl£lft) J T^ 1 



(r„,2 - A2P2^n,2)(l - Hn,2 - ^1 - q0 2 + {Cq + qK 2 )n$) 
|1 - A 2 |/327T2 + \ 2 p 2 2 Z, 2 + Al(/3l7T 2 + Pl^lft) 



«n -<7ll 



1 - Mn,2 - V 1 -9^2+ (Cq +gK 2 )7rf 



|dn|| 



(5.9) |1 - Ai|/3i7ri + Aipigjji + A 2 (/327n + P2651) ,,, „"l 

1 - /i n>1 - ^/l -^1 + (c 9 + 9Ki)7r^ " > 

+ an||(e' n ,^)||* + !l(e",j")ll* + IIGn,fc„)||* 
< [1- (1 -$(n))a n ]\\(p n ,q n ) - (p,q)\\* + a n T(n)\\(h n) d n )\\ t 
+ a n \\(e' n ,j' n )\U + \\(elJ^\U + \\(l n ,k n )\U, 
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where 



1 - Ai|/3i7ri + Aipicrift + A 2 (/3 2 7ri + P2^i))t^ 1 

1 



., . r (|1 - Ai|/3i7ri + AipitTift + A 2 (/3 2 7ri +P26^i))t„ i 

■#(n) = max < ' 

L (r n ,i - A 1 p 1 m„ a )(l - ^ ?l!l - y 1 - g0j + (c g + qn^-Kl) 

(|1 - A 2 |/3 2 7T 2 + A 2/ 9 2 CT 2 ft> + Al(/?l7T 2 +/5lCl^2))T, 9_l 



and 



0"n,2 - A 2 p 2 m„, 2 )(l - [i na - %/l - ($1 + (fig + gK 2 )7r|) 

w N f |1 - Ai|/3i7Ti + AlplCTl^l + A 2 (/3 2 7Tl +p 2 f 2 ft) 

1 (n) = max < ^ , 

|1 - A 2 |/3 2 tt 2 + A 2 p 2 cr 2 ^ 2 + Ai(/3i7r 2 + gigijg) \ 
1 - Mn,2 - V 1 - ^2 + (eg + gK 2 )7r| J 
In view of the assumptions, d{n) — > $ and r(n) — ► T as n — > oo, where 

|1 - Ai|/3i7Ti + Al/5l(7lft + A 2 (/3 2 7Ti + /92^2?l))7f _ 



?9 = max^ 



(r a - Aipimi)(l - Hi - 0. - qOi + (eg + qK.i)irl) 
|1 - A 2 |/3 2 7r 2 + A 2 p 2 cr 2 ft> + Ai(/3i7r 2 + PiCi^2))t : 9_i 



M 

7T? J 



and 

r = max 



(r 2 - A 2/ o 2 m 2 )(l - fi 2 - -^A - <?#2 + (c q + q^)^) 

f |1 - Al|/3l7Tl + Aipiffj^i + A 2 (/3 2 7Ti + p 2 £ 2 Cl) 

1 1 - Ml - ^/l-q0i + (c q + q Kl )Trl 

1 - A 2 |/3 2 7T 2 + \ 2 P2<J2^2 + Al(/3l7T 2 + Pl£l?2) \ 



1 - M2 - yi- <7#2 + (c, + qn 2 )^l > 

It is clear that ■& < 1 and T < ri=>^Mm = r 2 -A 2 _p 2 m 2 < ^ Thcn ^ foj . ^ = |(# + i) ; there exists n > 1 

r l T 2 

such that #(n) < $, for all n > n . Therefore, it follows from (5.9) that, for all n > no; 

||(pn+i,g«+i) - {p,q)\\* 

< (1- (1 -$)a n )\\(p n ,q n ) - (p,q)\\* + a n T\\(h n ,d n )\\* 
(5.10) + <*n\\{e? n J' n )\U + ||(e£,j£)||. + ||(/„,fc„)ll* 

/1 f-t a\ Mi/ ~ \ / 'Ml , /i 3\ K"»i7 "") * T \\ e m 3n) * 



+ ll( e ">in)ll* + ll(^,fcn)||*- 

Clearly, it follows from ^ a n = oo that ^2(1 — $)a n = oo. Since {M n] i}^_ is graph convergence to Mj 

n n 

for z = 1,2, by the assumptions and Theorem |5.2| we know that ||(/i„,<i„)||* — ► as n — * 0. Now, (5.3) 
5.6 imply that ||(pn,<7n) — (P:<?)ll* — > as n — > oo, that is, lim (p n ,qn) — (p,Q)- In view of 

n — >oo 

Dand ||d n || — > as n — >• oo, by the inequalities (5.7) and (5.8), it follows that x„ — > x* and 



and Lemma 
that 1 1 Jin II - 



Vn —* V* as n — * oo. Thus the sequence {(x n ,y n )} generated by Algorithm 5.4 converges strongly to the 



unique solution [x* , j/*) of System 3.1 This completes the proof. 



Remark 5.8. The conditions (e) and (f) of Theorem 4.2 hold for some suitable value of constants, for 
example, ^ = 0.07, q = 2, c q = 0.09, r, = A, = ft = 1, t = 0.12, «j = 0.06, tt, = 0.2, p, = ^ = 0.06, 
P l = 0.0025, m, = 0.5, n = 0.7 and ^ = 0.04 (j = 1, 2). 



Remark 5.9. Theorems 4.2 and 5.7 extend and improve a lot of the corresponding results in [TU], [TTJ [151 

[T5J El EH EH [29]. 
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1 Introduction and preliminaries 

Fixed point theory has a basic role in applications of some branches of mathematics. The theory of fixed 
points of set-valued mappings is a generalization of the theory of fixed points of mappings in a sense. Huang 
and zhang [7j introduced the concept of cone metric spaces as a generalization of metric spaces. Indeed, they 
defined cone metric spaces by substituting an ordered normed space instead of the real numbers. They and 
also subsequently several authors proved some fixed point theorems of contractive mappings in such spaces, for 
instance see [1, 2, 7-10, 15-19]. In 1969, Nadler [T3] succeeded to introduce a notion of the fixed point theory 
of set-valued contractions in a metric space and subsequently the mentioned theory was developed in different 
directions by many authors, in particular, by Y. J. Cho et. al. [4 J, Y. Feng-S. Liu [5], S. Hirunworakit-N. 
Petrot 16., D. Klim-D. Wardowski [IT], N. Mizoguchi-W. Takahashi [JJ], S. Reich [JJ], Suwannawit-Petrot [17] , 
and many others. Recently, D. Wardowski in [TH] inspired by the idea of contraction for set-valued maps in 
metric spaces succeeded to introduce it in cone metric spaces. In this paper, we shall prove two fixed point and 
endpoint theorems for set-valued maps in cone metric spaces with regular cone, by introducing a new contraction 
condition. In section 3, comparisons and examples are given. We initiate our discussion by introducing some 
preliminaries and notations. 
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PETROT, BALOOEE: ORDERED CONE METRIC SPACES 

Definition 1.1. [5] Let E be a real Banach space and C be a non-empty subset of E. C^ {9}, where 9 denotes 
the zero element of E, is called a cone, if 

(a) C is closed, 

(b) Xx + i-iy G C for all x, y G C and non-negative real numbers A and /i, 

(c)cn(-c) = {0}. 

For a given cone C C E, we can define a partial ordering with respect to C by x -< y or y y x if and only if 
t/-ieC. The real Banach space £ equipped with the partial order induced by C is denoted by (E, ;<). The 
symbol i < i/ or i; > i will stand for y — x G int(C), where int(C) denotes the interior of C. We shall write 
x -< y to indicate x < y but x =£ y. 

Proposition 1.2. 15j Suppose C is a cone in E. Then 

(a) If e ■< f and f <C <?, i/ien e -C <?. 

(b) // e <C / and f ^ g, then e<j. 

(c) // e <C / fliwi / -c .a, i/ien e <C <?. 

(d) If a £ C and a -< e /or eac/i e G int(C), f/ien a = 9. 

Proposition 1.3. |2J Suppose e G int(C), ^< a„ anrf a„ — > 0. TTien f/iere exists N G N smc/i i/iai o„Ce /or 
a// n> N. 

Definition 1.4. The cone C is called normal if there is a number fc > such that for all x,y E E, 

9 d * d 2/ implies ||x|| < fc||y||. (1-1) 



The least positive number satisfying (1.1 1 is called the normal constant of C 



Example 1.5. [3 [TB] Let £ = C£([0, 1]) with the norm ||/|| = WfW^ + ||/'||oo- The cone C = {/ G E : f > 9} 
is a non-normal cone. 

The cone C is called regular if every increasing sequence in E which is bounded from above is convergent in 
it. That is, if {x n } is a sequence in E such that 

X\ ■< x% ■< . . . ■< x n ^ . . . ^ y 

for some y G E, then there is x G E such that \\x n — x\\ — > 0. Equivalently the cone C is regular if and only if 
every decreasing sequence in E which is bounded from below is convergent in it |7j. 

Proposition 1.6. [3 [16] Every regular cone is normal. 

Example 1.7. [TB] Let E — Cr([0, 1]) with the supremum norm and C = {/ G E : f > 9}. Then, C is a cone 
with normal constant M = 1. Now, consider the following sequence of elements of E which is decreasing and 
bounded from below but it is not convergent in E; 

x y x 2 y x 3 y . . . >- 9. 



Therefore, the converse of Proposition 1.6 is not true 
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Definition 1.8. [7 Let Xbea non-empty set, E be a real Banach space and C be a cone in E. The mapping 
d : A x A — > (E, :<) is called a cone metric on X, if 

(a) <i(x, y) >z for all i,!/£l and d(x, y) = if and only if x = y, 

(b) d(x, y) — d{y, x) for all x,y £ X, 

(c) d(x, y) H ci(x, z) + d(z, y) for all i,j/,z€ X. 

In this case, (X, d) is called a cone metric space. 

Example 1.9. 2 Let X = R, J5 = R n and C = {(xi, . . . ,X„) G W 1 : x 4 > 0}. It is easy to see that 
d : X x X — ► E defined by d(x, y) = (\x — y\,k\\x — y\, . . . , k n —\\x — y\) is a cone metric on A, where fcj > for 
alH € {l,...,n— 1}. 

Example 1.10. [T5] Let E — I 1 , C — {{x n } n >i £ E : x n > 0, for all n G N}, (X,p) be a metric space and 
d : X x X — ► E defined by d(x, y) — { p \n }n>i- Then (X, d) is a cone metric space. 



Remark 1.11. It should be noticed that Example 1.9 for n = 2 goes back to Example 1 in [7], and Example 



1.10 ensures us that the class of cone metric spaces is bigger than the class of metric spaces. 



Definition 1.12. [7j Let (X,d) be a cone metric space. The sequence {x n } in X is called 

(a) Cauchy if for every e in E with e>9, there is N £ N in which for all m,n > N ', d(x m , x n ) <C e, 

(b) Convergent if for every e in E with e 3> 9, there is iV G N such that for all n > N, d(x n , i)<e for some 
fixed x in X. 

Clearly every convergent sequence is a Cauchy sequence . A cone metric space (X, d) is said to be complete 
if every Cauchy sequence in X is convergent in it. 

Definition 1.13. Let (X, d) be a cone metric space. A set iCXis called 

(a) closed if for any sequence {x n } C A convergent to x, we have x G A, 

(b) sequentially compact if for any sequence {x n } C A, there exists a subsequence {a; nfc } of {a;„} such that 
{x nk } is convergent to an element of A. 

2 Main results 

Denote N(X) a collection of all nonempty subsets of X, C(X) a collection of all nonempty closed subsets of 
X and K(X) a collection of all nonempty sequentially compact subsets of X. 

Definition 2.1. Let A be a non-empty set. An element x G X is said to be a fixed point of a set- valued mapping 
T — ► N(X) if x G Tx. If Tx — {x}, then x is called a endpoint of T. 

We denote the sets of all fixed points and endpoints of T by Fix(T) and End(T), respectively. 

Definition 2.2. A function / : X — > K is called lower semi-continuous, if for any {x n } C A and x G A, 
.t„ -> x =*> /(x) < liminf /(x„). 
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If (X, d) be a cone metric space and T : X — ► C(X), then for x G X, we denote 

D(x,Tx) = \d{x,z) : z G Tx} 

and 

S(x, Tx) = {u G D(x, Tx) : ||u|| = inf{||«|| : v G D(x, Tx)}}. 

D. Wardowski in [18 proved the following two theorems about fixed points and endpoints of set- valued 
mappings in complete cone metric spaces which we may read as follows: 

Theorem 2.3. |18j Let (X,d) be a complete cone metric space, C be a normal cone with normal constant K 
and let T : X ► C(X). Assume that a function I : X — ► M. defined by I(x) = inf ||d(x, y)\\, x G X is lower 

y£Tx 

semicontinuous. If there exist AG [0, 1), b G (A, 1] such that 

MxeX 3y eTx 3v G D(y, Ty) Vw G D(x, Tx) {[bd(x, y) d u] A [v d \d(x, y)}} : (2.1) 

then Fix(T) ^ 0. 

Theorem 2.4. |18j Let (X,d) be a complete cone metric space, C be a normal cone with normal constant K 
and let T : X — ► K{X). Assume that a function I : X — > R of the form 1 (x) — inf ||d(x, y)||, X G X is lower 

y£Tx 

semicontinuous. The following hold: 

(a) If there exist AG [0, 1), b G (A, 1] such that 

Viel By G Tx 3ve S(y, Ty) Vw G S(x, Tx) {[bd(x, y) r< u] A [v r< Xd(x, y)}}, 

then Fix(T) ^ 0. 

(b) If there exist A G [0, 1), b G (A, 1] such that 

Viel yyeTx 3ve S(y, Ty) Vw G S(x, Tx) {[bd(x, y) r< u] A [v r< Ad(aj, y)]}, 
then Fix(T) = End(T) ^ 0. 



Now, we prove a theorem which can be considered as a generalization of Theorem 2.3 of D. Wardowski |18j 
for cone metric spaces with regular cone. 

Theorem 2.5. Let (X,d) be a complete cone metric space, C be a regular cone in E and let T : X — ► C(X). 
Assume that the following conditions hold: 

(a) The map / : X — ► R, defined by f(x) = inf ||d(x,j/)||, x G X, is lower semi-continuous, 

y£Tx 

(b) there exists a constant b G (0, 1] and a function (p : C — ► [0, b) satisfying 

limsupy(r) < b for each t G C, (2-2) 

r— ft 

(c) for any x G X there is y G Tx and v G -D(y, Ty) such that for each u G D(x, Tx) we have 
bd(x,y)<u (2.3) 

and 

«^(*^))*,y). (2.4) 

Then Fix(T) ^ 0. 
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Proof. We select a sequence {x n } in X in the following way. Let x\ G X be arbitrary and fixed. Take any 
Mi G D(xi, Tx\). By (c), there exist X2 G Tx\ and u 2 G D(x 2 ,Tx 2 ) such that 



and 



bd{xi,x 2 ) -< ui 



u 2 ■< (f(d(xi, x 2 ))d(xi, x 2 ) and tp(d(xi,x 2 )) < b. 



By using (2.5 1 and (2.6 1, we get 



and 



ui-u 2 > bd(xi,x 2 ) - (p(d(xi, x 2 ))d{xi, x 2 ) = [b — ip{d{xi, x 2 ))]d(xi, x 2 ) 



ip{d{x 1 ,x 2 )) 
u 2 ■< u\. 



Again by (c), for x 2 G X, there exist x 3 G Tx 2 and u 3 G Z?(a;3,Ta;3) satisfying 

bd(x 2 ,x 3 ) H w 2 
and 

w 3 ^ ^(a^a^M^,^) and <p(d(x 2 , x 3 )) < b. 



It follows from (2.7l-rt2.9b that 



and 



u 2 -u 3 > bd(x 2 ,x 3 ) - ip(d(x 2 ,x 3 ))d(x 2 , x 3 ) = [b - tp(d(x 2 ,x 3 ))]d(x 2 ,x 3 ) 



(p(d(x 2 ,x 3 )) tp(d(x 2 ,x 3 ))ip(d(xi,x 2 )) 

u 3 r< b u 2 r< p ui. 



From (2.8 1 and (2.6), we obtain 



d{x 2 ,x 3 ) < -u 2 ■< d{xi,x 2 ) < d(xi,x 2 ). 

Inductively, for x n G X 7 there exist x n +i G Tx n and u n +\ G D(x n +i,Tx„^.i) such that 

M(a; n ,a; n+ i) < u n 
and 

Wn+i r< <p(d(x n ,x n+ i))d(x n ,x n+ i) and y(d(a: n ,ar n+ i)) < 6. 
Applying ( |2.10| and ( |2.11| , we get 



i.e. 



and 



t*„ - u n+ i y bd{x ni x n+ i) - ip(d(x n ,x n+ i))d(x n ,x n+1 ); 



i n -u n+ i h [b - ip(d(x n ,x n+ i))]d(x n ,x n +i), 



(2.5) 



(2.6) 



(2.7) 



(2.8) 



(2.9) 



(2.10) 



(2.11) 



(2.12) 



^*7i) **^n+l/ — ^v^n— 1 5 ^n J • 
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Thus {d(x n , x n+ i)} is a decreasing sequence. Regularity of C guarantees that the mentioned sequence is conver- 



gent. Accordance to (2.2 1, there exists q £ [0,6) such that 
limsupip(d(x n ,x n+1 )) = q. 

n — >oo 

Therefore, for any 60 £ (<?, b), there exists tiq £ N such that 
ip(d(x n ,x n+ i)) < b 0l for all n > n . 



Consequently, using (2.121, for all n > no, we have 



u n +i h ad(x n ,x n+ i), 



where a = b — bo. Further, by (2.10l-(2.12l, for all n > no, conclude that 



u n+ \ < <p{d(x n , x n+ i))d(x n , x n+ i) < u n 

(p(d(x n ,x n +i)) ■ ■ ■ <p(d(xi,X2,)) 
-<■■•-< U\ 

- - frn 

if(d(x„,x n+1 )) ■ ■ ■ <p(d(x na+1 ,x no+2 )) (p(d(x nQ ,x no+1 )) ■ ■ ■ tp(d(xi,x 2 )) 



yn—no 
Ax„-no V(d(x no ,X no + 1 )) ■ ■ ■ <p(d(x 1 ,X 2 )) 



b'"> 



-ill 



(2.13) 
(2.14) 



, Msn-no <P(d(Xn ,X no + l)) " ■^p(d(x 1 ,X 2 )) 

- 1<( b> ' 6"o Ul ' 



for all n £ N. Let now m,n £ N be such that m > n > no- By (2.141 and (2.151 it follows that 

m — 1 



I I L _i_ .- I I L _l_ ^ 

d(x m ,X n ) < } d{Xj,Xj + l) X — } y (Uj - Uj+l) = -(U n - U m ) 

~ — ' a * — ' a 



-< —If — ) 71 - 11 "- 1 — (^-) n ' "" 



b 



_u (p(d(x„ ,x no+1 )) ■ ■ ■ (p(d(xx,x 2 )) 



Ul. 



(2.15) 



a ly b' v b b n ° 

Suppose that e > Sbe given. Since &o < b, the right side of the above inequality tends to zero as n — > 00. Thus, 
by Proposition 1 1 . 3| there exists N £ N such that 



1 r,&0s„-„ -l _ A\m-n -li . l^Ono. ^ np+l)) ' ' ' ¥>«&!, K 2 )) 



a b 



b"<> 



ui <C e, 



for all n,m > N and then by part (a) of Proposition 1.2 we have d(x m , x n ) <C e, for all n,m > N, consequently 



{x n } is a Cauchy sequence in X. From completeness of X conclude that x n — > p, as n — ► 00, for some p£l. 
Accordance to the definition of D(x, Tx), from u n £ D(x n , Tx n ) it follows that there exists a sequence {z n } such 
that for any n £ N, z n £ Tx n and u n = d{x n , z n ). In view of the convergence of the sequence {u n } and lower 
semicontinuity of the function / deduce that 

inf \\d(p,y)\\ < liminf inf \\d(x n , y)\\ < liminf \\d(x n , z n )\\ = 0, 



SO 



inf ||d(p,s,)||=0. 
y£Tp 



(2.16) 



Now, we claim that p € Tp. To prove this, on the contrary, suppose that p ^ Tp. It follows from (2.161 that 
there exists a sequence {y n } Q Tp such that lim \\d(p, y n )\\ — 0, and hence 



lim d(p,y n 



(2.17) 
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Then for any m,n > 0, 

d(y m ,Vn) d d(y m ,p) + d(p,y n ). 



Let again e ^> 9 he given. By (2.171 and Proposition 1.3 there exists N £ N such that d{y rn ,p) <C § and 
%„,p)< §■ Thus 

6 C 

d(y m ,y n ) < 2 + 2 = e ' 

hence {?;„} is a Cauchy sequence in X. Completeness of X guarantees that y n — > w for some w £ X and because 
of the closedness of Tp deduce that w £ Tp. Then, for any n £ N, 

d{p,w) ■< d(p,y n ) + d(y n ,w). 



Let e' ^$> 9 be given. In view of (2.171 and the fact that y n — > iu, as n — > oo, conclude that there exists AT £ N 
such that d(y n ,p) <§C §- and d(y n ,w) <§; §-, so 

e' e' , 
d(p,w) < - + - = e. 



Now, part (d) of Proposition 1.2 implies that d(p,w) = 9, consequently p = w, which is a contradiction. 



Accordingly p £ Tp and this is the desired result. 

Corollary 2.6. Let {X, d) be a complete cone metric space, C be a regular cone in E and let T : X — > X be a 
single valued mapping. Assume that the function f : X — > M. defined by f(x) — \\d(x, T(x))\\ for all x £ X, is 
lower semi- continuous. If there exist b £ (0, 1] and a function (p : C — > [0, b) satisfying 

limsup<^(r) < b for each t £ C (2.18) 

such that 

d(Tx,T x) ;< ip(d(x,Tx))d(x,Tx), 
for each x £ X , then Fix(T) ^ 0. 

Corollary 2.7. |llj Let (X,d) be a complete metric space and let T : X — ► C(X). Assume that the following 
conditions hold. 

(a) The map f : X ► H., defined by f{x) = D(x,Tx), x £ X, is lower semi- continuous, 

(b) there exists a constant b £ (0, 1) and a function ip : [0, +oo) — ► [0, b) satisfying 



limsup(/j(r) < b for each t £ [0,+oo), 
and for any x £ X there is y £ Tx satisfying the following conditions: 

bd(x,y) < D(x,Tx) 
and 

D(y,Ty) < ip{d{x,y))d{x,y). 
Then Fix(T) ^ 0. 



(2.19) 
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Corollary 2.8. Let (X, d) be a complete metric space and letT-.X — ► X . Assume that the function f : X — ► 
K, which is defined by f(x) = d(x, Tx), x G X , is lower semi-continuous. If there exists b G (0, 1] and a function 
if : [0, +oo) — ► [0, b) satisfying 



limsup<^(r) < b for each t G [0,+co), 
1-— »t 



(2.20) 



and 



d(Tx,T 2 x) < ip(d(x,Tx))d(x,Tx) 
for each x G X , then Fix(T) ^ 0. 

Corollary 2.9. |18] Let (X,d) be a complete metric space and let T : X — ► X. Assume that the function 
f : X — ► R, which is defined by f(x) — d(x,Tx), x G X, is lower semi-continuous. If there exists A G (0,1] 
such that d{Tx,T 2 x) < Xd(x,Tx) for each x G X, then Fix(T) ^ 0. 



Theorem 2.10. Let (X, d) be a complete cone metric space, C be a regular cone in E and letT : X — ► K(X). 
Assume that the map f : X — ► R. defined by f{x) = inf ||d(x, y)||, x G X, is lower semi- continuous and there 

y£Tx 

exists a constant b G (0, 1] and a function if : C — ► [0, b) satisfying 
limsup ip(r) < b for each t G C. 

r—it 

(a) If for any x G X there exists y G Tx and v G S(y, Ty) such that for each u G S[x, Tx) we have 
bd(x,y)^u and v < ip{d{x 1 y))d{x,y), 

then Fix(T) ^ 0. 

(b) If for any x G X and for any y G Tx there exists v G S(y, Ty) such that for each u G S(x, Tx) we have 

bd(x,y)<u (2.21) 

and 

v H ip(d(z,y))d(z,y), 
then Fix(T) = End(T) ^ 0. 

Proof, (a) As it has been established in the proof of part (i) of Theorem 3.2 in [TH], S(x,Tx) ^ for 



all x G X. In view of that S(x,Tx) C D{x,Tx) for all x G X, similar to Theorem 2.3 one can deduce that 
Fix(T) ^ 0. 



(b) By part (a), we get the existence oi p £ X such that p G Tp. Take any w G Tp. Then by (2.21 1 for all 
u G S(p, Tp), we have bd(p, w) ;< u. It follows from p G Tp that 9 G >!5(p, Tp) and so bd(p, w) ■< 9 whence deduce 
that p = w. Therefore we get Tp — {p}. 

Remark 2.11. It should be noticed that 



(a) Theorems 2.5 and 2.10 are extended versions of Theorems 2.3 and 2.4 respectively, but for regular cones 



(b) Similar to Corollaries 2.6|2.9 one can find some corollaries for Theorem 2.4 



PETROT, BALOOEE: ORDERED CONE METRIC SPACES 

3 Comparisons and examples 

In this section, we present two examples which support our results. 

Example 3.1. Let X = [0,1], E = R 2 with maximal norm and C = {(x,y) € E : x, y > 0}. Consider the 
function d : X x X — ► E defined by d(x, y) = (|x — y\, (3\x — y\), where (3 G (0, 1). It is easy to see that the pair 
(X,d) is a complete cone metric space. Let T : X — > C(X) be such that 



{ix 2 } xe[o,i)u(i|,i], 

184' 4 J ^ 28' 



n*) = \ : 15 u ~_^*'-** 



Assume that b = | and let y : C — ► [0, &) be defined by 

3 H|i|| p||e[o,|)u(f,i), 
*(*)=< if 11*11 = f, 




|t||e[i oo). 



Clearly 



x 



ix 2 xe[0,f)u(i,l], 



/(*) = inf \\d(x,y)\\-~ , , 

and so / is lower semi-continuous. Moreover, Tx = {ix 2 }, for any a; G [0, |§) U (if , 1]. Xi \x 2 ^ if then 
taking y = ix 2 , d(x,y) — (x - \x 2 ,(3{x - \x 2 )), D{x,Tx) = {<i(x, |x 2 )} = {(a; - ^x 2 ,/3(x - \x 2 ))} and 
D(y,Tj/) = {d(ix 2 , §x 4 )} = {(ix 2 - |x 4 ,/3(ix 2 - ix 4 ))}. Then 

&<i(x, y) ■< u, for each u G D(x, Tx) 

and 



w < <p(d{x, y))d(x, y), for v = d(-x 2 , -x 4 ) <E D(y, Ty). 



Because, 

, = ^x 2 ,ix 4 ) = (^x 2 -ix 4 ,/3(^x 2 -V)) 

= (l(x 2 -(lx 2 ) 2 ),^(x 2 -(ix 2 ) 2 )) 

= (^(x+ix 2 )(x-^x 2 ),^(x+^x 2 )(x-ix 2 )) 

-< ( 3 (a; _ I^)^ _ 1 a; 2 ), M(a; _ 1 cc 2 )(a . _ 1 2)) 

- v 2 v 2 a 2 ) , 2 v 2 n 2 " 

= —(x x )(x x , /3(x x )). 

2 V 2 A 2 v 2 " 

If x— ix 2 7^ | then |(x— |x 2 )(x— ix 2 ,/3(x — |x 2 )) = ip(d(x,y))d(x,y) and if x— |x 2 = | then f (x— \x 2 )(x — 
ix 2 , j3(x — |x 2 )) ^ |p(x — \x 2 , (3(x — |x 2 )) = ip(d(x, y))d{x, y). Therefore in both cases 

v = d{-x 2 , -x 4 ) ■< ip(d(x,y))d(x,y). 

If x e [0, if) U ( if, 1] such that y = Ix 2 - if and hence Ty = {|f , ±}, d(x, y) = ((§§)* - i ,/3((§§)5 - if)) and 
Dfo.Ti,) = {d(±§, ||),d(||, ±)}. Then v < if(d{x,y))d(x,y) for each v e D(y,Ty). Let now x = if. Then 
Tx - {i|,i} and D(x,Tx) - {d(§§, |f),d(||, i)}, thus for y = |f € Tx, d(x,y) - (§, f ) and TJ(y,Ty) = 



1Qf 
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{d(§§, Igfj-)}- O ne can verify that bd(x,y) H u, 



for each u £ D(x,Tx) and for v = d(|§, 5 §§2 ) € D(y,Ty) 



we have 



v = d( 



15 1 15 2 



15 _ 115^ 15 

^84 2 84 2 '^ l 84 



115 2 , 372,2 2/3 N . , . ,, ,. . 

2 84^ ) -567 ( 7'T ) = ^ (a; ' y))d(a; ' y) - 



'84' 2 84 2 
Therefore, all hypothesis of Theorem |2. 5 1 are satisfied and Fix(T) = {0} 



Next, let us observe that b £ (0, |) and A £ [0, b), then for x — 1 we have Tx = {A} so taking y = i, 
d(x,y) = (|, f) and D(y,Ty) — {d(|, |)}. Consequently, 



follows 



1 1 3 3/3 

d( 2'8 ) = ( 8'T } 



4(3' ^M^y)- 



Accordingly, in this case T does not satisfy the contractive condition (2.1 1 of Theorem 
(0, b) then for x = ||, we have Tx = {||, |}. Consider the case that y 



2.3 



If be (f,l) and Ae 



|f. Since <*(*,!/) =d(i,|f) = (f,^) 



and D(x,Tx) = {d(|§, gf),d(|§, |)}, conclude that 



bd(x,y) y -d(x,y) 



3 13 15, 

4 ^28' 84' 



4 l 7' 7 j 



l 14'14 j l 28'4' 



Consequently, for m = d(M, |) € D(x,Tx) we have bd{x,y) >- u, hence, in this case the inequality (2.1l in 



Theorem 
such that 



2.3 



does not hold. If choose y = \ £ Tx then d(x,y) = d(|§, \) = (A, ff) and D(y,Ty) = {d{\, 4)} 



,,1 K ,7 7/3, .3 3/3. 13 1. ,, . , ,, , 

u = d(~, — ) = ( — , — ) y ( — , — ) = d( — , -) = d(x,y) y \d(x,y). 
V 4'32 ; V 32'32 ; V 14'14 ; V 28'4 ; y,yj y,y> 



So, in this case the inequality (2.1l of Theorem 



2.3 



does not hold. Therefore, for x 



||, there is not y £ Tx 



which satisfies (2.1|. Hence the map T does not satisfy hypothesis of Theorem 2.3 of Wardowski 



The following example shows that the lower semicontinuity of the function / in Theorem |2.3| cannot be 
omitted. 



Example 3.2. Let X, E, C and d be as in Example 3.1 Consider T : X — ► C(X) defined by 



{i* 2 } *e(o,if)u(i,i], 



T(x) = { {1} .r = l) 

/±5 1 

184' 4 

Also, assume that b = § and the map ip be defined as in Example 



3.1 



Then 



x-\x 2 xe[0,i|)U(i|,l], 



/(*)= inf ||d(x,y)|| 

y^Tx 



_3_ 

14 



x = 0, 

13 



.)• = 



28' 



Clearly, / is not lower semicontinuous. From Example 3.1 conclude that for any x £ (0, 1] there exists y £ Tx 



and v £ D(y,Ty) such that the contractive conditions (2.3) and (2.4 1 hold. 
Let now x — 0. Then Tx = {1} and so taking y = 1 we have 

d(s, j/) = (l,/3), D(x,Tx) = {d(0,l)> = {(l,/3)} and D(y,Ty) = {d(l, §)} = {(§, §)}. 
Obviously, 



bd{x,y) ^ m, for each u £ D(x,Tx) 



m 
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and 

1, 



r 



±<p(d(x,y))d(x,y), for v = d(l, -) € D(y, Ty). 



Thus for any x € X there exist y G Tie and v <E D(y,Ty) such that the contractive conditions (2.3 1 and (2.4 1 
hold, but Fix(T) = 0. 
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ARITHMETIC PROPERTIES OF g-BARNES 
POLYNOMIALS 

A. BAYAD, T. KIM, W. J. KIM, AND S. H. LEE 



Abstract In this paper, wc introduce and investigate the g-analogues of Barnes 
numbers and polynomials. The main purpose of this paper is to establish Fourier 
expansion of these g-Barnes polynomials and from this study we connect g-Barncs 
numbers to values of Dirichlet-Hurwitz L-function evaluating at non-negative pos- 
itive integers. 

1. Introduction and preliminaries 

Throughout this paper we use the following notation: N = {0, 1, ...} set of natu- 
rals numbers. Let ggR and x a variable, the g-Bernoulli polynomials B n (x; q) are 
defined by the generating function 

-^e xt = Y. £«(*; i)~v (« = !> 1*1 < 2 ^)< (« * !< 1*1 < \ l °9(-q)\)- (i) 

qe l — 1 z — ' n\ 

y n=0 

The ^-Bernoulli numbers B n (q) are given by B n (q) :— B n (0; q). These polynomials 
were introduced by Apostol, see [1, 13] . These polynomials are a natural exten- 
sion of the classical Bernoulli polynomials : B n (x) = B n (x; 1) , see [12] . They 
have many applications in mathematics. Recently, first author proves their most 
important property Fourier expansion which is given by 

q X B n {x;q)=——Y- n , (2) 

* 

for q e C\{0} and , for < x < 1 if n = 1, < x < 1 if n > 2. Here ^ = X! 

fcez fcez\{o} 

if q = 1 and \, = /, if 1 ¥" 1- See [2, 3, 13]. This identity is the foundation of 

fcez fcez 
the theory of ^-Bernoulli polynomials and their relations to special values of the 

Ricmann zeta function and Dirichlct L-functions. 

Let us define the Barnes and the g-Barnes polynomials and numbers. Let N 
positive integer and a at = (ai, ...,aj\r), where oi,...,ojv are complex with strictly 



2010 Mathematics Subject Classification : 11B68, 11B83, 11B99, 11M32 . 
Key words and phrases : Bernoulli numbers and polynomials, (/-Bernoulli num- 
bers and polynomials, Barnes numbers and polynomials, g-Barnes numbers and 
polynomials, Dirichlet-Hurwitz L-function. 
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positive real part. The Barnes polynomials and numbers are given by 

t N °° — t n ( 2ir 2ir \ 

— e xt = S2 B n(x\a N )- 1 \t\ <min — ,••• ,— , see [5, 6,8,9, 14, 15, 17] 

n ^ i ) 

3 = 1 



n— v 



The main interest of these numbers is that they give the values at non negative 

oo , , 

integers of Dirichlct L-serics: if L(s,x) = /~] (Rc(s) > 1) is the i-series 

71=1 

attached to \ of conductor /, then we have the formula in [4] 

* 
^2 a™ 1-1 ...a^ N ^ 1 L(m 1 ,x)--L(m N ,x) = 



mi,....mjv 



\N ^j -wn f 



™y> *-y 3 * ±mB.tt\*»). (3) 



/,=i 



where N = > 



mi mjv m 1 + .. + m JV =n,mi,...,m N >0 

(-l)" l l=... = (-l)"*iV =x (_l) 

Note that in case ./V = l,oi = 1, the numbers in the right side of the equality 
(13) correspond to the generalized Bernoulli numbers B mtX which are defined by 
the generating function 

E^)^^E B 4 |f|< 7- (4) 

o=l n=0 ' J 

From the equation (3) we have , for n > , the well-known formula 

L(-n,x) = -^f, see [4, 18]. (5) 

n + 1 

Let N positive integer , a^ = (o-i, •■■, a»), where a±, ..., a^v are complex with strictly 
positive real part and let q € C, | q |< 1. We introduce and investigate the following 
g-Barnes polynomials S njg (cc| a at) defined by 

t w °° _► t n ( 2ir 2ir \ 
e xt = y2B ntq (x\a N ) — , \t + log(q)\ < min — ,••• , — . (6) 

and B n ,g(ajv) = £n.,g(0|aAr) are the so called g-Barncs numbers. 

This paper can now be summarized as a generalization of these facts to the q- 

Barnes polynomials and numbers. More precisely, the main purpose of this paper 

is to prove the extension of the properties (2) and ( 3) to g-Barnes numbers and 

polynomials. 
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2. Statement and proof of main results 
For A e C\{0} and q € C, we can write 

t z Xxt = A -JV ( Xt ) e x(At)_ / 7 x 



AT JV 

n (ge A ^* - 1) n <V j(At) - 1) 

Their Taylor expansions are given as follows 

00 4-n °° \ n t n 

Y / B n ^\x\Xa N )- = \- N Y / B n .M^N)'^ ir - (8) 

n=0 " n=0 

Then, by comparing the coefficients of both sides of the equation (8) , we obtain the 
homogeneity equation 

Proposition 1 (Homogeneity). For any a\, ..., a/v are complex with strictly positive 
real part and A G C\{0}, we have 

B n , q {\x I Xa N ) = \ n - N B n . q {x I oat), (n > 1). (9) 

Now we state our main results. 

Theorem 2. Lei 01, ...a/v are complex with strictly positive real part. Then 

B n , q (x\a N ) y^ roi-i m„-i^mi(^; <?) S mjv (X;g) 

1 = > o, ...a„™ : ... : . (10) 

n! ^ 1 N m,! mw! v y 

TTl l + -- + m JV=" 
mi,--- , mjv >0 

where X = -f- and An = 01 + ... + «/\r- 
Proof of Theorem 2: 

Writing X — -f- where An — a\ + ... + ojv- We have 

t N 1 -^r ate x( - a ^ 

CH...0.N -'■-'- ge a '* - 1 

I— 1 



n (« eajt - ! 



Then we get 





* „xt _ 
AT e — 




n (^ - !) 

j=i 


00 / 

71 = \ 


V^ mi-i m N -iB mi (X;q) B m (X;q) 

> a 1 1 ■■■ a N N ■■■ 

*-^ mi! wat! 

v miH hm N -n 


In other way 






1 r a:t V^ n ' q ( T \n vM n 




n c 2^ n \ y x \ a N)t ■ 




n(ge«'*-l) 




i=i 



t n . (11) 



(12) 
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By comparing the right sides of the equations (11) and (11) we obtain 
B n , q (x | a N ) _ y^ mi-i m JV -i - g mi(-X";g) B mN (X;q) 

I — / . "l ■••"at i ••• i i "t 

n\ ^-^ mi! mw! 

mi+..+mw-n 

This yields our theorem. □ 



Theorem 3 (Fourier expansion). Let ai,...,ojv ore complex with strictly positive 
real part and set An = ai + ... + a^r and X = -^-. TTien /or any n > I and \X\ < 1 
we have 

q x B n ^ q {x | a w ) = 

(-!)"»! >T- mi-1 m N -l V^ e ((fci + ... + fcjy)X) 

mi + ..+miv=n ki,...,k N £Z I fvl 2m~ ) "" \ Kjv 2m~ } 



Here 2_, means that fci,...,fc/v <S Z\{ ° 2 ^f } and, in toe non-absolutely con- 

k± ,...,fcjv£Z 

vergent case rrii — 1, for any 1 < i < N, the sum N^ to 6e interpreted as a Cauchy 

ki&L 

principal value for each i, and > means that mi,...,mjv G N u>ito toe 

usual convention the sum N e(kiX) = —1 i/m, = 0. 

fc;ez\{o} 

Proof of Theorem 3: 

Using the equation (2) and Theorem 2, we can write 

„x Bn, q (x\a jy) 
« n! 

* a ^ 1 - 1 ... a ^- 1 (-l) jy mi!---m jY ! y, e ((fti + • • • + k N )X) 



mi!"-mjv! (27ri) m i+-+ m « A^ / ; og ( g )\ mi /, *o ff ( g )\ m ~' 



(-1)™ V- „m,-l ^mjv-1 V^ e((fci + --- + fejv)^) 



2 ar-'-ar -1 E 



mi+-+mjv=n fei,- .fejvCZ I «1 ^fM ■ ■ ■ I fciV 2m ) 

This gives the theorem. □ 

Let / an integer > 2 and \ a Dirichlet character modulo /. As usual we define the 

L-series by 

L(s,x, X )= £ 7^V'*W >1 - 

feeZ,fe/-rr V ' 

In this L- scries we relax the summation over all k G Z, fc =/= —x. But it's easy to 
see that is related to the classical Dirichlet L-scrics where the summation is over 
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k eN,k^ -x. 

We recall the definition of the Gauss sum associated to the character \ is 

/ t 

G* = £x(*)eQ. 
t=i J 

By homogeneity Proposition 1, without loss of generality we can assume for the 
following theorems that: Oi + ■ ■ ■ + &N = 1- 

Theorem 4 (Values of L-function at non-negative integers). Let f > 2 be a natural 
number, oi, ...cin with real part strictly positive real and oi + ... + a-N = 1 , X a non 
trivial Dirichlet character modulo / > 2. Then we have 

^2 a™ 1_1 ...a^ N_1 L(mi, a, x)...L{m N , a, \) = 



•>! + .. .+mjv=n 
m 1 ,...,m N >0 



(27ri)»(-l)" X (-1)G 



/ 






^^XW37B„ I<Z -|aiv , (13) 



where a = °^V , wrt/i i/ie usual convention L(0,\ 
Proof of Theorem ^: 

Using Theorem 3, we have 

/ t ( t - 

J2x(t)q7B n I -|ajv 



(2^)« Z. a i - a iv Z^ /, /oofo A mi 



Since 



we have 
/ 



— — / U *°9w) \ l 

rn 1 +..+m N =n fci,...,fe w eZ I Kl 2ttT ) "' \ 

f / t 

^x(t)e((fci + ... + M7 



iY 



2-n-i 



£x(*)e(*y)=x(fc)G s 



_ {-l) N n\ r \T^ mi-1 mjv-1 V^ XJM + •" + fc ^) 

- (2*i)» U X Z^ °1 -^ Zv /, 7 oofo )\ mi /, loa(a)\ mN 



rni-\-..-\-niN=n 



fel ,.^ez (fcx - l ^f) \..(k N -*§g) 



{-rfr^r, sr .™i-i „m N -i ST X(fei) x(fcjv) 



[ °x J2 a " 



.0 



(2wi) n x .4- * " w , .^.,,.,^. '«»(«)r f t „j» 9 Mr N 



(7 loq(q) \ 



mi+..+nw=n fei,...,fejveZ\{0> I «1 9^i~ 1 K JV 



few - 



2-kI 
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While 



E 



X(ki 



*■ — ' / 7 loq(q) 

fcez\{o} (fci - -^f 
Therefore, we arrive at 

" ^ (-l) W (n!) 



L(mj,a,x), where a 



2iri 



N 



Y,X{t)qlB n (^\a N J = K ^.p G % T a^-\..a^- l \{L{ mi ,a, X ) 



(27T*) n X 



E 



ll+..+mjv = n 
■»i,... ,mjv>0 



mi — 1 ~ m JV — 1 



o^- 1 L(mi, X )...i(m JV ,x). 



mi +..+ mjv=n 

x (-l) = (-l) m «,m 1 ,...,m JV >0 



Using the relation 

G* = x(-l)g/G x , 
see [18] chap. 4 p. 29-37), we obtain the following formula 

^ a™ 1_1 ...a^ JV_1 L(mi,Q;,x)---i(m-jv,a,x) = 



ai+...+m N =n 

m 1 ,...,m JV >0 



(27r Z )"(-l) w X (-1)G 






Hence, we obtain our desired theorem. □ 



Remark 1. 

(1) Taking q = 1 we recover the main results of Bayad and Kim in [4]. 

(2) 7/ we tafce iV = 1 and q = I we obtain results of Bayad [2, 3]. 

(3) In cose iV = 1, q = oi = 1 t/ie Theorem 4 and functional equation of ' L- series gives 
us the main property on the values of Dirchlet L-series (5). 
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Error analysis of a C° discontinuous Galerkin method for Kirchhoff plates* 

Xuehai Huang a , Jianguo Huang b ' c ' 
"College of Mathematics and Information Science, Wenzhou University, Wenzhou 325035, China 
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Abstract 

This paper discusses a priori error analysis of a C° discontinuous Galerkin method 
(CDG) for Kirchhoff plates (cf. [17]). With the help of error estimates of a L 2 orthogonal 
projection operator and an interpolation operator due to [1, 13], we obtain the error estimate 
for the CDG method in energy norm, following the technique in [6]. The error estimate in 
H 1 norm is also offered via the duality argument. Several numerical results are performed 
to support the theory obtained. 

Keywords. Kirchhoff plates; C° discontinuous Galerkin method (CDG); interpolation 
operator; error analysis 

1 Introduction 

Discontinuous Galerkin (DG) methods have been developed thoroughly for solving bihar- 
monic equations and Kirchhoff plate bending problems, with the interior penalty (IP) method 
as a typical one (cf. [2,3,5,12, 18-20,22]). One main advantage of DG methods for fourth order 
problems is that it requires less regularity of finite element spaces by including some edge terms 
into the discrete variational formulation. In [12], a C° IP formulation was devised for Kirchhoff 
plates and quasi-optimal error estimates were obtained for smooth functions. In [5], a rigorous 
error analysis for the previous method was derived under the weak regularity assumption for 
the solution [11, 15], and a post-processing procedure was also produced that can generate C 1 
approximate solutions from the obtained C° approximate solutions. A drawback of the forgoing 
method is the presence of a dimensionless penalty parameter which must be chosen suitably 
large to guarantee stability, but it can not be precisely quantified a priori. Based on this ob- 
servation, a new C° DG (CDG) method was designed in [23] for which the stability condition 
can be precisely quantified. The fully discontinuous IP method was investigated systemati- 
cally in [18-20, 22] for biharmonic problems, where the subdivision mesh size and the degree 
of polynomials at each individual element can vary arbitrarily, very suitable for the design of 
hp- adaptive algorithms. However, due to the fact that nodal variables on the edges of elements 
may take different values, the total number of degrees of freedom is much more than that of 
usual finite element methods. In [17], by taking numerical traces in terms of a discrete stability 
identity, a class of stable CDG methods were proposed for Kirchhoff plate bending problems, 
and the resulting local CDG (LCDG) method from the CDG method does not contain any 
to-be-determined parameters and is more convenient to implement in actual computation than 
that in [23]. Based on Ciarlet-Raviart method, a mixed discontinuous Galerkin method for 
biharmonic equation was designed in [16] using the idea of interior penalty method. Since the 
global mass matrix of this method is block diagonal, the corresponding linear system can be 
reduced to a smaller linear system consisting only one unknown approximation uy t of u, just as 
the LCDG method. By rewriting biharmonic equation as a first-order system and using single 
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face-hybridizable technique in [9], Cockburn, Dong and Guzman derived a hybridizable and 
superconvergent DG method in [8] which improves the convergence rate of the approximation 
to An with order 0(h k+l / 2 ). 

The main goal of this paper is to establish a priori error analysis of the CDG method in [17] . 
It is mentioned that the error analysis was just obtained in [17] for the LCDG method. With the 
help of error estimates of a 1? projection operator and an interpolation operator due to [1, 13], 
we obtain the error estimate for general CDG method in energy norm, following the technique 
in [6]. In addition, we also get the error estimate in H 1 norm by using duality argument. Finally, 
we offer some numerical results to illustrate the accuracy of our CDG method, to demonstrate 
our theoretical results. 

The rest of this paper is organized as follows. Some basic definitions and symbols are given 
in Section 2, where the CDG method for Kirchhoff plates is also introduced. We obtain the a 
prior error estimates in Section 3. In the final section, we provide several numerical results to 
demonstrate our theoretical results. 

2 The CDG method for Kirchhoff plates 

Let f2 C M 2 be a bounded polygonal domain and / S L 2 (Q). The mathematical model of 
a clamped Kirchhoff plate under a vertical load / G L 2 (S7) reads [14,21] 

V-(V-M(u)) + f = mil, 
u = d n u = on dil, 

where n is the unit outward normal to dil, V is the usual gradient operator acting on tensor 
fields (cf. [21]), and 

M{u) := (1 - v)K{u) + iAx{K[u))X, 

K(u) := (JCij(u)) 2x2 , Kij(u) := -dijU, 1 < i,j < 2, 

with I a second order identity tensor, tr the trace operator acting on second order tensors, and 
v G (0, 0.5). Introduce an auxiliary second order tensor field a by 

a := (1 - i/)/C(u) + iAx(K(u))I. 

Then, Problem (2.1) can be reformulated as the following second-order system: 



a — 2 (trer)Z = K{u) in il, 



1 v 

a 

l-i/l-i/ 

V-(V-cr) = -/ inn, ( 2 - 2 ) 

, u = d n u = on dO,. 

A CDG method based on (2.2) is introduced in [17] for solving problem (2.1). For recalling 
the method and later requirement, let us first introduce some definitions and symbols. Denote 
by § the space of all second order symmetric tensors. Given a bounded domain Gel 2 and a 
non-negative integer m, let H m {G) be the usual Sobolev space of functions on G; let H m (G, X) 
be a Sobolev space of functions taking values in a finite dimensional vector space X, with X 
being § or I 2 . The corresponding norm and semi-norm are denoted respectively by || • || m ,G an d 
| • \ m ,G- If G is 17, we abbreviate them by || • \\ m and | • | m , respectively. Let H™(G) be the closure 
of C^ D (G) with respect to the norm || • \\ m ,G- We also denote by H(div, G,S) the Sobolev space 
consisting of all L (G, S) functions whose divergence are square-integrable. Denote by P m (G) 
the set of all polynomials in G with the total degree no more than m; P m (G,X) stands for the 
tensor field analogue of P m (G), with X being S or I 2 . 
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Let {Tfi}h be a regular family of triangulations of 0, [4, 7]; h := max^g-^ hx and hx '■= 
diam(iir). Let £h be the union of all edges of the triangulation T^ and £ % h the union of all 
interior edges of the triangulation 7/j. For any e G £h, its length is denoted by h e . Based on the 
triangulation T^, let 

S:= {t£L 2 (!],§) :t|«- G ff(div, if, §) VKgT a }, 

y : = {t, e fl-i(n) : V | K G tf 2 ^) Vi(eT ft }. 

The corresponding finite element spaces are given by 

s fc :={TeL 2 (n,s):T|A-e5i(JiO VKer ft }, 

F fc := {u G fi^fi) : v|* G S 2 (K) V K G T fe } , 

where, for a triangle -ftT G 7^, «Si(l<f) C P)~-i(K, §) and ^(if) are two finite- dimensional spaces 
of polynomials in X containing Pi(K,S) and Pk(K), respectively, with /c > 1 and Z > 0. To 
guarantee uniqueness of the solution to the CDG method developed later on, we always assume 
that 

V 2 h V h C E fc , ^—^ h - —^trE^X C S hj (2.3) 

1 — v 1 — v z 

where V 2 h V h \K ■= V 2 (V/ l |x) for any K e T h . For a function v G L 2 (0,) with u|# G H m {K) for 
all K £ Th, define 

/ \ 1/2 , / 2 ^ /2 

Il u ||m,h = ( 2^i W V \\m,KJ > Mm,/i = ( ^ Mm.K 

The above definition can be extended to a tensor field naturally. Throughout this paper, we 
use "^ ' ' '" to indicate that "< C ■ ■ ■", where C is a positive generic constant independent of 
h and other parameters, which may take different values at different appearances. Let Vv <8) n 
be a matrix whose ij'-th component is rijdiV for two vectors Vu and n. The symbol n (g) Vv 
is defined in the same manner. For two second order tensors r and <x, define their double dot 
product by <r : r = ^ - =1 (TijTij, and denote the norm |r| = (r : r) 1 ' 2 . For a vector a, its 
norm is |a| = (a • a) 1 ' 2 . 

Denote the averages and jumps of a scalar or tensor field on an interior edge e shared by 
triangles K + and K~ as follows. 

{v} 

{Vv} = -(Vv + + Vv~), [Vv] = Vv + ■ n + + Vv~ ■ n 

{t} = 

where n + and n~ are unit outward normals to the common edge e of the triangles K + and 
K~ , respectively. If an edge e lies on the boundary d£l, the above terms are defined by 

{v} = v, [v] = vn, 
{Vv} = Vv, [Vv] = Vv-n, 
{r} = r, [t)=t ■ n, 

where n = AT" is the unit outward normal vector on d£l. Similarly, define a second order tensor 
jump [■] for a vector Vv by 

[Vv] = -{Vv + ®n + + n + ® Vv + + Vv~ n~ + rT <g> Vv~), if e G £{, 
[Vv] = -(Vu<gin-|-n(g) Vv), ifeefhRdfi. 

3 
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-(« + + v ), 


M = 


v + n + + v n , 


7v+ + Vu~), 


[Vv] 


= Vv + -n + + Vv 


^(r + + 0, 


[r] = 


■ t + ■ n + + t~ ■ n~ 
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With the above definitions and symbols in mind, the C° discontinuous Galerkin (CDG) 
method for Problem (2.1) reads (cf. [17]): Find ((Th,Uh) G ^h x Vh such that 

a(a h ,T) + b(u h ,r) = 0, (2.4) 

-b(v,(r h ) + c(u h ,v) = F(v), (2.5) 

for all (r, v) G Yih x Vh, where 

a(a, t) := / ( a : r - ^trcrtrr ) dx + / C22W] ■ [r]ds, 

Jn\l-v \-v l ) J £ i h 

b(v,r) ■= Y^ t r : v2ydx ~ [ M '■ T^vjds, 
c(u,v):= f CulVuj : iVvjds, 

F(v) := / fvdx. 
Jn 

The so called LCDG method is a special case of CDG method (2.4)-(2.5) for C22 = 0. In [17], 
CDG method (2.4)-(2.5) has been proved to be uniquely solvable. 

3 Error estimates 

In this section, we are going to derive error estimates for CDG method (2.4)-(2.5). To this 
end, let Ph be the usual I? orthogonal projection operator from XI onto the finite element space 
S/j. Introduce a finite element space Wh C Vh by 

W h := {v G H%(Q) : ^ G P k (K),VK G T^} . 

Then we define the second interpolation operator 4 : Vfl H 2 (yt) — ► W^ in the following way 

(cf- [1,13]). ' 

Given we^n H 2 (fl), for any element K £ Th, any vertex a of If, and any edge e of K, 
IhW G W/i satisfies that 

I h w{a) =w(a), 

(w — Ihw)vds = V v G P,t_2(e), 

(w; — Ihw)vdx = V u G Pfc_3(-fC). 
'if 

For simplicity, we still write Ph and Ih for P/Jx and Ih\K- According to Proposition 5.1 in [10], 
for all w G V f~l P 2 (0) and K £ T h , there holds 

v-V(w-I h w)dx = V v £ P k - 2 (K,R 2 ). 
Jk 

Then noting the fact that S^|^ C Pk-i(K, S), we have for all if G V and if G T~h, 

(V ■ r) ■ V(w - I h w)dx = VreSft. (3.1) 



/,' 



The following lemma collects some error estimates for interpolation operators Ph and Ih, 
given in [1,4,7,10,13]. 
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Lemma 3.1 Let r G H m+1 (K,S) and v G H m+3 (K), with m > 0. T/jen 

PI i 1.I/ 2 II n II <f imin{m,n+lii M 

h^\ ,K + h K W T ~ P hT\\ 0:dK < V IM|m+l,tf, 

2 

Eii-1 t- i , il/2 ii__ / T xii ^ , min{m+l,fc-l}+l I, M 

h K \v - I h v\ iK + h£ \\V {v - I h v)\\ odK < h K ||u||m+3,A-- 



1=1 



To develop error analysis, we first rewrite our method (2.4)-(2.5) in a compact way: Find 
(<Th,Uh) e^ h xV h such that 

A(<T h ,u h ;r,v) = F(v), (3.2) 

for all (r, v) G T,h x V/i where 

v4(er, u; r, t>) := a(cr, r) + 6(u, r) — 6(w, <r) + c(u, w). 

In what follows, we always let (cr,u) to be the solution of the original problem (2.2). Then 
using (2.2) and integration by parts, we know 

A(a, u; r, v) = F(v) V(r, v) G Y, h x K ft . (3.3) 

Subtracting (3.2) from (3.3) implies the following Galerkin orthogonality. 

A(cr-(T h ,u-u h ;T,v) = V(r, v) G £ fe x V h . (3.4) 

For (t,w) G X! x V, we define two seminorms as follows. 

z ^(trr) 2 )dx + f (C 22 |[r]| 2 + C n |[Vt;l| 2 )d S 

1 - v J J si 



1 M» 



l-I/ 1 

+ / Cn|[Vt;]| 2 d*, 
Jen 

\(r,v)\ 2 B :=j £i {c 22 \[r)\ 2 + l -\{Vv}\^ds + J^ (^|{r}| 2 + di|[Vt;]| 2 ) d«. 

Here for each interior edge e, 

/i e , if C 22 (a:) = 0, 



1 C' 22 (a;), otherwise. 
For (<r,u) G fl" m+1 (ft,§) x H m+3 (n) and (t,v) G fl" m (^,§) x H t+3 (n), with m,t > 0, 

^(o-,«;t,v):={ Ei=i 5 <(<»"»«; T . u ). ii(a,u)^(r,v), 

' ' \ Si(tT,u;tr,u) + S 2 (cr,u;cr,u) + S 5 (a, u;a,u), if (cr,u) = (t,v), 
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where 



i i 

2 / \ 2 



c I V^ j,2min{m,0+2|i ii2 | / V^ ,2 

5x := ^ h K W\\m+1,K \ \ Z^ h i 



2min{t,/}+2,, ,,2 
l K \\ T \\t+l,K | 

>KeT h j \KeT h 



1 1 

2 / \ 2 



c I V^ ridK h ^rnm{m,l}+l u U 2 \ I V^ ^aK i,2mm{t,/}+l ,, ,,2 

D 2 •— | ^ °22 n K WWm+l^ I I /^ °22 "K ll T llt+l,ft: | 

K K&r h / WeT h 



i i 

2 / \ 2 



c / V^ »2min{m+l,fc-l}ii M 2 | / V^ ,2min{U}+2|, ,,2 1 

5 3 := ( 2^ V IMIm+3,K \ 2^ h K ll T llt+l,tf | ' 



C I V^ , 2min{m,i}+2|, ,,2 i I V^ ,2 

54 := 2^ "A - IMIm+l.A" \ 1^ h K ll«llt+3,A- | ■ 



1> 2min{t+l,fe-l}| L j|2 
,fcT,, / \KeT h 



1 l 

2 / \ 2 



c ._ I V^ ridK L2mm{m+l,k-l}+ln ,,2 I | V^ r ,aK^2min{t+l,fc-l}+l ,, ,,2 ( 

°5 •— I 2_^i 11 X ll"llm+3,i<" I I 2-*i 11 # \\ v \\t+3,K J ' 

\^er h / \Ker h 

C? K := sup{C << («) : X G 5K}, i = 1,2. 

And we define another functional by 



K 2 B {a,u)= Y, [h] 
K&T h V 

, V^ ( h 2min{m+l,fc-l}+l ( r dK , 1 V|„||2 "\ 

+ 2^ I h K 1 °n + -air J INU+3,iH 



2min{m,Z}+l / 1 ~aK \ ,, ,,2 



Here Cff = inf{Cn(£c) : x G dK}, x dK = inf{x(aO : X G <9K}. 

Now we are ready to establish error estimates for our CDG method (2.4)-(2.5) (or equiva- 
lently, (3.2)). 

Lemma 3.2 For any (<t,u),(t,v) G XI x V, we assume that for each K G T^, (ct,u)\k G 
H m+1 (K,8) x H m+3 (K) and (r,v)\ K G H t+1 (K,S) x H t+3 (K). Then 

A{a - P h a,u- I h u;r - P h r,v - I h v) < K A (a,u;r,v). 

Proof. For simplicity, write £& := <x — -P/i"", £u '■= u — IhU, £ T := r — P^r, £„ := u — i^u. Then 

A(cr- P h a,u- I h u;r - P h r,v - I h v) = a(£ CT ,£ T ) + &(£„, £ x ) -&(£„, £ CT ) + c(£ u ,£„). 

We next bound each quantity on the right side of the above identity separately. By the Cauchy- 
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Schwarz inequality and Lemma 3.1, 



K&t,£t 



E J [ih^*" : ^ " l^ tr ^ tr ^J dx + E / C 2 2 [^] • [&}ds 



< E ||C<t||o,A-||Ct||o,A'+ E ||vC , 22[^<T]||o,e||vC 2 2[^x] 



0,e 



< 



E 116,1 



OJT 



^eT h 



E ii^iio^ 

,Ker h 



<Si(«t,u;t,u) + S , 2 (<T,n;r,w). 
By the Cauchy-Schwarz inequality and Lemma 3.1, 



!&(£«, £r) 



< ( E (nv 2 u§,* + ^uvuu) J ( E (nus,* + 



^dl£r||o,a*r) 



<53(o-,m;t,v 

Similarly, we can get 



I &(£«,&>■) I ^ S 4 {<t,u;t,v), 



t,v). 



|c(e«,^)l < E <?ff ||VUo,0K E ^TllVUlW < 5 5 (cr,«; 

This proves the result for (<T,u) ^ (t,v). If (cr,u) = (t,v), it is routine that 

A(cr- P h cr,u- I h u;r - P h T,v - I h v) = a^,^) + c(£ u ,£ n ), 

so we can derive the desired result readily via the estimates for a(£<r,£<r) and c(£ n ,£ u ) just 
obtained. ■ 

Lemma 3.3 For any (cr,u) eSxl', {T->v) £ X!^ x V^, t/iere holds 

A(t,v;<t - P h a,u- I h u) < \(r,v)\ A \(er - P h a,u - I h u)\ B . 

Proof. Setting £<r := £>" — Ph&, £,u '■= u — IhU, we have by a direct manipulation that 

|^(t,v;£ ct ,£ u )| < |o(t,^)| + |6(«,^)| + |6(C«,t)| + \c(v,£ u )\ 
=: Ti + T 2 + T 3 + T 4 . 

According to (2.3) and the Cauchy-Schwarz inequality, 
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Since we have f K £cr '■ V vdx = from the inclusion property (2.3), the quantity T 2 can be 
expressed as 

" [V«] : {^}ds , 



from which and the Cauchy-Schwarz inequality we obtain 

1 



T 2 <[ CiiUVull^s 
l£ h 



£ h C ^ 



\{^}\ 2 ds\ <\(t,v)\ a \(^,^)\ b . 



For bounding T3, we have by integration by parts, (3.1), and the Cauchy-Schwarz inequality 
that 



n 



Ker h - 



[ {VU • [r]ds - V / V£ u • (V • r)d 

[ {VU • [r]ds 
J si 



xM'ds 



;|{VU| 2 ^ 



Moreover, it follows from the inverse inequality that 

/ X\[r]\ 2 ds< f C 22 \[r]\ 2 ds + f h e \[r]\ 2 ds < |(r, v)\ A + ||t||§ < 
J £l J z i h J z i h 

Thus, combining the last two estimates implies 

T3<\(r,v)\ A \(^,Cu)\ B . 
Finally, we have 



(T,V 



> ")\A- 



T A 



t\ 



CnlVvj : iVCujds 



<( / C u \lVv}\'ds 
'E h 



£ h 



CiiUVUrds <\(t,v)\ a \(^,U\b- 



The theorem follows directly from the Cauchy-Schwarz inequality and the above estimates for 
Ti, 1 < i < 4. ■ 

Lemma 3.4 Assume that for each K G %, (<t,u)\k G H m+1 (K,S) x H m+3 (K). Then, for 
any (<r, u) G XI x V, (r, v) £ Xl^ x Vh, there holds 

A(r,v;a - P h a,u- I h u) < \(t,v)\ a K b (<t,u). 

Proof. Use the error estimates of P^ and Ih to get 

|(<7- P h cr,u- hu)\ B < K B (cr,u), 

which together with Lemma 3.3 implies 

A(t,v;<t- P h cr,u- I h u) < \(r,v)\ A \(cr - P h a,u - hu)\ B < \(r,v)\ A K B (cr,u). 
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Lemma 3.5 Let (<t,u) G XI x V be the solution of (2.2) and ((Th,Uh) £ ^h x Vh be the solution 
of (3.2). If for any K G %, (cr,u)\ K G i/ m+1 (K,S) x H m+3 {K), then 

1/2 

|(cr- a h ,u-u h )\ A < K/ (cr,u;er,u) + K B (cr,u). (3.5) 

Proof. From the triangle inequality and Lemma 3.2, it follows that 

|(er -cr h ,u-u h )\ A < \(er - P h cr,u- I h u)\ A + \{P h a - a h ,I h u - u h )\ A 

1/2 

<K A ' (o-,u;a,u) + \(P h <r - a h ,I h u-u h )\ A . (3.6) 

By Galerkin orthogonality (3.4), the definition of A, and Lemma 3.4, we get 

\(Ph,cr- o- h ,I h u-u h )\ A = A(P h a - a h , I h u - u h ; P h a - cr h , I h u - u h ) 

= A(P h a - <r, I h u - u; P h a - a h ,I h u - u h ) 
= A(a h - P h (T, I h u - u h ; a - P h cr, I h u - u) 
^ \( p hcr - cr h ,I h u-u h )\ A K B (a,u). 

Then we obtain 

\{PhO- - (ThJhU - u h )\ A < K B {er,u). (3.7) 

Combining (3.6) and (3.7) implies (3.5). ■ 

We assume that the stabilization coefficients C\\ and C22 are defined as follows: 

Cu(x) = Ch^, for x G e and e G Eh-, 

C22(x) = rjh^, for x G e and e G £ l h , 

with C>0,r/>0, — I<a<0</3<1 independent of the mesh size. We introduce two 
notations as follows: 

H* = max{— a, (3}, [i* = min{— a, /?}, 

where j3 = 1 if 77 = 0; otherwise, (3 = (3. 

Theorem 3.1 Let (<x, u) G X! x V be the solution of (2.2) and (crh,Uh) G Xl^ x Vh be the 
solution of (3.2). If(a,u) G H m+1 (n,8) x H m+3 (n) with m>0, then 



[a - a h ,u-u h 



)\ A ;$ / l min i m+ ( 1 +^)/ 2 ^+( 1 +^)/ 2 ' fc -( 1 +^)/ 2 }||i i || m+3 . (3.8) 



Proof. According to the definition of Ka and the regularity assumption for the solution of 
(2.2), we have 

Ka(ct,u; cr,u) = S*i(<t, u; cr,u) + Sz((r, u; cr, u) + S^(a,u; cr,u) 

, V^ i,2min{m,Z}+2|| ,|2 , V^ ^,9^, 2min{m,«}+l ,, ,,2 

— Z_> K \\"\\m+\,K "T /-^i 22 K WWm+l^ 

K&r h Ker h 

, V^ r ,aii:i,2min{m+l,fc-l}+l|| ,|2 
t /-^i u K \\ u \\m+3,K 

K£T h 

<■ ( i,2ra\n{m,l}+2 , r 2min{m,n+l+/3 , . 2min{m+l,£;-l}+l+aA || i|2 
^ I' 4 "r ' * T '1 I ||«|| m +3 

< 7 1 min{2m+l+/3,2«+l+/3,2A:-l+Q}|i i|2 /o n\ 

~ ' t ll u llm+3- l°- y J 
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Similarly, we can obtain 



*!(*,«)= £ 4 minW}+1 i + G 



KeT h 



C°« 



22 I ll°"llm+l,K 



, V^ / 1 2mm{m+l,fc-l}+l / ^ax , ^_ 

+ / , \ n K l U ll "T ~a^ I ir"llm+3,K 

xeT ft v \ X / 

< Lmin{2m+l+/i*,2i+l+ / u*,2fe-l-/i*}|| ||2 /o i n\ 

~ "- ll u llm+3- ^O.lUj 

Hence, (3.8) follows readily from Lemma 3.5 and (3.9)-(3.10). I 

Theorem 3.2 Let 0, be a convex bounded polygonal domain. Let (er, u) € X! x V be the solution 
of (2.2) and (cr h ,u h ) G H h x V h be the solution of (3.2). // (a,u) G H m+1 (n,S) x H m+3 (n) 
with m > 0, then 

Im-uJi < fcn^{*^(l+M*)/2,J+(l+*«*)/2,fc-(l+At*)/2}+niin{(l+M*)/2,fc-(l+M*)/2}|| II 

Proof. We proceed by the duality argument. Let (cr,u) be the solution of the following 
auxiliary problem: 

r t^^-t^(^)(5 = /C(S) in n, 

V-(V-3f) = A(u-u h ) in n, (3.11) 

u = 9^5 = on 317. 

Since is a convex polygonal domain, we have u £ H S (Q) n i?g (fi) with the bound (cf. [11, 15]) 

||5||3,n<||A(u-«/ l )||_i,n. (3.12) 

Similar to (3.3), we can get after a direct manipulation that 

A{a, u; r, v ) = \ V(« — Uh) -Vvdx, V(t,v) eS/,x V/,. 
Jn 

Now taking (r, v) = (er^ — a,u — Uh), we have by the definition of A and Galerkin orthogonality 
(3.4) that 

\u - u h \\ = A(a, u;a h - a,u- u h ) = A(a - a h , u - u h ; -a, u) 
= A(cr - a h ,u- u h ; P h a -a,u- L h u) 
= A(P h a - a h , L h u - u h ; P h a -a,u- L h u) 

+ A(cr - P h (T, u - L h u; P h a -a,u- I h u). (3.13) 

Since (Ph& — ^h^h u ~ u h) £ ^h x Vh> it follows from Lemma 3.4 and inequality (3.7) that 

A{P h a - a h ,I h u-u h ;P h o- - a,u- I h u) <\(P h (T - a h , L h u - u h )\ A K B (a,u) 

<K B (cr,u)K B (a,u). (3.14) 

And in view of Lemma 3.2, 

A(ct - Phcr,u - I h u;P h a -a,u- I h u) < K A (cr,u;a,u). (3.15) 

The combination of (3.13)-(3.15) together gives 

\ u -Uh\l ^ K b (ct,u)Kb((T,u) + K A (cr,u;a,u). (3.16) 



10 
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Using (3.10) with m = and regularity (3.12) we know 
K B (a,u) < ^in{(H-^)/2,fc-(l+M*)/2}||~|| 3 < ^min{(l+^)/2,fc-(l+ A .*)/2}| u _ Uh | i _ (317) 

And arguing as in the derivation of (3.9) yields 

K A ((7,U;a,u) < ^in{min{m,0+l+/3,fe,min{m,i,fe-l+a}+min{l,fe-l}+l}|| u || m+3 | w _ ^^ (3^ 

Hence, we have by (3.16)-(3.18) and (3.10) that 

111 - 71J1 < /,min{ m +(l+^)/2,«+(l+^)/2,fc-(l+M*)/2}+min{(l+^)/2,fc-(l+M*)/2}|| ?; || 

I "■ u h\l rO '* || u ||m+3) 

from which the theorem follows. I 

In the end of this section, we will show some theoretical results for the most remarkable 
cases in Theorems 3.1-3.2. For (a,u) € H m+1 (n,S) x H m+3 (n) with m > 0, Table 1 and 
Table 2 list the convergence orders in h for k = I — 2 and k = I — 1, respectively. 

Table 1: Convergence orders in h of some remarkable cases for I = k — 2. 



Cn 


C22 


|(<T-<Th,U-Uh)| j4 


\u-Uh\i 


o(i//0 


0(1) 


min{?TT-, fc — 2} + 1/2 


min{m, k — 2} + 1 


0(l//i) 


O(/i),0 


min{m, k — 2} + 1 


min{m, k — 2} + 2 


0(i) 


o(i) 


min{m, k — 2} + 1/2 


min{m, /c — 2} + 1 


o(i) 


O(/i),0 


min{m, fc — 2} + 1/2 


min{m, k — 2} + 1 



Table 2: Convergence orders in h of some remarkable cases for I = k — 1. 



Cn 


C22 


|((T-cr A ,u-^)| A 


\u-u h \i 


0(l/h) 


0(1) 


min{r7T, + 1/2, fc — 1} 


min{m + 1/2, k - 1} + min{l/2, fe - 1} 


0(l/h) 


0(h), 


min{m + 1, k — 1} 


min{m + 1, k — 1} + min{l, fc — 1} 


0(1) 


0(1) 


min{m, /c — 1} + 1/2 


min{m, A; — 1} + min{l, A} 


0(1) 


O(/i),0 


min{m + 1/2, A; — 1} 


min{m + 1/2, A - 1} + min{l/2, k - 1} 



4 Numerical results 

In this section, we perform some numerical results to show the behavior and the accuracy 
of our method proposed here. Set O = (—1, 1) x (— 1, 1), v = 0.3, and 

f( Xl ,x 2 ) = 24(1 - x\f + 24(1 - x\) 2 + 32(3x? - l)(3x| - 1). 

We can check that the exact solution of (2.1) in this case is 

u(x 1 ,x 2 ) = (l-xi) 2 (l-x 2 2 ) 2 . 

We triangulate O into T^ uniformly. For any K 6 7^, we take S\(K) = Pi(K,S) and S 2 (K) = 
Pk(K) where I = k — 2, k — 1 with I > 0. Set ( = r] = 1. The numerical results for a = — 1 and 
(3 = 1 are given in Figure 1, from which we may observe that the convergence rates of \u — Uh\i 
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and \(a — (Th,u — Uh)\A are 0(h k ~ 1+mm ^ 1 ' k ~ 1 ') and 0(h k ^ 1 ), respectively, which coincide with 
the theoretical results in Theorems 3.1-3.2. Some numerical results for a = and (5 = are 
listed in Figure 2, which shows that the convergence rates of \u — Uh\i and |(er — ah, u — Uh)\A 
are 0(h) and 0(h}' 2 ), respectively, for I = and k = 1 or k = 2, just as Theorems 3.1-3.2 
indicate. When k = 2 and Z = 1, the convergence rates of \u — Uh\i and |(er — cr^, u — Uh)\A ar e 
0(h 2 ) and 0(/i 3 ' 2 ), respectively. These results again agree with our theoretical estimates. It 
is mentioned that the CDG method for k = 1 has positive convergence rate while the LCDG 
method exhibits no convergence (cf. [17]). The numerical results for a = — 1 and (3 = are 
shown in Figure 3. We can see that the convergence rates of \u — Uh\\ and |(<x — ah, u — Uh)\A 
for k = 2, 1 = and k = 1,1 = are consistent with the theoretical results. However, the 
convergence rates of \u — Uh\i and \(cr — crh,u — Uh)\A for k = 2,1 = 1 are 0(h 2 ) and 0(h 3 ' 2 ), 
1/2 order higher than the convergence rates from our theoretical results. 
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Figure 1: The convergence rates of In \u — Uh\i and In 
k and / when a = —1 and (3 = 1. 
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Figure 2: The convergence rates of In \u- 
k and I when a = and /3 = 0. 
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Figure 3: The convergence rates of In \u- 
k and I when a = — 1 and (3 = 0. 
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Abstract: The fully fuzzy linear systems (shown as FFLS) plays an essential role in fuzzy modelling, 
which can formulate uncertainty in actual environment. Recently, Dehghan et al. [M. Dehghan, B. 
Hashemi, M. Ghatee, Computational methods for solving fully fuzzy linear systems, Applied Mathematics 
and Computation 179 (2006) 328-343.] gave the positive fuzzy solution of nonnegative FFLS Ax = b, 
where A and b are a fuzzy matrix and a fuzzy vector, respectively. When the positive fuzzy solution does 
not exist or the fuzzy solution has negative spreads, it has not been investigated any further in the existing 
literatures. In this paper, we extend the definition of LR-fuzzy numbers, which we call generalized LR- 
fuzzy numbers, and develop its fuzzy arithmetic operations. Moreover, we study the fuzzy approximate 
solutions of FFLS based on GLR-fuzzy numbers, and analyze its solvability. An numerical example for 
calculating the fuzzy solution to FFLS is given. 

Keywords: LR-fuzzy numbers; Fuzzy matrix; Fully fuzzy linear systems (FFLS) 
AMS subject classifications. 08A72, 26E50, 03E72. 

1 Introduction 

One field of applied mathematics that has many applications in various areas of science is solving 
a system of linear equations. Systems of simultaneous linear equations are very important topics, such 
as systems analysis, operations research, engineering and sciences. When the estimation of the system 
coefficients is imprecise and only some vague knowledge about the actual values of the parameters is 
available, it is necessary to set up a model whose data is only approximately known. Fuzzy set theory 
introduced in 1965 by Zadeh [1] is a powerful tool for modeling uncertainty and for processing vague or 
subjective information in mathematical models. The main directions of development have been diverse 
and its application to the very varied real problems includes fuzzy linear systems [2, 3, 4, 5, 6, 7, 8], 
fuzzy differential equation systems [9, 10, 11, 12], and so on. However, this uncertainty and vagueness 
or subjective information can be represented by means of fuzzy subsets of the real line, known as fuzzy 
numbers. Many authors have studied fuzzy numbers, their properties, arithmetic operations with fuzzy 
numbers, and other related fields [13, 14, 15]. A good overview of fuzzy numbers was prepared by Dubois 
et al. [16]. A specialized book on fuzzy arithmetic with fuzzy numbers was written by Kaufmann et 
al. [17]. At the same time, in order to use fuzzy numbers in any system and get fast computational 
formulas for the operations of fuzzy numbers, Jain had already attempted algebraic operations on fuzzy 
sets having supports in 1976. Jain's method is inexact and rather impractical, since it often involves too 
many computations. Dubois and Prade then introduced the concept of LR-fuzzy numbers, and extended 
the usual algebraic operations on real numbers to fuzzy numbers by the use of a fuzzification principle 
in 1978 [18]. 

As can be seen from the approximate arithmetic operations on LR-fuzzy numbers, so-called LR-fuzzy 
numbers became quite popular, because of their good interpretability and relatively easy handing for 
fuzzy function. However, it is noteworthy that the left and right spreads of LR-fuzzy numbers defined by 
Dubois and Prade, are all positive. This restriction is that almost every existing method for solving FFLS 
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presumes the non negativity of coefficient matrix A, right-hand side vector b and unknown solution vector 
x. Yet, it can appear in the process of practical calculation that the left or right spreads of unknown 
solution vector x may be negative, this is a contradiction with the definition of LR-fuzzy numbers. In 
this context, Dehghan et al. [5] called it as dummy solution of FFLS, which is not acceptable. Moreover, 
Dehghan et al. [4] also pointed out that modification or interpretation of the fuzzy vector with negative 
spreads which satisfies Ax = b, is of importance. However, it has not been investigated any further in 
the existing literatures. Therefore, in the present paper, we will focus on these studies employing the 
method of Dehghan et al. [4], finding some fuzzy vector x which satisfies FFLS Ax = b throughout the 
whole article, where A and b are an arbitrary fuzzy matrix and an arbitrary fuzzy vector, respectively. 

In this paper, firstly, considering that the possibility of the left or right spreads of LR-fuzzy numbers 
generated in the practical operation is negative, we propose the concept of generalized LR-fuzzy numbers 
(shown as GLR- fuzzy numbers) combined with the actual graphics to the left shape function L(-) or right 
shape function R(-) of LR-fuzzy numbers. We also define the approximate arithmetic operations on GLR- 
fuzzy numbers. Secondly, we transform annxn FFLS into a 3n x 3n crisp linear system of equations and 
obtain the fuzzy approximate solution by use of Dehghan' method based on the approximate arithmetic 
operations on GLR-fuzzy numbers. Then, we analyze the solvability of FFLS in detail. 

The rest of this paper is organized as follows: In Section 2, we review some basic results on fuzzy 
numbers and arithmetic operations with LR-fuzzy numbers. In Section 3, we define the GLR-fuzzy 
numbers and investigate the fuzzy arithmetic operators with such quantities. In Section 4, we study 
the fuzzy approximate solutions of FFLS based on GLR-fuzzy numbers, and analyze its solvability. In 
Section 5, we present an example based on GLR-fuzzy numbers. A brief conclusion is outlined in Section 
6. 

2 Preliminaries 

Given a set X ^ </>, a fuzzy subset of X is a mapping u : X — ► [0, 1] and obviously any classical 
subset A of X can be considered as a fuzzy subset of X defined by ha(X) — ► [0,1], (ia(X) = 1, if 
x G A, ha(X) = 0, if x G x \ A (see [1]). 

Let us denote by Ry the class of fuzzy subsets of real axis (i.e. u : R — ► [0, 1]) satisfying the following 
properties: 

(i) Vu G R5, u is normal, i.e. 3xq G R with u(xq) = 1; 

(ii) V-u G Eg-, u is convex fuzzy set (i.e. u(tx + (1 — t)y > min{u(x), u(y)}, Vt G [0, l],x,y G R); 

(iii) Vu G My, u is upper semi- continuous on R; 

(iv) {x G R : u(x) > 0} is compact, where A denotes the closure of A. 

Then Ry is called the space of fuzzy real numbers [19]. 

According to Definition 2.7 of [4], a fuzzy number M is called positive (negative), denoted by M > 
(M < 0), if its membership function hm(x) satisfies (J,m(x) = 0, Vx < (Vx > 0). Notice that a fuzzy 
number could be neither positive, nor negative. 

A special type of representation for fuzzy numbers which increases computational efficiency is LR- 
fuzzy numbers [18, 20]. 

Definition 2.1. A fuzzy number M is said to be an LR-fuzzy number if 
j L (m=* )t x <m, a>0, 

^^^ " \ fi(^), x>m, 0>O, 
where m is the mean value of M, and a and (5 are left and right spreads, respectively, and a function L(-) 
the left shape function satisfying: 

(i) L(x) = L(-x); 

(ii) L(0) = 1 and L(l) = 0; 

(iii) L{x) is non-increasing on [0, 00). 

Naturally, a right shape function R{-) is similarly defined as L{-). Using its mean value and left and 

right spreads, and shape functions, such an LR-fuzzy number M is symbolically written M = (m, a, /?)lr- 

Remark 2.1. Every LR-fuzzy number is also a fuzzy number, where the support is included in [m — 

a,m + [3]. Crisp real numbers can formally be represented as M = (m, 0, 0)lr- With this convention, we 

may allow the spreads to be 0. 

Remark 2.2. An LR-fuzzy number M = (m, a, /3)lr is positive (negative), if and only if m — a > 

(m + < 0). 
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Remark 2.3. If L(x) and R(x) be linear functions, then the corresponding LR fuzzy number is said to 

be a triangular fuzzy number. Note that we use a fixed function L(-) and a fixed function R{-) for all 

fuzzy numbers in each problem. This metric is equivalent to the one by Puri and Ralescu [42] and Kaleva 

[43]. 

Definition 2.2. Two LR-fuzzy numbers M = (m, a, /3)lr and N = (n,7, <5)lr are said to be equal, if 

and only if m = n, a = 7 and (3 = 5. 

Definition 2.3. An LR-fuzzy number M = (m, q;,/3)lr is said to be a subset of the LR-fuzzy number 

N = (n, 7, <5)lR) if and only if m — a > n — 7 and m + (3 <n + 5. 

The fuzzy arithmetic operations of fuzzy numbers have grown in importance during recent years as 
a tool of advance in fuzzy optimization and control theory. Based on the extension principle, Dubois 
and Prade designed exact formulas for © and together with the approximate formulas for and 
scalar multiplication [18, 20] to LR-fuzzy numbers, whose advantage comes from the fact that arithmetic 
operations with them can be performed in a relatively easy manner. 

For two LR-fuzzy numbers M = (m, a, /3)lr and N = (n, 7, <5)lr the formula for © becomes: 

• Addition 

M®N = (m,a, (3) LR © (n, 7, <5) LR = (m + n, a + 7, (3 + <5) LR . 
For an LR-fuzzy number M = (m, a, /3)lr and a RL- fuzzy number 
iV = (n, 7, <5)rx the formulas for opposite and become: 

• Opposite 

-M = -(m, a, /3) LR = (-m, , f3, a) RL . 

• Subtraction 

Let M = (m, a, /3)lr and A?" = (n, 7, <5) R l be two LR and RL fuzzy numbers, respectively. 

M QN = (m,a, /?) L r © (n, 7, <5) RL = (m-n,a + 5,(3 + 7) L r- 

When M < and JV > or M < and iV < 0, it is easy to get similar formulas for 0. Thus, the 
formulas for of two symmetric fuzzy numbers can be summarized as follows: 

• Multiplication 

If M > and N > then 

M N = (m, a, /3)lr (n, 7, <5)lr = (mn, m7 + na, m8 + w^)lr- 
If M < and TV > then 

¥0^ = ^,(1!, /3) RL (n, 7, (5) L r = (mn, na - rnS, n(3 - m7) RL . 
If M < and N < then 

M ® N = (m, a, /3)lr (w, 7, <5)lr — (mn, — n/3 — m5, —na — ni"/)^. 

• Scalar multiplication 

x „ 71 r x / /o\ ~ (Am, \a, A/3)lr, A > 0, 

A0M = A (m, a, /3) L r = < X \« x \^n 

1 (Am, -A/3, -Aa) RL ,A < 0. 

3 GLR-fuzzy numbers and its fuzzy arithmetic operations 

As can be seen from the approximate arithmetic operations on LR-fuzzy numbers, so-called LR-fuzzy 
numbers became quite popular, because of their good interpretability and relatively easy handing for 
fuzzy function. However, it is noteworthy that the left and right spreads of LR-fuzzy numbers defined by 
Dubois and Prade, are all positive. Yet, it can appear that the left or right spreads of an LR-fuzzy number 
may be negative in the solution of the fuzzy model equations or a fuzzy system of linear equations, which 
have not be discussed in the existing literatures. And it is beyond the situation defined by Dubois and 
Prade [18, 20]. See the following examples. 
Example 3.1. Solve the following FFLS (See Test 3.2 in [4]): 
' (5, 1, 1) (xi, yi, z x ) © (6, 1, 2) (x 2 , y 2 , z 2 ) = (50, 10, 17), 
(7, 1, 0) (xi,yi, zi) © (4, 0, 1) (x 2 , y 2 , z 2 ) = (48, 5, 7). 



The solution is x 



(4, t\, 0) 



¥' n 



(5j n , 2> 

Clearly, the solution of FFLS consists of LR-fuzzy numbers. We change the value of a few elements 
of the right-hand side column vector of the above system as follows: 
Example 3.2. Solve the following FFLS: 
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(5, 1, 1) © (xi, j/i, z x ) © (6, 1, 2) © (x 2 ,y 2 , z 2 ) = (50, 8, 13), 
(7, 1, 0) © (xi, yi, 21) © (4, 0, 1) © (x 2 , 2/2, «a) = (48, 5, 4). 
(4 -^- =^1 

v°> ll> 11 ) 
One can see that the left and right spreads of the solution are negative. In view of this situation, 

Dehghan et al. [5] called it as dummy solution, which is not acceptable. They also pointed out that 

modification or interpretation of the fuzzy vector with negative spreads which satisfies Ax = b, is of 

importance. However, it has not been investigated any further in the existing literatures. We try to 

extend the definition of LR-fuzzy numbers and its fuzzy arithmetic operations in the following. 

3.1 GLR-fuzzy numbers 

Definition 3.1. (GLR-fuzzy numbers) A fuzzy number M is said to be a GLR-fuzzy number combined 
with the actual graphics to the left shape function L(-) or right shape function R(-) of LR-fuzzy numbers 
if its membership function satisfies one of the following conditions: 
n f ,-i L (^)> x<™, a>0, 

WA<m(x)- j R (¥=n^ x > m} /3>0 , 

symbolically, we write M = (to, o:,/?)glr; 

J 0, x < to, a < 0, 

(n) hm{x) - < R , xm ) > p > 

symbolically, we write M = (to, 0,max{— ck,/3})glr; 
, ... , . f L( — t— ^rr), x < to, a > 0, 

(ill /Wz) = i V max{a,-/3}^ - > 

v ' p v 7 \ 0, x > m, (i < 0, 

symbolically, we write M = (to, maxja, — 0}, 0)glr; 

f L(=^p), x<m, a<0, 
(iv) Mm(x) = I R{ ^ % ^ /3<Q) 

symbolically, we write M = (to, — (3, — a)cLR, 

where m is the mean value of M, and a and /3 are left and right spreads, respectively, and L(-),R(-) : 

[0, oo ) — ► [0, 1] are two continuous, decreasing functions fulfilling: 

(i) L(0) = J2(0) = 1; 

(ii) L(l) = i?(l) = 0; 

(iii) L(x),i?(x) are non-increasing on [0,oo). 

3.2 Fuzzy arithmetic operations of GLR-fuzzy numbers 

For two GLR-fuzzy numbers M = (to, a, /3)glr and N = (n, 7, £)glR; the formulas for the extended 
addition become: 

• Extended addition 

(i) If a > 0, > 0, 7 > and 5 > then 

MffiiV = (m + n,a + 7,/3 + 5)glr- 
(ii) If a < 0, /? > 0, 7 > and 5 > then 

M © TV = (m + n, 7, max{-a, /?} + 5) GLR . 
(iii) If a > 0, (3 < 0, 7 > and S > then 

M © iV = (to + n, maxja, -(3} + 7, <5)glr- 
(iv) If a < 0, /3 < 0, 7 > and (5 > then 

MffiiV = (m + n,7-/3,(5- a) G LR- 
For a GLR-fuzzy number M = (to, a, /3)glr and a GRL-fuzzy number 
TV = (n, 7, <5)grl, the formulas for Q become: 

• Extended subtraction 

(i) If q > 0, [3 > 0, 7 > and 6 > then 

M0A r = (m,a, /3)glr © (n, 7, 5) G rl = (m - n, a + <5, /3 + 7)glr- 
(ii) If a < 0, /? > 0, 7 > and 5 > then 

M0A r = (m,a, /3)glr © (n, 7, 5) GRL = (m-n, S, max{-a, 0} + 7)glr- 
(iii) If a > 0, (3 < 0, 7 > and <5 > then 

M © TV = (to, a, /3)glr © (n, 7, 5)grl = (to - n, maxja, -/?} + 5, 7)glr- 
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(iv) If a < 0, (3 < 0, 7 > and S > then 

Me N = (m,a, (3) GLR (n, 7, <5) G rl = (m - n, <5 - /3, 7 - a) GLR . 
For two GLR-fuzzy numbers M = (m, a, /3)glr and A" = (n, 7, <5)glRj the formulas for the approxi- 
mate multiplication (g) become: 

• Extended multiplication 

(i) If M > 0, iV > 0, a > 0, /? > 0, 7 > and 5 > then 

M®N = (m,a, (3) GLR ® (n, 7, 5)glr = ("in, "17 + na, m<5 + n/3) GLR . 
(ii) If M > 0, N > 0, a < 0, /3 > 0, 7 > and S > then 

M&N = (m,a, (3) GLR ® (n, 7, 5)glr = (run, mj, m5 + n ■ max{-a, (3}) GLR . 
(hi) If M > 0, iV > 0, a > 0, j3 < 0, 7 > and 5 > then 

M <g) TV = (m, a, /3)glr ® (n, 7, 5)glr = H, "17 + n • max{a, -/?}, m5) GLR . 
(iv) If M > 0, N > 0, a < 0, (3 < 0, 7 > and <5 > then 

M®N = (m,a, (3) GLR <8> (n, 7, 5)glr = (mn, m7 - n/3, m<5 - na) GL R. 
(v) If M < 0, N > 0, a > 0, /3 > 0, 7 > and 6 > then 

M®N = (m,a, (3) GRL <8> (n, 7, 5) G lr = (^n, no - m<5, n/3 - m7) GRL . 
(vi) If M < 0, TV > 0, a < 0, /? > 0, 7 > and 5 > then 

M ® N = (m, a, /3) G rl <8> (n, 7, 5) GLR = (mn, -m<5, n • max{-a, (3} - m^) GR - L . 
(vii) If M < 0, N > 0, a > 0, (3 < 0, 7 > and S > then 

M (g) AT = (m, a, /3) GRL (8) (n, 7, 5) G lr = ("in, n ■ max{a, -(3} - mS, -m~/) GRL . 
(viii) If M < 0, TV > 0, a < 0, j3 < 0, 7 > and 5 > then 

M (g) TV = (m, a, /3) G rl <8> (n, 7, 5) G lr = (mn, -m<5 - n/3, -7717 - na) GRL . 
(ix) If M < 0, TV < 0, a > 0, /? > 0, 7 > and 5 > then 

M®N=(m,a, (3) GL r <8> (n, 7, 5) GLR = (mn, -n(3 - mS, -not - mj) GRL . 
(x) If M < 0, N < 0, a < 0, (3 > 0, 7 > and S > then 

M <g> iV = (m, a, /3) G lr <S) (n, 7, (5) GL r = (mn, -mJ - n ■ max{-a, /?}, -m^GRL- 
(xi) If M < 0, TV < 0, a > 0, (3 < 0, 7 > and <J > then 

M®N=(m,a, (3) GL r <8> (n, 7, (5) GL r = (mn, -mJ, -7717 - n • max{a, -/3}) GRL . 
(xii) If M < 0, TV < 0, a < 0, /3 < 0, 7 > and S > then 
M®N=(m,a, (3) GLR ® (n, 7, <5) GL r = (mn, na - mS, n(3 - m7) GRL . 

• Extended calar multiplication 

(i) If a > and /? > then 

A0M-J (Am,Aa,A/3) GLR , A> 
1 (Am, -A/^, -Aa) GRL ,A < 0. 

(ii) If a < and /3 > then 

\(g)M=< ( Am ' ' A - max {-«'/ 3 })GLR, A > 0, 

"I (Am, -A -max{-Q,/3},0) GR L, A < 0. 
(iii) If a > and /? < then 

\(g>M=< ( Am ' A - max { a '-/ 3 }'°)GLR, A > 0, 

\ (Am,0,-A-max{a, -/3}) GRL ,A < 0. 
(iv) If a < and (3 < then 

A(g)M={ ( Am '- A / 3 '~ Aa )GLR,A > 0, 
I (Am,Aa,A/3) GRL , A < 0. 

4 The fuzzy approximate solution of FFLS (4.2) 

In this section, we discuss the fuzzy approximate solution of FFLS (4.2) employing Dehghan's methed 
based on the above mentioned GLR-fuzzy numbers and its fuzzy arithmetic operations. Let us first recall 
some basic concepts to fuzzy matrix and the fully fuzzy linear system as follows: 
Definition 4.1. [20] A matrix A = ajj is called a fuzzy matrix if each element of A is a fuzzy number. 

A will be positive (negative) and denoted by A > (A < 0) if each element of A be positive (negative). 
Similarly nonnegative and nonpositive fuzzy matrices will be defined. 

We may represent rax n fuzzy matrix A = (aij)mxn, that afj = (aij , otij , f3ij) , with new notation 
A = (A, M, N), where A = (a^), M = (otij) an d A^ = ((3ij) are three crisp m x n matrices with the same 
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size of A. 

Definition 4.2. [4] Let A = (chj) and B = (bij) be two m x n and n x p fuzzy matrices. Then, their 
approximate multiplication was defined as A ® B = C = (cfj) which ismxp matrix, where 
. v~*£B — 

c ij = Z^k=l,- ,n aik ® " k V 

Definition 4.3. Consider the m x n linear system of equations: 



/ (an <8>£i) © (012 <SiX2) © ■■•© (ai n <Six n ) = 6j, \ 

(021 <g) ST) © (022 <8> S2) © ■ ■ ■ © (02n <g> X^) = »2, 



(4.1) 



V (a m i <S) xi) © (a m2 <8> a; 2 ) © ■ ■ • © (a mn <8> %) = & m - / 



The matrix form of the above equations is 

^raxn yS> X n xl = mx i, J • V^-^J 

or simply Ax = 6, where the coefficient matrix A = (o^) = (a>ij , otij , fy) = (A,M,N)(1 < i < m, 1 < 

j < n) is an m x n fuzzy matrix and x = (xj) = (xi,yi, Zi) = (x, y, z)(l < i < n), 6 = (6j) = (bj,gj, hj) = 

(6, /i, 5) (1 < j < n) are two fuzzy vectors. This system is called a fully fuzzy linear system (show as 

FFLS (4.2)). Also, if each element of A and b is an nonnegative GLR-fuzzy number, then the equation 

(4.2) is called an nonnegative FFLS. 

Definition 4.4. The fuzzy vector x = (x, y, z) = ((xi,yi, zi), (22, yi, ^2), ■ ■ ■ ,(x n ,yn,z n )) T denotes a 

fuzzy approximate solution of FFLS (4.2), if and only if A mxn x nxl = b m ,A mxn y nxl + M mxn x nx i = 

g m xi,A mxn z nx i + N mxn x nx i = h mxl , where the left and right spreads j/i,Zj(l < i < n) are arbitrary 

real number. 

Remark 4.1. [5] Let A = (A,M,N) > 0,6 = (b,g,h) > 0,x = (x,y,z) > 0. Moreover, if x > and 

x — y > 0, then 5 = (x, y, z) is said to be a consistent solution of nonnegative FFLS or forabbreviation, 

consistent solution. Otherwise, it will be called dummy solution. 

Remark 4.2. Generally, for arbitrary A, b when x > and x — y > 0, x is called an nonnegative fuzzy 

approximate solution of FFLS (4.2); when x < and x + z < 0, x is called a nonpositive fuzzy approximate 

solution of FFLS (4.2); otherwise, x is called a fuzzy approximate solution of FFLS (4.2). 

Then, we give the existence condition of the fuzzy solution tonxn FFLS (4.2) by converting an 
n x n FFLS into a 3n x 3n crisp linear system of equations as follows: 

Theorem 4.1. Consider n x n FFLS (4.2). Let A = (A, M, N) and b = (b,g, h) be a fuzzy matrix and 
a fuzzy vector consisting of GLR-fuzzy numbers, respectively. Then, the following conclusions satisfy: 

1) If A is an nonsingular crisp matrix, so x = (A~ l b, A^ 1 (g — M A _1 b) , A~ l {h — NA~ l b)) is a unique 
fuzzy approximate solution to FFLS (4.2). 

2) If A^ 1 is an nonnegative inverse matrix, and b is an nonnegative fuzzy vector, moreover, let 

g < MA- X b, h > NA- X b. 
So, x = (A~ 1 b, 0, max{ — A~ l (g — MA^ 1 ^, yl _1 (/i — NA^ 1 ^}) is an nonnegative fuzzy approximate 
solution to FFLS (4.2). 

3) If A^ 1 is an nonnegative inverse matrix, and b is an nonnegative fuzzy vector, moreover, let 

g < MA^b, h < NA~ l b, (NA' 1 + I)b > h. 
So, x = {A~ l b, — A~ l (h — NA^ 1 ^, — A~ l (g — MA _1 b)) is an nonnegative fuzzy approximate solution 
to FFLS (4.2). 

4) If A^ 1 is an nonpositive inverse matrix, and b is an nonpositive fuzzy vector, moreover, let 

g < MA- X b, h < NA~ l b, {MA- 1 + I)b < g. 
So, x = {A~ l b, A~ l (g — MA~ l b), A _1 (/i — NA _1 b)) is an nonnegative fuzzy approximate solution to 
FFLS (4.2). 

5) If A^ 1 is an nonpositive inverse matrix, and b is an nonpositive fuzzy vector, moreover, let 

g > MA-\ h < NA- X b. 
So, x = (A~ 1 b, max{— A~ 1 (g — MA~ l b), A~ l (h — NA^ 1 ^}, 0) is an nonnegative fuzzy approximate 

solution to FFLS (4.2). 
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6) If A 1 is an nonpositive inverse matrix, and b is an nonpositive fuzzy vector, moreover, let 

g > MA-\ h > NA^b, (NA' 1 + I)b < h. 
So, x = (A _1 b, — A~ l (h — NA^ 1 ^, — A~ l (g — MA _1 b)) is an nonnegative fuzzy approximate solution 
toFFLS(4.2). 

Proof. 1) Since A is an nonsingular matrix, A" 1 exists, and x = A~ l b is a solution of the equation 
Ax = b. Furthermore, 

y = A- 1 (g - MA~ l b), z = A- X (h - NA^b). 
That is, 

x = (A~ 1 b, A- l (g-MA- l b), A~ x (h - N A^b)) 
is a unique fuzzy approximate solution of FFLS (4.2). 

2) Since A~ l is an nonnegative inverse matrix, and b is an nonnegative fuzzy vector, x = A~ 1 b > 0. 
On the other hand, since 

g < MA~ x b, h > NA~ l b, 
we have 

y = A~ 1 {g - MA- l b) < 0, z = A- l (h - N A~ l b) > 0. 

According to Definition 3.1 (ii), take y = 0. We have 

x-y = A~ x b - = A~ x b > 0. 
That is, 

x = (A- l b, 0, max{- A' 1 (g - MA" 1 b), A~ l {h - N A^b)}) 
is an nonnegative fuzzy approximate solution of FFLS (4.2). 

3) Since A~ l is an nonnegative inverse matrix, and b is an nonnegative fuzzy vector, we have x = 
A~ 1 b > 0. On the other hand, 

g < MA^b, h < NA~ l b, (NA' 1 + 1)6 > h, 
we have 

y = A~ 1 {g - MA- X b) < 0, z = A- l {h - NA^b) < 0. 
According to Definition 3.1 (iv), we may exchange the position of y and z, thus, we have 
x - z = A~ l b - A- X {h - NA~ l b) = ^[(iV^- 1 + I)b - h] > 0. 
That is, 

x = (A- 1 b, -A- l (h-NA- l b), -A- l (g-MA- l b)) 
is an nonnegative fuzzy approximate solution of FFLS (4.2). 

The proof is completed, and the proofs of 4), 5), 6) are similar. □ 
Corollary 4.1. Consider n x n FFLS (4.2). Let A = (A, M, N) and b = (b,g, h) be a fuzzy matrix and 
a fuzzy vector consisting of GLR-fuzzy numbers, respectively. Then, the following conclusions satisfy: 

1) If A^ 1 is an nonpositive inverse matrix, and b is an nonnegative fuzzy vector, moreover, let 

g > MA^b, h < NA~ l b. 
So, x = {A~ l b, 0, max{— A~ l (g — MA~ l b), A~ l (h — NA^ 1 ^}) is an nonpositive fuzzy approximate 
solution to FFLS (4.2). 

2) If A^ 1 is an nonpositive inverse matrix, and b is an nonnegative fuzzy vector, moreover, let 

g<MA- x b, h<NA- x b, (I - NA~ 1 )b + h>0. 
So, x = (A~ l b, A^ 1 ^ — NA~ l b), A~ l (g — MA~ 1 6)) is an nonpositive fuzzy approximate solution to 
FFLS (4.2). 

3) If A" 1 is an nonnegative inverse matrix, and b is an nonpositive fuzzy vector, moreover, let 

g<MA- x b, h<NA- x b, {I - MA- 1 )b + g < 0. 
So, x = (A^^-b, — v4 _1 (/i — iV^ 1 ^), — A^ 1 (g — MA~ l b)) is an nonpositive fuzzy approximate solution to 
FFLS (4.2). 

4) If A~ l is an nonnegative inverse matrix, and b is an nonpositive fuzzy vector, moreover, let 

g > MA- X b, h < NA^b. 
So, x = (A~ l b, max{yl _1 ((7 — MA~ 1 b),—A~ 1 (h — NA^ 1 ^}, 0) is an nonpositive fuzzy approximate 
solution to FFLS (4.2). 

Proof. The proof is similar to Theorem 4.1, it is omitted here.D 
Theorem 4.2. Consider FFLS (4.2). 

1) If A is an nonsingular square fuzzy matrix, so, FFLS(4.2) has a unique fuzzy approximate solution. 

2) If A is an nonsquare fuzzy matrix and FFLS (4.2) is consistent, so, FFLS(4.2) has infinite fuzzy 

approximate solutions. 
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3) If A is an nonsquare fuzzy matrix and FFLS(4.2) is inconsistent, so, FFLS(4.2) has not fuzzy 
approximate solution. However, it has the least square fuzzy approximate solution and the minimum 
least square fuzzy approximate solution. 

Theorem 4.3. The FFLS (4.2) has a unique fuzzy approximate solution, if and only if the rank of fuzzy 
matrix A equals to that of fuzzy matrix (A, b), i.e., 

Rank(A) = Rank(A, b) = Rank(A, g - Mx) = Rank(A, h - Nx). 
Proof. The proof is obvious by converting an FFLS Ax = b into a 3n x 3n crisp linear system of equations 
Ax = b,Ay + Mx = g, Az + Nx = h.D 

Corollary 4.2. The FFLS (4.2) Ax = b exists fuzzy approximate solution if and only if the rank of 
matrix A equals to that of fuzzy matrix (A, b). 



5 Numerical example 

In this section, we solve a fully fuzzy linear system applying the GLR-fuzzy numbers and its fuzzy 
arithmetic operations. 
Example 5.1. Solve the following FFLS: 



(4.3.2) (5,2,1) (3,0,3) 

(7.4.3) (10,6,5) (2,1,1) 
(6,2,2) (7,1,2) (15,5,4) 



Since 

det(A) = 

det(A^ 
we may calculate 

X^ = =^ 

We have 

h- Mx 
So, we have 

det(A'W 



X 2 

:r 3 



(-71,54,76) 
(118,115,129) 

-155,89,151) 



4 


5 3 




7 10 2 


= 46 


6 7 15 






4 -71 


3 


= 


7 118 


2 




6 -155 


15 



46, det(A«) 



-71 


5 3 




118 


10 2 


= -1 


-155 


7 15 






4 5 


-71 


4 (3)) = 


7 10 


118 




6 7 


-155 



12928, 



242, 



-281.04348, x 2 = ^ = 207.47826, x 3 = ^§ = 5.26087. 



482.17392 
-10.95651 
417.30435 



,9-Nx 



414.82609 
-70.52173 
277.08696 



482.17392 5 3 
-10.95651 10 2 
417.30435 7 15 
4 482.17392 3 
det(y4'( 2 )) = 7 -10.95651 2 
6 417.30435 15 
4 5 482.17392 
det(^'( 3 )) = 7 10 -10.95651 
6 7 417.30435 
we may calculate y\ = 1256.98299, yi - - 
Similarly, we obtain 

det(^"( 1 )) = 54682.782, det(A"^) = 
So, we have 

zi = 1188.7561, z 2 = -824.75237, z 3 
Thus, 

" (-281.04348, 1256.98299, 1188.7561) 
(207.47826, -866.8998, -824.75237) 
(5.26087, -70.419661, -72.145557) 
According to Definition 3.1, the fuzzy approximate so" 
" (-281.04348, 1256.98299, 1188.7561) " 
(207.47826, 824.75237, 866.8998) 
(5.26087, 72.145557, 70.419661) 
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57821.2176, 

-39877.391, 

-3239.3044, 

-866.8998, y 3 = -70.419661. 
-37938.609, det(y4"( 3 )) = -3318.6956. 
= -72.145557. 



ution is 
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6 Conclusion 

In this work, we proposed the generalized LR-fuzzy numbers and its fuzzy arithmetics operations. The 
fuzzy approximate solutions of FFLS with arbitrary coefficient matrix and arbitrary right-hand column 
vector are investigated using Dehghan's method. We also analyzed the solvability of FFLS. It is obvious 
that employing GLR-fuzzy numbers can broaden the application domain of fuzzy linear equations in 
scientific applications. 
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SEQUENCE SPACES DEFINED BY A MUSIELAK-ORLICZ 
FUNCTION IN 2-NORMED SPACES 

KULDIP RAJ, AJAY K. SHARMA AND SUNIL K. SHARMA 



Abstract. In the present paper we introduce some sequence spaces denned by a 
Musiclak-Orlicz function Ai = (M^) in 2-normcd spaces. We study some topological 
properties and prove some inclusion relations between these spaces. 



1. Introduction and Preliminaries 

The concept of 2-nornied space was initially introduced by Gahler [2] as an interesting 
linear generalization of a normed linear space which was subsequently studied by many 
others see ([3], [16]) and references therein. Recently a lot of activities have started to 
study sumability and related topics in these linear spaces see ([4], [17]) and many others. 

Let X be a vector space of dimension d, where 2 < d < oo. A 2- norm on X is a function 
||.,.||:XxX— J-M which satisfies the following : 

(1) ||a;, J/|| =0 if and only if x and y are linearly dependent; 

( 2 ) \\x,y\\ = \\y,x\\\ 

(3) ||aa;,2/|| = |a|||a;,j/||, ael; 

(4) \\x,y + z\\ < \\x,y\\ + \\x, z\\, for all x, y, z G X. 

The pair (X, ||., .||) is then called a 2- normed space see [3]. For example, we may take 
X = M 2 equipped with Euclidean 2-norm as ||o;,j/||b = the area of the parallelogram 
spanned by the vectors x and y which may be given explicitly by the formula 



|^i,^2||b = abs 



Xu X\2 
X21 X 2 1 



Then, clearly (X, \\.,.\\e) is a 2- normed space. Recall that (X, ||., .||) is a 2-Banach space 
if every cauchy sequence in X is convergent to some a; inX. 

Let w be the set of all sequences of real or complex numbers and ^oo, c and cq be the 
sequence spaces of bounded, convergent and null sequences x = (x^), respectively. 
A sequence x £ loo is said to be almost convergent if all Banach limits of x coincide. 
Lorentz [7] proved that 

1 n 
c = \ x = (xk) '■ lim — y Xk +S exists, uniformly in s \. 

fc=i 
Maddox ([8], [9]) has defined x to be strongly almost convergent to a number L if 

1 ™ 
lim — y \Xk+s — L\ = 0, uniformly in s. 
n n *■ — ' 
fc=i 
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Let p — (p k ) be a sequence of strictly positive real numbers. Nanda [12] has defined the 
following sequence spaces : 

1 " 
[c,p] = \x = (xk) : lim — ) \x k+s — L\ Pk = 0, uniformly in s >, 

fc=i 

1 n 
[c,p]o = \ x = (xk) ■■ lim - y^ \x k+s \ Pk = 0, uniformly in s > 
l n n * — ' > 



n 
fe=i 



and 



1 n 
[c,p]oo = \x= (x k ) : sup - V" \x k+s \ Pk < oo \ 



"'•" " fe=l 



Kizmaz [5] defined the sequence space 

X(A) = {x = (x k ) : (Ax fc ) e X} 

for X = /qo, c or Co, where Aa; = (Ax k ) = (x k — x k+ \) for all k G N. 

Et and Colak [1] generalized the above sequence spaces to the sequence spaces 

X(A m ) = {x = (x k ) : (A m x k ) G X} 

for X = Zqo, c or Co, where m£N, A°x = (x^), Aa; = (x k — Xk+i), 

A m x = {A m x k ) = {A m - l x k - A m - l x k+1 ) for all k G N. 

The generalized difference has the following binomial representation, 

m , -. 

A m x fc = ^(-ir ™ )x k+v 

for all k G N. 

An orlicz function M : [0, oo) — > [0, oo) is a continuous, non-decreasing and convex func- 
tion such that M(0) = 0, M(x) > for x > and M(x) — >• oo as a; — > oo. Lindenstrauss 
and Tzafriri [6] used the idea of Orlicz function to define the following sequence space. 
Let w be the space of all real or complex sequences x — (x k ), then 



fe=i p 

which is called as an Orlicz sequence space. Also Im is a Banach space with the norm 

||a;||=inf{p>0:^M(™) < l}. 
fc=i p 

Also, it was shown in [6] that every Orlicz sequence space Im contains a subspace isomor- 
phic to l p (p > 1). The A 2 — condition is equivalent to M(Lx) < LM(x), for all L with 
< L < 1. An Orlicz function M can always be represented in the following integral form 



M(x) = / ri{t)dt 
Jo 

where r/ is known as the kernel of M, is right differcntiable for t > 0, rj(0) — 0, r](t) > 0, r/ 

is non-decreasing and rj(t) — > oo as t — > oo. 

A sequence M. = (M k ) of Orlicz functions is called a Musielak- Orlicz function see ([10], [11]). 

A sequence Af = (N k ) of Orlicz functions defined by 

N k (v) = sup{\v\u -M k :u>0}, k = 1, 2, ... 
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is called the complementary function of the Musielak-Orlicz function Ai. For a given 
Musiclak-Orlicz function At, the Musielak-Orlicz sequence space tj^i and its subspace Km 
arc defined as follows 

tM = \x £ w : Im( cx ) < oo, for some c > >, 

^M — \ x € ui : Im( cx ) < °°j f° r ah c > k 
where Im is a convex modular defined by 

oo 

Im{x) = ^M fe (x fc ),x = (»fc) e £m. 
fe=l 
We consider £/k equipped with the Luxemburg norm 

||x|| = inf {fc>0: J,m(|) < l} 

or equipped with the Orlicz norm 

| |x||° = inf{-j- (l + I M (kx)) : k > o}. 

Let X be a linear metric space. A function p : X — >• R is called paranorm, if 

(1) p(x) > 0, for all x € X, 

(2) p(— a;) = p(x), for all x e X, 

(3) p(x + y) <p(x) +p(y), for all i.jel, 

(4) if (A„) is a sequence of scalars with A„ — > X as n — > oo and (x n ) is a sequence of 
vectors with p(x n — x) — > as n — > oo, then p{\ n x n — \x) — > as n — > oo. 

A paranorm p for which p(x) = implies x = is called total paranorm and the pair 
(X,p) is called a total paranormed space. It is well known that the metric of any linear 
metric space is given by some total paranorm (see [18], Theorem 10.4.2, P-183). For more 
details about sequence spaces see ([13], [14], [15]) and references therein. 
Let Ai = (Mfc) be a Musielak-Orlicz function, (X, ||., .||) be a 2-normed space andp — (p k ) 
be a bounded sequence of positive real numbers. By 5(2 — X) we denote the space of all 
sequences defined over (X, ||., .||). In the present paper we define the following sequence 
spaces : 

1 A 71% 7~ 

c,M,p, ||., .||1 (A m ) = {x= (x k ) € S(2-X) : lim - V \mJ\\ ^ " L 



-i z \ 



= 0, 



fe=i 



uniformly in s for some p > and L > >, 



c,A4,p, ||.,.|| 



and 
c,M,p, 



Mfe(|| =±i,i| 



= 0, 



(A m ) = {x = (x k ) e 5(2 - A) : lim - V f. 

fe=l 

uniformly in s, for some p > k 
(A m ) = (x = (x k ) e 5(2 - X) : sup - V [M fc ( 



,A m x k 



< oo, 



for some p > > . 
When M(x) = x for all k, the spaces c, M,p, ||., .|| (A m ), c,.M, p, ||., .|| (A m ) and 



c,M,p,||.,.|| (A m )reducesto c,p, ||.,.|| (A m ), 



c,p, 



(A m ) and 



c,P, 



(A r ' 
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respectively. 

If p = (p k ) = 1 for all k, the spaces c, M,p, ||., .|| (A m ), c,M,p, ||., .|| 

c,M,p,|L.||l (A m )rcduccsto \c,M, II., .Ill (A m ), [c,M, II., .Ill (A m ) and 
J oo L J L Jo 

respectively. 



(A m ) and 
o 

c,M,||.,.||l (A™), 



The following inequality will be used throughout the paper. If < pk < swppk = H, 
A = max(l,2 if ~ 1 ) then 

(1.1) \a k + b k \v*<K{\a k r + \b k \P*} 

for all k and a k ,b k e C. Also |a| Pfc < max(l, \a\ H ) for all a e C. 

The main aim of this paper is to study some sequence spaces by using difference op- 
erator and a Musielak-Orlicz function. We also make an effort to study some topological 
properties and inclusion relations between these sequence spaces. 

2. Main Results 
Theorem 2.1 If M. = (M k ) be a Musielak-Orlicz function andp — (p k ) be a bounded se- 



quence of positive real numbers, then the spaces 



c,M,p,||.,.|| (A m ), c,M,p,\\.,.\\ (A m ) 



and 



c,M.,p,\\.,.\\ (A m ) are linear spaces over the field of complex number C. 



Proof. Let x = (x k ), y = (y k ) e c, A4,p, II., .11 (A m ) and a, (3 be any scalars. Then 

L Jo 

there exist positive numbers p\ and p^ such that 



1 n 
lim - V \M k 



fc=l 



and 



lim 

n n 



i n 



fe=i 



I A^x fc4 
Pi 



P2 



',*ll 



0, uniformly in s 



Pk 



= 0, uniformly in s. 



Let /33 = max(2|a|pi, 2|/3|/92). Since M. = (M k ) is non-decreasing convex function, by 
using inequality (1.1), we have 



ffiW 



A m (ax fe+S + /3y fe+s ) 



fe=i 



P.'{ 



/'t 



< 



< 



< A 



1 

fc=i F 

1 ^ r„ r / M A m a; fc+ 
-V M fc '" 



A m ax fc+S A m L3y k+s 

,z\\ + I ,z\ 



Pz 

A m y k+S ,m'« 

z + ,z\ 



l>2 



fc=l 



PA: 



A' 



1 n 



fe=i 



, A m x fc+s 

P2 



PA: 



as n — > oo, uniformly in s. 



So that ax + j3y £ 



c,M,p, 



(A m ). This completes the proof. Similarly, we can 



prove that c, Ai,p, ||., .|| (A m ) and c, A4,p, ||., .|| (A m ) are linear spaces. 



145 



SEQUENCE SPACES 



Theorem 2.2 Let M. = {M k ) be Musielak-Orlicz function, p = {p k ) be a bounded 

sequence of positive real numbers. Then c, M.,p, II., .11 (A m ) is a paranormed space with 

L Jo 

respect to the paranorm defined by 



n 



fc=i 



, A m x fc+s 



**'}■ 



where H = max(l, sup^pfc < oo) 



Proof. Clearly g(x) >0 for x = (x fe ) G c, .M,p, ||., .|| (A m ). Since M k (0) = 0, we 

get 5 (0) = 0. 

Conversely, suppose that g{x) = 0, then 



i n 

«{'* : (e[*(i 



,A m x H 



fc=i 



M 



0. 



This implies that for a given e > 0, there exists some p e (0 < p f < e) such that 



1 n 



A m x fc+S 



fc=i 



< 1. 



Thus 



1 n 

EN 



fe=i 



I ^Ml 



*s(EW 

fe=i 



A m x k , 



<1, 



for each n. Suppose that Xfe 7^ for each ieJV. This implies that A m Xfe +s 7^ 0, for each 
fc,s G N. Let e -A 0, then II Amj: *+« z \\ _» 00. It follows that 



1 n 

-Ek 



I — - — ,A\ 



which is a contradiction. Therefore, A m Xk+ s = for each k and thus x k = for each 
k G N . Let pi > and /j 2 > be such that 



n 

-Eh 



A m Xk 



+ s 



fc=l 



Pi 



■>*\ 



< 1 



and 



n 

1 eK 



fe=i 



P2 



+ s 



".* 



< 1 
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for each n. Let p = p\ + p2- Then by using Minkoski's inequality, we have 
A m (x k+s +y k+ s) .A1P*> 



(^Eh 



fc=i 



< 



< 



< 



-■> z \ 



1f n| A m x t+s + A m y Hs 
njg [L V Pl+/ > 2 



1 

n ^ L 
fe=i 

1 n 

i Ef- 



n—ipn-/> 2 



Pi 



— M fc ,z\ 

Pi 

A m x fe+S 



P2 



Pi + p2 / v n 



P2 



lAr„ /..A m y k+S 



Pi +P2 



-M fe 



,A m y fe 



+ s 



P2 



-Pi+P2^"-^L \ p 2 

< 1. 

Since p's are non-negative, so we have 

n 

g(x + y) = inf {p* : ("E[ Mfe 



fc=i 



. A m a; fc+S + A m y fc+S 



n)] P T<i}, 



1 ™ 



fe=i 



i n 

+ M {/'? : (-Eh 



II A m Xfe_|_ s 

Pi 

i A m y fc+S 



n ' — ' l \ p 2 
fe=i pz 



)])"<!} 
*-}■ 



Therefore, 

g(x + y) < g(x)+g(y). 

Finally, we prove that the scalar multiplication is continuous. Let A be any complex num- 
ber. By definition, 



n 

<?(Az)=inf{p*:(-£[M fe ( 



fc=l 



Then 



, A m Ax fc+s 
P 

A m x fe4 



**'}• 

M- 



fl(A*)=iirf{(|A|t)*:(i£[M fc (||-^ 

fc=i 
where i = tjt . Since |A| P ™ < max(l, |A| supp ™), we have 

5 (A.x)<max(l,|ArP-)inf{^:(i5:[M fe (||^±l,z||)] Pfc ) W <l}. 

fc=i 
So, the fact that scalar multiplication is continuous follows from the above inequality. 
This completes the proof of the theorem. 

Theorem 2.3 Let Ai = (M k ) be Musielak-Orlicz function. Then the following state- 
ments are equivalent : 



(i) c,p,||.,.|| (A m )C 



(ii) 



c,p, 



(A m ) C 



c,M,p,\\.,.\\ 
c,M,p,\\.,.\\ 



(A m ); 



(A m ); 
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(iii) sup - 'S^[M k (t)] Pk < oo, where t = 
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"^±£ *|| >0. 



fc=l 



Proof, (i) =*> (ii) is obvious. Since 



c,P, 



(A m ) c 



o 



c,P, 



(A r 



(ii) =» (iii). Suppose c,p, ||.,.|| (A m ) C c, A4,p, II., .11 (A m ) and let (iii) does not 

L Jo L J oo 

hold. Then for some t > 

n 

sup-V[M fc (i)P=oo, 
and therefore there is a sequence (n,) of positive integers such that 

(2.1) - Y^[M k (r 1 )] Pk > i, i = l,2,... 

2 fc=i 

Define a; = (#/;) by 

f i _1 , 1 < k < m, i = 1,2, ... 
I (J, fc > n^. 

(A m ) but x $ c,M,p, ||., .|| (A m ) which contradicts (ii). Hence 



Then x G 



c,P, 



(iii) must hold. 

(iii) =>■ (i). Suppose x e 



c,P, 



(2.2) 



su P^Eh( 
" n fc=i V 



(A m )anda;^ c,M,p, ||., .|| (A m ). Then 

J oo 



p 



/'/,■ 



Let £ = || — ^fs+f.^ z || f or each fc and fixed s, then from eqn.(2.2), we have 



n 

sup-V[M fe (i)r = 



fc=l 

which contradicts (iii). Hence (i) must hold. 

Theorem 2.4 Let 1 < Pfc < suppj, < oo. TTien t/ie following statements are equiva- 

k 

lent : 



(i) 



c,M,p,\\.,. 



(A m )C c,p,\\.,.\\ (A m ); 
o L Jo 



(ii) c,M,p,||.,.|| (A m )C c,p,||,.|| (A m ); 
L Jo L J oo 

n 

(iii) inf - V [M fc (i)P fe > 0, t > 0. 

r7 r> -<- — ' 



fc=l 



Proof, (i) =*> (ii) is obvious. 



(ii) =*> (iii) Suppose c,Af,p,||.,.|| (A m ) C 
hold. Then 



c,p, 



(A m ) and let (iii) does not 



(2.3) 



1 " 
mi-y"[M k (t)] Pk =0, £>0. 

77 r? fa ^ 



fe=l 
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We can choose an index sequence (nj) such that 



1 rti 

-Y\M k {i)Y« <r\ i = i,2, 



fc=l 



Define the sequence x — (xk) by 



Xk 



i, 1 < k < i%i, i = 1, 2, .. 



0, k > n-i 



Thus by eqn.(2.3), x e c, X,p, ||., .|| (A m ) but x <£ 
diets (ii). Hence (hi) must hold. 

(hi) =*> (i) Lctxe \c,M,p, II. , .111 (A m ). That is, 
L J o 



c,P,\ 



(A m ) which contra- 



(2.4) 



lim 

n n 



1 n 



A m x k , 



-,*\ 



= 0, uniformly in s. 



fc=i 



Suppose (in) hold and x $. \c,p, II., .11 (A m ). Then for some number eo > and index 

L Jo 



rig, we have 



l& m x k 



S^ll > e o, f° r some s > s' and 1 < fc < tiq. Therefore 



A/ /l(/ n)""<< M fe (||^^±i,z| 



and consequently by eqn.(2.4) 



n 

lim-V[M fe (e )p°=0, 



n n 



fc=l 



which contradicts (iii). Hence c,M.,p, II., .11 (A m ) C c,p,||.,.|| (A m ). 

L Jo L Jo 

Theorem 2.5 Let M. = (Mfc) &e Musielak-Orlicz function. Let 1 < p^ < supp/j < oo. 

TTiera 



(2.5) 



c,M,p,||.,.|| (A m )c c,p,||.,.|| Q (A m ) 



1 " 
lim- y^[M k (t)] Pk =oo, t>0. 
n n ^ — ' 
fe=l 



Proof. Suppose 



c,M,p,||.,.|| (A m ) C 



c,P, | 



(A m ) and let eqn.(2.5) docs 



not hold. Therefore there is a number t > and an index sequence (jii) such that 

(2.6) 

Define the sequence x = (xk) by 



-V[M fc (i )P<JV <oo , i = l,2, 



Xk 



to, 1 < k < ni, i = 1, 2, ... 



0. 



fc > n,- 
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Clearly, x £ c, M,p, ||., .|| (A m ) but x £ c,p, 

-I oo 

Conversely, if x € c,M.,p,\\.,.\\\ ( A m ) , then for each s and n 

-I oo 

.A m X k+ , ..MP* 



(A m ). Hence eqn.(2.5) must hold. 



(2.7) 

Suppose that x £ 



i£h(i 



fc=l 



< AT < oo. 



c,P, 



(A m ). Then for some number eo > there is a number Sq 



A m x k+S 



,z\\ > e , for s > s . 



Therefore 

[M fe (e )P < 
and hence for each k and s we get 



M fc || =±^,il 



1 " 

- y)[M fc (e )] p * < JV < oo, 



fe=l 

for some A^ > 0, which contradicts eqn. (2.5). Hence 

c,M,p, ||.,.||1 (A m )c [c,p, ||.,.||1 (A m ). 

J oo L Jo 

This completes the proof. 

Theorem 2.6 Suppose M. = (Mfc) &e Musielak-Orlicz function and let 1 < p k < suppfc < 

k 
oo . Then 



hold if 

(2.8) 



c,p, ||.,.|| (A m )C c,M,p, ||.,.|| (A m ) 



n 

lim-y[Af fc (t)] Pfc =0, t>0. 
n n z — ' 
fe=l 



Proof. let 



c,P, | 



(A m ) C c,M,p, \\.,.\\ (A m ). Suppose that eqn. (2.8) docs 



not hold. Then for some to > 0, 

n 

(2.9) lim-V[M fc (i)P=L^O. 

■n n < ' 

Define x = (Xk) by 



n n 



fc=i 



fc— m 

x fe =t]T(-l) 

t;=0 



m + k — v — I 
k — v 



for k = 1,2,.... Then a; g 
(2.8) must hold. 
Converselylet x <G c, p, ||., 



c,7W,p,||.,.|| (A m )butxe 
o 



c,p, ! 



(A m ). Hence eqn. 



(A m ). Then for every k and s, we have 

M A m x fc+s 



, z < N < oo. 



P 
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Therefore 



and 



1 n 

lim - V f M fc 

n n z — ' L 
fc=l 



Mfe ,z\ 

p 

,A m x k+s 



Pk 



P 



< [M k (N)]" k 



<lim-J2l M k(N)] Pk =0. 
fc=i 



Hence a; € 



c, .M,p, II., .II (A m ). This completes the proof. 
J o 
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Abstract. In this paper, we investigate the existence and uniqueness of solution for fractional 
boundary value problem for nonlinear fractional differential equation 

D% + u(t) = f(t,u(tj), < t < 1, 2<a< 3, 
with the integral boundary conditions 

( f 1 

u(0) — Yi u(l) = ^-l I g 1 {s,u(s))ds , 

Jo 

w'(0)-y 2 u'(l) = A 2 I g 2 (s,u(s))ds, 

Jo 
u"(0)-7 2 u"(l) = 0, 

where D^+ denotes Caputo derivative of order a. by using the fixed point theory. We apply 
the contraction mapping principle and Krasnoselskii's fixed point theorem to obtain some 
new existence and uniqueness results. Two examples are given to illustrate the main results. 

Key words: Fractional boundary value problem; Integral boundary conditions; Fixed point 
theory. 
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1. INTRODUCTION 

In recent years, fractional calculus is one of the interest issues that attract many scientists, 
specially mathematics and engineering sciences. Many natural phenomena can be present by 
boundary value problems of fractional differential equations. Many authors in different fields 
such as chemical physics, fluid flows, electrical networks, viscoelasticity, try to modeling of 
these phenomena by boundary value problems of fractional differential equations [1-11]. For 
achieve extra information in fractional calculus, specially boundary value problems, reader 
can refer to more valuable papers or books that are written by authors [5-22]. In boundary 
value problems, one of the most important factors that cause to write different papers is the 
variety of boundary condition selection. One of these situations is integral boundary 
conditions. Integral boundary conditions have various applications in applied fields such as 
underground water flow, population dynamics, blood flow problems, thermoelasticity, etc. 
(for more details see Refs. [23-28] and references therein). These conditions have different 
aspects, for example, two, three, multi-point and nonlocal integral boundary conditions. There 
are some papers dealing with existence and uniqueness solution of boundary value problems 
of fractional order with integral boundary conditions see [29-31]. 

In this paper, we obtain new existence and uniqueness results for boundary value 
problems of fractional differential equations. Indeed, we study the existence and uniqueness 
of solution for fractional boundary value problem for nonlinear fractional differential equation 

D%+u(t) = f(t,u(t)), < t < 1, 2 < a < 3, (1.1) 

with the integral boundary conditions 

w(0) - Y\ U (X) = K J 9i{s,u(sj)ds, 

u'(0) - y 2 u'(l) = X 2 ft g 2 {s,u(s))ds, C 1 - 2 ) 

w"(0) - y 2 w"(l) = °' 

where D^+ denotes Caputo derivative of ordera, /: [0,1] x R -» R is continuously 

differentiable function, g lt g 2 E C([0,1] x R,R) and Y\> Y2> Y3>^-i> ^-2 G R with Yi>Y2>Y3 ^ 0. 
Constructing a special bounded, convex and closed subset B on Banach space U = 
C([0,1]) and employing principle contraction mapping and Banach fixed point, we prove the 
uniqueness of the solution. Then, by defining the operators Mand JV on B, which will be 
introduced later, and using Krasnoselskii's fixed point theorem [32], we show that the 
problem has at least one solution. 

For convenience of presentation, we now present below hypothesis to be used in the rest of 
the paper. 

("1) / : [0.1] x R -» R is a continuously differentiable function. 

(// 2 ) There exist a(t) G C([0,1], [0, 00)) such that 
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-—— [ (1 - sr-^aCs) ds<l-v i , < v* < 1, i = 0,1,2, 

1 {CC I) j 



and 

(H 3 ) For i = 0,1,2, 



i r 1 

— (t - s) a_1 a(s) ds < 1 - V, < v' < 1. 
. a ) Jo 



Ri = r , _.. sup [ (1 - s) a - 1 -'/(s, 0) ds < oo, 
1 (a i) j 

and 

1 f 1 

/?' = -p^-sup (t - s) a-1 /(s, 0) ds < oo. 

(tf 4 ) For u,v G C([0,oo)) 

|/(t,u(t)) -/(t,v(t))| < a(t)|u(t) - v(t)l- 
(i/ 5 ) There exists positive constants L t and Mj (i = 1,2), such that 

|^t,u(t))-^(t,KO)l<^(t)-KOI(i-v), 

ii) sup \g t (t, 0)| = Mf/?, 

where u, v G C([0, oo)), v = min{v ,v 1 ,v 2 ,v'} and R = max{R ,R 1 ,R 2 ,R'}. 

2. BASIC DEFINITIONS AND PRELIMINARIES 



We now give definitions, lemmas and theorems that will be used in the remainder of this 

paper. 

Definition 2.1.([7,8]) The Riemann-Liouville fractional integral of order a > 0, of a 

function u: (0, oo) -> R is defined by 

/ a +u(t) =-^-^{t-s) a - 1 u{s)ds, n-1 <a<n, (2.1) 

provided that right-hand side is point wise defined on (0, oo). 

Definition 2.2.([7,8]) The Caputo fractional derivative of order a > 0, of a 
function u: (0, oo) -> R is defined by 

D^uit) = p^/o (t - s)"- 1 w (n) (s)ds, n-l< a < n, (2.2) 
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where n = [a] + 1, provided that right-hand side is point wise defined on (0, oo). 

Lemma 2.1. ([7,8]) Let n-l< a < n(n G N). Then, the fractional differential equation 
D*+u(t) = has solution 

u(t) = c + c 1 t + c 2 t 2 +...+c n _ 1 t n ~ 1 , (2.3) 

where q G R, i = 0,1, . . . , n — 1, n = [a] + 1. 

Lemma 2.2.([7,8]) Let n-l< a < n(n G N). Then, the fractional differential equation 
D*+u(t) = has solution 

l"+D"+u(t) = u(t) + c + c t t + c 2 t 2 +...+c n _ 1 t n_1 , (2.4) 

with q G R, i — 0,1, . . . , n — 1. 

Theorem 2.1.(Krasnoselskii's fixed point theorem[32]) Let A be a closed convex and 

nonempty subset of a Banach space X. Let M, N be the operators such that 

i) Mx + Ny G i4; Vx; y E A; 

ii) M is compact and continuous, 

Hi) N is contraction mapping. 

Then, there exists z G A such that z = Mz + JVz. 

Lemma 2.3. Given / G C[0; 1] and 2 < a < 3, the problem (1.1)-(1.2), is equivalent to 

w(0 = fo G ( tm > s)f(s,u(s))ds + A 2 [i 2 [y 1 + (1 - 7i)t] f* g 2 (s,u(s))ds 
+^iMiJ 1 £ , i(s; u(s))ds (2.5) 

where 

( t _ s )«-i 7lMl (i- s )«-i y 2 M 2 [yi+(i-yi)t] 



r(a) r(a) r(a-l) 

y3M3[2yiy2+yi(i-y2)+2y 2 (i-yi)t+(i-yi)(i-y2)t 2 ] 



G(t; s) = < 



T(a-2) 

y^Ci-s)" -1 y 2 M2[yi+(i-yi)t] 



+ :.:/ + 

t>s 



(2.6) 



r(a) r(a-l) 

y3^3[2yiy2+yi(i-y2)+2y 2 (i-yi)t+(i-yi)(i-y2)t 2 ] 



+ :::/ + 

, t < s 



T(a-2) 
11 1 

is Green function and u, = , u 7 = and Uq = . 

ri yi -i' ^ (yi-i)(y 2 -i) ^ 3 (yi-i)(y 2 -i)(y 3 -i) 

Proof. We may apply Lemma (2.2) to reduce Eq.(l.l) to an equivalent integral equation 

u(t) = l"+f{t,u(t)) + c + c x t + c 2 t 2 , (2.7) 
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for arbitrary c , c lt c 2 G R. Applying the boundary conditions (1.2), we find that 

c ° = ~ W^ I (1 - sy-^sMs)) ds + Yl y 2l i 2 \ (1 - sy- 1 f{s,u{s)) ds 
1 \. a ) Jo Jo 

+ T§Sr Jo^ 1 - s) a - 3 f(sMs)) ds - Yll i 2 A 2 ft g 2 (s,u{s)) ds 

M^- — r Vj _ s ) a - 3 f(s, u(s)) ds - X 1 n 1 £ gAs, u{s)) ds, 

2(ri-i)(y 3 -i)r(a-2) J o v J >\ > ^ J ) i**i Jo wl v ' ^ J ) 



Y2H1 rV-i „\a-2ff„„.r„\\j„. Y2Y3 



c i = -7^-X^ 1 -sy- 2 f(sMs))ds + 



r(a-l) J o v ' > V ^ 'J 2(y 2 -l)(y 3 -l)r(a-2) 

x £(1 - s) a - 3 /-(s,u(s)) ds + ^7 J^iO^O)) ds, 



"72 

and 



7s 
c, = 



[ (l-s) a - 3 f(s,u(s))ds. 
Jo 



2(l-y 3 )r(a-2)) 

Substituting c , Ci and c 2 into (2.7), the proof is completed. 

3. MAIN RESULTS 

Let U be a linear space consisting of all functionsu G C([0; 1]), such that sup tE [ 0;1 ] |w(t) < 00 
with the norm ||u|| = sup tE [ 0;1 ]|u(t)|. U is aBanach space. 

Theorem 3.1. Assume that (i^) - (i/ 5 ) hold. Let 

6i = 1 + iKiMil + lYzPzO- + 7i)l + IKsMsCI + 7z)l + UzMzCl + Ki)l^2 + l^iMil^i. 

Qz = 1 + iKiMil + lK 2 j" 2 (l + 7i)l + |73^3(1 + 7 2 )l + UzMzCl + 7i)|M 2 + lA^IA^, (3.1) 

£ = {Qi>Q2} and (1 — v)q 1 < 1. Then, BVP (1.1) - (1.2) has a unique solution. 

Proof. Define a bounded, convex and closed subset B of U and the operator Tas follows: 
B ={uEU; \u(t)\ <—, < t < 1} , 
where q = {q 1 , q 2 ] and Tu(t) = u(t) such that u(t) is given by (2.5). Clearly, from Lemma 
(2.3), the fixed points T are solutions to (1,1)-(1.2). From (H 2 ), (#3), and (3.1), we have that 
for u G B 

\Tu(t)\ < jjfi\j (t - s) a - 1 |a(s)||u(5)| ds + j (t - sy-^fis, 0)| ds\ 
lYl! af{S ^-sY-^atsmmds + Ytf^^ (1 - s)"" 1 !/^, 0)| ds\ 



+ 



+ l72 r( ( l 1 - + i) l)l {/ ^- s ^ a ~ 2 ^ s ^ u ^ ds + j a-sy- 2 \ns,o)\ds" 
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+ lr3 r(a- + 2) 2)l ^ ^-^ a - 3 \<s)\\u(s)\ds+ | (l-sy- 3 \f(s,0)\ds\ 



\\ (l-sy- 3 \a(s)\\u(s)\ds+ \ ( 
+ |A 2 ^ 2 (1+Ki)l|j \g 2 {s,u(s))-g 2 (s,G)\ds + J |,g 2 O,0)|ds 

+ U2M2I J |0i(s.w(s))-0i(s,O)|ds + J l.gxCs, 0)| ds| 

<(l-v')|w(t)l + (l-v 1 )|y 1 ^ 1 ||u(t)l + (l-v 2 )|y 2 ^ 2 (l+y 1 )||u(t)| 

+(1 - v 3 )|y 3 M 3 (i + y 2 )llw(t)l +R' + \YiVi\Ri + \Y2V2tt + Yi)\ R 2 

+ |y 3 M 3 (l + y 2 )l #3 + ^(1 - v) |A 2 f* 2 (l + 7i)||u(t)| 
+Li(l - v)|l lMl | |u(t)| + |A 2J u 2 (l + 7i)|M 2 i? + lA^il Mi/? < (1 - v) 6l |u(t)| + i?£ 2 

< (1 - v) — + Rq = — . 

V V 

which yields TB <= B. 

For any u,v G B, from (// 2 ) an d (#4), we have 

|Tu(t)-Tv(t)| < j^J (t - s) a - 1 |/(s,u(s)) - /(s,v(s))|ds 

+ ^y J (1 - 5) a " 1 1/(5, w(s)) - /(s, p(s)) I ds 

+ l72 r M ( f_ + 1 ^ )l /'(l - S)- 2 1/(5, U00) - /(s, „(*)) I ds 



173/^3(1 + 72)1 r 1 



r(a - 2) 



[ (l-s) a - 3 |/(s,u(s))-/(s,v(s))|d 



+ U2M2 (1 + 7i) I \g 2 ( s > w 00) - 9z (s, v(s)) I ds 

+ l^i/«il |#i(s, u(s)) -5 1 (s,v(s))|ds 

•'0 



< (1 - v)||w - v||{l + \YiHi\ + |y 2 ^ 2 (l + 7i)l 
+ |y 3 M 3 (l + y 2 )| + |l 2 /i 2 (l + Yi)\L 2 + l^iMilM< (1 - v) Ql \\u - i;||. 

Since (1 — v)^ < 1, therefore T is a contraction map. Thus, from the Banach fixed point 
theorem, it is easy to see that in B, T has a unique fixed point. The proof is completed. 

Theorem 3.2.Assume that (H t ), (J/ 2 ), (ff 4 ) and ((J/ 5 )-i) hold with 

(1 - v){|y lMl | + |y 2 /i 2 (l + Yi)\ + l73M 3 (l + 7 2 )l + |A 2 ^ 2 (1 + 7i)|L 2 + ll^jLi} < 1, 

(3.2) 
Let pi G C([0; 1],R) andtfo e C([0; 1] x R,R) (i = 1,2,3) and 

|/(t,u)|< Pl (t)Vi(|u|), 

|#i(t,u)| <p 2 (t)i/; 2 (|u|), 

l5- 2 (t,u) I <p 3 (t)t/; 3 (|u|), 
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withtfo(|u|) <y/\u\(i = 1,2,3). Then BVP(1.1)-(1.2) has at least one solution on [0,1]- 

Proof. We consider 

B r = {u G C([0; 1],R): ||u|| < r}, where 

Vf >max{3r7 1 ||p 1 ||,3r7 2 ||p 2 ||,3r73||p 3 ||} (3.3) 

^ = F^ {1 + l71 ^ 1 + '^ztt + Ki)l« + ly 3 3 (l + K 2 )l«(« - 1)} (3-4) 

r? 2 = |A 2 ju 2 (l +7i)L J? 3 = l^iMil- (3.5) 

Now, we define operators M and JV on 5 r as 



Mu(t) =-—( (t- 5) a - 1 /(5,u(5) ds 

r(«) J 

and 

JVu(t) = -y^i — — - — f(s,u(s) ds + y 2 \i 2 (y x + (1 - y 1 )t) 
h r(a) 

1) 



,l (1 _ s) a-2 

x "FT —f( s > U ( S J ds + KsMs [Y1Y2 +Yi + 2r 2 (l - 7i)t 

Jo r ( a _ 



r 1 (l -s) a " 3 

+(l-y 1 )(l-y 1 )t 2 ] Vr 9^ /(^W^ 

j T(a - 2) 



+ 



^2[yi(l-72)t] g 2 (s,u(s)ds-A 1 fi 1 g^s.u^ds, 
Jo Jo 



and show that Mis a compact operator and Ms contractive operator on B r . Since / is 
continuous, the operator Mis continuous. On the other hand, for u G B, we get 

1 llPillr 

l|Mu||<— — -llpJhMlul)^ 



r(a + l)" K1 "^ lvl u ~r(a + l)' 
which show that M is uniformly bounded on B r . From (#1), we define 

A = sup{|/(t,u(t))|: t G [0,1]; u G 5 r ). 
Now, for t\, t 2 G (0,1), t x < t 2 , we have 
||(Mu)(t 2 )-(Mu)(t 1 )|| = 

-i-{ [ '(ti - S) a " 1 /(s,u(5))d5 - [ '(t, - S) a " 1 /(5,u(s))ds} 
1 V a J ^0 •'O 
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^t{[ 1 [(t 2 -s) a - 1 -(t 1 -s) a - 1 ]/(s,u(s))d5+ [ 2 (t 2 -s) a - 1 /(s,w(s))ds 

- a ) Jo Jt-, 



^ w 7T [(t 2 - ti) a + ti a - t 2 a ] 

r(a + 1) LV 2 1J 1 2 J 
that tends to zero as t 2 ^ t t . Therefore, M is relatively compact on B r . Consequently, by the 
Arzela-Ascoli theorem, M is compact on B r . Now, for u,v E B r , we show that 
Mu + Nv £ B r . 
By (3.3), (3.4) and (3.5), we obtain 

IIPilhMM) 

\\Mu + Nv\\ < r( J+i) {1 + l^i I + 1^2(1 + Yi)\a + lr 3 ^(l + K 2 )l«(« - 1)} 

+ IIP2ll^2(|w|)l^2(l + y 1 )| + ||p 3 ll^3(|w|)l^il 

= ^illPilhMM) + VzWPzHziW) + r} 3 \\P3\\Mu\) <\ + \ + \ = r. 

Furthermore, from (3.3), JV is contraction mapping. Thus, all assumptions of Krasnoselskii's 
fixed point theorem are satisfied. Therefore, BVP (1.1)-(1.2) has at least a solution on [0,1]. 

4. EXAMPLES 



Example 4.1. We consider the BVP (1.1)-(1.2) with= \,f(t,u(t)) = — ,0i(t,u(O) 



u+l 

t+16' 
t+lul , ,. NX t+\u\ 



, g 2 (t,u(ty) = . Also, we suppose that y x = —2,y 2 = — 3, y 3 = — 4, A x = A 2 = 1, 



6 '^" v ' v " 12 
fn 



and a(t) = — . Thus, the problem (1.1)-(1.2) reads as 



4 



5 

0+ v J t+16' 

u(0) + 2u(l) = /.! — ds, 



u'(0) + 3u'(l)=/ 4fds, 
\, u"(0) + 4u"(l) = 0. 



Now, it is easy to see that 

1 Vtt 

\f(t,u)-f(t,v)\ <—\u-v\ <—\u-v\, 



1 

\9i (t,u) -^i(t,v)| <-|u-v|, 



|# 2 (t,u) -# 2 (t,i/)| <^|w-v|. 



o 6 uo ' (4.1) 

ls+|u| 
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3 2 1 207 1 207 

Herein, we have v = -,Li = - and L ? = -. Furthermore, p 1 = — and (1 — v)p-, = - x — = 
4 < i 3 z 3 > t^i 90 v yc^i 4 90 

360 

Therefore, we deduce from Theorem (3.1) that the problem (4.1) admits a unique solution. 



Example 4.2. Consider the BVP as given below 



Au(t) tsinJWl 



i---v-^ 16 , 

u(0) + 2u(l) = J n l£ ^ds, 



u'(0) + 3u'(l)=J o 1 ^pds, 



o 6 uo ' (4.2) 

■'O 12 

I u"(0) + 4w"(l) = 0. 

Analogous to the previous example, we suppose that a{t) = — . To show that the boundary 

16 

value problem (4.2) has at least one solution, we apply theorem (3.2) 

with a = \,f(t,u{t)) = ^^,^(t,u(t)) = ^ 2 (t,u(t)) = ^1, Yx = -2 , Yz = 

— 3,y 3 = —4, X t = A 2 = 1. By computation we have 

(1 - vMly^l + |y 2 ^ 2 (l + kOI + |y 3 j* 3 (l + y 2 )| + |l 2 /i 2 (l + yJlL, + lA^il^} = 

117 

< 1. 

360 

It is easy to show that the conditions of Theorem (3.2) are satisfied. In conclusion, the 
problem (4.2) has at least one solution on [0,1]- 
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Abstract 

We are interested in the approximate controllability for fuzzy differ- 
ential equantions driven by Liu process. This paper is extension of the 
result by Kwun et al. [Journal of Computational Analysis and Application 
13 (2011) 1171-1179] to fuzzy differential equations driven by Liu process. 

1 Introduction 

A through mathematical analysis of controllability problems is combined with a 
detailed investigation of methods used to solve them numerically, these methods 
being validated by the results of numerical experiments. We can introduce the 
notion of controllability, either exact or approximate. One can say that the 
system is exactly controllable when we want to find control function u such 
that from x(0) at * = to x(T) at t = T > (i.e., x(T; u) = x{T)). And one 
says that the system is approximately controllable when x(T; u) belongs to a 
"small" neighborhood of x(T). Thus, many authors have been interested in the 
controllability. Recently, Kwun ct al. [3] proved e-approximatc controllability 
for the semilinear fuzzy intcgrodiffcrcntial equations. In [8], Mahmudov proved 
approximated controllability of semilinear deterministic and stochastic evolution 
equations in abstract spaces. Goreac [2] studied a kalman-type condition for 
stochastic approximate controllability. 

In this paper, we study approximate controllability for fuzzy differential 
equations driven by Liu process. We consider the following fuzzy differential 
equation driven by Liu process: 

dx(t, 6) = Ax(t, 6)dt + f(t, x(t, 9))dC{t) + Bu(t)dt, t e [0, T], m 
x(0) = i e E N , w 



*This study was supported by research funds from Dong- A University. 
'Corresponding author. E-mail: yckwun@dau.ac.kr (Y.C. Kwun), jeskim@donga.ac.kr 
(J.S. Kim), cara4303@hanmail.net (H.E. Youm), jihpark@pknu.ac.kr (J.H. Park) 
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where the state function x(t,9) takes values in Y(c En) and another bounded 
space Y(c En)- En is the set of all upper semi-continuously convex fuzzy 
numbers on R, (Q,V,Cr) is credibility space, A is fuzzy coefficient, the state 
function x : [0,7] x (Q,P,Cr) -» X is a fuzzy process, / : [0,T] x Y -» Y is 
regular fuzzy function, u : [0,T] x (Q,V,Cr) — > Y is control function, i? is a 
linear bounded operator from Y to Y. C(i) is a standard Liu process, xo G S/v 
is initial value. 



2 Preliminaries 

In this chapter, we give basic definitions, terminologies, notations and Lemmas 
which arc most relevant to our investigated and are needed in later chapters. 
All undefined concepts and notions used here are standard. 

A fuzzy set of R n is a function u : R n — ► [0, 1]. For each fuzzy set u, we 
denote by [u] a — {x G R n : u(x) > a} for any a G [0, 1], its a-level set. Let u, v 
be fuzzy sets of R n . It is well known that [u] a — [v] a for each a G [0, 1] implies 
u = v. Let E n denote the collection of all fuzzy sets of R n that satisfies the 
following conditions: 

(1) u is normal, i.e., there exists an xq G R n such that u(xo) = 1; 

(2) u is fuzzy convex, i.e., u(Xx + (1 — X)y) > mm{u(x) , u(y)} for any 
x,y eR n , 0< A< 1; 

(3) m(x) is upper semi-continuous, i.e., u(xq) > limfe^ 00 u(a; / t) for any x^ G 

ir*(fc = 0,l,2,-"),a;fc-»a;o; 

(4) [u]° is compact. 

Definition 2.1 [3] Define D : E N x i% — > [0, oo) by the equation 
D(u,v) = sup d H ([u] a ,[v} a ), 

0<a<l 

where dn is the Hausdorff metric defined by 



dn(A, B) = max I sup inf \a — 6|,sup inf \a — b\ 

Definition 2.2 [3] Let x,y e C([0,T],E N ) 

H 1 (x,y)=sup{D(x(t),y(t)):t€[0,T]}. 
Definition 2.3 [3] The norm ||u|| of a fuzzy number u G En is defined by 

\\u\\=D(u,X m ) = \\[un= sup \a\. 

ae[u]° 

Let be a nonempty set, and let V the power set of 0. Each element in 
V is called an event. In order to present an axiomatic definition of credibility, 
it is necessary to assign to each event A a number Cr{A} which indicates the 
credibility that A will occur. In order to ensure that the number Cr{A} has 
certain mathematical properties which we intuitively expect a credibility to 
have, we accept the following four axioms: 
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1. (Normality) Cr{A} = 1. 

2. (Monotonicity) Cr is increasing, i.e., Cr{A} < Cr{B} whenever A C B. 

3. [Self-Duality) Cr is self-dual, i.e., Cr{A} + Cr{A c } = 1 for any A £ V{@). 

4. (Maximality) Cr{U l A i } = sup^ CVjAj} for any {Ai} with CV{AJ < 0.5. 

Definition 2.4 [4] Let £ be a fuzzy variable with possibility distribution func- 
tion n : R — > [0, 1]. A fuzzy variable £ is said to be normal if there exist a real 
number r such that /i(r) = 1. It is well known that the possibility of {£ < r} is 
defined by 

Pos{£ < r} = sup/i(w) 

while the necessity of {£ < r} is defined by 

Nec{£ < r} = 1 — Pos{£ < r} = 1 — sup^(w). 

Definition 2.5 [4] The set function Cr is called a credibility measure if it 
satisfies above four axioms. And as follows : 

Cr{A} = i(Pos{A} + Ncc{A}). 

where PosjA} = 1 — Nec{A c } with A c is the complement of A. 

Definition 2.6 [5] Let O be a nonempty set, V the power set of O, and Cr a 
credibility measure. Then the triplet (Q,V.,C r ) is called a credibility space. 

Definition 2.7 [6] A fuzzy variable is a function from a credibility space (O, "P, C r ) 
to the set of real numbers. 

Definition 2.8 [6] Let T be an index set and let (0,"P,CV) be a credibility 
space. A fuzzy process is a function from T x (Q^VjCr) to the set of real 
numbers. 

That is, a fuzzy process x(t, 9) is a function of two variables such that the 
function x(t*,9) is a fuzzy variable for each t* . For each fixed 9* , the function 
x(t,9*) is called a sample path of the fuzzy process. A fuzzy process x(t,9) is 
said to be sample-continuous if the sample path is continuous for almost all 9. 

Definition 2.9 Let (0,"P,C r ) be a credibility space. For fuzzy random vari- 
able x(t,9) in credibility space, for each a £ (0,1], the a-level set [x(t,9)] a = 
[xf (t,9), x? (i, 6>)] is defined by 

xf(t,6) =mix a (t,9) =inf{ae R ; x(t,9)(a) > a}, 

x"(t,9) =supx a (t,9) =sup{ae R ; x{t,0){a) > a}. 

Definition 2.10 [4] Let (be a fuzzy variable and r is real number. Then the 
expected value of £ is defined by 

/— l-oo rO 

E£= Cr{£ > r}dr - / Cr{£ < r}dr 

JO J -co 

provided that at least one of the integrals is finite. 
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Lemma 2.11 [4] Let £ be a fuzzy vector. The expected value operator E has 
the following properties: 
(i)iff<g, then E[f(0] < E[g(0], 

(u)E[-m} = -E[f(a 

(Hi) if functions f and g are comonotonic, then for any nonnegative real numbers 
a and b, we have 

E[af(£) + b 9 (0] = o£?[/(0] + bE[g(0], 
where /(£) and g(£) are fuzzy variables. 

Definition 2.12 [6] A fuzzy process C(i) is said to be a Liu process if 

(i) C(0) = 0, 

(ii) C(t) has stationary and independent increments, 

(iii) every increment C(t + s) — C(s) is a normally distributed fuzzy variable 

with expected value et and variance a 2 t 2 , whose membership function is 



"k\x — et\ 



-l 



Mx) = 2(l + ex P (^ ! -^jj , X £R. 

The parameters e and a are called the drift and dif fusion coefficients, respec- 
tively. Liu process is said to be standard if e = and a = 1. 

Definition 2.13 [1] Let Xt be a fuzzy process and let C(i) be a standard Liu 
process. For any partition of closed interval [c, d) with c = to < ■ ■ ■ < t n = d, 

the mesh is written as A = maxi< t < n (t,- — £j_i). Then the fuzzy integral of 
x(t,0) with respect to C(t) is 

x(t,8)dC(t) = lim ^(t^XCM-Cfe-i)) 

provided that the limit exists almost surely and is a fuzzy variable. 

Lemma 2.14 [1] Let C(t) be a standard Liu process. For any given 9 with 
Cr{9} > 0, the path C(t, 9) is Lipschitz continuous, that is, the following in- 
equality holds 

\C(t u 0)-C(t2,6)\<K(6)\ti-t2\, 

where K is a fuzzy variable called the Lipschitz constant of a Liu process with 

( \C(t,0)-C(s,0)\ r m „ 

\ co, otherwise, 

and E[RP] < oo, Vp > 0. 

Lemma 2.15 [1] Let C(t) be a standard Liu process, and let h(t; c) be a con- 
tinuously differentiate function. Define x{t) = h(t;C(t)). Then we have the 
following chain rule 

dx{t) = QHt,c(t)) dt+ dh { t,c { t)) dC{t) _ 
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Lemma 2.16 [1] Let f(i) be continuous fuzzy process, the following inequality 
of fuzzy integral holds 

f(t)dC(t) <K [ \f(t)\dt, 



where K = K{9) is defined in Lemma 2.14- 

3 Existence of Solutions for Fuzzy Differential 
Equation 

In this section, instead of longer notation x(t, 9), sometimes we use the symbol 
x(t). we consider the existence and uniquencess of solutions for fuzzy differential 
equation (l)(u = 0). 

dx(t) = Ax(t)dt + f{t,x{t))dC(t),t<=[0,T], ,. 

x{0) = x e E N , L V> 

where the state function x(t) takes values in X(c E^). E^ is the set of all 
upper semi-continuously convex fuzzy numbers on R, (Q,V,Cr) is credibility 
space, A is fuzzy coefficient, the state function x : [0, T] x (O, V ', Cr) — > X is a 
fuzzy process, / : [0,T] x X — > X is regular fuzzy function, C(i) is a standard 
Liu process, xo G En is initial value. 

Lemma 3.1 [7] Let g be a function of two variables and let at be an integrable 
uncertain process. Then the uncertain differential equation 

dx t = atx t dt + g(t, Xt)dCt 



has a solution 




Xt = V t lz t 


where 




ft 




Vt 


= cxp 1 — / a s ds 



and Zt is the solution of uncertain differential equation 

dz t = y t g(t,y~ 1 z t )dC t 

with initial value zq = Xq. 

Using Lemma 3.1, we show that for fuzzy coefficient A equation (2) has 
solution. 

Lemma 3.2 For x(0) = Xq, if x(t) is solution of the equation (2), then x(t) is 
given by 

x{t) = S(t)x + f S(t-s)f(s,x(s))dC(s), t£[0,T], 
Jo 

where S(t) is continuous with S(0) — I, \S(t)\ < c, c > 0, for all t G [0,T]. 
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Proof For fuzzy coefficient A, the following define inverse of S(t) 

S- 1 (t) = er At . 

Then we have that 

dS- l (t) = -Ae- At dt = -AS- l {t)dt. 
ft follows from the integration by parts that 

d{S-\t)x{t)) = d(5 -1 (t)M*) + S-\t)dx{t) 

= -AS- l {t)dtx{t) + S- 1 {t)Ax{t)dt + S- 1 {t)f{t,x{t))dC{t). 

That is, 

d(S-\t)x{t)) = S-\t)f{t,x(t))dC{t). 

Defining z(t) = S~ 1 (t)x(t), we obtain x(t) = S(t)z(t) and 

dz(t) = S-iWffaSWzitydCit). 
Furthermore, since 5(0) = /, the initial value zq = xq. We have 

z(t) = x a + f S- 1 (s)f(s,S(s)z(s))dC(s). 



Jo 
Therefore the equation (2) has the following solution 

x(t) = S(t)x + [ S(t-s)f(s,x(s))dC s , t€ [0,7*1, 
Jo 

where we write S(t — s) instead of S(t)S~ 1 (s). 

Assume the following: 

(HI) For x,y £ C([0,T] x (Q,V,C r ),X), t £ [0,T], there exists positive 
number m such that 

d H ([f(t, x)] a , [f(t, y)] a ) < md H ([x] a , [y] a ) 

and/(0,A{ 0} (0)) = 0. 

(H2) 2cmKT < 1. 

Theorem 3.3 If hypotheses (HI) and (H2) hold, for every xo £ En, then the 
equation (2) has unique solution x £ C([0,7] x (O, V, C. r ), X). 

Proof For each £(£) £ C([0,7] x (Q,V,C r ),X), t £ [0,7] define 

{n)(t) = S(t)x + [ S(t- S )f(s,t(s))dC(s). 
Jo 

Thus, <J£ : [0,7] x (@,-p,C r ) -» C([0,7] x (@,V,C r ),X) is continuous, and 
* : C([0,7] x (Q,V,C r ),X) -» C([0,7] x (@,V,C r ),X). 
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It is obvious that fixed points of ^> is solution for the equation (2). For 
£(*), T](t) E C([0,T] x (Q,V,C r ),X), by Lemma 2.16 and hypothesis (HI), we 
have 



d H ([(n)(t)] a ,[(*v)(t)] a ) 



H ([J S(t-s)f( s ,^ s ))dC( s )] a ,[J S(t-s)f( S , v ( S ))dC(s)] a ) 



<cmK f dn([£(*)] a ,fa(«)] Q )d*. 

Jo 

Therefore, 

D((*0(*), (*»?)(*)) = sup d«([(*0(*)] a .[(*»?)(*)] a ) 

q£(0,1] 

< cmif / sup d H ([e(s)] Q ,[77(s)] Q )(is 

Jo a£(0,l] 

= cmK / D(£(s),ri(s))ds. 

Jo 

Hence, for a.s. 9 E O, by Lemma 2.11, 



ElHxiV&Vrj)) = E sup D((*0 (*).(*»?)(*)) 

< E(cmK sup / D(£(s),77(s))ds) 

^ te [o,t] Jo 

< cmKTEiH^ri) 

By hypothesis (H2), ^ is a contraction mapping. By the Banach fixed point 
theorem, equation (2) has a unique fixed point x E C([0,T] x (Q,V,C r ),X). 

4 Approximate Controllability for Fuzzy Differ- 
ential Equation 

In this section, we study approximate controllability for fuzzy differential equa- 
tion (1). 

We consider solution for the equation (1), for each u'vaY. 



x{t) = S(t)x + f S(t - s)f(s, x(s))dC(s) + f S(t - s)Bu(s)ds 
x(0) = io€ -Eat, 



where S(t) is continuous with 5(0) = I, \S(t)\ < c, c> 0, for all t E [0,T]. 
We define the continuous linear operator 5 from X to C([0, T] x (O, V , C r ), X) 

by 

5p(t) = [ S(t- s)p(s)ds, pEX, < £ < T. 
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We define a solution mapping W from Y to C([0,T] x (Q,V,C r ),X) by 

(Wu)(t) =x(t;u). 

The reachable sets of a nonlinear system are used to be compared to the reach- 
able sets of its corresponding linear system(/ = in (3)). Put 



K T (0) = [z{T) G C([0,T] x (@,V,C r ),X) : 

z(T) = S(T)x a + J S(T- s)Bu(s)ds, u G rj 

and the reachable set Kt{J) in X by 

K T (f) = {x(T; u)eX: x(T; u) = S(T)x 

+ f S(T-s)f(s,x(s))dC(s)+ f S(t-s)Bu(s)ds\. 



Lemma 4.1 Let u, x a G Ejf. Then under hypothesis (HI), the solution map- 
ping (Wu)(t) = x(t;u) of (3) satisfies a.s. 0, 

e(#i(s,# {0} 

< £?((cHi(a;o,#{o}) +cTH x (B, X {0} ) ■ H^X^y)) cxp(cmKT) 
Proof From hypothesis (HI), Lemma 2.16 and equation (3), we have 

||a;(t)|| = S(t)x + [ S(t-s)f(s,x(s))dC(s)+ [ S(t - s)Bu(s)ds 
Jo Jo 

< c\\x \\+cmK \\x(s)\\ds + c ||B||||w(s)||ds 

Jo Jo 

< c\\x \\+c\\B\\\\u(t)\\t + cmK \\x(s)\\ds. 

Jo 

From Gronwall's inequality, we have 

\\x(t)\\ < (c||& || + c||B||||u(*)||t)exp(croirT). 
Hence 



E[ sup ||x(t)|| 

•te[o,T] 



<E[ sup (c||x || +c||B||||u(i)||t)exp(cmi ; Cr) 
mg[o,t] 



< 



f?((cHi(a;o,^{o}) +dTH 1 (B,X {0} ) • ffi(u,# {0 })) cxp(cmKT) 
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Lemma 4.2 Let u\ and u 2 be in En . Then under hypothesis (HI) and Lemma 
2.16, the solution mapping (Wu)(t) = x(t;u) of (3) satisfies a.s. 9, 



EiH 1 (x(t;ui),x(t;u 2 ))j < cTexp(cmKT)ElH 1 (Bu 1 ,Bu 2 ) 
Proof From hypothesis (HI), Lemma 2.16 and equation (3), we have 
d H ([x(t; Ul )) a ,[x(t;u2)} a ) 

= d H ( J S{t-s)f{s,x{s;ui))dC(s)+ f S{t - s)Bui{s)ds 

t 



S{t-s)f(s,x{s;u 2 ))dC{s) + S(t - s)Bu 2 (s)ds ) 



>0 JO 

:~_cnil< I d H ([a;(s;u 1 ))] a ,[x( S ;u 2 ))] Q )rf S 



" 

+c 



J d H ([B Ul ( S )} a ,[Bu 2 ( S )} a y s . 



1 a 

Hence, by Gronwall's inequality, we get 

d H ([x(t; Ul )} a ,[x(t;u 2 )} a ) < ctd ff ([B Ul ] a ,[BM 2 ] a )exp(cm^T), 
D(x(t;u 1 ),x(t;u 2 )) = sup d H ({x(t;u 1 )] a ,{x(t;u 2 )] a ) 

a£(0,l] 

< ctexp(cmKT)D(Bu 1 ,Bu 2 ). 
Hence 

E(Hi(x(t;ui),x(t;u 2 ))) = E[ sup D(x(t;ui),x(t;u 2 ))) 

v ' v te[o : T] ' 

< dTexp(cmKT)E(H 1 (Bui,Bu2) 

Definition 4.3 The equation (3) is called approximately controllable on [0,T] 
if Kx{f) = X, that is for any given e > and $jEX there exists some control 
v G Y such that a.s. 0, 

E(Hi($r - S(T)x ,Sf{s,x{s;v)) + SBw)) < e. 

The range space of the operator B is denoted by Xb and its closure is 
denoted by Xb- We assume the following hypotheses; For every arbitrary given 
e > and p(-) e X, there exists some u(-) £ Y such that 

(H3) EfH^Sp^Bu)) <e, 



(H4) ElHi(Bv,Xr \)\ < qiElHi(p,Xr \)\ where qi is a positive constant 
independent of p(-), 
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(H5) the constant q\ satisfies 

qicmT 



<1, 



1 — cmKT 
(H6) {S(t) : t e R+} is compact. 

First of all, we introduce some necessary lemmas before proving the main 
theorem. 

Lemma 4.4 Under hypotheses (H3)-(H6), we have Kt(0) = X. 

Proof It is sufficient to prove 



X c K T (0) 

i.e., for any given e > 0, £t G X there exists v £ Y such that 

EfH^r- S(T)x ,SBv)) <e. 

As £_ T e X, 5 , (T)x e X, there exists p € C([0, T] x (6, V, Cr) : X) such that 

r/i = / 5(T - s)p(s)ds, 
Jo 

where t?i = £t — S(T)xq. By hypotheses (H3) and (H4) there exists a function 
v E Y such that 

r?i = / S(T - s)p(s)ds = ( S{T- s)Bv(s)ds. 



Since r\\ — £j- — S(T)xq, 



i T = S(T)x Q + I S(T- s)Bu(s)ds. 



Therefore 



fr e x- T (o). 

Hence 

X C K T (0). 

Lemma 4.5 Lei a;(i;uo) a?J ^ suppose that (H1)-(H6) hold. Then for T > 
i/iere exists a constant < m < 1 such that a.s. 9 

E(ffi(/(&(t;«i)), /(*(«; va)))) < ^^Kf E ( H i( Bv ^ Bv *) 
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Proof By hypothesis (H5), S(t) is compact, we put HA S(t), <%{o} ) 5= 



Hi (/(»(*; v 1 )),f(x(t;v 2 ))^ 

< mHi(x(t; vi),x(t; v 2 )) 

<mHi( f S(t-s)f(x(t;v 1 ))dC(s) + f S{t - s)Bvi{s)ds, 

f S(t-s)f(x(t;v 2 ))dC(s) + f S(t-s)Bv 2 (s)ds) 
Jo Jo ' 

< cmKTHi (f(x(t; vi)),f(x(t; u 2 ))) + cmTHi{Bv u Bv 2 ). 
So we obtain 

B(ifi (/(»(*; vi)),/(x(t;v2)))) < 1 _ C ^ kt e(h 1 (Bv 1 ,Bv 2 ) 
where cmKT < 1. 



Theorem 4.6 Under hypotheses (H1)-(H6), a.s. 9, Kt(0) = Kt{J) proved 
that T < ( qi +K)cm 



Proof Since, by Lemma 4.4, Kt(0) = X, it is sufficient to show that 



K T (0) C K T {f). 



Let £,t € Kt(0)- Then for any given e > there exists u € F such that 



£(#!(& -^T^cSBu) J < 2> . 

Assume vi G y is arbitrary given. By hypotheses (H4)-(H5), there exists some 
v 2 <G Y such that 

E(H 1 (sBu,Sf{x{s;vi)) + SBv2)) < ^. 

Since from (H3)-(H4) and Lemma 4.5, we can take W2 € ^ such that 

e(h x (Sf(x(a; v 2 )),Sf{x{s; vi)) + SBw 2 )) < 

and so 






s(j?i(5B«; 2 ,^ { o } )) ^imB^f/Hs;^)),/^;^))) 



*T^*(''^-^> 
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Thus we may define V3 = v 2 — w 2 in Y, which has the following property; 
Hi ($r ~ S(T)x , Sg(x(s; v 2 )) + SBv 3 ^ 

= Hi ($r - S(T)x + sf{x{s; vi)) + SBw 2 , 

Sf(x(s; vi)) + SBv 2 + Sf(x{s; vi))] 
< Hi (e T - S(T)x , Sf(x(a; Vi)) + SBv 2 ^ 

+Hi (sBw 2 + Sf{x{s; vi)),Sf(x(a; v 2 )) ^ 

Define v n = v n -i — w n -i. Then, by induction, we have 

Efafc-SiT^SfixiaiVnV + SBvn+i)) < (^ + "- + ^i) e 



£ 

< 2 



Also, we get that 



E(Hi(Bv n+u Bv n )) < 1 ^ ( ^ KT E(H 1 (Bv n ,Bv n -i] 

Since T < -, — — ^ — , the sequence {Bv n } is cauchy sequence and so convergent 
to some point in X. Therefore, for any given e > 0, there exists some integer 
N such that for all N < n we have 

E(Hi(§Bv n+ i,SBv)n)) <| 

and so 

E^Hi^ T - S(T)x Q ,S.f(x( S ;v n )) + SBv n ^ 

< Efafc - S{T)x Q ,Sf{x{s;v n )) +SBv n+ i 

+E(H 1 (sBv n+1 ,SBv)n 

1 1 \ e 



<'- + --- + ^n £ +o< £ ' 



for all N < n. That is, £t <E Kt{J)- Therefore, the equation (3) is approximately 
controllable on [0,T]. 
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1 Introduction 

In recent years, the applications of g-calculus in the approximation theory is one of the 
main research area. After g-Bernstein polynomials were introduced by Phillips [1] in 1997, 
several researchers have studied in this field and obtained many approximation properties 
of different operators, we mention some of them as [l]-[8]. 

Very recently, Mahmudov and Gupta [2] introduced the following operators : 

KM' x ) = M« E v k Vfcfe ix) J qk ^ q f(t)dt, (i) 

fc=0 a k - 1 M„ 



'Corresponding author. 
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where 

fc(fc-i) [n]Jx fc 
s n ,k(q;x) = e q (-[n] q x)q 2 ; , n = l,2,... . (2) 

In the present paper, instead of using the Riemann integral in the operators, we use 
the g-Jackson integral in the operators for the sake of harmony of g-operators' notation. 
We define a new kind of Kantorovich type g-Szdsz operator K n „ based on the g-Jackson 
integral as follows. 

For / G C[0, 00), q € (0, 1) and n £ N, the Kantorovich type g-Szasz operators K n ^ q 

are given by 

00 I fc +% 

K n ,q(f;x) = [n] q ^2q k s ntk (q;qx) / " {k "J f(t)d q t, (3) 

fc=0 gfc-l[n]q 

where s n ^(q\ x) is defined in (2). It can be seen that for q — ► 1 _ , the operators (3) become 
the ones studied in [9]. 

In [2], Mahmudov and Gupta studied the local approximation properties as well as 
weighted approximation properties of the operators K* . Different from their work, in 
the present paper we mainly study the weighted statistical approximation properties of 
the operators K n ^ q and some other approximation properties of the operators K n>q . 

The main contents of this paper are organized as follows. In Section 2, we give some 
lemmas which are need for proving our theorems. In Section 3, we investigate weighted 
statistical approximation properties of the operators K n „. In Section 4, we establish a 
local approximation theorem of the operators, and we also obtain a convergence theorem 
of the operators K n ^ q for the Lipschitz continuous functions. In Section 5, we establish a 
relationship between the derivative of g-Szasz Mirakjan operators and the operators K n ^ q . 

Now we mention certain definitions based on g-integers, details can be found in [10, 11]. 
For any fixed real number < q < 1 and each nonnegative integer k, we denote g-integers 
by [k] q , where 

w. =- { f • ^ ;• 

[ k, 9 = 1. 

Also q- factorial and g-binomial coefficients are defined as follows: 



_ I [k]q[k-l]q...[l]q, k = 1,2, ..., 

lq --~) i, k = o, 



n 
k 



W 



' [k]q\[n-k} q [ 

q 



(n>k> 0). 



The (/-Jackson integral is defined as 

pa °° 

/ f{x)d q x:={l-q)aY J f{aq n )q n , (a > 0) 
Jo 



n=0 



provided the sums converge absolutely. One can define the g-Jackson integral in a generic 
intercal [a, b] as 



f{x)d q x = I f{x)d q x - I f{x)d q x, 
o Jo 
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and it is easy to see that 

fb 



/ f{x)d q x = (l- q )Y J [bf(q j b) - af(q j a)] q> . 



3=0 

The (/-analogs e q {x) and E q {x) of the exponential function are given as 

1 , , 1 



,(*) == £ 



OO JU 

X 



fc=0 



[k] q \ (l-(l-q)x) 



OO > 

q 



\x\ < 



l-q 



\Q\ < 1. 



£,(*) := £ 9* ( *" 1)/2 rS-i = (! + (!- <?X > l?l < *> 



fc=0 



where 



(i-x)-:=na-^' 



It is easily observed that e q (x)E q (—x) = e q (—x)E q (x) = 1. 

For < g < 1 the g-Szasz Mirakjan operators are defined as 



S n ,q(f> X ) = £ S n,k(V, x )f ( fcZifl ) ' X £ [°J °°) 



(4) 



where s n k(q; x) is defined in (2). It is clear that s n k(q; x) > 0, for all < (/ < 1 and x > 
and moreover 



f>n,fc(g;s)= ^rL^ E 



fc=0 



£? g ([n],x) 



fc(fc-i) (H x) 

9 2 r,i , 



1. 



(5) 



fc=0 



2 Some auxiliary results 

In this section we give the following lemmas, which are need for proving our theorems: 
Lemma 2.1. For s=0, 1, 2, ... , and < q < 1, we have 



I. 



[fc+% 
9 t s d t 



^ [k]q 
q k ~ 1 [n\ q 



J2i=o J2j=o I • 



[jt]p+i/(.-j)+( S -.) 



[^ + 1], 



g^ 1 )^ 1 



Proof. Using the definition of q- Jackson integrals, we have 






Wq 



fdgt 



9 fc Ng 



s+l 



i=0 
l-q [k+l]? 1 -(q[k] q )>+ 1 

1 - o s+1 



q k 1 [n] q 



s+l 



,(s+l)j 



(g fc [nl-V-'' 



i ELoIfc + iM*]^ 8 "'' 
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[* + !]< 



(^M«) s+1 



using [fc + 1] 



„ = [fc]o + 9 and simple computations, we get the desired result. 



(6) 



□ 



178 



Q. B. Cai, X. M. Zeng and Z. L. Cui: Approximation properties of the K n „ operators 



Lemma 2.2. The following conclusions hold: 

K n , q (l;x) = l, (7) 

K^(f,x) = x+^- (8) 



x 2 , [2] g ([2] g + . 

Q ' [3] q q[n] q " ! [3] g [n], 



K n , q (t 2 ;x) = — + L ^ ^ ^ x + 7^7^, (9) 



Kn )(? ((t-x) 2 ;x) = f- 



[2],[3],g[n] g [3],[n 



Proof. Using (5) and Lemma 2.1, we get the equality K nq (l,x) = 1 easily. 
Indeed, by Lemma 2.1, we have 

oo [ fc + 1 lg 

K n , q {t;x) = [n] q ^2q k s nk (q;qx) q [k "J td q t 



k—0 q - -yri\ q 



A: 



fc=0 



to q N 9 ^ [2] 9 N* 



using (5), we obtain 



^ 1 MM N^-'tPl^'tp) 1 1 

n ' 9(; * j " ^S([n] 9 gx) 9 ' " [k-l] q " g fc + [2],[n] 

^ 1 Hk-i) [n] k q {qx) k 1 



[2],N," 
Similarly, using Lemma 2.1, we get 

l^n,q\t J X) 

oo [fc±ik 

= Mg^ 9 s nk{q;qx) / [fc] ^ t d g t 



/=o ^([n] g ^)" [fc],! [2],[n] 

1 

x + 



fc=0 
Hq^q s nk (q;qx) ^-^ 

> s nfe (g; gx + > s nfc (g; gx + > s nk (q; qx) 
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using [k] q = [k — l] g + q k ~ l and (5), we have 

2 f. 1 m^l [n] k q - 2 { q x) k [k-l} q + q k ^ 

nA ' j " 3^([n] 9 9*) ? [fc-l] 9 ! g 2fc 

A 1 M^i) [n]g- 1 (gx) fc - 1 (ga;) 1+J2]g j 1 

+ 2^E q ([n} q qx) q ' [k-l] q \ [3} q q k [n] q + [3] q [n]* 

fc(fc-i) [n](p 2 (gx) 2 1 



Z-^ JP.J n 



; 2J B g ([n] 9 gx) y - [fc-2] g ! ^ 

+ ^^(N^) 9 " [fc-i] g ! g 2fc M 

oo 



+ 1^ RJ\n 



Mfc-i) M*(ga) fc (1 + [2] g )x _1 

E q ([n] q qx) q * [fc] g ! " [3} q [n] q + [3} q [n}* q 



^ 1 m*-d M*(gs)*(gs) 2 1 

*i*=il Mj(gaO fc (gx) 1 l + [2] 



V - 



+ 7 ^^X + 



k=0 E q {[n] q qx) [k] q \ q 2 [n] q [3] g [n] g [3] g [n]2 

x 2 | [2] q ([2] q + q) x | 1 
9 [3] 9 gN g [3] g [n]2' 

Finally, using (7)-(9) and K n>q ((£ — x) 2 ; x) = K n ^ q (t 2 ; x) — 2xK n ^ q {t; x) + x 2 , we have 
K n , q {{t - x) 2 ; x) = {- - ij x 2 + [^p^ x + p-^. 

Lemma 2.2 is proved. □ 

Remark 2.3. From Lemma 2.2, it is observed that for q — ► 1~, we obtain 

K n,\-{^ x ) = 1, 

in 

K n ,i-(t 2 ;x) = x 2 + — + —2, 
n on z 

which are moments for modified Szdsz-Mirakjan-Kantorovich operators in [9j. 

3 Weighted statistical approximation properties 

In this section, we present the statistical approximation properties of the operator K n>q 
by using a Korovkin-type theorem proved in [12] . 

Let K be a subset of N, the set of all natural numbers. The density of K is defined 
by 5{K) := lim n ^ Ylk=i Xi<(k) provided the limit exists, where xk is the characteristic 
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function of K. A sequence x := {x n } is called statistically convergent to a number L if, 
for every e > 0, 5{n £ N : \x n — L\ > e} = 0. Let A := (aj n ),j,n = 1,2, ... be an infinite 
summability matrix. For a given sequence x := {x n }, the A— transform of x, denoted by 
Ax := ((Ax)j), is given by (Ax)j = YlkLi a Jn x n provided the series converges for each 
j. We say that A is regular if lim n (Ax)j = L whenever limx = L. Assume that A is a 
non-negative regular summability matrix. A sequence x = {x n } is called ^-statistically 
convergent to L provided that for every e > 0, linx,- Yl n -\x n -L\>e a i« = 0- We denote this 
limit by stA — lim„ x n = L (see [13]). For A = C±, the Cesaro matrix of order one, 
-A-statistical convergence reduces to statistical convergence. It is easy to see that every 
convergent sequence is statistically convergent but not conversely. 

A real function p{x) is called a weight function if it is continuous on M and lim p(x) = 

\x\^oo 

°°5 p(x) > 1 for all i£l. Let (see [3]) 

B p (R) := {/ : R — > R : |/(x)| < Mfp(x), Mf is a positive constant depending only on /}, 

C P (R) := {/ € S p (R) : / is continuous on R}. 

Endowed with the norm || • || p , where \\f\\ p '■= sup [ ^l' , -Bp(M) and C p (M) are Banach 
spaces. 

Using A— statistical convergence, Duman and Orhan proved the following Korovkin- 
type theorem. 

Theorem 3.1. (see [12]) Let A = (a,j n ) be a nonnegative regular summability matrix and 
let L n be a sequence of positive linear operators from C pi (R) into B p2 (R), where p\ and 
P2 satisfy 

hm P -^=0, 

|x|-»oo p2{X) 



then 



if and only if 



st A - lim | \L n f - f\ \ P2 = for all f € C, 



stA — hm \\L n F v — F v \\ pi = for all v = 0, 1, 2, 



w/tereF t) = ^^,« = 0,l,2. 

We consider the weight functions p±(x) = 1 + x 2 , p2(x) = 1 + x 2+a , a > 0. Further 
on, we consider a sequence q := {q n } for < q n < 1 satisfying 

si — limg„ = 1, (11) 

n 

J 1/2; ifn = m 2 ,(m = 1,2,3. 

tor example, define the sequence q = \q n \ by q n = < 1 / , , N 9 

Y e l ' n [1- ±) ; ifn^ m\ 

(see [4]). We can deduce that it satisfies the conditions (11) for statistically convergence 

but it does not work for ordinary case. 

If ei = f, t £ M + , i = 0, 1, 2, ... stands for the ith monomial, then we have 
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Theorem 3.2. Let q := {q n } be a sequence satisfying (11), then for allf £ C pi (R + ), we 
have 

st-\im\\K ntq J-f\\ p2 = 0. (12) 

n 

Proof. Obviously 

st- lim \\K nqn (e ) - e |L = 0. 

n 

By (8) we have 

\K ntqn (ei;x)-e 1 (x)\ _ \2\ qn [n\ qn < 1 



1 + ^ 2 1 + x 2 - [2} qn [n} qn ' 

Now for a given e > 0, let us define the following sets: 

1 



U :={k: ||ifn, ?fc (ei)-ei|| pi > e}, C/i := j /c : >e 

Then one can see that [/ C [/^ so we have 

5{k <n: \\K ntqh (ei) -ei|| pi < 5 | fc < n : >4- 

Since si — limq n = 1, we have st — lim — — — — = 0, which implies that the right-hand 

n [ 2 J<m i n \qn 
side of the above inequality is zero, thus we have 

st- lim \\K nqn (ei) -ei|| Pl = 0. 

n 

Finally, by (9), we get 

\K n , qn (e 2 ;x) -e 2 (x)\ 



x2 [2] q J[2] q „+q n ) 1 _ 2 

9n "*" [3] 9n g„[n] 9n "•" [3] g „[n]2 n 



1+X 2 1+X 2 

1 ^ , [2] ?n ([2] 9n + g„ 



q n ) [3} qn q n [n} qn [3] g „[n] ?n 

Now we let 

o„-=--i &•= igk([gk±^) Tn . = x 

<?n ' " ' [3] 9 „9nN 9 „ ' '" ' [3]g n N 2 n ' 

Since st — limq n = 1, one can see that 

n 

st — lim a n = st — lim (3 n = st — lim 7„ = 0. (13) 

n n n 

For e > 0, we define the following four sets 

V:={k:\\K n , qk (e 2 )-e 2 \\ pl >e}, V x := \k : a k > |} , V 2 := {fc : ft > |} , 

V 3 :={k: lk >^}. 

Hence, from (13) we obtain the right-hand side of the above inequality is zero, so we have 

5{k < n : \\K n>qk {e 2 ) - e 2 || pi > e} = 0, 
thus st- lim \\K nqn (e 2 ) - e 2 \\ Pl = 0. 

n 

Then the proof of Theorem 3.2 is obtained by Theorem 3.1 with A = Ci, where C\ is a 
Cesaro matrix of order one. □ 
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4 Local approximation properties 

Let Cb[0, oo ) be the space of all real- valued continuous bounded functions / on [0, oo), 
endowed with the norm ||/|| = sup xg rQ ^ |/(x)|. The Peetre's K— functional is defined by 

K 2 (f;S)= inf {\\f- g \\ + 8\\g"\\}, 

where 5 > and C B = {g G C B [0, oo) : g',g" G C B [0, oo)} . By [14, p.177, Theorem 2.4], 
there exits an absolute constant C > such that 

K 2 (f;S)<Cco 2 (f;VS), (14) 

where 

oj 2 (f;5)= sup sup \f( x + 2h)-2f(x + h) + f(x)\ 

0<h<5 xe[0,oo) 

is the second order modulus of smoothness of / G Cb[0, oo). We denote the usual modulus 
of continuity of / G Cb[0, oo) by 

u(f;S) = sup sup \f(x + h) - f(x)\. 

0<h<6 a;e[0,oo) 

Now we give a direct local approximation theorem for the operators K ntq (f,x). 
Theorem 4.1. For q G (0, 1), x G [0, oo) and / G Cb[0, oo), we have 

\K n , q (f, X) ~ f(x) | < Cu 2 (f, sJtnAx)) + 0J (f, V n, q ) , (15) 

where C is a positive constant, 



2 
(n,q(x) = ^-T^-X 2 + ? r 'i Toi ' Pi x + nrow 19 ' %,g = mi ^r i • ( 16 ) 



l_-9 2 l + 2a + 3a z 1_ 

Aq '' + 4[2] g [3] (? aN/ + 2[3] g N2' ""'« [2] g [n], 



12' ' n >9 

Proof. We define the auxiliary operators 



*-„,,(/; x) = #„,,(/; x) - / fx + 7^^) + /(x), (17) 

x G [0, 00). The operators K n Jf; x) are linear and preserve the linear functions: 

K^ q (t-x;x) = (18) 

(see Lemma 2.2). 

Let g G C B . By Taylor's expansion 

g(t) = g{x) + g'(x)(t - x) + / (t - u)g"(u)du, t G [0, 00) 

./rr 
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and (18), we get 

K n , q {g; x) = g(x) + K Hyq ( / (t - u)g"(u)du; x ) . 

Hence, by (17) and (10), we have 

K n ,q{g;x) - g(x) 

i 

1 



< 



K n , q / {t-u)g"(u)du;x 



< K, 



n.q 



{t-u)\g"{u)\du 



+ 



;x + 



x+ 



PlaWs 



X + 



X + 



[2],N, 

1 

[2],M 9 



it ) g"(u)du 
g"{u)\du 



< 



K ntq ((t-x) 2 ;x) + 



[2]i[n]| 

2 



1 )x z + 



l + 2q + 3q 



-x + 



+ 



q I [2] q [3] q q[n] q [3} q [n] 2 q [2]*[n]2 

1-g 2 l + 2 g + 3q 2 2 

< I x + r . r . — r^x + 



[2],[3],? 



n 



WMl'"" 



On the other hand, by (17), (3) and Lemma 2.2, we have 

|iW/; x)\<\K n , q (f;x)\+ 2||/|| <||/||^„, g (l;x) + 2||/|| < 3 
Now (17) and (19) imply 
\K n , q {f;x)-f{x)\ 



(19) 



< |-^n,g(/ - g; x) - (f - g)(x)\ + \K n>q (g;x) - g{x)\ + 



/ [x + 



1 



[2],N, 



/(*; 



„ ,1-g 2 l + 2g+3^ 2 

< 4||/-p|| + ( x + r/V1 r „ n — r^— x + 



[2]<,[3],g[n] s ~ ' [3] 9 [n]V "■ / ' ll+u;,y: ' 



1 



Hence taking infimum on the right hand side over all 5 6 W 2 , we get 



!#„,,(/; a;)-/(x) I <4tf 2 /; 



1 - q 2 1 + 2q + 3g 2 1 \ / 1 

4g X + 4[2] q [3] q q[n] q X+ 2[3] q [n]t) +UJ { J >[2] q [n] q 



By (14), for every q £ (0, 1), we have 

\K nyq (f;x) - f(x)\ < CUJ 2 If] y(n,q(x)j + UJ (f ; f] n ,q) , 

where Cn,q(%) an d f] n ,q are defined in (16). This completes the proof of Theorem 4.1. □ 

Remark 4.2. For any fixed x G [0, 00), let q := {q n } be a sequence satisfying < q n < 1 
and lim n g ra = 1, we have 



limJ( n „ n (x) = and limn 



«.</,! 



0, 



where Cn,q„(x) and r] n , q „ o,re defined in (16). These give us a rate of pointwise convergence 
of the operators K n ^ n (f;x) to f(x). 
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Next we study the rate of convergence of the operators K n „(f;x) with the help of 
functions of Lipschitz class Lipm(cy), where M > and < a < 1. A function / belongs 
to LipM(a) if 

\f(y)-f(x)\<M\y-x\ a (y,x€K). (20) 

We have the following theorem. 
Theorem 4.3. Let q := {q n } be a sequence satisfying < q n < 1, limq n = 1 and f £ 

n 

LipM(a), < a < 1. Then we have 

\K ntq (f;x)-f(x)\<M[S n (x)] a , (21) 

where 8 n (x) = \J K n ^ q ((£ - x) 2 ; x). 
Proof. Since K n „ is a linear positive operator and / G LipM(ct) (0 < a < 1), we have 

|#„,,(/;x)-/(aO| < X n , 9 (|/(i)-/(x)|;x) 



fc = q k - 1 [n]q 

oo [ fe + 1 l<J 


-/(X)|dg< 

-x\ a d q t. 


fe=U " qfe-l[n] q 





_ 2-a 

[k+% \ 2 / [fc + l]q \ 2 



< M[n] s £ A*(« «*) J^_ [(t - *H 2 /%t ^ ^ 

fc=0 y g fc_1 [n], / \ <J fc - 1 

k— y g^ 1 !™], , 

oo / Mik 

= M^ Snfc te^)U fe [n] g y 9 ^ (t-x)X* 

fc=0 \ q k - 1 [n] q 

oo 2 _^ / [*-■ ., 

= M^2(s nk (q;qx))^ [n] q s nk (q;qx)q k / " [fe ™ 9 {t-x) 2 d q t 



fc=0 
Applying Holder's inequality for sums, we obtain 



"2^ / OO [fc+ilq 



|#n,<z(/;x)-/(x)| < M I ^ s nfc (g; gx) j I ^[n] 9 s n fc(<?; ^)<? fe / "J^ (* - x) 2 d q t 

\k=0 J \k=0 ,t-l[„], 

= M(i^((t-x) 2 ;x)) f . 
Let <5 n (x) = y/K niq ((t — x) 2 ; x), we get the desired result. D 
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5 The relationship between g-Szasz Mirakjan operators and 
the modified Kantorovich type operators 

Finally, we will give the relation between the derivative of g-Szasz Mirakjan operators 
defined in (4) and the modification of Kantorovich type g-Szdsz operators K Hyq , we prove 
that there exists a g-analogue of relationship between them. 

In order to give our result, we need the following theorem ([11], p. 73). 
Theorem A. If F(x) is an antiderivative of f(x) and F(x) is continuous at x=0, we have 

f(x)d q x = F(a)-F(0), 
o 

where < a < oo. 

Theorem 5.1. For f G C[0, oo), q £ (0, 1) and n 6 N, we have 

D q S ntq (F;x) = K n ,Jf;^\, (22) 

where f(x) = D q F(x). 

Proof. Using the quotient rule of g-derivative, we have 

n ( xk \ - E q ([n] q qx)[k] q x k ~ 1 - (qx) k [n] q E q ([n] q qx) 
q \E q ([n] q x)J E q ([n} q x)E q ([n] q qx) 

[k] q x k ~ 1 (qx) k [n] q 
E q ([n] q x) E q {[n] q xY 
so we have 

qSnMq ' X) ~ E q ([n] q x) [k - l] q \ E q ([n] q x) [k] q \ ' ^ 

From (23), we obtain 



D q S n , q (F;x) = f^D qSn , k (q-x)F(-^- r ) 



fc=0 

\n 



1 Mfe-i) \n) k - l x k ~ ] 



,. :1 E q ([n] qX ) q 2 [fc-iy ^V? 31 ! 

~ 1 mm [n]$(gx)* / [fc] g 






[n] q Y]q k s nt k(q;x) q q f{t)d q t- [n} q Y]q k s nt k(q;x) q ' q f{t)d q t 

HqY^1 ks n,k(l' X ) / 9 [fc] " q 9 /(*K* 



fc=0 

X 



= K n>q [f; 

Theorem 5.1 is proved. □ 
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Modified iteration methods based on the Asymmetric HSS for weakly 

nonlinear systems 1 ^ 

Mu-Zheng Zhu 

School of Mathematics and Statistics, Hexi University, Zhangye, Gansu, 734000 P.R. China 

Abstract: For the large sparse systems of weakly nonlinear equations, we establish the Picard-AHSS and nonlin- 
ear AHSS-like methods in reference [M.-Z. Zhu. On asymmetric Hermitian and skew-Hermitian splitting iteration 
methods for weakly nonlinear systems. Journal of Computational Analysis and Applications. (2011 accepted)]. In 
this paper, we studied the optimal parameters and proposed a class of modified iteration methods, called Picard- 
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1. Introduction 

The system of weakly nonlinear equations of the form 

Ax = 0(x),orF(x):=Ax-0(jt) = O, (1.1) 

often arise in many areas of scientific computing and engineering applications, and in particular in discretions of 
certain nonlinear partial differential equations [1, 2, 7, 8, 14, 16] and in collocation approximations of nonlinear 
integral equations [15] and in saddle point problems from image processing [4, 10], where A e C" x " is a large, 
sparse, positive real matrix, : D c C" — » C" is a continuously differentiable function. Here, the system of non- 
linear equations (1.1) is said to be weakly nonlinear if the linear term Ax is strongly dominant over the nonlinear 
term (j)(x) in certain norm. 

For weakly nonlinear systems (1.1), Bai [1] established a class of sequential two-stage iteration methods by 
taking into account concrete properties of the involved matrix and mapping. And based on the matrix multi- 
splitting technique, Bai [3] presented efficient parallel generalizations of the sequential two-stage iteration meth- 
ods. Furthermore, Bai and Huang [6] proposed asynchronous multi- splitting two-stage iteration methods. These 
asynchronous methods have the potentials of converging much faster than their synchronous counterparts in [3], 
especially, when there is load imbalance. 

Moreover based on the linear and the nonlinear terms Ax and <p(x) are well separated and the former is 
strongly dominant over the latter, Bai and Yang [9] present the Picard-HSS(Hermitian and skew-Hermitian split- 
ting) and the nonlinear HSS-like iteration methods, and Zhu and Zhang [18] present the Picard-CSCS(circulant 
and skew-circulant splitting) and the nonlinear CSCS-like iteration methods for the special case of the coefficient 
matrix A is Teoplitz matrix. Theoretical analysis and numerical results show that these iteration methods are fea- 
sible and effective in some cases. 

Recently, Zhu [17] present the Picard-AHSS (asymmetric Hermitian and skew-Hermitian splitting) and non- 
linear AHSS-like iteration methods for weakly nonlinear systems whose linear terms is positive definite and the 
Hermitian part of the coefficient matrix is dominant. 



*This paper has been supported by Scientific Research Foundation for Advisor Program of Higher Education of Gansu (1009 — 6) and Scien- 
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In this paper, based on the dominance of the Hermitian part of the coefficient matrix, We studied the optimal 
parameters of the Picard-AHSS and nonlinear AHSSTike iteration methods and establish two classes of nonlinear 
composite splitting iteration schemes, called Picard-LHSSQopsided Hermitian and skew-Hermitian splitting) and 
nonlinear LHSSTike iteration methods, for solving the large scale systems of weakly nonlinear equations (1.1). 
They are also development of the Picard-HSS and nonlinear HSSTike iteration methods in another direction. 

The organization of this paper is as follows: In Section 2 we review the Picard-AHSS and nonlinear AHSSTike 
iteration methods for weakly nonlinear systems, In Section 3, we discuss the optimal parameters of the Picard- 
AHSS and nonlinear AHSS-like iteration methods, and in Section 4, we establish the Picard-LHSS and nonlinear 
LHSS-like iteration methods by choose the optimal parameters, and the convergence of two iteration methods are 
discussed respectively. Numerical examples are given in Section 5 to illustrate the effectiveness of the Picard-LHSS 
and nonlinear LHSS-like iteration methods. Finally in Section 6 we draw some conclusions. 

2. The Picard-AHSS and nonlinear AHSS-like iteration methods 

The linearization is a traditional method for solving nonlinear equations. Based on the separability and strong 
dominance between the linear term Ax and the nonlinear term <p(x), Zhu [17] use the Picard iteration method 

Ax (fc+1) = 0(x w ), k = 0,1,2,- •• 

to solve the system of weakly nonlinear equations (1.1), and apply the AHSS iteration method presented by Li, 
etc. in reference [13] to solve the corresponding linear systems in each iteration steps. This naturally leads to 
the inexact Picard iteration method, called Picard-AHSS iteration method, and it is algorithmically described as 
follows. 

The Picard-AHSS iteration method. [17] Let : D c C" — » C" be a continuously differentiable function and 
AeC" x " be a positive defined matrix, with H — |(A + A*),S = |(A — A*) be the Hermitian and skew-Hermitian 
parts of A, respectively. Given an initial guess x' ' e D and a sequence {lk\f =(l of positive integers, compute x' fc+1 ' 
for k — 0, 1, 2, • • • using the following iteration scheme until {x<^} satisfies the stopping criterion: 

(a) x (W) := x (fc) ; 

(b) For I = 0, 1, 2, • • • , Ik — 1, solve the following linear systems to obtain x( fc '' +1 ': 

({al + H)x {k - l+ ^ = {al - S)x (W) + 0(x w ), 
\(^/ + S)x*'+ 1 ) = ( i 87-H)x (fc ' i+ 2 ) + 0(xW), 

where a is a nonnegative constant, J3 is a positive constant, and I denotes the identity matrix. 

(c) x ( * +1) := x (fc,w ; 

In the Picard-AHSS iteration method, the numbers of the inner iteration steps Ik, k — 0, 1, 2, • • • are often prob- 
lem dependent and difficult to be determined in actual computations, Zhu further propose the following nonlin- 
ear AHSS-like iteration method to overcome above disadvantages in reference [17]. 

The AHSS-like iteration method. Let : D c C" — > C" be a continuously differentiable function and A e C nx ™ be 
a positive defined matrix, with A — H + S, H and S be the Hermitian and skew-Hermitian parts of A, respectively. 
Given an initial guess x' ' e D and a sequence {Zfc}^° =0 of positive integers, compute x' fc+1 ' for k — 0, 1,2,- •• using 
the following iteration scheme until {x^} satisfies the stopping criterion: 

Ual + H)x {k+i J = {al - S)xM + 0(xW), 

\{pi + S)x i - k +» = {fil- H)x (fc+ 2» + 0(xM)), [22) 

where a is a nonnegative constant, j3 is a positive constant, and I denotes the identity matrix. 
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3. The optimal parameters 

Weather the Picard-AHSS or AHSS-like iteration methods, at each iteration steps, it's necessary to solve the 
linear equations with constant coefficient matrices 

Ual + H)x {k+ 2 ' = [al - S)x m + 0, 

\{pi + S)x^+^^{pi-H)x {k+ -2 ) + cj). iJ ' 1! 

In matrix vector form, the above iteration scheme can be equivalently rewritten as 

X (fc+D = M(ff| p^ x m + N ( a ,p)(j) 

(3.2) 
M{a,pyjM{a,p)cp, 

j=o 
where M{a,/3) = Q3 1 + S)' 1 ^ I ~ H){al + HY l (aI - S) is the iteration matrix of the AHSS method and N{a,B) = 

^{pi+srKpi+m-K 

The choices of optimal parameters only depend the spectral radius of the iteration matrix M{a,p). Apparently 
by minimizing the spectral radius of the iteration matrix M[a,p), we could obtain the optimal parameters. How- 
ever this is actually a troublesome problem. In practice, we usually find the optimal parameters by minimizing 
the bound of the iteration matrix, and obtained the following theorem. 

Theorem 3.1. [13] LetA&C nxn be a positive-definite matrix, H— ^{A+A*) andS — \[A — A*) be its Hermitian and 
skew -Her mitian parts, and let a be a nonnegative constant. Then the iteration matrix M(a,p) of the AHSS method 
is given by 

M{a,p) = {pi + ST\pi-H){aI + HT\aI-S), (3.3) 

and its spectral radius p{M{a, /?)) is bounded by 

Jc^+oj . 8 - A,-, 
5{a,P)— max — max , (3.4) 

<J,ea(S) Jp2 + (J 2 A.eAtH) 1 K + A; ' 

where A.(H) is the spectral set ofH and cr{H) is the singular value set ofS. And suppose A max , A m i n be the maximum 
and minimum eigenvalues of the matrix H, respectively, then the optimal parameters a and p are 



In this case, the bound for p{M{a, p}) is 



a AHSS ~ ®> PaHSS ~ 


^-^max^min 


^max i ^min 


<T*( * ft*} maX " 


— ^min , 


o {a ,p j — 


i <i> 



^min 



It should be noted that the optimal parameters a* and p* in Theorem 3.1 only minimize the simplified bound 

Sr Ai 10 -A,-, (1 «, 
o{a,p)— max rnaxjl,— i 

1 h^WVa + X^ p 

of the iteration matrix M{a,p), neither minimized the bound of equation3.4 nor minimized the optimal spec- 
tral radius of the iteration matrix M(a,p). The optimal parameter p is only dependent on the spectrum of the 
Hermitian part H, but is not dependent on the spectrum of the skew- Hermitian part S and coefficient matrix A 
[13]. 
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4. The new iteration methods 

Recalling the optimal parameter a — 0, we can easily established the following iteration method, we called 
Picard-LHSS iteration method. 

The Picard-LHSS Iteration Method. Let : D c C" -» C" be a continuously differentiable function and ^4 e C" x " 
be a positive defined matrix, with H — Ua+A*), S — |(j4 — A*) be the Hermitian and skew-Hermitian parts of 
A, respectively. Given an initial guess x< ' e D and a sequence {/fc}?L of positive integers, compute x' fc+1 ' for 
k — 0, 1, 2, • • • using the following iteration scheme until {x' fc '} satisfies the stopping criterion: 

(a)x( fc '°):=jcM; 

(b) For I = 0, 1, 2, • • • , Ik — 1, solve the following linear systems to obtain x( fc ' /+1 ': 

( H x {k - l+ ^ = -Sx^ + 4>(x^l 

\{pi + S)x^ l + l ^{pi-H)x^ l+ 2l + (j){xW), (4 ' 1 ' 

where f3 is a nonnegative constant and / denotes the identity matrix. 

(c)x( fc+1 ):=jt( fc '«; 

It should be note that the Picard-LHSS iteration method is actually the Picard-AHSS iteration method with the 
optimal parameter a — . 

Now, we consider the local convergence of the Picard-LHSS iteration method. By utilizing the R-convergence 
and modifying Theorem 3.1 in [9], or as a special case of Theorem 3.1 in [17] when a — 0, we obtain the following 
local convergence theory for the Picard-LHSS iteration method. 

Theorem 4.1. Let(f> :DcC"— >C" be G -differentiable on an open neighborhood^ cD of a point i»eD at which 
4>'{x) is continuous and F{x*):= Ax* — 0(x*) = O. Suppose H — ^(A + A*), S= \{A — A*) are the Hermitian and the 
skew-Hermitian parts of the matrix A, respectively. Denote by 

e(p) = \\np)\\ = \\(fji +sy 1 (pi - H)H-\-S)\\, =||^- 1 ||, « tf = ||A-V / (x.)ll. 

If/3 is a nonnegative constant, then there exists an open neighborhood N c N ofx* such that for any x^ e N and 
any sequence of positive integers lt,k — 0, 1,2,- ••, the iteration sequence {x^}^ =0 generated by the Picard-LHSS 
iteration method is well-defined and convergent to x*, provided /o > [ln(^-^)// n{6{f}))\ (where [-J is used to denote 
the smallest integer no less than the corresponding real number). Moreover, it holds that 

limsup||x (fc) -x*||i <oj + {1 + (l>)8{P)'°, l =liminf/ fc ; 



fc- 



k- 



in particular, if lim l^ =co, then the rate of convergence is R-linear, with the R-factor being at most co , i.e., 

k— >oo 

limsupllx'^' — jc*|| t < co. 

k— >oo 

Theorem 4.1 shows that the convergence rate of the Picard-LHSS iteration is essentially determined by the 
quantities a> and 8{p). Usually, small co and 9(P) will lead to fast convergence of the Picard-LHSS iteration. For a 
system of weakly nonlinear equations having an ill-conditioned matrix A e C nx ", 8{fi) is close to 1 and the Picard- 
LHSS iteration will converge very slowly even for reasonably large numbers of inner iteration steps, which is same 
as the Picard-HSS. 

Since the Picard-LHSS and the Picard-AHSS iteration methods share same drawback, that is the numbers of 
the inner iteration steps Ik, k — 0, 1,2, ••• are often problem dependent and difficult to be determined in actual 
computations, we propose the following nonlinear LHSS-like iteration method to overcome the above disadvan- 
tages. 

The LHSS-like Iteration Method. Let : D c C" -» C" be a continuously differentiable function and A e C" x " be 
a positive defined matrix, with A — H + S, H and S be the Hermitian and skew-Hermitian parts of A, respectively. 
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Given an initial guess x^ ' e D and a sequence {h}^ =0 of positive integers, compute x( fc+1 ' for k — 0, 1,2,- •• using 
the following iteration scheme until {x<*'} satisfies the stopping criterion: 

[{pi + S^+V = (01- H)x (fc+ ^ + 0(x (fc+ 2 ) ), 
where f3 is a nonnegative constant and / denotes the identity matrix. 

The convergence property for the nonlinear LHSSTike iteration method is a special case of that of the nonlin- 
ear LHSS-like iteration method. We easily obtained the following theorems. 

Theorem 4.2. Assume that : D c C" — » C" is F-differentiable at a point x* e D such that Ax* = 0(x*). Suppose 
A = H + S, where H and S are the Hermitian and the skew-Hermitian parts of the matrix A, respectively. Denote by 

T{/3;x*) = (l3I + Sr 1 {pi-H + (t>Xx*))H- 1 {-S+(t>'(x*)l 



5 = max{||^'feX)87 + Sr 1 ||2,ll0 / (^)H- 1 || 2 } ) 9{fi)= max 



A;eA(H) A, 

7/7? is a nonnegative constant and 

2(1-0(8)) 

5< ^ ; u " , (4.3) 

i + e(p)+^(\-e(p)f+4 

then p ( r(0 ; x*)) < 1, further x* e D is a pozrat of attraction of the nonlinear LHSS-like iteration. 
Proof. The proof is similar to that of Theorem 3.2 and Corollary 3.3 in reference [17]D 

5. Numerical result 

In this section, the numerical properties of the Picard-HSS, the nonlinear HSS-like, the Picard-LHSS and the 
LHSS-like iteration methods are examined and compared experimentally by several suites of test problems. All 
the tests are started from the zero vector, performed in MATLAB R2009a. 

For the convenience of comparison, we consider the three-dimensional convection- diffusion equation 

f -{u xx + u yy + u zz ) + q{u x + Uy + u z ) = sm{e u - 1 ), (ij,z)efi 
J u{x,y,z) — 0, (x,y,z)e <3fi 

on the unit cube fi = [0, 1] x [0, 1] x [0, 1], and q is a positive constant coefficient used to measure the magnitude of 
the convective terms. By applying the seven-point finite difference and assuming the numbers (JV) of grid points 
in all three directions are the same, we obtain a system of weakly nonlinear equations with the form (1.1), where 
n - N 3 , and for details to [5, 11, 12]. 

In actual computations, the initial guess is chosen to be x' ' = 0, the stopping criterion is set to be 

IIHx (0) )ll 2 " ' 

In addition, the stopping criterions for the inner iterations of the Picard-HSS and the Picard-LHSS methods 
are set to be 

||F'(xM)s( fcA » + F(x( fc })|| 2 

HF(xW)|| 2 - m ' 

where It is the number of the inner iteration steps and rjt is the prescribed tolerance for controlling the accuracy 
of the inner iterations at the fc-th outer iterate. If r\ t is fixed for all k, then it is simply denoted by r\. The two 
sub-systems of linear equations are solved in the way if ax — b, then x = a ~ l b. 

The Picard-LHSS and the nonlinear LHSS-like methods are compared with the Picard-HSS and the nonlin- 
ear HSS-like methods for different problem sizes N {N — 4, 8) and tolerance r\ — 0.1, 0.01, 0.001, from aspects of 
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numbers of outer, inner and total iteration steps (denoted as IT out , ITi nt and IT, respectively) and total CPU time 
(denoted as CPU) . 

In our implementations, we adopt the optimal parameter a* — -\/ A m i n A ma x for the Picard-HSS and the nonlin- 
ear HSS-like, and adopt the optimal parameter /3* — 2A m i n A max /(A m i n + A max ) in Theorem 3.1 for the Picard-LHSS 
and the nonlinear LHSSTike. 

Table 1: The numbers of iteration and the total times for N = 4,o:hss = 3.5267, fttss = 2.0729 





Iteration 




q=0 


q=l 


q=10 


q=50 


100 


500 


r) = 10" 3 


Picard-HSS 


ITout 


4 


4 


4 


4 


4 


3 






ITint 


11 


11 


11 


10 


8.75 


8 






IT 


44 


44 


44 


40 


35 


24 






CPU 


0.0040 


0.0039 


0.0.0036 


0.0035 


0.0032 


0.0029 




Picard-LHSS 


ITout 


4 


4 


4 


4 


4 


3 






ITint 


1 


2 


2 


4 


6.75 


18.667 






IT 


4 


8 


8 


16 


27 


56 






CPU 


0.0024 


0.0024 


0.0025 


0.0027 


0.0032 


0.0045 


r) = 10~ 2 


Picard-HSS 


ITout 


4 


4 


4 


4 


4 


3 






ITint 


7 


7 


7 


7 


6 


6 






IT 


28 


28 


28 


28 


24 


18 






CPU 


0.0029 


0.0106 


0.0082 


0.0030 


0.0028 


0.0026 




Picard-LHSS 


ITout 


4 


4 


4 


4 


4 


3 






ITi nt 


1 


1 


2 


3 


5 


12.3333 






IT 


4 


4 


8 


12 


20 


37 






CPU 


0.0020 


0.0018 


0.0019 


0.0050 


0.0031 


0.0041 


r) = 10~ 1 


Picard-HSS 


ITout 


6 


6 


6 


6 


6 


5 






ITint 


4 


4 


4 


4 


3 


3 






IT 


24 


24 


24 


24 


18 


15 






CPU 


0.0030 


0.0030 


0.0030 


0.0030 


0.0027 


0.0028 




Picard-LHSS 


ITout 


4 


4 


4 


5 


6 


6 






ITint 


1 


1 


1 


1.8 


2.667 


6.5 






IT 


4 


4 


4 


9 


16 


39 






CPU 


0.0020 


0.0020 


0.0020 


0.0024 


0.0028 


0.0041 




like-HSS 


IT 


21 


21 


21 


20 


17 


14 






CPU 


0.0034 


0.0032 


0.0034 


0.0080 


0.0030 


0.0028 




like-LHSS 


IT 


3 


3 


4 


9 


15 


37 






CPU 


0.0024 


0.0018 


0.0019 


0.0023 


0.0031 


0.0051 



In Table 1-2, we list the numerical results corresponding to six choices of the q, i.e., q — 0, 1, 10, 50, 100, 500. 
From these tables, we see that all experimented methods (i.e., the Picard-HSS, the nonlinear HSS-like, the Picard- 
LHSS, and the nonlinear LHSS-like methods) can successfully produce approximate solutions to the system of 
weakly nonlinear equations for all of the matrices dimension (i.e., n = 4 3 and n — 8 3 ). 

When the tolerance t] for controlling the accuracy of the inner iterations is increasing, both number of inner 
iteration steps (and the amount iteration steps) and the amount of CPU times of all iteration methods are decreas- 
ing, and the numbers of outer iteration steps are fixed or slightly increasing. But the Picard-LHSS iteration method 
is better than the Picard-HSS iteration method. 

From Table 1-2, we observe that with the parameter q increase, the number of outer iteration steps are fixed 
and decreasing slightly, and the number of inner iteration steps and the total iteration steps of the Picard-HSS 
iterations are decreasing and those of the Picard-LHSS iterations are increasing. The total time have the same 
results, we find that the Picard-LHSS and the nonlinear LHSS-like methods are very effective when q is not not 
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Table 2: The numbers of iteration and the total times for N = 4,«hss = 2.0521, fttss = 0.7019 





Iteration 




q=0 


q=l 


q=10 


q=50 


100 


500 


r) = 10" 3 


Picard-HSS 


IT 0U t 


4 


4 


4 


4 


4 


3 






IT int 


19.75 


19.75 


19.75 


19.75 


19 


13 






IT 


79 


79 


79 


79 


76 


39 






CPU 


0.7002 


0.5836 


0.5831 


0.6475 


0.5713 


0.4679 




Picard-AHSS 


IT 0U t 


4 


4 


4 


4 


4 


3 






IT int 


1 


2 


2 


3 


5 


26.6667 






IT 


4 


8 


8 


12 


20 


80 






CPU 


0.3082 


0.2753 


0.2763 


0.3147 


0.3055 


0.4613 


r) = 10~ 2 


Picard-HSS 


IT 0U t 


4 


4 


4 


4 


4 


4 






ITmt 


13 


13 


13 


13 


13 


8.25 






IT 


52 


52 


52 


52 


52 


33 






CPU 


0.5654 


0.5044 


0.5026 


0.5291 


0.5046 


0.4514 




Picard-AHSS 


IT ou t 


4 


4 


4 


4 


4 


4 






ITin, 


1 


1 


2 


2.25 


3.5 


21.25 






IT 


4 


1 


8 


9 


14 


85 






CPU 


0.2942 


0.2639 


0.2751 


0.3036 


0.2902 


0.4761 


r) = KT 1 


Picard-HSS 


IT ou t 


6 


6 


6 


6 


6 


6 






ITint 


6.8333 


6.8333 


6.8333 


6.8333 


6.8333 


4.1667 






IT 


41 


48 


41 


41 


41 


25 






CPU 


0.4956 


0.4768 


0.4736 


0.4879 


0.4736 


0.4284 




Picard-AHSS 


IT ou t 


4 


4 


4 


5 


5 


6 






ITin, 


1 


1 


1 


1.6 


2.2 


10.8333 






IT 


4 


4 


4 


8 


11 


65 






CPU 


0.2910 


0.2650 


0.2652 


0.2857 


0.2833 


0.4243 




like-HSS 


IT 


39 


39 


39 


39 


38 


24 






CPU 


0.4991 


0.4775 


0.4812 


1.4759 


0.4716 


0.4318 




like-AHSS 


IT 


3 


3 


4 


7 


10 


60 






CPU 


0.2820 


0.2612 


0.2737 


0.2715 


0.2808 


0.4228 



large. 

When N is increasing, the numbers of outer iteration steps are fix, but the numbers of inner iteration steps are 
increasing, so the total iteration steps are increasing. And the amount of total CPU times of all iteration methods 
are increasing quickly. 

Clearly, when the q is not large, in terms of iteration step, the nonlinear LHSS-like method and the Picard- 
LHSS perform better than the nonlinear HSS-like and the Picard-HSS iteration methods. In terms of CPU time, 
the situation is almost the same. Therefore, the nonlinear LHSS-like method and the Picard-LHSS method are the 
winners for solving this test problem. But when q is very large, the result is reverse. 

6. Concluding remark 

For large scale systems of weakly nonlinear equations, we have established the Picard-LHSS and the nonlin- 
ear LHSS-like iteration methods by choosing the optimal parameters of the Picard-AHSS and nonlinear AHSS-like 
iteration methods. Both theoretical analysis and numerical experiments have shown that the Picard-LHSS and 
the nonlinear LHSS-like iteration methods are feasible and efficient nonlinear solvers when the linear terms are 
strongly dominant and the skew-Hermitian part of the involved coefficient matrix is less dominant over the Her- 
mitian part of the coefficient matrix. 
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A Class of Modified Bernstein-Durrmeyer 

Operators * 



Jianwei Zhao 



Department of Mathematics, China Jiliang University, 

Hangzhou 310018, Zhejiang Province, P R China 

zhaojwQamss. ac. en 

Abstract The main purpose of this paper is to introduce and study a sequence of positive lin- 
ear operators which are modification of the Bernstein-Durrmeyer operators and called the modified 
Berstein-Durrmeyer operators. Some properties of these operators and several uniform approximation 
theorems are proved. These results show that the modified operators share in some advantages with 
both the Bernstein-Durrmeyer operators and the Bernstein operators. 
AMS Classification: 47B60, 47B65, 41A36, 41A25. 

Keywords: Modified Bernstein-Durrmeyer operator; Modulus of smoothness; Degree of approxima- 
tion 

1 Introduction 

It is well-known that the Bernstein operator B n : C[0, 1] — ► C[0, 1] given by 

™ / k 

(B n f)(x) = B n (/, x) = J2 P n ,k (x)f ' 

fe=0 

where P n ,k( x ) — Cb) xk (1 ~~ x ) n ; 1S a positive linear operator and reproduces linear functions, i.e., 
Bnf = / f° r each function f(x) = ax + b with a, b G R. An integral modification D n : L p [0, 1] — » 
L p [0, 1] of the Bernstein operator B n defined by 

n „i 

(D n f)(x) = D n (/, x) = V P n , k (x) (n + 1) / P n , k (t) f (t) dt 
k=o Jo 

was introduced by Durrmeyer [10] (called Bernstein-Durrmeyer operator) and studied by Dcrricnnic 
[5], Heilmann [11] and Ditzian and Ivanov [7]. It is easy to see that the Bernstein-Durrmeyer operator 
D n is positive linear contraction on Banach lattice L p [0, 1]. An important property for Z?„'s is the 
commutativity, i.e., DkD n = D n Dk for all k, n in N, which was shown in [5] and widely used in more 
literatures(cf. [11], [7], [3], [4] and [1]). These nice properties mentioned above make the Bernstein- 
Durrmeyer operators to be easier to work with than the Bernstein operators on L p [0, 1]. The former 
operators, however, do not reproduce linear functions since D n (t — x, x) ^ 0. This is a disappointment 
to us. To overcome the shortcoming, we here introduce modified Bernstein-Durrmeyer operators which 
are commutative and can also reproduce linear functions. 
For every integer n > 2 and a function / G C[0, 1], put 

$n,k (/) 



/(0), 


fc = 0; 


(n-i)f£P n -2,k-i(t)f(t)dt, 


k= 1,2 


/(I), 


k = n. 
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It is obvious that <J> nj fc(l) = 1. The modified Bcrnstein-Durrmeyer operator M n : C[0, 1] — ► C[0, 1] is 
defined as 

n 

(M n f)(x) = M n (f, x) = Yl P n,k{x)$n,k{f), n>2. (1.1) 

fe=0 

Clearly, M n (n — 2,3,...) are positive liner contractions from C [0, 1] into itself and satisfy M n \ = 1 
and M n (t — x, x) = for all x G [0, 1], and therefore M n reproduces every linear function. 

In what follows, we prove some basic properties and approximation theorems for the modified 
operators. In Section 2, we will collect some basic properties of the modified operators which are very 
similar to the corresponding ones of the Bcrnstein-Durrmeyer operators(cf. [5] and [7]). After giving a 
recursion relation of the moment and a derivative formula, we prove that the modified operators M„'s 
are commutative. The eigenvalues and the corresponding cigenfunctions of the modified operators 
in the space of polynomials are obtained as well. In section 3, we will deal with the estimates of 
approximation rate for the modified operators. The direct and inverse theorems of uniform approx- 
imation are shown. In particular, an inverse theorem of strong-type is established. These estimate 
theorems are similar to the known results for the Bernstein operators obtained in [8], [12], [9], [2] and 
[6]. Consequently, in some sense, the modified operators M n 's share in some advantages with both 
the Bcrnstein-Durrmeyer operators and the Bernstein operators. This seems to be very interesting. 

2 Basic Properties 

In this section, we give some basic properties of the operators M„'s. 
Theorem 2.1. For m € N and T n . m (x) — M n ((£ — x) m , x), we have 

T n . m +i (x) = — , (T 1 m (x) + 277iT„, m _ 1 (a;)) H (1 - 2x) T nm (x) , 

n + m ' n + m 

where x <E [0, 1] , <£ (x) = (x (1 — x)) ' . 

Proof. By (1.1) and the fact that x (1 — x) P' n k (x) = (k — nx) P n ^ (x) , we see that 

x(l-x) {T' nm (x) + mT„ im _i (a;)) 

n— 1 r \ 



y^(fc- nx) P n .k (x) (n - 1) / P„_2,fe-i (t) {t - x) m dt 

+x (i - x) p; ( X ) {-x) m + x(i-x) p;„ ( X ) (i - x) m 

= y~] {k - nx) P n> k {x) {n - 1) / P n -2,k-i (*) (* - x) m dt 
fc=i Ja 

+nP„, (x) {-x) m+l + nP n , n (x) (1 - x) m+1 . 
Recalling that k — nx — (k — 1 — (n — 2) t) + (n — 2) (t — x) + 1 — 2x, we get 
x(l-x) {T' nm (x) + mT n . m -Y (x)) 

n-l „i 

= Y, P ^ W (» - !) / t C 1 - f ) P n-2 )fe -l («) (t - X) m dt 
fc=l - 70 

{n-l -i 

(n - 2) V P„. fe (x) (n - 1) / P n - 2 ,fc-i (*) (t - a:) m+1 rf< 
fc=i - 70 

+ (n - 2) P„, (x) {-x) m+1 + (n - 2) P n ,„ (x) (1 - x) m+1 } 
+2P„, (») (-x) m+1 + 2P„,„ (x) (1 - x) m+1 



{71-1 „1 

(1 - 2x) V P„, fc (x) (n - 1) / P n -2.k-i (t) (t - x) m dt 
fc=l - 70 
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+ (1 - 2x) P n , (x) {-x) m + (1 - 2x) P„,„ (x) (1 - x) m } 

- (1 - 2x) P nfi (x) {-x) m - (1 - 2s) P„,„ (s) (1 - x) m 

n-l „i 

= VP„, fe (s)(n-l) / -(t-x) 2 + (l-2x)(£-x) + x(l-x) 
k=i ^ 

x (* - a;)" 1 i^.a.fc.! (t) eft + (n - 2) T n>m+1 (x) + (1 - 2x) T„, m (s) 

+2P„, (s) (-x) m+1 + 2P„, n (s) (1 - x) m+1 

- (1 - 2s) P n , (s) (-x) m - (1 - 2s) P„, n (s) (1 - x) m 

= (n + to) T„ ;m+ i (x) - to (1 - 2s) T n , m (s) - ms (1 - s) T n , m _i (s) . 

This gives the conclusion of Theorem 2.1 and completes the proof. 

Note that M„(l, x) = 1, M„(i — s, x) = 0. The following corollaries follow from Theorem 2.1. 
Corollary 2.2. For every n > 2 and x G [0, 1], we ftave 



(1) M n 

(2) M„ 

(3)M n 

(4) M n 

(5) M„ 



2 \ _ 2 V 2 (x), 



(t-x)\x)=^ fl 

(4. _ T \3 J\ _ 6(l-2x) V 2 (x) . 
y L - L ) ^J — (n+2)(n+l) ' 

, _ ,A \ _ 12 V 2 (x)(2-9 V 2 (x)) l2v * (x) 

^ X > ' X y " (n+3)(>+2)(n+l) ~T (n+3)(n+l)' 

(t - x) 2j , x) = ECo ^^S^Pn.^s), j = 2,3,. 



> - *f i+1 , *) - ECo ^^rt ,*(*), J = 2, 3, . . . , 
where p n .k( x ) and q n ,k{%) are appropriate continuous functions and uniformly bounded in n. 
Corollary 2.3. IfreN,xE [0, 1] then 

\T n , 2r (s)| < C^^- (^ 2 (x) + l/n) r - 1 , |T n , 2r+1 (s)| < C^^ (^ 2 (s) + 1/n)^ 1 . 
Theorem 2.4. 7/ /< 2r ) e C [0, 1], tften 



d_\ 2r n!(n-l)! 

I M„(/,x) (n _2r)!(n + 2r-2)! 



i— 2r ^i 

J] P «-2r,fc (») / / (2r) (*) Pn+2r-2,fe+2r-l (t) *, 



which can be rewritten as 

2r 



<^ 2r (x) f^J M„(/,s) = (n-l) J2 <y(n,k)P n , k+r (x)f <p 2r (t) / (2r) (t) P n -2,k +r -i (t) dt, 



where a(n k) = ( fc + r ) ! ( fc +r-i)! . (n-fc-r)!(n-fc-r-i)! < j 

wneie ctyn^f — k \( k+2r -l)\ (n-l-fc)!(n-fe-2r)! - 

Proof. For convenience we put & n ,k(f) = 0,P„.fc(x) = for fc < or k > n. By Leibniz' formula 
we have 

<H (*) = (-!) r T^TV E ^ (- 1 )' P «"^-i (*) = 7-^7v E ^ (- 1 )' ^n-r,*-rfi (*) , 



where CI 



r jl(r-j)\' 

d 

rf.r; 



j = 0, 1, 2, . . . , r. Whence, 



■ l U 

M n (f, x) = ^— v ci (-iy v $„, fe (/) p„_ r , fe _ r+j (x) 

(n — r)\ *— ' *-^ 

v ; j=0 fe=o 

. r n—r+j 

= T^E^H^ E *n,fc+r- J -(/)Pn-r,fc(aO 



j=0 



fe=0 
n— r 



? ^- 7y! 2 ^ ("l) j E *»,fc+T-i (/) P n^k (S) 
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n—r 






n—r 



where 8^ (/) = X^=o ^r (~^Y ^n.fc+j (/) • To finish the proof, we need to prove 

€1 (/) = ("If frl'\ Jl f ir) W ^H-ajk+r-l («) *• 



In fact, we have, for 1 < fc < n — r — I 

e(r) 



*J£ (/) 



( n - !) / ( E C r (- 1 )' P n-2M-1 (t) f (t) dt 

= (-If 7 ( "~ 1} L /' / (r) (*) iW-a.fc+r-i (*) d*, 
here we used the integration by parts. For k = 0, we find 

*$(/) = /(o)+E^(-i)^ nj -(/) 

= J2 C% (-iy (n 1) f (/ (t) - / (0)) P,,.^-.! (t) dt 



J=l 



{ ^ +r iy 2 y. [ (/ W - ' (°)) P S-2,r-l (*) rfi 
(-l) r 7 ( "~ 1} L /' / (r) (*) ^+r-2,r-l (*) *• 

(n + r- 2)! 7 



The proof for the case k = n — r is similar. Thus 

» r M„(/,x)^ . " ! <"- 

v ua;/ (n — rj! (n + r 



j \ r | f _ I'll "~y /-l 

" > M„ (/, x) = ^^ ^ ^— V P„_ r , fe (x) / /« (i) P l+r - 2 . fe+ .-i (t) dt, 

l) - fe=0 Jo 



which implies the conclusion we want to get. The proof is complete. 

The following result shows that M n preserves the degrees of polynomials and reproduces linear 
functions. Thus, the space P m of all polynomials of order m is an invariant subspace for the operator 
M n for all m G N U {0}. Moreover, every linear function / defined by f(x) = ax + b is a fixed point 
of Af n . 
Theorem 2.5. 7/ / (x) = x m , x <= [0, 1] , m € TV U {0} , tfien 

Ml (/, ») = /_ 1 , \| 2^ C n C ln-l X \ 

V '" j=0 

w/iere Cz\ = 1, and C ; _1 = /or Z > 0. 
Proof. A direct computation gives 

in - 1) r p^,^ (*) ™ = Irlvr't""?!; - 

Jo (k-l)\{n + m-l)\ 

Then 

M " (/ ' " } = (n+Z- IV E ^ (x) C&U (2.1) 

1 j ' fc=i 
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Differentiating the binomial expansion and keeping y fixed, we find for y = 1 — x that 
]T P n , k (x) m\Cl-l_ x =x[f) (s"- 1 (x + yf) . 

i — n V / 



(2.2) 



fe=0 

From Leibniz' formula, it follows that 



Therefore, combining (2.1), (2.2) and (2.3) gives the conclusion of Theorem 2.5. 
We now prove that M„'s have the commutativity. 

Theorem 2.6. Forn,m>2, we have M n M m f = M m M n f, V/ £ C [0, 1] , that is, 

M n M m = M m M n . 

Proof. Using the facts that M n 's are continuous and that polynomials are dense in C [0, 1], it suffices 
to prove that M n M m f^ = M m M n f^, V/ M (x) = x 1 *, fx £ N U {0} . From Theorem 2.5, we obtain that 

y ^' i=0 v ' j=0 

Interchanging the orders of summations above, we obtain 



m\n\fi\ (to — 1)! (n — 1)! (fi — 1)! 



/' 



(M m M n f ll )(x) = ^ 



(n-l + /x)l ^j!(j-l)'("»-i)' 

x V^ rm-%-i pi 

(m + n- 1)! (/i - j)! ^ u ™+»-i°H 

m\n\/i\ (m — 1)! (n — 1)! (/i — 1)! ^~^ X 3 s~m-j 

(m + n - 1)\ (n - 1 + fi)\ ^ j[ (j - 1)1 (m - j)[ (n - j)[ n+m-i+n-j 

m!n!/z! (to — 1)! (n — 1)! (/i — 1)! ^— v (to + n — 1 + /i — j)\ 

~ (m + n- l)!(n- 1 + m)!( to ^ 1 + ^) ! +^ ( n -j) ! (™ ~ i) ! (/•« - i) ! i ! U ~ 1) ! ' 

Since the last expansion of (M m M n f IJi )(x) is symmetric in m and n, we obtain (M n M m fn)(x) = 
{M m M n f„)(x), Vx e [0,1]. This shows that M n M m f„ = M m M n f fl for every y. £ N U {0} and 
completes the proof. 

Theorem 2.7. Operator M n has the following eigenvalues 

(n— l)!n! 

A n , m = 7 7-. 777 77, m = 0,l,...,n 

[n — 1 + to)! (n — to)! 



and i/ie corresponding eigenfunction e m of \ n , m is given by 

/ j \ m— 2 

eo(a;) = 1, ei(x) = x, and e TO (x) = f — j (x m_1 (1 - x)" 1-1 ) 



m-2 

to = 2,3, 



Proof. Clearly, A nj o = A ni i = 1. We know from Theorem 2.5 that M n reproduces linear functions 

and so M n e m = e m = A„. m e m for to = 0, 1. By Theorem 2.4, we have (M„(/, x))' = D„_i(/',x). It 
has been proved in [5] that D„ has eigenvalues A„ +1 m+1 (m, = 0, 1, . . . , n) with corresponding cigen- 
functions P m (m = 0, 1, . . . , n), where P m (x) = (-^-) (x m (1 — x) m ) are the Legendre polynomials of 
degree to. It is clear that (e m )' = P m -\ and (M n e m )' = D„_iP TO _i = A n , TO P m _i = (A n , m e m )'. Thus, 
from the fact that (M n e m )(0) = e TO (0) = 0, we see that M n e m = A„ iTO e TO for every m = 2,3, ... ,n. 
The proof is complete. 
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3 Approximation Theorems 

The Ditzian-Totik's modulus of order r is given by(cf. [8]) u)L(f, i) = sup 0</l<t ||A£ f\\, where 

A^/(X) = / n=o(-l)^/(*+(i-*)M»)). S±^ G [0,1]; 



o, 



otherwise. 



In this section, we will give direct and inverse theorems of strong- type for the operators M„'s approx- 
imating to continuous functions, which arc similar to the results of the Bernstein operators obtained 
in [12] and [9]. The main results of this section are as follows. 
Theorem 3.1. If f € C[0,1], then 



\\M n f-f\\<Ce>l[f,- 

where and in the sequel, C denotes a constant which is independent of n and f , but its value may be 

different at different occurrence. 

Theorem 3.2. For every f G C[0, 1], there exists an integer m > 49, such that 

/, -5=) < C (\\M n f - f\\ + \\M mn f - /||) . 

As a corollary of Theorem 3.1 and Theorem 3.2, one immediately has the theorem of approximation 
behavior as follows. 

Corollary 3.3. For every f G C[0,1],0 < a < 1, we have \\M n f — f\\ = 0(rT a ) if and only if 
ajl(f,t) = 0(t 2a ). 

To prove Theorem 3.1 and Theorem 3.2, we need the following lemmas. Let AC'i oc [0, 1] be the set 
of all functions g G C[0, 1] such that g' is absolutely continuous on each closed interval [a, b] C (0, 1), 
and 

D 2 = {g G C[0, l}:g'€ AC loc [Q, l],<p 2 g" G C[0, 1]} 

be a Sobolev space. Using the standard methods (cf. [8] and [12]) we can prove 
Lemma 3.4. For operator M n , there hold 

\\M n f\\ < H/ll , \\^M^f\\<2n H/ll, /GC[0,1], 

||^ilO||<||^/"||, \\M n f-f\\<-\\tp 2 f"\\, f€D 2 . 

We now prove 
Lemma 3.5. For every f G D 2 , we have \\ip 3 Mn ' f\\ < 2n 1 / 2 \\ip 2 f" \\. 
Proof. By Theorem 2.4, we get 



*P 



n—2 „i 

\x)M'; i {f, x) = (n-l)J2 Pn,k+i(x) / 



y 2 (t)f"{t)P n - 2 , k (t)dt, 



So, we have for ip(x) > -k= 

if 3 (x)M^(f,x) 



n-2 „i 

(n-l)Ev (x) P„. fe+1 (x) / v 2 (t)f" (t) P n 



-2,k 



(t)dt 



k=0 

n-2 



< \\<p 2 f"\\n'£<p- 1 {x) 



k=0 
/n-2 



fc+1 



< lk 2 /"||n E^( S 



\k=Q 



fc + 1 



Pn,k+1 0) 



X ) P n ,k+1 (x) 



1/2 



< ||^ 2 /"|| n ( V - 2 (x)B n ((t x) 2 ,x)) 1/2 < n 1 ' 2 \\ V 2 f"\ 



213 



J. W. Zhao: A Class of Modified Bcrnstein-Durrmeyer Operators 



For < <p(x) < -j=, we see 



n-2 



= (n - 1) J2 V W K.k+i (*) / V 2 (t)f" (t) P„_ 2 , fe (t) dt 
k=o Jo 

n-2 
- Ik 2 /"ll X! n f( X ) \Pn-l,k( X ) - Pn-l,k+l(x)\ 



fe=0 
n-2 



- Ik 2 /"!! n ^ y W (-Pn-l.fc(^) +-Pn-l,fc+lO)) 



fc=0 

< 2n 1 / 2 ||^ 2 /"||- 

The proof of Lemma 3.5 is complete. 

Lemma 3.6. Lei /eD* = { ? £ C[0, 1] : /', /" G AC ;oc [0, 1], </> 3 / (3) G C[0, 1]}, then the following 

inequality holds 

Mnf -I- z^TT^f" 



n+ 1 



< 79n _3/2 



3f(3) 



vV 



Proof. Recalling the symmetricity of M n (f, x), i.e., M n (f, x) — M n (fx, u), where u = 1 — x, Jt{x) 
/(l — x), it is sufficient to prove 

1 



max 

x£[0,l/2] 



M n (f,x)-f(x)- — V 2 {x)f'{x) 
n + 1 



In fact, for a; e [1/2, 1], we set x = 1 — u and find that 



max 

b£[1/2,1] 



= max 
«e[0,i/2] 

< 79n~ 3/2 



M n (f,x)-f(x) 



n+ 1 



< 79n~ 3/2 



<p 2 (x)f(x) 



3f(3) 



¥>V 



M n (/ T ,«) - / T («) - -— ^ 2 (u)/£(«) 
n + 1 



^ 3 (-)/f(-) 



= 79n" 3/2 



3f(3) 



^f 



Applying Taylor's formula / (u) — f (x) + (u — x) /' {x)-\-\ (u — x) /" (cc) + g /" (u — v) f^ (v) dv 
and the fact M n (f, 1) - 1, M„(/, t - x) = 0, M n ((t - x) 2 ,x) = ?g& gives 

M n (/, a:) - / (») - — ^ 2 (x) /" (*) = ^M„ (7 (« - v) 2 f^ (v) dv, x\ . 

Thus, we only need to show A n (x) — \M n {\ J U (u — v) 2 (p~ s (v)dv\,x) < 79n~ 3 / 2 . If (p 2 (x) > ^, then 

\u— v\ ^ \u—x\ 

if 2 (v) — ip 1 (x) ' 

1 3/2 



we use the fact( cf. p!41 of [8] or [12]) j" 2 /j < j" 2( ^J , where w between a; and u. It is easy to obtain 



2 \ <p3 ( x ) 



|u — v\ dv 



< -ip- 3 (x)M n ( K \u-x\ 3 ,x S j 

< ^- 3 {x)[M n ((u-xf,x)) 1 2 (M n (( U -x) 4 ,x)) 



1/2 



1/2 



1 _ 3 / 2^(x) y z / 12^(x)(2-9^(x)) 12y 4 (x) 

2^ ^^n + l j ^(n + 3)(n + 2)(n+l) (n + 3)(n+l) 



1/2 



< V78n- 3/2 . 
If < ip 2 (x) < tt- and x < i , then a; < s—rr — s < ^- , and we have 

— r V / ^ 6n 2' 6n(l— x) 3n ' 



A n (x) 



i / 1 n-1 n \ / /■" 

2 E+E+E+E F "' l(l) 'M/ 

\fc=0 fe=l fc=2 fc=n/ ^ x 



2 ,„-3 , 



(u — f ) <p (v) dv 



h + Q2 + Q 3 + Qa- 
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,ain 



Now, we estimate Qi,Q2,Q3 and Q4, respectively. Firstly, we obt 

Qi = \p nfi (x) r « i/2 (i - vr^dv < i(i - X ) n - 

Similarly, Q4 < — L= n -3/2_ Secondly, we estimate <52- Since 

Q2 = lp„,i(a;)(n-l) /* P„_ 2 ,o («) / («-v)V~ 3 (v) 
< ip n>1 (a;) („ - 1) /" (l _ u )»- 2 ( u - x) 2 



1 



3 / 2 / wVa^ < _L n - 3 / 2 . 
'0 " 9>/3 



dvdu 



du 



l -P n Ax)(n 1) ( jT + £) (1 - u)"- 2 (« - z) 2 

y 2 r C/21 



v- 3 / 2 (l-«)- 3 / 2 dt; 



dv 



we get 



O2 = )-P n ,i{x){n - 1) I (l-u) n - 2 (u-x) 2 f v- 3 / 2 (l-v)- 3 / 2 dvdu 
2 Jo Ju 

< n 2 x(l - x)"- 1 - 3 / 2 f (1 - u) n - 2 {u - x) 2 (u- 1 ' 2 - -- 1 / 2 " 

< n 2 x{l-x) n ~ 5/2 [ (u 2 -2ux + x 2 )u- 1 ' 2 du 

Jo 

< n 2 x(l-x) n -^ 2 (^x 5 / 2 + 2x 5 /A 



12 
< — n 
5 



2 Z 7/2 (1 - x)"- 5/2 < ^rT 3/2 , 
loo 



and 



O2 < P„,i(a:)(n-1)/ (l-«) n_2 («-a;) 2 (l 

< n 2 x 1 / 2 (l - x)"- 1 /" (1 - U )"- 7 / 2 ( U - 



■ uywfx-^-u-v^du 



< n 2 x l ' 2 (l-x) n - 1 f (l-u)"- 7 /^-' 
Jo 



(w — x) du 
(w + cc )du 



< n 2 x 1 / 2 (l - a;)"- 1 f^— + / (1 - u) n - 4 U 2 du] 

\n-5/2 J J 



< 



5/2 jo 
2n 2 x 1 ' 2 



5/2 , tHUH 

n-5/2 (n-3)(n-2)(n-l) 

Finally, we estimate Q3. Noticing 



< 



109^ 



18 



n 



-3/2 



1 n-l /.l 

Q3 < ^^2 P n ,k (x) tp~ 3 (x) (n - 1) P n ,k-i (u) \u - x\ 3 du 

k=2 ^° 

I V P„, k (x) <p~ 3 (x) (n - 1) [ / +/ )P n , fc _i(u)|u-a;| 3 du 

^^ \/|u-a;|<£ J\u-x\>%/ 



fe=2 
?3 + 03. 



we see 



1 ™ _1 / k\ c 

Q' 3 < -J2 P n,k(x)^- 3 (x)(-\ 
k=2 ^ ' 
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1 71— 1 

< V 2 (i-x)- 7 / 2 ]Tp„, fe _ 2 ( 



(n + 2-k)(n + l-k) /fc x 3 

x) — ' ' 



fc=2 
ri-1 



fc(fc-l) 



rC 1 /o /^ x _7 /O / ^ 






7/2 



X - 

// \ 

k=2 



I) 



- ^/2 2 7/2( x+ 2\ 56^6 n _ 3/2 



and 

Qs < o E P "' fc (x) ^ (x) n fc / (« 4 + 6w 2 ^ 2 + ^ 4 )^-2,fc-i(w)^ 

fc=2 ^° 

= J 1 +/ 2 + J 3 . 

To finish the proof of Lemma 3.6, we next estimate I\, 1% and I3, respectively. Since 
_ 1 ^ n(n 1) (fc + 3)(fc + 2)(fc + l)fc 



fc=2 

ra-1 



fc (n + 3)(n + 2)(n + l)n(n- 1) 



and 



we have 



z — ' n 

fe=2 

„,„ ^/fc-2 5\ . . 16\/2+15 V2 

< 2 9 / 2 V^V + _ p fc _ 2 ( x )<_5L^ n- 3 / 2 , 

/2 ^ ^gPn^Wd-x) ^ fc (n+ l )w(w -l) 

< 6^^(-+^)<^n- 3 / 2 

1 n—1 n—1 ~ 

/ 3 < ^ 5/2 (i - *r 3/2 E t p ^ (*) < ^ /2 (! - *r 3/2 E ^, fc+ i(*) < ^- 3/2 , 



fc 

fe=2 fe=2 



„ , , / [— 1 4V3 109V3 1 56V6 16V2 + 15 60V6 2\ V2 

A„(x) < V78 H = + -^— H — H = H — H 1 — + - n~ i/2 

{ ' ~ \ 9\/3 135 18 9\/3 9 3 9 9 J 

< 79n~ 3/2 . 

This completes the proof of Lemma 3.6. 

We now turn to the proof of Theorem 3.1 and Theorem 3.2. 
The Proof of Theorem 3.1. The X-functional which will be used is defined by 

K 2 (/,i 2 )= inf {||/-ff|| + |k 2 /"ll}. 
It was shown in [8] that the K— functional is equivalent to the Ditzian-Totik's modulus w 2 (f, t), i.e., 

C-^C/.t) < K 2 v (f,t 2 ) < Cu>l(f,t). (3.1) 

Therefore, applying Lemma 3.4 and the standard methods (cf. [8] and [12]), it is not difficult to 
complete the proof of Theorem 3.1. 
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The Proof of Theorem 3.2. Let M 2 = M n M n , it follows from Lemma 3.4, Lemma 3.5 and Lemma 
3.6 that 



< 79r 3/2 



^{Mlff ] 



V 2 (Mlf)" 



< 79r 3 / 2 (2n 1 / 2 ||^ 2 (M„/)"||) 

< 158r 3 /V/2(p( M „/-M 2 /)"| - 

< 158r 3 /V/2 (2n\\M n f- f\\ + \\<p 2 (M 2 /)"|) . 
For I > 49n, we obtain 158r 3/2 n 1/2 < f^f -^r , and so 

— " — o4o n+1 " 

1 - jj^n ^ |k 2 M 2 /|| < 316r 3 / 2 n 3 / 2 ||M„/ - /|| + ||M,M 2 / - M 2 /|| . 

Hence \ \\^M 2 j\\ < C ((f ) 3/2 ||Af„/ - /|| + ||M ; M 2 / - M 2 /||) . Since 

\\MiMlf - M 2 J\\ < \\MiMlf - M t Mj\\ + \\M t M n f - M,/|| 

+ ||M,/ - f\\ + \\M n f - f\\ + \\M n f - M 2 /|| 
< 4||M„/-/|| + ||M i /-/||, 
it follows form (3.1) that 



ul (f, -±= ) < CK% (f, -)<C (||/ - Mlf\\ + - 
The proof is complete. 



^ (M 2 /)"|) < C{\\M n f- f\\ + \\M t f - f\\) . 
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Abstract. In this work, we use the notion of (A, /^-statistical convergence to prove the Korovkin-type approximation 

theorem for functions of two variables by using the test functions 1, x, y, x 2 + y 2 . Furthermore, we define a new type of 

summability method via (A, /^-statistical convergence and use it to prove Korovkin theorem. Moreover, we obtain order of 

(A, /^-statistical convergence in our approximation. 
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1. Introduction and Preliminaries 

In 1900, Pringshcim [14] introduced the notion of convergence of double sequences as follows: A dou- 
ble sequence x = (#j,fc) is said to converge to the limit L in Pringsheim's sense (shortly, p-convergent to L) 
if for every e > there exists an integer N such that \xj t k — L\ < e whenever j, k > N . In this case L is 
called the p-limit of x. 

A double sequence x = {xj,k) of real or complex numbers is said to be bounded if ||x||oo — 
supjfc \xj t k\ < o°. The space of all bounded double sequences is denoted by M. u . 

If x € M. u and p-convergent to L, then x is said to be boundedly p-convergent to L (shortly, 
bp- convergent to L). In this case L is called the fep-limit of x and by Cb p we denote the space of all 
6p-convergent double sequence. 

The concept of statistical convergence for sequences of real numbers was introduced by Fast [4] and 
Steinhaus [16] independently in the same year 1951 and since then several generalizations and applica- 
tions of this notion have been investigated by various authors. The idea of statistical convergence was 
generalized to A-statistical convergence [9] by using the concept of de la Vallee-Pousin mean. Recently, 
statistical convergence of double sequences x = (xj,k) has been defined and studied by Mursaleen and 
Edely [10]; and in intuitionistic fuzzy normed spaces by Mursaleen and Mohiuddine [11]. 

A real double sequence x = (xj,fc) is said to be statistically convergent to the number L if for each 
e>0 

p- lim |{(j, k),j < to and k < n : \xjk — L\ > e}| = 0. 

m,n ran 

In this case we write s^-limx = L and by S2 we denote the set of all statistically convergent double 

sequences. Note that every convergent double sequence is statistically convergent to the same limit, but 

its converse need not be true. 

Quite recently, the concept of (A, ^-statistical convergence was introduced in [12] for double se- 
quences as follows: 

Let A = (A m ) and jj, = (ji n ) be two non-decreasing sequences of positive real numbers such that 
each tending to 00 and 

A m+ i < A m + 1, Ai = and fi n+ i < \x n + 1, /j,i = 0. 

Let K C N x N be a two-dimensional set of positive integers. Then the (A, /i)- density of K is defined 
as 

6\,u(K) =p-lim- \{m — A m + 1 < j < to, n - fi n + 1 < k < n : (j, k) e K}\ 

m ' n A m/ u„ 

provided that the limit on the right hand side exists. 

In case A m = to, jj, n = n, the (A, /i)-dcnsity reduces to the natural double density. Also, since 
(A m /m) < 1, (nn/n) < 1, 5 2 {K) < 5 X ^(K) for every K C N x N. 

The generalized double dc la Valcc-Pousin mean by 

t m ,n(X) = — / J / x j,k, 

mM " jeJ m kei n 
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where J m = [to — X m + 1 , to] and /„ = [n — jj,„ + 1 , n] . 

A double sequence x — (a^fc) is said to be (V, A, /i)-summable to a number L if 

p-limt mn (x) = L. 

m,n 

We say that a double sequence x = (xj,fc) is said to be strongly (V, A, fi)-summable to a number L if 

p-limt m ,„(|x-L|) = 0. 

m, n 

We denote the set of all double strongly (V, A, /i)-summable sequences by [V, A, /z]. If A m = to for all to, 
and fx n — n for all n, then strongly (V, A, /i)-summability is reduced to the strongly Cesaro summability 
and [V, A, /j] = [C, 1, 1] the space of strongly Cesaro summable double sequences. 

A double sequence x — {xj t k) is said to be (A, /j,)- statistically convergent to L if 8\^(E) = where 
E = {j e J m , k € I n : \xj,k — L\ > e}, i.e. if for every e > 0, 

p- lim |{j e J m ,k e I n ■ \x iy k - L\ > e}| = 0. 

m,n A m /i„ 

In this case we write stx^-limaJj,*; = L and we denote the set of all (A, /^-statistically convergent double 

j,k 

sequences by S\ >lt . 

Here note that if \ m = m for all to, and ji n — n for all n, then the space S\^ is reduced to the 
space S2 and since &2{K) < $\,n(K), w e have S\ tfl C S'2. Note that, a sequence is (V, A, /z)-summable to 
a number L, then it is also (A, /^-statistically convergent to the same number L but the converse need 
not be true. 

The classical Korovkin approximation theorem states as follows [7]: Let (T„) be a sequence of 
positive linear operators from C[a, b] into C[a, b]. Then lim„ \\T n (f, x) — /(x)||oo = 0, for all / e C[a, b] 
if and only if lim„ \\T n (f l ,x) - /j(a;)||oo = 0, for % = 0, 1, 2, where f (x) = 1, fi(x) = x and f 2 (x) = x 2 . 

Recently, such type of approximation theorems were proved in [2, 3, 5, 13] and [1, 8] by using the 
notions of statistical convergence and almost convergence respectively. In this work, we use the notions 
of (A, /^-statistical convergence to define A\_ ^-statistical convergence and prove some Korovkin-type 
approximation theorems for functions of two variables. 

2. Korovkin-type approximation theorem 

In this section, we prove Korovkin-type approximation theorem for functions of two variables by 
using the concept of (A, /^-statistical convergence. 

Let C(I 2 ) be the space of all two dimensional continuous functions on I x I, where I = [a, b}. 
Suppose that T m ,„ : C(I 2 ) — ► C(I 2 ). We write T m _ n (f;x,y) for T m _ n (f(s,t);x,y); and we say that T is 
a positive operator if T(/; x, y) > for all f(x, y) > 0. 

Theorem 2.1. Let (T TOi „) be a double sequence of positive linear operators from C(I 2 ) into C(I 2 ). Then 
for any function / <G C(I 2 ) 

st\ tlJ ,-Yi.m.\\T myn (f;x,y) - f{x,y)\\ao = (2.1.0) 

if and only if 

st \ ^- lim \\T m:U (I ;x,y) - l^ = 0, (2.1.1) 

st\^-lim\\T m:n (s;x,y) -a;||oo = 0, (2-1-2) 

st\ ttl -lim\\T mtn (t;x,y) -y\\oo = 0- (2.1.3) 

stx^-Hm ||T mj „(s 2 + t 2 ; x, y) - (x 2 + y 2 )^ = 0. (2.1.4) 

Proof. Conditions (2.1.1)-(2.1.4) follow immediately from condition (2.1.0), since each l,x,y,x 2 + y 2 
belongs to C(I 2 ). Let / e C(I 2 ). Then there exists a constant M > such that \f(x,y)\ < M, 
—00 < x, y < 00. Therefore, 

\f(s,t)-f(x,y)\<2M, - 00 <s,t,x,y< 00. (2.1.5) 

Also, since / € Cfa), for every e > 0, there is 8 > such that 

|/(*,t)-/(a:,tf)|<e, V \s - x\ < 8 and \t - y\ < 8. (2.1.6) 
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Using (2.1.5), (2.1.6), putting i\)\ — ipi(s, x) = (s — x) 2 and ip2 = ^i{t, y) = (t — y) 2 , we get 

\f(s, t) - f(x, y)\<e+ ^(^i + V2), V \s - x\ < 6 and \t - y\ < S. 
This is, 

-e - -p-Wi + *h) < /( s > f ) - /(*. y) < e + -grWi + ^- 

Now we could apply T mi „(l; x, y) to this inequality since T mi „(/; x, y) is monotone and linear. Hence 
T mi „(l;x,y)(-e- -^"(^1 +^2) J< T m , n (l;x,y)(/(s, t) - f(x,y)) < T m , n (l; x, y) f e + -— - (V>i +^2) 
Note that x and y are fixed and so /(x, y) is constant number. Therefore 

-eT miTl (l;x,y)- -^-T^^i + ip 2 ;x,y) < T m ^ n {j;x,y) - /(x,y)T mi „(l; x,y) 

< eT mi „(l;x,y) + -p-T mi „(V>i + ip 2 ;x,y). ( 2 -1.7) 

But 

T m , n {f; x, y) - f(x, y) = T m>n (f\ x, y) - f(x, y)T m ,„(l; £, y) + f(x, y)T m ,„(l; x, y) - f(x, y) 

= [T m ,n(f;x,y) - f(x,y)T mtn (l;x,y)] + f(x,y)[T mtTl (l;x,y) - 1]. (2.1.8) 
Using (2.1.7) and (2.1.8), we have 

2M 
T m , n {f;x,y) - f(x,y) < eT mi „(l;x,y) + -p-T^^^i + ip2\x,y) + /(x,y)(T mi „(l;x,y) - 1). (2.1.9) 

Now, let us estimate T mtn (ipi + ip 2 ] x, y) 

T m ,n(ipi +ip2',x,y) =T mjn ((s -x) 2 + (t -y) 2 ;x,y) 

= T mi „(s 2 - 2sx + x 2 + i 2 - 2iy + y 2 ; x, j/) 

= T mjn (s 2 + t 2 ; x, y) - 2xT OTi „(s; x, y) - 2yT mi „(£; x, j/) 

+(x 2 + y 2 )T mi „(l;x,y) 
= [T m ,n(s 2 + t 2 ; x, y) - (x 2 + y 2 )] - 2x[T OT: „(s; x, y) - x] 

-2y[T TOi „(t;x,y) - y] + (x 2 + y 2 )[T mj „(l; x, y) - 1]. 
Using (2.1.9), we obtain 

T m ,n(f; x, y) - f(x, y) < eT m) „(l; x, y) + -^-{[T m ,n( s2 + f2 5 x -> V) - (^ + V 2 )] 

- 2x[T m _ n (s; x,y) -x]- 2y[T mj?l (t; x, y) - y] 

+ (x 2 + y 2 )[T m , n (l;x,y)-l]} + /(x,y)(T mirl (l;x,y)-l) 

= e[T m ,„(l; x, y) - 1] + e + ^{[T m , rl (s 2 + t 2 ; x, y) - (x 2 + y 2 )] 

- 2x[T mi „(s; x, y) - x] - 2y[T m , n (t; x,y) - y] 

+ (x 2 + y 2 )[T m ,„(l; x, y) - 1]} + f(x, y)(T ro ,„(l; x, y) - 1). 
Since e is arbitrary, we can write 

||T m ,„(/;a;,y)-/(a;,tf)||oo< (e + 2M( ^ 2 + & ) + m) ||T m ,„(l;x,y) - 1IU 
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p-\\ T m,n{s\x,y) - a;||oo p-\\T m , n {t;x,y) - y||<x> 

+ ^||T m: „(s 2 + t 2 ; x, y) - (x 2 + y 2 )^ 

< N(\\T mtn (l;x,y)-l\\ cc + \\T mM (s;x,t)-x\\ co + \\T m , n (t;x,y)-y\\ cc + \\T m , n (s 2 +t 2 ;x,y)-(x 2 +y 2 )\\ cc ), 

(2.1.10) 

where N = maxfe + ^+£l + M , i$2, ^, ^Y Now for given e' > 0, write 

D : = { (m,n) E N x N : \\T m ^(f;x,y)-f(x,y)\\ 00 > L 

D s :=-- <|(m,n)eNxN: ||T m ,„(l; z,y) - l||oo > ^ j • 
i) 2 := <J (to, n) e N x N : ||T m , n (s; x, y) - cc||oo > -^ }, 
D, := { (to, n) e N x N : ||T m ,„(i; x, y) _ y^ > JL 

D 4 :=i(m,n)eNxN: ||T mjIl (s 2 + i 2 ;a;,y) - x 2 + y 2 ||co > ^ 

Then flci}iUfl 2 Ui}3UD4, and so S X ^(D) < <^(£>i) + S Ai/i (£> 2 ) + ^(AO + ^(£ 4 ). Therefore, 
using conditions (2.1)-(2.3), we get 

stx,n-Hm\\T m ,n(f;x,y) - /(a;,y)||oo = 0. 
This completes the proof of the theorem. □ 

In the following we give an example of a sequence of positive linear operators satisfying the conditions 
of Theorem 2.1 but does not satisfy the conditions of the Korovkin theorem. 
Example 2.1. Consider the sequence of classical Bernstein polynomials of two variables 

W m Af;x,y)^±±fU^)h)( n k )x^(l^xr^(l-yr- k ;0<x,y<l. 

Then 

W m ,„(l; £, y) = 1, W m , n (s; x, y) = x, W m ,„(i; x, y) = y, 

2 2 

W m , n (s 2 + t 2 ■ x, y) = x 2 + y 2 + — — + ^JL. 

m n 

Now, we define a double sequence s = (Sj,fc) by 

f jTc, if ?n — [\/A m j + 1 < j < to, n — [y'Tv] + 1 < A; < n, 
J ' [0, otherwise. 

Then st\^~ linx,^ Sj t k = but p-limit does not exist. Suppose that (T m ^ n ) be a double sequence of positive 
linear operators from C(I 2 ) into C(I 2 ) defined by 

T m ,n{f; x, y) = (1 + s m ,„)W m ,„(/; x, y). 

We see that a double sequence (T m-n ) satisfies the conditions (2.1.1), (2.2.2), (2.1.3) and (2.1.4). Hence 
by Theorem 2.1, we have 

s*a, m - lim li T m,n(/;a?,y) ~/(a;,y)||oo = 0. 

On the other hand, we get T TOj „(/; 0, 0) = (1 + s m , n )/(0, 0), since M / m , n (/; 0, 0) = /(0, 0), and hence 

||T m ,„(/; x, y) - /(*, y)^ > |T m ,„(/; 0, 0) - /(0, 0)| = s m ,„|/(0, 0)|. 
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We see that (T m „) does not satisfy the classical Korovkin theorem, since p- lim s m ,n does not exist. 

m,n — >oo 

3. (A, /i)-statistical convergence involving the idea of RH-regul&r matrix 

In this section, we define a new type of summability method involving the idea of _R_ff-regular matrix 
and apply this new method to prove a Korovkin theorem. 

A four dimensional matrix A = (a m ,n,j,k) 1S sa id to be i?_ff-regular matrix [6, 15] if Ax G Cbp for 
x € Cbp with bp-limAx = bp-limx. 

We define: 

Let A = (a m , n ,j,k) be a four dimensional i?_ff-regular matrix. Then, a double sequence x = {Xj t k) 1S 
said to be A\ jlx - statistically convergent to a number L if for every 

bp- lim y~] a m ,n,j,k = 0, 

m,n z — ' 

(j,k)eK(e) 

where 

K(e) = {j e J m ,k e I n : \xj,k - L\ > e}. 

In this case we write Astx,n- linij^ Xj^ = L. 

Theorem 3.1. Suppose that Tj t k ■ C(I 2 ) — * C(I 2 ) is a double sequence of positive linear operators. 
Then for any function / E C(I 2 ) 

ASt\ > p-lim\\T mtn (f;x,y) - f(x,y)\\oo = (3.0) 

if and only if 

AStx,ij,-lim\\T m!n (l;x,y) - l||oo = 0, (3.1) 

Ast x ,fi- lim ||T m , n (s; x, y) -x\\ 00 = 0, (3.2) 

ASt\ yll - lim ||T TOi „(i; x, y) - y||oo = 0. (3.3) 

A st x ,n- lim ||T mjIl (s 2 + t 2 ;x, y) - (x 2 + y 2 )^ = 0. (3.4) 

Proof. Proceeding the same lines as in the Proof of Theorem 2.1, we obtain D, D\, £>2, D$ and D4. It 

4 
follows that D C (J D a . Therefore for each (p, q) <G N x N, we can write 

CK=1 

(j,k)£D (j,k)eD! (j,k)eD 2 (j,k)eD 3 (j,k)eDi 

Letting to, n — > 00, using conditions (3.1)-(3.4), we obtain (3.0). 
This completes the proof of the theorem. □ 

4. (A, /i)-Statistical Order 

In this section we deal with the order of (A, /i)-statistical convergence of a sequence of positive linear 
operators. 

Definition 4.1. The number sequence x — (xj t k) is (A, a)- statistically convergent to the number L 
with degree < f3 < 1 if for each e > 0, 

p-lim— yrraliJ € J m ,kel n - \xj,k~t\ > e}| = 0. 

In this case we write a;^ — L = (stx,/j,)-o((jk)~P) as j, fc — » 00. 

Theorem 4.1. Suppose that T TO] „ : C(I 2 ) — > C(I 2 ) is a sequence of positive linear operator satisfying 

the following conditions 



||T mi „(l;x,y) - l||oo = st x ,a-o{{mn) /l ), 



||r m ,n(s;a;,j/) -a:||oo = s£ A:M -o((TOn)~ P2 ), 
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\\T m>n (t;x,y) -y\\oo = stx^-o((mn)~ fi3 ), 
\\T m , n (s 2 + t 2 ;x, y)-X 2 +y 2 \\ 00 = st x ^-o((mn)- Pi ). 
Then for any function / £ C(I 2 ), we have 

\\T m , n (f;x,y) - f(x,y)\\oo = st\ >tl -o((mn)~P), asm, n- 

where (3 = min{/?i, /3 2 , (3 3 , (3^}. 

Proof. From (2.1.10) we get: 

\\T m ,n(f;x,y) - f{x,y)\\oo < f\\T mtTl (l;x,y) - l||oo , \\T m , n {s;x, t) - x\ 



(mn) P \ (mn) & 1 (mn) @ 2 

\\T mtTl (t;x,y)-y\\ 00 , \\T m ^(s 2 + t 2 ;x,y) - (x 2 + y 2 ) 



(mn) @ 3 (mn) ^ 4 

Hence, 

\\T m ,n(f;x,y) - f(x,y)\\oo = 3t x , l _ l -o(mn~ (3 ), asm,m oo, 

where (3 = min{/?i, (3 2 , (3 3 , (34,}. 

This completes the proof of the theorem. □ 
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Abstract 

This article gives a theoretical analysis of the performance of the regularized least-square 
learning algorithm on a reproducing kernel Hilbert space associated with spherical harmonics 
kernels, and estimates the upper and lower bounds of learning rate. By means of a method 
of approximation by spherical operators, the upper bound of generalization error is presented. 
Also, the lower bound is estimated by using the entropy number of the set including the 
regression function. The results of this article show that under some conditions assumption 
on regression function the obtained learning rate is optimal. 

Keywords: learning theory; spherical harmonics kernels; regularized algorithm; approxima- 
tion; sphere 
MSC(2010): 41A25, 41A05, 41A63 

1 Introduction 

Many applications require that the domain of modelling and analysis of signals is the surface of a 
sphere. Examples include the study of seismic signals, gravitational phenomenon, hydrogen atom, 
solar corona, and medical imaging of the brain, etc.. Mathematically, spherical harmonics are 
standard tool to analyze and deal with these problems. For instance, geopotential models in the 
form of spherical harmonic series synthesize most of the available observational information from 
gravity surveys, satellite orbit tracking and topographical height data. Another instance, spherical 
harmonic decomposition of wavefields is not only an active problem in acoustic signal processing 
but also a useful tool in a plethora of applications such as 3D beamforming (sec [2], [21], [37], [23]), 
direction of arrival estimation (see [1], [4], [32]), and spatial sound recording (see [3], [24]). 

On the other hand, in the past decades, learning theory has become a popular research subject 
and the study of generalization properties of learning algorithms has been an important issue. In 
the study, one of the basic and significant characteristics is the generalization performance, which 
has been done in much literature, such as [17], [27], [38], [34], [6], [18], [9], and [10]. 

In 2001, Cuckcr and Smalc [17] gave the mathematical framework of learning theory and studied 
the approximation problems in learning theory by the method of covering number technique (see 
also [13], [35], [41], [42]). In 2007, by estimating of integral operators of reproducing kernels, Smale 
and Zhou [28] considered the approximation problems of regression learning algorithm. Capon- 
netto and DeVito [12] investigated the performance for the regularized least squares algorithm in 
reproducing kernel Hilbert space and obtained the estimation of the convergence rate correspond- 
ing to the vector-valued objective functions. Moreover, Temlyakov [30] showed the performance of 
convergence rate of learning algorithm by the theory of approximation. 
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Although these previous investigations showed that the operator and spectral methods are 
valuable for the performances analysis of kernel-based algorithms such as regularized least-square 
(RLS) learning algorithm, most of these results only related in the estimation of the upper bound 
of learning rate. However, to estimate upper and lower bounds of learning rate simultaneously is 
very important in the study of performance, stability and complexity of learning algorithm. In 
[31], Temlyakov used entropy methods and obtained the optimal rate of convergence. Furthermore, 
Caponnetto and DeVito [12] showed that the asymptotic optimality of learning rate by using the 
technique of shifts of effective dimension and entropy number. For the further information on the 
optimal learning rate, we refer the readers to the late literature: [12], [29], [15], and so on. 

Up to now, there have also been some investigations of learning theory on manifold (see [8], 
[7], [40]). However, as a special example of compact Ricmannian manifold, sphere owns some good 
properties such as symmetry and homogeneous nature, which allow us to obtain complete and 
explicit results in many cases (see [26], [20], [25], [22]). 

The purpose of this paper is to give a theoretical analysis of the performance of the rcgu- 
larization least-square algorithm on a reproducing kernel Hilbert space associated with spherical 
harmonics kernels on the unit sphere. A spherical operator, called the best approximation operator, 
will be used to estimate the upper bound of generalization error, and the lower bound of the error 
will be estimated by using the entropy number of the set including the regression function. The 
obtained estimations are indeed optimal over a suitable class of priors defined by the considered 
kernel. Moreover, the obtained results showed that when the regression function f p belongs to 
Lipschitz class, the learning rate of regularized least-squares estimators is at least one of the best 
ones over a RKHS Hk defined by the spherical harmonics kernel, that is to say, we can obtain the 
best learning rate by spherical regularized least- square algorithm under some assumptions. 

The outline of this paper is as follows. In Section 2, we introduce the mathematical framework 
and notations used throughout the paper about learning theory and spherical harmonics kernel. In 
Section 3, an upper bound for generalization error is presented by means of a method of spherical 
approximation theory. In Section 4, we establish the corresponding lower bound the learning error. 
Finally, conclusions are given in Section 5. 

2 Preliminaries 

In this section, we introduce some notations and main tools which will be used throughout the 
paper. 

2.1 Learning from examples 

Let the input space X be the unit sphere S d embedded into the (d + l)-dimcnsional Euclidean 
space R d+1 and the output space Y, which is a subset of K contained in [-M, M] for some M > 0. 
The product space Z = X x Y is assumed to be endowed with an unknown probability distribution 
p, which admits the decomposition p(x,y) = px(x)p(y\x), where px be the marginal probability 
distribution of Z on X and for every x € X, p(y\x) be the conditional (with respect to x) probability 
distribution on Y . 

Given a function / : X — > R, the ability of / to describe the distribution p is measured by its 
expected risk defined as £ (/) = fxxY^f^ ~ y) 2 dp(x,y), which is minimized by the regression 
function (see [19], [34], [18]), defined by f p (x) := J Y ydp(y\x). Usually, f p can be seen as the 
ideal estimator of the distribution probability p. However, the regression function cannot be 
reconstructed exactly since we are given only a finite, possibly small, random examples on Z. 
Let L 2 be the Hilbert space of square integrable functions on X, with norm denoted by || • \\ p . 
Because of the least-square nature, the measurement is the weighted L 2 metric in L 2 defined as 
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II/IIl 2 = II /lip — (Jx \f( x )\ 2 dpx) , where px is the marginal distribution of p on X. With the 
assumption that f p <G L 2 px , one can see from [39] that 

\\.f-f P \\l = £(.f)-£(f P ). (2.1) 

The target of the regression problem is to learn the regression function or to find good approx- 
imation from random samples. The least- square regularized algorithm for the regression problem 
is a discrete least-square problem associated with a Mercer kernel. 

Let K : X x X — > R be continuous, symmetric and positive semidefinitc, i.e., for any finite set 
of distinct points {xi,x 2 , ■ ■ ■ ,x m } C X, the matrix {K{x il Xj))™' =1 is positive semidefinitc. Such 
a kernel is called a Mercer kernel. 

If Hk is one of reproducing kernel Hilbert spaces (RKHS), it is associated with the kernel K 
defined (see [5]) to be the closure of the linear span of the set of functions {K x = K(x, ■) : x € X} 
with the inner product (•, ■) K satisfying (K x , K y ) K — K(x 1 y) and 

(K X J) K = f(x), ~ix eX, fe Hk- (2.2) 

Let C(X) be the space of continuous functions on X with the norm || • ||oo- It is easy to prove 
that 

H/lloo < v^||/lk, V/eW K . (2.3) 

Here k = sup^g^ K(x, x). 

As the probability measure p is unknown, neither f p nor £(f) is computable. To overcome this 
problem, classical rcgularization theory can be applied. Here we will consider the regularized least 
square algorithm. We consider a training set D 

z = (x,y) = {zi = (x 1 ,y 1 ),z 2 = (x 2 ,y 2 ), ■ ■ ■ ,z m = (x m ,y m )} 

of size m in Z = X x Y drawn independent and identically distributed (i.i.d) from the unknown 
distribution p. By the principle of Empirical Risk Minimizing (ERM in short), we minimize instead 

m 

of the expected risk £(/), the so called empirical risk (error) £ z (f) — — ^2 (f( x i) ~ Vi) 2 - 

m »=i 
Now the rcgularization algorithm in TLk is defined to be the minimizcr of the following opti- 
mization problem: 

f 1 m 1 

f z := arg min \ - ^(/(x 2 ) - y t ) 2 + X\\f\\ 2 K \. (2.4) 



' feH K Im^ 



Here A is a positive constant called the regularization parameter to be chosen in order to ensure 
that the discrepancy £(/*) — inf £(f) is small with hight probability. Usually, it is chosen to 

depend on m : A = A(m), and linim^oo A(m) = 0. According to [17], we know that there exists a 
unique f z \ in TLk satisfying (2.4) and having the the following form: f Zy \ — ^2 i=1 ciiK Xi , where 
Oi, a 2 , ■ ■ ■ , a m £ K are the suitable coefficients. 

2.2 Spherical harmonics kernel 

In this subsection we introduce some basic properties of the unit sphere. We devote into construct- 
ing the spherical harmonics kernel by using some properties of spherical harmonics. Let 

= ^fa|ry , where 



§ d = 


: |.T = (Xl 


,x 2 , 


...,x d+1 )£R d+1 : 


\x\ = yjxj + X\ 


H 


+ X d+1 


be the unit sphere of Mr +1 . 


It is 


', well known that the volume of S d 


is Qd 


= /s- d 


du> denotes the surface element 


onS d . 
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Let LT^ (n G N), be the subspaces of the spherical polynomials of degree k < n, i.e., II„ = 
©fe=o^fc- Each space of spherical harmonics M.f is finite dimensional with dimension N(d,k) 
given by 

{ 2k+d-l (k+d-l\ 7 > -.. 
1, fc = 0, 

for d > 2, d e N, k G N 1J{0}, and that of 11^ is 

n 

^N(d,k) = N(d+l,n)<Cn d . (2.5) 

fe=0 

Here and hereafter, C and Cj(i = 1,2,...) are constants independent of n. 

The following two famous results will be used in the next section, which can be found in [33] 
and [36]. 

The well known addition formula is given by 

N(d.k) ,, , s 

£ s k AOSkAv) = -^-Pk(^v), 

where P k is the Legendre polynomial with degree k and dimension number (d+ 1), Sk,j(k G N, j = 
1,2,..., -/V(d, fc)) is an arbitrary orthonormal basis of M.f. 

The following Funk-Hcckc formula plays an important role in proving our main results, which 
can be stated as: If / G L 2 [-l, 1] and S G Uf, then for any a G § d 

f(a-rj)S(r))dw(n) = h(d,k)S(a) (2.6) 

Js d 

and 

h(d,k) = fl d _ 1 f /( ? )P fe (?)(l-? 2 )^d ? . 

In order to introduce the spherical harmonics kernel, we need the following two lemmas, the 
first one is the Aronszajn Theorem (see [5] or [7]). 

Lemma 2.1 LetW be a separable Hilbert space of functions over X with orthonormal basis {4>k}'kLo- 
H is a reproducing kernel Hilbert space if and only ifY^k=o l ( / , fc( a: )| 2 < °° f or all x E X . The unique 
kernel K is defined by K(x,y) = J2T=o 4>k(x)4> k (y). 

The L 2 inner product is defined by 

(/,s)z, 2 (S<*) : = / f{x)g{x)dw(x), 

Js d 

and another one is defined by 

n N(d,k) 

(f,g)n : =X) X] f k ^9k,j, 

where f k ,j := J sd f(x)S k ,j{x)du>(x). 

Lemma 2.2 The kernel K n (x,y) — EfcoEjii' ^k,j(x)Sk,j(y) is the unique reproducing kernel 
of the space IT^ with respect to the inner product (•, •)„. 
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Proof. From Mercer Theorem and lemma 2.1, we only need to prove that the eigenvalues of 
the kernel K n (x ■ y) is 1. Indeed, 

n N(d,k) 



/ K n (x-£)S v>t (y)du)(y) = / Y] V S kyj {x)S k j(y)S Vyt {y)du(y) 
J ® d J ® d kT 3 =i 

n N(d,k) 

= y\ Y] <%,.,• (a:) / Sk,j{y)S„,t{y)duj{y) = S^ t {x). 



This finishes the proof. □ 



iV(d,fc) prf+1, 



From the above description, we know that the RKHS Hk associated with the kernel X)fe=o n ^~fc ( 
y) is the space LT^ with inner product (•, •)„, and satisfies corresponding properties (2.2) and (2.3). 
Hence, 

, , ^N(d,k) rM , N (2n + d - l)(n + d - 2)\ „ A 

k = sup K n (x, x) = sup J2 -7^ P fc x ' *) = o < n iM ^ Cn < ™- 

xex xeX k~a d il d (n\){d - 1)\ 

Here and hereafter, the kernel K n is abbreviated to K. The space Hk is a separable Hilbert space 
of functions f : X —>■ Y, for all x <G X the operator K x : Y —> Hk satisfying f(x) = K*f, f <G Hk, 
where K* : Hk — ► Y is the adjoint of if^. 

Give .t <G X, let T x = K X K* <E C(Hk), which is a positive operator. Let C(Hk) be the space 
of bounded linear operator on Hk with the norm || • \\c(H K )- A simple computation shows that 
T r T x — T r K x K* < k so that T^ is a trace class operator and, a fortiori, a Hilbert-Schmidt operator. 

Hence, ||Ta;||£( W ) < ||T X ||£ 2 ( W ) < T r (T x ) < k, where £ 2 (^k) be the separable Hilbert space 
of Hilbert-Schmidt operator on Hk with scalar product (A, B) C2 ^ K \ = T r (B*A) and norm 
U\\c 2 {n K ) = y/TAA*A). 

We let T : H K ^ H K he 

T= f T x d Px (x), (2.7) 

J x 

where the integral converges in L^^Hk) to a positive trace class operator with 

\\T\\c(H K ) < Tr-T = I T r T x dp x {x) < n. 
Jx 

Denote by Y k the orthogonal projection of L 2 on to Hk- As is well known, for / e L 2 (S d ), 

y fc (/)(x) = r(T)( r fc + T) / p;(x. y )/( y )^( y ), 

2tt t+1 Jgd 

where P^" , (r = (d — l)/2) is the ultraspherical (or Gegenbauer) polynomials defined by the gener- 
ating equation (1 - 2*0 + 9 2 )- T = Y^Lo ekp k (*)>° < # < 1- 

Next we will give the well known best approximation operator which was used in [14], [16] and 
[36]. 

Let r\ be a C°°-function on [0, oo) with the properties that r\{x) = 1 for < x < 1 and 77(2;) = 
for x > 2. We define, for an integer n > 1, the best approximation kernel: 

and the best approximation operator for / e L 1 (S d ) is defined by 

V n (f)(x)= f f{y)v n {x-y)duo{y). (2.8) 
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Since the space H d n is the direct sum of the spaces {H/?}|™ , it follows that, for any / <G 

L 1 (§ d ),K/en^andfor/en^,K/ = /. 

The following lemma was proved in [14, Lemma 2.5] or [16]. 

Lemma 2.3 For every f G LP(S, d ),l < p < oo, we have \\V n f - f\\ < CE n (f) where E n (f) := 
m fgen d 11/ — g\\ is the best spherical harmonics approximation error of f in the uniform norm. We 
denote by 14^ the space of all spherical polynomials of degree at most n. 

In order to give approximation degree of V n , we give the properties modulus of smoothness. 
For p G SO(d) and integer r > 1, we define 

T p f(x) = f(px), A r p f = (I-T p Yf, 

where / denotes the identity operator and SO(d) is the group of orthogonal matrices of d x d 
real entries on S d with determinants equal to one. For an integer r > 1, we define the rth-order 
modules of smoothness on § d by 

w r (/,t):=sup||A£||, t>0, 
peo t 



where O t '■= {p € SO(d) : max^ggd arccos(a; • p x ) < t} and x ■ y means the usual dot product of 
x,ye R d+1 . 

The following Jackson-type inequality can be obtained from [14, Theorem 1.1] (see also [16]). 

Lemma 2.4 Suppose that r > 1 is a positive integer, and f G C(§> d ). Then 

\\V n f-f\\<Cu r (f,- 

\ n 
Next, we give a proposition that will be needed in the proof of our main results. 

Proposition 2.1 Suppose f G L 1 (§ d ). Let V n (f) be the best approximation operator defined in 
(2.8) and \f(x)\ < M almost everywhere on § d . Then we have 

\\V n f\\ 2 K <M 2 . (2.9) 

Proof. We have from the Funk-Hecke formula (2.6) 

V n(f) U v = / V n{f){x)S UtV (x)dio(x) = / / v n (x ■ y)f(y)duj(y)S u . v {x)duj(x) 

f(y) v n (x ■y)S u , v (x)du)(y)du)(x) 

S d Js d 

o d _i / v n (t)p d+1 (t)(i - t 2 ) d -^dts u , v {y)f{y)My) 

S d J-l 

n d -J u , v I v n (t)p d+1 (t)(i-t 2 )^dt. 



Since 



k=0 V 



and 



3 = 1 J fc=0 ^ ' d 



v n(f)(x) = f{y)v n {x-y)duj{y), 
J§ d 
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we obtain that 

i J - 1 k=o V J d 



\mrn-) P^\ t)P ^ m -t^dt 

.1 vn/ iirf 



-l ^ru \L d 



u\ N(d,u) fid (" u \ 1 



Mr — f^ — o — ^TTTTa =? ? 



,n/ fid Qd-iN(d,u) \nJ Qd-i' 
Therefore, 

^n (/)„,„ = V (^) A.,v 

Thus, 

2n N(d,u) 2n N(d,u) 

wvmWk - T.H (w).,„) =E E WD 7 - 

ii=0 v=l u— v— 1 

< EZ &> < 11/11^(8-) < ^ 2 - (2-10) 

w— u— 1 

The proof of Proposition 2.1 is finished. □ 

3 Main results 

In this section, we present the upper bound on the expect risk of the solution given by the regu- 
larized least squares algorithm. 

We assume that the space Ti is a reproducing kernel Hilbcrt space TLk, with a separately 
continuous kernel K n : §> d x § d — > W. such that 

K = sup K n (x,x) < oo. (3-11) 

As usual (•, •)„ and || ■ \\k denote the corresponding scalar product and norm. 

We are ready to state the hypotheses on the probability measure p. First we will assume the 
condition 

[ y 2 dp(x,y)<^. (3.12) 

Jz 

Moreover we will assume that some fa € TLk exists which attains the infimum of the expected 
risk, that is 

£{.f H ) = inf £(/), (3.13) 

and that for some M > 

\y - fn(x)\ 2 < M' p-a.s. (3.14) 

If A > 0, and a unique minimizer / A of the regularized expected risk, i.e., 

/ A = argmin U(f) + X\\f\\ K ) (3.15) 

exists. 
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In the following, we assume that the space TLk and the probability distribution p satisfy the 
assumptions (3.11), (3.13), (3.12), and (3.14). Set the parameter A > we define: 

(1) The residual 

A(X) = \\f x -fa\\ 2 p =\\Vf(f x -fa)\\%, 

where T is given by (2.7), f x by (3.15), and fa by (3.13); 

(2) The reconstruction error 

B(X) = \\f x -fa\\ 2 K ; 

(3) The effective dimension 

Af(X)=Tr[(T+X)- 1 T\, 

where the trace is finite due to Proposition 1 in [11]. 

The following Lemma 3.1 proved in [11, Theorem 5] gives the upper bound for the excess risk 
of RLS estimators using the concept of effective dimension. 

Lemma 3.1 Let f x be defined by (2.4) and z G Z' m be a training set drawn i.i.d according to p. 
With probability greater than 1 — n, < n < 1, 

«o?) - sow < c, (aw + =!f) + ^f + «Jf + m») 

\ m z A mA m z X m J 

provided that 

2A 
where C n — 128 log (8/77) and n is given by (3.11). 
The following lemma studies the dependence of A(X),B(X), and Af(X) on A. 



m > ' max 



"" iAf(x),fijc v 



Lemma 3.2 Let fa be defined by (3.13). Assume ui r (f p ,5) — 0(S S ) for some < s < r, and 
z G Z m be a training set drawn i.i.d according to p, then 

A(X)<cJ-) , B(X)<cJ 1 
\nj \n , 

and Af(X) = N < C 3 n d . 

Proof. By (2.9), we obtain \\V n f p \\ 2 K < M 2 . Therefore, 

\\f x -fn\\p<\\f x -fp\\p + \\fp-fn\\p- 



Thus, 



\\f X -f P \\ 2 < ||/ A -/„|l2 + A ll/T 



Hence, 



K 

< WVnfp - fpW't + X\\V n f p \\K = Eltfp) + M\Vnf P \\ 2 K 

< C 4 lu 2 (f p , - J + XM 2 < C 5 (-) + AM 2 . 



2 s 



A W = \\f-fa\\l< (c 5 (I) + xmA + c 6 (^_) 



i\ 2s o / 1 \ s / / 1 N 2s 



Cr[- + AM< + 2C 9 I — 1 C 10 l-) + XM 2 
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Let A = (i) 2s , we deduce A(X) < C xl (±) 2s . Similarly, we have from (2.10) 



i \ 2s 



B{\) = \\.f x - fn\\ 2 K < C 12 \\f x - fn\\ 2 P < Ci3 , 

For RKHS H K ($ d ), we know from (2.5) 

N = dim (H K (§ d )) < C 14 n d . (3.16) 

Finally, we can easily get the Af(X) = N < C?,n d and this concludes our proof. □ 

Theorem 3.1 Let f£ be defined by (2.4)- Assume u) r (f p ,6) — 0(5 S ) for some < s < r and 
z £ Z m be a training set drawn i.i.d according to p. With probability greater than 1 — r\, < r] < 1, 
then 



provided that 



~2X 

,.2/ 



in > — i -in.ix(AA(A),y / 2/0, 
where C v = 128 log^ (8/77) and n is given by (3.11). 



Proof. Firstly, we consider f p £ Hk, then f p = fu- Hence, 

£{ti)-£{f P ) = £{fi)-£{fn)- 
From Lemma 3.1 and Lemma 3.2, it follows easily that 

k 2 B(X) kA(X) kM' M'N{\) 



£{fi)-£{fn) < C n \A(X) + 



m 2 X mX m 2 X 



,l\ 2s n 2d {}) 2s n d (±) 2s M'n d M V' 

< C„ C\ 5 I — I + Ci 6 " 2 + Cn — ™ 2 H 2s ^ 

■"' m (k) m (s) m (s) m 

< O, Cl8 - 1 + c- 



Let m = n 2d+2s , then 

£(ti)-£(f P )<C 1 ^y 

Secondly, when f p ^ TLk, we have 

£(/*)-£(/,) = £if x )-£(fn) + £(.fn)-£(f P ) 
< £(f x )-£(M + E n (fp) 



1 \ 2s Or/ d \ / 1 \ 2s 

1 \ ~ n n \ „ / 1 



< C„ C 20 - + C 21 — + — ,- + a 



^ar 



Let m = n 2d+2s , then 



?■(!*)- £(U)<C V [£* 



Then we can summarize the previous expression for the £(fz) — £{f P )- In fact, we have 

£(f*) - £(f P ) = O U^Y (3.17) 

The proof of Theorem 3.1 is completed. □ 
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4 The lower bound of learning rate 

In this section, we show that the learning rate obtained in Theorem 3.1 is optimal with high 
probability. We now briefly introduce the entropy of set (see [31]). 

For a compact subset of a Banach space F, the entropy numbers as follows is defined by 

e 4 (0, F) := inf {e : 3/ 1} . . . , / 2 , g : C uf =1 (f 3 + eU(F))} , 

where U(F) is the unit ball of Banach space F. We note N(Q, e, F) the covering number that is 
the minimal number of balls of radius e needed for covering . The corresponding e-net is denoted 
by 7V e (0, F). The space C(X) of continuous functions on a compact X has been taken as a Banach 
space F. This will allow us to formulate the results with assumptions on independent of p and 
for F = L 2 ( Px ). Let ©:={/: u T (f,8) = O(5 s ),0 < a < r}. 

The following lemma will be used in the proof of main results in this section. 

Lemma 4.1 (see[29j or [31]) Let v be a distribution on X, and C L?(y) be a subset such that 
1 1 /I loo < M/A for all f g and some M > 0. In addition, assume that there exists q > such that 
ej(0 , L 2 {y)) ~ i -1 ' 5 . Then there exists constants 6q > 0, C 2 3,C 2 4 > and a sequence {e m } with 
e m ~ m 2 +i such that for all learning methods A there exists a distribution P on X x \—M, M] 
satisfying Px = v and f p G such that for all e > and in > 1 



P m (z:£(ti)-£(f p )>s)>^ „ „ £m 



5 , if e < e,, 

C 23 e- C ™ sm , if e > e r 



where f£ is the decision function produced by A for a given training set D. 

We are now ready to state our main result of this section. 

Theorem 4.1 Let v be the distribution of X, is a compact subset of L (y), such that C 
jU(C(X)). Assuming that there exists a s g (0, r], C25, C26 > such that C^si^^a < ei(0, L 2 {v)) < 
C 2 6i~ 23 - Then for all algorithms A defined by (2.4) there exists a distribution P on X x [—M,M] 
satisfying Px — v and f p G such that 

E i {tt{x)-f p {x)f V {dx)>C 27 (- 

Proof. Since the set satisfies 

C 28 i _ A < e,(9,L 2 M) < C 29 i _ A, 
we apply Lemma 4.1 with q = — , and see that there exists a sequence {e m } with 

such that for f p g 



P™(z:£(.a-£(/ p )> £ )>{ ^ m 



if e < e m , 
if e > e m . 



Using the above inequality, we get 



E Ui{x) - f P {x)Yv{dx) = / P m (z:E{fi) -£{f p )>e)de 
Js d Jo 

pS m POO 

> / ede + C 32 / e~ C336m de 

■Jo Je m 

mC 35 

> c 37 p* 

\m. 
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From Theorem 3.1 and Theorem 4.1, we know that for f p e there holds with enough large 

771 > 

C 3S (i) d+S < ^ (/*(*) - f p (x)) 2 d Px < C 39 (i) * + ' . 
5 Conclusions 

This paper has studied the generalization performance of regularized least-squares algorithm asso- 
ciated with spherical harmonics kernels on the sphere. The best spherical approximation operator 
was introduced to derive the approximation error. A good upper bound of learning rate has been 
achieved by means of the technique of the concept of effective dimension and approximation prop- 
erty of RKHS TLk- Meanwhile, an estimation of lower bound was derived in terms of expectation 
by means of the entropy numbers of the set containing the regression function. The obtained results 
showed that when the regression function f p belongs to Lipschitz class, the learning rate of regu- 
larized least-squares estimators are optimal over a RKHS Tin defined by the spherical harmonics 
kernel under some assumptions. 
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ON THE STABILITIES OF QUARTIC MAPPINGS IN SOME 

SPACES 

IN GOO CHO AND HEEJEONG KOH* 

Abstract. We investigate a stability problem by using the shadowing prop- 
erty in abclian metric groups, the generalized Hycrs-Ulam-Rassias stability 
property in quasi-/3-normed spaces and an additional stability analysis using a 
subadditive function for the generalized quartic function / : X — > Y such that 

fix + ay) + f(x - ay) + 2(a 2 - l)/(x) 

= a 2 [f(x + y) + f{x - y)} + 2a 2 (a 2 - l)/(„) , 

where a ^ , a ^ ±1 , for all x, y 6 X . 



1. Introduction 

In 1940, S.M. Ulam [20] posed a question as follows: Let G\ be a group and let Gi 
be a metric group with a metric d{-, •). Given e > 0, does there exist a 5 > such 
that if a function h : G\ — >• G% satisfies the inequality d(h(xy), h(x)h(y)) < 5 for 
all x, y € G\ then there is a homomorphism H : G\ — > G2 with d{h{x),H{x)) < e 
for all x G G\? In 1941, Hyers [3] considered the case of approximately additive 
mappings in Banach spaces satisfying the well-known weak Hyers inequality con- 
trolled by a positive constant. The famous Hyers stability result that appeared in 
[3] was generalized to stability involving a sum of powers of norms by T. Aoki [1]. 
In 1978, Th.M. Rassias [10] provided a generalization of Hyers Theorem which 
allows the Cauchy difference to be unbounded. During the last decades, several 
functional equations have been investigated; see [11], [12], and [13]. In particular, 
J. M. Rassias [14] introduced the quartic functional equation 

(1.1) f(x + 2y) + f(x - 2y) + 6/(x) = Af(x + y) + Af(x - y) + 24/ (y) . 

It is easy to see that f(x) = x A is a solution of (1.1) by virtue of the identity 

(1.2) (x + 2yf + (x- 2yf + 6a; 4 = 4(x + y) 4 + A{x - yf + 24y 4 . 

For this reason, (1.1) is called a quartic functional equation. Also Chung and 
Sahoo [4] determined the general solution of (1.1) without assuming any regularity 
conditions on the unknown function. In fact, they proved that the function / : 
R — > R is a solution of (1.1) if and only if f(x) = A(x, x, x, x) , where the function 
A : M 4 — ► R is symmetric and additive in each variable. Y.-S. Lee and S.-Y. 
Chung [7] introduced a quartic functional equation as follows: 

(1.3) f(ax + y) + f(ax-y) 

= a 2 f(x + y) + a 2 f(x - y) + 2a 2 (a 2 - l)f(x) - 2(a 2 - l)f(y) , 
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for a fixed integer a with a ^ 0, ±1 . 

The notion of pseudo-orbits very often appears in several areas of dynamical sys- 
tems. A pseudo-orbit is generally produced by numerical simulations of dynamical 
systems. One may consider the natural question as to whether or not this predicted 
behavior is close to the real behavior of system. The above property is called the 
shadowing property (or pseudo-orbit tracing property). The shadowing property 
is an important feature of stable dynamical systems. Moreover, a dynamical sys- 
tem satisfying the shadowing property is in many respects close to a (topologically, 
structurally) stable system. It is well known that the shadowing property is a useful 
notion in the study of stability theory, and the concept of shadowing is close to the 
notion of stability in dynamical systems. 

Let /? be a real number with < j3 < 1 and K be either RorC. We will consider 
the definition and some preliminary results of a quasi-/3-norm on a linear space. 

Definition 1.1. Let X be a linear space over a field K. A quasi- f3 -norm || • || is a 
real-valued function on X satisfying the following: 

(1) ||a;|| > for all x £ X and ||x|| = if and only if x = . 

(2) j|Ax|| = \X\ f3 ■ \\x\\ for all A £ K and all x £ X . 

(3) There is a constant K > 1 such that ||x+y|| < i^(||a;|| + ||y||) for all x, y £ X . 

The pair (X, 1 1 • 1 1 ) is called a quasi- fi-normed space if 1 1 • 1 1 is a quasi-/3-norm on X . 
The smallest possible K is called the modulus of concavity of 1 1 • 1 1 . A quasi- fi-Banach 
space is a complete quasi-/3-normed space. 

A quasi-/3-norm ||-|| is called a (j3, p)-norm (0 < p < 1) if ||a;+2/|| p < |M| p + ||y|| p , 
for all x, y £ X . In this case, a quasi- /3-Banach space is called a (/3,p)-Banach space; 
see [2], [17] and [16]. 

In this paper, we consider the following the generalized quartic functional equa- 
tion: 

(1.4) f(x + ay) + f(x - ay) + 2(a 2 - l)f(x) 

= a 2 [f(x + y) + f{x - y)} + 2a 2 (a 2 - l)f(y) , 

where a ^ , a ^ ±1 , for all x, y £ X . We investigate the stability problem 
by using shadowing property in abelian metric group, generalized Hyers-Ulam- 
Rassias stability problem in quasi-/3-normed spaces and then the stability by using 
a subadditive function for the generalized quartic function / : X — > Y satisfying 
equation (1.4). 

For the same reason as equations (1.1) and (1.2), we call the equation (1.4) the 
generalized quartic functional equation. 

2. Quartic functional equations 

Let X, Y be real vector spaces. In this section, we will investigate whether the 
functional equation (1.1) is equivalent to the presented functional equation (1.4). 

Theorem 2.1. A mapping f : X — > Y" satisfies the functional equation (1.1) if and 
only if f satisfies 

(2.1) f(x + ay) + f(x - ay) + 2(a 2 - l)f(x) 

= a 2 [f(x + y) + f(x - y)} + 2a 2 (a 2 - l)f(y) , 
for all integers a (a =/= ,a =/= ±1) and for all x,y £ X . 
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Proof. Suppose that the mapping / : X — ► Y satisfies the functional equation (1.1). 
Our proof will be by induction on \a\ . It holds when \a\ = 2 . Assume (2.1) holds 
for all integers with absolute value less than or equal to \a\ . Now, replacing x by 
x + y in (2.1), 

(2.2) f(x + (a+ l)y) + f(x -(a- l)y) + 2(a 2 - l)f(x + y) 

= a 2 [f(x + 2y) + f(x)} + 2a 2 (a 2 - l)f(y) , 
and also replacing x by x — y in equation (2.1), 

(2.3) f(x + (a- l)y) + f(x - (a + l)y) + 2(a 2 - l)f(x - y) 

= a 2 {f(x) + f(x - 2y)\ + 2a 2 (a 2 - l)f(y) , 
for all x,y E X . Adding equations (2.2) and (2.3), we have 

f(x +(a + l)y) + f(x -(a + l)y) + f(x + (a - l)y) + f(x - (a - l)y) 

+2(a 2 -l)[f(x + y) + f(x-y)} 

= a 2 [f(x + 2y) + f(x - 2y)] + 2a 2 f(x) + 4a 2 (a 2 - l)f(y) , 

for all x, y € X . By induction, we have 

f{x + (a+ l)y) + f{x - (a + l)y) - 2((o - l) 2 - I) fix) 
+(a - l?[fix + y) + fix - y)} + 2(o - l) 2 ((a - l) 2 - l)/(y) 

+2ia 2 -l)[fix + y) + fix-y)} 

- a 2 [-6 fix) + 4[fix + y)+ fix - y)} + 24/(y)] 

+2a 2 fix) + 4a 2 ia 2 -l)fiy). 

Hence we have 

fix + (a + l)y) + fix - (a + l)y) + 2((o + l) 2 - l)/(») 

= (a + If [fix + y) + fix - y)\ + 2(a + l) 2 ((a + l) 2 - l)/(y) , 

for all x, y € X . The other direction is trivial. Thus they are equivalent. □ 

We note that Theorem 2.1 follows from the results of Lee and Chung [7] if the 
mapping / is even. 

3. Stabilities 

3.1. Stability by using a Shadowing Property. In this section, we will inves- 
tigate the stability of the given functional equation based on ideas from dynamical 
systems. Before we proceed, we would like to introduce some basic definitions 
concerning shadowing and key concepts used to establish stability; see [18]. 

Let us fix some notations which will be used throughout this section. We denote 
N the set of all nonnegative integers, X a complete normed space and -B(a;, s) the 
closed ball centered at x with radius s and let <j> : X — >• X be given. 

Definition 3.1. Let 5 > . We say that a sequence ixk)ken is a 5~pseudoorbit 
if or <p) if 

d(xk+u<f>(xk)) < S /orfceN. 

A O—pseudoorbit is called an orbit. 
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Definition 3.2. Let s, R > be given. We say that <f> : X — > X is locally 
(s, R)—invertible at x G X if 

VyeB(<j>(x ),R), 3!xe%s): <j>{x) = y. 

If <j) is locally (s, R)— invertible at each x G X , then we say that <f> is locally 
(s, R)—invertible. 

For a locally (s, R)— invertible function cj>, we define a function 0~ : 
B(cj)(xo),R) — > B(xo,s) in such a way that (p~ 1 (y) denotes the unique a; from 
the above definition which satisfies 0(x) = y . Moreover, we put 

liPi?^ 1 : = SU P lipCCo 1 )^ 

where lip(</>~ ) is the lipschitz constant of </>~ . 

Theorem 3.3. [19] Lei Z G (0, 1) , R G (0, oo) be fixed and let <f> : X ->• X be locally 
(I R, R) — invertible. We assume additionally that lip^((/) _1 ) < I. Let 6 < (1 — Z)i? 
anii Ze< (xfe)fe 6 N ^e «"• arbitrary 5—pseudoorbit. Then there exists a unique |/£l 
such that 

d{x k ,<p k {y))<lR forkeN. 
Moreover, 



d{x k ,<p k {y)) < ^-j for ken. 

Let (X,*) be a semigroup. We denote kx to be x*- ■ -*x , where x G X and 

k 
k G N . Then the mapping || • || : X — ¥ R is called a (semigroup) norm if it satisfies 
the following properties: 

(1) for allxe X,\\x\\ > 0. 

(2) for &\\ x & X ,k &n ,\\kx\\ = fc||a;||. 

(3) for all x, y G X , ||x|| + ||y|| > \\x * y|| and also the equality holds when 
x = y , where * is the binary operation on X . 

Note (X, *, || • ||) is called a normed group if X is a group with an identity e , and 
it additionally satisfies that ||x|| = if and only if x = e . 

We say that (X,*, || • ||) is a normed (semi) group if X is a (semi)group with a 
norm 1 1 • 1 1 . Now, given an Abelian group X and n G Z , we define the mapping 

[nx] : A" — >• X by the formula 

[nx](x) := nx for x G X . 

Also, we are going to need the following result. In recent years, Lee et al. showed 
the next lemma by using Theorem 3.3. 

Lemma 3.4. [8] Let I G (0, 1), R € (0, oo), 6 € (0, (1 - l)R),e >0,mGN,nGZ. 
Let G be a commutative semigroup, X a complete Abelian metric group. We assume 
that the mapping [nx] is locally (I R, R) — invertible and that lip^Qn^] -1 ) < I. Let 
f : G — > X satisfy the following two inequalities 



N 



~y]aif(biX + Ciy) 



< e for x, y G G , 



||/(mx) — n/(x)|| < S for x G G , 
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where all a% are endomorphisms in X and bi , a are endomorphisms in G . We 
assume additionally that there exists K G {1, • • • , N} such that 

k N 15 

(3.1) 5^1ip(oO$<(l-Ofl, £ + J2 Moi)i3T<^- 

j=l i=K+l 

Then there exists a unique function F : G — > X such that 

F(mx) = nF(x) for x G G , 
and 

\\f(x)-F(x)\\<^- l forxeG. 



Moreover, F satisfies 

N 



y^ ajF(bi x + Cj y) = for x, y e G . 



i=l 

Now, we are ready to prove our functional equations as follows: 

(3.2) £>/(z , y) = /(a; + ay) + f(x - ay) + 2(a 2 - l)f{x) - 2a 2 (a 2 - l)f(y) 

-a 2 [f(x + y) + f(x-y)}, 
for all x, y € G . 

Theorem 3.5. Let R > 0, a be an integer(a ^0, a ^ ±1); G be a commutative 
semigroup, and let X be a complete normed Abelian group. Suppose that [fix] * s 
locally (^, R)—invertible and Hp^Qrix] -1 ) < \ ■ Let e < 4a2( -^ 2+1 -) and let f : G —¥ 
X be a even function such that 

(3-3) \\Df(x,y)\\<e, 

for all x, y G G . Then there exists a unique function F : G — > X such that 

F{ax) = a i F{x) , 
DF(x,y) = 0, 

\\F(x)-f(x)\\<6= a ^e, 
2a z 

for all x, y G G . 

Proof. By letting x — y — in the equation (3.3), we have 

||2aV-l)/(0)||< e , 
that is, ||/(0)|| < 2a 2 ( a2_!) ■ Now, by putting x = in (3.3), the inequality ||/(0)|| < 

2a»(5»-l) lm P liCS 



\\2f(ay)-2a\f(y)\\<^±e, 

a A 
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that is, we have \\f(ay) — a 4 /(y)|| < %^r£ , f° r all y e G . To apply Lemma 3.4 for 
the function / , we may let 

a\ = a 2 = idx, 
a 3 = 2(a 2 - l)idx , »4 = 2a 2 (a 2 - l)id x , 
a 5 = a 6 = a 2 id x , 
where iV = 6 . 



R 1 it it ,„ ,. _ 

<- = (l-/)i?, 



Then we have 






r a 2 + l 
* = 2a 2 £ 


< 


a 2 + l 
2a 2 


4 

^Iip(ai)<J 

?— i 


< 2 


a 2 (a 2 + 


6 




, , is 



4a 2 (a 2 + 1) 4a 4 2 - 2 



i? i? 



ande + ^hpK)— = £ + 2^< (a 2 + 2) £ < 2(?( ^ TI) - < - =^. 

Hence all conditions of Lemma 3.4 are satisfied, and thus we conclude that there 
exists a unique function F : G — > X such that 

(3.4) F(ax) = a 4 F(x) , 

DF(x,y) = 



and also we have 

2d 



\\f(x)-F(x)\\ <5= -^-e, forallx,yeG. 



□ 



Theorem 3.6. Let R > , a be an integer(a =/= 0, a 7^ ±1), G be a commutative 
semigroup, let X be a complete normed Abelian group and let f : G — > X be a 
function. Suppose [(2a 2 (a 2 — l))x] * s locally ( „ 2 , 2 .^ ,R) — invertible. Then f 
satisfies Df(x, y) = for all x, y € G if and only if f is a quartic functional 
equation 

Proof Letting x = y = in Df(x, y) = , we have 

2a 2 (a 2 - l)/(0) =0. 

By the uniqueness of the local division by [(2a 2 (a 2 — l))x] , we get /(0) = . Similar 
to the proof of Theorem 2.1, we have the desired result. □ 

The direct application of Theorems 3.5 and 3.6 yields the following Corollary. 

Corollary 3.7. Let R> 0, a be an integer(a ^ 0, s^ il); G be a commutative 
semigroup and let X a complete normed Abelian group. Let e < 2 ( a 2 +i1 ^ e al ~bitrary 
and f : G — > X a even function satisfying || Df(x, y) ||< e . Suppose that [nx] is 
locally (^, R) — invertible with lip H ([nx] _1 ) < | awe? [(2a 2 (a 2 — l))jf] *•? locally 



242 



QUARTIC MAPPINGS 7 

( 2a 2 (a 2 -i) ' R) — invertible. Then there exists a quartic functional equation F : G — > 

ITO-/Or)||<^ £ , 
/or all x £ G . 

3.2. Hyers-Ulam-Rassias stability. Throughout this section, let X be a quasi- 
/3-normed space and let Y be a quasi-/3-Banach space with a quasi- /3-norm || • ||y . 
Let K be the modulus of concavity of || • \\y ■ We will investigate the generalized 
Hyers-Ulam-Rassias stability problem for the functional equation (2.1). Next, we 
will study stability by using a subadditive function. For a given mapping / : X — > Y 
and a fixed integer a with (a^O, a^±l) let 

Df(x,y) = f(x + ay) + f(x-ay) + 2(a 2 -l)f(x) 

-2aV - !)/(!/) - a 2 [f(x + y) + f(x - y)} , 

x,y £ X . 

Theorem 3.8. Suppose that there exists a mapping <f> : X 2 — > K + := [0, oo) for 
which an even mapping f : X — > Y~ satisfies /(0) = , 

(3.5) \\Df{x,v)\\ Y <<Kx,v) 

and the series Yl^Ln ( rriw ) (j>{a-'x, a?y) converges for all x, y £ X . Then there 
exists a unique generalized quartic mapping Q : X — > Y which satisfies equation 
(2.1) and the inequality 

0.6) \\m-Qw\\Y<^f:(j^ym^-), 

for all x £ X . 

Proof. By letting x — and y = x in inequality (3.5), since /(0) = , we have 

||D/(0,x)||y - ||2/(a^r) - 2a 2 (a 2 - l)/(^) - 2« 2 /(^)||v- 

= ||2/(oa0 - 2a i f(x)\\ Y = 2< 3 |«| 4 < 3 ||/(a0 - \f(ax)\\ Y < 0(0, a) , 



that is, 

(3-7) II/W-^/MIIy<^^(0,x), 

for all x £ X . Now, putting x = ax and multiplying t—t^ in the inequality (3.7), 
we get 

( 3 - 8 ) i^H/M - IJ(" 2 x)Wy < ^(j^jVo*), 

for all x £ X . Combining two equations (3.7) and (3.8), we have 

11/0*0 - (^) 2 /(« 2 ^)lk < ^L? (0(0, x) + y^0(O, ax)) , 
for all x € X . Inductively, since K > 1 , we have 

s— 1 

(3-9) ll/W-yVCa^llr^^r^E^y^a^), 
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for all x G X , s G N . For all s and d with s < d and switching x and a s x in the 
inequality (3.7), inductively, 

II j — s 

for all x G X . Since the right-hand side of the previous inequality tends to as 
d — > oo , hence {( ^4 ) f(a s x)} is a Cauchy sequence in the quasi-/3-Banach space 
Y . Thus we may define 

Q(x)= lim (\)'f(a'x), 

for all x € X . Since K > 1 , replacing a; and y by a s a; and a s j/ respectively and 
dividing by |a| 4 ^ s in the inequality (3.5) , we have 



(j^y\\Df(a s x,a s y)\\, 



\\f(a 8 (x + ay)) + f(a s (x - ay)) - 2(a s - l)f(a s x) 



2/_2 «//.i..\ _2rj"/_s/„ i ,.\\ i j/_s/„ .ami 



-2a 2 (a 2 - l)/(a s y) - a 2 [/(a s (x + y)) + /(a s (x - y))]||, 



A' 



- iwi) ^ aSx > aS y^ 



for all x, y € X . By taking s — > oo , the definition of Q implies that Q satisfies (2.1) 
for all x, y € X , that is, Q is the generalized quartic mapping. Also, the inequality 
(3.9) implies the inequality (3.6). Now, it remains to show the uniqueness. Assume 
that there exists T : X — >• Y satisfying (2.1) and (3.6). Then 

\\T(x) - Q(x)\\ Y = (r^y\\T(a'x)-Q(a'x)\\ Y 

- (w^y K ( masx) - K a8x ^ Y + h^**) - Q( as *)\\Y 

2K 2 ^ / K 
< 



£(ot)*(o>«'*) 



2P\a\ 4 PK' 
for all x G X . By letting s — > oo , we immediately have the uniqueness of Q . □ 

Theorem 3.9. Suppose that there exists a mapping 4> : X 2 — > K + := [0, oo) for 
which an even mapping f : X — > Y satisfies /(0) = , 

(3.11) \\Df{x,y)\\ Y <<Kx,v) 

and the series X^i ( l a l K) <p(a~ : 'x,a~ : 'y) converges for all x, y G X . Then 
there exists a unique generalized quartic mapping Q : X — > Y which satisfies the 
equation (2.1) and the inequality 

(3.12) ||/0c) - Q(x)\\ Y < ^— ^ J2 (l«| 4 ^) V(0, a~*x) , 

for all x G X . 

Proof. If x is replaced by -x in the inequality (3.7), then the proof follows from 
the proof of Theorem 3.8. □ 
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Now wc will recall a subadditive function and then investigate the stability under 
the condition that the space Y is a (f3 , p)-Banach space. The basic definitions of 
subadditive functions follow from the reference [16]. 

A function <f> : A — > B having a domain A and a codomain (B, <) that are both 
closed under addition is called 

(l)a subadditive function if 4>{x + y) < <fi(x) + 4>(y) , for all x, y G A . 

(2) a contractively subadditive function if there exists a constant L with < L < 1 
such that <f>(x + y) < L(<j)(x) + 4>{y)) , for all x, y € A. 

Then 4> satisfies that <j>(2x) < 2L<j){x) and so (j){2 n x) < (2L) n 4>(x) . We observe 
that a contractively subadditive mapping (f> satisfies <j){ax) < aL<j){x) and hence 
<j>{a?x) < (aLy<j)(x) , for j G N , for all x € A , and all positive integers a > 2 . 

(3) a expansively super additive function if there exists a constant L with < L < 1 
such that <j>(x + y) > j^((f>(x) + <f)(y)) , for all x, y G A . 

Then (f> satisfies <j)(x) < ^<p{2x) and so 4>{-§t) < (^) n (j)(x) . We observe that an 
expansively superadditivc mapping <f> satisfies 4>(ax) > j;4>{x) and hence <P(fj) < 
( — y(j)(x) , for jeN, for all x £ A , and all positive integers a > 2 . 

Theorem 3.10. Suppose that there exists a mapping <f> : X 2 — > M + := [0, oo) for 
which an even mapping f : X — > Y~ satisfies /(0) = , 

(3.13) \\Df(x,y)\\ Y <<i>(x,y) 

for all x, y G X and the map <p is contractively subadditive with a constant L 
such that \a\ l ~ A ^L < 1. Then there exists a unique generalized quartic mapping 
Q : X -^ Y which satisfies the equation (2.1) and the inequality 

(3.14) \\f(x) - Q(x)\\ Y < , ^ ( °' X) 

V ' IIM ' WK ,UY ~ 2^\a\^P - (\a\L)P 

for all x G X . 

Proof. By the inequalities (3.7) and (3.10) of the proof of Theorem 3.8, we have 

-*— l 

1 \»„ „, „ ; s 1 



^E(^y p n/(«^)-^/(« j+ia; )iiv 

j=s 



d-1 
1 \"^ / 1 \ JP 



20P\a\ 4 Pp 



^«^£(» ^ a ° x)P 



1 r-\/ 1 \JP, 



^(o,x)p ti/ ll _4* r y p 



2 /3p| a |4/3p Z_^ 



£ lal 1 " 4 ^ 



that is, 



..is, iiO-n^-0'M<-^:t^y 



2£>v\ a \Wp 



245 



10 IN GOO CHO, HEEJEONG KOH 

for all x G X , and for all s and d with s < d. Hence {~Tif{a s x)} is a Cauchy 
sequence in the space Y . Thus we may define 

Q{x) = lim — -f(a s x) , 

for all x G X . Now, we will show that the map Q : X — >• Y is a generalized quartic 
mapping. Since 



||£>Q(s,»)|£ - lim 



||D/(a s x, a s y)||?. 



< lim 



| a |4/3 PS 
(a s x,a s y) p 



< lim 0(x,y) p (|a| 1 - 4 ^L) ps =O, 

for all x G X , then the mapping Q is a generalized quartic mapping. Note that the 
inequality (3.15) implies the inequality (3.14) by letting s = and taking d — > oo . 
Assume that there exists T : X — *• Y satisfying (2.1) and (3.14). Then 

\\T(x)-(±)'f(a'x)\\>r = (j^y S \\T(a s x)-f(a s x)\\ p Y 

, \P° <f>{0,a s x)P 



< 



(w 1 - 



i-4fs T \ ps Ho,xy 



that is, 



2to(\a\*fo - (\a\L)p) ' 



\\T(x) (±)f(a°x)\\ Y < (\a\^L) S g^ . 

MVJ W M ;Mr - V ' / 2/3 tflal^P - (\a\L)P 

for all x G X . By letting s — > oo , we immediately have the uniqueness of Q . □ 

Theorem 3.11. Suppose that there exists a mapping <f> : X 2 — > R + := [0,oo) for 
which an even mapping f : X — > Y satisfies /(0) = , 

(3.16) \\Df{x,v)\\ Y <<Kx,v) 

for all x, y G X and the map <f> is expansively superadditive with a constant L 
such that |a| 4,9 ~ 1 L < 1 . Then there exists a unique generalized quartic mapping 
Q : X — > Y which satisfies the equation (2.1) and the inequality 

(3.17) ||/(a0-Q0c)|| y < " ( °"" i 



2PL^\a\P-(\a\^L)P ' 
for all x G X . 
Proof. By letting x — 0, y — x in the equation (3.16), we have 

\\2f(ax)-2a 4 f(x)\\ Y < ( f > (0 lX ), 
and then replacing x by -, 

(3-18) ||.f(z)-a 4 .f(-)|| y <^(0,-), 

a 2P a 
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for all x G X . For all s and d with s < d , inductively wc have 

(3-19) \\a*f&-a«f{%W Y < ^^gfla^)'', 

j = s 

for all x G X . The remains follow from the proof of Theorem 3.11. □ 
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Calculating zeros of g-extension of the second kind Bernoulli 

polynomials 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract 

In this paper we observe the behavior of complex roots of g-extension of the second kind Bernoulli 
polynomials B nq (x), using numerical investigation. By means of numerical experiments, we demon- 
strate a remarkably regular structure of the complex roots of of g-extension of the second kind 
Bernoulli polynomials B n ^ q (x). Finally, we give a table for the solutions of g-extension of the second 
kind Bernoulli polynomials B nq (x). 

Key words - Bernoulli numbers and polynomials, the second kind Bernoulli numbers and polyno- 
mials, the second g-Bcrnoulli numbers and polynomials, p-adic q-integrals 

1. Introduction 

We have studied Bernoulli numbers and Bernoulli polynomials ( see [1-6]). Bernoulli polynomials 

posses many interesting properties and arising in many areas of mathematics and physics. In the 21st 

century, the computing environment would make more and more rapid progress. Using computer, 

a realistic study for new analogs of Bernoulli numbers and polynomials is very interesting. It is the 

aim of this paper to observe an interesting phenomenon of 'scattering' of the zeros of the g-extension 

of the second kind Bernoulli polynomials B ntCj (x). The outline of this paper is as follows. In Section 

2, we study g-cxtension of the second kind Bernoulli polynomials B nq (x). In Section 3, we describe 

the beautiful zeros of g-extension of the second kind Bernoulli polynomials B n ^ q (x) using a numerical 

investigation. Also we display distribution and structure of the zeros of the g-extension of the second 

kind Bernoulli polynomials B nq (x) by using computer. By using the results of our paper the readers 

can observe the regular behavior of the roots of g-extension of the second kind Bernoulli polynomials 

B n ,q{x). Finally, we carried out computer experiments for doing demonstrate a remarkably regular 

structure of the complex roots of g-extension of the second kind Bernoulli polynomials B n _ q (x). 

First, we introduce the second kind Bernoulli numbers B n and polynomials B n (x). The second 

kind Bernoulli numbers B n and polynomials B n (x) arc defined by means of the following generating 

functions: 

2ie* ^ t n 



and 



respectively 



n=0 
9fp t °° f n 

F(x,t) = ~^—e xt = Y, B n (x)- r (1.2) 

e — 1 z — ' n! 

ra=0 



2. g-extension of the second kind Bernoulli numbers and polynomials 

In this section, we define g-extension of the second kind Bernoulli numbers B nA polynomials 
B n ,q{x) and investigate their properties. Let q be a complex number with \q\ < 1. By the meaning of 
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(1.1) and (1.2), let us define g-extension of the second kind Bernoulli numbers B nq and polynomials 
B nq (x) as follows: 

qe zt — 1 *-^ rv. 

H n=0 

F q ( X ,t)= ^ M + W ^ = ±B n , q ( X ) t - r (2.2) 

qe zt — 1 ^-^ rv. 

1 n=0 

As g -> 1, we have F q (t) -* F(t) and F q (x,t) -> F(x,t). 

In [6] , we introduced q-extension of the second kind Bernoulli numbers and polynomials and 
investigate their properties. The following elementary properties of g-extension of the second kind 
Bernoulli numbers B nq and polynomials numbers B n ^ q (x) are readily derived form (2.1), and (2.2)( 
see, for details, [6]). We, therefore, choose to omit details involved. 

Proposition 1. For n G N, we have 

B n , q (x) = (-l) n q- 1 B n , q - 1 (-x). 



Here is the list of the first g-extension of the second kind Bernoulli numbers B n>q . 
2 2q\ogq logg 



B\.„ — 
B 



L " -1 + q (-1 + q) 2 ' -1 + q' 

—8q 4 8hq 2 logq 8qlogq logg 



J " (-l + q) 2 -1 + q (-1 + g) 3 {-1 + q) 2 -1 + q' 

48q 2h 48q 6 48q 3h logq 72q 2h logq 26glogg logq 



B ^ q (-l + q) 3 (-l + q) 2 ^ -l + q (-1 + q) 4 + (-1 + q) 3 (-1 + q) 2 ' -I + q 
Proposition 2. For any positive integer n > 2, we have 

qB n , q (x + 2) - B n<q {x) = log q(x + l) n + 2n(x + l)"" 1 . 

Let n be odd positive integer. We also observe that B nq -i(—l) = 0. 

Here is the list of the first q-extension of the second kind Bernoulli Polynomials B n ^ q (x). 

2 2q\ogq logq , xlogg 



^2,,(») 



B 3 , q (x) 



-l + q (-l + q) 2 -l + q -1 + q' 

—8q 4 Ax 8q 2 \ogq 8q\ogq logq Aqxlogq 



(-l + q) 2 -l + q -l + q (-l + q) 3 (-l + q) 2 -l + q (-1 + qf 
2x log q x 2 log q 
-l + q -l + q' 
48q 2 48q 6 24qx Ylx 6x 2 



(-l + q) 3 (-l + q) 2 -l + q (-l + q) 2 -l + q -l + q 

48q 3 log q 72q 2 log q 26q log q log q 

~ (-l + q) 4 + (-1 + q) 3 ~ (-l + q) 2 + ^l + q 

24q 2 x\ogq 24qo;log<7 3a; log q 6qx 2 logq 3x 2 log q x 3 logq 
+ (-1 + q) 3 ~ (-1 + q) 2 + -I + q ~ (-1 + q) 2 + -l + q + -I + q ' 
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3. Distribution and Structure of the zeros 

In this section, we investigate the zeros of g-extension of the second kind Bernoulli polynomials 
B n>q (x) by using computer. We plot the zeros of B n>q (x),n = 30, x € C (Figure 1). 
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Figure 1: Zeros of B nyq (x),x e C 

In Figure 1 (top-left), we choose n = 30 and q = 1/10. In Figure 1 (top-right), we choose n = 30 
and q = 3/10. In Figure 1 (bottom-left), we choose n = 30 and q = 7/10. In Figure 1 (bottom-right), 
we choose n — 30 and q — 9/10. 
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Our numerical results for numbers of real and complex zeros of B nq (x),q = 1/2 are displayed 
in Tablel. 

Table 1. Numbers of real and complex zeros of B ntq (x) 



n 


q 


= 1/3 


q 


= 1/2 


real zeros 


complex zeros 


real zeros 


complex zeros 


1 


1 





1 





2 


2 





2 





3 


3 





3 





4 


4 





4 





5 


3 


2 


5 





6 


4 


2 


4 


2 


7 


5 


2 


3 


4 


8 


4 


4 


4 


4 


9 


5 


4 


5 


4 


10 


4 


6 


4 


6 



Stacks of zeros of B n<q (x) for 1 < n < 30 from a 3-D structure are presented (Figure 2). In 



Im(x) 5 




i?e(jc) 



Figure 2: Stacks of zeros of B niq (x), 1 < n < 30 



Figure 2, we choose q = 1/2. 
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We calculated an approximate solution satisfying B nq (x),q = 1/3, 1/2,; x <G K. The results are 
^ivcn in Table 2 and 3. 

Table 2. Approximate solutions of B n , q (x) = 0, x € R 



n 


9=1/3 


1 


-0.179521547 


2 


-0.74000509, 0.38096199 


3 


-1.1128025, -0.2506220, 0.8248599 


4 


-1.349316, -0.784698, 0.228493, 1.1874346 


5 


-0.340664, 0.680360, 1.480633 


6 


-0.88445, 0.11303, 1.11560, 1.70068 


7 


-1.4265, -0.4432, 0.5615, 1.6092, 1.7766 


8 


-1.782, -0.995, 0.003, 1.005 


9 


-1.94, -1.55, -0.55, 0.449, 1.448 



Table 3. Approximate solutions of B n ^ q (x) = 0, x £ 



n 


9=1/2 


1 


-0.11460992 


2 


-0.6851149, 0.45589505 


3 


-1.0791305, -0.1602728, 0.8955735 


4 


-1.348199, -0.691513, 0.336647, 1.244625 


5 


-1.4611, -1.2086, -0.21750, 0.79987, 1.51420 


6 


-0.7473, 0.2570, 1.2552, 1.6883 


7 


-1.28, -0.282, 0.723 


8 


-1.72, -0.81, 0.19, 1.19 


9 


-2.0, -1., -0.4, 0.7, 1.6 



This shows the distribution of real zeros of B ns (x) for 1 < n < 30 (Figure 3). In Figure 3(top- 
left),we choose q = 1/10. In Figure 3(top-right), we choose q = 3/10. In Figure 3 (bottom-left), we 
choose q = 7/10. In Figure 3(bottom-right), we choose q = 9/10. 

The plot above shows B n ^ q (x) for real 1/10 < q < 9/10 and — 1 < x < 1, with the zero contour 
indicated in black (Figure 4). In Figure 4(top-left), we choose n = 2. In Figure 4(top-right), we 
choose n = 3. In Figure 4 (bottom-left), we choose n = 4. In Figure 4 (bottom-right), we choose 
n = 5. 
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Figure 3: Plot of real zeros of B n q (x), 1 < n < 30 



In Figure 1, B n ^ q (x),x S C, has Re(x) = reflection symmetry. This translates to the following 
open problem: Prove or disprove: B n ^ q (x),x e C, has Re(x) = reflection symmetry. We shall 
consider the more general open problem. How many roots does B n ^ q (x) have? Prove or disprove: 
B n ,q{x) has n distinct solutions. Find the numbers of complex zeros Cb„ ( x ) of B n ^ q (x), Im{x) ^ 0. 
Prove or give a counterexample: Conjecture: Since n is the degree of the polynomial B n ^ q (x), the 
number of real zeros Rs n (x) lying on the real plane Im(x) — is then Rb„ (x) = n — Cg n i x \, 
where Cs n ( x ) denotes complex zeros. See Table 1 for tabulated values of Rs n ( x ) and Cs n (x)- 
Find the equation of envelope curves bounding the real zeros lying on the plane, and the equation 
of a trajectory curve running through the complex zeros on any one of the arcs. These figures give 
mathematicians an unbounded capacity to create visual mathematical investigations of the behavior 
of the roots of the B n ^ q (x). Moreover, it is possible to create a new mathematical ideas and analyze 
them in ways that generally are not possible by hand. The author has no doubt that investigation 
along this line will lead to a new approach employing numerical method in the field of research of 
g-extension of the second kind Bernoulli polynomials B nq (x) to appear in mathematics and physics. 
For related topics the interested reader is referred to [1-6]. 
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Figure 4: Zero contour of B nq (x) 
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OSCILLATION RESULTS FOR SECOND ORDER HALF-LINEAR 
NONHOMOGENEOUS DIFFERENTIAL EQUATIONS WITH 

DAMPING 

ERCAN TUNg AND AHMET EROGLU 

Abstract. In this paper, by using variational principle and Riccati technique, 
some new oscillation criteria for certain second order forced differential equa- 
tion of the form 

(r^W^r 1 x'{t))' +p{t)\x\t)\ a - 1 x'{t) + f{t,x{t) lX '{t)) = e{t), t > t 

are established. The results obtained essentially generalize the results of [2, 3] 
and improve the results of [6]. 



1. Introduction 

In recent years, the oscillatory behavior of many different kinds of differen- 
tial equations such as linear, half-linear, quasi-linear and nonlinear differential 
equations has been investigated and a great deal of results has been obtained. 
For more information we refer the reader to excellent articles and books on the 
subject (see, for example, ([I]- [19]) and the references quoted therein). 

In this paper, we are concerned with the problem of oscillation of the forced 
second order half-linear differential equation with damping 

(r (t) Ix'^rV^))' +p(t) \x\t)\ a - l x\t) + f{t,x{t),x'{t)) = e(t), t > t 

(1.1) 

where r e C ([t , oo), (0, oo)), p,e G C ([£ , oo), R) , / G C ([t , oo) X R x R, R) 
and a is a positive constant. 

By a solution of (1 .1), we mean a function x G C 1 ([T x , oo), R), where T x > t 
depends on the particular solution, which has the property r (t) \x'{t)\ a ~ x'(t) G 
C 1 \T Xl oo) and satisfies (1.1). We restrict our attention only to the nontrivial 
solutions x(t) of (1.1), i.e., to the solutions x(t) such that sup {|x(t)| : t > T} > 
for all T > T x . A nontrivial solution of ( 1 . 1 ) is called oscillatory if it has arbitrarily 
large zeros, otherwise, it is said to be nonoscillatory. Equation (1.1) is called 
oscillatory if all its solutions are oscillatory. 

Eq. (1.1) and its various particular cases such as the linear differential equation 

(r(t)x'(t))' + q(t)x(t) = e(t), (1.2) 

1991 Mathematics Subject Classification. 34A30, 34C10. 

Key words and phrases. Oscillation, Riccati transformation, variational principle, nonlinear 
differential equations. 
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the half-linear differential equation 

(r (t) \x'(t)\ a - l x'(t)\ + q(t) |x(i)r _1 x(t) = e(t), (f .3) 

the quasi-linear differential equation 

(r(t) |^)rV(t))' + ?(t) \x{t)t l x{t) = e(t), (1.4) 

the quasi-linear differential equations with damping 

(r («) i^r 1 x'(t))' + P (t) witT' 1 At) + ?(*) i«(*)r _1 *(*) = e (*) (i-s) 

and 

V(t) |x'(*)| a ~V(t)Y +K0 {Atff^At) + ?(*) k(*)l*~M*) = e (*) (1-6) 



have been studied by numerous authors with different methods. 

Recently, Zheng and Meng [ ], Xing and Zheng [3] improved the paper [5] and 
showed that the results obtained in [ ] for eq. (1.3) can not be applied to the 
case a > 1. The main aims of this article are to extend the results derived in 
[2, 3] for Eq (1.4) and Eq. (1.5) to Eq. (1.1) and to improve the results in [6]. 

To ease the readability of this paper we state main results of [2, 3, 6] and the 
well-known inequalities from Hardy et.al [8] in below. 



Theorem 1.1. [ , Theorem 2.2] Assume that for any T > to, there exist T < 
si < t\ < s 2 < t 2 such that 

LetD(si,U) = {ueC 1 [si,ti\ : u a+1 (t) > 0,t G (si,ti) , and u(si) = u(U) = 0} for 
i — 1,2. Suppose that there exist H G D(si,ti), and a positive, nondecreasing 
function (ft G C 1 ([to, oo), R) such that 



a+l 



Qf(H) := W) 



*: 



ftKrHM-^fwil^)' 



dt >0 
fl. 



fori = 1,2. Then Eq. (1.4) is oscillatory, where 

Q e (t) = a- a 'P(3 {(3 - a) (a - pW [q(t)] a/f3 |e(t)| (/3 " Q)//3 , < a < (3 
with the convention that 0° = 1. 



Theorem 1.2. [3, Theorem 2.2] Assume that for any T > to, there exist T < 

si < ti < s 2 < t 2 such that (1.7) holds. 

LetD(si,ti) = {u G C 1 [si,ti] : u a+1 (t) > 0,t G {s h ti) , and u(si) = u{U) = 0} for 
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i = 1,2. If there exist H G D (s i; tj) and a positive function p <E C 1 ([to, oo), i?) 
swca that 

U r • • - O+l" 



p(t) 



q(t)H^(t)-r(t) [\H t (t)\ + 



H(t) 



(a+1) 
/or i = 1,2. T/ien E'o. fi.5,) is oscillatory. 



p'(t) p(t) 



p(t) r(t) 



dt>0 (1.9) 



Theorem 1.3. [6, Theorem 1] Suppose that (3 > a > and taat for any T > to, 

taere exist T < si < ti < S2 < t 2 such that q(t) > on [si,ti] fl [s2,t 2 ] and (1.7) 
holds. Let D (s{, U) = {u G C 1 [si, U] : u(t) ^ 0, u(si) = u(ti) = 0} for i — 1, 2. 
i/ tnere exists H <E D (sj,tj) sncn taat 



J^ 2 (*)(f) 



/3-a 



(/3-a)//3 



[g(t)] Q//3 |e(t)| (/3 - a)//3 dt 



>(Ar l /]4= r2ff, w-^ 



a+l 



dt 



;i.io) 



/or i = 1,2, t/ien even/ solution of Eq. (1.6) is oscillatory. 
Lemma 1.4. [ ] 7/X and K are nonnegative, then 

x 7 + ( 7 -i)r 7 > 7 xr 7 - 1 , 7 >i, 

where equality holds if and only if X = Y. 

Lemma 1.5. [ ] If X and Y are nonnegative, then 

\x + -Y > X'/'Y 1 / 8 , \ + - = l. 

A A 

2. The main results 

From now on, we say that a function H := H(t) belongs to a function class 
D (s h U) = {HeC 1 [ Si , U] ■ H a+ \t) > 0, t G ( Si , U) , and H( Si ) = H(U) = 0} for 
i — 1, 2, denoted by H G D (sj, ti), i = 1, 2. 



Theorem 2.1. In addition to the essential assumptions on the functions r,p,f 
and e suppose that for any T > t , there exist T < s x < t\ < s 2 < t 2 such that 
(1.7) holds. Assume further that there exist a function q G C([t ,oo),R) and a 
constant [3 > a > satisfying the following condition: 

(i) ^§ > q(t), where q(t) > for t G [ Sl , h] U [s 2 , t 2 ] , x ^ . 
// there exits H G -D (s,, tj) and a positive function p G C 1 ([to, oo)) sitc/i taat 



Q(t)H a+1 (t)dt> I p(t)r(t) 



H'(t) + 



F(t) (p'(t) p(t) 



(a + l)\p(t) r(t) 



a+l 



dt, (2.1) 
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fori = 1,2, then Eq. (1.1) is oscillatory, where 

Q(t) = a-^Pp (f3 - a) (a -P )/l3 p(t) [q(t)} a/(3 \e(t)\ {l3 ~ a)/f3 , with the convention that 

0° = 1 . 

Proof. Let x(t) be a non-oscillatory solution of Eq. (1.1). Then there exists a 
T > to such that x(t) ^ for all t > T . Without loss of generality, we may 
assume that x(t) > for all t > T . Denote 



,.r(t )\x'(t Q ~V*) r 
w (t) =p(t) Wl w ' ^ for t>T . 

KJ ix&r 1 x (t) 



(2.2) 



Differentiating (2.2) and making use of (1.1) as well as the assumptions of our 
theorem, we see that for all t >T 



p(t) 



r(t) 



ix(*)r-^(t) 



, /.n eft) _ ^ ^(QI^WI — V(t)(|x(t)r- 1 »(t))' 



< 



p'(t) P (t) 

pit) r{t) 



W (t) - p(t)q(t) \x{t)t» + P(t) r^Br^ - ag£ 



(2.3) 



or 



P-a 



p(t)q(t)\x(t)r a -p(t) 



e(t) 



\x(t)\ a ~x(t) 



< -w'(t)+ 



p'(t) p(t) 

p(t) r(t) 



w(t)—a 



K*) | 



(a+l)/a 



(P(t)r(t)) 1/a ' 
(2.4) 
By the assumption, we can choose si,ti > T so that e(t) < on the interval 
I\ = [si,tx] with Si < t 1 . Hence, from (2.4) for t G 7i, 



p(t)q(t)\x(t)r a +p(t) 



0-a 



W)\ 



\x{t)\ a - x x{t) 
When xit) > for all t > T , (2.5) yields 



< -w'(t) + 



p(t) r(t) 



w(t)—a 



\w(t)\ 



(a+l)/a 



(P(t)r(t)) 1/a ' 
(2.5) 



e(t)\ 



p(t)q(t)\x(t)r a + p(t)^^ < -w'(t) + 



P'(t) p(t) 
[p(t) r(t) 



w(t) — a 



Mi) I 



(a+l)/a 



Now, we consider the two following cases (i) j3 > a; (ii) (3 = a. 
Case (i) (3 > a. Set A = /3/a, 5 = (3 / {(3 — a) and 



(P(t)r(t)) 1/a ' 
(2.6) 



X=Pp(t)q(t)\x(t)\ 
a 



j3-a 



Y 



P P(t)\e(t)\ 
((3 -a) (x(t)) a ■ 
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By Lemma (1-5), we derive that 



/3-a 



[gffll 



p(t)q(t)\x(t)r a + p(t)^ 
> X l / x Y l l s 



a- a ^(3{(3 - a) {a - 0W p{t) [q(t)] a/l3 \e{t)f- a)IP = Q(t). (2.7) 



Thus, by using (2.7) in (2.6), it is easy to see that for t G [si,ti 



Q(t) < -w'(t) + 



[pit) r(t) 



w(t) — a 



\w(t)\ 



(q+1)/q 



(P(t)r(t)) 1/a ' 



(2.8) 



Case (ii) (3 = a. When (3 — a, 



\/3-a 



e(t)\ 



p(t)q(t) \x(t)r a + P(t)-^a > P(t)q(t) = Q(t) 



and this implies that (2.7) and (2.8) also hold for (3 = a. 

Therefore, for (3 > a and t G I\, the inequalities of (2.7) and (2.8) hold for all 
eventually positive solutions of (1.1). 

Multiplying both sides of (2.8) by H a+1 and integrating over J l5 we obtain 



/ Q(t)H a+1 (t)dt <-J H a+1 (t)w'(t)dt + J H a+1 (t) 



*i 



*i 



*i 



p'jt) 

p(t) 



m 

r(t) 



w(t)dt 



«l 



si 



ra +iu\ \™(t)\ <a+1)/a . 

(p(t)r(t)) 1 



-a f H a+1 (tV wwr ' ", dt 



In view of H(si) = H{t\) = 0, we have 



(2.9) 



[ H a+1 (t)w'(t)dt = -(a+l) I ' H a (t)H'(t)w{t)dt. 



(2.10) 



«i 



*i 
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Using (2.10) in (2.9) leads to 

/ Q(t)H<*+\t)dt <J(a + l)H°(t) [H'(t) + »§ [ 



si 



si 



Pit) r(t)J 



w(t)dt 



r rra+ifA k(OI (a+1)/c 

(p(t)r(i)) 1 



a J n W wiv™^ ai 



<J(a + l) H'(t) + ^( 



H{t) (m_ m 

p(t) r(t) 



\H(t)\ a \w(t)\dt 



h 



Ta+lU\\™(t)\ (a+1)/a . 



-a f H a+1 (t) ]W(l>l 7 dt 

J l ' (P(*)r(<)) 1/Q 



Setting 



(2.11) 



a/(a+l) 



X 



a 



(p(t)r(t)) 1/a , 



|^(t)| tt K*)l, 7 



a+1 



o 



y = (ap(t)r(t)) a/(Q+1) 



#'(*) + 



ff(t) (p'{t) p{t) 



(a+1) \p(t) r(t) 
with respect to Lemma (1.4), we obtain for t G [si,ii] 



(«+D|^)+|g)(^-i 



i^ )n ^)i_^ +1(i) rf^ 



< p(*)r(t) ff'(t) + ^gj ( 



g(«) M*) _ pW x " + l 



p(t) r(t) 



Then, by using (2.12) in (2.11), we see that 



(2.12) 



Q(t)H a+l (t)dt < / p(t)r{t) 



H'(t) 



H(t) (p\t) p(t) 



(a + 1) \p(t) r(t) 



Q + l 



dt, 



which is a contradiction of (2.1). This contradiction proves that x(t) is oscillatory. 

When x(t) < for all t > T , we may use the fact that e(t) > on J 2 = [s2, £2] 

to reach a similar contradiction. Therefore, any solution is oscillatory. This 

completes the proof. □ 



Remark 2.1. In the case a — (3 — l,p(t) = and f(t,x,x') = q(t)x, Theorem 
(2.1) reduces to the result of Wong [1]. 



Remark 2.2. When p(t) = 0, f(t,x,x') = q(t) \x\ x and (3 > a > 0, we obtain 
the results in [21. 
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Remark 2.3. If we let a = j3 and f(t,x,x') = q(t) \x\ a ~ x, our results reduce to 
the results of [3]. 



Remark 2.4. When f(t,x,x') = q(t) \x\ x and (3 > a > 0, Eq. (1.1) becomes 
Eq. (1.6). We emphasize that the results of [6] cannot be applied to the case 
a > 1. This is mainly because that the term \H(t)\ a ~ appears in Theorem (1.3) 
makes the integral improper at the boundary points (H(si) = H(ti) = 0) . We 
remove this restriction since in our case a can take any values in (0, oo). 



Remark 2.5. If the hypothesis (1.7) in Theorem (2.1) is replaced by 

,.,[ >0, te[ Sl ,h] 
[) \ <0, te[s 2 ,t 2 ], 

the results of Theorem (2.1) are still valid. 



3. Examples 
Example 3.1. Consider the following forced half-linear differential equation 

t^ 19 |x'(*)r~V(t)Y-7t (57 - 9)/9 |x'(t)r~V(*)+ift 7 |x(<)|^ _1 a:(*) = -cost, t> 1, 

(3.1) 
where a = 5/3 > l,/3 = 3 and 7 > 1 is a constant. Then Eq. (3.1) is oscillatory 
if 

1 / Q /2 16 

K" 9 > - (2 + 7 /3) 8/3 nf-^—Bill/Q, 37/18), 

where B is the Beta function. Since a = 5/3 > 1, Theorem (1.3) cannot be 
applied to the case. If we choose s± = 2nii, t\ = 2nn + n/2 = s 2 , t 2 = (2n + l)n 
for n e {1, 2, ...}, H(t) = sin2t and p(t) = r 57 / 9 . It is easy to see that 

h 2mr+TT/2 

jQ(t)H a ^(t)dt =jf w J K^(sm2tf 3 (cost)^dt 

s\ ' 2nn 

^^f (sm2sf 3 (cos s) 4 / 9 ds 



WW Q 



I V |^5/9.B(ii/6, 37/18), 
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and 



h 



a+1 



dt 



f p (t)r{t)\H'(t) + g$ (*$-$! 

si 

2nn+n/2 

= J |2sintcost+^f^(-| + 2)| 8/3 rfi 

2nir 
2nn+n/2 

= f |2sintcost+^2t| 8/3 dt 

J I Dt I 

2mr 
2nn+n/2 

< J (2 + 7 /3) 8/3 rft 

2nir 

= | (2 + 7 /3) 8/3 vr 

< |^K 5 / 9 5(ll/6,37/18). 

Similarly, for S2 and £2, we can show that the integral inequality (2.1) holds. Then 
Eq. (3.1) is oscillatory by Theorem (2.1) for (0 < a < (3). 



Example 3.2. Consider the forced half-linear differential equation 

(t 2 \x'(t)\ a ' 1 x'(t)\ -2t\x'(t)\ a - 1 x'(t) + 3t 2 \x(t)\ a - 1 x(t) = -smt } t > 0, 

(3.2) 
where a = /3 = 3. Here the zeros of the forcing term — sint are nir. Let 
H(t) = sint and p(t) = t~ 2 . For any T > 1, choose n sufficiently large so that 
rm = 2kiT > T. Let si = 2A;7r, ti = S2 = (2A; + 1) tt and ^2 = (2/c + 2) 7r. It is easy 
to verify that 

tl h (2fc+l)7T 

Q(t)H a+1 (t)dt= J p(t)q{t)H a+l {t)dt= [ 3sm A tdt=-7r 



si si 2kir 

and 

*1 / \ Q + l (2fc+l)7T 

/ p(t)r(t) H'(t) + *$ (gf - f|) dt = / (cos t) 4 dt 



*'l 



2/C7T 

Itt < Itt, 



i.e., (2.1) hold for z = 1. 

Similarly for S2 and ^2, we can show that (2.1) hods for % = 2. It follows from 
Theorem (2.1) that Eq. (3.2) is oscillatory. However, the results of Li [ i] is not 
applicable since a = 3 > 1. 
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Abstract 

In this paper, we propose cost functions for signal and image recovery composed of £2 
data fitting and modified nonconvex nonsmooth regularization, and develop a minimization 
algorithm. We deduce that any accumulation point of the sequence generated by minimizing 
cost functions is a clarke stationary point of the nonsmooth and nonconvex optimization 
problem and the proposed method possesses at least superlinear convergence property. Four 
image restoration problems with different pixels and different regularization terms are used 
to implement numerical tests. Experimental results and comparison with the two methods 
in [M. Nikolova et al., IEEE Trans.Imagc Process., Vol.19, NO. 12 (2010), pp.3073-3088] show 
the efficiency of the proposed method. 

Keywords. Image restoration, Modified nonconvex nonsmooth regularization, Nonconvex 
nonsmooth optimization 

1. Introduction 

The image restoration problem is that of reconstructing an image of an unknown scene from 
an observed image, including deblurring and denoising. This problem plays an important role 
in medical sciences, biological engineering, and other areas of science and engineering [3, 7, 29] . 
For simplicity, we assume that the underlying images have square domains, but all discussions 

2 

can be equally applied to rectangle domains. Let u £ W 1 be an original n x n grayscale image, 

2 2 2 

H G M. n xn represent a blurring (or convolution) operator, uj G W 1 be additive noise, and 

2 

/ € W 1 be an observation which satisfies the relationship 

f = Hu + u. (1.1) 
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Technically, we do not solve (1.1) to get u since ui is unknown, instead, we solve 

min||ffu-/||2. (1.2) 

u 

However, the above problem alone will not get a satisfactory solution since the system is very 
sensitive to noise and lack of information. To overcome these drawbacks, the smooth least squares 
problem 

mm\\Hu- f\\l+P\\Du\\l (1.3) 

u 

is often used, where D is an operator and /3 is the regularization parameter that controls the trade- 
off between the data-fitting term and the regularization term. The above problem is convex and 
smooth. In [25], Nikolova et al. considered the more general form 

Q(Hu-f) + p$(u), (1.4) 

where ©(•) forces closeness to data, <£(•) embodies the priors and j3 is a parameter that controls 
the tradeoff between these two terms. Our choice in this paper for ©(•) is 

Q(v) = \\v\\ 2 2 . (1.5) 

In many image processing applications, the regularization term $>(u) reads 

*(u) = 5>(IIA(«)||2), (1.6) 

where I denotes the set of all pixels of the image / = {1, 2, •••,/}, I = n x n, Di : W — >■ M s , for 
s > 1 is a linear operator yielding a vector containing the differences between the pixel and its 
neighbors, each Di can be seen as an s x p matrix. For instance, the family {Di} = {Di : i £ 1} 
can represent the discrete approximation of the gradient or the Laplacian operator on u, or finite 
differences of various orders, or the combination of any of these with the synthesis operator of a 
frame transformation. Let us denote by D the matrix where all Di are vertically concatenated, 
i.e., 

D=[Dj,...,Df] T , 

where the superscript - T stands for transpose. 

The function ip : M — >■ M + is called a potential f unctioniVY) . Various potential functions 
(PFs) <f have been used in the literature, a review can be found for instance in [6]. Obviously, 
when ip{t) = \t\ and {Di} corresponds to the discrete analog of the gradient operator, (1.6) is 
the well-known Total Variation (TV) regularization function [28]. An important requirement is 
that (p allows the recovery of large differences ||Z)j(u)||2 at the locations of edges and smooths 
the other differences. Due to the pioneering work of Geman & Geman [10], different non-convex 
functions <p have been considered either in a statistical or in a variational framework, see e.g. [5, 
11, 12, 17, 18]. In order to avoid the numerical intricacies arising with nonconvex regularization, 
in [3, 15, 30], an important effect was done to derive convex edge-preserving PFs, see [1] for 
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details. Nevertheless, nonconvex nonsmooth regularization offers much richer possibilities to 
restore high quality images with neat edges: for regularization functions of the form (1.6) a 
theoretical explanation was provided in [23] while numerical examples can be found in numerous 
articles, see e.g. [11, 12, 20, 23, 25, 27]. 

In a continuous setting, regularization involving ||V fe u||, k = 1, 2, ■ ■ ■ , is rotation invariant, its 
computation is relatively complicated. In order to lighten the numerical intricacies relevant to 
the discrete variant ||-Dj(u)||2, a common approach is to replace it by functions of the form 

*(u) = 5>(l#«l), (1.7) 

iei 

where the superscript . stands for transpose, and d\ £ MP, for each i £ /, yields, e.g., the 

first-order differences between each pixel and its four or eight adjacent neighbors. Note that this 

kind of regularizer are customary in Markov random field modeling, e.g., see the classical survey 

paper [5]. Even though rotation invariance is not well defined in the discrete setting, it is usually 

observed that the £2 norm of the discrete gradient, i.e., ||Djii||2, yields image restorations with 

better quality than \d[u\. 

In recent years, some papers with the nonconvex and nonsmooth regularization term are 
intensively studied in image processing. Firstly, (1.7) is discussed carefully. As proven in [21], 
although convex potential functions such as (p(t) = \t\ are often used for the regularization term, 
nonconvex regularization functions such as ip(t) = ttMtt with a > provide better possibilities 
for restoring images with neat edges. For this reason, many image restoration problems are 
often converted into nonsmooth, nonconvex optimization problems. Several efficient algorithms 
for image restoration problems were proposed, for example, Nikolova et al. [25] considered a 
continuation method by using linear or quadratic programming reformulation and interior point 
methods for arbitrary H in (1.4). The purpose of the continuation method proposed in [25] is 
to approximate the minimizer of the objective function. However, there is no guarantee for the 
convergence of the continuation method. Another drawback of these methods is the use of 6n 
additional variables, which makes these methods impractical for solving large-scale problems. So 
in [8], an efficient smoothing nonlinear conjugate gradient method for large-scale, nonsmooth, and 
nonconvex image restoration problems was presented, which is very easy to implement without 
adding any new variable and ensures that any accumulation point of a sequence generated by 
this method is a Clarke stationary point. Later, Nikolova et al. [24] based on the minimizers of 
energies of the form (1.4) — (1.5), developed two very fast minimization algorithms and showed 
their effectiveness and efficiency, the computational time required by Algorithm II is only less 
than the half of the computational time required by Algorithm I after compared to each other, 
and the solution of the minimization problem is composed of constant regions surrounded by 
closed contours and neat edges. However, the analysis of the related convergence properties was 
not given. 

Due to the nonconvexness of (1.6), V 2< I ) (u) is negative definite and it was omitted at the 
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practical computation in [24], which inevitably lost more data for image recovery. In order to 
reduce unnecessary loss of data and speed up the image recovery time, we can set up a new cost 
function as follows 

J{u) = \\Hu - f\\l + n \\u\\l + /?$(u), (1.8) 

where the above regularization term is different from that in (1.4) and called the modified non- 
convex nonsmooth regularization. 

This paper provides two main contributions. The theoretical one is to prove that the min- 
imizers of (1.8) , where (p(\\ • H2) is nonconvex and nonsmooth at zero and {D{\ is the discrete 
gradient, are composed of constant regions surrounded by closed contours and neat edges, and to 
analyze the convergence property of our proposed algorithm with at least superlinear convergence 
rate under certain conditions. This method ensures that for any starting point, any accumula- 
tion point of the sequence generated by the method is a Clarke stationary point. The practical 
contribution is that the processing speed of our proposed algorithm is faster and the quality of 
the reconstruction is better than the two algorithms proposed in [24]. It is more suitable for 
large-scale problems. 

This paper is organized as follows. In the next section, based on the alternating minimization 
algorithm in [32] , we propose a minimization . Convergence properties of the proposed algorithm 
are analyzed in section 3. In section 4, numerical results in comparison with the two algorithms 
proposed in [24] are provided. We implement numerical experiments for four blurred and noised 
images with size n x n(n = 64 x 64 to 512 x 512) to show the effectiveness and the efficiency of 
the proposed method. 

Throughout the paper, || • || denotes the I2 norm and || • ||i denotes the l\ norm. M + denotes 
the set of all nonnegative real numbers. W* + denotes the set of all positive real numbers. 

2. Algorithm's description 

In this section, we study the properties of minimizers of (1.8) under customary, weak assumptions. 
Throughout the paper we will make the following assumption. 

Assumption 2.1. 

HI : ker(H) n ker(D) = 0, where D = [Df , • • • , Dj] T ; 

H2 : (p is continuous and symmetric on M, increasing on M +; with y?(0) = (0) and <p'(0 + ) > 0; 

H3 : ip is C 2 ; 

H4 : v3(0 + ) = limy/' < 0, ip" is increasing with ip" (t) < \/t G W + and lim (p"(t) = 

H5 : V?'(0 + ) > and </3(0+) < are finite. 
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TABLE I 

SEVERAL PFS SATISFYING H2, H3, H4 AND H5. 

Nikolova et al. [25] replaced the function ip by a sequence of p £ : R — > R+, eo = < ei < 
■ ■ ■ < e n = 1 such that (po is convex and p £ monotonously reaches ip when e goes from to 1, 
with ip\ = (p and cp £ is nonsmooth at for any e 6 [0, 1] .(To simplify the notations, we write e 
for £/u whenever this is clear from the context.) Correspondingly, our energy J is approximated 
by a sequence J £ as given in the following: 



J £ {u) = \\Hu - /||| + AilMll + /3 V^(|| An|| 2 ), < e < 1. 



16/ 



(2.9) 



Thus, Jo is convex (and nonsmooth), J £ monotonously goes to J when e increases and we have 
Ji = J. 

Definition 2.1. Using Assumption 2.1, we can choose tp £ : R — >■ R snc/i £/ja£ 

(%) <£> £ (0) = 0, ip £ is symmetric and continuous on R ; and C 2 -smooth on W\, Ve £ [0, 1]; 
fwj for £ = 0we have v?o(£) = V 9 (0 + )l^l while for e = 1, <p\ = ip; 
(Hi) p' £ (0 + ) > is finite, Ve G [0, 1]; 
(iv) ^"(0+) < °> Vt G M \ {0} and </3(0 + ) d = limpjf < is /rmte Ve G (0, 1]. 



We can further rewrite cp £ as follows: 

p £ (t) = t/j £ (t) + a £ \t\, a £ = p' £ (0 + ). 
Lemma 2.1. Let <p £ satisfy all conditions in Definition 2.1. Consider the function ip £ (t) : 

Mt) = <Pe(t) ~ ^' £ (0 + )\t\. 

Then we have the following assertions: 

(i) Mt G R, we have tp (t) = and V>i(i) = <p{t) - p'(0 + )\t\; 
(ii) ip e is C 1 on R with ^(0) = 0, Ve G [0, 1]; 
(Hi) i\) £ is C 2 on R and ^ £ (-t) = i/%(t) < 0, Vt G R, Ve G (0, 1]. 

If ip satisfies Assumption 2.1, an easy way to construct ip £ is 

p £ (t) = ep(t) + p'(0 + )(l-e)\t\. 
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By Lemma 2.1, we see that (p £ in (2.10) is composed of two terms: the first one ip £ is C 2 -smooth 
and concave whereas the second one a £ \t\ is convex and nonsmooth at zero. 
Decomposing J £ in (2.9) according to (2.10) yields 

J £ (u) = \\Hu - /||1 + HMI2 + ^e(u) + f3a £ Y, \\Diu\\ 2 , (2.13) 

iei 

where * e (u) = ^ Ve(ll A«lb)- 

16/ 

Remark 2.1. 5y using the results in Lemma 2.1, the function: u 1— >■ ||i7u — /||| + MlMli + 

/3^ e (n) is iwice differentiable and nonconvex whereas the function: u4^] ||-Dj«||2 is convex and 

iei 
nondifferentiable. 

Our approach to tackle the difficulties for minimizing the function in (2.13) is to apply variable- 
splitting and penalty techniques to separate the nonconvex term and the nonsmooth term by 
using additional variables, transfering the nonsmooth term out of J £k as proposed in [32] . In the 
following, we propose one numerical scheme to minimize the function in (2.13) for every e 6 [0, 1]. 
The minimizer u of J\ provides the sought-after approximation of the global minimizer of J. 

Now, we consider an augmented energy J £k : M. n x M sxn — > R which involves a fitting of the 
auxiliary variable t; £ l sx " to Du 

J £k (u, v) = \\Hu - ff 2 + MfclMll + PVe k (u) + oj\\Du - vf 2 + (3a £k ^ ||^|| 2 , (2.14) 

iS/ 

where uj > and V{ G M s , Vi G /. For u fixed, J £k (u, ■) is convex and nondifferentiable. Given v, 

the function u 1— > J £k (u,v) is twice differentiable (see Remark 2.1) and nonconvex, so that it can 

be minimized by the alternating minimization algorithm. The computational steps are given as 

follows: 

t>(J' fc ) = argmin J £k {u^~ 1,k \ v) 



argmin{y^(w|| D^ (j l,k) - Vi\\\ + ^a £ ||^|| 2 )}, 



(2.15) 



5X " 2 iei 



u 



(■?» = argmin J £ (u,v^' k ^>) 



«6l™ 2 



(2.16) 



= argmin{||iJu-/||2 + MfclMI I + P^e(u) + u\\Du - v^' k) \\ 2 2 }. 

«eR™ 2 

In this case, we initialize with u' 0, ' ' = u £k _ 1 where u £k _ 1 is resulted from the minimization of 

1) Computation v^' k ' according to (2.15): 

Solving (2.15) amounts to solve I independent problems 

v\ j ' k) = argmin{w|| Au (i_1 ' fe) - v^ 2 . + pa e \\vi\\ 2 }, i € I. (2.17) 
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As shown in ([34], pp. 251-252), each one of the problems in (2.17) can be solved efficiently using 
s-dimensional shrinkage 

\\DiuV 1 < K >\\ 2u) 

where the convention • (0/0) = is followed. 

2) Computation u^ ,k ' according to (2.16): 

For eo = (i.e., k = 0), the finding of u^' ' amounts to minimize the convex quadratic 
function 

Jo(«,« '- 1>0) ) = \\Hu- fWl + ^WuWl+uWDu-v^-^Wl (2.19) 

It is equivalent to solving a linear system 

(H T H + fl0 I + ujY, D?Di)uW = HTf + uvV- 1 ®. (2.20) 

For £fc (i.e., k > 0), the Quasi-Newton method [26, Ch.8] can be used to solve (2.16). Since all the 
terms in J £k (■, dw -1 ") are twice differentiable (see Remark 2.1), we can find out the corresponding 
gradient vector V„J £fc = V u J £fc (u, z/- 7-1 '^) and the Hessian V 2 J £fe = V 2 J £fe (u, wO'- 1 .*)) of 
J £fc (-, U"" 1 '*') to tackle the minimization problem: 

V u J £k = 2H T {Hu - /) + 2^ fc u + /3V u * £fc («) + 2ujD t {Du - v) (2.21) 

and 

V 2 J £k = 2H T H + 2/i fc I + (3V 2 U * £fc (u) + 2u;L> T Z), (2.22) 

where V^ £fc (n) = V„\l/e fc (M, u^' -1 '*'). Since V 2 VP £fc (u) is negative definite [see Lemma 2.1 (iii)], 
Newton method can not be directly used. According to the modified Newton method introduced 
in [16], the appropriate selection of parameter n^ can ensure V 2 J £fe is positive definite. For 
more convenient calculation and faster the processing time, we select to omit the term V 2 ^ £k {u) , 
then the obtained search direction must be the descend direction for the related minimization 
problem. Thanks to the term 2^1, the coefficient matrix 2H H + 2/i^J + 2coD D is always 
positive definite even if H H is singular. The solution can be updated by the formulation: 

where r > is the step-size and Au" 1,fc ) is found by solving 

(2H T H + 2fi k I + 2uD T D)Au^~ 1 ' k) = -V u J £k . (2.23) 

We remark in image restoration that H is usually a blurring matrix generated by a symmetric 
point spread function. The computational cost of the method is dominated by three fast discrete 
transforms for solving the linear system (2.20) or (2.23), see [19] for details. The computational 
cost for each fast transform is only 0(n 2 log(n 2 )) for the size of n 2 x n 2 a blurring matrix [19]. 
In this paper, we fixed r = 1 for all of our experiments. 

3) Algorithm 2.1: 
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* Set £o and Ae = ^, and initialize u^°'°\ 

For fc = — > n 

Set j ; = 1, initial value of w, and relative-change = to/ + 1 
While relative-change > to/ do 

Obtain t;Cw by computing the formula in (2.18); 

If jfe = 

Solve (H T H + n k I + uj^2 Dj £><)«&*) = # T / + w £ Djv^\ 

iei iei 

Otherwise 

Solve (2# T # + 2/i fe / + 2w £ DfD^Au^' 1 ^ = -V u J £k ; 

iei 
Update tA fc ) = uO"-i.*) + Auk'" 1 .*); 

End if; 

Compute relative-change = ||u^'^ — «^ _1 ' fe ^||2/||^''^||2; 

End While 
End While 

Set u( 0,k+l > = u^' k ' (for the initial guess of the next outer loop); 
Update Sk+i = £fc + Ae; 

End For 

3. Convergence analysis 

For convex problem, the convergence of the quadratic penalty method as the penalty param- 
eter goes to infinity is well known, e.g, see Theorem 17.1 in [26]. However, for nonconvex and 
nonsmooth cost functions, convergence analysis is very difficult, thanks to modified nonconvex 
nonsmooth regularization, the convergence analysis of our proposed algorithm can be proved 
easily. We firstly analyze the convergence of {u^' k '}, then analyze the convergence of {v^ ,k >}. 

In this section, we analyze the convergence properties of Algorithm 2.1 for a fixed uj > 0. First, 
we prove that, for any initial point, the sequence {(u^ ,k \ i;* ))} generated by Algorithm 2.1 
converges to a solution of (2.13). Then, using a finite convergence property for {v^ ,k '}, we 
establish at least superlinear convergence rate for Algorithm 2.1. In what follows, we omit to for 
notational simplicity. 

First of all, for k = 0, J £() , which is a convex function, has at least one minimizer (u*,v*), 
the conclusion follows directly from [32] . In the following, we analyze the convergence of J £k for 
k>0. 

Assumption 3.1. (i) For any x £ W 1 , the level set 

n(x) = {xe R n \f(x) < f(x)} 
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is bounded. 

(ii) / is continuously differentiable and there exists a constant L > such that for any x £ W 1 , 
the gradient of f satisfies 

||V/(x)-V/(y)||<L||x-j/||, x,yeS(x). (3.24) 

Assumption 3.1 is often used in the analysis of the convergence of optimization problems. In 
the following, we let the function of the form J £k (-, •) satisfy Assumption 3.1. 

Definition 3.1. A function f is said to be strongly pseudoconvex at x* if there is a neighborhood 
Q of x such that for every £ G df(x*) and every y £ Q, £, T {y — x*) > =4> f{y) > f(x*). 

Pseudoconvexity is weaker than convexity. For example, <j>i(t) = 1 "Mn is strongly pseudo- 
convex. 

Lemma 3.1. If f is strongly pseudoconvex at x* , then x* is a local minimizer of f . 

The above lemma can be deduced from Remark 2.3 in [30]. 

Let D := 2H H + 2/ZfcJ + 2ujD D, evidently D is a symmetric positive definite matrix. 

Remark 3.1. There exit A, A G R + , such that for alii, < A < Xi(D) < A, (V u J £k ) T Au^ -1 '^ < 
— ^||V M J £ J| 2 and || Au^~ 1,k ' \\ = \\—D~ 1 V u J £k \\ < ^||V U J £ J| ; where \i(D) is someone eigenvalue 
of matrix D. 

The following theorem shows the convergence of {u^' k '} generated by Algorithm 2.1 when 
the objection function J £fe is smooth and nonconvex. 

Theorem 3.1. Let u^ ,k ' be generated by Algorithm 2.1, and assume that the level set Qo = 
{u^' k '\ J £k (u^ ,k \ •) < J £k (u( 0,0 > , •)} is compact. If all stepsize cth is selected by either 1 or the 
Armijo line search, then we have 

liminf||V u J £ J|=0. (3.25) 

Proof: J efc («&*),.) < J £k ( u (°^,-) for all j,k,{u^ k )} 6 O , J £fc (-,-) G C 2 , so that { J £fc (^», •)} 
admits a limit for j — >■ oo. 
For a k = 1, 

J e M J ' k) r) = J^-^ + A^'-^),-) 

< J £k {u^-^ k \-) + 7 V u J £fc (n^- 1 ' fc ),-) T AnO'- 1 ' fc ),0 < 7 < 1. 

Also since V u Je k {u {j ~ hk \ -f Au^' 1 ^ < 0, it follows from (3.26) that 

lim V u J £k {u^- l > k \ -fAu^- 1 '^ = 0. (3.27) 

j-KXJ 
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By Remark 3.1 we have 



VuJe,^- 1 -*),.) A«0"-i.*) < -U\ Vu J £k ( u U-^),.)f 



< -^||A«0-i.*)||2 

< o, 

for all j, k, thus (3.27) implies: 

lim ||V„J efc || =0. (3.28) 

which shows (3.25) holds. 

For otk selected by the Armijo line search, the conclusion can be proved similarly from Theorem 
3.1 in [14] and Remark 3.1. □ 

Remark 3.2. Theorem3.1 shows that for any initial point u^ 0,0 ' , {vP' } generated by Algorithm 2.1 
converges to a stationary point u* of J £k . 

For a G R 2 , the 2D shrinkage operator s : R 2 — > R 2 is defined as 

s(a) d = max{||a|| - -,0}|^T|, (3.29) 

where the convention • (0/0) = is followed. 
It is easy to see that 

s(a) = a — V(a), 

where V(-) = Vb '■ R 2 — > R 2 is the projection onto the closed disc B = {a G R 2 |||a|| < l/j3}. 

pN at \ 1 „„ J„fl„„ Qf„,.n,\ . TU>2n 2 . jn>2n 2 



For vectors u, v G R N , N > 1, we define 5(w; v) : R 2 ™ ->• R 2 ™ by 



clef 



S(u;v) = (s(ai);--- ;s(a N )), a 



Ui 

Vi 

2 



i.e., 5" applies 2D shrinkage to each pair (uj, t> j) G R , for z = 1, 2, ■ ■ ■ , N. 
Proposition 3.1. For any a, b G R 2 and P(a) / V(b), it holds that 

||s(a)-s(6)|| 2 < ||a-6|| 2 . 
Proof: Since B is convex, 'P(-) satisfies 

{a-V{a)) T (V{a)-V(b)) >0 Va, 6 G R 2 
Exchanging a and 6 gives us — (6 — V(a)) T (V(a) — V(b)) > 0. Hence it follows that 

(a - b) T (V(a) - V(b)) > \\V(a) - V{b)f. (3.30) 

Therefore, by s(a) = a — V(a), we get 

|| S (a)-^)H 2 = \\a-b-{V{a)-V(b))\\ 2 

= \\a-bf- 2(a - 6) T (P(a) - *>(«,)) + \\{P)(a) - V{b)\\ 2 > 

< ||a-6|| 2 -||P(a)-P(6)|| 2 
where the last inequality follows from (3.30). Moreover, if V{a) ^ V(b), then HT'(a) — 7^(6)11 7^ 0. 
It follows from the above inequality that \\s(a) — s(b)\\ 2 < \\a — b\\ 2 . □ 
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Remark 3.3. Following from the above Proposition 3.1 , Remark 3.2 and (2.18), we can deduce 
that {v^ ,k '} generated by Algorithm 2.1 is convergent for any convergence sequence {u^ ,k '} . 

Theorem 3.2. Let the level set f2 = {(u,v)\J £k (u,v) < J £k (uQ,vo)} be bounded and J £k be twice 
continuously differ entiable on a convex set containing Q. Assume that {u"' '} is generated by 
Algorithm 2.1. Suppose that {fik} is bounded above and that there exists an accumulation point 
u* of \vP'- ' '} . Then the following statements hold: 

(i) If we assume further that //& — > 0, and 7 G (0, |), then the convergence rate is at least 
superlinear. 

(ii) If in addition, V„\I/ efc («) is Lipschitz around u* and there exists a constant C > such that 
f-k-i < d\\\7J £k (u w'' fe ),■ )|| for all k, then the convergence rate is quadratic. 

The above theorem can be deduced from Theorem 2.1 in [16]. 

4. Numerical Results 

In this section, we present numerical results to show the efficiency of Algorithm 2.1. All of 
the numerical results are implemented using Windows XP and MATLAB 7.8 with an Intel Core 
2 Duo CPU at 2.20 GHz and 2 GB memory. Signal to noise ratio (SNR) is used to measure 
the quality of the restored images while CPU time is also used to compare the efficiency of the 
restoration method. The parameter tol is set to be 1CU 4 in the proposed method. The initial 
value of uj is set to be 1.1, and its value is updated at each iteration. The PF used in all the 
illustration and its approximation 

1 + a|£| 1 + ea\t\ 

were also tested in [25]. Note that 99 satisfies Assumption 2.1 and that (p £ satisfies Definition 2.1. 
We only compare the proposed methods with Algorithm II in [24] where Algorithm II is much 
faster than Algorithm I. 

We define the peak signal to noise ratio (PSNR), which measures the error between the 
recovered image and the real image. A higher PSNR value usually implies better image quality. 
Mathematically, PSNR is defined as 

PSNR = -20 x log in " 9 ~J F , 

m z 

where g is the observed image and / is the original image, || • \\f is the Frobenius norm. 

Four gray- value images are tested with intensity ranging from to 1. The first image is 

TwoCircles of size 64 x 64. The second, third and fourth images are respectively cameraman, 

lena and pirate of size 128 x 128, 256 x 256, 512 x 512. To generate the observed images, the 

blurring function is chosen to be a 2-D truncated Gaussian function 

-s 2 - t 2 
h(s, t) = exp( — —"2 — ), for — 3 < s, t < 3 
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with a = 1.5 such that the function has a support of 7 x 7, we added Gaussian noise with the 
standard deviation of 0.05. 

Different initial guesses have been considered, including the observed image, the least squares 
solution and a flat image (all the pixel values are 0.5). By experimental results, the proposed 
method is insensitive to all of the initial guesses. Therefore, we only demonstrate the results 
which the initial guesses are the observed images. For ip e in (4.31) we have 



o :~ 



<p e (0 + ) = y?(0+) = a. 



In the experiments we used a £ = ip £ = 0.5, ^ = C||VJ £fc (u^' fe-1 ^, uw> fc-1 ))||, we tested different 
values of /3 and C respectively in order to find out the restored image with the highest SNR 
among the tested values. 



Original Image 



PSNR = 15.51 



PSNR = 19.37 



PSNR = 19.15 




(a) (b) (c) (d) 

Figure 1: (a)Thc original TwoCircles image;(b)the observed image;(c)the image restored by our 
method; (d)the image restored by Algorithm II in [24]. 



Original Image 



PSNR = 21.03 



PSNR-23.50 



PSNR = 23.42 




(a) (b) (c) (d) 

Figure 2: (a)The original cameraman imagc;(b)thc observed image;(c)the image restored by our 
method; (d)thc image restored by Algorithm II in [24]. 



Image 


Size 


PSNR(dB) 


Time 


^sec) /iterations 


Name 


rows 


cols 


Proposed 


Algorithm II^ 24 ! 


Proposed 


Algorithm II^ 24 ! 


TwoCircles 


64 


64 


19.37 


19.14 


0.83 


1.14 


Cameraman 


128 


128 


23.51 


23.44 


0.89 


1.16 


Lena 


256 


256 


25.62 


25.40 


3.47 


4.22 


Pirate 


512 


512 


26.92 


26.65 


17.02 


20.36 



TABLE II 
RESULTS OF RECONSTRUCTION 4 IMAGES. THE STOPPING CRITERIA IS ||/ fe+1 - f k h/\\fkh < !0~ 4 
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(a) 

PSNR = 25.65 



(b) 

PSNR = 25.44 




(c) (d) 

Figure 3: (a)The original lcna image; (b)the observed image; (c)the image restored by our method; (d)thc 
image restored by Algorithm II in [24]. 



Original Image 



PSNR = 23.90 




(a) 

PSNR = 26.94 



(b) 

PSNR = 26.68 




(c) (d) 

Figure 4: (a)The original pirate image; (b)the observed image; (c)the image restored by our method; (d)thc 
image restored by Algorithm II in [24]. 



Figures 1-4 show the original, observed, and restored images with different pixels. We list 
only some restored images since the quality of the other restored images is very similar. The 
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detailed numerical results are reported in Table II. 

Numerical results, compared with Algorithm II in [24], show that the proposed method can 
more efficiently reduce objective function values, improve PSNRs of the image restorations, and 
produce piecewise constant images. We can see from Figures 1-4 that the proposed method can 
preserve the neat edge of the image and the artifacts of multiple rings or ripples are still less. 
From Table II, we can find that the proposed method can save at least 15% processing time than 
Algorithm II in [24]. Moreover, the proposed method can deal with large-scale image problems 
with n = 512 x 512 = 262144 pixels. 

5. Conclusion 

The nonsmooth and nonconvex minimization problem has been widely used in image restora- 
tion. We considered image reconstruction and image restoration using cost functions composed 
of £2 data fitting and modified nonconvex nonsmooth regularization in this paper. Based on the 
alternating minimization algorithm in [32], we propose a minimization algorithm (i.e., Algorithm 
2.1). Numerical results showed the feasibility of the cost functions for image restoration, and 
the effectiveness and efficiency of the proposed numerical schemes. We also deduced that the 
proposed numerical scheme is at least superlinearly convergent and that any accumulation point 
of the sequence generated by this method is a Clarke stationary point. 
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Abstract 

The soft set theory is introduced as a new mathematical tool for deal- 
ing with uncertainty. The soft topology on a soft set and its related 
properties is presented by Cagman et al. [Computers and Mathematics 
with Applications 62 (1) (2011) 351]. In this paper, we attempt to broad 
the theoretical aspects of soft topological spaces and so give soft analogues 
of many results concerning neighborhoods and closures in ordinary topo- 
logical spaces. The notions of soft filters, ultra soft filters and bases of a 
soft filter are introduced and their basic properties are investigated. The 
adherence and convergence of soft filters in soft topological spaces with 
related results is also discussed. 

Keywords: Soft topology, soft filter, ultra soft filter, base for a soft 
filter, convergence, adherence. 

2000 AMS Subject Classifications: 03H05,06D72,54A209 

1 Introduction 

The theories such as probability theory [15], fuzzy set theory [20], intuitionists 
fuzzy set theory [3, 4], vague set theory [7] and rough set theory [12], which can 
be considered as mathematical tools for dealing with uncertainties, have their 
inherent difficulties (see [11]). The reason for these difficulties is possibly the 
inadequacy of parameterization tool of the theories. Molodtsov [11] introduced 
soft sets as a mathematical tool for dealing with uncertainties which is free from 
the above-mentioned difficulties. Since the soft set theory offers mathematical 
tool for dealing with uncertain, fuzzy and not clearly defined objects, it has a 
rich potential for applications to problems in real life situation. The concept and 
basic properties of soft set theory are presented in [11, 9]. He also showed how 
soft set theory is free from the parameterization inadequacy syndrome of fuzzy 
set theory, rough set theory, probability theory and game theory. However, 
several assertions presented by Maji et al. [9] are not true in general [2]. Based 
on the analysis of several operations on soft sets introduced in [9] , Ali et al. [2] 
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present some new algebraic operations for soft sets and prove that certain De 
Morgan's laws in soft set theory with respect to these new definitions. Maji et 
al. [10] used the soft sets into the decision making problems that are based on 
the concept of knowledge reduction in rough set theory. 

Pei and Miao [13] showed that soft sets are a class of special information 
systems. Kong et al. [8] introduced the notion of normal parameter reduction 
of soft sets and its use to investigate the problem of sub-optimal choice and 
added a parameter set in soft sets. Zou and Xiao [21] discussed the soft data 
analysis approach. Xiao et al. [17] proposed the notion of exclusive disjunctive 
soft sets and studied some of its operations. The application of soft set theory in 
algebraic structures was introduced by Aktas, and gagman [1]. They discussed 
the notion of soft groups and derived some basic properties and shows that soft 
groups extend the concept of fuzzy groups. Babitha and Sunil [5] attempted to 
open the theoretical aspects of soft sets by extending the notions of equivalence 
relations, composition of relations, partitions and functions to soft sets. Yang 
and Guo [18] introduced the notions of kernels and closures of soft set relation 
and soft set relation mappings and obtained some related properties. Shabir 
and Naz [14] applied the soft set theory in topological structures and introduced 
soft topological spaces, gagman et al. [6] introduced a topology on a soft set, 
so-called "soft topology" , and its related properties. They then presented the 
foundations of the theory of soft topological spaces. This is the starting point for 
soft mathematical concepts and structures that are based on soft set-theoretic 
operations. 

The purpose of present paper is a further attempt to broad the theoretical 
aspects of soft topological spaces introduced in [14, 6]. We refer to [16] in order 
to refresh the fundamental concepts in topological space. The rest of this paper 
is organized as follows. In Section 2 basic notions about soft sets reviewed. 
Section 3 focuses on soft topological spaces and gives soft analogues of many 
results concerning neighborhoods and closures in ordinary topological space. 
Section 4 presents the concept of soft filters and gives that every soft filter on 
non-null soft set is the intersection of the family of ultra soft filters which include 
it. The adherence and convergence of soft filters in a soft topology with related 
results is also discussed. 



2 Preliminaries 

Molodtsov [11] defined the soft set in following way. Let U be an initial universe 
of objects and E the set of parameters in relation to objects in U. Parameters 
are often attributes, characteristics or properties of objects. Let V(U) denote 
the power set of U and A C E. 

Definition 2.1 A soft set (7, A) on the universe U is defined by the set of 
ordered pairs 

(7, A) = {(x, lx (x)) : x e E, lx (x) G V(U)}, 

where jx '■ E — > V(U) is a mapping such that jx(x) = if x £ X. 

Here jx is called an approximate function of the soft set (7, A). The value 
of "fx ( x ) is arbitrary. Some of them may be empty, some may be have nonempty 
intersection. Note that the set of all soft sets over U will denoted by S(U,E). 
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Example 2.2 Suppose that there are six houses in the universe U = {hi, /i 2 , h 3 , 
/14, /15, /i 6 } under consideration and that E — {x\, x 2 , x 3 , X4, x$} is a set of deci- 
sion parameters. The Xi (i = 1, 2, 3, 4, 5) stand for the parameters "expensive", 
"beautiful" . "wooden" . "cheap" , and "in the green surroundings" . respectively. 

Consider the mapping jx given by "houses (•)" is to be filled in by one of 
the parameters X{ G E. For instance, 7jc(xi) means "houses (expensive)", and 
its functional value is the set {h G U : h is an expensive house}. 

Suppose that X = {an, £3, #4} C E and Jx{xi) = {/i2,/i4}, lx{ x 3 ) = U 
and 7x(£4) = {/ii, /13, /15}. Then, we can view the soft set (~/,X) as consisting 
of the following collection of approximations: 

(l,X) = {(xi,{h2,h4}),(x 3 ,U),(x4,{hi,h 3 ,h 5 })}. 

Definition 2.3 Let ("f,A) and (7, B) be two soft sets in S{U,E). Then: 

(1) (7, A) is called a null soft set, denoted by <&, if Ja(%) = for all x e E; 

(2) (7, A) is called an absolute soft set, denoted by A, if 7,4(0;) = U for all 
x e E; 

(3) (7, A) is called a soft subset of (7, B), denoted by (7, .A)c(7, B), if (i) 
A C B and (ii) 7,4(2;) C j B (a;) for any x e E; 

(4) (7, A) is called a soft superset of (7, B), denoted by (7, A)D(7, B), if 
(7, B) is a soft subset of (7, A); 

(5) (7, A) and (7, B) are called soft equal if (7, A) £(7, B) and (7, A) 5 (7, B); 

(6) the union (7, ^4)U(7, B) of (7, A) and (7, B) is defined by the approximate 
function Jaub( x ) — 1a{ x ) U 7b (x) for all x <E E; 

(7) the intersection (7, A)n(7, B) of (7, A) and (7, B) is defined by the ap- 
proximate function jAnB^x) = 7a 0*0 H 7s(a;) for all x £ E; 

(8) the complement (7, A) c of (7, A) is defined by the approximate function 
-f A (x) = U\ 7a (») for all ie£ 

It should be noted that this definition is different from that of [9]. Note 
that the set of all soft subsets of (7, X) will be denoted by V(j, X). Since some 
researchers are in some conflict about a null soft set due to its notation, we 
prefer to use <&a instead of <& for the null soft set of (7, A) as Ali et al. [2] used. 

Example 2.4 Let U = {hi,h2,h 3 }, E — {xi,X2,X 3 }, X = {an, £2} and 
(7, X) = {{x u {h 1 ,h 2 }), {x 2 , {h 2 , h 3 })}. Then 

(7, Xi) = {{xu{hi})}, (7, X 2 ) = {(an, {/la})}, (7, X 3 ) = {(x 1 ,{h 1 ,h 2 })}, 
(7, X 4 ) = {(X2, {h 2 })}, (7, X 6 ) = {(X2, {h 3 })}, (7, X 6 ) = {(x 2 , {^2, h 3 })}, 
(7, X 7 ) = {(an, {/h}), (a; 2 , {/i 2 })}, (7, * 8 ) = {{x u {hi}), (x 2 , {h 3 })}, 

(7, X 9 ) = {( Xl , {/H}), (X 2 , {/l 2 , /l 3 })}, (7, *lo) = {(»l, {M)> (S2, {M)}> 

(7, In) - {(xi, {h 2 }), (X2, {h 3 })}, (7, X 12 ) = {(an, {/is}), (x 2 , {fc, fc 3 })}> 
(7,^13) = {(xi,{h 1 ,h 2 }),(x2,{h 2 })}, (j,X 14 ) = {(cci,{/ii,/i 2 }),(x 2 ,{/i 3 })}, 
(7,X 15 ) = (7,^),(7,^i6)=^x 

are all soft subsets of (7, X) and so 7- > (7, X) = {(7, Xj) : i — 1, . . . , 16}. 

Proposition 2.5 For three soft sets (7,^4), (7, B) and (7, C) in S(U,E), the 
following are true 

(1) (7, A)n( 7 , A) = (7, A), (j, .4)0(7, ^) = (7, A) ■ 

(2) ( 7 ,A)n$ A = $, (7,^)U^ = ( 7 ,A). 
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(3) ( 1 ,A)nA=( 7 ,A), ( 1 ,A)uA = A. 

(4) (( 7 ,A)n( 7 ,i?)r = (7^) c U(7,B) c , ((7,i)U(7,B)) c = (7,^) c n(7,S) c - 

(5) ((7,A)n(7,B))n( 7 ,C) - (7,^)n(( 7 ,B)n(7,C)), ((7,A)U(7,S))U( 7 ,C) 

= (7,A)U((7,B)U( 7 ,0). 

(6) (( 7 ,A)n( 7 ,B))U( 7 ,0 = ((7^)U(7,C))n((7,B)U(7,C)), (( 7 , A)U( 7 ,B)) 
n ( 7 ,C) - ( (7,^)n( 7 , C)) u(( 7 ,B)n(7,C)). 

3 Soft topology on soft set 

In this section, we present some results concerning neighborhoods in soft topo- 
logical spaces. 

Definition 3.1 [14] Let (7, X) be an element of S(U,E) and r be a subfamily 
of ^(7, X). Then r is called soft topology on (7, X) if the following conditions 
are satisfied: 

(l)$x,( 7 ,X)er; 

(2) If (7, A), (7, B) € r, then (7, A)_n( 7 , B) e r; 

(3) If {(7, A k ) : fc e K} C r, then U fee ir(7, ^fe) € r. 

The triple (7, X, r) (simply denoted by (X 7 ,r)) is called a soft topological 
space (simply, soft space) over X. Every member of r is called r-open soft 
set. A soft set is called r-closed if its complement is r-open. {&x, (7jX)} and 
■p(7, X) are two examples for soft topology on X and shall call indiscrete soft 
topology and discrete soft topology respectively as called in point-set topology. 
Moreover, S(U, E) is a soft topology on U. 

For two soft topologies t and r' on (7, X), r is said to be finer than r' and 
r' coarser than r if r C r'; thus r is finer than r' if and only if every r'-open 
soft subset of (7, X) is r-open. 

Definition 3.2 Let r be a soft topology on (7, X) and (7, A) be a soft set 
in 7^(7, X). A soft set (7, B) in V(j,X) is a r-ncighborhood [14] of a soft 
set (7, A) if there exists an r-open soft set (7, C) (i.e., (7, C) G r) such that 
(7, A)c(7, C)c( 7 , -B). The family of all r-ncighborhoods of (7, A) is called the 
r-ncighborhood system [14] of (7, A) up to soft topology r and is denoted by 
JVJ ,, (or simply by M^ t A))- By a r- neighborhood base of (7, A) we mean 

a collection BN\ lA ) (or simply by BN^.a)) of r-neighborhood of (7, A) such 
that for every r-neighborhood (7, C) of (7, A), there exists a soft set (7, B) in 
BAf T {lA ) such that (7,B)c(7,C). 

Example 3.3 Let us consider the soft subsets of (7, X) given in Example 2.4. 

Letr 1 = {$x,(7,X),(7,X 2 ),( 7 ,X 11 ),(7,X 1 3)}andr 2 = {$x,(7X),(7,X 3 ), 
(7, X13), (7, X14)} be two soft topologies on (7, X). Consider a soft set (7, X2) 
in"P(7,X). Then 

^ X2) = {(7,X 2 ),(7,^),(7^io),(7^ii) J (7^i2),(l,Ii3),(7^i4),(7^)} 
^,x 2 ) = {(7,X 3 ),(7,X 13 ),(7,X 14 ),(7,X)} 

are the neighborhood system of (7, X2) with respect to T\ and r 2 , respectively. 
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Lemma 3.4 [14] Let (X^,t) be a soft topological space and (7, B) be a soft set 
in V("f, X). Then (7, B) is r-open if and only if it is a t -neighborhood of each 
of its soft subset. 

When two soft topologies are given, a criterion in terms of the neighborhoods 
for determining whether one soft topology is finer than another is the following: 

Theorem 3.5 Let r and t' be soft topologies on (7, X). Then r is finer than 
t' if and only if for every soft set (7, -A) in V{^,X), every t' -neighbor hood of 
(7, A) is a t -neighborhood 0/(7, A). 

Proof Suppose r is finer than r'. Let (7, A) be a soft set in Vi^y, X) and 
(7, B) be a r- neighborhood of (7, A). Then there is a r'-opcn soft set (7, C) 
such that (7, A)c( , y, C)c(7, B). Since r' C r, (7, C) is T-open soft set. Hence 
(7, B) is a r-neighborhood of (7, A). 

Conversely, suppose that for every soft set (7, A) in ^(7, X), every r'- 
ncighborhood is a r-neighborhood. Let (7, C) be a r'-open soft set. Then 
by Lemma 3.4, (7, C) is a r'-neighborhood of each of its soft subsets and hence 
a T-neighborhood of its soft subsets. Thus (7, C) is r-open soft set. So r' C r, 
i.e., r is finer than r'. 

Theorem 3.6 Let (X~,t) be a soft topological space, (7, A) be a soft set in 
V("f,X) and Af( lt A) be the neighborhood system 0/(7,7!). Then: 

(1) Every soft set which includes a member of J\f(j t A) belongs to Mt lt A)- 

(2) The intersection of each finite family of soft subsets in Mi^^a) belongs to 

■A/(7,A)- 

(3) The soft set (7, A) is included in each member ofAf/ lt A)- 

(4) For every soft set (7, B) in 7V( 7 .a) there exists soft set (7, C) in Afr lt A) 
such that (7, B) is a T-neighborhood of each of its soft subsets. 

Proof (1) Let (7, B) e A/( 7) a) and (7, C) be a soft set which includes (7, B). 
Then there exists a r-open soft set (7, B') such that (7, A)c(j, B')c(j, B) which 
implies (7, A)c(~f,B')c(~f,C). Hence (7, C) eW (%A) . 

(2) Let (7, B), (7, C) G M {l .A)- Then there exist (7, B'), (7, C") G r such that 
(7, A)C (7, B')C (7, J3) and (7, A)c(7,C')c( 7 ,C). Since (7,B')n(7,C") G r, we 
have ( 7 ,A)c(7,i?')n(7,C')c(7,5)n(7,C). Hence (7, B)n( 7 , C) G ^ (7 , A) . 

(3) Straightforward. 

(4) Let (7, B) G A/( 7i a)- Then there exists (7, C)€t such that (7, A) £(7, C) 
c(7, -B). Hence (7, C) G A/( 7i a)- By Lemma 3.4, (7, C) is a r-neighborhood 
of each of its soft subsets and hence (7, B), which includes (7, C), is a r- 
ncighborhood of all soft subsets of (7, C) by condition (1). 

The following result shows that a soft topology may be defined on a soft set 
(7, X) by prescribing for each soft subset its neighborhoods with respect to the 
soft topology. Referring to Lemma 3.4, we see that the open soft sets in the soft 
topology must be those which belong to the proposed neighborhood collections 
for each of their soft subsets. 

Theorem 3.7 Let (j,X) be a soft set and {J^f(- ( .A)}(-y.A)eV(-y,x) be a family of 
non-empty sets of soft subsets of (7, X) such that 
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(1) for each (7, A) G V(fj,X) every soft subset in V{^,X) which includes a 
soft subset in N(~ a) belongs to Aft lt A)j 

(2) for each (7, A) G V("f,X) the intersection of each finite family of soft 
sets in ■N'( 1 ,A) belongs to J\ft lt A)>' 

(3) for each (7, A.) G V("f,X) the soft set (7, A) is included in every soft 
subset in Af( 7 .A),' 

(4) for each (7, -A) G V("f,X) and each soft set (7, B) in Mi^^a) there exists 
soft set (7, G) in 7V( 7 a) such that (7, B) belongs to 7V( 7 m f or every soft subset 
(l,D)offr,C). 

Then there exists a unique soft topology r on (7, X) such that for each 
(7, A) G V("f, X) the set J\f/ 7 A) * s the neighborhood system of (7, A) with re- 
spect to T. 

Proof Let r = {(7, G) G V(j, X) : (7, G) G N (l . A ) for all soft subsets (7, A) of 
(7,G)}. Then 

(i) (7, X) and $ belong to r. 

(ii) Let {(7, Gj) : i G J} be a family of soft sets in r and let (7, j4)CUj £ j(7, Gj). 
Then there is an index iq in 7 such that (7, A)c(7, Gj ). Since (7, G, ) is 
in r, we have (7, Gj ) G Af(~ t A)- Since Uj £ /(7, Gj)d(7, Gj ), it follows that 
U i£ /(7,Gj) g7V( 7jj4 )- Hence l) ieI (-f,Gi) G r. 

(iii) Let {(7, Gj) : i G J} be a finite family of soft sets in r and let 
(7, A)crii e j(7, Gj). Then for each i G J, (7, Gj) G A/"( 7iJ 4). It follows that for 
each (7, A)cn ie j(7, Gj), we have n ieJ (7, Gj) G A/( 7) a)- Hence 0^,7(7, Gj) G r. 

So r is a soft topology on (7, X). 

Let (7, A) be a soft set in "P(7,X) and (7, B) be any r-neighborhood of 
(7, A). Then there is (7, G) G r such that (7, A) C (7, G)c (7, B). Since (7, G) G 
■^(-y,A) (because (7, G) G t), it follows that (7, B) G A/( 7)J 4). 

Conversely, let (7, -A) be a soft set in V(j,X) and (7,5) G Noy^)- Let 
( 7 ,G) = 0(^,^^(7,4'). Clearly, ( 7 ,A)c( 7 ,G). Next, (7,G)c( 7 ,S); for 
if (7, A')c(-y, G) we have (7, B) G N( lt A>) and hence (7, A')c(i,B). Finally, 
(7, G) G r. To see this, let (7, -A")c(7, G). Since (7, B) G A/"( 7) a») there is a 
soft set (7, G) in A/"( 7 ^") such that (7, B) G N^.a 1 ") for all soft subsets (7, A'") 
of (7, G). Since (7, B) G N^.a 1 ") for all soft subsets (7, A'") of (7, G), it follows 
that (7, G)C(7, B). Since (7, G) G N( lt A") it follows that (7, G) G M( 1 _ A ")- 
Thus (7, G) G r and so (7, B) is a r-neighborhood of (7, A). 

The uniqueness of t is clear. 

Definition 3.8 Let (Xy,r) be a soft topological space and (7, A) be a soft set 
in 7- > (7, X). The interior of (7, A) is the union of the set of all r-open soft subsets 
of (7, -X") which are included in (7, A), and denoted by (7, A)°. The closure of 
(7, A) is the intersection of the set of all r-closed soft subsets of (7, X) which 

include (j,A), and denoted by (7, A). 



Clearly (7, A)° is the largest r-open soft subset included in (7, A) and (7, A) 
is the smallest r-closed soft subset which includes (7, A). 

Lemma 3.9 Let (X 7 ,r) be a soft topological space and (7, A) be a soft set in 

V{l,X). Then(~f,A) c = ((~f,A)°) c . 
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Proof Since (<y,A)°c(~f,A) we have ((7, A)°) c 5(^, A) c . Since (7, ,4)° is a 
r-open soft set, ((7, A)°) c is r-closed and so ((7, A)°) C D(7, A) c . Conversely, 
(7, A) c is a T-closed soft set which includes (j,A) c . So ((7, A) c ) c is a T-open 
soft set included in (7, A). It follows that we have ((7, A) c ) c c(j, A)° and so 
((7, A)°) c c(7,A) c . Hence we have (j,A) c = ((7, A)°) c . 

The following shows that a soft topology may be defined on a soft set (7, X) 
by prescribing for each soft subset its closure in the soft topology. 

Theorem 3.10 Let (7,^) be a soft set and k : V(y,X) — ► V(j,X) be a map- 
ping such that 

(1) for every soft subset (7, B) of(~f,X) we have k((j,B))d(j,B); 

(2) for every soft subset (7, B) of(~f,X) we have k(k{{^,B))) — k((j,B)); 

(3) for all soft subsets (7, B) and (7, C) of{^,X) we have ^((7, _B)U(7, C)) = 
k((7,B))U«(( 7 ,C))/ 

(4) k($x) = $x- 

TTien t k = {(7,-6) e P(7,X) : k(( 7 ,S) c ) = (7,S) C } is a soft topology on 

(7, X) suc/i that (7, -B) = k((7, -B)) /or every so/i subset (7, B) 0/(7, X). 

Proof It follows from condition (3) that if (7, _B) and (7, C) are soft subsets 
of ( 7 ,X) such that ( 7 ,B)C(7,C) then k(( 7 , B))ck(( 7 , C)). 

(i) Since k(^) = k(( 7 ,*)) = (7,*) = *x and K (( 7 ,^) c ) = «(*jc) = 
$ x = (7,^) c , we have $ X ,(7,X) e r K . 

(ii) Let {(7, Gj) : i € 1} be a family of soft sets in t k . Then we have 
/v((Ui e /(7,Gi)) c ) D(Uj e /(7, Gj)) c . On the other hand, we have, for all j <G /, 

K ((U je7 ( 7 ,G 4 )) c ) - K (n, e /(7,G 1 ) C )C«((7,G,) C ) = ( 7 ,G,) C . 

Then«((U 4e/ (7,G J )) c ) = (G ie7 ( 7 , G,)) c . Thus «((0, e/ ( 7 , G,)) c ) = (0 ieJ ( 7 , G,)) c 
and so U i€l (j, GA € t k . 

(iii) Let {(7, Gj) : i E J} be a finite family of soft sets in t k . By con- 
dition (3), we have K,((r\ ie .,(j,G t )) c ) = k(U 4G j( 7 ,G j ) c ) = U ie jn(("f,G t ) c ) = 
U ieJ (7,G t ) c = (n teJ (7,Gi)) c . So we have n l€J (j,GA e r K . 

Thus r K is a soft topology on (7, X). 

Let (7, D) be any soft set in V{^, X). Then (7, D) is r K -closcd ^=^ (7, £>) c e 

r K «=► «((( 7) #) c ) c ) = (( 7 , dyy <*=► k((7, £>)) = (7, r>). 

Now let (7, B) be any soft set in ^(7, X). Since k((7,B))d(7, B) and 
k(k((7, .B))) = k((7, -B)), we see that k((j,B)) is a r K -closed soft subset which 
includes (7, B). So «((7, B))d(7, B). On the other hand, since (7, -B) is r K - 
closed and (j,B)5(-f,B), we deduce that (7,5) = k((7,B))Ck((7,B)). Thus 
(tTB) = «((7,-B)). 

Definition 3.11 Let (X 7 ,r) be a soft topological space, (7, A) and (7, B) be 
soft sets in P(j, X). Then (7, A) is said to be an adherent soft set of (7, B) if ev- 
ery r-ncighborhood of (7, A) meets (7, B), i.e., has non-null soft set intersection 
with (j,B). 

Lemma 3.12 Let (X 7 ,t) be a soft topological space and (7, A), (7, B) be soft 

sets in V{pi, X). Then (7, A)c( , y, B) if and only if (7, A) is an adherent soft set 
of(l,B). 
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Proof Let (7, A)c( , y, B). If (7, A) is not an adherent soft set of (7, B), there 
is a r-neighborhood (7, C) of (7, A) such that (7, C)C\(j, B) = <f>x- Then 
there is a r-open soft set (7, D) such that ( / y 7 A)c('j 7 D)c(j, C) and of course 
(7, £>)n(7, B) = $ x , so that (7, D) c d(j, B). Since (7, D) c is a r-closed soft set 

which includes (7, B), we have (7, D) C D(7, B) and so (7, A)<^{^,B), which is a 

contradiction. 

Conversely, suppose (7,^)^(7, B). Then there is a r-closed soft subset 

( 7 ,F) such that (7,^)3(7, £) and (j,A)<£(j,F). Then (~f,F) c is a r-open 
soft set including (j,A) and hence (7, F) c is a r-neighborhood of (7, A) and 
(7,F) c n(7, 23) = $ X - So (7, A) is not adherent soft set of (7, B). 

Theorem 3.13 Let (X T ,r) &e o so/i topological space. 2/(7,23) and (7, C) are 
so/i sets in V{^f,X) such that (7, X) = (7, 23)0(7, C), tften we ftawe (7, X) = 

(xsyu(7,c)°. 

Proof Suppose (7, A) = (7, 23)0(7, C). Let (7, A) be any soft set in V(i,X) 
not included in (7, B). Then (7, A)(£(j, B) and hence (7, A)c(7, C). By Lemma 
3.12, there is a r-ncighborhood (7, -D) of (7, A) such that (7, 2))fl(7, 23) = 
&x and hence (7, 2))c(7, C). Thus (7, C) is a r-ncighborhood of (7, A), i.e., 
(7,A)C( 7 ,C)°. So( 7 ,X) = (7^B)U(7,C)°. 

4 Soft filters 

In this section, we present the notion of soft filters and obtain some results of 
soft filter on soft topological spaces. 

Definition 4.1 A soft filter on (7, X) is a non-empty subfamily T of 7^(7, X) 
having the following properties: 

(1) Every soft subset of P(j, X) which includes a soft set in T belongs to T\ 

(2) The intersection of each finite family of soft sets in T belongs to T\ 

(3) All the soft sets in T are not null soft set. 

Let T be a soft filter on (7, X). A collection B of soft subsets of Vi^y, X) is 
called a base for the soft filter T if (1) B C T and (2) for every soft set (7, A) 
in T, there is a soft set (7, B) in B such that (7, 23) C (7, A); we say also that B 
generates T . 

Remark 4.2 Let (X 7 , r) be a soft space and (7, A) be any soft set in V("f, X). 
Then, by Theorem 3.6, the set of all r-ncighborhood of (7, A) is a soft filter 
on (7, A). We call this the r-neighborhood soft filter of (7, .A) and denoted by 
VT A \ (simply V( 7 ,yn). Furthermore, every r-ncighborhood base of (7, A) is a 

base for this soft filter. 

Example 4.3 Let us consider the soft subsets of (7, X) given in Example 2.4. 

Then^ 1 = {( 7 ,A 1 ),(7,A 3 ),(7,A 7 ),(7,A 8 ),(7,A 9 ),(7,A 13 ),(7,A 1 4),(7,X)}, 
T 2 = {(7, A 3 ), (7, A 13 ),( 7 ,A 14 ),(7,A)} and ^ = {(7, A 6 ), (7, A 9 ), (7, A 12 ), 
(7, A)} are soft filters on (7, A). And B x = {(7, X 1 ), (7, A 3 ), (7, A 7 ), (7, A 8 )}, 
#2 = {(7,A 3 ),(7,Ai 3 ),(7,Ai 4 )}and# 3 = {(7, A 6 ), (7, A 9 ), (7, X 12 )} are bases 
for the soft filters T\, T 2 and JF 3 , respectively. 
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Theorem 4.4 Let T and Q be soft filters on (7, X) . Then a soft set (7, C) in 
■p(7, X) belongs to both T and Q if and only if there are soft sets (7, A) £ T 
and (j,B) £ Q such that (7,(7) = (7, ,4)0(7,5). 

Proof Suppose (7, C) £ TC\Q. Then (7, C) = (7, C)0(7, C), (7, C) € T 
and (7, C) £ Q. Conversely, suppose (7, C) = (-f,A)U(-f,B) where (7, A) £ T 
and (7,B) € 5- Then {j,C)5(-y,A), so ( 7 ,C) e T, and (7, C)5(7, 5), so 

(7,C)eg. 

Theorem 4.5 Lei B be a collection of soft sets in V{^,X). Then B is a base 
for a soft filter on (7, X) if and only if (1) the finite intersection of members of 
B includes a member of B and (2) B is non-empty and <&x does not belong to 
B. 

Proof Suppose that B is a base for a soft filter T on (-f,X). Let {(7, i?*) : 
i = 1, . . . , n} be a finite family of soft sets in B. Since B C T, it follows that 

n i= i(7, -Bj) e J 7 and so n i=1 (7, -B,) includes a soft set in B. Since T is non- 
empty and every soft set in T includes a soft set in B, it follows that B is 
non-empty. Since &x ^ T and fi C J, we have 3>x ^ £?■ 

Conversely, suppose the conditions are satisfied. Let T = {(7, A) <G V(i, X) : 
(7, A) includes a soft set in B}. Then T is a soft filter on (7, X) with base B. 

Let A be a collection of soft subsets of (7, X); let A' be the collection of 
intersections of all finite families of soft sets in A. If A' does not contain the 
null soft set $, then it satisfies the conditions of Theorem 4.5 and hence is a 
base for a soft filter T on (7, X). We call T the soft filter generated by A. 

Theorem 4.6 Let T and Q be soft filters on (7, X). Suppose that for every 
pair of soft subsets (7, A), (7,-B) 0/(7, X) inJ-yjQ, we have (7, A)f](j, B) ^ $. 
Then the soft filter generated by T U Q consists of all soft sets of the form 
(7, C)n(7, D) where (7, C)ef and (7, £>) e Q. 

Proof Let Ti be the soft filter generated by T U Q. Let 5 be the set of 
intersections of all finite families of soft sets from T U Q . Let (7, A) £ H. Then 
(■y, A) includes a soft set in S. Every soft set in S has the form (7, C)(~l(7, D) 
where (7, C) £ T and (7, D) £ Q. If (7,^)3(7, C)n(7,£>) where (7, C) e ^ 
and (7, D) £ Q, then it follows that we have 

(7, A) - ( 7 ,^)U((7,C)n(7,I>)) - ((7,^)U(7,C))n(( 7 , A)U(j,D)). 

Since (7, A) 0(7, C) 5 (7, C) and (7, A)l)(-f, D)5(j, D), we have (7, ,4)0(7,(7) € 
J 7 and (7, A)U(7, D) e £. So (7, A) £ S. Thus H = S, as required. 

Theorem 4.7 T/ie sei of all soft filters on a non-null soft set (7, X) is induc- 
tively ordered by inclusion. 

Proof Let F = {T : T is a soft filter on (7, X)} be totally ordered by inclu- 
sion C. Let A be the union of F. Let {(7, AA : i £ L} be a finite family of soft 
sets in A. For each i £ L, there is a soft filter T in F such that (7, AA £ T. 
Since F is C-totally ordered, there is an index j in / such that (7, AA £ Tj for 
all i £ L. Hence ri; e /(7, Aj) ^ &x- By Theorem 4.5, A generates a soft filter T 
on (7, X) which is clearly the C-supremum of F. 
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It follows from Theorem 4.7 by the application of Zorn's Lemma that the 
collection of soft filters on a non-null soft set (7, A") has C-maximal elements: 
these maximal soft filters are called ultra soft filters. It is also easy to show that 
for every soft filter fona soft set (7, X) there is an ultra soft filter on (7, X) 
which includes T . 

Theorem 4.8 Let T be an ultra soft filter on a soft set (7, X). If (7, A) and 
(7, B) are soft sets in V("f, X) such that (7, A)U(7, B) G T , then either (7, A) G 
T or (7, B) G T. 

Proof^ Suppose (7, A) g T and (7, B) £ T. Let P = {(7,C) G V{l,X) : 
(7,i)U( 7 ,C)eJ}. Then 

(i) Let ( 7 ,C) G J - ' and (7, DJ G ^(7,-X") with (7, C)c( 7 , D). Since (7, A)U 
(7, C) G F and ((7, A)U( 7 , C)) c( 7 , A)U( 7 , £>), we have (7, A)U( 7 , £>) G T. So 

(ii) Let {(7, Cj) : i G 1} be a finite family of soft sets in T' . Since T is a soft 

filter, (7,A)U(n ie j(7,C < )) = n ie /(( 7 , A)G( 7 , C,)) G F. So n leJ (7,Cj) G F'. 

(iii) Since (7, A) ^ J 7 , we have $x ^ P . 

Thus JF' is a soft filter on (7, X). Clearly, T' ~D T and (7, B) G F' although 
(7, B) $. T . So T' D J-, which contradicts the fact that T is an ultra soft filter. 

Theorem 4.9 Let (7, X) be a non-null soft set and & be a collection of soft 
sets in V{^i,X) which generates a soft filter T on (7, X). If for every soft set 
(7, A) G 7^(7, X) we have either (7, A) G A or (7, j4) c G A, then A is an wZira 
soft filter on (j,X). 

Proof Let T be the soft filter generated by A and T' be any ultra soft filter 
which includes T . Then clearly T' ~H A. Let (7, A) be any soft set in T' . Then 

(7, AY £ A, for if (7, A) c G A then (7, A) c G F' and (7, A)n( 7 , A) c = $ x G F'. 
This is a contradiction since T' is a soft filter. Hence (7, A) G A and so J 7 ' CA. 
So A — J 7 ' , an ultra soft filter. 

Theorem 4.10 Let (7, A) be a soft set in V(pf,X) and J 7 be a soft filter on 
( 7 ,X). LetF (7iA ) = {(7,^)n(7,S):(7, J B)GF}. TAeri: 

(1) F( 7i a) * s a soft filter on (7, A) if and only if all these soft sets are non-null 
soft sets. 

(2) 7/ T is an ultra soft filter on (7, X), then P-y t A) is an ultra soft filter on 
(7, A) if and only if (7, A) G T . 

Proof (1) Suppose T^^a) is a s °ft filter on (7, .A). Then all the soft sets in 
Ti^a) are non-null soft sets. Conversely, suppose all soft sets in Ti 1: a) are 
non-null soft sets^ 

(i) Let (7, B)(~l(7, A) G P 7 ,a) an d (7: C) be a soft subset of (7, A) such that 
(7, C)5(7, B)n(7, A). Then we have 

( 7 ,C) = ( 7 ,COU((7,B)n( 7 ,A)) - ((7,C)U(7,B))n((7,C)U( 7 ,A)) 

= (( T ,C)u( 7l B))n( 7 ,4)ef M 

since (7, C)0(7, B)^G T (because (7, B) e T and (7, C)0(7, B)5(7, B)). 

(ii) Let {(7, Bj)n(7, A) : i G 1} be a finite family of soft sets in 'F(-y.A)- Then 
we have 

n ieJ ((7,Bi)n(7,i4)) = (n iGJ (7,B0)n(7,4) e .F (7 , A) 
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since n i( z I (j,B)i E T. 

(iii) By hypothesis all the soft sets in Ti^.a) are non-null soft sets. 

Hence F^.a) is a soft filter on (7, A). 

(2) Suppose T is an ultra soft filter. If (7, A) e T, then (7, B)n(7, A) ^ $ x 
for all (7, B) e T. By (1), T^^A) is a s °ft filter on (7, ^4). If ^"( 7 .a) is not an 
ultra soft filter on (7, A), there is a soft filter T' on (7, A) properly including 
!F^A)- Let (7)^4') be a soft subset of (7,^.) which belongs to T' but not to 
Ti^a)- Then JFU {(7, A')} is a soft filter on (j,X) which properly includes T . 
This is impossible. So T^^a) is an ultra soft filter. 

Conversely suppose T is an ultra soft filter and ^ r ( 7 , J 4) is an ultra soft filter on 
(7, A). If (7, A) £ T(^ t A) then JFU {(7, A)} generates a soft filter which properly 
includes T . This is impossible since T is an ultra soft filter. So (7, A) G T . 

Theorem 4.11 Every soft filter T on non-null soft set (7, X) is the intersection 
of the family of ultra soft filters which include T . 

Proof Let (7, A) £ "P(7, X) be a soft set which does not belong to T. Then 
for each soft set (7, B) in T we cannot have (7, B)c('y, A) and hence we must 
have (7,B)n(7,yl) c ^ ® X - So T U {{~f,A) c } generates a soft filter on {■J,X), 
which is included in some ultra soft filter T^a)- Since (7, A) c <G F(~j,A) we must 
have (7, A) £ ^(j,a)- Thus (7, A) does not belong to the intersection of the set 
of all ultra soft filters which include T . Hence this intersection is just the soft 
filter T itself. 

Now, let (Xj, t) be a soft topological space and T be a soft filter on (7, X). 
A soft set (7, A) in V(j,X) is said to be a limit or a limit soft set of the soft 
filter T and T is said to converge to (7, A) or to be convergent to (7, X) if the 
r-ncighborhood soft filter V( 7;J 4) of (7, A) is included in the soft filter T . If B is 
a base for a soft filter on (7, X) then (7, A) is a limit of B and ,8 converges to 
(7, A) if the soft filter generated by B converges to (7, A). 

Example 4.12 Let t\ and Ti be two soft topologies on (7, X) given in Exam- 
ple 3.3. Consider a soft filter T = {(7,^1), (7, X 3 ), (j,X 7 ), (7,-Xg), (7^9), 
(7, X13), (7, Xu), (7, X)} on (7, X). Then (7, X2) is a limit of T for T2 but not 
a limit of T for n, i.e., j^" is convergent to (7,^2) for T2 but not convergent to 

(7, X) for t\. 

In classical (point-set) topology, when topologies are given, it is useful to 
have a criterion in terms of the filters for determining whether one topology is 
finer than another. One such criterion for soft topological spaces is the following: 

Theorem 4.13 Let t and r' be soft topologies on a soft set (-y,X). Then r 
is finer than r' if and only if every soft filter T on (7, X) which converges to 
(j,A) for the soft topology t also converges to (7, A) for the soft topology r'. 

Proof Suppose r is finer than r'. Let J 7 be a soft filter which is r-convergent to 
(7, A). Then T D VT A ->, the r-neighborhood soft filter of (7, A). Since r is finer 

than t', every r'-neighborhood of (j,A) is a r-neighborhood. So T 3 VT y a)> 

the r'-ncighborhood soft filter of (7, A), and hence T is r'-convergcnt to (7, A). 

Conversely, suppose that every soft filter on (7, X) which is r-convergent to 

("fjA) is also r'-convergcnt to (7, A). Let (7, G') be any r'-open soft set and 
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(7,5') be any soft subset of (j,G'). Then (7, G") € V£ tB ,y Since V^ B , } is 

T-convergent to (7, B'), it follows from our hypothesis that it is r'-convergent to 

( 7 ,B'). Thus Vf 7iS/) D Vfc tBI) and in particular (7, G') e V^ B , y Thus (7, G') 

is a T-ncighborhood of each of its soft subsets and hence by Lemma 3.4, (7, G') 
is r-open. So r' C r, i.e., r is finer than t'. 

Again let (A 7 , t) be a soft topological space and J 7 be a soft filter on (7, A). 
A soft set (7, A) in "P(7, X) is said to be an adherent soft set of T if (7, A) is an 
adherent soft set of every soft set in T . The adherence of F, Adh(jF), is the set 
of all adherent soft sets of T\ so Adh(jF) = ri( 7i c)£^-(7, C). If B is a base for a 
soft filter on (7, A), then (7, A) is an adherent soft set of B if it is an adherent 
soft set of the soft filter generated by B. The adherence of B, Adh(£>), is the set 
of its adherent soft sets. 

Theorem 4.14 Let (A 7 ,t) be a soft topological space and B be a base for a 
soft filter on (7, A). Then Adh(B) = fl( 7 t A)eB(l> A). 

Proof Let T be the soft filter which B is a base. Then, according to the 
definition of the adherence of a soft filter base, 



Adh(£) = Adh(F) = n (7 , A)e ^( 7 ,A)cn (7! .4 )ee (7,,4). 

Let (7, B) be any soft set in T . Then there is a soft set (7, C) in B such that 
(7,<J)C( 7,B) and so (j,B)5( j,C) 5n^ )eB ( 7~gJ. Thus n (7 , A)e ^(7~4)5 
n( 7 ,A)eB(7)^)- Hence n (7:j4 ) e ^(7, A) = n (7 ^)ee(7,^)- 

Theorem 4.15 Lei (X 7 ,t) &e a soft topological space and (7, B) be a soft set 
in "P(pi, X) . Then a soft set (7, A) in 7 3 (7, A) is adherent to (7, B) if and only 
if there is a soft filter T on (7, A) such that (7, B) e T and T converges to 

(7,^)- 

Proof Suppose (7, A) is adherent to (7, B). Then every r- neighborhood (7, C) 
of (7, A) meets (7,-B), i.e., (7,C)n(7,B) ^ $ X - Thus V( 7i a) U {(7,-B)}, where 
V( 7jJ 4) is the T-ncighborhood soft filter of (7, A), generates a soft filter which 
contains (7, B) and is r-convergent to (7, A). 

Conversely, suppose there is a soft filter T such that (7, B) G T and .F 
is r-convergent to (7, A). Let (7, C) be any T-ncighborhood of (7, A). Then 
(7, C) e J*, and since (7, S) g ^ it follows that (7, S)n(7, C) ^ §x- So (7, A) 
is adherent to (j,B). 

Theorem 4.16 Let (A 7 , r) be a soft topological space and B be a base for a soft 
filter on (7, A). Let (7,^4) be a soft set in V("f,X) and N be a t -neighborhood 
base of (7, A) . Then: 

(1) (7, A) is a limit soft set of B if and only if every soft set in M includes 
a soft set in B. 

(2) (7, A) is an adherent soft set of B if and only if every soft set in Af meets 
every soft set in B. 

Proof (1) Suppose (7, .A) is a limit soft set of B. Thus the soft filter T 
generated by B converges to (7, A). Let (7, C) be any soft set in J\f. Then 
(7, C) € T. Hence (7, C) includes a soft set in B. 
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Conversely, suppose every soft set in AT includes a soft set in B. Let (7, C) 
be any r- neighborhood of (7, A). Then (7, C) includes a soft set in M and hence 
a soft set in B. So (7, C) belongs to the soft filter T generated by B. Hence T 
(and so B) converges to (7, A). 

(2) Suppose (7, A) is an adherent soft set of B. Then (7, A) is adherent 
to every soft set in the soft filter generated by B. So every r-neighborhood 
of (7, A) meets every soft set in that soft filter. Since every soft set in M is 
a T-neighborhood of (7, A) and every soft et in B belongs to the soft filter, it 
follows that every soft set in M meets every soft set in B. 

Conversely, suppose every soft set in Af meets every soft set in B. Let (7, C) 
be any r-ncighborhood of (7, A) and (7, B) be any soft set in the filter generated 
by B. Then (7, C) includes a soft set (7, D) in N and (7, B) includes a soft set 
(7,G) in B. Since ( 7 ,L>)n(7,G) ^ $ x , it follows that (7, C)n(7,B) ^ $ x . So 
(7, A) is adherent to B. 

The following corollary is simple consequence. 

Corollary 4.17 Let (A 7 ,r) be a soft topological space and T be a soft filter on 
(7, X). Then: 

(1) A soft set (7,^4) is adherent to a soft filter T if and only if there is a 
soft filter T' which includes T and converges to (7, A). 

(2) Every limit soft set of a soft filter T is adherent to T . 

(3) Every adherent soft set of an ultra soft filter J 7 is a limit soft set of T . 

Proof (1) Suppose (7,^.) is adherent to T. Then every soft set in V(j.a), the 
r-ncighborhood filter of (7, ^4), meets every soft set in T. Hence T U V^.A) 
generates a soft filter T' on (7, X). Clearly, T' C T and T' converges to (7, ^4). 
Conversely, suppose T C T' where T' is a soft filter which converges to 
(7,^4). Then every r-neighborhood of (7, A) belongs to T' . Since every soft 
set in T also belongs to J 7 ', it follows that every soft set in T meets every 
T-neighborhood of (7, A). So (7, A) is adherent to T . 

(2) If (7, A) is a limit soft set of a soft filter T then V( 7i a) ^ F, where V^.a) 
is r-ncighborhood filter of (7, A), and so every r-ncighborhood of (7,^4) meets 
every soft set in T . So (7, A) is adherent to T ' . 

(3) If (7, A) is adherent to an ultra soft filter T then a soft filter T' such 
that T' C T and T' converges to (7,^4). But, since T is an ultra soft filter, 
T' = T . So T converges to (7, A). 
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AN IDENTITY OF THE SYMMETRY FOR THE 
SECOND KIND g-EULER POLYNOMIALS 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : By applying the symmetry of the fermionic p-adic q-integral on Z p , we give recurrence 
identities the second kind g-Eulcr polynomials and the q-analoguc of alternating sums of powers of 
consecutive odd integers. 

Key words : the second kind Euler numbers and polynomials, the second kind g-Eulcr numbers 
and polynomials, g-Euler numbers and polynomials, alternating sums 

1. Introduction 

Throughout this paper, we always make use of the following notations: C denotes the set of 
complex numbers, Z p denotes the ring of p-adic rational integers, Q p denotes the field of p-adic 
rational numbers, and C p denotes the completion of algebraic closure of Q p . 

Let v p be the normalized exponential valuation of C p with \p\ p = p~ y p(p) = p- 1 . When one 
talks of g-extension, q is considered in many ways such as an indeterminate, a complex number 
q G C, or p-adic number q G C p . If q G C one normally assume that \q\ < 1. If q G C p , we normally 
assume that \q — l\ p < p^p^ 1 so that q x = exp(xlogg) for \x\ p < 1. 

l-q x 
[x] q = [x:q]= , cf. [1-6] . 

Hence, lim g ^i[.T] = x for any x with |a;|p < 1 in the present p-adic case. Let d be a fixed integer 
and let p be a fixed prime number. For any positive integer TV, we set 

X = lim(Z/dp N Z), X* = (J (a + dpZ p ), 

N 0<a<dp 

(a,p) = l 

a + dp Z p = {x<EX\x = a (mod dp )}, 
where seZ lies in < a < dp N . For any positive integer N, 

q a 



ti q (a + dp N Z p )= L , 



is known to be a distribution on X, cf.[l-6]. For 

g G C/D(Z p ) = {g\g : Z p — > C p is uniformly diffcrcntiablc function}, 
Kim defined the p-adic g-intcgral on Z p as follows: 

I- q (9) = I 9(xW- q (x) = lim -i^ Yl 9{x){-q) x - (1.1) 

h N^oo 1 + qP * — ' 

Jij p H x=0 

If we take gi(x) = g(x + 1) in (1.1), then we easily see that 

ql- q (g 1 ) + l- q (g) = [2] q g(0). (1.2) 
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The expression for the I_ q (g) remains same, so it is tempting to consider the limit q — > 1. That is 

p n -i 



I-i(g) = Hm J_,( 5 ) = / g(x)dn--i(x) = lim V g(x)(-l) x . 

"^p a;=0 

The second kind g-Euler polynomials, E nq (x) are defined by 



n=0 

The second kind q-Eulcr numbers E n , q are defined by the generating function: 



oe-" + 1 ■'— ' n! 



The following elementary properties of the second kind q-Euler numbers E n , q and polynomials 
E n ^ q (x) are readily derived form (1.1), (1.2), (1.3) and (1.4). We, therefore, choose to omit details 
involved. 

Theorem l(Witt formula). For q G C p with |1 — q\ p < p~p^, we have 

{2x+l) n dn_ q {x)=E ntg , 



(x + 2y + l) n dn- q {y) = E n . q {x). 
Theorem 2. For any positive integer n, we have 

E n , q (x) = J2( n f )E k , q x n - k . 



k=0 



By using (1.4), we give the alternating sums of powers of consecutive g-integers as follows: 



t °° 

n n (2n+l)t 



y^( — \) n n n e ( 2n+2k + 1 ) t _|_ Y^ (— l)"~ fe «"~ fe e ( 2 "+ 1 ) t = \^(— l)" _fe fl 1 ' "( ' 



1 4" e 

L J9 n=0 H n=0 

From the above, we obtain 

fe-i 

■i-fe n ri-fc p (2n+l)t 
n— n— n— 

Thus, we have 

oo oo fc — 1 

-[2} q S ^{-l) n q n e { - 2n+l+2k)t +[2] q {-l)- k q- k ^(-l) n q n e {2n+1)t = {-l)- k q- k [2] q ^(-1)> 
n— n— n— 

By using (1.3)and (1.4), we obtain 

oo „• oo a 00/ k— 1 \ „• 

-^ %9 (2fc)- + (-l)-V' £ E^7i = E (-l)-V fe [2] q ^(-ir?"(2n+irU [ . 

t 3 
By comparing coefficients of — in the above equation, we have 

r- 

g(- W(2n+1)J= (-l) fc+1 ^(^) + % 9 . 
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By using the above equation we arrive at the following theorem: 

Theorem 3. Let k be a positive integer and q E C with \q\ < 1. Then we obtain 

fe-i 
T m {k - 1) = [2], £)(-l) n g»(2n + l) j = (-l) fc+ V £,,■ ,(2fc) + % ,. 

Remark 4. For the alternating sums of powers of consecutive odd integers, we have 

fc-i 



limT ji9 (it-l) = 2^(-l)"(2n + l) j = (-l) fe+1 .Ey(2fc) + £y 



n=0 

where Ej(x) and Uj denote the second kind Eulcr polynomials and the second kind Eulcr numbers, 
respectively (see [6]). 

2. The symmetry for the second kind g-Euler polynomials 

In this section, we assume that q E C p . In [1], Kim investigated interesting properties of 
symmetry p-adic invariant integral on Z p for (/-Bernoulli polynomials. By using same method of [1], 
expect for obvious modifications, we obtain recurrence identities the second q- Eulcr polynomials and 
the g-analoguc of alternating sums of powers of consecutive odd integers. By using (1.1), we have 

n-l 

q n I- q (g n ) + (-IT-'I-M = [2] q X^-l)"" 1 - V</(*), (2-1) 

k=0 

where tieN, g n {x) = g(x + n). If n is odd from the above, we obtain 

n-l 

q n I- q (g n ) + I- q (g) = [2] q ]T(-1) V.9(fc). (2.2) 

It will be more convenient to write (2.2) as the equivalent integral form 

q n / g(x + n)d/M- q (x) + / g(x)du- q (x) = [2} q ^(-1) Vs(*0- (2.3) 

Ji. p Ji p k=0 



Substituting g(x) — e( 2:E+1 )' into the above, we obtain 



,. ,. n—1 

q n / e^ +2n+1 ^d^ q (x) + / e^+^dfi-gix) = [2],^(-l)V'e (W)t . (2.4) 



After some elementary calculations, we have 



e^+^d^x) 



qe 2t + 1 ' 



e (2x+2n+l)t dil _ q{x) = e 2nt ^]f ( 2 . 5 ) 

qe T" i 
q nx e 2ntx dn-i{x) 2 



q n e 2nt _|_ I ■ 

By using (2.4) and (2.5), we have 

q n [ e^+ 2n +^d^ q (x) + [ e^ + ^d^ q {x)^ [2]qet{ \^ qn f nt) . 
Ji„ Jz„ 1 e + 1 
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From the above, we get 

j Zn q nx e 2ntx dn-i{x) ' 
By substituting Taylor series of e ( 2x + 1 ) t into (2.4), we obtain 



q n e (2x + 2n + l)t dfl _ q{x)+ ^+1)^^) = _^___J^ . (2 . 6) 



V ( I (2x + l + 2n) m d^ q (x) + f (2x + l) m d^ q (x) 



m=0 V'p 

n-1 



ml 



t" 



= J2[[2] q J2(-i)w(2 j + i) 

m=0 \ j=0 

4-tn 

By comparing coefficients of — - in the above equation, we obtain 

m! 



«"£u )(2n) m - fc / (2x + l) k dn- q (x)+ (2x+irdn- q (x) = [2] q Y J (-l) j q i (2j + l) m 

k=0 ^ ' Z p Z p j=0 

By using Theorem 3, we have 

«" E (?) ( 2 ")"" fe / ( 2x + l ) k ^- q {x) + [ (2x+ l) m d^ q (x) = T m . q (n - 1). (2.7) 

k=0 \ fc / Ji, P Ji v 

By using (2.6) and (2.7), we arrive at the following theorem: 
Theorem 5. Let n be odd positive integer. Then we have 

2 L e^+^d^Jx) «L /"> 

-^ ^^^ W= ^CWn-1))^. (2.8) 

f z q nx e 2ntx d^ x {x) ^ y qy " m! v ; 

Let i«i and W2 be odd positive integers. By using (2.8), we obtain 

/z k e^ w ^ 2xi+ ^ +w ^ 2xi+1 ^^ lWiX ' )t dii- q {x{)dti- q {x2) 

J z q w ^ w ^ x e 2wiW2Xt dii-i(x) 

\2] 2 e w l t e w 2t e W 1 W 2 xt/qWlW2 e 2w 1 W 2 t _i_ ]\ 

~ ~2 (qe 2w ^ + l)(qe 2w ^ + 1) 

By using (2.8) and (2.9), after elementary calculations, we obtain 

V2 7 Zp ^ 9l i; y \^ p q w ^ x e 2w ^ tx dv-i{x) ) 

2 E JW«**)«>r-i E w>(«i - w-f . 

m=0 / \m=0 / 

By using Cauchy product in the above, we have 



(2.9) 



(2.10) 



a 



E E 7 ) E ^^x)w{T m _^{ WX - %r j ] *- } (2.H) 

m=0 \ J=0 ^ ' 



By using the symmetry in (2.10), we have 

\2J Z " qy 2 > \f q^^ x e 2w ^ tx d^!(x) 



jEw«i»w s E 

\ m=0 '/ \m=0 



T m . q ™i(w 2 - l)w™— - 
m\ 
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Thus wc obtain 



oo / m , x \ ,r 

ra\ „ , _• , . N m _,; \ t 



a=Y^ E ( ■ )Ej, q {wix)i4T m -j, q ^i{w2-l)wT 3 ] — f (2.12) 

m=0 \j=0 ^ 

By comparing coefficients — r in the both sides of (2.11) and (2.12), we arrive at the following 

to! 
theorem: 

Theorem 6. Let w\ and wi be odd positive integers. Then we obtain 



j=Q ^ J 



^ ( .)wT 3 ' w 2 E jA W l X ) T ™-3,q mi ( W 2 ~ !) 



= ^ ( ■ jWw™ 3 E j ^ q (w 2 x)T m ^ j ^ 2 (w 1 - 1). 



By using Theorem 2, we have the following corollary: 

Corollary 7. Let wi and u>2 be odd positive integers. Then we obtain 
m j 



j=0 fe=0 
■m j 



EE ( 7) (y ^r'^^^^.^^^^K - 1) 



, j J \k 

j=0 k=0 y J ' v 



Y.Y. (7 )(i )<<- k x J - k E k , q T m _ itq ^{ Wl 1). 



By using (2.9), we have 



2 i Zp J \Sz q WlW2X e 2wiW2tx d^-i(x) 



W\ — 1 



! ^' / e( 2xi+1 ) Wlt dM- 9 (zi)j ([2], J] (_i)J^ e (2j+i)( W2 t) 



U?l-1 






t#2 

2a- 1 + l+«j 2 a:+(2j + l) I (ioii) 



eV ^i/ dA*_,(xi) 

.3=0 

E (% E 1 (-ir^^f^+(2j + i)^ w ^ <n 

n=0 y j=0 



Wj y / n\ 



By using the symmetry property in (2.13), we also have 



(2.13) 



(2.14) 



I 2 J Zp 7 \/z q WlW2X e 2wiW2tx d^ 1 (x) I 

= 1 1 e WlW2Xt j e (2x2+1)w2t dn_ q {x 2 )\ [[2], J^ (-iy q w ^ e ^ +1)( - Wlt '> 

= i f £(-l)V 1J / eV ^ dA*_,(x 2 ) 

= E (^ E(-l)^-^ 9 ( Wl , + (2 i + l)^)<j £. 

i" 
By comparing coefficients — r in the both sides of (2.13) and (2.14), we have the following theorem. 

n\ 
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Theorem 8. Let Wi and wi be odd positive integers. Then we have 
V (-iyq w ^E n>q w 2 x + (2j + 1)— < 

= V (-l)V lj 2?n, 9 wia: + (2. 7 + 1)— «#. 

Remark 9. If q — > 1, we have 

V (-1)^„ W2 x+ (2j + 1)^ < = V {-l) j E n (w l x + (2j + 1)-* u#. 

Substituting w\ = 1 into (2.15), we arrive at the following corollary. 
Corollary 10. Let W2 be odd positive integer. Then we obtain 

102 — l 



(2.15) 



x , 2 j + 1 



j=0 ^ 
Remark 11. If g — ► 1, we obtain 

2 ( ) («** + w 2 ) n - j E j = w% ]T (-l) j E n x + -1— 
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Construction of nonseparable symmetric tight 
wavelet frames of I^O^ 7 



m 



Yan Feng 1,2 , Youfa Li 3 , Yanfcng Shcn 1 , Shouzhi Yang 1 ^ 

Abstract 

In this paper, we provide a general method for constructing multi- 
variate nonseparable tight wavelet frames from any given univariate tight 
wavelet frames. The constructed tight wavelet frames can preserve sym- 
metry provided that so does the given one. Two examples are given to 
illustrate our results. 

Keywords: tight wavelet frames, multivariate, nonseparable, Symmetry 
2000 MR Subject Classification: 42C15, 94A12 



1 Introduction 

In recent years, there is a growing interest in both theory and application of 
wavelet frames. As a redundant and non-orthonormal system, wavelet frame has 
great design freedom and is of interest in signal processing, image compression 
and numerical algorithm, see [1-6] and the references therein for some examples. 
In general, there are two ways to construct wavelets frames. One way which 
is constructed through the unitary extension principle is called M RA-bascd 
construction of wavelets frames (cf. [7], [8], [9]). Another is non-MRA method. 
For more details, the reader is referred to [8] and [10]. For the non-MRA 
method, there are two cases, one is only formed by a family of sequences, the 
other is generated through the dilation and translation of a family of functions. 
In this paper, we mainly study the latter case of I/2(K"). 



*This work was supported by the National Natural Science Foundation of China (Grant 
No. 11071 152 and 11126343), the Natural Science Foundation of Guangdong Province (Grant 
No.10151503101000025 and S2011010004511), Natural Scientific Project of Guangxi Univer- 
sity (Grant No. XBZ1 10572) 

department of Mathematics, Shantou University, Shantou, Guangdong, 515063, China. 

2 School of Computer and Information Technology, Xinyang Normal University, Xinyang, 
464000, China 

3 College of Mathematics and Information Sciences, Guangxi University, Nanning 530004, 
China 

* Corresponding Author. E-mail: szyang@stu.edu.cn 



300 



Yan Feng et al. 



It is well known that it is easy to construct multivariate wavelets and wavelet 
frames by the method of tensor product. However, such wavelets and wavelet 
frames are separable. Separable wavelets and wavelet frames have some draw- 
backs in application. Especially they impose an unnecessary product structure 
on the plane, which is artificial for natural images. As such, constructing nonsep- 
arable wavelets and wavelet frames is of interest for researchers. In [2], Belogay 
and Wang constructed arbitrarily smooth orthogonal nonseparable M-wavelet 
of L2(M 2 ) from a scaling function which satisfies a dilation equation with spe- 
cial coefficients and a special dilation matrix M . The coefficients are aligned 
along two adjacent rows, and |det(M)| = 2, where M = [} \] or [? q] . Based 
on [2], Li and Yang (see [11]) constructed nonseparable dual (l- wavelet frames 
of L2(R r ) from two pairs of dual Di-wavelet frames L2(R ri ) and £>2-wavelet 
frames L2(M r2 ), where 17 = [ q 1 j5 ] and r = r\ + r^. 

In [10], Han generalized the Lawton's [12] result on tight wavelet frames of 
-L2(M) to multivariate case with dilation matrices. In this paper, based on the 
Han's results [10], we provide a simple method to construct multivariate non- 
separable tight wavelet frames from any given univariate tight wavelet frames. 

2 Preliminaries 

In this section, let us first introduce some notation and results. Throughout 
the paper, M denotes an n x n the dilation matrix with m = |detM|, and M T 
denotes the transpose of the matrix M . Let N be the set of nonnegative integers. 
For any function /, g <G L2OR™), the inner product < •,• > of L2(M") is 
defined to be 



if, 9} = / f{x)g{x)dx. 
The Fourier transform of a function f(x) G Li(M. n ) is defined by 

/(0 = / f(x)e-™<d Xl 



where x ■ £ — YLl=i x j£j with x = (xi, . . . , x n ) e R n and £ = (£1, . . . , £n) € M™. 
It can be extended to square integrablc functions and tempered distributions 
naturally. 

We say that {tp l ,l = 1, . . . ,L} generates an M-wavelet frame of Z^CK") if 
there exist two positive constants A and B such that 

L 

a 11 / ni 2(R „)< EE E KM*>i 2 ^ B 11 / hL(r»). v / e l 2(m"), (2.1) 

i=i jezfeez" 

where ||/|| 2 = (/,/), Vj, fc (-) = m j / 2 ip l (Mi ■ -k),j e Z, k e Z™. We say that 
{ip l , I = 1, . . . , L} is a Bessel sequence of Z,2(R™) if the right-side inequality of 
(2.1) holds. When A = B, we say that {ip , I — 1,...,L} generates a tight 
wavelet frame of L,2(M. n ). In particular, it called Parseval frame if A = B = 1. 
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We call a function f(x) <G ^(M") is symmetric if /(2c — x) = ±/(x), where 
c £ M. n is called the symmetric center. 

In the literatures, there are many sufficient or necessary conditions to char- 
acterize tight M- wavelet frames, (see [9], [12], [13], [14], [15]). The following 
lemma, which can be seen in Theorem 2.5 and Theorem 2.7 of [10], gives a nec- 
essary and sufficient condition for characterizing the tight M-wavelet frames. It 
is the base of this paper. 

Lemma 2.1. {tp l (x),l = 1, . . . ,L} generates a tight M -wavelet frame of L2(M. n ) 
if and only if it satisfies the following condition 

EEI^((M T p"(0)l 2 = i, 

l = L l3€Z a.e. £ e R", 

£ E ^ l ({M T )^W{{M T y{Z + 27TI/)) - 0, 

where v = (v\, v 2 , ■ ■ ■ , v n ) G Z™ \ (rfZ™). 

Remark 2.2. In this paper, we only discuss the case the dilation matrix is 
equal to dl, where d is positive integer and greater than one and / is identity 
matrix. In this case, we view the Lemma 2.1 as the necessary and sufficient 
condition for characterizing the tight d- wavelet frames of L 2 (M. n ). 



3 Nonseparable symmetric tight wavelet frames 

In this section, we shall discuss how to construct symmetric multivariate non- 
separable tight wavelet frames of L2(R™) from any given symmetric univariate 
tight wavelet frames of L 2 (M) with dilation factor d. 

Theorem 3.1. Let {ip(x),l = 1,2, ...,L} generate a tight wavelet frame of 
^(M). Construct functions {^(x), k = 1, . . . , L n } through 

*fc(»):= II ^'fo) x={ Xl ,...,x n )GR n . (3.1) 

^€{1,. ..,!.} 

3 = 1 n 

Then, {^(x), k = 1, . . . , L n } can generate a tight wavelet frame of L 2 (M"). 
Proof. It is easy to obtain 

*fc(0= II ^'&)> e-(a,---,Cn)eK", fc = i,...,i n . 



Since 



!.,e{l,...,Z,} 
3 = 1,. ..,n 



L n n L 



EE i^(^)i 2 = II E E i^W)i 2 = 1 
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and 

l" 

^^§,(^)*/c(d 7 (£ + 2™)) 

n L 

= n e e ^ ^^ h (^ + 2 ™v = °> 

where v — (y\, . . . , v n ) <G Z" \ (dZ n ). Accordingly, the result follows from the 
Lemma 2.1. □ 

It is obvious that the multivariate tight wavelet frame constructed by the 
Theorem 3.1 is separable. The separable wavelet frames, however, have some 
shortcomings in application, such as signal denoising, image compressing and 
image restorations as well. In order to annihilate the drawbacks of separable 
wavelet frames, we provide a simple method for constructing a multivariate 
nonseparable tight wavelet frame based on the constructed separable one. 

Theorem 3.2. Let {^>k(x),k — l,...,L n }, defined by (3.1), generate a tight 
wavelet frame of L2O&™). Suppose there exist two nonseparable 2tt -periodic 
trigonometric polynomials S(£) and /3(£) with real coefficients such that |3(£)| 2 + 
|/3(£)| 2 = 1- Construct functions ($ e k (x) e = 1, 2. k = 1, . . . , L n } through 

%® = °®l'®> € = (&,.., 60 € R». (3-2) 

Then, {^^(x), e = 1,2. k = 1, ...,£"} can generate a nonseparable tight 
wavelet frame ofL^^ 71 ). 

Proof, since 

2 L n 



EE Ei*^)i 2 



=EEi^( d7 oi 2 +EEi^(^)i 2 
=EEi a ( d ^)^( rf ^)i 2+ EEi^ 7 o^(^oi 2 

fc=i 7 ez fc=i7ez 

L n 

=EEi $ fcTOi 2 = 1 

fc=i 7 ez 



and 
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e=l fc=l 7 gZ 

L n -^ 

fc=l 7 gZ 

fe=i 7 ez 



= EE s(^e)* fe (^e)s(d^)*fe(rf 7 (e + 2™)) 

fc=l 7 GZ 

L n 

+ E E ^ 7 £)*fc(^)^ 7 £)*fc(cP(£ + 2*1/)) 

fc=i 7 ez 

L" 

= E E *fe(^e)*fe(rf 7 (c + 2th/)) = 0, 

fc=l 7 GZ 

where i> = (z/i, . . . , v n ) eZ"\ (eK n ). Since 2(£) and /3(£) are nonseparable, the 
functions {^(x) e = 1,2. k = 1,...,L™} defined by (3.2) are nonseparable, 
though the functions {^(x), fc = 1, . . . , L n } defined by (3.1) are separable. This 
then follows from Lemma 2.1 and Theorem 3.1. □ 

Symmetry of wavelet frames is very important in many applications, such as 
signal denoising, image compression. Therefore, constructing symmetric wavelet 
frames has attracted many researchers (e.g. [5], [13], [14], [16]). It is natural 
to ask whether the constructed multivariate nonseparable tight wavelet frames 
from symmetric univariate tight wavelet frames can preserve the symmetry. The 
following theorem may show it. 

Theorem 3.3. Let {ip l (x),l = 1,...,L}, with symmetry, generate a tight 
wavelet frame 0/L2O&), and let {^(x), k = 1, . . . ,£"} be defined by (3.1). Sup- 
pose there exist two nonseparable 2tt -periodic trigonometric polynomials a(£) 
and /?(£) with real coefficients and symmetry such that |a(£)| 2 + |/?(£)| 2 = 1. 
Then {^(x) e = 1,2. k = l,...,L n }, constructed by (3.2), also has symme- 
try. 

Proof. {ip l (x),l = 1,...,L} has symmetry, that is, there exist q <G R and 
Si G {—1, 1} such that 

ip l (ci - xi) = eiip 1 (xt) x ( eR, 

by taking the Fourier transform on the above formulation, we get 
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Via \&k(x) defined in (3.1), we have 



I i 6{l,...,i} 
i = 1,...,n 



ljG{l,...,-L} 
3 = l,...,n 



where d= (di,d 2 , . . . ,d n ),dj E {ci,...,cl},£ = (£1, •••,&») € K",e e {-1,1}. 

Therefore, {^(a;), fc = 1, . . . , L n } is symmetric. And the result follows from 

the symmetry of S(£) and /?(£). □ 

4 Examples 

In this section, we present two examples of construction multivariate nonscpa- 
rable tight wavelet frames using the construction method given by this paper. 

Example 1. In [16], a class of symmetric/antisymmetric tight wavelet frames 
were constructed through parameterizations of paraunitary matrices. Example 
5.1, in [16], provided the parameterizations of tight wavelet frames. The mask 
symbol of rcfinablc function and wavelet functions were given by 

'^(2£) = ^ (sin tf - 2z cos i? + z 2 cos tf)c£(£), 



^(2£) = ^(smtf 



22:cosi? + z 2 sini?)</>(£), 



l>(2£) 



Hi-z 2 )m, 



where i? is a parameterization. If we choose •& 



Let 3(£) 



l+z° 



and 



m 



We can get 8 wavelet frame symbols as followings: 



and 



Qi(z) 

Qs{z) 

IQa{z) 

(Q 5 (z) 
Qe(z) 
Qr(z) 
Qs(z) 



= ^(^H(l-zi-*2 + *) 2 , 

= -^( 1 -^)(l-zl)(l-z 2 )\ 



= -f(^)(i^i) 2 (i-* 2 2 ), 

= -^(^)(l-*l 2 )(l-*2) 2 , 

= §(^)(l-*?)(l-*2 2 ), 



where z = e 4 (?i+42)/2 anc [ Zl — e *Ci/2^ Z2 _ e «W 2 ^ They are also symmetric. 

Example 2. Chui ct al., in [17], constructed a tight wavelet frame with 2 
vanishing moments through the vanishing moment recovery function (VMR) 
based on the linear _B2-spinc of L 2 {^.) with dilation factor d = 2. The two- 
scale relation of corresponding scale function B 2 (x) G L 2 (R) and wavelet frame 
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functions {tpi(x), xp 2 {x)} were given by 



'B 2 (20 = (m 2 B 2 (0, 



m*o = ( 



2 
l-z\2 



s 2 (0, 



>(2£) = f (^) 2 (l + 4z + z 2 )5 2 (£). 

According to Theorem 3.1 and 3.2, we can construct a bivariate nonseparable 
tight wavelet frame of L 2 (R 2 ). Let a(£) = ^^- and /?(£) = ^-, where 
z = e _ *(Ci+?2)/2 ; we nave a bivariate tight wavelet frame with 8 generators, 
their symbols are given as followings, 




■l+z" 



) C- Z1 7 2+Z ) 2 , 



_ 76/ l+i' jf l- ., - .-j-: t 2 



) 2 (1 



fc-¥)C^ 



Zl—Z2+Z \2(^ 



-4z 2 + z 2 ), 
-4zi+z 2 ), 



J(T)( 



1 — Zi— Z2+Z^2 



) 2 (l+4z 1 +z 1 2 )(l+4z 2 + z 2 ); 



and 



fQ 6 («) 
Qe(*) 
Qt(*) 

IQ 8 («) 



(^)( i - zi r 2+z ) 2 . 

)(— 

)( l- Zl - Z2+2 ) 2 (1+4zi+z 2 ); 



= f ( k ^)( 1 ' Zl 7 2+Z ) 2 ( 1 + 4Z 2 + «f ), 



6 V 2 ^V 4 



1 ( l^ )( l =afS± z ) 2 (1 + 4zi + z 2 )(1 + 4Z2 + ^ 



where z\ = e '^t/ 2 , z 2 = e *^ 2 / 2 . It is easy to see they are symmetric. 
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NEARLY GENERALIZED DERIVATIONS ON NON-ARCHIMEDEAN 
BANACH ALGEBRAS: A FIXED POINT APPROACH 

MADJID ESHAGHI GORDJI, GWANG HUI KIM*, JUNG RYE LEE, AND CHOONKIL PARK 

Abstract. Using fixed point method, we prove the stability of generalized derivations 
on non- Archimedean Banach algebras associated to the Jensen functional equation. 



1. Introduction and preliminaries 

The stability of functional equations was first introduced by Ulam [1] in 1940. More 
precisely, he proposed the following problem: Given a group G\, a metric group (G2,d) 
and a positive number e, does there exist a 5 > such that if a function / : G\ — y Gi 
satisfies the inequality d(f(xy),f(x)f(y)) < 5 for all x, y G CI, then there exists a 
homomorphism T : G\ — y G<i such that d(f(x),T(x)) < e for all x G G\? As mentioned 
above, when this problem has a solution, we say that the homomorphisms from G\ to 
G2 are stable. In 1941, Hyers [2] gave a partial solution of Ulam's problem for the case 
of approximate additive mappings under the assumption that G\ and G7 2 are Banach 
spaces. In 1978, Th.M. Rassias [3] generalized the theorem of Hyers by considering the 
stability problem with unbounded Cauchy difference. 

Theorem 1.1. ([3]) Let f : E —¥ E' be a mapping from a norm vector space E into a 
Banach space E' subject to the inequality 

\\f(x + y)-f(x)-f(y)\\<e(\\x\p+\\y\\*) 

for all x,y G E, where e and p are constants with e > and p < 1. Then there exists a 
unique additive mapping T : E — y E' such that 

\\f(x)-T(x)\\< 2C 



2p" " 

for all x G E. Also, if the function t \-y f(tx) from R into E' is continuous for each fixed 
x G E, then T is M>-linear. 

During the last decades several stability problems of functional equations have been 
investigated by many mathematicians (see [4]- [8]). 



2010 Mathematics Subject Classification. Primary 46S10, 39B72, 39B52, 47H10, 47S10, 26E30, 12J25. 

Key words and phrases. Jensen functional equation; Generalized derivation; Hyers-Ulam stability; 
Non- Archimedean Banach algebra; Fixed point. 
* Corresponding author. 
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We note that a mapping / satisfying the following Jensen equation 2/ (^^) = f(x) + 
f(y) is called Jensen. Stability of Jensen equation has been studied at first by Kominek 
[9] (see also [10]-[13]). 

The topic of approximation of functional equations on Banach algebras was studied 
by a number of mathematicians (see [14]-[20]). 

In 1897, Hensel [21] discovered the p-adic numbers as a number theoretical analogue 
of power series in complex analysis. During the last three decades p-adic numbers have 
gained the interest of physicists for their research, in particular in problems coming from 
quantum physics, p-adic strings and superstrings [22, 23]. A key property of p-adic 
numbers is that they do not satisfy the Archimedean axiom: For x, y > 0, there exists 
nGN such that x < ny (see [24, 25]). 

Let IK denote a field and function (valuation absolute) | . | from IK into [0, oo). A 
non- Archimedean valuation is a function | . | that satisfies the strong triangle inequality; 
namely, \x + y\ < max{|a:|, \y\} < \x\ + \y\ for all x,y G K. The associated field IK is 
referred to as a non- Archimedean field. Clearly, |1| = | — 1| = 1 and \n\ < 1 for all n > 1. 
A trivial example of a non- Archimedean valuation is the function | . | taking everything 
except into 1 and |0| = 0. We always assume in addition that | . | is non trivial, i.e., 
there is a z G K such that \z\ ^ 0, 1. 

Let X be a linear space over a field IK with a non- Archimedean non-trivial valuation | . | . 
A function || . || : X — > [0, oo) is said to be a non- Archimedean norm if it is a norm over 
IK with the strong triangle inequality (ultrametric); namely, \\x + y\\ < max{||a;||, \\y\\} 
for all x, y G X. Then (X, || . ||) is called a non- Archimedean space. In any such a 
space a sequence {x n } nl =m is Cauchy if and only if {x n+ i — x n } n£ ^ converges to zero. 
By a complete non- Archimedean space we mean one in which every Cauchy sequence is 
convergent. A non- Archimedean Banach algebra is a complete non- Archimedean algebra 
A which satisfies \\xy\\ < \\x\\ \\y\\ for all x,y G A. For more details the reader is referred 
to [26]-[28]. 

Arriola and Beyer [29] initiated the Hyers-Ulam stability of functional equations in 
non- Archimedean spaces. In fact they established the Hyers-Ulam stability of the Cauchy 
functional equation over p-adic fields. After their results some papers (see for instance 
[30]- [36]) on the stability of other equations in such spaces have been published. Recently, 
Eshaghi Gordji and Alizadeh [37, 38] proved the Hyers-Ulam stability of homomorphisms 
and derivations on non- Archimedean Banach algebras. 

The main theorem of [39], which is called the alternative of fixed point, plays an 
important role in proving the stability problem. Cadariu and Radu [40] applied the 
fixed point method to the investigation of the Cauchy additive functional equation (see 
also [41]-[45]). 

In the present paper, we adopt the idea of Cadariu and Radu to establish the Hyers- 
Ulam stability of generalized derivations on non- Archimedean Banach algebra related to 
the Jensen functional equation. 
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2. Main results 

In this section, we assume that A is a non-Archimedean Banach algebra. Moreover, 
let |2| < 1; also we assume that 2 ^ in K (i.e., the characteristic of K is not 2). 

Definition 2.1. (1) An additive mapping d : A — > A is called a ring derivation if 
d(xy) = d(x)y + xd(y) holds for all x,y & A. 

(2) Let d : A — > A be a ring derivation. An additive mapping D : A — > A is called a 
generalized derivation if D(xy) = D(x)y + xd(y) holds for all x,y E A. 

Theorem 2.2. Let £ G { — 1,1} fre gwen and let f,t : A —> A be two mappings with 
/(0) = t(0) = for which there exists a function ip : A 2 —¥ [0, oo) such that 



« \ ^) - \(*(x) + *(V)) 



< v(x,y), 



max{\\t(xy) -t(x)y - xt(y)\\, \\f(xy) - f {x)y - xt(y)\\} < (p(x,y) 
for s G {/, t} and for all x,y G A. If there exists an < L < 1 such that 



<p(x,y)<\2\^L<p 



x_ y_ 



for all x,y G A, then there exist a unique ring derivation d : A — >■ A and a 
generalized derivation D : A —¥ A (related to d) such that 



?7wa;{||/(x) - D{x)\\, \\t(x) - d(x)\\} < 



T — 
L 2 



-V(x) 



(2.1) 
(2.2) 

(2.3) 
unique 

(2.4) 



for all x £ A, where \l/(x) = meLx{<p(x, 3x), (p(3x, —x), tp(x, — x)}. 
Proof. Putting s = /, y = 3x in (2.1), we get 

< <f(x, 3x) 

for all x G A. Replacing x, y by 3a;, —x, in (2.1), respectively, we get 

< (p(3x, —x) 

for all x G A. It follows from (2.5) and (2.6) that 

< max{{p(x, 3x), ip(3x, —x)} 



f(2x) - l -f{x) - l -f{3x) 



f{x) - \f(3x) - \f\-x) 



f(2x) - 3 -f(x) + \f{-x) 



for all x G A. Letting y = x in (2.1), we obtain 

-\f(x) - \f{~x) 



< ip(x, —x) 



for all x G A. By (2.7) and (2.8), we get 

\\f{2x)-2f(x)\\<m(x) 



(2.5) 
(2.6) 

(2.7) 

(2.8) 
(2.9) 
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for all x G A. Let us define y to be the set of all mappings g : A — > B with g(0) = and 
introduce a generalized metric on y as follows: 

p(g,h) = inf{CeR + : \\g(x) - h(x)\\ < CV(x),\f x E A} . 

It is easy to show that (y,p) is a generalized complete metric space (see [35, 40, 41]). 

Now we consider the function T : y — > y defined by Tg{x) = ^ gi^x) for all x G A 
and all g G y. 
Note that for all g,h G y, it is easy to see that 

p(Tg,Th) < L p(g,h). 

It follows that T is a strictly contraction on y with the Lipschitz constant L. Using 
(2.3) and (2.9), we have 

'X s 



fix) - 2/ 



2/ - 2 V ; 



for all x E A, that is, p(f,Tf) < j4 < oo. It follows from (2.9) that 



/(*) - -/(2a;) 



~ 2 V ; 



for all x <E A, that is, p(f,Tf) < 4r < oo. 

Now, by using of fixed point alternative in both cases, T has a unique fixed point 
D : A — > A in the set A = {g G 3^ : p(f, g) < oo}. The mapping D is defined by 



D(x) = lim r/(x) = hm ^/(2 fa x) 



(2.10) 



for all x & A. Moreover, 



This means that (2.4) holds. 
Using (2.3), we obtain 



p(f,D)<p(f,Tf)< 



L^ 



lim 



^(2 m x, 2 £n y) = 



for all x,y £ A. So it follows from (2.1) and (2.11) that 



D\ X -^-)-\{D{x) + D{y)) 



lim 



\(n 



f 



2 in (x + y) 



(2.11) 



1 



-l(f(2*>x) + f(2*y)) 



< lim-— ip(2^x,2^y) 

n—too \Z\ 



- i^o |2|M<+2)' 



^(2 m x, 2 fe |/) = 



for all jjeA. This means that D is additive. To prove the uniqueness property of D, 
suppose that D' : A — > A is another additive mapping satisfying (2.4). By (2.11), we 
have 
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\D(x) - D'(x) 



lim I ^ r f{2 in x) 



)//i 



D'{2 in x 



lim -— 



\\(f(2 m x)-D'(2 m x 



< lim -—m(2 ln x) = 

n— >oo Z 

for all x E A. Then we have D = D'. 

By the same reasoning as above, we can show that the limit 

d(x) := lim ^t(2 en x) 

exists for all x E A, and that d is a unique additive mapping on A satisfying (2.4). 
Using (2.3), we have 

\\d(xy) - d(x)y - xd(y)\\ = lim ^—\\t{2 2 " n xy) - t(2 en x)y - xt{2^ 



< lim 



n^oo |2| 2 ^ n 



< lim 



tp(2 tn x, T n y) 



<p(2 tn x, 2 ln y) = 



n ^oo 1 2 \tn(t+2) 

for all i,i;6A So <i(:r?/) = rf(a;)|/ + xd(y) for all x,y E A. Thus <i : A — >• A is a ring 
derivation satisfying (2.4). Again by (2.3), we obtain that 



\D(xy) — D(x)y — xd(y)\\ = lim 

< lim 

< lim 



; i — > X) 1 2 

1 
n^oo 1 2 



||/(2 2 ^y)-/(2^)y-^(2S/)|| 

y?(2 fa x,2S/) 

^(2 £n x, 2 te y) = 



|2|M^+2) 

for all x,y G A. So D(xy) = D(x)y + xd(y) for all x,y £ A. Thus -D : A — >■ A is a 
generalized derivation satisfying (2.4). □ 

Corollary 2.3. Let £ G {—1, 1} be fixed and let 5,r be positive real numbers with r£ > 
£(£ + 2). Suppose that f,t:A—>A are mappings satisfying 



x + y 



1 



s(x) + s(y)) 



<*(IW + llvl 



max{\\t(xy) - t(x)y - xt(y)\\, \\f(xy) - f(x)y - xt(y)\\} < 5(\\x\\ r + ||y|| r ) 

for s G {/, t} and all x,y G A. Then there exist a unique ring derivation d : A — >■ A and 
a unique generalized derivation D : A — )■ A (related to d) such that 
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max{\\t(x) - d(x)\\, \\f(x) - D(x)\\} < 2 • |2|^^ r 1 5\\x\\ r 
for all x £ A. 

Proof. The proof follows from Theorem 2.2 by taking 

ip(x,y) := 5(||x|| r + \\y\\ r ) 
for all x,y G A. Then we can choose L = |2| £ ( r_2 ~^ and we get the desired result. □ 

Corollary 2.4. Let £ G { — 1,1} be fixed and let 9,r,s be positive real numbers with 
(r + s)£ > £(£ + 2). Suppose that f,t:A—*A are mappings satisfying 

x ~\~ v 1 
max{\\t(xy) - t(x)y - xt{y)\\, \\f(xy) - f(x)y - xt(y)\\, ||s(— ^— ) - -(s(x) + s(y))\\} 

<e(\\x\\ r .\\ y \\ s ) 

for s G {/, t} and all x,y G A. Then there exist a unique ring derivation d : A — > A and 
a unique generalized derivation D : A — >• A (related to d) such that 

max{||i(x) - d(x)||, ||/(x) - D(x)\\} < \2\ (l ~ 1)i ^" ) ~ 1 ~ t e\\x\\ r+s 
for all x G A. 
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Intuitionistic fuzzy soft rings and intuitionistic fuzzy soft 

ideals 

Cheng-Fu Yang* 

College of Mathematics and Statistics ofHexi University, 
Zhangye Gansu, 734000, P. R. China 



Abstract 

In this paper, the notions of intuitionistic fuzzy soft ring and intuitionistic fuzzy soft (left, right) ideal 
are given. The properties of their union, intersection and (a, c5)-level set are studied for each a, S e [0, 1]. 
Finally, homomorphic image and homomorphic inverse image of them are discussed. 
Keywords: Intuitionistic fuzzy soft ring; Intuitionistic fuzzy soft ideal; (a, (S)-level set; Homomorphic 
image; Homomorphic inverse image 

1 Introduction 

To solve complicated problems in economics, engineering, environment, sociology, medical science 
and many other fields, we cannot successfully use classical methods, because the uncertainties appearing 
in these domains may be of various types. There are four theories: Theory of Probablity, Fuzzy Set Theory 
(FST) [1], Interval Mathematics and Rough Set Theory (RST) [2], which we can consider as mathematical 
tools for dealing with imperfect knowledge. All these tools require the pre-specification of some parameter 
to start with, e.g. probablity density function in Probablity, membership function in FST and equivalence 
relation in RST. Such a requirement, seen in the backdrop of imperfect or incomplete knowledge, raise many 
problems. Noting problems in parameter specification, Molodtsov [3] introduced the notion of soft set to 
deal with problems of incomplete information. Soft Set Theory (SST) does not require the specification 
of a parameter. This makes SST a natural mathematical formalism for approximate reasoning. Later other 
authors like Maji et al. [4-6] have further studied the theory of soft sets and used this theory to solve 
some decision making problems. In 2001, Maji et al. [7] introduced the concept of fuzzy soft set, a more 
generalized concept, which is a combination of fuzzy set and soft set, and studied its properties. In 2007, 
Aktag and (gagman [8] introduced the notion of soft groups. Next, Aygtmoglu and Aygiin [9] introduced 
the notion of fuzzy soft groups. Recently Yang [10] gave the notion of fuzzy soft semigroup (ideal) and 
discussed some properties of them. Since fuzzy set is a special intuitionistic fuzzy set, in this paper, we 
extend fuzzy soft semigroup (ideal) in [10] to the intuitionistic fuzzy soft ring (ideal), and discuss the union, 
intersection and {a, i5)-level set of them. Then, we study the homomorphic image and homomorphic inverse 
image of them. 



*E-mail: yangcfl@163.com (C.F.Yang). Tel.:+86 0936 8280868; Fax:+86 0936 8282000. 
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2 Preliminaries 

Throughout this subsection U refers to an initial universe, £ is a set of parameters, R, R', R\ and R2 
both are rings. 
Definition 2.1 [11, 12]. An intuitionistic fuzzy set A in a non-empty set U is an object having the form 

A = {(x,n A (x),y A (x))\xz U] 

where the function ^i A : U — > [0, 1] and y A : U — > [0, 1] denote the degree of membership and the degree 
of nonmembership, respectively, and 

< fi A (x) + y A (x) < 1 

for all x e U. 

Definition 2.2 [11, 12]. Let A and B be two intuitionistic fuzzy sets over U. The intersection of them, 
denoted by A ffi) B = C, is an intuitionistic fuzzy set over U, i.e., for each s e C and all x e U, 

Hcix) = minQi A (x),n B (x)), y A (x) = max(y A (x),y B (x)). 

Definition 2.3 [11, 12]. Let A and B be two intuitionistic fuzzy sets over U. The union of them, denoted by 
AUB = C, is an intuitionistic fuzzy set over U, i.e., for each s e Candallxe U,/j.c(x) - max(/j A (x),fi B (x)), 
y A (x) = min(y A (x),y B (x)). 

Definition 2.4. An intuitionistic fuzzy set A over ring R is called an intuitionistic fuzzy subring of R 
if 

(i) n A (x -y)> min{ji A (x), yU A (y)}, ii A {xy) > min{ji A {x), fi A (y)}, 
(ii) y A (x - y) < max{y A (x), y A (y)}, y A (xy) < max{y A (x), y A (y)}, 
for all x,y e R. 

Theorem 2.5. Let A and B be two intuitionistic fuzzy subrings over R, then C — A ifii B is an intuition- 
istic fuzzy subring over R. 
Proof. For all x,y e R, 

Hc(x -y) = min(jj A (x - y),/u B (x - y)) > min(min(fi A (x),/u A (y)), min(ju B (x), [i B (y))) 

= min(minQi A (x),ii B (x)),min(fi A (y),iu B (y))) = min(jx c (x),nc(y)), 

Hc(x ■ y) = min(ji A {x ■ y),/j. B (x ■ y)) > min(min(p A (x),fi A (y)),min(ju B (x),ix B (y))) 

= min(min(/j. A (x),jj B (x)),min(fi A (y),/u B (y))) = min(jj. c (x),Hc(y)) 

and 

yc(x -y) = max(y A (x - y), y B (x - y)) < max(max(y A (x), y A (y)), max(y B (x), y B (y))) 

= max(max(y A (x),y B (x)),max(y A (y),y B (y))) = max(y c (x),y c (y)), 

yc(x ■ y) = max(y A (x ■ y), y B (x ■ y)) < max(max(y A (x), y A (y)), max(y B (x), y B (y))) 

= max(max(y A (x),y B (x)),max(y A (y),y B (y))) = max(y c (x),y c (y)). 

By the definition 2.4, C ia an intuitionistic fuzzy subring over R. 

Definition 2.6. An intuitionistic fuzzy subring A over R is called an intuitionistic fuzzy left (right) ideal 
ofR, if /d A (xy) > // A (.y) and y A (xy) < y A (y) ijJ. A (xy) > /j. a (x) and y A (xy) < y A (x)) for all x,y e R. An 
intuitionistic fuzzy set A over R is called an intuitionistic fuzzy ideal of R if it is both an intuitionistic fuzzy 
left and intuitionistic fuzzy right ideal of R. 

Theorem 2.7. Let A and B be two intuitionistic fuzzy (left, right) ideals over R, then C - A fil B is an 
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intuitionistic fuzzy (left, right) ideal over R. 

Proof. We only proof intuitionistic fuzzy left ideal, other case is similar. By the theorem 2.5, C is an 

intuitionistic fuzzy subring over R. For all x,y e R, 

Hc(x ■ y) = min(jj. A (x ■ y),n B {x ■ y)) > min(ju A (y),/u B (y)) = /UcO0> 
7c(x ■ y) = max(y A (x ■ y), y B (x ■ y)) < max(y A (y), y B (y)) = jdy)- 

By the definition 2.6, C is an intuitionistic fuzzy left ideal over R. 

Definition 2.8 [3, 13]. Let P(U) be the power set of U, a pair (F, E) is called a soft set over U where 
F is a mapping given by 

F :B -> P(U). 

Definition 2.9 [14]. Let (F, E) be a soft set over R, (F, E) is said to be a soft ring over R if and only if F(x) 
is a subring of R for all x e B. 

Definition 2.10. Let (F, E) be a soft set over R, (F, E) is said to be a soft left (right) ideal over R if and 
only if F(x) is a left (right) ideal of R for all x e B. 

Definition 2.11. Let (F, E) be a soft set over R, (F, E) is said to be a soft ideal over R if and only if 
F(x) is both a left and right ideal of R for all x e B. 

Definition 2.12 [15]. A pair (A, 2) is called an intuitionistic fuzzy soft set over U, where A : £ — > IT(U) 
is a mapping, IT{S) being the set of all intuitionistic fuzzy sets of U. 

Definition 2.13. Let (A, E) be an intuitionistic fuzzy soft set over U. For each a, S € [0, 1], the set 
(A, !)<<*•« = (A (a ' s \l,) is called (a,5)-level set of (A, 2), where A^e) = \x e U\n Hs) (x) > a,y Me) (x) < 
5} for each sel 

Obviously, (A, Y.) (a ' S) is a soft set over U. 

Definition 2.14 [15]. Let (A, E) and (A, Q) be two intuitionistic fuzzy soft sets over U, (A,E) is called 
an intuitionistic fuzzy soft subset of (A, Q), denoted by (A, E) <= (A, Q), if and only if (i) E c Q, (ii) 
for each e e E, A(e) is an intuitionistic fuzzy subset of A(e), i.e., for all x e U, ^A( e )(x) < fj.^ e )(x) and 

7A(e)(x) > 7A(e)(x). 

Definition 2.15. Let (A,E) and (A, O) be two intuitionistic fuzzy soft sets over U with E n Q + 0. The 
intersection of them, denoted by (A, E) ifi) (A, Q) = (0, H), is an intuitionistic fuzzy soft set over U, where 
H = E n Q, and for each s e E, 0(e) = A(e) (Hi A(e). 

Definition 2.16 [15]. The union of two intuitionistic fuzzy soft sets (A, E) and (A, Q) over U, denoted 

by (A, E) y (A, Q) = (0, S), is an intuitionistic fuzzy soft set over U, where 3 = E U Q, and for each s € H, 

C A(e), if seE-Q, 

0(e) = I A(e), if s e Q. - E, 

[ A(e) y A(e), if e e E n fi, 



i.e., 



( ^A( E )(x), if eel.- Q 

fi&(s)(x) = I HA(e)(x), if e e Q - E 

i flA(e)uA(e)(x) = max(flA(e)(x),HA(e)(x)), if S £ Q fl £ 
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and 




TA(£)UA(£)( X ) 



7A(e)(x), 

min(y A(£) (x), y A(e) (x)), 



if s e E - CI 

i/seflnl 



Definition 2.17. Let U be an universe and E a set of parameters. The collection of all intuitionistic fuzzy 
soft sets over U with parameters from E, is called an intuitionistic fuzzy soft class and denoted as (U, E). 

Definition 2.18. Let (X, E) and (Y, E') be classes of intuitionistic fuzzy soft sets over X and Y with pa- 
rameters from E and E', respectively. Let h : X — > Y and p : E — > E' be two mappings, (A, E) be an 
intuitionistic fuzzy soft set in (X, E), where E c E. The image of (A, E) under the function / = (h, p), 
denoted by /(A, E), is the intuitionistic fuzzy soft set over Y defined by /(A, E) = (h(K), /?(E)), where 

f V V ftwW- ifh-\y)±4> 

/^ft(A)C8)Cy) = 1 ^A-'Cy) «ep-i(®nE , VyS e p(E), Vy € F, 

I 0, otherwise 



and 



tmaxwO') = 



A 



x€h- l (y)a€p- l (0)r\H 
1, 



A rAwW. J/A '(y) ^ 



otherwise 



,V/3e/?(E),VyGT. 



Definition 2.19. Let (X, £) and (T, £') be classes of intuitionistic fuzzy soft sets over X and Y with parame- 
ters from E and E', respectively. Let h : X — > Y and /? : £ — > E' be two mappings, (A, Q) be an intuitionistic 
fuzzy soft set in (Y, E'), where O c E' . The inverse image of (A, O) under the function / = (h, p), denoted 
by f~ l (A, Q), is the intuitionistic fuzzy soft set over X defined by / _1 (A, Q.) - (h~ l (A), p < (CI)) , where 

lih-HA)(a)(x) = HA(p(a))(h(x)) and y h -\A)(a)(x) = 7A( P (a))(h(x)) Va e p- l (Cl),Mx e X. 

3 The intuitionistic fuzzy soft ring and intuitionistic fuzzy soft ideal 

Definition 3.1. Let (A, E) be an intuitionistic fuzzy soft set over/?, (A, E) is called an intuitionistic fuzzy 
soft ring if and only if A(e) is an intuitionistic fuzzy subring over R for each e e E. 

Definition 3.2. Let (A, E) be an intuitionistic fuzzy soft set over R, (A, E) is called an intuitionistic fuzzy 
soft left (right) ideal if and only if A(e) is an intuitionistic fuzzy left (right) ideal over R for each s € E. 
Exampie 3.3. Let£ = \e\, e2,ej,} and/? = {0, a, b,c] be a ring having the following addition and multiplica- 
tion tables (Table 1.): Choose an intuitionistic fuzzy soft set over/? as: (A, E) = {A(ei) = {(0,0.8, 0.15), (a, 



Table 1 : addition and multiplication tables of ring R 







a 



a b c 

a a c b 

b b c a 

c c b a 
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c 
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0.4, 0.5), (b, 0,0. 15), (c, 0,0.5)}. It is easy to verify that A(ei) is an intuitionistic fuzzy left ideal over R. 
Thus (A, E) is an intuitionistic fuzzy soft left ideal over R. 

Definition 3.4. Let (A, E) be an intuitionistic fuzzy soft set over R, (A, E) be called an intuitionistic fuzzy 
soft ideal if and only if (A, E) is both an intuitionistic fuzzy soft left and intuitionistic fuzzy soft right ideal 
over R. 

Example 3.5. Let E = {e\,e 2 ,ej,} and R = {0,a,b,c} be a ring having the same multiplication table as 
example 3. 3 (table 1.): Choose an intuitionistic fuzzy soft set over R as: (A, E) = (A(ei) = {(0,0.8, 0.15), (a, 
0.4, 0.5), (b, 0, 0.55), (c, 0, 0.55)}. It is easy to verify that A(e0 is an intuitionistic fuzzy left and right ideal 
over R. Thus (A, E) is an intuitionistic fuzzy soft ideal over R. 

In general, the intuitionistic fuzzy soft (left, right) ideal over R is an intuitionistic fuzzy soft ring over 
R, but intuitionistic fuzzy soft ring over R is not the intuitionistic fuzzy soft (left, right) ideal over R, as is 
shown in the following: 

Example 3.6. Let E = \e\,e 2 ,ej] and R' - {0, \,a,P) be a ring having the following addition and 
multiplication tables (Table 2.): Choose an intuitionistic fuzzy soft set over R' as: (A, E) = {A(ei) = 

Table 2: addition and multiplication tables of ring R' 



+ 
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P 
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1 
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P 





1 
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1 
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a 
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P 
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P 





P 


1 


a 



{(0, 0.5, 0.45), (1, 0.4, 0.45), (a, 0, 0.85), (J3, 0, 0.85)}}. It is easy to verify that A(e x ) is an intuitionistic fuzzy 
subring of/?'. Since n Mei )(a • 1) = n A ( ei )(a) - > 0.4 = // A(ei) (l), 7Mei)( a ' !) = 7A( ei )(a) = 0.85 £ 0.45 = 
7a0i)(1)- This means A(ei) is not an intuitionistic fuzzy left ideal of/?', i.e., (A, E) is not an intuitionistic 
fuzzy soft left ideal of/?'. 

Theorem 3.7. Let (A, E) be an intuitionistic fuzzy soft set over R, (A, E) is an intuitionistic fuzzy soft 

ring if and only if (A, E) (a '*' is a soft ring over R for each a, S e [0,1]. 

Proof. Suppose (A, E) is an intuitioniatic fuzzy soft ring. For each a,6 e [0, 1 ] , s e E and x\, Xi e A^'^e), 

then jUa( £ )(xi) > a, fi\(s)(x2) > a and y\( s )(xi) < 6, yh(e)(x2) ^ S. According to the definition 3.1, A(e) is 

an intuitionistic fuzzy subring over R, thus 

A<A( e )(xi - x 2 ) > min{fi A(£) (xi),fi A(e) (x2)} > a, y A ( £ )(*i - X 2 ) < max{y A(s) (xi),y A(e) (x2)} < 5 

and 

jU A(e )(x 1 • xi) > min{fi A(s) (xi),/i A(e) (x2)} > a, y A ( s) (xi ■ x 2 ) < max{y A(s) (xi),y A(s) (x2)} < 5. 

This implies x\ - x 2 , x\ ■ x 2 e A (a ' 5) (e), i.e., A^'^e) is a subring over R. According to the definition 2.9, 
(A, E)^'*' is a soft ring over R for each a, S e [0,1]. 

Conversely, assume (A, E) (a '^ is a soft ring over R for each a, S e [0,1]. 

For each s e E and x\,x 2 e /?, let a = m/n{^A(e)(^i),yUA(e)fe)} and 6 - max{y A ( € ){x\),y A ( e ){x 2 )}, 
then x\,x 2 e A (Q,,,5) (e). Since A^'^(e) is a subring over R, thus x\ - x 2 ,X\ ■ x 2 e A (a,s \s). This means 
l^ A (e)(xi-x 2 ) >a = min{fi A(£) (xi), fi A(e) (x 2 )}, ii A(e) (xi-x 2 ) >a = min\p. A(E) (xi),ii A{e) {x 2 )}wAy A{e) {xi-x 2 ) < 
5 = max{y A(e) (x 1 ), yA( e )(x 2 )}, 7a(*)(*i ^2) ^ ^ = wo4rA( e )(-^i), TA( £ )fe)}, i.e.. A(e) is an intuitionistic fuzzy 
subring over R. According to the definition 3.1, (A, E) is an intuitionistic fuzzy soft ring over R. This com- 
plete the proof. 
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Theorem 3.8. Let (A, E) be an intuitionistic fuzzy soft set over R, (A, E) is an intuitionistic fuzzy soft 
left (right) ideal if and only if (A, Z) (ff > (5) is a soft left (right) ideal over R for each a, 6 e [0,1]. 
Proof. We prove only intuitinoistic fuzzy soft left ideal, intuitionistic fuzzy soft right ideal is similar. 

Suppose (A, E) is an intuitionistic fuzzy soft left ideal, according to the definition 2.6, (A, E) is an 
intuitionistic fuzzy soft ring. According to the theorem 3.7, (A, E) (ff<5) is a soft ring over R for each a, 6 e 
[0,1]. Next we proof (A, E) (ff ' 5) is a soft left ideal over R for each a,6 € [0,1]. 

For each a, 6 e [0, 1], e e E, xq e A ( - a,s ^(e) and x e R, then /XA(e)( x o) ^ a an d 7a(e)(^o) ^ & According 
to the definition 3.2, A(e) is an intuitionistic fuzzy left ideal over R, thus /XA(e)(x • xq) > fJ.\( £ )(xo) > a and 
7a(e)( x • x o) ^ 7A(e)(*o) ^ 5. This means x ■ x e A^ a ' s \s), i.e., A^ a ' s \s) is a left ideal over /?. Thus (A, E) (a ' 5) 
is a soft left ideal over R for each a,6 e [0,1]. 

Conversely, assume (A, E) (av5) is a soft left ideal over R for each a, 6 e [0, 1]. For each e e E and 
xo e R, let a = yUA(e)(*o) and 6 = yA(e)(*o), then xo e A ( "' 5) (e). Since A (Q,,<5) (e) is a left ideal over R, thus 
x • xo e A (Q, '* ) (e) for each x e R. This means yUA( £ )(x • xq) > a - Ha(s)(xo) and Ja(b){x ■ xq) < 5 — yA(e)(xo), 
i.e., A(e) is an intuitionistic fuzzy left ideal over R, according to the definition 3.2, (A, E) is an intuitionistic 
fuzzy soft left ideal over R. This complete the proof. 

According to the proof above, we obtain the following theorem. 
Theorem 3.9. Let (A, E) be an intuitionisitc fuzzy soft set over R, (A, E) is an intuitionistic fuzzy soft ideal 
if and only if (A, E)^'*' is a soft ideal over R for each a, 6 e [0,1]. 

Theorem 3.10. Let (A, E), (A, O) be two intuitionistic fuzzy soft rings over R. If E n D. + 0, then 
(A, E) R (A, O) = (0, S) is an intuitionistic fuzzy soft ring over R. 

Proof. According to the definition 2.15, for each s e E - E n £1, 0(e) = A(e) iffi A(e). Since A(e) and 
A(e) are both intuitionistic fuzzy subrings over R, and the intersection of two intuitionistic fuzzy subrings 
is an intuitionistic fuzzy subring, thus ©(e) is an intuitionistic fuzzy ring over/?. As e is arbitrary, therefore 
(A, E) ifi) (A, Q) = (0, 3) is an intuitionistic fuzzy soft ring over R. This complete the proof. 

In general, the union of two intuitionistic fuzzy soft rings is not an intuitionistic fuzzy soft ring, as is 
shown in the following: 

Example 3.11. Let E = \e\ , ez, <?3) and R = {0, a, b, c) be a ring having the same addition and multiplication 
table as example 3.3(Table 1.): Choose two intuitionistic fuzzy soft sets over R respectively as: (A,E) = 
{A(e t ) = {(0, 0.7, 0.2), (a, 0.6, 0.2), (b, 0.4, 0.4), (c, 0.4, 0.4)}} and(A,Q) = {A(e0 = {(0,0.9, 0.05), (a, 0.4, 
0.4), (b, 0.5, 0.35), (c, 0.4, 0.4)}}. Obviously, (A,E) and (A, Q.) are both intuitionistic fuzzy soft rings over 
R. Let (A,E) y (A,Q) = (0,5), according to the definition 2.16, S = E U £1 - {ei} and 0(ei) = 
A(ei)y A(ei) = {(0,0.9, 0.05), (a, 0.6, 0.2), (b, 0.5, 0.35), (c, 0.4, 0.4)}. Since //© (ei) (a - b) = iu &(e0 (c) = 
0.4 < 0.5 = min{fi @(ei) (a),ii &(ei) (b)}, y©( e ,)(« - V) - r©(ci)( c ) = 0- 4 > 0.35 = max{yQ {ei) {a),y @{ei) {b)), this 
implies 0(ei) is not an intuitionistic fuzzy subring over R. Thus the union of two intuitionistic fuzzy soft 
rings is not an intuitionistic fuzzy soft ring. 

Theorem 3.12. Let (A,E) and (A, Q) be two intuitionistic fuzzy soft rings over R. If E n Q = 0, then 
(A, E) y (A, Q) - (0, H) is an intuitionistic fuzzy soft ring over R. 

Proof. For each s e H, since E n CI — 0, according to the definition 2.16, 0(e) = A(e) or A(e). However, 
A(e) and A(e) are both intuitionistic fuzzy subrings over R, this implies 0(e) is an intuitionistic fuzzy sub- 
ring over R. Therefore (A, E) VI (A, Q) is an intuitionistic fuzzy soft ring over R. 

Theorem 3.13. Let (A, E) and (A, Q) be two intuitionistic fuzzy soft (left, right) ideals over R, if E n D. = 0, 
then (A, E) VI (A, O) = (0, S) is an intuitionistic fuzzy soft (left, right) ideal over R. 
Proof. We only prove intuitionistic fuzzy soft left ideal, other case is similar. 
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According to the theorem 3.12, (A, S) U (A, O) is an intuitionistic fuzzy soft ring over R. For each e e H, 
ifeeZ-QoreeQ-E, then 0(e) = A(e) or A(e). However, A(e) and A(e) are both intuitionistic 
fuzzy left ideals over R, thus ©(e) is an intuitionistic fuzzy left ideal over R. 
Thus (A, S) y (A, O) is an intuitionistic fuzzy soft left ideal over R. 

Theorem 3.14. Let (A, E) and (A, Q) be two intuitionistic fuzzy soft (left, right) ideals over R. If S n Q. + 0, 
then (A, Y) ifii (A, Q.) = (0, S) is an intuitionistic fuzzy soft (left, right) ideal over R. 
Proof. We only prove intuitionistic fuzzy soft left ideal, other case is similar. 

According to the theorem 3.10, (A, E) ifii (A, Q.) = (0, E) is an intuitionistic fuzzy soft ring over R. For 
each e e H, according to the definition 2.15, 0(e) = A(e) ifii A(e). Since A(e) and A(e) are both intuitionistic 
fuzzy left ideals over R, and the intersection of two intuitionistic fuzzy left ideals is an intuitionistic fuzzy 
left ideal. This implies 0(e) is an intuitionistic fuzzy left ideal over R. Therefore (A, E) ffil (A, Q.) is an 
intuitionistic fuzzy soft left ideal over R. 

4 The homomorphic image and homomorphic inverse image of intu- 
itionistic fuzzy soft rings (ideals) 

Theorem 4.1. Let (R, E) and (R',E') be intuitionistic fuzzy soft class over ring R and R', respectively. 
Let p : E —> E' be a mapping and h be a homomorphic mapping from R to R'. If (A, Q) is an intuitionistic 
fuzzy soft ring in (/?', E'), where Q. c E'. Then / (A, O), called the homomorphic inverse image of (A, Q.) 
under the function / = (h, p), is an intuitionistic fuzzy soft ring over R. 

Proof. According to the definition 3.1, for each a e P _1 (Q), A(p(a)) is an intuitionistic fuzzy subring over 
R'. Thus for all x\, x 2 e R, 

/^-'(AXooOl - x 2) = VA(p(a))(h(Xl ~ X 2 )) = y"AQ>(«))W*l) ~ h(x 2 )) > mitl{lJ. A(p(a)) (h(x 1 )), p A{p{a)) (ll(x 2 ))} 

= min{p h -, ma) (x l \p h -, (A)(a) (x 2 )}, 
/4ri(A)(or)(*i • xi) = HA(p( a ))(h(xi ■ Xi)) = HMp(a)){h{x\) • h(x 2 )) > min{p A(p(a)) {h{xi)),p A{p(a)) {h{x 2 ))) 

= OTOT{/lft-i(A)(ar)(^l),//ft-i(A)(a)te)} 

and 

7h-'(A)(a)(x\ - x 2 ) = jA<j>{a)){h{xi - x 2 )) = y A (p( a )){h{x{) - h(x 2 )) < max{y h(p{a)) (h(x x )),y h{p(a)) (h(x 2 ))} 
= max{y h -i (AKa) (xi), y h -H&)(a)( x 2)}, 
7h->(A)(a)(x\ ■ x 2 ) = yA( P ( a ))(h(xi ■ x 2 )) = y A (p( a )#(*i) • h{x 2 )) < max{y^ a ))(h(xi)),yt^ a y)(h{xi))) 

= max{y h -i( A) ( a) {xi),y h -i (A)(a) {x 2 )}. 
This implies h~ l (A)(a) is an intuitionistic fuzzy subring over R. As a is arbitrary, therefore f~ l (A, Q) is an 
intuitionistic fuzzy soft ring over R. 

In the theorem above, if (A, Q) is an intuitionistic fuzzy soft ring over R, then /(A, Q.) is not an intu- 
itionistic fuzzy soft ring over R', as is shown in the following: 

Example 4.2 Let Ri = {0,{1},{2},{1,2}} and R 2 = {<b,{a},{b},{a,b}} be two rings having the following 
addition and multiplication tables as Table 3 and Table 4, respectively. 
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Table 3: addition and multiplication tables of ring R\ 
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{1) 
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{1,2) 
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{1,2) 
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{1,2} 
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{1,2) 
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{1,2) 


{1,2) 
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{1) 
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{1,2) 
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fl) 
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{1,2) 
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{2) 


{1,2) 



Table 4: addition and multiplication tables of ring R2 



+ 





(fl) 


\b) 


{a, ft} 








{fl) 


{ft} 


{a,b} 


{a) 


{a) 





{a, ft) 


(ft) 


\b) 


{ft} 


{a, ft} 





{fl) 


\a,b) 


{a, ft} 


{ft} 


{fl) 











(fl) 


{ft} 


{a, ft} 

















(fl) 





{fl) 





{fl) 


{ft} 








{ft} 


{ft} 


{a, ft} 





{fl) 


{ft} 


{a, ft} 



Let E - {e\,e2,ej,}, E' = \e' v e' 2 ,e'^\ and {R\,E),{R.2,E') be intuitionistic fuzzy soft class over ring /?i 
and R2, respectively. 
Define h :/?[—> /?2 an d /?:£—>£' as: 

ft(0) = 0, M{1)) = {a), ft({2}) = {ft},ft({l,2}) = {a, ft}, 

p(ei) = e' p /?(e 2 ) = e' v p(e 3 ) = e[. 

It is easy to verify that h is a homomorphic mapping from R\ to R2- Choose an intuitionistic fuzzy soft ring 
over/?i as: 

(A, 2) = {Afa) = {(0,O.5,O.4),({l),O.4,O.45),({2},O,O.8),({l,2},O,O.8)},A(e 3 ) = 
{(0, 0.8, 0.1), ({1), 0,0.4), ({2), 0.5, 0.45), ({1,2), 0,0.45))). 

According to the definition 2.18, /(A, 2) is obtained as follows: for e' x e p{Y) c £' 

h(A)(e\) = {(0, 0.8, 0.1), ({a), 0.4, 0.4), ({ft}, 0.5, 0.45), ({a, b), 0, 0.45)), (since p^e'i) n2 = fa, e 3 }). 

Since ix h {A)(e\){\a) ~ (M) = Hh(A)(e\){{a, ft}) = < 0.4 = m/n{ y u ft(A)(( ,' ] )(fl), / u/ l(A)(e ' i) (ft)}, this means h(A)(e[) 
is not an intuitionistic fuzzy subring over /?2- Therefore the image /(A, £) of intuitionistic fuzzy soft ring 
(A, 2) is not an intuitionistic fuzzy soft ring. 

Theorem 4.3. Let (R, E) and (/?', £') be intuitionistic fuzzy soft class over ring R and R', respectively. 
Let p : E — > E' be an injection and h be a homomorphic mapping from R to R'. If (A, E) is an intuitionistic 
fuzzy soft ring in (R, E), where I, c E. Then /(A, £), called the homomorphic image of (A, 2) under the 
function / = (h, p), is an intuitionistic fuzzy soft ring over R' . 

Proof. By the theorem 3.7, we prove only (h(A), p(L)) (a,S) is a soft ring over R' for all a, 6 e [0, 1], For each 
fl G p(X), since /? is injective, thus there exists a e 2, such that/3 = /?(fl). Next we prove that h(K)^ a ' 6 \P) is 
a subring over R' . For all yi,y2 e h(A) <a ' S) (J3), i.e., 

/4>(A)G3)Cyi) = V V j"A( £ )W = V MA(a)W ^ «, 

7fc(A)03)Cyi) = A A 7A(s)(*) = A 7A(a)(x) < s 

x£h->(yi)E£p->(J3)nZ xeh-Hyi) 
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and 

/^(A)08)(j2) = V V MA(s)(x) = V HA(a)(x) > a, 

x£h-Hyi)eep- l (f3)<M. xe/r'fe) 

7h(A)(fi)(y2) = A A 7Ms){X) = A 7A(a)(x) < 6. 

x€h- l (yi) e€p~' 08)nl xe/i- 1 ^) 

This means that there exist xi,X2,X3,X4 e R, such that /z(xi) = h(x2) = y\,K x i) - Mxa) - y 2 and 
MA(a)(xi) > a,y A(a) (x 2 ) < d,p A ( a )(x 3 ) > a,7A(a)(Xi) < 6. Then 

Hh(A)(j3)(yi - yi) = V V ma( E )(x) = V ha(u)(x) > //A(a)(*i - ^3) 

jce/r 1 Cvi -yi) eep- 1 Q3)nE a-e/i-' (yi -3-2) 

> OTJw(jUA(a)(^i)»/^A(a)(^3)} ^ » (since A(a) ;'i an intuitionistic fuzzy subring over R), 

7KA)(fi)(y\ ~yi)= A A 7A(s)(x) = A 7A( a )(x)< 7A(a)(x 2 - x 4 ) 

xehr 1 (yi-y 2 ) eep-<(J3)nI. xeh- l ( yi - yi ) 

< max{y A(a)(x 2 ), 7A(a)(-^4)) ^ ^ (since A(a) is an intuitionistic fuzzy subring over R) 
and 

(ih(A)<fi)(y\ ■ yi) = V V HA(e)(x) = V /"A(a)W> HA(a)(Xl ■ X 3 ) 

xeh-Hyyyi) eep-'OTnE jce/r'Ov^) 

> min{jj. A ( a )(xi), fj.A( a )(xi)} > a (since A(a) is an intuitionistic fuzzy subring over R), 

7KA)(fi)(y\ -yi)= A A tamO) = A 7A( a )(x)< yA^fe • *4) 

< max{y\( a )(x2),yA(a)(x4)} < 6 (since A(a) is an intuitionistic fuzzy subring over R). 

Thus y\ — y 2 ,y\ -yi e /z(A) (Q, ' l5) (/3). This means that h(A)^ a ' 6 \P) is a subring over/?. Since fi is arbitrary, thus 
(h(A), /?(Z)) (ffi) is a soft ring over R' for all a, 6 e [0,1]. This complete the proof. 

Theorem 4.4. Let (R, E) and (/?', E') be intuitionistic fuzzy soft class over ring R and R', respectively. 
Let p : E -* E' be a mapping and /z be a homomorphic mapping from Rto R'. If (A, Q) is an intuitionistic 
fuzzy soft (left, right) ideal in (R',E'), where Q c E' . Then / _1 (A, Q.) is an intuitionistic fuzzy soft (left, 
right) ideal over R. 
Proof. We only prove intuitionistic fuzzy soft left ideal, other case is similar. 

According to theorem 4.1, f~ l (A, Q.) is an intuitionistic fuzzy soft ring over R. For each a e /?~'(Q), 
i.e., p(a) e Q, A(p(a)) is an intuitionistic fuzzy left ideal over R' . For all x, xq e R, by the definition 2.19, 

Mh-'(A)(a)(x ■ Xq) = p A (p(a))(h(x ■ Xq)) = H A ( p( a ))(h(x) ■ ll(x Q )) 

^ HA{p(a))(h(XQ)) - Hh-HA)(a)(XQ), 
7h-'(A)(a)(x ■ Xq) = y A(p(a)) (ll(x ■ Xq)) = y A {p{a)) (h(x) ■ 1i(xq)) 

< 7A{p{a))(h(XQ)) = 7h-t(A)(a)(XQ)- 

Thus hr l (A)(a) is an intuitionistic fuzzy left ideal over R. As a is arbitrary, / _1 (A, Q.) is an intuitionistic 
fuzzy soft left ideal over R. This complete the proof. 

In the theorem above, if (A, Q.) is an intuitionistic fuzzy soft (left, right) ideal over R, then /(A, Q.) is not 
an intuitionistic fuzzy soft (left, right) ideal over R', as is shown in the following: 

Example 4.5 Let R = {0, a, b, c] be a ring having the same addition and multiplication tables as example 
3.3, R' = {0, l,a,/3} be a ring having the same addition and multiplication table as example 3.6. Let 
E - \e\,e 2 ,ei}, E' = [e[, e' 2 , e'.,} and (R,E),(R' ,E') be intuitionistic fuzzy soft class over ring R and R', 
respectively. Define h : R — > R' and p : E — > E' as: 



MO) = 0, Ma) = 0, h(b) = 1, h(c) = 1 
P(e\) = e\, p(e 2 ) = e' 2 , p(e 3 ) = e' y 
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It is easy to verify that h is a homomorphic from R to R'. Choose an intuitionistic fuzzy soft left ideal over 
Ras: 

(A, I) = {A(ei) = {(0, 0.8, 0.15), (a, 0.6, 0.35), (b, 0.3, 0.6), (c, 0.3, 0.6)}} . 

According to the definition 2.18, /(A, S) is obtained as follows: for e' x e p(Z) c E' 

h(A)(e\) = {(0,0.8, 0.15), (1,0.3, 0.6), (a, 0,1), 08, 0,1)}, (since p-\e\)(M: = {e x )) 

Since fi h(AWi) (a ■ 1) = /ift(A)( e ;)(a) = t 0.3 = //fc(A)( e ;)(l), rft(A)(e',)(a ■ 1) = T/i(A)«)( Q ') = 1 £ 0.6 = 
y^(A)( e ')(l), this means h{A){e' y ) is not an intuitionistic fuzzy left ideal over R'. Therefore the image /(A, £) 
of intuitionistic fuzzy soft left ideal (A, S) is not an intuitionistic fuzzy soft left ideal. 

Theorem 4.6. Let (R, E) and (R', E') be intuitionistic fuzzy soft class over ring R and R', respectively. 
Let p : E —> E' be an injection and /ibea surjective homomorphism mapping from R to R'. If (A,£) is an 
intuitionistic fuzzy soft (left, right) ideal in (R, E), where 1, c E. Then /(A, E) is an intuitionistic fuzzy soft 
(left, right) ideal over R' . 
Proof. We prove only intuitionistic fuzzy soft left ideal, other case is similar. 

By the theorem 4.3 and 3.7, (h(A), p(I.)y a ' 6) is a soft ring over R' for all a,6 e [0, 1], Thus we prove 
only (h(A), p(S)) (ff ^ is a soft left ideal over R' for all a, S e [0, 1]. 

For each/? e p(E) and y e h(A) (a ' 5) (J3) , i.e., 

Mft(A)OS)Cyo) = V V MA( E )(*) > «, 

.te/r'O'o) ££/>-' 08)nx 

7/!(A)Q8)(yo) = A A jA(e){x) < 6. 

xeh- l (yo)eep- l (P)nZ 

This means that there exist xi,X2 e hr l {yo), E\,E2 e p (J3) n £ such that //a( £i )(xi) > a, 7A(£ 2 )fe) ^ <5- 
For each y e /?', since /z is a surjective and A(eO, A(g2) both are intuitionistic fuzzy left ideals over R, thus 
there exists x e R such that h(x) = y and jUa(si)(* ■ x\)> ^A(ei)(^i) ^ <*> Ta(£ 2 )( x ' x 2) ^ Ta(e,)(^2) ^ 5. Then 

Vh(A)(0)(y ■ yo) - V V ^A(e)W ^ /"A( ei )(* -Xl)> flA(ei)(Xl) > a, 

xeh-Hyya)eep- x qi)riL 

7HA)Q3)(y ■ yo) - A A tamO) ^ 7a( £2 )(* • *2) < yA^te) < s. 

xeh- x {yy ) sep-Hl3)fM. 

This shows that y ■ y e h(A) M (J3) i.e., h(A) M (J3) is a left ideal over R'. As/3 is arbitrary, (/t(A), ^(S))^^ 
is a soft left ideal over /?' for all a, <5 e [0,1]. This complete the proof. 

Example 4.7 Let R\ = {0, {1},{2},{1,2}} and R 2 - {0, {a},{b},{a,b}} be two rings having the addition 
and multiplication tables as Table 3 and Table 4 in Example 4.2, respectively. Let E - {e\,e2,e^}, 
E' = {e' v e' 2 ,e\} and (R l ,E),(R2,E') be two intuitionistic fuzzy soft class over ring R\ and R2, respectively. 
Define h : Ri — > R2 and p : E ^> E' as: 

fc(0) = 0, ft({l}) = {a}, h({2}) = {ft}, M{1, 2}) = KM, 
p(ei) = e'j, p(e 2 ) = e' 2< p(e 3 ) = e^. 

It is easy to verify that h is a surjective homomorphic from R\ to /?2 and p is an injection. Choose an 
intuitionistic fuzzy soft ideal over R\ as: 

(A,E) = (A(ei) = {(0, 0.5, 0.4), ({1 ), 0.4, 0.4), ({2), 0, 0.8), ({1, 2), 0, 0.8)), A(e 3 ) = 
{0, 0.8, 0.1), ({1), 0,0.4), ({2), 0.5, 0.45), ({1,2), 0,0.45)). 

According to the definition 2.18, /(A, E) is obtained as follows: 
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(h(K),p(T)) = {h(A)(e[) = {(0, 0.5, 0.4), ({«}, 0.4, 0.4), ({b}, 0,0.8), ({a, b], 0,0.8)}, /1(A)(4) = 
{(0, 0.8, 0.1), ({a}, 0, 0.4), ({b}, 0.5, 0.45), ({a, £}, 0, 0.45)}}. 

It is easy to verify that /i(A)(e' 1 ) and h(K){e'^) are both intuitionistic fuzzy ideals over /?2- According to the 
definition 3.4, /(A, Z) is an intuitionistic fuzzy soft ideal over Ri- 



5 Conclusion 

In this paper, we introduce the notions of intuitionistic fuzzy soft ring and intuitionistic fuzzy soft (left, 
right) ideal over ring, then we proved that the intuitionistic fuzzy soft set over ring is an intuitionistic fuzzy 
soft ring (ideal) if and only if its (a, £)-level set is a soft ring (ideal) over ring for any a, 6 e [0, 1]. At 
the same time, we proved that union and intersection of two intuitionistic fuzzy soft rings (ideals) are both 
intuitionistic fuzzy soft rings (ideals) under certain conditions. Finally, the results, the homomorphic image 
and homomorphic inverse image of intuitionistic fuzzy soft ring (ideal) both are intuitionistic fuzzy soft 
rings (ideals) under certain conditions, are obtained. 
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A NOTE ON p-ADIC EULER MEASURE 

T. KIM, D. S. KIM, J. CHOI, AND Y. H. KIM 



Abstract In this paper we consider the distribution relation for the q-Eulcr 
numbers and polynomials. From these g-Euler polynomials' distribution, we derive 
the g-Euler measure on Z p . 

1. Introduction 

Let p be an odd prime number. Throughout this paper, Z p , Q p , and C p will 
denote the ring of p-adic integers, the field of p-adic rational numbers, and the 
completion of algebraic closure of Q p , respectively. Let N be the set of natural 
numbers and Z + =NU {0}. The p-adic absolute value | • | p on C p is normalized so 
that \p\ p = l/p. 

When one talks about g-extension, q is variously considered as an indeterminate, 
a complex number q € C or a p-adic number q G C p . If q € C p , then we assume 
that |1 — q\ p < 1. The g-numbcr is defined by [x] q = [x : q] = ~ g . 

Let / be a continuous function on Z p . Then the fermionic p-adic q-integral on 
Z p is defined by Kim([4-6]) as follows: 



, 1 p"-i 

i- q (f)= f(x)d^ q ( X )=ihn c —-^ j2 fwi-vy 



(1) 



x=0 

From (1), we note that 

n-l 

q n i- q (f n ) = (-i) n i- q (f) + m q j2(-i) n - 1 - l f(iW, (2) 

1=0 

where f n (x) = f(x + n) (see [4-9]). In the special case, n — 1, we get 

gJ_,(/i) + /_,(/) = [2],/(0). (3) 

Let us take f(y) = e^ x+v ' lt . Then we get 

/ e^Hp-M = 4zT e "- ( 4 ) 

Jz p qe -\- l 

Now we define the q-Eulcr polynomial as follows: 

F ^ X)= q^Ti eXi ^E^W^!' ( 5 ) 

n— 

where £ n ^ q (x) will be called the nth q-Euler polynomial(scc [1-13]). In the special 
case, x = 0, £ n ^ q (0) — £ n _ q is called the nth g-Euler number. By (5), we easily see 

Key words and phrases : Euler numbers and polynomials, g-Euler measure. 
2010 Mathematics Subject Classification : 11S80, 11B68. 
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that 

From (4), (5) and (6), we can derive the following equation: 

(x + y) n dfi- q (y) = £ nt g(x), for n £ Z+. (7) 

By (3), we easily get 

£ (<Z / (x + l) n dM-,(x) + / x n d»- q {x)) - = [2] g . (8) 

From (7) and (8), we have 

g£n,g(l) + ^n,g = [2], 5 , n , (9) 

where <5 0l n is the Kronecker symbol. That is, by (9), we get 

£o,, = l. «(^ + l) n + f n ,, = if n>0, (10) 

with the usual convention about replacing £ by £; i9 . 

In this paper we derive the q-Eulcr distribution relation from (5). By using the 
distribution relation of g-Euler polynomials, we construct the o/-Eulcr measure on 
Zp. 

2. g-EULER MEASURE 

Let d £ N with d = 1 (mod 2). Then, by (5), we get 
[2], „ xt [2] ''-'■ 



. = -^-^ ^(_i)» q » e ("+* 



Jq „xt _ i^-W \^r_i~io«o c ( a '+ a: ) t 

ge* + 1 q d e dt + 



a=0 



iD-DV-^eW* (11 ) 






J2J, 

d-1 

\ [2]o* ^~ 

Therefore, by (11), we obtain the following theorem. 
Theorem 1. For n € Z + , and deN u«£ft d = 1 (mod 2), roe Ziaue 

d™ v^ / , n „ „ ^ ,a + x. 



l«J-9 „. =l 



a=0 



For a fixed rfeN with d = 1 (mod 2) and (p, d) = 1, we set 

X = X d = lim(Z/dp N Z), X 1 =Z p , 

N 

x * = U («+ d P z p)^ 

0<a<dp 

(a,p) = l 

a + dp N Z p = {x £ X \x = a (mod dp^)}, 
where a £% lies in < a < dp N and TV € N. 
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A p-adic distribution /i on X is defined to be an additive map from the collection 
of compact open sets in X to Q p . Here additivity means 

n n 

fc=i fe=i 

where n > 1 and {ii,l2, • • • ,In} is any collection of disjoint compact open subset 
in X. 

Every map /i from the collection of compact open sets in X to Q p for which 

p-i 
(j,{a + dp N Z p ) = J2^( a + db P N + dp N+1 Zp) (12) 

b=0 

holds whenever a + dp N Z p C X extends to a p-adic distribution on X . A p-adic 
distribution /i on X is called a p-adic measure on X if its values on compact open 
subsets U C V are bounded. 

Now, by Theorem 1, we consider the construction of g-Euler measure on Z p . For 
k G Z + , let us define the function fik.q as follows: 



„ k , q (x + dp n z p ) = ^(-i)Y4^(^), 

where n, d G N with d = 1 (mod 2). From (13), we note that 
P -i 

J2^ q (x + idp n + dp n+1 Z p ) 



(13) 



(<#> 



,n+l\k P- 1 



[dp 



-11 Z^ ' 9 C k,g<»P n+1 V 

J -9 ._n 



9 i=0 
,n\k ( -i\x~x ~k P~ 



dp 



,71+1 



""'"''■ l - :11 '"' "' B-in»*")W,(*^: 



[dp"] - g 

(-i)V(dp")* 



fa]-? 






i=0 



[dp1 _ g -4, g ^(^) = ^(z + «,). 



By (6) and (13), we get 

fJ-k,q(x + dp n Z p ) = 



I^p; 1 ^ 9 tk ^ dp \d P " 



1 + g 

1 + g d P" 



(d P ") fc (-i)vE 



/=() 



Zy \dp 



a--; 



ft 



(14) 



l,q d v n 



1=0 



= E(,)(-w(dp n )' 



.k-« 1 + « 



/;> < < < ■' ' 1 + q dpn £ l,< 1 ^ 



And, by induction on I, we see that 

1 + 9 



ft., 



< 1 for V L 



where we use the results 



1 + q d P n l ' q 

rwoo 1 + q d P" 2 2 
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Thus, we have 

\f*k, q (x + dp n Z p )\ p < M, 

for some positive constant M. 

Therefore we obtain the following theorem. 

Theorem 2. Let k e Z + and n, d <G N with d=\ (mod 2). Define 

(rJr) n ) k t 

„ k , q (x + d P n z p ) = ^(-i)Y4,^(^). 

Then /j, ktq extends to a Q p (q)-valued measure on the compact open subsets U C X. 
By Theorem 2, we get 

/ d[i ktq (x) = lim V" n k , q (x + dp n Z p ) 
Jx ^-°° ^ 

/ , jv^fe V-i „ (15) 

lim T l ^ T ^ V (-l) a 9 % , P «(A) 



Inn ^— E^V^C^ 

q a=0 
k,q- 



Therefore, by (15), we obtain the following theorem. 
Theorem 3. Let k G Z+, we have 

dnk, q {x) = £k,q- 
x 

Let x be a Dirichlet character with conductor d E N with d = 1 (mod 2). Then 
we consider the generalized Eulcr number attached to x as follows: 

[21 fi-i)Yx(^ s f g «: (16) 



a=0 ^ n=0 



From (16), we have 



S^ E (-l)Yx(«)4/(") = £,,*,,• (17) 



Therefore, by (17), we obtain the following theorem. 
Theorem 4. Let n e Z + . TTien we have 

d n d_1 a 

£n,x,«= J-fT- ^2(- l ) a 1 a x(a)£ n . q *(-,) 

By Theorem 2, we get 



[*"]-« )q iWV J ' 



Mfe , g ( a + dp"Z p ) = ^^(_l)Vy . H^r) '£,,,*,■ 



- - ■■" " k . 



(18) 



-(-1) V = o*/i_,(a + dj> n Z P ) (mod dp"). 



Thus, by (18), we obtain the following theorem. 
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Theorem 5. Let k £ Z + . Then we have 



£k, q = I dnk, q {x) = I x k dn_ q (x). 



q I u,^fcqy 

IX JX 



Let us consider the following integral: 
X(x)d/J, k ,q(x) 



x 

d P N -i 



lim V" x( x )Vk, q (x + dp N Z p ) 

J— >oo * — * 



AT— >oo 

x=0 



{dp N,k dP "J 



= W lim =oI^U g X^- 1 )^,^^) (19) 

jfe d -i (n N ) k pN ~ 1 -+X 

= l£? X(0)( " 1)Y ^ Q) = ^'«- 

Therefore, by (19), we obtain the following theorem. 
Theorem 6. Lei fc € Z+. TTien we ftawe 

X{x)dn k ,q{x) = £k, X ,q, 

X 

pk 

X(x)d[i k , q ( x ) = X(p)m — f fc,x,9 3 '- 
pX LPJ-g 



From (19) and Theorem 5, we have 

£k, x ,q = / X( x ) d ^k. q (x) = / x(x)x fe d^_ (? (a;). (20) 

ix JX 

Therefore, by (20), we obtain the following corollary. 
Corollary 7. Lei k e Z + . TTien we Ziawe 

£fc, Xl9 = / x^a^d/i-gO^)- 
Jx 

Acknowledgments The second author was supported by National Research 
Foundation of Korea Grant funded by the Korean Government 2009-0072514. 
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Fixed points for semi-closed 1-set contractive 
operators in Banach spaces * 

Jiandong Yin t 

Department of Mathematics, Nanchang University, Nanchang 330031, P R China. 



Abstract 

In this paper, we investigate some computational problems of the fixed point in- 
dex of semi-closed 1-set-contractive operators and obtain several fixed point results. 
The main method used in this work is greatly different from those in many recent 
works. 

Key words: semi-closed 1-set-contractive operator; X-B-S space; fixed point index; 

fixed point 

2000 MR Subject Classification: 47H10, 

1 Preliminaries 

The topological degree of 1-set-contractive mappings was introduced by W. V. Petryshyn 
[1] and R. D. Nussbaum [2] in 1972. By virtue of the potential tool-topological degree, 
they obtained some fixed point theorems of 1-set contractive operators. Following them 
and as a complement, Li [3] introduced the notion of semi-closed 1-set contractive mapping 
and established the fixed point index of such a class of operators in 1988. Furthermore, 
by the fixed point index and under different boundary conditions, Li obtained a number 
of fixed point results in Banach spaces, which improved and extended many famous the- 
orems such as Leray-Schauder's theorem, Rothe's theorem, Krasnoselskii's theorem and 
Altman's theorem. From then on, the topological degree and fixed point index have been 
powerful tools to study the existence of fixed points of 1-set-contractive operators [4-8] . 
Zhu and Liu [9] introduced a new space called the X-B-S space and obtained several fixed 
point results in this space. The purpose of this paper is to introduce a new method that is 



*Jiandong Yin, E-mail: yjdaxf@163.com. Tel: 86-18970992615, Fax: 86-079183969208 

^This work is supported by the Foundation from the Jiangxi Education Department(GJJ11295) 
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2 Fixed points for semi-closed J -set contractive operators 

the boundary conditions are established by positively homogeneous operators defined on 
the X-B-S space with degree a, to investigate the computational problems of fixed point 
indexes of semi-closed 1-set-contractive operators. 

Throughout this work, some concepts are taken from [3], [9-11]. 

Let E be a real Banach space, X a nonempty closed convex subset of E, D a relative 
bounded open set with respect to X, D and dD the closure and boundary of D in X, 
respectively. Let 9 be the zero element of E. A nonempty closed convex subset P of E is 
said to be a cone if the following conditions are satisfied: 

(i) If x G P and A > 0, then Xx G P; 

(ii) If x G P and — x G P, then x = 8. 

Let P be a cone in E. A partial order " < " induced by P of E is defined as follows: 
x,y^E,x<yiSy — xEP. Write x < y if x < y and x ^ y. 

Denote by K and N the sets of real numbers and positive integers, respectively. 

Definition 1.1. (see [9]) Let E be a real Banach space. If E satisfies the following 
conditions: 

(1) there is a multiplication " • " on E such that for any x,y G E and any a G M, 
x ■ y G E and a(x) ■ y = x ■ (ay) = a(x ■ y) hold. 

n 

(2) for any x G E and n G N ; x n ^ 9 if x ^ 9, where x n = x ■ ■ ■ x. 
Then we say that E is an X — B — S space. 

Clearly, (ax) ■ (by) = ab(x ■ y) for any a,b G M and x, y G E if E is an X — B — S space. 

Suppose that P is a cone of E. We say that P satisfies condition (C) if x n G P for 
any x G P and every n G N. 

Let A : D — ► X be a 1-set-contractive operator. A is said to be a semi-closed 1-set- 
contractive operator ii I — A is closed (see [3]). Noting that such a class of operators 
includes completely continuous operators, strict set-contractive operators, condensing op- 
erators and semi-compact 1-set contractive operators as special cases. 

Suppose A : D — > X is a semi-closed 1-set-contractive operator and 9 (£ (I — A)dD. 
The fixed point index i(A,D) has the following basic properties( see [3]): 

(1) (Normalization) Let Ax = x , Vrr G D. i(A,D) — 1 if x G D; i(A,D) = if 
x <£ D. 

(2) (Additivity) For every pair of disjoint open subsets Di,D 2 of D, A has no fixed 
point inD\ (D x U D 2 ). Then i(A, D) = i(A, D±) + i(A, D 2 ). 

(3) (Solution property)^ has at least one fixed point in D if i(A, D) ^ 0. 

(4)(Homotopy invariance) Let H(t,x) : [0, 1] x D — > X be a continuous operator such 
that 9 (£ (I - H(t,x))([0, 1] x dD). Suppose that for every t G [0, 1], H(t, ■) : D -> X is 
a 1-set-contractive operator and H(-,x) : [0, 1] — > X is uniformly continuous with respect 
to x G -D. Then i(H(t,x),D) = const for any £ G [0, 1]. 
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Lemma 1.1. ([3]) Suppose that A : D — > X is a semi-closed 1- set- contractive operator 
and satisfies the Leray-Schauder condition: 

Ax t^ tx for all x G dD and t > 1, (1-1) 

then i(A, D) — 1, so A has a fixed point in D. 

2 Main results 

In the subsequent sections, we always assume that E is a real Banach space, X is a 
nonempty closed convex subset of E and D is a relative bounded open set with respect 
to J, D and dD denote the closure and boundary of D in X respectively, and 9 is the 
zero element of E. We also suppose that E\ is an X-B-S space with a partial order " < " 
induced by a cone P of E±, and that P satisfies the condition (C), B : E — ► P is a 
positively homogeneous operator with degree a(a > 0), that is B(tx) = T a B(x) for every 
x G E and r G M + (see [12]). In addition, we assume that B(x) > 9 if x ^ 6*(here, we 
also denote by 9 the zero element of Ei). 

Theorem 2.1. Suppose that A : D — > X is a semi-closed 1-set contractive operator, 
9 G D and B : E — > P is a positively homogeneous operator with degree a (a > 0). If there 
exist a, f3 G N with act > 1 such that 

[B{Ax - x)] a ■ [B{x)f > [B{Ax)] a+ P - [B{x)] a+ ^ Va: G dD. (2.1) 

Then A has a fixed point in D. 

Proof. If A has a fixed point on dD, then Theorem 2.1 is proved. Hence we assume that 
A has no fixed point on dD. Next we show that the Leray-Schauder condition holds. 

Suppose on the contrary that there exist xq G 3D and to > 1 such that Axq = toXo, 
then to > 1 as A has no fixed point on dD. Following from (2.1), we obtain that 

[B(t Xo - x )] a ■ [B(x )f > [B(t xo)] a+ P - [B{xo)Y +p . 

Since B is a positively homogeneous operator with degree a, 

(t - iy a [B(xo)] a+ P > (to (a+/3) " l)[B(x )r^. (2.2) 

xq G dD, so xq ^ 9. Noting that E\ is an X-B-S space and B{x) > 9 for any x ^ 9 
together with the condition (C) of P, we have [B(xo)] a+l3 > 9. Hence by (2.2) and to > 1, 
we have 

(to - l) aa > to (a+/3) - 1. (2.3) 
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Now consider the function defined by f(t) = (t - 1) CTQ - H Q+/3 ) + l,Vt > 1. Since 
f(t) = cra(t - f) CTQ - 1 - cr(oc + p^te+P)- 1 < for t > 1, /(t) is strictly decreasing in 
[l,+oo). Thus /(t) < /(l) for t > 1, namely (t - l) aa < t a ^ a+(S) - 1 for any t > 1. 
Consequently, there is a contradiction in (2.3). This contradiction implies that the Leray- 
Schauder condition holds. Hence following from Lemma 1.1, we get that i(A, D) = 1 and 
A has a fixed point in D. □ 

Corollary 2.1. Suppose that A : D — > X is a semi-closed 1-set contractive operator, 
9 G -D and B : E ^ P is & positively homogeneous operator with degree a{a > 0). If 
there exists «6N satisfying era > 1 such that 

[5(Ar - x)] a > [B(Ax)] a - [B{x)] a , \/x G 3D. (2.4) 

Then A has a fixed point in D. 

Proof. Since the proof is completely similar to that of Theorem 2.1, we omit it. □ 

Theorem 2.2. Suppose that A : D ^ X is a semi-closed 1-set contractive operator, 
6 G D and B : E — ► P is a positively homogeneous operator with degree o~( a > 0). If 
there exist a, (3 G N satisfying era > 1 such that 

[B(Ax + x)] a+p < [B(Ax)] a ■ [B(x)f + [B(x)] a+P , Vx G 9D. (2.5) 

Then A has a fixed point in D. 

Proof. Suppose A has no fixed point on dD, otherwise, Theorem 2.2 is proved. Next we 
prove that the Leray-Schauder condition holds. 

Suppose on the contrary that there exist x G dD and to > 1 such that Ax = t x , 
then to > 1- If follows from (2.5) that 

[B(t x + xo))^ < [B(t x )] a ■ \B(x )Y + [B{x Q )] a+p . 

Since B is a positively homogeneous operator with degree a, 

(to + ir^[5(* )] a+/3 < (C + l)[B(x )r + P. (2.6) 

Now as in the proof of Theorem 2.1, we have B(xo) a+f3 > 9. Then from (2.6) and to > 1, 
we get 

(t + If^+P) < (t™ + 1). (2.7) 

Considering the function defined by 

f{t) = (t + !)»(«+« - t CTa - 1, Vt > 1, 
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we have f'(t) = a{a + (5)(t + iy( a +P)- 1 - aat aa - 1 > for t > 1. So /(t) is strictly 
increasing in [1, +oo) which implies that f{t) > /(l) for t > 1, i.e. (t + 1) <T ( Q+/3 ) > t CTa + 1 
for any t > 1. Therefore it contradicts (2.7). Hence the Leray-Schauder condition holds. 
Then from Lemma 1.1, we obtain that i(A,D) = 1 and A has a fixed point in D. 

□ 

Corollary 2.2. Suppose that A : D — »■ X is a semi-closed 1-set contractive operator , 
9 E D and B : E ^ P is & positively homogeneous operator with degree o~( a > 0). If 
there exists «6N satisfying era > 1 such that 

[B(Ax + x)] a < [5(Ar)] a + [B(x)] a , Vx G &D. (2.8) 

Then A has a fixed point in D.. 

Proof. We can easily prove this corollary by a proof similar to that of Theorem 2.2. □ 

Theorem 2.3. Suppose that A : D — > X is a semi-closed 1-set contractive operator, 
9 G D and B : E — > P is a positively homogeneous operator with degree a (a > 0). If there 
exist a, (3 G N satisfying a a > 1 such that 

[B(Ax - x)] a ■ [B(x)f > [B(Ax)] a ■ [B{Ax + x)f - [B(x)] a ^, Vx G 3D. (2.9) 

Then A has a fixed point in D. 

Proof. Assume that A has no fixed point on dD, otherwise, Theorem 2.3 is proved. Next 
we prove that the Leray-Schauder condition holds. 

Suppose on the contrary that there exist xq G dD and to > 1 such that Axq = to^o- 
Since A has no fixed point on dD, then t > 1. Inserting Ax Q = t x into (2.9), we obtain 
that 

[B(t x - xo)] a ■ [B(x )f > [B(t Xo)] a ■ [B(t x + x )f - [B(x )] a+(3 . 

Since B is a positively homogeneous operator with degree a, 

(t - iy a [B(x )r^ > [t-(t + 1) CT/3 - l][B(x )r^. (2.10) 

As xq G dD, xq 7^ 9. Now as in the proof of Theorem 2.1, we get that B(xo) a+f3 > 9. 
Noting that (2.10) and to > 1, we have 

(t -ir a >c(t + 1)^-1. (2.H) 

Now we consider the function defined by 

fit) = (t - iy a - t aa {t + iy p + 1, vt > i. 
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Since /'(*) = <ra(t - I)™" 1 - aat aa -\t + 1) CT/3 - a(3t aa (t + l)^" 1 < for t > 1, /(£) is 
strictly decreasing in [l,+oo). So /(*) < /(l) < for £ > 1, i.e. (t-l)™ < t aa (t + l) CT/3 -l 
for £ > 1. Consequently, it is contradicting with (2.11). This contradiction implies that 
the Leray-Schauder condition holds. By Lemma 1.1 we obtain that i(A,D) = 1 and A 
has a fixed point in D. □ 

Corollary 2.3. Suppose A : D — *■ X is a semi-closed 1-set contractive operator, 9 £ D 
and B : E -^ P is & positively homogeneous operator of degree <r(er > 0). If there exist 
«,/3gN such that 

[B(Ax - x)] ■ [B(x)f > [B(Ax)} ■ [B(Ax + x)f - [B(x)f +1 , Vx G dD. (2.12) 

Then A has a fixed point in D. 

Proof. Suppose that A has no fixed point on dD (otherwise, the result is proved). Next 
we prove that the Leray-Schauder condition is satisfied. 

Suppose on the contrary that there exist xq G dD and to > 1 such that Axq = to^o- 
Since A has no fixed point on dD, to > 1. 

Clearly, £q(£ + I) 073 — 1 > (^0 — 1) CT as ^0 > 1- Consequently, noting that x Q 7^ 6 which 
gives B(xoY +1 > @ an d using the same derivation in Theorem 2.3, we have 

B{Axo-xo)-[B{x )Y = {U-lTB{xoY +l 

< [r (t + 1)^-1] [B(x )f +1 

= B(Ax ) ■ [B(Ax + x )f - [B(x )f +1 , 

which contradicts (2.12). Hence the Leray-Schauder condition holds. Thus from Lemma 
1.1 we get that i(A, D) = 1 and A has a fixed point in D. 

a 

Theorem 2.4. Suppose that A : D — > X is a semi-closed 1-set contractive operator, 
9 G D and B : E — > P is a positively homogeneous operator with degree o~(o~ > 0). If there 
exist a, (5 G N satisfying aa > 1 such that 

[B(Ax + x)] a+ P < [B(Ax - x)f ■ [B(x)f + [B(Ax)f ■ [B(x)] a , \/x G dD. (2.13) 

Then A has a fixed point in D. 

Proof. Suppose A has no fixed point on dD (otherwise, Theorem 2.4 is proved). It suffices 
to prove that (2.13) implies the Leray-Schauder condition holds. 

Suppose on the contrary that there exist x G dD and t > 1 such that Ax = t x . 
Since A has no fixed point on dD, to > 1. It follows from (2.13) that 

[B(t x + xo)} a+li < [B(t o x - x )] a ■ [B(x )f + [B(t x )f ■ [B(x )} a . 
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Since B is a positively homogeneous operator with degree a, 

(t + lfW\B{xo)) a+fi < (to - lY a [B{xo)\ a+P + tf[B(x )] a+fi . (2.14) 

Notice that xo G 9D, Xo 7^ #. By a proof similar to that of Theorem 2.1, we obtain that 
[-B(rr )] a+/3 > which together with (2.14) and t > 1 implies that 

(t + l)^ a+ ^ < (t - l) aa + if ■ (2.15) 

Now, consider the function defined by 

f(t) = (t + iy^+1 3 ) - (t - l) CTa - t CT/3 , Vt > 1. 

Since 

f\t) = a(a + /3)(i + l)^^" 1 - (ra({ - l)""" 1 - ^f 5 " 1 

= aa[(t + l)-^)- 1 - (t - I)""- 1 ] + a/3[(t + l)'^)- 1 - t^ 1 ] > 

for t > 1, f(t) is strictly increasing in [1, +00). So f(t) > /(l) for t > 1, i.e. (t+iy {a+l3 '> > 
(t — iy a + t "' 3 for any t > 1. Consequently, there is a contradiction in (2.15). This 
contradiction implies the Leray-Schauder condition holds. Therefore from Lemma 1.1, we 
get that i(A, D) — 1 and A has a fixed point in D. □ 

Corollary 2.4. Suppose that A : D — > X is a semi-closed 1-set contractive operator, 
G .D and B : E ^ P is & positively homogeneous operator with degree a (a > 0). If 
there exist a,/3 6N satisfying a a > 1 such that 

[B(Ax + x)] a < [B(Ax - x)] a + [B(x)] a , Vx G 9£). (2.16) 

Then A has a fixed point in D. 

Proof. Since the proof is completely similar to that of Theorem 2.4, we omit it. □ 

From a proof similar to those of the preceding theorems, we can immediately obtain 
the following interesting results, so we will omit their proofs. 

Theorem 2.5. Suppose that A : D — > X is a semi-closed 1-set contractive operator, 
9 G D and B : E — > P is a positively homogeneous operator with degree a (a > 0). Then 
A has a fixed point in D if one of the following conditions holds: 

(i) B(Ax) < B(x) for any x G dD; 

(ii) B(Ax) < B(Ax — x) for any x G dD; 

(Hi) B(Ax + x) < B(Ax) for any x G dD; 

(iv) B(Ax + x) < B(x) for any x G dD; 

(v) B(Ax + x) < B(Ax — x) for any x G 3D; 

(vi) B(Ax) ■ B(Ax + x) < [B(x)] 2 for any x G dD; 

(vii) B(Ax) ■ B(Ax + x) < B(Ax — x) ■ B(x) for any x G dD. 
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Abstract 

In this paper, we investigated the following fractional Neumann boundary value 
problem 

c D% + u(t) - Xu(t) = f(t, u(t)), u'(0) = u'{\) = 0, 1 < a < 2, A ^ 0, 

where c D" + is the fractional Caputo derivative. We proved the existence of at least one 
mild solution and we determined when this solution is unique for suitable assumptions 
on the function /. 

Keywords: Fractional Caputo derivative, Boundary value problem, Neumann conditions, 
Schauffer fixed point theorem. 



1 Introduction 

Fractional calculus started to play in the last decades an important role in many branches 
of science and engineering [5, 12, 13, 14, 15, 18]. As a result the fractional differential 
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equations and their applications were subjected to an intense debate during the last decade 
in physics, mechanics, chemistry, engineering and so on. 

Recently some important efforts were devoted to the solvability of linear initial frac- 
tional differential equations in terms of special functions. Some other papers deal with the 
existence of mild solution or strong solution and determine when this solution is unique ( 
see for example [1, 2, 3, 4, 9, 10, 16, 21, 23, 24] and the references therein). 

The nonlinear fractional differential equations have been intensively investigated but 
still there is a confusion with the solution presented in some papers mainly because of the 
definition of these solutions is not clear. In other words it was found a fixed point for the 
integral equation resulted from the fractional one but neither it was proved that this is 
strong solution nor mild solution to the nonlinear fractional differential equation. 

On the other hand there are few papers dealing with the Neumann boundary value 
problem of fractional order in the Caputo sense. For these reasons, in this manuscript, we 
focussed on the study of the problem 

c DS + u(t) - Xu(t) = f(t, u(t)), it'(O) = w'(l) = 0, 1 < a < 2, (1) 

followed by proving of the existence and uniqueness of a strong solution in the linear case, 
giving its formula in terms of the Mittag-Leffler function. In this context we proved the 
existence of a mild solution to the nonlinear one and determined when this mild solution 
is unique. 

The organization of the manuscript is presented below: 

In section 2, the principal definitions and theorems used within this manuscript are 
presented. Section 3 illustrates the obtained results. Our conclusion are shown in section 
4. 

2 Basic Tools 

Below we give some definitions and theorems which are used in the sequel of this paper. 
Let / G L(J, R) and let a be a positive real number. 
Definition 1: 

The fractional integral of order a of the function f{t) is defined by (see [13, 15, 18, 20]) 

ft (f _ H )a-1 

4VW = / l r( \ f(s)ds. 

Definition 2: 

The Caputo fractional derivative of order a G (0, 1) of the function g{t) is defined by 
(see [13, 18]) 

c D2 + g(t) = I^ a Dg(t), D=± 
The fractional derivative of order (3 € (n — 1, n) of g(t) is defined by 

C D^ + g(t)=i:^D-g(t), D» - 



dt 



n 
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One of the useful ways in solving fractional differential equation is using the Laplace 
transform (see [13, 18] where the Laplace transform of the Caputo fractional derivative is 
given as 

n— 1 

L( c D% + f(t)) = s a f{s) ~ E * a - fc -7 (fc) (0), n - 1< a < n, 

k=0 

where f(s) is the Laplace transform of f(t). 

The Mittag-Leffler function with two parameters plays a very important role in frac- 
tional calculus as the role played by exponential function in the theory of integer-order 
differential equation. 
Mittag-Leffler function in two parameters is defined as follows (see [13, 18]), 

°o k 

*■*&- Efd+m- aJ>0 - (2) 



k=0 



which gives E 1:1 (z) = e z , E h2 (z) = ^f±, E 2:1 (z) = cosh(^) and E 2:2 (z) = S J^1. 
Besides, the Laplace transform of the Mittag-Leffler function in two parameters is given by: 



(s a T a) k+l ' 



L (^+/3-i E W (±af a )) = 7 -^-^ T , Re(s) > |a| = , (3) 



where E a Jy) = -r^Ea^y). In proving the existence of the solution of our problem we 
used the following fixed point theorem (see [25]): 

Theorem 1: Schaeffer fixed point theorem 

Let X be a normed linear space, and let the operator T : X — ► X be compact. Then 
either 

(i) the operator T has a fixed point in X, or 

(ii) the set A = {u £ X : u = fiT(u), fj, G (0, 1)} is unbounded. 

Consider now the fractional order evolution equation 

c D$ + u(t) = Au(t) + f(t), /?G(1,2), u(0) = u o , ut(0) = 0, t € J = [0,b]. (4) 

Using the results of [19] we have (see [7, 8, 11]). 

Definition 3: 

1. A function u G C(J;X) is called a strong solution of (4) on J if u £ C(J;D(A)) n 
C 1 {J;X)DC 2 {{0,b};X) and (4) holds on J 

2. A function u G C(J; X) is called a mild solution of (4) on J if I(j + u(t) G C(J; D(A)) 
and 

u{t) = u + Alg+uit) + ll + f{t) 

holds on J; 
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Theorem 2: 

Let j3 G (1,2), u S D(A),f £ W 1 ' 1 (J,D(A)) and A is the infinitesimal generator of a 
bounded C -semigroup {T(t), t > 0}. If |arg( , A.-.g | < < | for Re(s) > then there is 

a unique strong solution U/3 £ C(J, X A ) n C 1 (J; X) n C 2 ((0, 6]; X) of (4) given by 

up{t) = e l S p {t)u - e l S p {t) * u + e'S^t) * <^(t) * (/(O)cJ(t) + /'(t) - /(*)) (5) 

where S^ 6 C^J;!?^)) n C 2 ((0,T]; 23(.X~)) is the resolvent operator with the resolvent 
equation 

e l Sp{t)z = e l z + <f>p(t) * A^Spitfz, z £ D(A). 

where * denotes the convolution operator defined by (/ * g)(t) = J f(t — T)g{r)dT. 

3 Main Results 

3.1 The Case of the Linear Problem 

Consider the linear fractional differential equation 

c D% + u(t) - \u{t) = y(t), u'(0) = w'(l) = 0, Ka<2,t£J=[0,b], (6) 

where A £ R — {0} and y is a known function. 

From Theorem 2 we get a unique strong solution of (6) with the operator A = XI , I is 
the identity operator, if y £ M^ 1,1 (J) and \arg( ( s \)a | < # < f for Re(s) > given by the 
form (5). 

Now we find the form of the mild solution of (6) by using the Laplace transformation 
and determine the conditions in which the mild solution is a strong one. Firstly let us give 
what we mean by a mild and a strong solutions. 

Definition 4: 

1. A function u £ C(J) is called a strong solution of (6) on J if u £ AC 1 (J) and (6) 
holds on J 

2. A function u £ C{J) is called a mild solution of (6) on J if 

u(t) = u(0) + XI^u(t) + I^y(t) (7) 

holds on J; 
Taking the Laplace transform for (6) one gets 

s a u(s) - s Q - 1 «(0) - s a - 2 u'(0) - Xu(s) = y(s) 



which gives 



s a_1 1 

u(s) = r- H ry(s) 

w s a - A s a - A w 
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. Taking the inverse Laplace transform gives 



u(t) = E a ^(Xt a )u(0) + [\t - s) a ~ l E^ a (X(t - s) a )y(s)ds. (8) 

Jo 

Now for the Mittag- Leffler function we have 

00 \kj.ak j °° \ku.ak— 1 

which gives 

j t (E atl (\t a )) = \t a - l E a ^\t a ) (9) 



and similarly we have 

A {t a ~ l E a ^Xt a )) = t^E^^Xn (10) 



«(*) = "T^VvV / 1 (l-5)^ 2 ^,a-i(A(l-^) a )y(^)<i S + [\t-sr- 1 E a , a (X(t-sr)y(s)ds 



dt 

Differentiate (8) followed by using (9) and (10) we get 

u'(t) = At a - 1 J E a , Q (At a )u(0) + [ (t- s) a - 2 J B a , a _i(A(i - s) a )y(s)ds (11) 

Jo 

Putting u'(l) = gives for A / 

«(0) = - XF \ X , /V - s) a - 2 ^, a -i(A(l - S ) a )y( 8 )cfe. (12) 

Thus we get (8) in the form 

Eg,l(\t a ) /-1 (1 ^ 

A-E Q , Q (A) 7o ''" •' y Q 

(13) 
which can be written in the form 

u(t)= f G(t,s)y(s)ds (14) 

Jo 

keeping in mind that 
GxAt ' s) = \E ata (\) X 

-(1 - S ) a - 2 ^ Q , 1 (At Q ) J B Qia _ 1 (A(l - s) a ) + XE a , a (X)(t - s) a - l E ata (X(t - s) a ) 0<s<t 

-(1 - S ) a - 2 £ Qil (A£ Q )£ Q , a _i(A(l - s) a ) t<s<l 

(15) 
One can prove that 

IS+(E a , 1 (Xf)) = ^E a>a+1 (Xt a ) and I^t"- 1 E a>1 (\t a )) = t 2 ^ 1 E a , 2a (Xt a ) 
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which for y £ C(J) give us 

\kj.ak / v \ka.ak \ 

u m + M S+ u(t ) + I M t) = u(0) + *■ g r(Qt + - + !j + (*~ E f^T^) J * "<" 

j.a—1 

+—-*y(t) 
T{a) 



y(t) 



t a-l 



r(o) 



«(0) + (£ a ,i(Ai a ) - l)u(O) + (^"^(At") - *^) * y(t) 



j.a—1 



+-—*y(t) 

u(t). 



Thus u{t) given by (13) is a mild solution of (6). 

A 

ill. 



Also for y £ C\J), where 4(t a_1 E^ a (Xt a )) = i a - 2 £ a , a _i(A£ Q ) we get 



u "(t) = \t a - 2 E a ^ l (Xt a )u(0)+t a - 2 E a ^ l (Xt a )y(0)+ At-s) a - 2 S a , a _i(A(t-s) a )j/(a)ds. 

JO 

(16) 
It is obvious that u"(t) is integrable that is u £ y4C 1 (J). Also we have from (11) and (12 
that u'(0) = u'(l) = and where 

I*- a (1?- 2 E ata - 1 (Xt a )) = E a ^Xt a ) (17) 

we get 

c D% + u = Il+ a u"(t) 

= XE aA (Xt a )u(0) + E aA (Xt a )y(0) + f E aA (X(t - s) a )y'( S )ds 

Jo 

= XE a)1 (Xt a )u(0) + £ a ,i(Ai Q )y(0) + (E a>1 (X(t - s) a )y(s))\ s =o 

+ f X(t - sr^E^Xit - s) a )y(s)ds 
Jo 

= Xu(t) + y(t). 
Thus (13) is a strong solution of (6) and the proof is finished. 

Theorem 3 If y is a continuous function and A 7^ is a real parameter then the linear 
problem (6) has a continuous mild solution given by (14). This solution will be a strong 
solution if y £ C l (J). 
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As a special case: For a = 2 one gets (15) in the form 

1 [ £ a ,i(At 2 )£ 2 ,i(A(l - s) 2 ) + A J B 2 , 2 (A)(t - s) J B 2 ,2(A(t - s) 2 ) 0<s<t 



Gx, 2 (t,s) 

E 2 ,i(Xt 2 )E 2jl (X(l - s) 2 ) t<s<l 



A-E 2; 2(A) | I,- ., \/2\ i,\ .1 \i i , .\i>, 



which by using the properties of Mittag-Leffler function and some calculations one gets 

( cosh(y/Xs)cosh(y/\(l -i)) < s < t 
G\,2(t,s) = — -i=sinh(y/\) < 

^ A [ cos/i(v / At)cos/i(v / A(l - s)) i < s < 1 

which is precisely Green's function for the Neumann boundary value problem (see [22]) 

u"{t) - \u{t) = 0, u'(0) = w'(l) = 0. (18) 

3.2 The Case of the Nonlinear Problem 

In the following we investigate the nonlinear problem (1). We recall that if u is a mild 
solution of (1), then it is given by 

u(t)= f G Xia (t,s)f{s,u(s))ds, (19) 

Jo 

where G\ j0l (t,s) denotes the Green function given by (15). 
Define the operator T : C[0, 1] -► C[0, 1] by 

Tu(t)= f G Xia (t,s)f(s,u(s))ds. (20) 

Jo 

Theorem 4 Let the function / : [0,1] x R — > R satisfies the following 
(i) fit, u) is bounded, that is there exists M > such that 

\f(t,u)\<M, Vt€[0,l],u€R, (21) 

(ii) /(£, u) satisfies Lipschitz condition, that is there exists a constant K > such that 
\f(t,u) - f(t,v)\ < K\u-v\, t€ [0,1], u,ve R. (22) 

Then the operator T given by (20) is compact. 

Proof: 

Let t\ < ti € (0, 1) and u £ C[0, 1], then we have 



\Tu{h) - Tu{t 2 )\ 



E a ,i{\tf) f 1 ^ _ sT -2 Ea ^ i{x{l _ s )«) f ^ u ( s )) ds 



XE a}a (X) Jo 
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+ / (h - sr-'E^Xih - s) a )f(s, u(s))ds 
Jo 

Ln J,A/ - ] f \i - s r- 2 £ Q , a -i(A(i - s r)f(s,u(s))d S 



A-E Q ,a(A) J 

t2 (h - sT^E^X^ - s) a )f(s,u( S ))ds 



E a ,i{^t 2 ) _ E a ^{\ti) 
A-E , Q ,a(A) XE aya (X) I Jo 



(1 - S ) Q -^ Q)Q _ 1 (A(1 - sr)f(s,u( S ))ds 



< M 



+ / ((ti - S ) a - 1 S Q , a (A(ii - s) a ) - (t 2 - s) a - l E a , a (\(t2 - s) a ))f(s, u(s))ds 



t2 (t 2 - sT^E^X^ - s) a )f(s,u( S ))ds 
ti 

1 

a-2 ■ 



Ea,l{^t 2 ) E a: i(Xtf 



A-E'a,a(A) XE atCt (X) 







;i- s ) a -^ a , Q _i(A(i- s ) Q )|d s 



+ / l((*i - sr-'E^Xih - s) a ) - (t 2 - s) a - l E a , a (X(t 2 - s) a ))\ds 

'0 

+ f 2 \{t 2 ~ s) Q_1 ^a,a(A(t2 " S) a )\ds . 
Jti 

Using the definition and properties of Mittag -Lefner function to find the values of the three 
integrations in the last inequality one gets: 
For the first integration: 

1 -i oo I \\k(-t _ \ak 

Ki-sr^E^^xii-sr^ds < / (i- S )«- 2 ]tij^ — ^ds 

o Jo —" 



Ef 



k =o T ( ak + a ~ 1 

\X\ k 



k=0 



(ak + a — 1) 



1-8 



ak+a—2 






k=0 



|A| fc 
(ak + a) 



= E a , a (\X\). 
Similarly for the third integration one can prove that 



*2 



\(t 2 - s) a - L E a , a (X(t 2 - s) a )\ds < (t 2 - h) a E a , a+l {\X\{t 2 - h) a ). 

For the second integration we obtain J X \((ti—s) a ~ 1 E a:a (X(ti — s) a ) — (t 2 — s) a ~ 1 E a:a (X(t 2 - 
s) a ))\ds 



Jo 1 E 



)0 Z^k=0 T(ak+a) 



(h - s) 



ctk+a—1 



(h - s ) ak+a - 1 



ds 
ds 



s- v^oo |A| rti i, \ak+a-l /j „\ak+a-l 

S 2^fc=0 T(ak+a) JO [^ ~ S > ~ 1*1 ~ S > 

^ Y^°° I'M r (+ + \ak+a i +ak+a + ak+ai 

<L,fc=0r(afc+a)l - ^2-*lJ +* 2 ~ *1 I 

< ~(h - h) a E ata+1 (\X\(t 2 - h) a ) + 1%E ata+l (\\\1%) - tp7 Q , a +i(|A|t? ).From these results 
we conclude that 



|Tw(ti)-T«(t 2 )| < M 



E a ,i(Xt 2 ) E at i(Xt 



^E a>a (X) XE a:a (X) 



E<*A\M) 
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+ t% E aj0t+ i(\\\t%) — tiE ata+ i(\X\ti)] , 

which gives that 

\Tu(h) - Tu(t 2 )\ -►() V |*2 — til — > 0. (22) 

In the following we prove that T is continuous. For u, v G C[0, 1] one gets 

\Tu(t)-Tv(t)\ < f \G x ,a(t,s)\\f(s,u(s)) - f{s,v(s))\ds 
Jo 

< K f \G x , a (t,s)\\u(s)-v(s)\ds 
Jo 

=> \\Tu — Tv\\ < K\\u — v\\ / \G\ a (t,s)\ds. 

Jo 

About the Green function as in proving (22) using .E aiQ +i(|A|) < £7 a)a (|A|) one gets that 

[ \GxAt,s)\ds < ( { fzf^ ){ + l) £a,«(|A|) (23) 

thus we get 

»r« - T«|| < K ( i^^i + l) E a , a (\X\)\\u - v\\ (24) 

which shows that T is a continuous operator. 

Now let D be a bounded set in C[0, 1]. By continuity of the operator T we get that 
TD = {Tu : u G D} is bounded, and by (22) we have TD is an equicontinuous set in the 
space C[0, 1]. By the Arzela-Ascoli theorem (see [25]) we get that TD is relatively compact 
set which prove that T is a compact operator. 

Theorem 5: If the hypothesis in Theorem 4 satisfied such that 

K fe^ +i K (iAi)<i ' (25) 

then there is a unique mild solution of problem (1). 

Proof: From (24) if we have (25) then T is a contraction mapping, then by Banach fixed 

point theorem there is a unique fixed point of the operator T which is the unique mild 

solution of (1). 

Theorem 6: Assume that the hypothesis of Theorem 4 satisfied. Then there is at least 

one mild solution in C[0, 1] to the problem (1). 

Proof: Consider the set A = {u G C[0, 1] : u = fiT(u), fj, G (0,1)}. Let u G A then 

u = fxTu which gives 

M*)| < M / \G x , a (t,s)\\f(s,u(s))\ds 
Jo 
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Thus \\u\\ < oo which proves that the set A is bounded. By Theorem 1 we get that T has 
a fixed point in C[0, 1] which is the required mild solution. 

Theorem 7: Assume that the hypothesis of Theorem 4 satisfied with -Jr and -J- are con- 
tinuous then the mild solution given in Theorem 6 is a strong solution. 

Proof. The proof is obvious as in proving the strong one in linear problem. 

4 Conclusions 

In this manuscript we discussed the existence of at least one mild solution for a fractional 
nonlinear Neumann boundary value problem equation within Caputo fractional derivative 
Dq, with a G (1,2) and we determined the conditions to get a unique one together with 
proving that the Green function of the the Neumann boundary value problem can be given 
as a special case of the fractional Green function of our problem. Finally, we determined 
when our mild solution is a strong one in both linear and nonlinear cases. 

References 

[1] C. Bai, Triple positive solutions for a boundary value problem of nonlinear fractional 
differential equation, Electr. J. Qualit. Theor. Diff. Eqs. 24, 1-10 (2008). 

[2] Z. Bai and H. Lu, Positive solutions for boundary value problem of nonlinear frac- 
tional differential equation, J. Math. Anal. Appl. 311(2005) 495-505. 

[3] M. Belmekki, J.J. Nieto and R.R. Lopez, Existence of periodic solution 
for a nonlinear fractional differential equation, Boundary value problems, 
doi:10.1155/2009/324561, (2009). 

[4] M. Benchohra, S. Hamani and S.K. Ntouyas, Boundary value problems for differ- 
ential equations with fractional order and nonlocal conditions, Nonlinear Analysis, 
71(2009), 2391-2396. 

[5] A. Carpinteri and F. Mainardi, Fractals and Fractional Calculus in Continuum Me- 
chanics, Springer- Verlag, Vienna, New York, 1997. 

[6] A. M. A. El-Sayed and F. M. Gaafar, Fractional calculus and some intermediate 
physical processes, Appl. Math. Comput. 144, 1 (2003). 

[7] A. M. A. El-Sayed and M. A. E. Herzallah, Continuation and maximal regularity of 
fractional-order evolution equation, J. Math. Anal. Appl., 296(1) (2004), 340-350. 

[8] A. M. A. El-Sayed and M. A. E. Herzallah, Continuation and maximal regularity of 
an arbitrary (fractional) order evolutionary integro- differential equation, Applicable 
Analysis , 84(11), (2005), 1151-1164. 



10 



350 



HERZALLAH ETAL: NEUMAN BOUNDARY VALUE PROBLEM 



[9] M. El-Shahed and J. J. Nieto, Nontrivial solutins for a nonlinear multi-point bound- 
ary value problem of fractional order, Comput. Math. Appls., 59(11), (2010), 3438- 
3443. 

[10] M. El-Shahed, Positive solutions for nonlinear singular third order boundary value 
problem, Comm. Nonlin. Science Numer. Simu., 14(2009), 424-429. 

[11] M. A. E. Herzallah, A. M. A. El-Sayed and D. Baleanu, On the fractional-order 
diffusion- wave process, Rom.J.Phys. 55 (3-4), (2010), 274-284. 

[12] R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific, New 
Jersey, 2000. 

[13] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Frac- 
tional Differential Equations, North-Holland Mathematical Studies, Vol. 204, Else- 
vier, Amsterdam, 2006. 

[14] R.L. Magin, Fractional calculus in bioengineering, Parts 13, Crit. Rev. Biomed. Eng. 
32(1) (2004) 1-377. 

[15] K.S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional 
Differential Equations, John Wiley & Sons, New York, 1993. 

[16] G. M. N'Guerekata, A Cauchy problem for some fractional abstract differential equa- 
tion with nonlocal conditions, Nonlin. Anal., 70(2009), 1873-1876. 

[17] J. A. Pennline, Constructive existence and uniqueness for some nonlinear two-point 
boundary value problems, J. Math. Anal. Appl. 96, 584-598,(1983). 

[18] I. Podlubny, Fractional Differential Equations, Acad. Press, San Diego - New York 
- London, (1999). 

[19] J. Priiss, Evolutionary Integral Equations and Applications. Birkhauser, Verlag 
Basel, Boston, Berlin 1993. 

[20] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional Integrals and Derivatives: 
Theory and Applcations, Gordon and Breach, New York, (1993). Translated from 
the Russian Edition, Minsk (1987). 

[21] X.-B. Shu, Y. Lai and Y. Chen, The existence of mild solutions for impulsive frac- 
tional partial differential equations, Nonlin. Anal., 74(5) 2003-2011, (2011). 

[22] Yong-Ping Sun and Yan Sun, Positive solutions for singular semi-positone Neumann 
boundary- value problems, Electr. J. Diff. Equs. 2004, 133, 1-8, (2004). 

[23] Y. Tian and Z. Bai, Existence results for the three-point impulsive boundary value 
problem inolving fractional differential equations, Comput. Math. Appls. 59(2010) 
2601-2609. 



11 



351 



HERZALLAH ETAL: NEUMAN BOUNDARY VALUE PROBLEM 



[24] J. Wu, Y. Liu, Existence and uniqueness of solutions for the fractional intego- 
differential equations in Banach spaces, Elec. J. Diff. Equs. 2009, 129, 1-8 (2009). 

[25] E. Zeidler, Nonlinear Functional Analysis and its Applications, I: Fixed-Point The- 
orems, Springer- Verlag New York Inc. (1986). 



12 



352 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 15, NO.2, 353-364, 2013, COPYRIGHT 2013 EUDOXUS PRESS, LLC 



IDENTITIES INVOLVING BERNOULLI AND EULER 

NUMBERS ARISING FROM p-ABIC INTEGRALS OF 

POLYNOMIAL IDENTITIES 

D. S. KIM, T. KIM, Y. H. KIM, AND S. H. LEE 



Abstract In this paper we study the properties and equations of the several 
type p-adic integral on Z p (in the sense of bosonic or fermionic) . From these prop- 
erties and p-adic integral equations (in the sense of bosonic or fermionic) , we derive 
some interesting and new identities between Bernoulli and Eulcr numbers. 



1. Introduction/Preliminaries 

Let p be a fixed odd prime number. Throughout this paper, Z p , Q p , and C p 
will denote the ring of p-adic integers, the field of p-adic rational numbers, and 
the completion of algebraic closure of Q p , respectively. Let N be the set of natural 
numbers and Z + = N U {0}. The p-adic value | • \ p is defined by \x\ p = l/p r where 
x = p r s/t for s,te {1,2, ...,p-l} with (s,t) = 1 and r e Q (sec [1-13]). 

Let UD(Z p ) be the space of uniformly diffcrcntiablc functions on Z p . For / e 
UD(1i p ), it is known that the bosonic p-adic integral on Z p is given by 



(1) 



The fermionic p-adic integral on Z p is defined by Kim as follows: 

,. p n -i 

/_i(/)= / f(x)dn-i(x) = lim V f(x)(-ir, (see [6]). (2) 



From (1) and (2), we can derive the following integral equations on Z p (in the sense 
of bosonic or fermionic) as follows: 

7_i(/i) +/_!(/) =2/(0), (3) 

where fi(x) = f(x + 1), and 

/i(/i)-/i(/) = /'(0), (see [7]). (4) 

Let us take f(x) = e tx e UD(Z p ). By (3) and (4), we get the following equation 
(5) and (6): 

r j- °° 4-n 

/ e xt d^(x) = ^— = Y J B n - 1 (see [7]), (5) 

K e*-l ^ n! 

Key words and phrases : Eulcr numbers, Bernoulli numbers, p-adic integral. 
2010 Mathematics Subject Classification : 11S80, 11B68. 
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where B n are the nth ordinary Bernoulli numbers, and the Eulcr numbers are given 

by 

K e+1 ^o n - 

with the usual convention about replacing E n by E n . 

By the same methods of (5) and (6), we can derive the j>-adic integral on Z p 
(in the sense of bosonic or fcrmionic) for the Bernoulli and Euler polynomials as 

follows: 

B n (x)= [ {x + yrd^{y)^{B + xr^y^( n \x n - l B u (7) 

Jz p l=0 W 

and 

E n (x)= f {x + y) n d^ 1 {y) = {E + x) n = y^( n \x n - l E u (8) 

with the usual convention about replacing B n by B n and E n by E n , respectively. 
From (5), (6), (7) and (8), we have 

B = l, (B + l) n - B n = 8 hn , (9) 

and 

{E + l) n + E n = 25o, n , (10) 

where 5k. n is the Kronecker symbol (see [7]). 

By (7), (8), (9) and (10), we get the following identities for Bernoulli and Eulcr 
numbers: 

B n (2) = n + B n (l) = n + B n + 6 hn (11) 

and 

E n {2) = 2 - E n {l) = 2 + E n - 28 Q ,„. (12) 

By (1) and (2), we get the following equations (13) and (14) as follows: 

(1 - x + xi) n dm(xi) = (-1)™ f (x + xi) n dm(xi) (13) 

and 

' (l-x + x^d^^) = (-1)" [ (x + a:i) n diu_i(a;i). (14) 

Jz p 

Thus, by (7), (8) ,(13) and (14), we obtain the reflection symmetric relation for 
B n (x) and E n (x) as follows: 

B n (l-x) = (-l) n B n (x) and E n (l - x) = (-l) n E n (x). (15) 

In this paper we investigate some properties of the j?-adic integral on Z p (in the 
sense of bosonic or fcrmionic) . By using the properties of p-adic integral equations 
on Tip (in the sense of bosonic or fcrmionic), we derive some interesting and new 
identities between Bernoulli and Eulcr numbers. 
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2. Some identities on Bernoulli and Euler numbers 
By (4), we get 

(1 + x + y) n d^(y) = f (x + y) n d^(y) + nx n ~\ (16) 

Jz p 

Thus, (7) and (16), we get 

B n (l + x) = B n (x) + nx n - 1 , nEZ + . (17) 

From (15) and (17), we can derive the following identities: 

(-l) n B n (-a;) = B n (l + x) = B n (x) + nx 11 - 1 . (18) 

By (3), we see that 

(x + 1 + y) n dn-i{y) = - ( (x + y) n dn-i{y) + 2x n . (19) 



From (8) and (19), we have 

E n (x + 1) = -E n (x) + 2x n , neZ+. (20) 

Thus, by (15) and (20), we get 

(-l) n E n (-x) = E n (x + 1) = -E n {x) + 2x n . (21) 

Let us consider the double integral on Z p for the bosonic and fermionic as follows: 



Thus 

I f (x + y) n dvi(x)d^ 1 (y)=2 n f x n d f i 1 (x). (22) 

Jlp Ji, p Ji p 

By (5), (6) and (22), we get 

J2(fjB n _ l E l = 2 n B n , neZ+. 

That is, 

2 ^V2n+l\ 

1=0 ^ ' 

By using (15), (17) and (20), we derive some new and interesting identities be- 
tween Bernoulli and Euler numbers. From (18) and (21), we note that the following 
equation (23): 

B n (x) = (-1)™B„(1 - x) = B n (x - 1) + n(x - l)"" 1 (23) 

and 

E n (x) = {-l) n E n {l -x) = -E n (x - 1) + 2(x - 1)". 
First, let us consider the following double p-adic integral on Z p as follows: 



h = / / (x + y) n din(x)dfii(y) 

Jz p Jz p 

= E [i) Bn - 1 j z x i dm{x) = y, \i) Bn - iBi - 



1=0 v ' *p Z=0 
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4 

On the other hand, by (23), we get 

h= I [ (x-l + y) n dm(y)dun(x) + n j ■> - ir : ,/,/.(.ri 



(25) 



By (11) and (15), we get 

(x - l) l dm(x) = B„(-l) = (-1)"B„(2) = (-l)"(n + B„ + &,„). (26) 
From (25) and (26), we derive the following equation (27): 

h = E (") fi n-j(-l)'(i + *j + M + (-l) n_1 n(n - 1 + Bn-l + *l,n-l)- (27) 
By (24) and (27), we get 

(28) 
= E (?) (- 1 )'^n-J + (-l)" _1 n(B„_i + (-l) n B„_i + *!,„_! + n - 1). 

Z=0 ^ ' 



Thus, by (28), we get 



2 E( 2 ; + i,K- 2 '- 1jB2;+1 

(29) 
= Y, (?) (~ l ) llB n-i + (-lr-^Bn-i + (-l) n B„_i + *l,„-l + n - 1). 

Note that 

2 E U/ + ) s «-2i-iB 2 i + i = 2nB 1 B n _ 1 = -nB n _ x . (30) 

Therefore, by (29) and (30), we obtain the following theorem. 
Theorem 1. For neN, we have 

J2 (fj l (-l) l B n -i = (-l) n n(B n -i + n - 1 + *i,„_i). 



In particular, 

£r'7>(-i)<B 2 „ +1 _ ; = -2 



"'" : ! ^n + lV , _,„ -/2n + l 



;=2 ' 



Note that 

In 



^ ( , )l {-l) l B 2n -l = 2n(B 2 „_ 1 + 2n - 1 + <5i, 2rl -i) = 2n(-<Ji,„ + 2n - 1). 
Therefore, we obtain the following corollary. 
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Corollary 2. For tieN, we have 

2i 
I 



f:( 2i ;)i(-i) i B 2n - l =2(^) + ns hn . 



1=0 



Let us consider the double integral on Z p related to Bernoulli and Euler numbers 
as follows: 



(x + y) n dn-i{y)dm{x) 
it(f)l I y n - l x l d^{y)d^{x) (31) 



/=o 



E K-^- 

1=0 v 



On the other hand, by (23), we get 

h = / / (x + y) n dij,-i(y)dfii(x) 



(x-l + y) n d f i_ 1 (y)df, 1 (x) + 2 (x - l) n dm(x) 
E(T) £ ™-' / (*-l)'dA*i(a;) + 2 / (a:-l) n dMi(x) 
]T (") £?„_,(-!)'(« + B( + M + 2(-l)"(n + B n + h, n ) 



(32) 



= - E (") ("i)'^-^' - E (") ("i)'^-' + nS «- 

+ 2(-l) n (n + B„ + <Ji, n ). 

From (31) and (32), we can derive the following equation (33): 
' rC 



2 E [r,j) E n-2lB 2 l 



,21 

1=0 
= ~ E (") '(-l)'^n-J + nS «-l + 2 (- 1 )"(« + B n + Sl, n ). 

Therefore, by (33), we obtain the following theorem. 
Theorem 3. For neN, we have 

2 n 



(33) 



J2 ( 2 f]l{-l) l E 2n ^ = 2n(E 2n ^ + 2). 



1=0 

In particular, 

E ( 2n t X )« (-l)'^H-i-i = "2 E ( 2n 2 | Vi-«* - 2 ( 2 " + !)■ 
z=o ^ ' ;=o ^ ' 
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6 

Let us consider the double integral of the bosonic and fermionic on Z p as follows: 

h= I \ (x + y) n dfn(y)d^i(x) 

Jz p Jz p 

= / / (x - 1 + y) n dni(y)dn-i{x) + n f (x - l^dft-^x) (34) 

= Y,(t)Bn-i I (x - l) l dn-i (x) + n f (x-l)"- 1 ^-!^). 

i=0 \ 1 / -lip Ji P 

By (8), (13) and (14), we get 

(x - l)'dM-i(aO = E t (-1) = (-l)'^i(2) = (-1)'(2 + E t - 2S 0tl ). (35) 

From (34) and (35), we have 

h = J2 (l) (-l)'£n-l(2 + Sj - 2<5 0; i) + (-l)"- 1 n(2 + E n _ x - 2<5 ,„_i) 

(36) 



Z 



= 2 E ("J (-I)' 5 -' + E ("J (-^Bn-iEi - 2B n 

+ (-l) n - 1 n(2 + E n ^ 1 -2S ,n-i)- 
By (34), we easily see that 



J 

1=0 



/ 3=E( ^Bn-lEL (37) 



By (36) and (37), we get 



/=o 



21 + 1 



2 E 0/ , 1 ) B n-2l-lE 2 l + l 



= 2 E ( i ) (-^Bn-i + {-l) n - l n{2 + E n ^ - 26 , n -i) - 2B n 

= 2(-l) n B n (2) + {-l) n - 1 n{2 + E n _ x - 2$ ,„-i) - ^B n 

= 2(-l)"(n + B„ + <Ji,„) + (-l)"- 1 n(2 + £„_! - 2<J ,n-i) - 25,, 

= 2((-l)" - 1)B„ + (-l)""^^-! + 2(-l)"(l + n)di, n . 

Therefore, by (38), we obtain the following theorem. 

Theorem 4. For neN, we have 

/ J I 91 , -I ) B2n-2l-\E2l + l = —nEi n _\. 



(38) 



,2/ + l 
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nl '2n-l 



From (38), we have 

n- 

2 Z^ ( 21 + 1 ) B ' 2n - 2l - 2E2l + 1 

= -AB 2n _ t + (2n - l)£ 2 „-2 - 4n5i, n (39) 

= 2<Ji ifl + 5i,„ - 4#i i „ 

= Sl, n - 

Therefore, by (39), we obtain the following Theorem 5. 
Theorem 5. For neN, we have 

/ , I of I I J ^2n-2l-2^2l+l — _ 2 l ,n- 

Let us consider the double fermionic integral on Z p : 
h= / (x + y) n diJ,-i(y)dfi-i(x) 



J2 (?) / a^-ite) / y n ^M-i(y) (40) 



(=0 v 7 



On the other hand, by (23), we get 

(a; + y) n dfi^ 1 (y)d/j,^ 1 (x) 



(x - 1 + y) n dfi-i(y)dti-i(x) + 2 / (a: - l)"dM-i(x) 

jZJp t/ ^(p «/ £jp 

= -y)f?Vn-J / (x-l) l dfl_ 1 (x) + 2 [ (x-l) n dH-!(x) 

= "£(?) ("^'^-'(a + ^ - 2*o,j) + 2(-l)"(2 + 2? n - 2* ,„) ( 41 ) 

= -2£„(-l) - J2 (l) (- l )' E n-iEi + 2E n + 2(-l) n (2 + £ n - 2<S ,„) 



/=o 



-2(-l)"(2 + £„ - 2<J ,„) - J2 ( i ) (-l)'^n-l-Bi + 2£„ 

Z=0 



+ 2(-l) n (2 + £7 n -25 ,n). 
By (40) and (41), we see that 



,21 

=o 



2^(" l W_ 2 ^=2£ n . (42) 



Therefore, by (42), we obtain the following corollary. 
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Corollary 6. For tieN, we have 

2 , ( 9/ \E2n-1-21E21 = E 2n -i- 



v 2/ 



It is well known that the Bernstein polynomials are given by 



B kin {x)=[")x*(l-x) n -*, (43) 



where n,k E Z + . From (43), we note that B kn (x) — B n _ kn [l — x) (see [2, 3, 4]). 
By (23) and (43), we get 



B m (x)B kin (x) = (B m (x - 1) + ro(a; - l) ro - 1 )B n _ fc ,„(l - a:) 

= B m (z - l)B n _ fc) „(l - x) + m(x - l) m_1 B„_ fci „(l - a;) 



(44) 



Let us consider the p-adic integral on Z p (in the sense of bosonic) for the product 
of Bernoulli and Bernstein polynomials: 



' ! ^TO.„fe/i ™\ n_ k. 



h= I B m (x)B k , n (x)dni(x) 

{x + y) m x k {l-x) n - K d^{y)d^{x) 

;:) tn-v (t) ("; t )i»™"' < "" < " ) I/ +,+ * w 



l=Q j=0 
m n—k 



-k 



EE(-dT 7"^- 



kj ^^ v \l V 7 



On the other hand, by (44), we get 
h= B m (x- l)B n _fe, n (l -x)dn\(x) + m / (a; - l) m_1 .B„_fc,„(l - x)dfi 1 (x) 



/ / — Q V / «/Z p 

+ ("V-l)" 1 -^ / ^(l-x)™-^™- 1 ^!^). 

(46) 
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Thus, by (45) and (46), we get 



m n—k / \ / i 

m\ in — k 



1=0 j=0 \ / \ J 



= Y,(- l ) l { V f) B m-l ( X k (l- X ) n - k+l d^(x) 

1=0 V « / ./z, 

\m— 1 / ™fe/-i \n- fc+m— 1 



+ (-l)" 1 " 1 ™ / a; fc (l - a;) n -* +m_1 dMi(a;) 

Jz p 

^g'<-i»-(7)(»-; + >,„-,/ s/ -^ w (47) 

n— k+m— 1 / , 1 \ f 

+ (-ir- 1 m V (-l)^( n "* + m " 1 ) / ir^d/iiCa;) 

-ee + '(-i)' + '(7)( b -; + ')b™-a +j . 

n— k+m— 1 / , 1X 

i=o V J / 

For fc = in (47), we have 
m n / \ / \ 

;=o j=o V ( / V •? / i=0 V J / 

= EB-l) ,+j (?) f n + l ) Bm ~ & + (-l) m " 1 ^„ +m _ 1 (2). 
(=0 j=0 V ' / V •? / 

Therefore, by (18) and (48), we obtain the following theorem. 
Theorem 7. For m,n E N, we have 

= ED- 1 )' +3 L n "!" < )B ro _^ + (-ir- 1 mB„ +ro _i(2). 
z=o i=o V ( / V ■? / 



(48) 



By (23) and (43), we get 

E m {x)B k , n {x) = (-E m (x - 1) + 2(x - l) m )B„_ fe , n (l - ») 

= -£ ro (z - l)B n _ M (l - x) + 2(x - l) m B n _ k , n {l - x). 



(49) 
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10 

Let us consider the p-adic integral on Z p (in the sense of bosonic) for the product 
of Euler and Bernstein polynomials: 



h, = I E m (x)B kin (x)d)j, 1 (x) 

E m (x-l)B n _ k ,nO--x)d(j,i(x) (50) 

+ 2 f (x-l) m B n _ k , n {l-x)dm(x). 
By a simple calculation of (50), we easily see that 

h = y y\\ , )E m -i \ x l B k , n (x)dfi 1 (x) 
i=o V « / Jz P 

Vfjt, / x k+l (l-x) n - k d^(x) 

m n— fe / \ / 7 

n \ v-^ x - ^ , .^i (Tn\ In — k 



/ 1=0 j=o ■ - ■' 



EE(-i)T r«^- 



On the other hand, by (50), we get 

^6 = -y^( , )E m -i I {x- 1)'-B„_/ S ,„(1 -x)dn\(x) 
i=o V * / K 

+ 2 I {x-l) m B n _ k>n {l-x)dn 1 {x) 

Jz p 

E(-l)' Cf\E m -l J * k a - x) n - k+l d^{x) 



1=0 



+ 2( fc )(-l) m / x*(l-x) n - K+m dvn(x) 



m n—k-\-l 

n * 



(51) 



(52) 



v 5g<-^(?)("-; +, )^i^«" 

Thus, by (7), (51) and (52), we obtain the following identity: 

m n—k / \ / t \ 

z=o j=o V ' / V ^ / 

=-E B if(-i) j+ '(7)( n "* + V-^ ( 53 ) 

+2( -ir E (-iy( n ~ k , +m )B k+j . 

j=o \ 3 / 
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11 



Therefore, by (53), we obtain the following corollary. 
Corollary 8. For m, n G N, we have 



[1] 

[2] 

[3] 
[4] 

[5] 
[6] 
[7] 
[8] 
[9] 
[10] 
[11] 

[12] 



m n 

' m\ ( n 



ED-tfOT^ 



m n+l , .. , , j\ 

ED" 1 )'"" (7) ( j )Em-iBi + 2(-l)™B B+m (2). 
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APPROXIMATE w-JORDAN *-HOMOMORPHISMS IN 

C*-ALGEBRAS 

CHOONKIL PARK 1 , KHATEREH GHASEMI 2 , SHAHRAM GHAFFARY GHALEH 3 AND SUN 

YOUNG JANG 4 * 

Abstract. Let A and B be complex algebras. A C-linear mapping h : A — » B 
is called an n- Jordan ^-homomorphism if h(a n ) = h(a) n and h(a*) = h(a)* hold 
for all a E A. In this paper, we prove the Hyers-Ulam stability of n-Jordan *- 
homomorphisms in C*-algebras. 



1. Introduction 

Let n > 2 and let A, B be complex algebras. A C-linear mapping h : A —)■ B is 
called an n- Jordan homomorphism if h(a n ) = h(a) n holds for all a G A. The concept 
of n- Jordan homomorphisms was studied for complex algebras by Eshaghi et al. [I] 
(see also [6]). 

The stability of functional equations was first introduced by Ulam [15] in 1940. More 
precisely, he proposed the following problem: Given a group Q, a metric group (Q', d) 
and e > 0, does there exist a 5 > such that if a function / : Q — >■ Q' satisfies the 
inequality d(f(xy),f(x)f(y)) < 5 for all x, y G Q, then there exists a homomorphism 
T : Q -> <?' such that d(f(x),T(x)) < e for all x G ^? In 1941, Hyers [TO] gave a 
partial solution of the Ulam's problem for the case of approximate additive mappings 
under the assumption that Q and Q' are Banach spaces. In 1950, Aoki [1] generalized 
the Hyers' theorem for approximately additive mappings. In 1978, Th. M. Rassias [II] 
generalized the theorem of Hyers by considering the stability problem with unbounded 
Cauchy differences. 

During the last decades several stability problems of functional equations have been 
investigated by many mathematicians (see [2j EJ d EJ [UJ IT2] . 

Miura et al. [13] proved the Hyers-Ulam stability of Jordan homomorphisms. 

In this paper, we consider the Hyers-Ulam stability of n- Jordan *-homomorphisms 
in C*-algebras. 

2. Main results 

Definition 2.1. Let n be an integer greater than 1 and let A, B be C*-algebras. A 
C-linear mapping h : A — > B is called an n- Jordan ^-homomorphism if 

h{a n ) = h{a) n , & h(a*) = h{a)* 

hold for all a G A- 
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Theorem 2.2. Let A, B be C* -algebras, and let S,e,p,q be positive real numbers such 
that p, q < 1 or p,q > 1. Assume that f : A—> B satisfies 

\\f(a + b)- f(a) - f(b)\\B < <M\ A + IITO. (2-1) 

\\f(a n )-f(ar\\ B <8\\a\\ n J, (2.2) 

ll/(o*) - /(o)*ll» < *l|o*H3i ( 2 - 3 ) 

for all a,b G A. Then there exists a unique n- Jordan *-homomorphism h : A —¥ B 
such that 

\\f(a)-h(a)\\ B <-^—\\a\\ A (2.4) 



for all a £ A. 



f(2 sm a) 



Proof. Let s = —sgn(p — 1), and h(a) = lim m _ s . 00 2sm for all a £ A. By the same 
reasoning as in [HI HI], one can show that h is an additive mapping satisfying (2.4). 
Now, since linw+oo 2 smn ( < ?" 1 ) = 0, it follows from (2.2) that 

lim -^[||/((2-a)(2-a) • • • (T m a)) - (/(2 sm a))«|| B ] 



< hm -^6\\r m a\\^ = lim (2 sm <^)5\\a\\ A * = 



for all a £ A. Thus 



m— >oo 2i i 

= lim — /(2 sm a)(2 sm a)---(2 sm a) 

m— i>oo 2, smn 

= hm -^[/(2 sm a)(2 sm a) • • • (2 sm a) - (f(T m a)) n + (f(2 sm a)) n ] 
= hm ^/(2 sm a)" = ^(a)" 



for all a£ A Since /i is additive, it follows from (2.3) that 
\\h(a*)-(h(a)y\\ B -- 



— h(2 sm a*) - — (h(2 sm a)Y 



B 



< — S(2 sm ) q \\a*\\ q A =2 sm{q ~ 1) 5\\u 

"Ism v ' " "A 



* uq 
9sm" v_ ' II™ n>i - -II"" 11.4? 

which tends to zero as m — > oo. Hence 

h(a*) = h{a)* 

for all a G A. Thus /i is an n- Jordan *-homomorphism. 

The uniqueness property of h follows from [HI E] . D 

Theorem 2.3. Let A, B be C* -algebras, and let S,e,p,q be real numbers such that 
p < 1 or q < 0. If f : A—± B is a mapping satisfying /(0) = 0, (2.1), (2.2) and (2.3), 
then there exists a unique n-Jordan *-homomorphism h : A —> B such that 

\\f(a)-h(a)\\ B <-^-\\a\\ A (2.5) 
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for all a £ A. 

Proof. It follows from [14j that there exists an additive mapping h : A — > B satisfying 
(2.5). Now, it suffices to show that h(a n ) = h(a) n and h{a) = h(a)* for all a G A. By 
the same reasoning as in the proof of Theorem 2.2, we have h(a*) = h(a)* and if a n 7^ 
then h(a n ) = h(a) n . Thus we need to investigate only the case a n = 0. Replacing a by 
2 m a in (2.2), we get 

\\ — (f(2 m a)) n - —f(2 m a n )\\ B = II — (/(2 m a))"|| B 
" 2 mn 2 mn ll 2 mn 



< — o"||2 m a||7 = 2 mn(q - 1) 5\\a" nq 



So 



Since 



we have 



lim ^(/(2 m a))" = 0. 



h(a) = lim ^(/(2 m a)), 



h(a) n = lim [-L(/(2 m a))1 = 0. 



Since h(a n ) = h(0) = 0, h(a n ) = h(a) n . So h is an n-Jordan ^-homomorphism. □ 

Corollary 2.4. Lei „4, B be C* -algebras. Let 5, e > and /e£ p, q be real numbers such 
that (p - l)(g - 1) > ; q < or (p - l)(g - 1) > 0, q > 0. Assume that f : A ->■ B 
satisfies /(0) = and 

||/(a + 6)-/(o)-/(6)||s<e(||o|R + ||6||5 



||/(a B )-/(o)l B <tf||a 
||/(o*)- /(arils <5||a*| 



.a ^ iriuvi 



U ' 



8 

.4 



for all a,b £ A. Then there exists a unique n-Jordan * -homomorphism h : A — >■ £> 
suc/i t/iat 

ll/(o) -fc(a)IU<|2Z^|W 

/or a// aGA 

Proof. It follows from Theorems 2.2 and 2.3. □ 

A C-linear mapping h : A — > B is an n-homomorphism if a(]^[" =1 a») = IIILi M a «) 
for all a 1; a 2 , • • • ,a n £ A (see [H]). 

Corollary 2.5. Let n G {3,4,5} 6e /ized and let A, B be commutative C* -algebras. 
Then every n-Jordan * -homomorphism h : A —¥ B is an n-homomorphism which 
preserves the involution. 

Proof. It follows from pQ Q3]. □ 
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ADDITIVE FUNCTION EQUATION IN FReCHET SPACES 

GANG LU, YINGXIU JIANG, AND CHOONKIL PARK* 

Abstract. In this paper, we prove the Hyers-Ulam stability for the following additive 
functional equation 

f( x + y + z )=Nff^-±^+f{z) (0.1) 

in Frechet spaces, where TV is a fixed integer greater than 1. 



1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam 
[1] concerning the stability of group homomorphisms: Let (G\,*) be a group and let 
(G2,o,d) be a metric group with the metric d(-,-). Given e > 0, does there exist a 
5(e) > such that if a mapping h : G± — >■ G 2 satisfies the inequality 

d(h(x * y), h(x) o h(y)) < 5 

for all x,y E Gi, then there is a homomorphism H : G\ — >■ Gi with 

d(h(x),H(x)) <e 

for all x G G\l If the answer is affirmative, we would say that the question of homo- 
morphism H(x * y) = H(x) o H(y) is stable. The concept of stability for a functional 
equation arises when we replace the functional equation by an inequality which acts as a 
perturbation of the equation. Thus the stability question of functional equation is that 
how do the solutions of the inequality differ from those of the given functional equation? 
Hyers [2] gave a first affirmative answer to the question of Ulam for Banach spaces. 
Let X and Y be Banach spaces. Assume that / : X — > Y satisfies 

\\f(x + y)-f(x)-f(y)\\<e 

for all x, y G X and some e > 0. Then there exists a unique additive mapping T : X — > Y 
such that 

H/(aO-T(aO||<6 
for all x G X. 



2010 Mathematics Subject Classification. Primary 39B52, 46B25. 
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mapping. 
* Corresponding author. 

1 



369 



LU ET AL: ADDITIVE FUNCTIONAL EQUATION 



Let X and Y be Banach spaces with norms || • || and || • ||, respectively. Consider 
/ : X — > Y to be a mapping such that f(tx) is continuous in £ G 72 for each fixed 
x G X. Th.M. Rassias [3] introduced the following inequality, that we call Cauchy- 
Rassias inequality : Assume that there exist constants A > and p G [0, 1) such that 

\\f( x + y)-f( x )-f(y)\\<\(\\ x \\*+\\y\\*) 

for all x, y G X. Th.M. Rassias [3] showed that there exists a unique M-linear mapping 
T : X -> Y such that 

\\m-T(x)\\<^\\xr 

for all x G X . Gavruta [4] generalized the Rassias' result. 

A square norm on an inner product space satisfies the important parallelogram equality 

II i II— i II II— oil \\ 2, i oil \\ 2. 

If + 2/11 + If — v\\ — 2|fII +^||y|| 

The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) 

is called a quadratic functional equation. In particular, every solution of the quadratic 
functional equation is said to be a quadratic mapping. A Hyers-Ulam stability problem 
for the quadratic functional equation was proved by Skof [5] for mappings / : X — > Y, 
where X is a normed space and Y is a Banach space. Cholewa [6] noticed that the 
theorem of Skof is still true if the relevant domain X is replace by an Abelian group. 
In [7], Czerwik proved the Hyers-Ulam stability of the quadratic functional equation. 
Borelli and Forti [8] generalized the stability result. The stability problems of several 
functional equations have been extensively investigated by a number of authors and there 
are many interesting results concerning this problem. A large list of references can be 
found in [9-17]. 

We recall some basic facts concerning Frechet space. 

Definition 1.1. [18] Let X be a vector space. A paranorm is a real-valued function on 
X satisfying the following: 

(1)I|0||=0; 
(2) ||z|| > 0; 

(4) ||x + y|| < ||a;|| + \\y\\ (triangle inequality) 

(5) If {£„} is a sequence of scalars with t n —¥ t and {x n } C X with \\x n — x\\ — > then 
\\t n x n — tx\\ — ¥ (continuity of multiplication). 

The pair (X, || • ||) is called a paranormed space if || • || is a paranorm on X. 
The paranorm is called total if, in addition, we have 

(6) ||x|| = implies x — 0. 
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In any case, we define a Frechet space is a total and complete paranormed space. 

In this paper, we prove the Hyers-Ulam stability of the additive functional equation 
(0.1) in Frechet spaces. 

Throughout this paper, assume that G is an iV-divisible abelian group, Y is a Frechet 
space, and that N is a fixed integer greater than 1. For a mapping / : X — > Y, we define 



Df(x,y,z):=f(x + y + z)-Nf 
for all x,y,z G X. 



x + y 

N 



-/(*) 



2. Hyers-Ulam stability of the functional equation (0.1) in Frcchet 

spaces 

Theorem 2.1. Let f : G — > Y be a mapping for which there exists a function <p 
G x G x G — > [0, oo) such that 



oo 



fc=0 



(2-1) 



and 



\\Df(x,y,z)\\<(l>(x,y,z) (2.2) 

for all x,y,z G G. Then there exists a unique additive mapping A : G — > Y such that 



\\f(x)-A(x)\\<Q(xA0) 

for all x G G. 

Proof. Letting x = y = z = 0in (2.2), we get 

IW(o)||< 0(0,0,0). 

So by the condition of 0, we have /(0) = 0. 



(2.3) 



Letting y = z = 0, we get 



f(x)-Nf 



for all x G G. It follows from (2.4) that 

jyif (—) -N m f(— 
J \ N i) J \ Nm 



<0(x,O,O) 



m— 1 
i=l 



X 



,0,0 



(2.4) 



(2.5) 



for all nonnegative integers m and I with m > I and all x G X. It follows from (2.1) 
and (2.5) that the sequence {N k f (-^)} is a Cauchy sequence for all x G X. Since F is 
complete, the sequence {N k f '(jpt)} converges. So we can define the mapping A : X — > Y 

by 
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for all x G G. 

Now we show that A is an additive mapping. 

\\A(x + y + z)- A{x) - A(y) - A(z) \ 



lim 

k— >oo 



*f {^r 1 ) ~ N "f {&) ~ N "f {&) ~ Nk f (£) 



< lim N k 

k— >oo 



./ 



N k 
x + y + z 



N k 



Nf 



x 



^ - f (*\ 



NN k J \N k J 



+ 



+ 



./ 



x + y 
N k 



Nf 



x 



' NN k ) 



NN k 
x + y 
N k 



f\ N k) 



Nf 



.r 



NN k 



) f \N k ) 



< lim N k <P (-^r, -^, -±A + lim N k <jy f-^, 0, A) 

- fc^oo Y \N k N k N k ) fc^oo 'VJV*' 'JV fe / 



0,o) + ltaiV^(-^,0,o)=0 



for all x,y,z G G. So 



A(s + y + z) = A(x) + A(y) + A(z) 



for all x,y,z G C Moreover, letting I = and passing the limit m — > oo in (2.5), we get 
(2.3). 

Now, let T : G — > Y be another additive mapping satisfying (2.3). Then we have 



A \w)~ T \w) 



\\A(x)-T(x)\\ < N k 



< 2iV'*(^,0,0), 

which tends to zero as k — > oo for all x E G. So we can conclude that A(x) = T(x) for 
all a; G X. This proves the uniqueness of A, as desired. □ 

Corollary 2.2. Let p and 6 be positive real numbers with p > 1 and G a normed vector 
space. Let f : G -^-Y be a mapping satisfying 

\\Df(x,y,z)\\< W + \\y\\ p +\\z\n 

for all x,y,z G G. Then there exists a unique additive mapping A : G — > Y such that 



\\f(x)-A(x)\\< 



N p 9 

Np-N^ 



x 



for all x G G. 
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ON THE TWISTED g -EULER NUMBERS AND POLYNOMIALS 

WITH WEIGHT 

SEOG-HOON RIM, JOOHEE JEONG, JOUNG-HEE JIN 



Abstract. The purpose of this paper is to investigate some properties of 
twisted (jr-Eulcr numbers and polynomials with weight 0. From those twisted 
q-Euler numbers with weight 0, we derive some identities on the twisted g-Eulcr 
numbers and polynomials with weight 0. 



1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p , Q p and C p will 
denote the ring of p-adic rational integers, the field of p-adic rational numbers and 
the completion of the algebraic closure of Q p . The p-adic absolutely value is defined 
by \x\ p = p~ r for x = p r s/t where s, t are integers with (s, t) = (p, s) = (p, t) = 1, 
r £ Q. In this paper, we assume that a £ Q and q € C p with |1 — q\ p < 1. The 



1-9 
For neN, let T p be the p-adic locally constant space defined by 



q-numbcrs of x is defined by [x] q = ^ (see [1-13]). Note that linig_j.i[x] g = x. 



(1) T p = U n>1 C p n = lim G> = C, 






where C p n = {w G C p | w p — 1 for some n > 0} is the cyclic group of order p™, 
(see [1,11-13]). 

Let C(Z p ) be the space of continuous functions on Z p . For / <G C(Z p ), the p-adic 
fermionic g-integral on Z p is defined by Kim (see [2-10]) as follows: 



„w 



l 



(2) I- q (f) = I f(x)dfi- g (x) = lim r -^ V f{x){-qY 



N] Z^ 

x=0 



N^oo [p- j_ g — 



For neN, let f n (x) = f(x + n). From (2), we see that 

ra-l 

(3) q n I- q (f n ) + (-l)™" 1 /-^/) = [2], ^(-l)"- 1 -'./ (l)q l , (sec [4,6]). 

1=0 

As is well known, the Eulcr polynomials are defined by 

(4) -^--e xt = e E ^ = J2E n (xy- r 
e l + 1 •'— ' n! 

n— 

with the usual convention about replacing E n (x) by E n (x), symbolically (see [2,4,6,8- 
10,12,13]). In the special case x = 0, E n (0) = E n are called the n-th Euler numbers. 
Recently, the g-Euler numbers with weight a are defined by 

(5) E<$ = f [x]%,dn- q (x), (see [6,9,10]). 
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From (5), we note that 

(6) E$ = 1, and q(q a E^ + 1)" + B^ = if n > 0, 

with the usual convention about replacing (Eg ) n by En, q (see [6,9,10]). 

We make the notation of the twisted g-Eulcr numbers with weight as En,w,q — 
E n .w.q- In this paper we investigate some interesting identities on the twisted q- 
Euler numbers with weight 0. 

2. On the twisted <j-Euler numbers with weight 

Let u(y^ 1) G C p be algebraic. Then the n-th Frobcnius-Euler numbers H n (u) 
and the n-th Frobcnius-Euler polynomials H n (u,x) are defined as, respectively, 

(7) ^^ = E^( U H< and -F^^* = Y, H n{u t x)- y (sec [1,6,13]). 
e z — u z — ' n! e 1 — u * — ' n! 

n=0 n=0 

From (7), for io G T p we can define the n-th twisted Frobenius-Eulcr numbers 
H n .w{u) and polynomials H ntW (u,x), respectively, as follows: 



1 — U , l n 1 — M ^ f™ 

(8) — =Vfl„>)l. and — , e If = Vlf M (ti,a:)-. 

we 1 — u z — ' n! we 1 — u *■ — ' n! 

n=0 n=0 

From (5), we define the twisted g-Euler numbers with weight a as follows: 

(9) & n % q = [ w x [x]^dn- q (x), iorweT p . 

Jz p 

By (9), we see that 

(1 o, £ «,"[*«„_„« = m„ = (T^L; t (;)(-')'rri« ■ 

From (10), we note that the twisted g-Euler numbers with weight are given by 

(11) / w*e*d»- q {x) = -^- = 1 7 { 7~\ = £ H n , w (-q- 1 )- 
Jz p qwe f + l we t -(-q : ) ^ n\ 

From (11), we get 

(12) E ntWiq = w x x n d/j,- q (x) = H niW (-q~ 1 ), fornGZ+, 

where H nw (—q) are called the n-th twisted Frobcnius-Euler numbers. 
Therefore, by (12) we obtain following theorem. 

Theorem 1. For n G Z + , and w G T p , we have 

^n,w.q *ln,w\ q )• 

We define the generating function of the twisted q-Eulcr numbers with weight 
as follows: 

00 + n 

n=0 
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Then, by (10) and (13) we get 

(14) F w , q (t) = [2] q J2(-^Y 



^ m w m Q m e mt — ® 



awe 1 + 1 

m— 



Now we define the twisted g-Eulcr polynomials with weight as follows: 

t n l + q 

n\ qwe 1 + 1 



"X. f n 1 J- n 

(15) J2Zn, w , q (x)-,=^±7e Xt - 

*—^< T).l mi>p. z 4- \ 



Thus, by (11) and (14) we get 

(16) / W y e^ t d^ q (y) = ^±— e ct = J2^, q (xy- r 
h v qwe* + 1 ^ H n\ 

From (16), we have 

CO J-7T 1 i — 1 ^"^ -/-TT- 

(17) Yl ^n,v,,M-, = 7 X -1 ^ = E ^n, W (-«- 1 ,x)^, 
n=0 * n=0 

where H ntW (—q, x) is the n-th twisted Frobenius-Euler polynomials and H n _ w {—q~ l ) 
is the n-th twisted Frobenius-Euler numbers. 

Therefore, by (17) we obtain following theorem. 

Theorem 2. For n G Z+, and w G T p , we have 

E n ,w,q{x)= / w y (x + y) n dn- q (y) = Hn^-q' 1 ,x). 

From (3) and Theorem 2, we note that 

ra-l 

(18) o"i? m ^(-^ 1 ,n)+ff m , t „(-g- 1 ) = [2] g ]T(-l)Vo'r\ 



!=() 



where n G N with n = 1 (mod 2). 

Therefore, by (18) we obtain following corollary. 

Corollary 3. For n G N with n = 1 (mod 2), m G Z + , and w G T p , we have 

n-l 

q n H m , w (-q- 1 ,n) + H m , w (-q- 1 ) = [2} q ]T(-l)Va'Z"\ 

;=o 

In particular, g = 1 and w = 1, we get E m (n)+E m = 2 X)™=o ("I)''" 1 , where £" m 
and E m (n) are called the m-th Eulcr numbers and polynomials which arc defined 

by 
(19) 

— T = y)^-r and T-e^V^W^, (see [2,4,6,8-10,12,13]). 
e l + 1 ^-^ m! e J + 1 *—' to! 

m— m— 

By (3), we easily see that 

(20) g / /(* + l)d/i_ g (.T) + / f(x)dn- q (x) = [2],/(0). 
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Thus, by (20) we get 

[2} q = q f w x+1 e^ +1 ^d^ q (x) + I w x e xt dn- q (x) 



z„ 



00 p r 4-n 

(21) = EW w x+1 (x + l) n dn_ q (x)+ w x x n d»- q {x)}- 

00 IB 

= Y^{qH n . w {-q-\ 1) + Hn.^i-q- 1 )}- 

Therefore, by (21) we obtain following theorem. 

Theorem 4. For n G Z + , and w G T, p , we have 

[ [2L, if n = 0, 
qH n , w (-q-\ 1) + H^i-q- 1 ) = { 

[0, if n > 0. 

In particular, q = 1 and w = 1, we have 

f 2, if n = 0, 
E„(l)+.E n = { 

[0, if n>0, 

where E n are the n-th Eulcr numbers (see [4,6,10]). 
From (12) and Theorem 2, we note that 

E n ,w,q{x) = / w y {x + y) n d^ q {y)=^( n ) w y y l d^ q {y)x 



(22) 



z=o ^ 



where the usual convention about replacing (E q ) 1 by Ei q . 
By Theorem 2 and Theorem 4, we get 

f [2]„ if n = 0, 

(23) <?W-B„ jt0i(? (l) + £„ )W ,g = < 

[ if n > 0, 

From (22) and (23), we have 

f [2]„ if n = 0, 

(24) ««>(£«,,, + 1)" + £„,«,,, = { 

[ if n > 0, 

For n e N, by (22) and (24) we have 

q 2 W 2 E n , w , q {2) = q 2 w 2 {E w . q + 1 + 1)" 

= V 2 ™ 2 J2 (l) (^.« + X )' + 9™([ 2 ] 9 ~ Bow) 

(25) i=0 

= qw[2] q - qw ^ f j Sj itU) , = qw[2] g - qw(E w ^ q + 1)" 

= qw[2] g + E n>Wt g - [2] q 6 ,n- 
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Therefore, by (25) we obtain following theorem. 
Theorem 5. For neN, and w £ T p , we have 

q 2 w 2 E rhWtQ (2) = qw[2] q + E n>Wiq . 
For n £ Z + , and w £ T p , we have 

E n ,w-\ g -i(l ~ x) = / w- y (l-x + y) n dfi_ q -i(y) 
(26) 



= (-l) n w / w y {x + y) n dn- q (y) = {-l) n wE m {x). 

Therefore, by (26) we obtain following theorem. 

Theorem 6. For n £ Z + , and w £ T p; we have 

E ntW -i tq -i (1 - x) = (-l) n wE n , w . q (x). 

From (22), we have 

(27) 

" «;*(! - s) n dju_,(a>) = (-1)" / w x {x-l) n d l x_ q {x) = {-l) n E m {-l). 



By Theorem 6 and (27), we get 

(28) 
i w x (l-x) n d^ q (x) = (-l) n E n . WA (-l) = q+l + q 2 wE n , w -i. q -i if n > 0. 

Therefore, by (28) we obtain following theorem. 
Theorem 7. For n £ N, and w E T p , we have 

w x (l — x) n dfi- q (x) = q + 1 + q 2 wE n w -i q -i . 



For / £ C(Zp), p-adic analogue of Bernstein operator of order n for / is given by 
(29) B„, g (/|x) = ^ /(')Bm(^) =E/HLK(^ *)""*' 



n z — ' n \k, 

k=o k=o v 7 

where n, k £ Z+ (sec [2,5,8-10]). 

For n, k £ Z+, the p-adic Bernstein polynomials of degree n is defined by 

(30) B k . n {x)= (j)x k (l-x) n - k , xeZ p (see[2,5,8-10]). 
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Let us take the fermionic p-adic g-integral on Z p for one Bernstein polynomials in 
(30) as follows: 



w x B ktn (x)dn_ g {x) =(',") / w x x k (l - x) n k d^ q {x) 

n—k 



(3D =: e 7 (-!)'/ ^ k+i d,- q { X ) 



k ^ \ i 

1=0 



By simple calculation, we easily get 

(32) 

W x B kin (x)d/j,- q (x) = / w x B n - k , n (l - x)dfi- q (x) 



= (t)±®^L 



w x (l-x) n - l dfj,- q {x) 

k 

-i „-i 



^ I Hf +, (ii,iM-,, 5 ..„ 

' l=0 ^ ' 

fc)E(;)(- l )' £+ V^n-^-, g - l + [2] 9 Q(-l) fe ^ fe if n>k. 
Therefore, by (31) and (32) we obtain the following theorem. 

Theorem 8. For n, k € Z + wit/i n > k > 0, and w € T p; we /iai>e 

E ( n 7 fc ) (- 1 )' W„ = E (J) (-i) fc+ v^„-« lU ,-i,,-i • 



In particular, fc = 0, we get 

^ (jj (-l)'S Iil0 , g = q 2 wE n _ ltW - ltq -i + [2],. 
By Theorem 1 and Theorem 8, we get 

E ( n 7 ^(-iJ'JW,*-*- 1 ) = E (^(-i^V^-^- (-<?), 

where n, k G Z + with n > fc > 0. 
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Convergence On Quasi-continuous Domain^ 

Lijun Zhou Qingguo Li T 

College of Mathematics and Econometrics, Hunan University 
Changsha, 410082, China 



Abstract 

In this paper the S* -convergence and quasi-liminf convergence of a net on quasi- 
continuous domain is introduced. The concept of 5* -convergence and quasi-liminf 
convergence generalize the S-convergence and and the liminf convergence on domain, 
respectively. The main result is that for a dcpo L the S'*-convergence is topological if 
and only if L is quasi-continuous and the topology generated by it coincides with the 
Scott topology. And under an assumption, the quasi-liminf convergence is topological 
if and only if L is quasi-continuous and the topology generated by it coincides with 
the Lawson topology. 

Keywords: S^-convergence; quasi-liminf convergence; net; quasi-continuous domain 

1 Introduction 

For complete lattice, the liminf convergence was introduced by Scott to characterize 
continuous lattices. He proved that the liminf convergence for nets is topological if and only 
if the lattice is a continuous lattice. In [1], the S-convergence and the liminf convergence in 
dcpo has been introduced to characterize the continuous dcpo (domain) and its associate 
Scott topology and Lawson topology. They also showed that a dcpo is a domain if and 
only if S-convergence for nets is topological in [1]. In [3], B. Zhao and D.S.Zhao generalized 
it to the continuous poset. 

The definition of quasi-continuous domain was obtained in [1] , which is a generalization 
of domain. It is a substantial portion of domain theory which remain valid, e.g., the 
interpolation property. But they didn't verify whether there are some convergence class 
to characterize the quasi-continuous. 

To resolve this problem, in this paper we will introduce the concepts of S^-convetgence 
and quasi-liminf convergence of nets and use them to characterize the quasi-continuous 
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domain. We will show that: 

(1)A dcpo is a quasi-continuous domain if and only if S^-convergence for nets is topological 

and the topology generated by it coincides with the Scott topology. 

(2)Under an assumption, a dcpo is a quasi-continuous domain if and only if quasi-liminf 

convergence for nets is topological and the topology generated by it coincides with the 

Lawson topology. 

2 Preliminaries 

We recall some definitions and properties at first. 

Definition 2.1 In a dcpo L, we say that x is way-below y, written x<|/ whenever D is 
directed with y < sup D then x < d for some d G D. 

Definition 2.2 Order the collection of nonempty subsets of a dcpo L by G < H if\ H Cf 
G. We say that a family of sets is directed if given F±, F 2 in the family, there exists F in 
the family such that F 1 ,F 2 < F, i.e, F Cf Fi f| t F 2 . 

G is way below H , written as G ^ H if for every directed set D C L, supD Gf H 
implies d Gf G for some d G D. We write G<i for G <C {x}. 

Definition 2.3 A dcpo L is called a quasi- continuous domain if for each x G L the family 

fin(x) = {F : F is finite, FCi} 

is a directed family and x = H.Fe/m(x) t F '■ 

Definition 2.4 Let L be a dcpo, y G L and (xj)j 6 j a net on L. we say that y is an eventual 
lower bound of {xi) ie j iff there is a k G / such that y < Xi for alii > k. The set of eventual 
lower bound of a net (xi)i^i is denoted by Mi. 

Definition 2.5 Let (xi)i^i be a net in dcpo L and ACL, (xi)i e i is said eventually in A 
iff' there is an element i E I such that for all j > i Xj G A; (xi)i^i is said frequently in A 
iff' for each i £ I there is j > i such that Xj G A. 

Definition 2.6 Let L be a dcpo, z G L and (xi) ie i be a net on L. z is called a cofinal 
lower bound for {xA i&I iff for all j & I there is a i > j such that xi> z. 

Definition 2.7 Let L be a dcpo, x G L and (xj)igj be a net in L, {xj) i&1 is said S- 
convergence to x iff there is a directed set D C Mi such that x < supD. It is denoted by 
S — \imxi = x. 
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Remark: 

(1). If y < x and x E M h then y G Mj. 

(2). Eventual lower bounds of a net are also eventual lower bounds of its subnets. 

(3). [8] A net is frequent in a set A iff the net is not eventually in the complement of A. 

(4). We denote: ,y = {((xi) i£l ,x) : S — limxj = x}. 

(5).G < H iff G < x for all x G iJ. 

Let Jz? be the class consisting of all the pairs ((xi)i e i, x) of a net (ajj)j e / and an element 
x with (xj)j 6 / covergence to x in a dcpo L. We know that Jz? is topological if and only if 
it satisfies the following four conditions: 

(Constants) If (xi) i( zi is a constant net, for all i G I,Xi = x,then ((xi) ie i,x) G Jzf. 
(Subnets) If ((x;) iG /,:r) G Jz? and (yj)jej is a subnet of (xj)^/, then ((yj)j(zj,x) G Jzf. 
(Divergence) If ((xi)i(zj,x) ^ ^f, then there exists a subnet (yj)j & j, which has no subnet 
{zkjkaK so that ((z k ) keK ,x) belongs to £?. 

(Iterated limits) If ((xi)i,zj,x) G =Sf, and if ((x it j)j,zj^,Xi) G Jz? for all i G /, then 
(K/Blwje/xM^) e JSf, whereM = [] J(i). 

Lemma 2.1 (Rudin's Lemma) Let & be a directed family of nonempty finite subsets 
of a dcpo L. Then there exists a directed set D C |J FeJr _F such that D fl F ^ for all 

Corollary 2.1 [1] Lei & be a directed family of nonempty finite subsets of a dcpo L. If 
G < # and f| Fs ^ ^ F C\ H, then F C| G /or some Fe^. 

The following lemma describes the interpolation property for quasi-continuous domains. 

Lemma 2.2 Let L be a quasi- continuous domain, if H <i, then there exists a finite set 
F such that H < F < x. 

The Scott topology in quasi-continuous domain is characterized as similar as in domain 

Lemma 2.3 [1] The sets \ F = {i : F < i} are Scott open and form a basis for the Scott 
topology. 

Lemma 2.4 [8] If a net is eventually in a set then all subnets is also eventually in the set. 

3 S* — lim convergence of nets on dcpo 

In a dcpo L, a net (x*)*gj is said to S-convergence to x iff there is a directed set D G L and 
D C Mi such that x < supD. The continuity of dcpo is characterized by the topological 
of S-convergence. To characterize the quasi-continuity of dcpo we should define the S- 
convergence in a different way. 
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Definition 3.1 Let L be a dcpo, x G L and (xj)iej a net on L. 

(xi)i(zj is said S*- convergence to x iff' there is a directed family & = {F : F is finite} 
such that for all F G & , xi Gf F eventually and HfsJ^ t F Qt x - Li is denoted by 
x = S* — limxj. 

Let y* = {(xi) ie i, x) : S* — limxj = x} 

Lemma 3.1 Let L be a quasi- continuous domain, G C L is finite, then G <C x if and only 
if for all net (xi)i^i with S* — limxi = x, we have Xi Gf G eventually. 

Proof: Let G C L is finite and G Ci, then there is a directed family of finite sets & 
with f] F£ ^ t F Ct x, by Corollary 2.1 there is F G & such that F C| G. Otherwise, 
Xi Gf F eventually, then Xi Gt G eventually. 

Conversely, for all directed set D with x < supF,the net (xd)deD with Xd = d lim s 
convergence to x. By assumption, Xi Gf G eventually, then there is Xd such that Xd Gf G. 
Thus G < x.D 

Lemma 3.2 Let L be a quasi- continuous domain, (xi)i £ j is a net on L and x G L,then 
S* — limxj = x if and only if for all finite set G <C x , Xi Gt G eventually. 

Proof :Because S* — limxi = x, there exists a directed family & made up of finite sets 
such that f) Fe 0? t F Qf x and for all F G & Xi Gf F eventually, similar as the proof of 
Lemma 3.1 Xi Gf G eventually. 

Conversely, fin(x) is a directed family and PIgs/wiCx) t G = t x - By assumption xi G| G 
eventually, then S* — limxj = x. D 

Theorem 3.1 Lei L be a quasi- continuous domain, then y* is topological. 

Proof: (1). The axiom Constants and Subnets are clearly satisfied. 

(2). (Divergence) Suppose that ((xi) iG j,x) is not in y*. Since fin(x) is a directed 
family made up of finite sets with C\Fefm(x) t F =t x. there exists a F G fin(x) such 
that there is no i G /, for all j G /, j > i with Xj Gf F, the net (xj)jg/ is not eventually 
in t F. By Remark (4) (xj) ie / occurs frequently in Lj t F. Let J be the subset of / 
consisting of all j E I such that Xj G Lj t F. Then J is co-final in / and {xj)jeJ is a 
subnet of (xj)j 6 /. By Lemma 3.1, it follows that there is no subnet (zk)keK of { x j)jeJ such 
that ((-2fc)fee-ftr? :r ) £ ^*- Hence the axiom Divergence is satisfied. 

(3). (Iterated limits) Suppose ((xi)i^i,x) G y* and ((xjj)j e j(j),Xj) G y*. We need 
to prove that ((xi, m (i))(i jm )eJxMj #) £ ^*, where M = flis/ ^(*)- ^ or eacn finite set F <C x 
there is a finite set G such that F <C G <C x. There exists k such that Xi Gf G for all 
i > k. From Remark (5), G Ct F, Thus F <C Xi for all i > k. Again as lim s Xjj = Xi, so 
for each i > k there exists n(i) G J(i) such that if j G J(«) and j > n(i) then xy Gf F. 
Define /i G M such that /i(i) = n(i) if i > k. Now if (i,m) £ I x M and (i,m) > (k,h), 
then x i)m(i ) G| F, i.e,x i)mW Gt F eventually. By Lemma 3.2 ((x iMi) ) {itm)eIxM ,x) G y*. 
The proof is complete. □ 
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Theorem 3.2 Let L be a dcpo, if the class 5"* satisfies the condition Iterated limits, 

then L is quasi- continuous. 

Proof: Let x G L and Ql = {(xij)jej(i) : i G /} be the family of all directed subsets 
of L whose supremum is above x. For each i <E I, let Xi = sup jeJ ^) x i; j. Then Xi > x. 
Moreover, since {x} G @, we have inf{xj : i G /} = x. Let the set I be equipped with 
the largest pseudo order on /, i.e, i < k holds for any two i,k G I. Then (xj)j e j is a net 
and it follows that X{ Gf x holds eventually. Because {{a;}} is a directed family made up 
of finite sets, then S* — limxj = x. For each (x i; j)j e j^ G @, define an order on J(i) by 
ji < H iff x i,ji < x i,j2- Then (xij)j e j^) is a net in L, which S* — limxjj = Xj. Since the 
axiom Iterated limits is satisfied, the net (xj ;m (i))(j )m ) e / X M is S** -converging to x, where 
M = Yl ieI J(i)- By the definition of S^-convergence, there is directed family & made up of 
finite sets such that for all F G J^, Xi Gt F eventually and f] Fe ^ f F ^t x - We now show 
that & C fin(x). Let F G J^. For any directed set D with supF Gt x. D = (x n ,j)j£j{n) 
for some n G F There exists (2^, g^) such that (i, (?) > (ip, #^) implies x i>g ^ Gf F. By the 
biggest pseudo order of /, there is n > if, hence, x n ^ F ( n ) Gf F. Note that x„ i9F ( n ) G D, 
thus F < x. Hence, ^ C /m(x) and flFe/mfx) t -F Cj fVe,^ t -^ ^t x. Otherwise for 
all F G fin(x), f x Cf F, then |iC n fs / mW t F <0\ x, i.e, fVe/inj;*) t F =t x. 
To prove that L is quasi-continuous we also to verify that fin(x) is a directed family. 
Let Gi,G 2 G fin(x). By Corollary 2.1, there are F±,F 2 G J^" such that iq C| Gi and 
F 2 Ct G 2 , but for Fi, F 2 there is F 3 Cf F x f| t F 2 C| d f| t G 2 , then /m(x) is a directed 
family. Hence, L is quasi-continuous. □ 

Theorem 3.1 and 3.2 deduces the following theorem. 

Theorem 3.3 For any dcpo L, the S* -convergence is topological if and only if L is a 
quasi- continuous domain. 

The convergence class 5^* can deduce a topology as follow: 

Definition 3.2 Let L be a quasi- continuous domain, then 

0(5?*) = {U C P : whenever ((xi)i e i,x) G ,y* and x G U, then eventually Xi G U} 

is a topology. This topology is called the S* — lim topology and is written as £(L). 

Theorem 3.4 For any quasi- continuous domain L, £(L) = cr(L), where o~(L) is the Scott 
topology. 

Proof: We verify £(L) C a(L) at first. Let U G £(L), then for all D with x < supF, 
( x d)deD which x^ < Xd 2 iff d\ < d 2 and x^ = d is a net with S* — limx^ = sup Fa By the 
definition of U, eventually Xd G U i.e, D f] U ^ 0. Hence, £(L) C <j(L). 

Now we prove that er(L) C £(L). Let ((xi)i 6 j,x) G =5^*, because L is a quasi-continuous 
domain, then TF = {x : F C 1} with F finite forms a basis for cr(L)[l] . Thus we only 
need to verify that for all F, TF G £(F). Let x G TF, By Corollary 2.1 and Lemma 2.2, 
there exists a finite set G such that F <C G <C x and Xi Gt G eventually, By Remark (5) 
F < # for all g E G. then x, G fF eventually. Hence fF G £(L), i.e <r(L) C £(L). 

By the above discussion, we get the conclusion that £(L) = o"(L).D 
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4 Quasi-liminf convergence of nets on dcpo 

In this section we discuss the quasi-liminf convergence of nets on dcpo which generalize 
the liminf convergence of nets. We give the definition of quasi-liminf convergence at first. 

Definition 4.1 Let L be a dcpo, x G L and (xi)i € i be a net on L. 

(xi)i(zi is said quasi-liminf convergence to x iff 

(1). there is a directed family 3? = {F : F is finite} such that for all F G & , xi Gf F 

eventually and Hfgj? t F ^=\ x - 

(2). For all eventual lower bound y of (xi) iGl , y < x. 

It is denoted by lima;, = x. 

The following lemma gives an equivalence condition for quasi-liminf convergence. 

Lemma 4.1 Let L be a dcpo, x G L and {x,j) i£ i be a net on L. Then the following 
statements are equivalent: 

(1) x = limy fe for all subnet y k = x f{k ) of (xi) ieI ; 

(2) x = limxi and x > z if z is a cofinal lower bound for (xi) i( zj. 

Proof:(l) implies (2): The first assertion follows by considering the subnet consisting 
of the original net. For the second, let z be a cofinal lower bound. Consider the subnet of 
(x{) i(zi consisting of those indices and elements such that Xi > z. Then x is the quasi-liminf 
and z is an eventual lower bound of this subnet so z < x. 

(2) implies (1): Let (yj)j^j be a subnet of (xj)j £ / with yj = Xf^y Let z be an eventual 
lower bound for (yj)j<zj . Then there exists jo £ J such that z < yj for all j > jo- The 
se t {/(j) '■ j > jo} is cofinal in / by the definition of a subnet and z < x/q) = yj for each 
j > jo-Thus by hypothesis z < x. Therefore, I x contains all eventual lower bounds of 

Let & be the directed family consisting of finite sets such that for all F G J^, Xi Gf F 
eventually and f] Fe ^ t F ^=\ x - By Lemma 2.3 the subnet (l/jOjej of {xi) i( zi is also 
eventually in f F. Therefore, x = limyj for any subnet (yj)j£j of (xi) ie j. D 



Corollary 4.1 Let P be a poset,(xi)i,zi a net on P, (yj)j^j is a subnet of (xi)i e j,th 



en 



Mi C Mj. 



Proof: It is similar to the proof of Lemma 4.1. □ 

We denote: 
'^i = {(( x i)iei, x ) : liniXi = x} 
^2 = {(( x i)i&i, x ) '■ lirn?/j = x for all subnet (yj) je j for (xi) ieI } 

It is easy to verify that ^ C y* C y*. 

Now we give main results of this section. 

Theorem 4.1 Let L be a quasi- continuous domain, then y^ ^ s topological. 
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Proof: Assume (xi) ieI , (xi,j)jej(i) and (xj,/(j))(j,/) 6 j x m, where M = Yl ieI J(i) be nets in L 
and x G L. 

(l).The Axioms Constant and Subnet are obviously satisfied. 

(2). Divergence: We prove that ,5f{ satisfies the axiom Divergence at first. 

If ((xi) ie i,x) <£ y^, then there are two cases: 

One is that there is no & be the directed family consisting of finite sets such that for 
all F G JP, Xi et F eventually and f] Fe ^ t F Qt x - Tnen (( x i)iei, x ) $■ ^* ■ By Theorem 
3.1, there is a subnet (yj)jej such that for all subnet (zk)keK of it, ((zk)keK,x) <£ y*. 
Hence, ((z k )keK, x ) ^ yf. Thus y* satisfy Divergence. 

The other is that there is an eventual lower bound y of ((xj)j e / such that y ^ x, then 
for all subnet (yj)jeJ of ((xi) ieI , y is its eventual lower bound by Corollary 4.1. Hence, for 
all subnet (zk)keK of (yj)jej, y is also an eventual lower bound of it. But y ^ x then there 
is a subnet (yj)jej of ((xj)j S / such that for all subnet (zk)keK of it, ((zk)keK,x) <£ y*. 
Thus y{ satisfies the axiom Divergence. 

Now we verify that y^ satisfies Divergence. If ((xi)i £ j,x) ^ y£, then there is a 
subnet (yj)jej of ((£j)isj such that ((yj)j e j,x) <£ y*. Because ^* satisfies the axiom 
Divergence, there is a subnet (z/JfceK of (yj)jeJ such that for all subnet (iVh)heH of it, 
we have ((wh)heH,x) ^ ^*. Hence, ((lU/Ofceffj^) ^ ^ 2 *. But (zk)keK is also a subnet of 
((xi)i 6 j. Therefore, for all net ((xi)i e i with ((xi)i e i,x) <£ y^there is a subnet (zk)k&K such 
that for all subnet (iVhjheH of which, we have ((wh)h<=H, x ) £ y£- Thus ,5^ 2 * satisfies the 
axiom Divergence. 

(3). Iterated limits: Similar to the proof of Divergence, we prove that y* satisfies 
the axiom Iterated limits at first. Assume ((xi)i e i,x) G y* and ((£ij)jej(i),£i) G ^i*- 
Let to be an eventual lower bound of (xi,/(i))(i,/)ej X M, where M = fLs/ ^(0- Then there is 
(io, h) G / x M such that for all (i, f) > (i , h) ,m < £»,/(*)■ For each i > i ,let ji = h(i) 
then for all j > ji, there is / > h such that f(i) = j ,thus x it j = £«,/(?) > to. Hence, to is 
an eventual lower bound of (xij)jej(i) for each % > io- Thus for all i > io ,m < £j, that is 
to is an eventual lower bound for (xj)j e j, therefore, m < x. 

Now we only need to prove that there is a directed family J^" consisting of finite sets 
such that for all F G & , £j,/(i) Gf F eventually and Hfg^ t F ^=\ x - But by Theorem 
3.1, y* is topological and ((xi) is i,x) G J^* C y* and ((xjj) ieJ (j),Xj) G J^* C y*, then 
there is a directed family J£" consisting of finite sets such that for all F G ,^ , x,i Gf -F 1 
eventually and [\ Fe ^ t -^ ^t #■ Hence, =5^* satisfies the axiom Iterated limits. 

Now we prove that y% satisfies the axiom Iterated limits. Let (ykjkeK be a subnet 
of (xij(i)) (ij)eixM '■ m is an eventual lower bound of (yfc)fc 6 K-,Then there is a /c G -K" such 
that for all k > /c , to < y^. The set £/ = {w(/c) = (i, f) : k > k ,u : K ^- I x M} is 
cofinal in / x M by the definition of a subnet and to < x u ^) — yk for each k > k . 

If to ^ x, by Lemma 4.1 to is not a cofinal lower bound of (xj)iej. Thus there is a 
io & I such that for alii > io , to ^ Xj, hence, for each i > io there is jj G J(z) such that 
for all j > ji,m ^ Xjj. 

Let h(i) = ji for each i > i then for all (i, f) > (io, h), there is to ^ Xjj^.But C/ is 
cofinal in J x M, then there is m(/c) G C/ such that u(/c) = (i, f) > (io, /i),and to < Xiju\, it 
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is a contradiction. Hence, m < x and by Lemma 2.4 there is a directed family & consisting 
of finite sets such that for all F G J^, ^ G| F eventually and f] Fe ^ t F ^t x - 

Thus ^2* satisfies the axiom Iterated limits. 

So ,5^2 is topological. D 

Theorem 4.2 Lei L be a dcpo. If 5^ 2 satisfies the axiom Iterated limits and for all 
directed set D in L and x G L with x < sup-D, there is a directed set D* CJ. .D swc/j t/iat 
x = sup-D* ; then L is a quasi- continuous domain. 

Proof:Similar to the proof of Theorem 3.2, let x G L and S> = {(xi,j)jej(i) '■ i G 1} be the 
family of all directed subsets of L whose supremum is equivalent to x. For each % G /, let 
Xj = sup j6 j/^ Xij. Then Xj > x. Moreover, since {x} G ^, we have inf{xj : i G /} = x. 
Let the set / be equipped with the largest pseudo order on /, i.e, i < k holds for any 
two i,k G I. Then (xj)j g / is a net and it follows that Xi Gt x holds eventually. Because 
{{a;}} is a directed family made up of finite sets and for all eventual lower bound y of 
( x i)iei, U < x(by the definition of the largest pseudo order) then limxj = x and Xj = x, 
then ((xi)i e i,x) G ,y 2 *. For each (xjj)j 6 j(j) G ^, define an order on J{%) by jx < j 2 
iff Xjjj < Xjj 2 . Then (xjj)jej(i) is a net in L, which limxjj = Xj. Since the axiom 
Iterated limits is satisfied, the net (xi, m (i))(j, m )ei"xM is quasi-liminf converging to x, where 
M = Yliei ^W- By the definition of quasi-liminf convergence, there is directed family & 
made up of finite sets such that for all F G & , Xi Gf F eventually and f] Fe ^ t F ^t x - We 
now show that & C fin(x). Let F G J^. For any directed set -D with sup D Gf x, there is 
a .D* CJ, D such that x = supD*, D* = (x n ,j)jeJ(n) for some n G F There exists (ip,gF) 
such that (i,g) > (if^f) implies Xi lS (i) Gt F. By the biggest pseudo order of /, there is 
n > if, hence, x„ i3F ( n ) Gf F. Note that x„ i9F („) G -D*, then there is a d G F such that 
d G| F, thus F < x. Hence, ^ C /m(x) and flFe/mfx) t F Q Hfsj? t F C^ x. Otherwise 
for all F G fin(x), t x Cf F, then fxC fVe/in(x) t^Cfi, i.e, fV 6 /m(x) t F =t x. 
To prove that L is quasi-continuous we also to verify that fin(x) is a directed family. 
Let Gi,G 2 G fin(x). By Corollary 2.1, there are Fl,F 2 G J^" such that F\ C/[ G\ and 
F 2 Ct G 2 , but for Fi, F 2 there is F 3 C| F 1 f| t F 2 C| Gi f| t G 2 , then /in(x) is a directed 
family. Hence, L is quasi-continuous. □ 

Two theorems above deduces the following theorem. 

Theorem 4.3 For any dcpo L, If for all directed set D in L and x G L with x < supF, 
there is a directed set D* <Z\, D such that x = supF* 7 then the quasi-liminf convergence is 
topological if and only if L is a quasi- continuous domain. 

Now we discuss the relation between the quasi-liminf convergence and the Lawson topology 
X(L). we define a topology by quasi-liminf convergence which is similar to the definition 
of the topology of S* -convergence. 

Definition 4.2 Let L be a quasi- continuous domain, then 

J2(J?2*) = {U Q P '■ whenever ((xj) ie /,x) G .5^ 2 and x G U, then eventually X{ G U} 

is a topology. This topology is called the quasi-liminf topology and is written as S(L). 
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Theorem 4.4 For any quasi- continuous domain L, X{L) = 8(L), where X{L) is the Law- 
son topology. 

Proof :To prove X(L) C 8{L) ,we need only to verify that the Scott open set U and L\ t y 
are elements of S(L). Let {{xi) ie i,x) G y 2 *. We prove that a {Li) C 5(L) at first. Because 
L is a quasi-continuous domain, then \F = {i : F « 1} with F finite forms a basis 
for er(L)[l]. Thus we only need to verify that for all F, \F G 5 {Li). Let x G TF, By 
Corollary 2.1 and Lemma 2.2, then there exists a finite set G such that F ^ G ^ x and 
Xj Gf G eventually, By Remark (5) F C 5 for all g <E G. then Xj G TF eventually. Hence 
TF G 5(L), i.e., the Scott open set is an element of 8{L). 

Let y G L, now we show that L\ f y is an element of 5(L). If x G L\ t y then x ^f y. 
Suppose for all % G / there is j > % such that Xj Gf y i-e y < Xj then y is a cofinal lower 
bound for {xi)i e i, thus y < x, hence, y E L\ J [ y. But L\ f y is a downset, which is a 
contradiction! So there is a ? such that for each % > i , Xj G L\ J [ y. Hence, L\ J [ y G <5(L). 
Then A(L) C <J(L). 

Now we show that 8 {Li) C A(L). Suppose that Suppose that (xj)igj is a net converging 
to x in Lawson topology. If y ~£_ x then L\ "\ y is a Lawson open set containing x. And 
there is a j G / such that Xj ^ y for all i > j. Thus y is not a cofinal lower bound of 
{xi) ieI . Hence, y < x for every cofinal lower bound y of {x^^j. For a finite set F with 
F <i, then TF e c(L) C A(L) and x G TF. So fin{x) is a directed family such that 
for all F G fin{x) Xi Gt -F eventually. For any eventual lower bound z of (xj) ie /. Xj ef z 
eventually i.e., {x^^j is frequent in it. If z ^ x, then a; G L\ t 2 by Remark 4 (xj)j 6 j is 
not eventually in L\ f 2, which is a contradiction. So 2; < x. Thus x = limxj. Hence, 
{{xi)i£i,x) satisfies the second conditions of Lemma 4.1. Therefore, {{xi)i e i,x) G ,y 2 *- 

For a closed set C in {L, 8{L)), if a net (x*)* e j C C converges to x, then x G C, hence, 
all (xj)j 6 / C C converges to x on Lawson topology which implies x E C, that is C is 
Lawson closed. Then 8{L) C A(L). So 5(L) = A(L). D 
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On the logarithms of circulant matrices * 

Chengbo Lu 

Department of Mathematics, Lishui University, Lishui 323000, P.R.China 

Abstract: In this paper, we first investigate the structures of the logarithms of 
circulant matrices, quasi-skew circulant matrices and Hcrmitian circulant matrices. 
Then give the classifications of their logarithms. In the end, we develop several 
algorithms for computing the logarithms. We show that our algorithms are more 
efficient than the standard inverse scaling and squaring method which is based on 
the Schur decomposition. 
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1. Introduction 

Circulant matrices is a kind of important structured matrices which arise in 
many areas of physics, electromagnetics, signal processing, molecular vibration and 
applied mathematics ([1-3]). For recent years the properties and applications of 
them have been extensively investigated ([4-7]). 

Logarithms of matrices arise in various contexts. For example [8-12], for a 
physical system governed by a linear differential equation of the form 

dy v 

where X is an unknown matrix. From observations of the state vector y(t). If 
y(0) = yo then y{t) = e xt yo, where the exponential of a matrix is defined by 



fe=0 



By observing y at t = 1 for initial states consisting of the columns of the identity 
matrix, we obtain the matrix A = e x . Under certain conditions on A and X, we 
can then solve for X as X = log(A). This raises the question of how to compute a 
logarithm of a matrix. 

The standard inverse scaling and squaring method was proposed by Kenney 
and Laub [8] for use with a Schur decomposition. It was further developed by 
Cheng, Higham, Kenney, and Laub [9] in a transformation-free form that takes as 
a parameter the desired accuracy. The rich variety of methods for computing the 
logarithms of matrices, with their widely differing numerical stability properties, 
is an interesting subject of study. For these reasons, many authors became inter- 
ested in the matrix logarithms [13- 16]. Although the theory of matrix logarithms 
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is rather complicated, simplifications occur for certain classes of matrices. Con- 
sider, for example, symmetric positive definite matrices [17], symplcctic matrices 
and orthogonal matrices [18-19], etc. 

This paper is organized as follows. In next section, we review some basic prop- 
erties of circulant matrices, quasi-skew circulant matrices and Hcrmitian circulant 
matrices. In Section 3 we investigate the structures of the matrix logarithms, then 
give the classifications of them and develop some algorithms for computing the 
logarithms in Section 4. We end up with some conclusions and future work. 

2. Preliminaries 

Throughout this paper we denote the set of all n x n complex matrices by C nx " 
and the set of all real matrices by M™ xn . 

Let a = (oi, a,2, ■ ■ ■ , a n ) T £ C". In a circulant matrix 

/ oi a 2 • • • a„ \ 
a n ai • • • a n _i 
Cir(a) := 

\ a 2 a 3 • • • oi / 

Obviously, each row other than the first one, is obtained from the preceding 
row by shifting the elements cyclically to the right. Another equivalent definition 
of a circulant matrix is as follows: A G c nx ™ j s a circulant matrix if and only if 
A = G- l AG, where G = Cir{[0, 1,0, ■ ■ ■ , 0]). 

Let n be an even number, A G c nx ™ j g a quasi-skew circulant matrix if A = 
—G~ l AG and a Hermitian circulant matrix if A = G~ l AG, where A denotes the 
clcmcntwise conjugate of the matrix A. 

Lemma 1. [1] A circulant complex matrix A = Cir([oi,02, • • • , o n ]) is diago- 
nalized by F 

A = F*AF, (2.1) 

where A = diag(\\, A2, ■ ■ ■ , A n ) is the diagonal matrix of the eigenvalues of A 



fc=i 



(j_i)(fe-i) 



uj = exp(2m/n) 



(2.2) 



and F is the Fourier matrix of order n with 



1 

, ,2 



1 



1 W^- 1 ' LO 2 ^- 1 ) 



w (n-l) 
,(n-l)(n-l) 



(2.3) 



It is worth to note that the columns of F* constitute a universal set of eigenvec- 
tors for all circulant matrices, which means that all circulant matrices of the same 
order have the same set of eigenvectors. Relation (2.2) actually represents the dis- 
crete Fourier transform (DFT) of the set {at} onto {Xk}- The inverse discrete 
Fourier transform 



1 " 

aj = - y^ x k {o 



*(j-l)(fc_l) 



(j = l,2,--- ,n) 



(2.4) 



fc=i 
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is used in Section 4 below for the determination of the computational complexity 
of the diagonalizations. 

Now consider the properties of quasi-skew circulant matrices and Hcrmitian 
circulant matrices which will be used in the following sections. For simplicity, we 
restrict our attention to the case of even n = 2m. 

Using an appropriate partition, the n x n quasi-skew circulant matrices can be 
expressed as follows 



and 



A 



A 



' B 


-C 1 


C 


-B 


' B 


C 1 


C 


B 



if n/2 is odd, 



if n/2 is even, 



(2.5) 
(2.6) 



where B and C are square matrices of order m = n/2. 
Define 



P = 



Ji 



where I m is a mth unit matrix. By applying (2.5)-(2.7) we obtain the following. 
Lemma 2. Let A be a quasi-skew circulant matrix. If n/2 is odd, then 

M 

x N 

if n/2 is even, then 

P T AP=( M N ^, (2.9) 

where M = B + C and N = B - C . 



P T AP 



(2.7) 



(2.8) 



For a Hcrmitian circulant matrix A, its partition can be expressed as follows: 
if n/2 is odd, 

JJ ( ' ' (2.10) 



(2.11) 



• ' C B 
and if n/2 is even, the matrix A is of the same form as (2.6). 
Define 

q _ \/2 ( Im Hm 

2 y i-ra ^77 

where i is the imaginary unit. 

By applying (2.6), (2.7), (2.10) and (2.11) we obtain the following. 

Lemma 3. Let A be an n x n Hermitian circulant matrix and Q be defined in 
(2.11). If n/2 is odd, then 

Q*AQ = R A (2.12) 

is an n x n real matrix, where 

Re{B + C) -Im(B + C) 
Im(B - C) Re(B - C) 

with Re(T) and Im(T) denoting the real and imaginary parts of the matrix T, 
respectively. If n/2 is even, then 

which is of the same form as (2.9). 



Ra 



(2.13) 
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We end up this section with a well known result regarding the logarithms of a 
nonsingular matrix and two definitions which will be used in the following sections. 

Lemma 4. [20] Let the nonsingular matrix A G C nx ™ have the Jordan canonical 
form Z~ 1 AZ = J = diag(Ji, J2, . . . , J p ), and let s < p be the number of distinct 
eigenvalues of A. Let 



L«=L«(A fe ) = 



//(A,) /'(Afe) ••• ^*M 
/(A fe ) '•• ': 



'•• /(A fe ) 

V /(Afe) y 



where f(x) — log(x). Then e x — A has a countable infinity of solutions that are 
primary functions of A, given by 

X 3 = Zdiag(L^\L { f\---,L^)Z-\ 

corresponding to all possible choices of integers j\, ■ ■ ■ ,j p , subject to the constraint 
that ji = jk whenever Xi = Afe. 

Lf s < p, A has nonprimary logarithms. They form parametrized families 

Xj{U) = ZUdiag(L[ J1 \L { 2 j2 \ ■ ■ ■ , L^U' 1 Z' 1 , 

where jk is an arbitrary integer, U is an arbitrary nonsingular matrix that commutes 
with J , and for each j there exist i and k, depending on j, such that Xi — Afe while 
ji + jk- 

Among the logarithms of a matrix, the principal logarithm is distinguished by 
its usefulness in theory and application. Denote by M _1 the closed negative axis. 

Definition 1. [14] (principal logarithm) Let A G c™ x ™ have no eigenvalues 
on K _1 . There is a unique logarithm X of A all of whose eigenvalues lie in the 
strip {z : —ir < Im(z) < 7r}. We refer to X as the principal logarithm of A and 
write X = log(A). 

Definition 2. [20] Let f be defined on the spectrum of A G C" x ™ and let ip 
be the minimal polynomial of A. Then f(A) := p(A), where P is a polynomial of 
degree less than X)i=i n i ~ degip that satisfies the interpolation conditions 

P {j) (Xi) = f {j \\i), j = o,i,---,m-i,i = i,2,---,a. 

There is a unique such p and it is known as the Hermite interpolating polynomial. 

This paper will deal with the function /(A) = log(X), which is clearly defined 
on the spectrum of a nonsingular matrix A. 

3. Matrix logarithms 

In this section we present some new results which characterize the logarithms 
of three kinds of circulant matrices in Section 2. 

3.1. Logarithms of circulant matrices 

For the special structure of the circulant matrices, one may ask whether they 
have logarithms which are also circulant or quasi-skew circulant. We have some 
answers to this question. 
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Theorem 1. Let A G c«x« ft e a circulant matrix. Then, A has a circulant 
logarithm if and only if A is nonsingular. 

Proof. By assumption, we have that A is circulant. Then, by Lemma 1, A has 
the form (2.1). 

==> Assume that A has a circulant logarithm, denoted by X . By Lemma 1 
again, we have 

X = F*AF (3.1) 

where F is defined by the relation (2.3) and A = diag(Xi, A2, • • • , A„) is the diagonal 
matrix of the eigenvalues of X. 

Note that e x = A implies that e Xj = Xj (j = 1, 2, • • • , n) hold simultaneously, 
that is, Xj is a logarithm of Xj. 

<=Ii each Xj has a logarithm Xj, then A = diag(Xi, A2, • • • , A„) is a logarithm 
of the matrix A = diag(Xi, A2, • • • , A n ). By Lemma 1, X = F*AF is a circulant 
logarithm of A. This means that A always has a circulant logarithm. □ 

Theorem 2. A nonsingular circulant matrix A e C rix ™ always has infinitely 
many circulant logarithms. 

Proof. Since A is circulant and nonsingular, then each Xj ^ in (2.2). Thus, 
each Xj has infinitely many logarithms. Using Theorem 1, we obtain that A always 
has infinitely many circulant logarithms. □ 

Theorem 3. // A G <C nxn is a circulant matrix without eigenvalues in R , 
then log(A) is a circulant matrix. 

Proof. Assume that log(A) is not a circulant matrix and take B = G^ 1 (log(A))G. 
By the definition of a circulant matrix, B ^ log(A). It is obvious that B and log(A) 
have the same eigenvalues, which means B is also a principal logarithm of A, contra- 
dicting the uniqueness of principal logarithm. Therefore, log(A) must be a circulant 
matrix. □ 

We present a further result in the following. 

Theorem 4. Let A e C" xn be a nonsingular circulant matrix and let e x = A. 
where X are the primary functions of A. Then all logarithms X are circulant 
matrices. 

Proof. By assumption, e x — A and X = f(A). From Definition 2, we can 
construct a polynomial p such that p(A) = f{A). Using the fact that the sum and 
product of two circulant matrices are also circulant [1], the polynomial X = p(A) 
is a circulant matrix. □ 

We have shown that a nonsingular circulant matrix A always has infinitely many 
circulant logarithms. However, whether A has a quasi-skew circulant logarithm, 
now we give a negative answer. 

Theorem 5. A nonsingular circulant matrix A has no quasi-skew circulant 
logarithms. 

Proof. Assume that e x = A and X = -G^XG. There holds X = -G'^XG = 
-G- 1 f(A)G = -f(G- l AG) = -f(A) = -X, that means X = 0, contradicting 
assumption. Therefore, A has no quasi-skew circulant logarithms. □ 

Generally, a nonsingular circulant matrix A, besides the circulant logarithms, 
possibly has other kinds of logarithms, which are nonprimary functions of A. The 
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existence and the families of logarithms depend on the eigenvalues of A. The fol- 
lowing theorem gives a classification of all the logarithms of a nonsingular circulant 
matrix. 

Theorem 6. Let the nonsingular circulant matrix A G C" x " has the form 
(2.1). Assume that A has s distinct eigenvalues, then A has a countable infinitely 
many circulant logarithms that are primary functions of A, given by 

X = F*LF (3.2) 

where Lm denotes a logarithm of A. 

If s < n, then A has nonprimary logarithms which form parameterized families 
given by 

X = F*ULU~ 1 F, (3.3) 

where L are defined in (3.2) and U is an arbitrary nonsingular matrices which 
commute with A. 

Proof. According to the hypothesis, A has s distinct eigenvalues. Then by 
Lemma 4, A has a countable infinitely many logarithms that are primary functions 
of A and take the form (3.2). By Theorem 4, the logarithms are circulant matrices. 

If s < n, by Lemma 4 again, we get the form (3.3). □ 

Theorem 6 shows that the logarithms of a nonsingular circulant matrix fall 
into two classes. The first class comprises a countable infinitely many circulant 
logarithms, and they are circulant matrices. The second class, which maybe empty, 
comprises a countable infinitely many parametrized families of matrices, each fam- 
ily containing infinitely many logarithms sharing the same spectrum, and the log- 
arithms in this class maybe circulant or not. 

3.2. Logarithms of quasi-skew circulant matrices 

Let A E C nxn be & quasi-skew circulant matrix, then the eigenvalues of A must 
appear in ± pairs, and A has a Jordan decomposition of the form 

A = Sdiag(J,J)S- 1 (3.4) 

with 

J = diag(Ji, J 2 , • • • , Jj), J = diag(Ji, J 2 , • • • , Jj), 

where 

Jj = \jl + 5, Jj = —Xjl + 5 



Assumc that J has s distinct eigenvalues. We have the following result. 



are rrij x rrij matrices such that X^=i m j ~ n /2 ; and S is a forward shift matrix. 



Theorem 7. Let the nonsingular quasi-skew circulant matrix A G c™ x ™ have 
the Jordan decomposition (3.4), and let s < I be the number of distinct eigenvalues 
of J . Then A has a countable infinitely many logarithms that are primary functions 
of A, given by 

X = Sdiag(L,L)S- 1 

where L is a logarithm of J and L is a logarithm of J, respectively. 

If s < I, then A has nonprimary logarithms, they form parameterized families, 
which can be expressed as the following form 

X(U) = SUdiag(L,L)U- 1 S- 1 



407 



C. B. LU 

where U is an arbitrary nonsingular matrix which commutes with diag(J, J). 

Proof. The proof is similar to that of Theorem 6. □ 

One may ask whether a quasi-skew circulant matrix has a quasi-skew circulant 
logarithm, we give a negative answer in the following. 

Theorem 8. A quasi-skew circulant matrix A G C™ x " has no quasi-skew cir- 
culant logarithms. 

Proof. Let e x = A and X = -G^XG. By (1.1), e x = T,T=o TT = i 1 + 
X 2 + ■■■ + X 2m + •••) + (X + X 3 + ■■■ + X 2 " 1 - 1 + ■■■) = C + D. Using one 
fact that a quasi-skew circulant matrix to odd power and even power are quasi- 
skew circulant and circulant, respectively. And another fact that the sum of two 
quasi-skew circulant matrices and two circulant matrices are quasi-skew circulant 
and circulant, respectively. Thus we can obtain that C is a circulant matrix and 
D is a quasi-skew circulant matrix. In the other hand, C = A — D which means C 
is quasi-skew circulant, that constitutes a contradiction. Therefore, A quasi-skew 
circulant matrix has no quasi-skew circulant logarithms. □ 

3.3. Logarithms of Hermitian circulant matrices 

In fact, if B is Hermitian circulant, then A = e B is also Hermitian circulant. 
That means Hermitian circulant matrices maybe have logarithms which are still 
Hermitian circulant. Although it is unknown whether it is true, if it has a Hermitian 
circulant logarithm, we have the following. 

Theorem 9. A nonsingular Hermitian circulant matrix A G C nxrl (when n/2 
is odd) has a Hermitian circulant logarithm if and only if A' s reduced form Ra G 
R nxn in (2.12) has a real logarithm. 

Proof. =>• Assume that A is a Hermitian circulant matrix and has a Hermitian 
circulant logarithm X, that is e x = A. Using Lemma 3, we have that Rx = Q H XQ 
and Ra = Q H AQ are real and e Rx = Ra, where Q is defined in (2.11). This means 
that Ra has a real logarithm. 

<*= If Ra has a real logarithm Rx, that is e Rx — Ra- By Lemma 3, A = 
QRaQ h and X = QRxQ H are Hermitian circulant matrices. Furthermore, we 
have that e x — A, which means that X is a Hermitian circulant logarithm of A. 
□ 

It is showed in Theorem 4 that all the primary logarithms of a nonsingular 
circulant matrix A are circulant. But for nonsingular Hermitian circulant matrices, 
this conclusion does not hold anymore in general. However, if a logarithm of a 
nonsingular Hermitian circulant matrix A is a real coefficient polynomial in A, 
then this conclusion does hold. 

Using the fact that the sum and product of two Hermitian circulant matrices 
are also Hermitian circulant, we can obtain the following. 

Corollary 1. If A G tr^nxn ^ nons ingular and Hermitian circulant, then 
all logarithms of A which are polynomials in A with real coefficients (if exist) are 
Hermitian circulant. 

Corollary 2. Let A G C" x " be nonsingular and Hermitian circulant. If A 
has a Hermitian circulant logarithm, then A has an even number of Jordan blocks 
of each size for every negative eigenvalue. 
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Proof. The proof is a straightforward extension of Theorem 1 in [10] by using 
the fact \XI — A\ = \XI — Ra\, and is omitted. □ 

Assume that A is a nonsingular Hcrmitian circulant matrix, A is an eigenvalue of 
A and x is a eigenvector corresponding to A, that is Ax = Xx. Because G~ 1 AG = A, 
we have that AG~ x x — XG~ l x, which means the complex eigenvalues of A must 
appear in conjugate pairs, and A has a Jordan decomposition of the form 

A = Sdmg(J R , J c , J^S' 1 (3.5) 

with 

J R = diag(Ji, J 2 , • • • , Ji), Jc = diag{J\, J 2 , . . . , J r ), 
where Jk is the real Jordan block corresponding to real eigenvalues A& for k — 
I,..., I; Jk is the Jordan block corresponding to complex eigenvalues A; + j.,fc = 
1 r 

Now we give a classification of the logarithms of a nonsingular Hcrmitian cir- 
culant matrix A. 

Theorem 10. Let the nonsingular Hermitian circulant matrix A G C nxn have 
the Jordan decomposition (3.5). Assume that s < I be the number of distinct real 
eigenvalues of Jr, and t < r be the number of distinct complex conjugate eigenvalue 
pairs. Then A has a countable infinitely many logarithms that are primary functions 
of A, given by 

X = Sdiag(L,L,L)S- 1 

where L is a logarithm of Jr, L is a logarithm of Jc and L is a logarithm of Jc, 
respectively. 

If s + t < I + r, then A has nonprimary logarithms, they form parameterized 
families, which can be expressed as the following form 

X(U) = SUdiagiL^L^Lp^S- 1 

where U is an arbitrary nonsingular matrix which commutes with diag(J Rl Jc, Jc)- 

Proof. The proof is a straightforward application of Lemma 4 to Hcrmitian 
circulant matrix. □ 

4. Comparison of algorithms 

Next, we will give an algorithm for computing the primary logarithms of circu- 
lant matrices. In order to compare the computational costs of our algorithms with 
the standard inverse scaling and squaring method for computing a logarithm of a 
general nonsingular complex matrix, we assume that the QR Algorithm is used. 
Thus, the computational costs of the standard method are: about 25n 3 complex 
flops for computing Schur form T = U* AU where T is upper triangular; about 
(2 + ^)n 3 complex flops for computing the upper triangular logarithm S = f(T), 
where k is the number of iterations (for more details, see [8]) and f(x) = log(x) is 
defined on A(T); about 3n 3 complex flops for computing X = USU*. Therefore, 
the total cost is about (30 + |)w 3 complex flops. 

Algorithm 1. Computes a primary logarithm of a nonsingular circulant ma- 
trix A eC" x ". 

Step 1. Compute the diagonalization form A = FAF* in (2.1). 

Step 2. Compute the diagonal matrix fl — diag(f(Xi), /(A2), ■ ■ ■ , f(X n )), where 
f(x) = log{x) is defined on the spectrum of A. 
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Step 3. Form X = F*Q,F. 

In Step 1, it takes 0(n 2 ) flops to compute the diagonal matrix A by discrete 
Fourier transform, when login G N, it only needs 0(nlogin) flops for A by fast 
Fourier transform. In Step 2, it needs 0(n) flops for the £1. In Step 3, we use 
the relation (2.4) to compute the circulant logarithm X by inverse discrete Fourier 
transform which needs 0{n 2 ) flops, when login G N, it only needs 0{nlogin) flops 
for X by inverse fast Fourier transform. Totally, for computing a primary logarithm 
of A, it amounts to 0(n 2 ) flops when login (£ N and 0(nlogin) flops when login G 
N, respectively. 

From above, we can see that Algorithm 1 is far more efficient than the standard 
inverse scaling and squaring method for the circulant matrices. 

Furthermore, if we choose the branches of / at Xj (j — 1,2, ■■ ■ ,ri) in Step 2 
such that /(Aj) lies in the strip {Z : —ix < Im(Z) < tt}, then we can obtain the 
principal logarithm of A. 

In the following we let n/2 be even. 

Algorithm 2. Computes a primary logarithm of a nonsingular quasi-skew 
circulant matrix A G C™ xn . 

Step 1. Compute the reduced form P T AP — diag(M, N) in (2.9). 

Step 2. Compute the Schur decompositions Tm — U m MUm andT^ = U^NUn, 
respectively, where Tm and Tn are two upper triangular matrices. 

Step 3. Compute f{T), where T = diag(TM,T^) and f — log(x) is defined on 
A G a(diag(T M ,T N )). 

3.1. k = 0,p=0 

3.2. while true 

3.3. t= \\T-I\l-y 
34.IfT<9 7 

3.5. p = p+l 

3.6. ji = min{i : t < $i, i — 3; 7}, ji — min{i : r/2 < 9i, i = 3; 7} 
(for more details about Q i7 see Table 11.1 in [20] ) 

3. 7. if ji — ji < 1 or p — 2, 77i — j\, go into 3.12, end 

3.8. end 

3.9. Tm < — T M , Tjv < — T N using Algorithm 6.3 in [20], then form 
T = diag(T M ,T N ) 

3.10. k = k+l 

3.11. end 

3.12. Evaluate U = r m (T — I) using the partial fraction expansion r m (x) — 

^2T=i — 3 ( m ) ' w ^ ere the a™ 1 are the weights and the /3 the nodes of the m-point 

rule on [0,1]. 

Step 4. Compute X M = 2 k U M T M U M , X N = 2 k U N T N U^. 
Step 5. Form X = Pdiag(X M , X N )P T . 

The costs of Steps 1 and 5 in Algorithm 2 are about 0(n 2 ) flops. In Step 2, 
it takes about ^n 3 flops for the Schur decompositions of M and N. The main 
cost of Step 3 arise in the implementation 3.9 and 3.12, it takes about ^n 3 flops 
to compute T 1 / 2 for each iteration and \n z for U, respectively. In Step 4, it takes 
about |n 3 flops to form X. Totally, it amounts to (^ + j^)n 3 flops (see Table 1), 
where fciis the number of iterations in computing f(T). 
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From above, we can obtain that if k\ < 4fc + 270, then Algorithm 2 is cheaper 
than the standard inverse scaling and squaring method, furthermore, if k\ < 4k, 
then the former is more than four times cheaper than the latter. 



Table 1: Flops of Algorithm 1 



step 


Flops 


step 


Flops 


1 
2 
3 


0(n 2 ) 

fn 3 + 0(n 2 ) 

(i + ^)n 3 + 0(n 2 ) 


4 

5 

sum 


f n 3 + 0(n 2 ) 

0{n 2 ) 

(f + %V + 0{n 2 ) 



Let n/2 be odd ( when n/2 is even, we can use Algorithm 2 to compute a 
primary logarithm of a nonsingular Hcrmitian circulant matrix) . 

Algorithm 3. Computes a logarithm of a nonsingular Hermitian circulant 
matrix A e C nxn . 

Step 1. Compute the reduced form Ra = Q* AQ in (2.12). 

Step 2. Compute the real Schur decomposition T = V T RaV, where T is a upper 
quasi-triangular matrix. 

Step 3. Compute S = f(T) by the standard inverse scaling and squaring method, 
where T is upper quasi-triangular with distinct eigenvalues and f = log(X) is defined 
onA(T). 

Step 4- Compute S = VSV T . 

Step 5. Compute X = QSQ H . 

The costs of Steps 1 and 5 in Algorithm 3 are about 0(n 2 ) flops. The main costs 
are to implement Steps 2—4. In Step 2, it takes about 25rt 3 real flops for computing 
the real Schur decomposition of Ra- In Step 3, it takes about (2 + ^-)n 3 real flops 
for computing the upper triangular logarithm S = f(T), where hi is the number of 
iterations. The cost of Step 4 amounts to about 3n 3 to form S. Thus, the whole sum 
is about (30+ ^)n 3 real flops (see Table 2). Note the fact that a complex addition 
is equivalent to two real additions and a complex multiplication is equivalent to 
four real multiplications and plus two real additions. So this structured algorithm 
is approximately eight times cheaper than the standard inverse scaling and squaring 
method. 

Table 2: Real flops of Algorithm 2 



step 


Flops 


step 


Flops 


1 
2 
3 


0(n 2 ) 

25n 3 + (9(n 2 ) 

(2+f)n 3 + 0(n 2 ) 


4 

5 

sum 


3n 3 + 0(n' 2 ) 

0{n 2 ) 

(30+f )n 3 + 0(n 2 ) 



5. Conclusions and future work 

We have studied the structures of logarithms of circulant, quasi-skew circulant 
and Hcrmitian circulant matrices, then give the classifications of these logarithms, 
at last, we designed some algorithms for computing the logarithms of these matri- 
ces. In the case of circulant matrices, our algorithm is far more efficient than the 
standard inverse scaling and squaring method. In the case of quasi-skew circulant 
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matrices and Hcrmitian circulant matrices (when n/2 is even), our algorithm is 
four times cheaper than the standard one under certain conditions. In the case of 
Hermitian circulant matrices (when n/2 is odd), the corresponding reduced forms 
are real matrices of the same size of the initial matrix, structured algorithm is 
approximately eight times cheaper than the standard one. 

In the case of quasi-skew circulant matrices (when n/2 is odd), it is more 
complicated, we have not designed an algorithm which is cheaper than the standard 
one by now, and we will keep studying it. 
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ON THE IDENTITIES FOR THE BERNOULLI AND 
EULER POLYNOMIALS 

D. S. KIM, T. KIM, S. H. LEE, B. LEE 

Abstract. In this paper we give some identities for the Bernoulli and 
Euler polynomials. To derive our identities, we use the fermionic and 
bosonic p-adic integral on Z p . 



1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p , Q p and 
C p will denote the ring of p-adic rational integers, the field of p-adic rational 
numbers and the completion of the algebraic closure of Q p . Let v p be the 
normalized exponential valuation of C p with \p\ p = p~ v p( p > = -. Let / be 
uniformly different iable function on Z p . Then the bosonic p-adic integers on 
Z p for / is defined by 

p N -i 

(1) h(f) = f f(x)d^(x) = lim ^ E /(*)> ( see [ 10 D- 

From (1), we have 

(2) / e t ^ + ^dn 1 (y) = - t ^-e xt = y]Bn(xy- r (see [9-13]), 
K e*-l ^ n! 

where B n {x) are the n-th Bernoulli polynomials. In the special case, x = 0, 
B n (0) = B n are called the n-th Bernoulli numbers, (see [1-17]). 
The fermionic p-adic integral on 7L p is defined by Kim as follows: 



P N -i P N -i 



(3) 

I-i(f) = / f{x)dn-i{x) = lim V M _x(x + p%) = lim V /(ar)(-l) 

17 ^p x=0 x=0 

By (3), we get 

(4) / e *(x-H/) d/x _ l(l/) = e ,t = ^^ n(x) (see [13]), 

4, e+1 ^o n! 

where E n (x) are the n-th Euler polynomials. In the special case, x = 0, 
-E-n(O) = E n are called the n-th Euler numbers, (see [7-18]). 

l 
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The Euler's identity for Bernoulli polynomials is well known as follows: 

£,(f)Be(x)B n _e(y) 

( A ) £=0 W 

= n(x + y - l)B n -i(x + y)-(n- l)B n (x + y). 

Let x = y = in (A). Then we get 

(B) J2 (Y) ^^-^ = " n5 «-i " ( n " X ) 5 «> ( see [ 4 > 5 D 

In this paper, we give some new identities and relations for the Bernoulli 
and Euler polynomials. 

2. Some identities for the Bernoulli and Euler polynomials 



(5) Let /(*) 


e t(x+y) e t{x+y) 


(e' + l) 2 ' 5(j e' + T 


Then 




m = f> 


(x + y)e*( ;c+ ^)(e t + 1) - e*( x+y ) ei 


(e* + l) 2 


(6) 


(x + y - l)e*( x+s/ )e' + (x + y)e^ x+y> > 




(e' + l) 2 




= ( x + 2/ _l) e */( t ) + ( x + y) / ( i ). 


By (5) and (6), we get 





</(*) - /(*) = (x + y- l)e*/(t) + (x + y - l)/(t) 

= (x + y - l)(e 4 + l)/(t) = g(t)(x + y-l). 
Thus, by (7), we have 

(8) f(t)=g'(t)-(x + y-l)g(t), 

and 

p t(x+y) 1 Op fa 1 2p f y 

( 9 ) /(*)=7^=fc) 



(e' + l) 2 2V + l y 2V + r 
From (4) and (9), we can derive the following equation: 



4 

■J iu p -J iu p 



1 °° f k °° ft 

jC£E k {x)-)(^E,{y)- 



(10) = ^Z^WryAZ^W^ 

fe=0 ' £=0 



oo 



4^ v ^ fc!£! 

n=0 fc+£= 
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By (4), we get 



f( t ) = \f I e^+y+^dn^dfi^v) 



p v IL. p 



Id J e t(x+y+u) d ^_ iiu) _ ^+l 1 J e t(*+y+u) dll _ l{u) 
2 at 7y._ 2 



/» 



n=l n=0 



oo 



\ — ^ t^ / \ % ~r y — i v — > 7-i / \ t 

n=0 n=0 



From (10) and (11), we note that 

Iff e^+y+^^-Mdn-iiv) 

= 4- I e t{x+y+u) dfi-i(u) - (x + y - 1) / e t{ - x+y+u ^ dfX-i(u) , 

(12) dt h v h v 

and 

1 n\ 

2 E M\ Ek ^ El ^ = En+1 ^ x + y)-( x + y- l ) E n{x + y). 

k+£=n 

Therefore, by (12), we obtain the following theorem. 
Theorem 1 . For n,k,£ £ Z + , we have 

2 E \ki) Ek ^ Ei ^ = En +^ x + y)-{x + y- l)E n {x + y), 

where ( fc fc n .. fe ) is multinomial coefficient which is defined by 



n \ n\ 



^h,k 2 ,--- ,hj kilk 2 l-- -kg}. 
Moveover, 

Iff e^ +u+ ^_i(u)d>-i(v) 

Let f(t)= (e2f _ 1)2 , and (t) = ^— ^. 

Then we get 

, ae ta (e 2 ' - 1) - e 4a 2e 2t _ (a - 2)e ia e 2 < - ae ta 

[16) 9[t) - (e 2 * - l) 2 (e 2 < - l) 2 • 
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( 14 ) • ~w* 



By (13), we see that 

g'(t) = (a-2)e 2t f(t)-ag(t). 
Thus, we have 

g'(t) + 2f(t) = (a-2)e 2t f(t) - (a-2)f(t) 

= ( a -2){e 2t -l)/(t) ={a-2)g{t). 

Prom (14), we note that 

(15) f(t) = - l -g'{t)+ l -{a-2)g(t). 

That is 

hi I I I et{a+x+v+z+w)d ^( x ) d v-i(y) d ^( z ) d viH 

= ~\\i I I ^ a+ ^d^ 1 (x)d^(y) 

4 t dt J Zp J Zp 

+ \{a-2) 1 - I I e *(° + ^)^_ 1 (x)d M i(y)- 

Now, replace a by x + y + z + w, we get 

gta g£(:r+j/+,2+u>) 



/(*) 



( e 2*-l)2 ( e * - l)2( e t + 1)2 

1 te te 1 te l y 1 2e* 2 1 2e to 



( 16 ) i,^ , it -i w ~ , ,^- 1 w ^. , j fe w ^ ^ 



i=0 j=0 J fc=0 £=0 

1 y, y Bi(x)Bj(y)E k (z)E e (w) 



>jvy)^k^)^evw) 2 



4 ^ v ^ iMAM! 

We write g{t) in two different ways: 



e 



t(x+y+z+w) ^ j. e t(x+y) ^ 2 e *( z + tu ) 



g(*)= ^ , =7(^r-r)( 



e 2i -l i e*- 1 /v 2 e* + l 



oo 



;i7) = 2£ B ^ + ^T ) £ £f(z + w) ? : 

fe=0 ' fcO 



oo 

oE(E ^«5 fc (x + y)B,(z + «,))«- 



2 ^ v ^ kW. 

ra=0 fe+£=n 
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and 





e t(x+y+z+w) 1 2te 2tC+y+*+™) 
n (f\ — — 




g{) e 2t -l 2t e 2t -l 


(18) 


1 ^ _ ,x + y + z + w.2 n t n 
= 2t^ Bn{ 2 ] n! 

n=0 




= E B «( 2 ] „! • 

n=0 


From 


. (15) and (17), we note that 



/(*) = ~\sf(t) + l -{x + y + z + w- 2)g(t) 

oo 

m = -4 E(« - !)( E j^o* + *«* + -))' n ~ 2 

V 7 n=0 fc+^=n 

1 °° 1 

+ -{x + y + z + w - 2) J2( E I-T-^ + ^^( z + «0)* n_1 - 



n=0 fc+^=n 



By (15) and (18), we get 



/(*) = -\9'(t) + ^(x + y + z + w- 2)g{t) 



oc 



n - 1 n n-2 l} ,X + y + Z + W 2 



„^r 2 5n( — 2 }t 



n=0 

00 on-2 

X + y + Z + „, _ 2 V — -B n y — )t n -\ 

^-^ n\ 2 

n=0 



Therefore, by (16), (19), and (20), we obtain the following Proposition. 
Proposition 2 . For i,j,k,£,n £ Z + , we have 



i+j+k+£=n 



E L A i )B t (x)B J (y)E k (z)E e (w) 

-(n - 1) ^ [ k ) B k( X + y) E n~k(z + W) 
fc=0 ^ ' 

+n(x + y + z + w-2)^ f J5 fe (x + y)£; n _.i_A : (2 + ^) 

; — n \ / 



fc=0 

= -2 n (n - l)B n ( 2 ) + n2 n -\x + y + z + w- 2)B w _i( ^ , 

(I) 
In (A), we integrate both sides by J z J z d/Zi(x)d//_i(y) as follows : 
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(211 



A = ^(j/ / B e (x)B n -e(y)dni(x)d[i-i(y) 

zj_q \ / J £,p J £,p 

= E (fj E (!) *<-* E ( n 7 *-<-, / / xVdnWv-M 



fcO j=0 jr'=0 

and 



n / (x + y)S n _i(x + y)d/ii(cc)d/z_i(j/) 
-n / / B n -i(x + y)dfi 1 (x)dfj 1 -i(y) 
-(n-1)/ / B n (x + y)dm(x)dfi-i(y) 



= ^E( n /)^-^ET + 1 ) / / xV +1 -^iW^-i(y) 

<*> -"g("") B "- i -'SQlI/'^' d " iWd "- i<rf 

^_Q \ / ^_Q \ / -/Z p </Zp 

= "EE7V)Ct 1 K'-< B ' £ <+" 

<?=o i=o v 7 v J 



("-itEE^C) 5 -'^'- 

^— n i— n V / \ / 



^=0 i=0 



Therefore, by (21) and (22), we obtain the following Theorem. 
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Theorem 3 . For n S Z+ , we have 



n £ n—£ 



£=0 i=0 V 7 V 7 

-"EEf"; 1 )^)^- 1 -'^" 

£=0 i=0 V / \ / 

-(--i)EE0Q^-^^-, 



£=0 i=0 



(II) 

Let us take the integration on both sides in (A) by J z J z d/j,i(x)d/j,i(y). 
Then, by the same method of (I), we obtain the following Corollary. 



Corollary 4 . For n £ Z + , we have 



£=0 i=0 j=0 

™EE , , )B n _ 1 _,B i B i+1 . 

£=0 j=0 V 7 V 7 



<?=0 i=0 v ' y v y 

*— n »•— n \ / \ / 



£=0 i=0 



(III) 

In (A), we integrate both sides by J z J z dfi-i(x)dfj,-i(y). Then, by the 
same method of (I) and (II), we obtain the following Corollary 



Corollary 5 . For n G Z + , we have 
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n t, n—t 



E E E ( £ ) ( J ( j ) Be-iBn-e-jEiEj 

£=0 i=0 j=0 \ / \ / \ J / 
£=0 i=0 v / \ / 

-("-i)EE0(-)^^-, 



£=0 i=0 

In Theorem 1, we integrate both sides by J z j z dm(x)dfj,-i(y) as follows 



(23) 
h = E ( „ ) / / EiE n ^ t dfj,i(x)dfj,-i(y) 

tr n w Jz v Jz v 



n-i 



E (?) E (!)^-*E (" ,■ V-^ / / ^VdMi(x)dM-i(y) 

£=0 ^ ' i=0 j=0 ^ ' p p 



£=0 j=0 j=0 

On the other hand, 

h = 2 / E n+ i(x + y)dfii(x)dfj,-i(y) 

-2 / / (x + y)E n (x + y)dfii(x)dfj,-i(y) 
+2 / / E n (x + y)d/j,i(x)dn^i(y) 



p " ^p 



(24) 2±Vn + 1 



2E(";>„ + ,-<EQ/ z J^xy-<* lW *- lto ) 



n / N £+1 



+ 2 EQ^E(-)^ ^ xV-M/iiCxjdM-id/). 
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Therefore, by (23) and (24), we obtain the following Theorem. 
Theorem 6 . For n G Z + , we have 

n in- 



EEElJlj j ) Ei-iEn-e-jBiEj 

e=o i=o j=o \ / \ / \ J / 

= 2 E E ( / ) ( i) E n+l-tBiE e _i 
o—n i— n \ / \ / 



£=0 i=0 

~ 2 E E ( B ) ( i ) E n-i B i E e+i-i 
e=o i=o v y v y 

e=o i=o v y v y 
Let us take the integral on both sides in Proposition 2. by 
/z„ /z p k v k p dfi-iWdfi-^dmWdtniw). 
By the same method and calculation, we can obtain the following : 



.JL5SSS Cam) G) (>.-^-a-<^ w„ 

fc=0r+s+t+M=fc V / \ ' ' ' / 

+ „2»-g £ ("- 1 )( r t s + 1 ii ) 2 - B „_ 1 _ lE , £ , BlB . 

k=0 r+s+t+u=k+l v / \ ' > ' / 

- re2 " E E r fc ) L Sj t; J 2" fc B B _ 1 _*^^BtBu. 



fc=0 r+s+t+u=fc 
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Solutions of the Stiff-String Model with an Iterative Method* 

Chao Min 1 ' 2 , Qing-you Liu 2 , Lie-hui Zhang 2 and Nan-jing Huang 1 ' 

1 Department of Mathematics, Sichuan University, 

Chengdu, Sichuan 610064, P.R. China 

2 State Key Laboratory of Oil and Gas Reservoir Geology and Exploitation, 

Southwest Petroleum University, Chengdu, Sichuan 610500, P.R. China 

Abstract 

In this paper, Ho's stiff-string model for the drill strings is simplified into an implicit differential 
equation setting. By using the Banach fixed point theorem, an existence of exact solution of this 
model is proved under the condition \/2nkt\/l + r 2 < 1. An iterative algorithm for solving this 
simplified model is constructed and the convergence of the sequence generated by the algorithm is 
discussed. A numerical example is also given to get an accurate solution for Ho's stiff string model 
under some suitable assumptions. 

Key Words and Phrases: Stiff-String model, fixed point theorem, Picard iteration, algorithm. 

1 Introduction 

As the exploration of the oil fields in China has been in the middle and later periods, it is more and more 
urgent to reduce the drilling, completion, and production cost to develop a reservoir more economically. 
Therefore, it is very important to research the operations in well such as planning, drilling and casing 
running and setting, etc. The torque and drag generated by contacts between the drill-string and the 
wall of boreholes play major roles in many aspects of the well operations in directional and deep wells. 
There have been a lot of results for their calculation in the literatures [1, 2, 3, 5, 6, 7, 9]. Johansick et 
al. [1] constructed the Soft-String model in 1984 which did not take the stiffness of the drill string into 
consideration. Johan Sick's model was simple and just could satisfy a general accuracy. In 1987, taking 
the effect to the torque and drag of the trajectory of borehole into consideration, Sheppard et al. [2] 
constructed the 2-D and 3-D models for the sites. In 1988, Child et al. [3] designed the simulation of 
the drillstring and employed the theory of continuous beams for computation. Ho [8] established the 
stiff string model under large deformation which improved the force analysis of the strings. The model 
considered by Ho [8, 9] is as follows: 

^ = ^Nr, 

£(T+^t)-^N + qg-t = 0, 

=^ + k n {k b M t + k n M b ) + Tk b + N n + qg-n = 1 (1) 

- £ (k b M t + k n M b ) -k n ^+N b + qg-b = 1 



*This paper is supported by the National Science Fund for Distinguished Young Scholars of China (51125019) and 
the National Natural Science Foundation of China (11171237). 
t Corresponding author, E-mail: nanjinghuang@hotmail.com 
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where 

T denotes the axial tension of the component, (N); 

M t is the torque of the string, [N ■ m); 

N is the distributional stress between the string and the hole wall, (N/m); 

Nb is the binormal component of N and N n is the principal normal component; 

q is the linear weight of the string in drill fluid, (kg/m); 

E is elastic (Young's) modulus; 

I is moment of inertia of drillstring section; 

fi is the friction coefficient between the string and the hole wall; 

r is the radius of the component; 

g is the unit vector in the direction of gravitional field; 

t is the tangential unit vector of the borehole; 

n is the unit vector in normal direction of the borehole; 

b is the unit vector in binormal direction of the borehole; 

kb is the curvature of the borehole; 

k n is the torsion of the borehole; 

Mb is the moment of flexure of the borehole, (N ■ m). 

Obviously, the model (1) is an implicit multi-variable nonlinear ordinary differential equation. It 
is very difficult to get the analytical solution of this model because of the coupling of axial tension 
and the torque, although it takes the effect of stiffness into consideration. Therefore, it is interesting 
and important to get some sufficient conditions to ensure the existence of solution for the model (1). 
In 1997, Wu [4] used the step-by-step approximation method to calculate the torque and drag in a 
simplified model with constant curvature, which did not take the flcxural moment into consideration 
and should be put into the category of Soft-String model. 

First of all, we shall simplify the model (1). As we will see in section 3, the component will be 
divided into sections, which will not effect the accuracy, for each section we can assume that it is in 
the same plane approximately. Thus, we can assume that k n — 0. Further, we assume that M& can 
be calculated with Mb = Elkb(s) and qg ■ t, qg ■ n, qg ■ b are already known from the trajectory of the 
borehole. Therefore, the model (1) can be simplified as follows: 



Mt^^rNis.T.MuMt), 

t = nN(a,T,M t ,M t )-f 1 (a), 

M t (s ) = Mto, 

k T(s Q ) = T , 



(2) 



where Mto and Tp are initial conditions and 



N(s,T,Mt,M t ) = v/(/ 2 (a) + h( S )T( S )) 2 + {k b {s)M t + k b ( S )M t (s) - f 3 (s))*, 



EId(kf(s)) , .. 

his) = _-UU2 + tf. t> 



r d 2 (h( S )) 
ds 
h(s) = qg-b. 



Ms) = -EI^P^+qg-n, 



In this paper, by using the Banach fixed point theorem, we prove that the model (2) has a unique 
solution under some suitable conditions. Further, we show that the model (2) could be solved accurately 
with Picard iteration, which will offer us the algorithm to get an accurate solution. 
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2 Existence of the Solution 

In this paper, we denote the norm in R n by |-| and C 1 ([so, So+a], R n ) means the set of all the functions 
from [s , s +a] to R n with one-order continuous derivatives. In order to get our main results, we need 
the following lemmas. 

Lemma 2.1 (Banach Fixed Point Theorem [11]) Suppose that (X,d) is a complete metric space, 
T : X — > X is a contraction mapping, that is, there exists a constant a G [0, 1) such that 

d(Tx,Ty) < ad(x,y) 

for any x,y G X. Then T has a unique fixed point x* G X such that Tx* = x* . Moreover, for any 
given Xq G X , let the iterative sequence {x n } be generated by Picard iteration x n — Tx n -\, n = 1, 2, • • • . 
Then x n — > x* as n — > oo. 

Lemma 2.2 Given a function f{t,x,y) : R x R n x R n — > R n , suppose that f is continuous in 

D = {(t,x, y):\t- t 1 < a, \x - x Q \ <b,ye R n }. 

Assume that f(t,x,y) satisfies the Lipschitz condition for x and y, that is, for any (t,X\,y{) and 
{t,X2,y2), there exist two constants L\ and L2 such that 

\f(t,xi,yi) - f(t,X2, 2/2)| < Lx\xi -X2I + L 2 \yi — 2/2I- 

If L>2 < 1, then for any fixed to and xq, there exits a unique yo G R n such that j/o = /(to, Xq, yo) . 

Proof. For any x G R n , let Px = f(to,Xo,x). It follows from the Lipschitz condition that 

\Pu-Pv\ = \f{t ,x ,u)- f(t ,x ,v)\ 
< L 2 \u — v\ 

for all u, v G R n . Since L 2 < 1, we know that P : R n —J- R n is a contraction mapping. Thus, Lemma 
2.1 shows that there exits a unique y^ G R n such that yo = f(to, x o,yo)- This completes the proof. □ 
For simplicity, we can rewrite the equation (2) as the following form: 



where 



and 



X = 6N(s,X,X)+G(s), 
X(s Q ) = X , 

N(s,X,X) = N(s,T,M t ,M t ) 



(3) 



H"'y H":y H:y g HM 

It is easy to see the equation (3) is an implicit differential equation with initial condition. 

In the problem (3), T,M t and their one-order derivatives are all bounded continuous in the real 
situation, which means that there must be a bounded closed neighborhood V for all X. Thus there 
must exist some constants a and b such that the function 9N(s, X,Y) + G(s) is continuous in the 
following area: 

D = [so,so + a]xB(X ,b)xV, 

where 

B(X 0l b) = {XeR 2 :\X-X \<b}. 
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Theorem 2.3 // v2/ufcfeVl + r 2 < 1, then there must exist a unique solution X = <fi*(s) on some 
interval [so: s o + a ] f or the initial value problem (3), where a is a constant satisfying 

b 1 - VZ^hVl + r 2 

a<mm<a, — , 



nVT+^yJmaxikl^kmi + V^nhVl + r 2 ) 



with 



M= sup dN(s,X,Y) + G(s). 

(s,X,Y)£D 



Proof. For any (s, Xi, Yi), (s, X 2l Y 2 ) € D, we have 

\eN(s,X u Y 1 ) + G(s)-{e(N(s,X 2 ,Y 2 ) + G(s)))\ 
= \0N(s,X 1 ,Y 1 )-9N(s,X 2 ,Y 2 )\ 
< |0|-|iV( S ,A 1 ,Y 1 )-W( S ,A 2 ,y 2 )|. (4) 

Noticing that X\ is a vector, it can be denoted by X\ = . Similarly let 

V Xl2 I 

*-(£)■ «-(£)■ *-(£)• 

Then it follows that 

\N{s,X 1 ,Y 1 )-N{s,X 2 ,Y 2 )\ 
= \\[{f2 + k b X 12 f + (k b Yn + k b X n - f 3 ) 2 - \fifi + k b X 22 ) 2 + (k b Y 21 + k b X 21 - f 3 ) 2 \ 
< \/k 2 b (X 12 - X 22 ) 2 + (k b {Y 11 - y 21 ) + k b (X n - X 21 )) 2 (as \x\ - \y\ < \x - y\) 



< \/k 2 (X 12 - X 22 ) 2 + 2k 2 {Y 11 - Y 21 ) 2 + 2k 2 (X 11 - X 21 ) 2 

= y/(H(X 12 - X 22 ) 2 + 2k 2 (X 11 - X 2l ) 2 ) + 2k 2 (Y n - Y 21 ) 2 

< max{fc 2 , 2k 2 }^(X 12 - X 22 ) 2 + (X 11 - X 21 ) 2 + V2k b ^J {Y xl - Y 21 ) 2 + (Y 12 - Y 22 ) 2 

= max{fc 2 , 2k 2 }\X 1 -X 2 \+V2h\Y 1 -Y 2 \. (5) 

From (4) and (5), we have 

IBNfaXuYi.) + G(s) - (6(N(s,X 2 ,Y 2 )+G(s)))\ 
< |0|max{fc 2 , 2k 2 }\X l -X 2 \ + \d\V2k b \Y x - Y 2 \ 
= /iv/l + ^maxjfc 2 , 2k 2 }\X 1 -X 2 \+V2[ik b VlT^ 2 \Y 1 -Y 2 \. (6) 

By Lemma 2.2, we know that there exists a Yq satisfying Yq = 6N(sq,Xq,Yq) + G(sq). Let 

U = {0 € C 1 ^, so + a],R n ) : |0(s) - X \ < b, 0(s o ) = X , 0'(«o) - M- 

Obviously, U is a closed subset of C 1 ([so, So + a], R n ). We define the distance on U as follows: 

d(0,V) = 110- VII +PM'- tfl 

where 

110- VII = sup |0(a) -V(s)| 

se[so,so+«] 
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and 



itli 



W-^'\\= sup |^'(t)-^(*)| 

t£[to,t +a] 



i - Vz^hViT^) ' 

Then it is easy to see that U is a complete metric space. Let T be an operator on U defined by 

(Tcf>)(t) = x + f (6N(r,<j>(r),<f>'(r)) + G(r))dr. 

For any <f> € U, it is easy to see that (T<j>)(so) = X and 

(T^)'(« ) = 0JV(s o , A , y ) + G(ao) = *o- 
Moreover, we have 



|(T</,)( S )-A | < 



\$N(r,4>{r),(f>'(r)) + G(r)\dr 



'So 

< aM 

< b. 

This shows that T is mapping from U to U. 

Next wc prove that T is a contractive mapping. In fact, for any <f>, ip e U and s£ [s , s + a], we 
have 



|(T0)( S )-(7Y)( S )| 

|6W(r, cf)(r), <p'(r)) + G(r) - (6N(r, i/;(r), ip'(r)) + G{r))\dr 



\0N(r, (f>(r), 4>'{r)) - $N(r, ip(r),ip'(r))\dr 
< afi\/l + r 2 msix{kl, 2kl}\\4> - tp\\ + aV2fik b y/l + r 2 \\<j>' - ip'\\, 



which means 



\\T<j> - Til>\\ < anVl + r 2 m&x{kl 2fc 2 }||0 - V|| + aV2fj,k b y/l + r 2 \\c/)' - V'll 
On the other hand, we can prove similarly that 



\\(T<j>Y - (TtP)'W < ^Vl + ^maxl^ 2 , 2fc 2 }||0 - r/>\\ + y/2y,k b y/l + r 2 ||</>' - ^'|| 
Thus, we have 



d(T<p,Tip) < a[i^\ + r 2 max{fc 2 , 2A|}||</> - V|| + aV2^k b y/\ + r 2 \\(f>' - V'|| 

+ /3(//VT + ^ max{fc 2 , 2fc 2 }||</> - V|| + V^MbV 7 ! + r 2 ||</>' - V'H) 
= (a/iv/l + ^maxjfc 2 , 2fc 2 } + finy/i + r 2 max{fc 2 , 2A; 2 })||0 - VII 
+ (oV^tWl + r 2 + /3V2//Wl + r 2 )||0' - V'll 



< max 



(a + /3) M yTT^max{fc 2 , 2fc 6 2 }, fo + flV^WT + g 1 ^ # (?) 
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Since 



(a + /3)/n/l + r 2 mflx{fcg, 2fc 6 2 } = (a + 2a ^ kb ^]^ =) ^ \ + r 2 max{fc fc 2 , 2fc 2 } 

1 — v2/ifcbV 1 + r 2 

= a( i + 2 ^/^g L )MV /TT7w{fc 2 , 2fcg} 

1 — V2yU« : bV 1 + H 



< 



1 - \/2/ifc b \/l + r 



2 



and 



/iA/TTT 2 max{fc 2 , 2/c 6 2 }(i + V^^hVTTV 2 ] 

1 + \/2>Wl + r 2 I 2 - 2 

I — 7 _- 7 == / Vl + r 2 m ax { ^,2 fcb } 



r l+V2^fc b Vl+r 2 

(g + /?)V2 M fc b Vl + r 2 _ H|*^J2.,/rrj 

l-V^bVl+r 2 



i + \/2^fc b \/r 



wc have 



< 1, 



c((a + /3)^v / l + r 2 max(fc 2 , 2&£), ; ^ ) < 1. 



Thus, it follows from (7) that T is a contractive mapping on a closed set U. By Lemma 2.1, there 
exists a unique <fi* € U such that 0* = T</>* and so 4>* is the solution required. This completes the 
proof. □ 

3 An Algorithm 

From Theorem 2.3, we can obtain the iterative algorithm to get an accurate solution for Ho's stiff string 
model under some suitable assumptions, which will be useful to analyze the stress of the string. Since 
the value of a is limited, which means that the length of the interval [sq, sq + a] is limited, we know 
that the whole drill string should be divided into sections to satisfy the requirement, which will not 
effect the result. For each section, by Lemma 2.1 and Theorem 2.3, we have the following algorithm. 

Algorithm 3.1 

Step 1. Given the initial condition X(sq) = Xq, let operator P be defined as follows: 

Px = 6N(s ,X Q ,x) + G(so) 

and put X n+ \ = P(X n ). Stop iteration when X n satisfies the required accuracy and then let Yq = X n . 
Step 2. Let 4>o{s) = Yq(s — sq) + Xq be the starting point. Define the operator T as follows: 



(Ttf>)(s) =X + (9N(r, <t>{r),<t>{r)') + G(r))dr 

J So 

and 4> n +i = T{<j) n ). Stop the iteration until the given accuracy is satisfied. 

Remarks 3.2 In Algorithm 3.1, we just need the initial condition of the first section, because the 
initial condition for each other section is just the result of the section above it, we can get them 
iteratively. 
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Remarks 3.3 Suppose the trajectory of the borehole is r(s), where s is the length of the string to 
the bottom. Then with the rudiments of differential geometry, we can get that kb{s) = \r(s)\ and 

t = f, ft = —f, b = t x ft, 

h 

in which all of these vectors need to be unitized. 
Example 3.4 Suppose the trajectory of the borehole is 

f(s) = (0,s,s 2 ), 0<s<2. 
Then wc get fcf, = 1/4, which is a constant. Let 

f i = 0.2, r = 0.118m, q = 1200kg/m 

and the initial condition X = X(0) = I . Then the criterion 

V2fj.k b Vl + r 2 = 0.0712 < 1. 
Thus, we can proceed the iteration. Setting the error to be 0.005, by Algorithm 3.1, we get 

Y ( 138 - 9 "\ 
Y ° { 1177.5 ) ■ 

Putting (f>o (s) — Yqs + Xo into iteration, we get that at the position s — 2, 

( M t \ _ ( 276.25 \ 
^ T j ~ \ 20705 J ' 

This means that at the position 2m to the bottom, the torque of the string is 276.25 N/m, and the 
axial tension of the component is 20705 N. 

4 Conclusions 

In this paper, we consider the Ho's stiff-string model for the drill strings under some suitable assump- 
tions. By using the Banach fixed point theorem, we give an existence of exact solution of this model 
and an iterative algorithm, which can be used to get the solution of the problem (3) in any accuracy 
as for most time v^M^&Vl + r 2 is always less than 1 in the actual situation. Therefore, the torsion of 
the string and the axial tension of the component at any position in the borehole can be calculated 
accurately. 

The convergence rate of the algorithm depends on the scale of \/2/zA;&\/l + r 2 , that is, the calculating 
speed rests with the value of the friction coefficient between the string and the hole wall fi, the radius 
of the component r and the curvature of the borehole k^. 
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PRODUCT OF EXTENDED CESARO OPERATOR AND 

COMPOSITION OPERATOR FROM THE LOGARITHMIC 

BLOCH-TYPE SPACE TO F(p,q,s) SPACE ON THE UNIT BALL 

YU-XIA LIANG, ZE-HUA ZHOU AND REN-YU CHEN * 



Abstract. In this paper, we discuss the boundedness and compactness of 
the product of extended Cesaro operator and composition operator from the 
logarithmic Bloch-type space to F(p, q, s) space on the unit ball of C n . 



1. Introduction 

Let H(M) be the class of all holomorphic functions on B n and S(M) the col- 
lection of all the holpmorphic self mappings of B, where B is the unit ball in the 
n-dimensional complex space C". Let dv denote the Lcbescgue measure on B nor- 
malized so that u(B) = 1, and da the normalized rotation invariant measure on the 
boundary S = dM of B. 

For / e H(M), let 

3 = 1 3 

be the radial derivative of /. 

We recall that the a-Bloch space B a (a > 0), consists of all / £ H (B) such that 

M/) = su P (i-M 2 nRf(z)|<^. 

zSB 

The expression b a (f) defines a semi- norm while the natural norm is given by 
ll/llga = 1/(0)1 + &<*(/)• This norm makes B a into a Banach space. When a = 1, 
B 1 = B is the well know Bloch space (see [22]). 

The logarithmic Bloch space (see [13]) Bi og = Bi og (M), consists of all / € H(M) 
such that 

||/|| 6lo , - sup(l - |z| 2 ) fin T ^) m(z)\ < oo. 
It becomes a Bnanch space with the norm ||/||b !o = |/(0)| + ||/||b, • 
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The logarithmic Bloch-type space (see [14, 15]) Bf e = Bf p (M),a > 0,/3 > 0, 
consists of all / G H(M) such that 

/ e /9/a \P 

b a ,p(f) : = SU P(! ~ \AT 1° ^^ |H/(«)I < 00. 



The norm on Bf a is 

logP 



l/lb? „ = 1/(0)1+ 6a,/j(/). 



When /3 = 0, fi, a 3 becomes the a-Bloch space B a . For a = j3 = 1,B? ^ is the 
logarithmic Bloch space. 

For a € S„, let <?(z, a) = log |y a (z)| _1 be the Green's function on B n with 
logarithmic singularity at a, where ip a is the Mobius transformation of B n with 
ip a (0) = a,<p a {a) = and <^ a = ip' 1 . 

Let < p, s < 00, — n — 1 < g < 00 and g + s > — 1. We say that / is a function 
of F{ Pl q,s) (see [19, 20, 25]) if / G #(B„) and 

Il/I|F( P . 9 , S ) = |/(0)| P + sup f \m{z)\ p {l-\z\ 2 YG s {z,a)dv{z)<^. (1) 

We call f(p, g, s) general function space, which can be changed into many function 
spaces, such as BMOA space, Q p space, Bergman space, Hardy space, Bloch space, 
if we take special parameters of p, q, s. For example, F(2, 1, 0) = H 2 , F(p,p, 0) = 
A p , and F(2,0, s) = Q s . If q + s < 1, then F(p,q,s) is the space of constant 
functions. For the definition of the spaces described above, we recommend the 
readers refer to [20, 22]. 

Let ip G S'(B), the composition operator C^ induced by tp is defined by 

(C v f)(z) = f(p(z)), f e H(M), z e B. 

This operator is well studied for many years, readers interested in this topic can 
refer to the books [11] by Shapiro, [1] by Cowcn and MacCluer, and [21, 22] by K. H. 
Zhu, which are excellent sources for the development of the theory of composition 
operators and function spaces, as well as the recent papers [9, 17, 19, 24, 25] and 
so on. 

Let h G H(M n ), the following integral-type operator was first introduced by Hu 
in [5] 

f 1 dt 

T h f{z)= f(tz)m(tz)-, /Gff(B),zGB. 
Jo * 

This operator is called generalized Cesaro operator, which has been studied in 
[2, 3, 4, 5, 6, 7, 12, 16, 18, 23, 26] and the references therein. 

It is natural to consider the product of extended Cesaro operator and composition 
operator. For h G H(M n ) and ip G 5(B), the product can be expressed as 

f 1 dt 

T h C v f(z)= f(p{tz))m{tz)-, /eff(B), zGB. (2) 

Jo t 

This product operator in the unit disk was first introduced and studied by Li and 
Stevic [8]. 

The purpose of this paper is to characterize the boundedness and compactness 
of the product of extended Cesaro operator and composition operator from the 
logarithmic Bloch-type space to F(p, q, s) space on the unit ball of C™. 
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\m\<c{ 



Throughout the remainder of this paper, C will denote a positive constant, the 
exact value of which will vary from one appearance to the next. The notation 
Ax B means that there is a positive constant C such that B/C < A < CB. 

2. Auxiliary results 

Several auxiliary results, which are used in the proofs of the main results, are 
quoted in this section. 

First wc state the following three lemmas, which were presented and proved by 
Stevicin [14, 15]. 

Lemma 1. If f E B" o p, then 

[ ||/|b- e , a 6(0,1) or a=l,/?>l; 

l/(0)| + b aJj (f) max{l,lnln f^}, a = {3 = 1; 

l/(0)| +fo c ^(/)(lnf^) 1 ^, a = 1,0 € (0,1); 

l/(0)| + baAf) p/a , a>l,(3>0 

for some C > independent of f. 

Lemma 2. Assume a > 1 and {3 > 0. Then there exist K = K{n) G N and 
functions /i , • • • , fx 6 S ; " p such that 

K 

T,\Mz)\> ; w?' zeB ( 3 ) 

(l-NI 2 )"- 1 ^!^) 

where C is a positive constant. 

Lemma 3. The following statements are true. 

(a) Assume a = 1 and fi G [0, oo) \ {1}. Then 

where 7 > /3+ln2 anrf /i, (0) = 7 1 ~' 3 , is a nonconstant function belonging to B? p. 

(b) Assume a = j3 = 1. TTien 

/£>(*)= In In f - , «i£l, (5) 



1 — (z, w) 



p(2)/ 



where 7 > 1 + ln2 and fw (0) = In 7, is a nonconstant function belonging to B^ o (i . 
Moreover, for fixed j3 

sup||/£>|| B i fl <C, sup||/i 2 )|| el <C. (6) 

u>eB io »' toes '°s 

Lemma 4. Suppose that f,h E H(M). Then 

St[T h C v (f)](z) = f(<p(z))m(z). 

Proof. Let X) Q ^o a a zQ be the Taylor expansion of the holomorphic function f(ip(z))$ih(z). 
Then 

fR[T h C v (f)](z) = 5ft f Y. a »(tz) a j = R( J] ^z°) = J] a Q z«. 
which is what we wanted to prove. □ 
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The next lemma was obtained in [10]. 
Lemma 5. If a > 0, b > 0, then the elementary inequality holds, 

aP + bP, < p < 1; 






It is obvious that Lemma 5 holds for the sum of finite number k , that is 

(a 1 + ... + a k ) p <C(a p 1 + ... + a p k ). (7) 

Where ai, • • • , a^ >, C is a positive constant. 

The next characterization of compactness is proved in a standard way (see, e.g., 
the proofs of the corresponding lemmas in [15, 19, 24, 25]. Hence we omit it. 

Lemma 6. Assume that h £ H(B) and ip is a holomorphic self-map ofM. Then 
T h C v : Bf ogP -> F(p, q, s) is compact if and only if T h C v : B? ogl3 -> F(p, q, s) is 
bounded and for any bounded sequence {fk}keN i n Bf p which converges to zero 
uniformly on compact subsets ofM as k — > oo 7 we have \\T g C v fk\\F(p,q,s) ~^ as 
k — > oo. 



3. The boundedness and compactness of the operator 
T h C v :B? ogP ^F{p,q,s) 

3.1. The Case a > 1 and [3 > 0. 

Theorem 1. Suppose that a > 1,(3 > 0, h € H(M) and ip e 5(B). Then T h C v : 
B" o p — > F(p, q, s) is bounded if and only if 

,rv f \$Ui(z)\ p (l-\z\ 2 ) q g s (z,a) ,,, 

Mf := sup / — ' ^-^ \, — dv(z) < oo. (8 

a& JB{l-\<p{z)\)(°<-VrQn T ^)to 

Moreover, ifTyJJ^ : B^ o e — *• F(p,q,s) is bounded. Then 

\\ThC<p\\l3f e -*F{p,q,s) ~ M i- (9) 

Proof. Assume (8) holds. Then for any / <E B^ o (i , by Lemma 1 and Lemma 4 we 
obtain 

\\ThC v f\\ p F{pqs) = sup f mT h C v f)(z)\ p (l-\z\y 9 s (z,a)du(z) 
= sup [ \f(<p(z))m(z)\ p (l - \z\ 2 Yg s { Zl a)d V {z) 

aGB JB 

|Sftfe(z)|P(l-|z| 2 )V(z,a) 
^ ae iJ B (l_|^)|)(a-i) P( ln T ^ H )/3p 

It follows that ThC v : Bf o $ — > F(p, q, s) is bounded. 



< c ii/ii^ „ ™p / t. , ',,,: J_,/ X: \ a j ^) 
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Conversely, assume ThC v : B? e — > F(p, q, s) is bounded. Using the functions 
in Lemma 2, and by the inequality (7), we have 

logi 3 

K 

- / Jl/jllg" .Ir/i^llfio R ->F(p,q,s) 

• logP l gP «">*> I 

3 = 1 
K 

- / JlThCtpfj || Ffn.g.ri 
3 = 1 

K 

= 5>up / \f 3 (^W\^h(z)\ P (l - \z\ 2 y 9 s (z,a)dv(z) 

> Csup/ \ir i \f j (<p(z))\) \^Kz)\ p {l-\z\ 2 fg s {z,a)dv{z) 



> csup/ l^)im-N 2 )V(^) Mz) 
QeB A(i-l^)l)(-i) P (i nT f|^)^ 



From this and the boundedness of T^C^, it follows that (8) holds, and from the 
above proof we easily get the asymptotic relation in (9). This completes the proof 
of this theorem. □ 



Next we characterize the compactness of the operator T g C v . 

Theorem 2. Assume that a > l,fi > 0, h € H(M) and ip e 5(B). Then T h C v : 
B" o p — > F(p, q, s) is compact if and only if (8) holds. 

Proof. Suppose that ThC v : B^ o fi — > F{p 1 q,s) is compact. Then it is obviously 
bounded, then by Theorem 1 we obtain (8). 

Conversely, suppose (8) holds. Since sup (1 — a;)^" -1 ) (ln^— - j > 0, then 

xe[o,i) ^ x ' 

from (8) we obtain 



M 2 := sup / |3Wi(z)| p (l - \z\ 2 ) q g s (z, a)dv(z) < oo. (10) 



Assume that {fk}keN is a bounded sequence in £> ; " e , say by L, and fk — ¥ 
uniformly on compact subsets of B as k — > oo. It follows from (8) that for any e > 0, 
there exists a constant 5 <G (0, 1), such that 

sup / |M(*)|'(i-M a )y(*,q) M z) < ? (ID 

a & J W{z) \ > s{l-Mz)\)(^)v(\n Y i^ T] yp 
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Let K — {w <E B, \w\ < S}. By Lemma 4 and previous calculation we obtain 
\\T g C v h\\ P F (pqs ) = sup [ \f k (v(z))m(z)ni- \z\ 2 ) q 9 s (z,a)dv(z) 

= sup/ \f k (tp(z))m(z)\ p (l-\z\y g s (z,a)dv(z) 

aeB J\<p(z)\<6 

+ sup / \f k { v {z))m{z)\ p {l-\z\ 2 ) q g s {z,a)dv{z) 

a£Bj\<f,{z)\>8 
= Jl + J 2 - 

It follows from (10) that 

Ji: - sup/ |/fc(v(«))»M«)l P (l-|*| 2 )V(«,o)di/(*) 

aeB J\ip(z)\<6 

< sup |AH| P sup / |R/»(«)|P(l-|«| 2 )V(«.a)<M«) 

W6X aeBJ| v ( z )|< 

< M 2 sup |/ fe (w;)| p . 

-iueif 

Since if is a compact subset of B, we have 

lim sup \f k (w)\ p = 0, 



then 



lim J x < M 2 lim sup \f k {w)\ p = 0. (12) 

k— >oo k— foo w (zK 



On the other hand, by Lemma 1, (11) and sup ||/fe||e o < L, we have 
J2: = sup/ \f k (cp(z))m(z)\ p (l-\z\ 2 ) q g s (z,a)dv(z) 

aGB J|ip(z)|>« 

< C/ fit r° sup / ir-. dv(z) 

< CL p e p . 
Thence 

fe Hm PiMI^ - ^(Jx + J 9 ) < CW. (13) 

Since e is an arbitrary positive number, it follows from (13) that 

lim \\T„ f k \\ P TT, ,-\ = 0. 

Employing Lemma 6 we get ThC v : B" o fi — > F(p,q,s) is compact. This completes 
the proof of this theorem. □ 

3.2. The Case a € (0, 1) or a = 1, /3 > 1. 

Theorem 3. Suppose that a £ (0, 1) or a = 1, /? > 1, /i e i?(B) arwi p e 5(B). 
T/ien Thdp : Z? ; " 3 — > -F(p, 9, s) is bounded if and only if h € F(p, q, s). Moreover, 
ifThCp : B" o p — > F{p 1 q,s) is bounded. Then 

\\ThC v \\ B ^ p ->-F( P ,q,s) ~ ll^l|F(p,g,s)- (14) 
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Proof. Assume h <E F(p, q, s). For any / € B° u * «, then by Lemma 1 and Lemma 4 
we obtain 

W T 9 ^f\\ F{pqs) = sup f \n(T h C v> f)(z)\ p (l-\z\ 2 yg s (z,a)di,(z) 
= sup I \f(<p(z))m(z)\ p (l - \z\ 2 Yg s {z,a)dv{z) 

aGB Jl 



< C\\f\\ p Ba sup/ \m(z)\ p (l -\z\ 2 y 9 s (z,a)du(z). 



That is 



ll^flCvsllB" p ->F(p,qr,s) < C||^llF(p,g,s)- (15) 

For the converse direction, we suppose that T^C^ : B? p —¥ F(p, g, s) is bounded. 
By taking the function fo(z) = 1 € £> ; " 3 and H/oIIb" = 1, then we obtain 

\\TgC v \\ B ^ p ^F(p,q,s) = H^sWlls" /8 ->-F(p,g,a)ll/ollB™ ^ — II^S^Wo|lF(p,g,s) 

= sup / |/ (^(z))^(z)r(l - \z\y 9 s (z,a)du(z) 



sup / |Rft(«)|"(l - \z\ 2 Yg s {z,a)dv{z) = |N|£ (p , giS) . 



, , m,m • , < . J^ 9 "^ 

That is 



||/l||F(p,g,s) < H^flCvllB" a->-F(p,g,s)- (16) 



log 



Thus from (15) and (16) we obtain the asymptotic relationship in (11). The proof 
of this theorem is completed. □ 



Theorem 4. Suppose that q£ (0,1) or a = 1, fi > 1, h <G i?(B) and <p <G 
T/ien ThC v : B" o fi — > i^(p, g, s) is compact if and only if h G -F(p, g, s). 

Proof. The proof of this theorem is similar to that of Theorem 2, so it is omitted. □ 

3.3. The Case a = 1, fi G (0, 1). 

Theorem 5. Suppose that a = 1,/? G (0,1), ft, G i?(B) and p G 5(B). XTien 
ThCtp : fi, ^ — > i^(p, g, s) is bounded (compact) if 

M 3 := sup / |^(z)|P In ^^ (1 - |z| 2 ) V(^, a)di/(*) < oo. (17) 

aGBjB V 1 ~\ i P( Z )\J 

Proof. Assume (17) holds. Then for any / G B, 3 , by Lemma 1 and Lemma 4 we 
obtain 

\\T g C v f\\ p F(pgB) = sup / \$l(T h C v f)(zW(l-\z\ 2 yg s (z,a)dv(z) 



= sup/ \f( i p(z))m(z)\ p (l-\z\ 2 rg s (z,a)du(z) 

aGB JB 

< C\\f\\ p Ba sup / \m(z)\ p In (1 - \z\ 2 ) «g*(z, a)dv(z) 

< c\\f\\ p BO 



log/3 
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So ThC v : Bj p —¥ F(p, q, s) is bounded. The proof of the compactness is similar 
to the corresponding part of Theorem 2. □ 

Using the test functions (a) in Lemma 3 and (6), the following result can be 
proved easily. 

Theorem 6. Suppose that a = 1,/? € (0, 1), h E H(M) and ip E 5(B). If T h C v : 
Bj f, — > F{p, q, s) is bounded, then 

r f 2e' 3 \(!-«p 

sup / \m(z)\ p In / (l-\z\ 2 )*g'(z,a)du{z)<oo (18) 

for any w EM. 

3.4. The Case a = 1, /3 e (0, 1).. 

Theorem 7. Suppose that a = /3 = 1, /l e #(B) and p e 5(B). TTien IX C v : 
B, 1 p — > -F(p, a, s) is bounded (compact) if 

M A := sup / |3Wi(z)| p (max{l,lnln %-r^} I 5 s (z,a)aV(z) < 00. (19) 

aeB^B V I" ^( z )l / 

Proof. Assume (19) holds. Then for any / E Bj 1, by Lemma 1 and Lemma 4 we 
obtain 

P - our, / ISPCT, r? fVrMPH - \?\ 2 \1n s 



\\T g C v f\\ p F(pqa) = sup mT h C v f)(z)\P(l~\z\ 2 rg s (z,a)diy(z) 
= sup f \f(cp(z))m(z)\P(l - \z\ 2 Yg s {z, a)dv{z) 

aGB JB 

< C\\f\\ P Bl sup/|KM«)l P fmax{l,lnln- ^--}W(z,a)aV(z) 

D ios 1 aGBjB V 1 - l^( Z )l / 

< C||/||^ 

So ThCip : B/o-i — *■ ^(Pj 9, s) is bounded. The proof of the compactness is similar 
to that of Theorem 2. □ 

By using the functions (b) in Lemma 3 and (7), the following result can be proved 
easily. 

Theorem 8. Suppose that a = /3 = 1, h € H(M) and ip E 5(B). IfT h C v : B] ogl -»• 
F(p, q, s) is bounded, then 

sup / \m(z)\ p (In In r^- — r ) (1 - \z\ 2 ) q g s (z, a)dv(z) < 00 (20) 

ae«JB V 1-MZ),W)/ 

/or am/ w E B. 
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SOME NEW IDENTITIES ON THE TWISTED BERNOULLI 
AND EULER POLYNOMIALS 

DMITRY V. DOLGY, TAEKYUN KIM, BYUNGJE LEE, SANG-HUN LEE 



Abstract. In this paper, we give some new and interesting identities on 
the twisted Bernoulli and Euler polynomials. Our identities are closely 
related to Euler identity for the Bernoulli numbers and polynomials. 



1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p , Q p and 
C p will denote the ring of p-adic rational integers, the field of p-adic rational 
numbers and the completion of the algebraic closure of Q p . The p-adic 
absolute value | ■ \ p is normally defined by \p\ p = |. Let UD(7j p ) be the 
space of uniformly differentiable function on Z p . Let / £ UD(Z p ). Then 
the bosonic p-adic integral on Z p is given by 

P N -i 

(1) 1(f) = l f(x)d i x(x) = lim -I Y. f^ dx > 

From (1) , we can derive the following integral equation: 

(2) I(fi) = [ f(x + l)d»(x) = f f(x)d»(x) + /'(0), 



where /'(0) = ^|*=o and f ± (x) = f(x + 1), (see [15]). 
Let C p n = {C|C P = 1} be the cyclic group of order p n . Then the space of 
p-adic local constants is defined by T p = lirrin^oo C p n = C p °o. For ( G T p , 
the constants B n ^ in the Taylor series expansion 

t °° t n 

(3) 773I = E^C-y ) (see [3-6]). 

S n=0 

are known as the n-th twisted Bernoulli numbers. Now, we can also define 
the twisted Bernoulli polynomials as follows : 

(4) B n:< (x) = (B C + x) n = J2 (% n ~" B ^ 

£=0 ^ ' 
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with the usual convention about replacing B? by B n ^, (see [23,26,27]). 
From (3) and (4), we note that 

f °° f n 

s n=0 

By (3), (4) and (5), we get the recurrence formula for the twisted Bernoulli 
numbers as follows : 

( 1 if n = 1, 

(6) B ,c = l> B n ^l)-B n ^ = (B ( + l) n -B nX =\ 

[ if n > 1. 

The fermionic p-adic integral on Z p is defined by Kim as follows : 

P N -i 

(7) J-i(/)=/ /(x)d/x-i(x) = lim £ /(x)(-ir, (see [8]). 

From (7) , we note that 

(8) I-i(fi) = -I-i(f) + 2/(0), (see [8-11]). 

For ("(/ 1) G T p , the twisted Euler polynomials are defined by Simsek as 
follows : 

(9) TTXT 6 ^ : = T, E "*( x )-> (^e[27]). 
Ce l + 1 ^^ n! 

n=0 

In the special case , x = 0, £^(0) = -E/n,c are called the n-th twisted Euler 

numbers. 

By (9), we get 

(10) E n , c (x) = J2 (^V^O (^e [17-22]). 

£=0 V/ 

Thus, by (9) and (10), we see that 

(11) ^o,c = 7^T, C(£c + 1)™ + £n, C = 0, if n>0, 

with the usual convention about replacing E r } by E n £> (see [22-27]). 
From (1) and (2) , we can derive the following integral equation: 



P t f n 

(12) / e^d„(y) = -—e* t = J2B n (x)- r 

JZ P ' n=0 

where B n {x) are the n-th Bernoulli polynomials, (see [1-27]). 

(13) [ (x + y) n dfi(y)=B n (x), n£Z + = NU{0}. 
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By (8), we easily see that 



f 2 °° t r ' 

(14) / e ^)t dli _ liy) = T e*' = ][>(*)- 

JZ P e " l " 1 n=0 

where E n {x) are the n-th Euler polynomials, (see [1-27]). 



(15) / c^ + yr^i(y) = £n,c(aO, nez + . 

In this paper, we study some differential equations related to the twisted 
Bernoulli and Euler polynomials. From these differential equations, we de- 
rive some new and interesting identities on the twisted Bernoulli and Euler 
polynomials. Finally, we give some identities involving the twisted Bernoulli 
and Euler numbers arising from the p-adic integrals of polynomials identi- 
ties. 

2. Twisted Bernoulli and Euler polynomials 

For ((/ 1) G T p , let h{t) = ^^, and 9l (t) = *g££. 
Then we see that 

dgi(t) ( x + y ) e t{*+y)^ e t_i)_ Ce t e t{x+y) 

(16) -^r = (h{t) = w^Tj2 

_ (x + y- l)CeV^ +y ) - (x + y)e t{x ^ 
(Ce* - l) 2 ' 

Thus, by (16), we get 

(x + y-l)(Ce'-l)e t ( a;+ ^ 

= (x + y-l) gi (t). 
From (17), we can derive the following differential equation : 

(18) f 1 (t) = -g' 1 (t) + (x + y-l)g 1 (t). 
By (5), we get 

p t(x+y) i / f tx \ / f ty 

(19) h(t) ■ ' ' / '• 



(17) fi(t)+g[(t)- 



(Ce*-1) 2 t 2 VCe'- 1/ VCe'-l 

p(e*«<4) (£>*<»>*)■ 

\fc=o / V=o / 

(™ B k+1 , c (x) t k \ (~B t+lx (y)1? 

Z^ 1.4.1 fci z> 



\k=0 / V=0 



£:!£! jfe+1 £+1 ) nV 

n=0 \fc+£=n / 



E E 
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On the other hand, by (5), we have 

(20) - g[(t) + (x + y - l) 9l (t) 

^ ^ B n+2 ^(x + y) t n , ^ B n+u {x + y) t n 

^ n + 2 n! V y ' ^ n + 1 n\' 

n=0 n=0 

Therefore, by (18), (19) and (20), we obtain the following theorem. 
Theorem 1 . For n G Z + , we have 



£ 



n\ B k+ i,((x) B n _ k+1 ^(y) 



s kJ k + 1 n-k+1 
fc=0 v 7 

B n+2 ,d x + y) . / , ,,B n+u (x + y) 

= rr, + {x + y-l) — . 

n + 1 n+1 

For mgC p with u ^ 1, the Frobenius -Euler polynomials are defined by 

(21) "f^e* = Y J H n {u,x) t -. 

e z — u t-^ n! 

n=0 

In the special case, x = 0, H n (u, 0) = H n {u) are called the n-th Frobenius- 
Euler numbers. From (21), we note that 

(22) H n {u,x) = Y i ( n \x n - t H t (u). 

From (21) and (22), we see that 

e tx _ 1 1-C l e tx _^H n ((-\x)t n 

[A6) r?t _ i - t - i p* - r-i ~ A> 



Ce'-l (-1 e'-t- 1 ^ C-1 n!' 

s s s n=0 s 

By (5), (6) and (23), we get 

(M) y> gn(CV) *" = f te te \l = y, f?n+i,c(a) *" 

1 j ^ C-1 n! VCe*-l/t ^ n + 1 n!' 

n=0 S \S / n=Q 

Therefore, by Theorem 1 and (24), we obtain the following corollary. 
Corollary 2 . For n G Z + , and C(t^ 1) G T p , we have 

£ (£Wr\aOfln-fc(C~\ V) = -H n+1 (C\x + y) + ( X + y - l)H n (C\x + y). 
fc=0 ^ ' 

Let 



e t(x+y) e t(x+y) 



( 25 ) h{t)= TTZt. , in9 » on(i 52(t) = 7^^ w/iere ((/l)6T p . 
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Then, by (25), we see that 

(26) ~dT = 9 * {t) = W+i? 

__ (x + y- lKe'e'^) + (x + y)e t( ~ x+y ^ 
~ (Ce' + l) 2 ' 

From (25) and (26), we get 

(27) 52 (i) - f 2 (t) = (Cet + 1)2 

_ (a + y - l)e f ( a+ ^ 
Ce* + 1 

= (x + y-l) 52 (t). 

By (27), we get 

(28) f 2 (t) = g 2 (t)-(x + y-l)g 2 (t). 
From (9), we have 

p t(x+y) 

(29) f 2 (t) 



(Ce* + I) 2 

1 / 2e te \ / 2e iy 



:^,c(y) 



\fc=0 / \^=0 / 

_ 1 f* f f* E kt< (x)E tt< (y) \ 
A^\ ^ kW. ) 

n=0 \fe+^=n / 

n=0 \k+e=n v ' 7 / 

On the other hand, by (9) and (25), we get 
(30) g' 2 (t)-(x + y-l)g 2 (t) 

= 2 Y,E n , dx + y) -^-^^^(x + j,)- 

n=l v ' n=0 

n=0 ' n=0 

Therefore , by (28), (29) and (30), we obtain the following theorem. 
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Theorem 3 . For n G Z+ , we have 

J2 ( J E it <;(x)E n -t,dv) = 2 ( E n+i,d x + y)~{x + y- l)E nX (x + y)) 



Let us consider the following functions. 



ta „ta 



(31) h{t) = (c2e2f _ 1)2 , and gait) = ^ + | 

Then, by (31), we see that 

dg 3 (t) , , N ae ta (C 2 e 2t - 1) - e ta 2( 2 e 2t 



(32) ^F = fl&(t) 



dt 33VV (C 2 e 2 * - l) 2 

_ (a - 2)C 2 e 2 V a - ae ta 
" (C 2 e 2 * - l) 2 ' 



From (31) and (32), we get 



(33) g' 3 (t) + 2f 3 (t)- 



(q-2)(C 2 e 2t - l)e ta 

(C 2 e 2 * - 1) 
(a-2) 53 (0- 



Let a = x + y + z + w. Then, by (33), we get 

(34) h{t) = --g' 3 (t) + ^ y — 2 >-g 3 (t). 

From (5), (6), (9), and (31), we note that 
(35) 

„t(x+y+z+w) 

hi ^ = ( Ce 2t _ 1)2 

1 / te tx \ ( te ty \ ( 2e tz \ ( 2e tw 



At 2 VCe*-l/ VCe*-l/ VCe* + l/ \Ce* + l, 

1 fa B i+1 ^x) A f^ B J+lM A fa t*\ fa / 

n=0 \ i+j+k+e=n J J I 
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On the other hand, by (5), (6) and (31), we get 

t(x+y+z+w) 
(36) g 3 (t) 



C V - 1 
2t I ( 2 e 2t - 1 



1 ^ R ( x+y+z+w \ 9 „, 

2^ n + 1 n! 



and 

(37) 



1 » J3 ra+1;C2 (^±^)2" f n-l 

53W " 2 ^ ^+1 (n~^I)l 



oo R / x+y+z+w \r,n , n 

n + 2 n! 



n=0 

Therefore, by (34), (35), (36) and (37), we obtain the following theorem. 
Theorem 4 . For n 6 Z+ , we have 



? g,;m) b t^W £ « ( ^« w 



i+j+k+£=n 

^n+2, 

n + 2 v ~ ' " " n + 1 



R / x+y+z+w \ tj i x+y+z+w -. 



In Corollary 2, we consider the p-adic integrals on Z p as follows : 
(38) 
h = Y.( n )i I I H t {C\x)H n ^{C\y)d^{x)d^ 1 {y) 

= ZEE (") (■) ("J ^(c-V^iir 1 )^, 
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where Bi are the i-th Bernoulli numbers and Ei are the i-th Euler numbers. 
On the other hand, by Corollary 2, we get 

(39) h= f f (x + y-l)H n (C 1 ,x + y)dn(x)dti- 1 (y) 

H n+1 ((~ 1 ,x + y)dn(x)diJ,- 1 (y) 

= (x + y)J2( n )jHn-i(C 1 ) I I (x + yYdv(xW-i(y) 

-Ef'jVn-Hr 1 ) / / (x + yYd t x(x)d f ,- 1 (y) 

-Y.( n+ A H n+i-dC l ) I I (x + yYd^(x)d^ 1 (y) 
Therefore, by (38) and (39), we obtain the following theorem. 
Theorem 5 . For n € Z + , we have 

EEE (") (!) (Vl^tr^^r 1 )^ 

e=o i=o j=o \ / \ / \ J ' 

e=oj=o wv J / 
e=oj=o w KJ/ 

-EE^r)^)^ 1 -^" 1 ^-^- 

1=0 j=0 v * ' VJ/ 
In Theorem 3, we integral both sides by J z J z d/j,i(x)d/J,-i(y) as follows : 
(40) 

12 = E ( o ) / / E i,d x ) E n-i,dv)diii{x)dix-i{y) 

0-n W Jlr,Jlr, 



£=0 

e ,„ s n-i 



E (fj E (TK^E (" ,■ V~^< / / xV'dMi(x)dM-i(y) 

SSS CD (0 C7 'H^-^^- 



£=0 i=0 i=0 



448 



SOME NEW IDENTITIES ON THE TWISTED BERNOULLI AND EULER POLYNOMIALS 

On the other hand, by Theorem 3, we get 

(41) I 2 = 2 J J {E n+ltC (x + y)-(x + y-l)E ntC (x + y))d f i(x)dfi- 1 (y) 

= 2 J2( U+ p 1 ) E n^-(,C f [ {x + yYd i x{x)d„. 1 {y) 

- 2 E(TK-A< / / (x + y) e+1 di,(x)d^ 1 (y) 

+ 2 E(TK-« / / (x + y) e dfi(x)dn- 1 (y) 

Therefore, by (40) and (41), we obtain the following theorem. 
Theorem 6 . For n € Z + , we have 

E E E (J J \i) \ j J Ee-i,cEn-i-j,c B i E j 



e=o i=o j=o 

2 E E ( /> ) ( J E n+i-ex B i E e-j 

n £+1 

I" W ' + M /,' n .< . 



" 2 EE/ 7 - ) E n~e,c B 3 E e+i 

e=oj=o w v J 7 

+ 2 EE0(-)^-«^-,- 



£=0 i=0 
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Abstract. The fuzzy stability problems for the Cauchy additive functional equation and the Jensen 
additive functional equation in fuzzy Banach spaces have been investigated by Moslehian et al. 
Using fixed point method, we prove the Hyers-Ulam stability of the functional equation 

(0.1) 




'" *£/(-*0 (*>2) 



in fuzzy Banach spaces. 



Keywords: fuzzy Banach space, fixed point, functional equation associated with inner product space, 
Hyers-Ulam stability, quadratic mapping, additive mapping. 

1. Introduction and preliminaries 

Katsaras [23] defined a fuzzy norm on a vector space to construct a fuzzy vector topological structure 
on the space. Some mathematicians have defined fuzzy norms on a vector space from various points 
of view [16, 25, 49]. In particular, Bag and Samanta [2], following Cheng and Mordcson [7], gave an 
idea of fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil and Michalck 
type [24] . They established a decomposition theorem of a fuzzy norm into a family of crisp norms and 
investigated some properties of fuzzy normed spaces [3] . 

We use the definition of fuzzy normed spaces given in [2, 28, 29] to investigate a fuzzy version of 
the Hyers-Ulam stability for the functional equation (0.1) in the fuzzy normed vector space setting. 

Definition 1.1. [2, 28, 29, 30] Let X be a real vector space. A function N : X x R ->• [0, 1] is called 
a fuzzy norm on X if for all i,i/£l and all s, t € K, 

(A/i) N(x,t) = for t <0; 

(N 2 ) x = if and only if N(x, t) = 1 for all t > 0; 

(N 3 )N(cx,t) = N(x,±) if c^0; 

(N 4 ) N(x + y,s + t)> mm{N(x, s), N(y, t)}; 

°2010 Mathematics Subject Classification: Primary 46S40; 46C05; 39B52; 46S50; 26E50; 47H10. 
* Corresponding author. 
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(-ZV5) N(x, •) is a non-decreasing function of R and lim^oo N(x, t) = 1; 
(Nq) for x 7^ 0, N(x, •) is continuous on R. 

The pair (A, N) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in [28, 27]. 

Definition 1.2. [2, 28, 29, 30] Let (A, N) be a fuzzy normed vector space. A sequence {x n } in X is 
said to be convergent or converge if there exists an x G A such that lim„_ 5 . co N(x n — x, i) = 1 for all 
£ > 0. In this case, a; is called the limit of the sequence {x n } and we denote it by A-lim„_ i . co x n = x. 

Definition 1.3. [2, 28, 29] Let (A, N) be a fuzzy normed vector space. A sequence {x n } in A is called 
Cauchy if for each e > and each t > there exists an no € N such that for all n> no and all p > 0, 
we have N(x n +p — x n ,t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each 
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed vector 
space is called a fuzzy Banach space. 

We say that a mapping / : A — > Y between fuzzy normed vector spaces A and Y is continuous at 
a point Xq € A if for each sequence {x n } converging to Xq in A, then the sequence {f(x n )} converges 
to f(xo). If / : A — > Y is continuous at each x € A, then / : A — > Y is said to be continuous on A 
(see [3]). 

The stability problem of functional equations originated from a question of Ulam [48] concerning the 
stability of group homomorphisms. Hyers [19] gave a hrst affirmative partial answer to the question of 
Ulam for Banach spaces. Hyers' Theorem was generalized by Aoki [1] for additive mappings and by 
Th.M. Rassias [38] for linear mappings by considering an unbounded Cauchy difference. A generaliza- 
tion of the Th.M. Rassias theorem was obtained by Gavruta [18] by replacing the unbounded Cauchy 
difference by a general control function in the spirit of Th.M. Rassias' approach. 

The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) 

is called a quadratic functional equation. In particular, every solution of the quadratic functional 
equation is said to be a quadratic function. A Hyers-Ulam stability problem for the quadratic functional 
equation was proved by Skof [47] for mappings / : X — > Y, where A is a normed space and Y is a 
Banach space. Cholewa [8] noticed that the theorem of Skof is still true if the relevant domain A is 
replaced by an Abelian group. Czerwik [9] proved the Hyers-Ulam stability of the quadratic functional 
equation. The stability problems of several functional equations have been extensively investigated 
by a number of authors and there are many interesting results concerning this problem (see [12]-[15], 
[20, 22], [34]-[36], [39]-[46]). 

In [33], the author proved that if an even mapping / : V — ¥ W satisfies the functional equation (0.1), 
then the even mapping / : V — >• W is quadratic, and that if an odd mapping / : V — > W satisfies the 
functional equation (0.1), then the odd mapping / : V — >• W is Cauchy additive. Moreover, the author 
proved the Hyers-Ulam stability of the quadratic functional equation (0.1) in real Banach spaces. 

Let A be a set. A function d : X x A — > [0, 00] is called a generalized metric on A if d satisfies 

(1) d(x, y) = if and only if x = y; 

(2) d(x,y) = d(y,x) for all x,y e A; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z € A. 

We recall a fundamental result in fixed point theory 
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Theorem 1.4. [4, 11] Let (X,d) be a complete generalized metric space and let J : X — > X be a 
strictly contractive mapping with Lipschitz constant L < 1. Then for each given element x G X, either 

d{J n x,J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer n a such that 

(1) d(J n x, J n+1 x) < oo, Vn > n ; 

(2) the sequence { J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x, y) < oo}; 

(4) d(y, y*) < T ^ z d{y, Jy) for all yeY. 

In 1996, G. Isac and Th.M. Rassias [21] were the first to provide applications of stability theory of 
functional equations for the proof of new fixed point theorems with applications. By using fixed point 
methods, the stability problems of several functional equations have been extensively investigated by 
a number of authors (see [5], [6], [27], [31], [32], [37]). 

This paper is organized as follows: In Section 2, we prove the Hyers-Ulam stability of the functional 
equation (0.1) in fuzzy Banach spaces for an odd case. In Section 3, we prove the Hyers-Ulam stability 
of the functional equation (0.1) in fuzzy Banach spaces for an even case. 

Throughout this paper, assume that X is a vector space and that (Y, N) is a fuzzy Banach space. 
Let I be a fixed integer greater than 1. 

2. Hyers-Ulam stability of the functional equation (0.1): an odd case 

In this section, we prove the Hyers-Ulam stability of the functional equation (0.1) in fuzzy Banach 
spaces for an odd case. 

For a given mapping / : X — } Y, we define 

/ i \ i I l 



Cf(xu---,xi): = V E x - +E/ b '-E 



for all X\, ■ ■ ■ ,xi € X. 

Using fixed point method, we prove the Hyers-Ulam stability of the functional equation C f{x\, • • • , x{) 
= in fuzzy Banach spaces: an odd case. 

Theorem 2.1. Let (p : X 1 — > [0,oo) and ip(x) := ip(x, ■ ■ ■ ,x) be functions such that there exists an 

l times 

L < 1 with (p(xi, ■ ■ ■ ,xi)< j(p (Ixi, • • • , Ixi) for all x\ 1 ■ ■ ■ ,xi € X . Let f : X — > Y be an odd mapping 
satisfying 



N{Cf(x u ---,xi),t)>-— ( r (2.1) 

for all Xi, ■ ■ ■ ,Xi G X and all t > 0. Then A(x) := iV4im„_). (X) /"/ [fk) exists for each x E X and 
defines an additive mapping A : X — > Y such that 

nm-AixU)^ ^^^ (2.2) 

for all x G X and all t > 0. 
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Proof. Letting x\ = • • • = xi = x in (2.1), we get 

N(lf(lx)-l 2 f(x),t)> -^ - = t —— (2.3) 

l times 

for all x € X. 

Consider the set 

S := {g : X -+ F} 
and introduce the generalized metric on S: 

d(g,h) = inf{ M e M+ : N(g(x) - h(x),iti) > - ■ -. . . , Vx e Y,Vi > 0}, 

t + TO 

where, as usual, inf cf> = +oo. It is easy to show that (S,d) is complete. (See the proof of Lemma 2.1 
of [26].) 

Now we consider the linear mapping J : S — > S such that 



Jg(x) ■- Ig (-) 



for all x € X. 

Let g, h G S be given such that d(g, h) — e. Then 

N(g(x)-h(x),et)> J 

t + ip{x) 

for all x e X and all t > 0. Hence 



N(Jg(x) - Jh(x), Let) = TV (?.g (y) - J/i (j\ , iei) 



- "(«(7)-»(f)'f- 

Lt Lt 






i + Vw 
for all x e X and all £ > 0. So rf(g, h) = e implies that d( Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 

for all g,h E S. 

It follows from (2.3) that 

'x\ Lt\ t£ i 



" /W-V(f).^ > iir^ <"> 



for all x eX. So d(f, Jf) < L 



By Theorem 1.4, there exists a mapping A : X — )• Y satisfying the following: 
(1) A is a fixed point of J, i.e., 



A 



(f ) = 7^ (2 - 5) 



for all x G X. Since / : X — > Y is odd, A : X — > Y is an odd mapping. The mapping A is a unique 
fixed point of J in the set 

M = {g€S:d(f,g)<oc}. 
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This implies that A is a unique mapping satisfying (2.5) such that there exists a jjl G (0, oo) satisfying 

N{f[x)-A(x),iMt)> 



t + ip(x) 
for all x G X; 

(2) d(J n f,A) — >• as n — >• oo. This implies the equality 

TV- lim r/ (£) = A(x) 

for all x G X; 

(3) rf(/, A) < Y^d(f, Jf), which implies the inequality 

This implies that the inequality (2.2) holds. 
By (2.1), 

w ('" c '(F'-'F)- r ')^ 

for all Xi, ■ ■ ■ , X[ G X, all t > and all «eR So 

N(rcf(^,...,^),t)> ~ 



<p{% 



t 

for all x\. ■ ■ ■ , xi € X, all t > and all n <G N. Since linin^oo t ■ , n '" r = 1 for all Xi, • • • ,xr € X 

and all t > 0, 

^(CTL^!,-.. ,x,),*) = l 
for all £1, • • • ,xi € X and all t > 0. Thus the mapping A : X — >• Y is additive, as desired. □ 

Corollary 2.2. Lei 9 > on<i /etp &e a rea/ number with p > 1. Lei X fca normed vector space with 
norm \\ ■ \\. Let f : X — > Y be an odd mapping satisfying 

N(Cf(x lr --, Xl ),t)> * (2.6) 

for all xi, ■ ■ ■ , xi G X and all t > 0. Then A(x) := A^-lim n _ 5 . 00 J™/ (^-J exists for each x £ X and 
defines an additive mapping A : X — > Y such that 

(IP - J)* 



N (f(x) - A(x),t) > 



(ip - i)t + e\\x\\p 

for all x G X and all t > 0. 

Proof. The proof follows from Theorem 2.1 by taking 

/ 

for all xi, • • • , x; G X. Then we can choose L = Z 1_p and we get the desired result. □ 

Theorem 2.3. Let (p : X 1 — > [0, 00) and ip(x) := cp(x, ■ ■ ■ , x) be functions such that there exists an 

l times 

L < 1 with <p(xi, ■ ■ ■ , X;) < ILip (^r, ■ • • , tO for all X\, ■ ■ ■ , X/ G X . Let f : X — > Y be an odd mapping 
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satisfying (2.1). Then A(x) := N -YmVn^rx, j^f {l n x) exists for each x <G X and defines an additive 
mapping A : X — > Y such that 

/or all x E X and all t > 0. 

Proof. Let (5, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Consider the linear mapping J : S —^ S such that 

for all a; € X. 

Let (7, ft- G S be given such that d(g, /i) = e. Then 

N(g(x) -h(x),et) > 



t + ip(x) 
for all x <G X and all t > 0. Hence 

N(Jg(x)-Jh(x),Let) = N (-g (Ix) - -h(lx) ,Lst 

= A (5 (ix) - h (lx) , ILet) 
ILt ILt 

> : r > 



lLt + ip{lx) ~ lLt + lLip(x) 
t 



t + ip(x) 
for all x € X and all t > 0. So d(<?, h) = e implies that d( Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld{g, h) 

for all g,h E S. 

It follows from (2.3) that 

N(m-\f(ix),£)> 



f y "PJ - t + ip{x) 
for all x e X and all t > 0. Thus d(f, J f) < p. 

By Theorem 1.4, there exists a mapping A : X ^ Y satisfying the following: 

(1) A is a fixed point of J, i.e., 

4(te) = M(a;) (2.8) 

for all x E X. Since / : X — > Y is odd, A : X — > Y is an odd mapping. The mapping A is a unique 
fixed point of J in the set 

M = {g€S:d{f,g) < oo}. 
This implies that A is a unique mapping satisfying (2.8) such that there exists a jjl G (0, oo) satisfying 

N(f(x)-A(x),,t)> TT ^- ) 

for all x e X; 

(2) d(J n f 7 A) — >• as n — >• oo. This implies the equality 



TV- lim 1/(^3) = 4(3) 



for all x € X: 
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(3) d(f,A) < Yzrr,d{f,Jf), which implies the inequality 

1 
I 2 -PL' 
This implies that the inequality (2.7) holds. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 



d{f,A)< n _ ]2i 



Corollary 2.4. Let 6 > and let p be a real number with < p < 1. Let X be a normed vector space 
with norm || • || . Let f : X — > Y be an odd mapping satisfying (2.6). Then A(x) := TV-linin^oo j^f (l n x) 
exists for each x G X and defines an additive mapping A : X — > Y" such that 

N(m-A( X) ,t)> {l J p -^ MP 

for all x G X and all t > 0. 

Proof. The proof follows from Theorem 2.3 by taking 

/ 
ip(X!,--- ,Xl) ~ 6^2\\xj\\ p 
i=i 
for all xi, ■ ■ ■ ,Xi € X. Then we can choose L = l' p ~ l and we get the desired result. □ 

3. HYERS-ULAM STABILITY OF THE FUNCTIONAL EQUATION (0.1): AN EVEN CASE 

In this section, we prove the Hyers-Ulam stability of the functional equation (0.1) in fuzzy Banach 
spaces for an even case. 

Using fixed point method, we prove the Hyers-Ulam stability of the functional equation C f{x\ 1 • • • , xi) 
= in fuzzy Banach spaces: an even case. 

Theorem 3.1. Let (p : X 1 — > [0,oo) and ip(x) := (p(x,--- ,x) be functions such that there exists an 

l times 

L < 1 with (p(xi, ■ ■ ■ ,X[) < h(p (Ixi, • • • , Ixi) for all X\, ■ ■ ■ , x\ £ X . Let f : X — > Y be an even 
mapping satisfying /(0) = and (2.1). Then Q(x) := iV-linin^oo If (fk) exists for each x E X and 
defines a quadratic mapping Q : X — > Y such that 

N (/M-OM. <)> ,„_';: -,% (i) (3-D 

for all x G X and all t > 0. 

Proof. Letting Xi = • • • = x\ = x in (2.1), we get 

N(lf(lx)-l 3 f(x),t)> -^ r = f —— (3.2) 

l times 

for all x G X. 

Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Now we consider the linear mapping J : S — > S such that 

J9(x) := l 2 9 (j) 

for all x G X. 

Let g, h G S be given such that d(g, h) — e. Then 

N(g(x)-h(x),et)> * 

t + ip{x) 
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for all x G X and all t > 0. Hence 

N(Jg(x)-Jh(x),Let) = N (l 2 g (|) - I 2 'h (|) , Let 

- "(»(fH(f)> 



■ > \ Li _\ > p 



> 



LL 

I 2 

Lt , 

P _ l 



^(f) 



£ + £ip(x) t + ib(x) 



for all x G X and all t > 0. So d(<?, h) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 

for all g,h G S. 

It follows from (3.2) that 

L 



»('&-*' (j)-¥)*j&®*t4m (3 ' 3) 



for all x eX. So d(f, Jf) < £. 

By Theorem 1.4, there exists a mapping Q : X — > Y satisfying the following: 
(1) Q is a fixed point of J, i.e., 



(f ) = h Q M (3 - 4) 



for all x G X. Since / : X — > Y is even, Q : X — > Y is an even mapping. The mapping Q is a unique 
fixed point of J in the set 

M = {g€S:d{f,g) < oo}. 
This implies that Q is a unique mapping satisfying (3.4) such that there exists a/i£ (0, oo) satisfying 

N(f(x)-Q(x),»t)> * 

t + ^(x) 

for all x G X; 

(2) d(J n f, Q) — > as n — > oo. This implies the equality 



TV- lim J 2 ™/ (£) = Q(x) 



for all x G X; 

(3) d(/, Q) < jzrzd(f, Jf), which implies the inequality 

This implies that the inequality (3.1) holds. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Corollary 3.2. Let 9 > and Zei p be a real number with p > 2. Let X be a normed vector space 
with norm || • ||. Let f : X —} Y be an even mapping satisfying /(0) = and (2.6). TTien Q(x) := 7V- 
linin^oo l 2n f (j^) exists for each x G X and defines a quadratic mapping Q : X — > Y such that 

(V - l 2 )t 
N (f(x) - Q(x), t) > - — { — >-—- 

for all x G X and all t > 0. 
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Proof. The proof follows from Theorem 3.1 by taking 

l 
tp(xu--- ,xi) :=e^2\\x \\ p 
i=i 
for all Xi, ■ ■ ■ ,Xi £ X. Then we can choose L = l 2 ~ p and we get the desired result. □ 

Similarly, we can obtain the following. We will omit the proof. 



Theorem 3.3. Let tp : X — *■ [0, oo) and if)(x) := tp(x, ■ ■ ■ , x) be functions such that there exists 



an 



l times 

L < 1 with <p(x\, ■ ■ ■ , xi) < l 2 Lip (j 1 , ■ ■ ■ , y-) for all X\, ■ ■ ■ ,xi £ X . Let f : X — > Y be an even 
mapping satisfying /(0) = and (2.1). Then Q(x) := N -linin^^ i/ (l n x) exists for each x G X and 
defines a quadratic mapping Q : X — > Y such that 

w( /(x)-A M , t) > (i ,_(';-^»; M 

for all x £ X and all t > 0. 

Corollary 3.4. Let 9 > and let p be a real number with < p < 2. Let X be a normed vector 
space with norm \\ ■ \\. Let f : X — > Y be an even mapping satisfying /(0) = and (2.6). Then 
Q(x) := N -liiRn^rx, paf (l n x) exists for each x G X and defines a quadratic mapping Q : X — > Y such 
that 

for all x £ X and all t > 0. 

Proof. The proof follows from Theorem 3.3 by taking 

tpixi,--- ,x t ) ■= 6^2\\xj\\ p 
for all Xi, ■ ■ ■ ,Xi £ X. Then we can choose L = l p ~ 2 and we get the desired result. □ 
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Abstract 

The quasicontraction result of X. Zhang [X. Zhang, Fixed point theorem of generalized 
quasicontractive mapping in cone metric spaces, Comput. Math. Appl., 62 (2011), 1627-1633] 
is generalized by omitting the assumption of normality of the underlying cone, and much 
shorter proof is given. Respective common fixed point results, as well as the result for Fisher's 
quasicontraction, are also proved. Examples are provided showing that our results are proper 
generalizations of the known ones. 

Keywords: Tvs-cone metric space; generalized quasicontraction; nonnormal cone; com- 
mon fixed point. 

Mathematics Subject Classification: 47H10, 54H25. 

1 Introduction 

Fixed point and common fixed point results and their applications in metric spaces and their 
generalizations have received much attention in the past 90 years since the basic Banach's result. 
Among the most famous are the following quasicontraction results of Ciric [1], Das and Naik [2] 
and Fisher [3]. 

Theorem 1.1. Let (A, d) be a complete metric space and let f : A — ► A . Suppose that there exists 
k G [0, 1) such that for all i,i/£l, 

d(fxjy) < k max{d(x,y),d(x,fx),d(y,fy),d(x,fy),d(y,fx)} (1.1) 

holds. Then f has a unique fixed point u and, for each x G A, the iterative sequence {f n x} 
converges to u. 

Theorem 1.2. Let (X,d) be a metric space, and let f,g : X — ► A be two selfmappings such that 
fX C gX and gX is a complete subset of X. Suppose that there exists k G [0, 1) such that for all 
x, y G X, 

d(fxjy) < k max{d(gx,gy),d(gx, fx),d(gy, fy),d(gx, fy),d(gy, fx)} 

* Corresponding author. E-mail addresses: dinghs@mail.ustc.edu.cn (H. S. Ding), msj@sbb.rs (M. Jovanovic), 
kadclbur@matf.bg. ac.rs (Z. Kadelburg), radens@beotel.net (S. Radenovic). 
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holds. Then f and g have a unique point of coincidence. If, moreover, f and g are weakly 
compatible, then they have a unique common fixed point u and for each x G X the corresponding 
Jungck sequence converges to u. 

Theorem 1.3. Let (X,d) be a complete metric space, and let f,g : X — > X be two selfmappings. 
Suppose that there exists k e [0, 1) such that for all x, y € X , 

d(fx,gy) < k max{d(x,y),d(x,fx),d(y,gy),±[d(x,gy) + d(y,fx)]} 

holds. Then f and g have a unique common fixed point. Moreover, each fixed point of f is a fixed 
point of g and conversely. 

Theorem 1.4. Let (X, d) be a complete metric space and let f : X — > X be a continuous selfmap. 
Suppose that there exist k G [0,1) and positive integers p,q such that for all x, y € X there are 
some < r, r' < p and < s,s' < q so that 

d(f p x,Py) < k max{d(f r xj s y),d(f r xj r 'x),d(f s y,f s 'y)}. 

Then f has a unique fixed point a£l and, for each x £ X , the iterative sequence {f n x} converges 
to u. 

L.G. Huang and X. Zhang introduced cone metric spaces in [5], replacing the set of real numbers 
by an ordered Banach space as the codomain of the metric. Thus, they reconsidered the notion 
of K-metric space that was used earlier (see, e.g., [13]). A lot of known metric fixed point and 
common fixed point results were subsequently proved in this new setting (see, e.g., [5-7, 9, 10]). 

Recently, X. Zhang [14] considered the following modification of the quasicontractive condition 
(1.1): 

There exists k e [0, 1) such that for all x, y € X there is some 

s x , y e co{6, d(x, y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)} 

so that 

d{fx,fy)<ks XtV . (1.2) 

Note that it is equivalent to use the set 

co {6, d(fx, fy),d(x, y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)} 

instead of co {6, d(x, y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)}. 

It is easy to see that in the frame of metric spaces condition (1.2) is equivalent to condition 
(1.1). However, in arbitrary cone metric spaces, new condition is weaker and Zhang showed by 
an example that the corresponding fixed point result is stronger. His proof, though, was rather 
involved and, moreover, he used additional assumption that the underlying cone was normal. 

We prove in this article that normality condition can be omitted and, in the same time, Zhang's 
result can be proved in a much easier way. We use the method of Minkowski functional introduced 
in [10]. In the same way, generalized common fixed point theorems for two mappings are easily 
derived, by reducing them to their known metric counterparts. The same is true for Fisher's 
quasicontraction. 

At the end, we provide examples showing that our results are proper generalizations of the 
known ones. 
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2 Preliminaries 

We recall some properties of cones and tvs-cone metric spaces. The details and proofs can be found 
in [5, 7, 9, 10, 12]. 

Let £ be a real Hausdorff topological vector space (tvs for short) with the zero vector 8. A 
proper nonempty and closed subset K of E is called a (convex) cone if K + K C if, XK C K for 
A > and K n (—if) = {8}. We shall always assume that the cone K has a nonempty interior 
hit if (such cones are called solid). 

Each cone K induces a partial order <onEhyx<y-^>y — x G if . x -< y will stand for x -< y 
and i/y, while x <C y will stand for y — x G int if. The pair (E, if) is an ordered topological 
vector space. 

For a pair of elements x, y in E such that x ■< y, put 



[i,i/] = {ze£:i^z^j}. 



The sets of the form [x, y] are called order-intervals. It is easily verified that order-intervals are 
convex. A subset ^4 of E is said to be order-convex if [x, y] C A, whenever x, y G A and x <y. 

Ordered topological vector space (E, if) is order-convex if it has a base of neighborhoods of 8 
consisting of order-convex subsets. In this case the cone if is said to be normal. In the case of a 
normed space this condition means that the unit ball is order-convex, which is equivalent to the 
condition that there is a number k such that x,y G E and 8 < x ^ y implies that |jx|| < fc||y||. 
The smallest constant k satisfying the last inequality is called the normal constant of if. 

If V is an absolutely convex and absorbing subset of a tvs E, its Minkowski functional qy is 
defined by 

E 3 x t-> qy{x) = inf{ A > : x G XV }. 

It is a semi-norm on E (i.e., qy{x + y) < gy(x) + qv(y) for x, y G E and qy(Ax) = |A|gy(x) for 
x G -E, A a scalar). If V is an absolutely convex neighborhood of 8 in E, then qy is continuous and 

{xeE: q v (x) < 1} = int V C V C V = {x G £ : gy(x) < 1}. 

Note also that qv(coA) C co(gy(^4)) for arbitrary Ac E. 

Let now (.E, if) be an ordered tos and let e G int K. Then [— e, e] = 

(K — e) n (e — if) = {z G E : — e < z ~< e] is an absolutely convex neighborhood of 8; its 
Minkowski functional m_ e . e ] will be denoted by q e . It is an increasing function on K. Indeed, let 
S^ii^ X2; then {A : xi G A[— e, e]} D {X : x-i G A[— e, e]} and it follows that q e (x\) < q e {x2). If 
the cone K is solid and normal, q e is a norm in E. 

Let X be a nonempty set and (E, if) an ordered tvs. A function d : X x A" — > E is called a 
tvs-cone metric and (X, d) is called a tvs-cone metric space if the following conditions hold: 

(CI) 8 ^ d(x, y) for all x, y G X and d(x, j/) = 8 if and only if x = y; 

(C2) d(x, y) = d(y, x) for all x,y E X; 

(C3) d(x, z) ^ d(x, y) + <i(y, z) for all x, y, z G Jf . 

Let x G A and {x„} be a sequence in A. Then it is said that: 

(i) {x n } tvs-cone converges to x if for every c G E with ^«c there exists a natural number no 
such that d(x n , 1) <c for all n > uq; we denote it by d-linin^oo i„ = iorj;„->3;asn->oo; 

(ii) {x„} is a tvs-cone Cauchy sequence if for every c G E with 8 <C c there exists a natural 
number no such that d(x m , x n ) <C c for all m,n > n$; 

(iii) (A, d) is tvs-cone complete if every tvs-Cauchy sequence is tvs-convergent in A. 

The following result was proved in [10]. 
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Theorem 2.1. Let (X,d) be a tvs-cone metric space over a solid cone K and let e € iritis. Let 

q e be the corresponding Minkowski functional of [— e, e] . Then d q = q e o d is a (real-valued) metric 

on X. Moreover: 

10 d d i 

2° {x n } is a d-Cauchy sequence if and only if it is a d q -Cauchy sequence. 
3° (X, d) is complete if and only if(X,d q ) is complete. 

Hence, topologies induced on X by d and d q are equivalent, i.e., these spaces have the same 
collections of closed, resp. open sets, and the same continuous functions (provided the underlying 
cone is solid). 

3 Main results 

We will first show that the main theorem from [14] can be proved in a much easier way. Moreover, 
our result is more general, since normality of the cone is not assumed. 

Theorem 3.1. Let (X,d) be a complete tvs-cone metric space and let f : X — > X. Suppose that 
there exists k G [0, 1) such that for all x, y G X there is some 

s x ,y e co {61, d(x, y),d(x, fx),d{y, fy),d(x, fy),d(y, fx)} 

so that 

d{fx,fy)<ks x ^ v . (3.1) 

Then f has a unique fixed point u G X and, for each x G X , the iterative sequence {f n x} converges 
to u. 

Proof. Let e G int K and let q e and d q have the meaning as in Theorem 2.1. Applying Minkowski 
functional q e , we obtain from (3.1) that for fixed x,y G X, 



d q {fx,fy) = q e (d(fx,fy)) < kq e (s x , y ). 



Here, 



q e {s x ,y) e <? e (co {6, d(x, y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)}) 
C co (q e ({$, d(x, y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)})) 
= co {q e (6),q e (d(x, y)),q e {d{x, fx)),q e (d(y, fy)),q e (d(x, fy)),q e (d(y, fx))} 
= co {0, d q (x, y),d q (x, fx),d q (y, fy),d q (x, fy),d q (y, fx)} 

= [0,M], 

where M = max{d q (x, y),d q (x, fx), d q {y, fy),d q {x, fy), d q {y, fx)}. We have proved that 

d q (fx,fy) < kma,x{d q (x,y),d q (x,fx),d q (y,fy),d q (x,fy),d q (y,fx)}. 

Thus, / satisfies quasicontraction condition (1.1) in the metric space (X,d q ) and by Theorem 1.1 
there is a unique fixed point u E X of f. Moreover, for each x G X, the Picard sequence {f n x} 
converges to u in metric d q , and hence (by Theorem 2.1) also in tvs-cone metric d. □ 

Now we generalize the previous result to the case of two mappings. Two variants of this 
generalization are possible (see further Theorems 3.2 and 3.3). 
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Theorem 3.2. Let (X,d) be a tvs-cone metric space, and let f,g : X — ► X be two selfmappings 
such that fX C gX and gX is a complete subset of X . Suppose that there exists k G [0,1) such 
that for all x,y £ X there is some 

s x , y eco{6, d(gx, gy) , d(gx, fx) , d(gy, fy) , d(gx, fy) , d(gy, fx) } 

so that 

d(fx,fy) <ks XtV . (3.2) 

Then f and g have a unique point of coincidence. If moreover, f and g are weakly compatible, 
then they have a unique common fixed point u G X and for each x G X the corresponding Jungck 
sequence converges to u. 

Proof. In order to apply Theorem 1.2, it is enough to show that for arbitrary x, y G X, 

d q {fx, fy) < kma,x{d q (gx,gy),d q (gx, fx),d q (gy, fy),d q (gx, fy),d q (gy, fx)}. 

Similarly as in the previous proof, using (3.2), this follows from 

d q (fx,fy) = q e (d(fx,fy)) < kq e (s x , v ), 

where 

qe{s x ,y) e <7e(co {6, d{gx, gy),d(gx, fx),d(gy, fy),d(gx, fy),d{gy, fx)}) 

C co (q e ({0, d(gx, gy),d(gx, fx),d(gy, fy),d(gx, fy),d(gy, fx)})) 
= co {0, d q (gx, gy),d q (gx, fx),d q (gy, fy),d q (gx, fy),d q (gy, fx)} 
= [0,M], 

where M = m.ax{d q (gx, gy),d q (gx, fx),d q (gy, fy),d q (gx, fy),d q (gy, fx)}. The conclusion about 
the Jungck sequence again follows using Theorem 2.1. □ 

Theorem 3.3. Let (X,d) be a complete tvs-cone metric space, and let f,g : X — > X be two 
selfmappings. Suppose that there exists k G [0, 1) such that for all i,j/£l there is some 

t x ,y € co {S, d(x, y),d(x, fx),d(y, gy), \[d{x, gy) + d(y, fx)}} 

so that 

d(fx,gy) ^ kt x , y . (3.3) 

Then f and g have a unique common fixed point in X. Moreover, each fixed point of f is a fixed 
point of g and conversely. 

Proof. Here, Theorem 1.3 is applied after checking that (3.3) implies that for all i,i/£l, 

d q (fx,gy) = q e (d(fx,gy)) < kq e (t x ^ y ), 

where 

Qe{t x ,y) € q e (co{6,d(x,y),d(x,fx),d(y,gy)±[d(x,gy) + d(y,fx)}}) 

C co {q e (9),q e (d(x,y)),q e (d(x,fx)),q e (d(y,gy)),±[q e (d(x,gy)) + q e (d(y,fx))}} 
= co {0, d q (x, y),d q (x, fx),d q (y, gy), \[d q {x, gy) + d q (y, fx)}} 
= [0,M], 
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and M = ma,x{0,d q (x,y),d q (x,fx),d q (y,gy),±[d q (x,gy) + d q (y,fx)}}. D 

Remark 3.4. This result also answers in positive and in a more general way, B. Samet's second 
question from [11, Remark 2.3]. 

Finally, fixed point result for Fisher's quasicontraction (which was derived in [4]) can also be 
easily proved by our method. 

Theorem 3.5. Let (X,d) be a complete tvs-cone metric space and let f : X — > X be a continuous 
selfmap. Suppose that there exist k G [0,1) and positive integers p,q such that for all x,y G X 
there are some < r, r' < p and < s, s' < q and 

u x , y G co {$, d(fx, fy),d(fx, f'x),d(fy, f ' y)} 

so that 

d(fx,fy)±ku x , y . (3.4) 

Then f has a unique fixed point u G X and, for each x G X , the iterative sequence {f n x} converges 
to u. 

Proof. In order to apply Theorem 1.4 we have to prove that 

d q (f p x, fy) < k maxKtfx, fy), d q (f r x, f r 'x),d q (f s y, f'y)} 

where < r, r' < p and < s, s' < q. Applying Minkowski functional q e to inequality (3.4) we get 
that 

d q {f p x,Py) - q e (d(f p xJ q y)) < kq e (u x , y ), 

where 

q e (u x , y ) G qe(co{6,d(rx,f s y),d(f r x,r'x),d(f s y,f s 'y)}) 
C co (q e {6, d(f r x, f s y),d(f r x, f r 'x),d(f s y, f'y)}) 
= co {0, d q (fx, fy),d q (fx, f'x),d q (fy, f'y)} = [0, M], 

M = m^{d q (fx,fy),d q (fx,f'x),d q (fy,f'y)}, < r,r' < p and < s,s' < q. Using 
Theorems 1.4 and 2.1 the conclusion follows. □ 

4 Examples 

X. Zhang gave an example (see [14, Example 1]) showing that his fixed point result for generalized 
quasicontractions is more general than the classical one. We provide a similar example, but for 
the case of a nonormal cone. Hence, our Theorem 3.1 is more general than both Theorem 1.1 and 
Zhang's [14, Theorem 3]. 

Example 4.1. Let E = C^[0, 1] with ||m|| = \\u\loo + ||u'||oo, u G E and let K = {u e E : u(t) > 
on [0, 1]}. It is well known that this cone is solid but it is not normal. Now consider the space 
E = Cr[0, 1] endowed with the strongest locally convex topology t* . Then K is also i*-solid (it 
has the nonempty i*-intcrior), but not i*-normal. (For details see [9, Example 2.2]). 
Let X = {a, b, c} and define a tvs-cone metric d : X x X — > K by 

d(a,b)(t) = a(t) = 2 + 3t, d{b, c){t) = /3{t) = 5 - 3i, d{a,c){t) = -y{t) = 3, 
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d(x,y) = d(y,x) and d(x,x) = 9 for x,y G X. Then (X,d) is a complete tvs-cone metric space 
over the nonnormal cone K. 

Consider now the mapping / : X — > X given by / = I ) . Denote 

\a c a J 

M x>y = {d(x,y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)} 

for x,y (^ X. Then 

M Uib = {a,0,/?,7,a}, 
M a , c = {7,0,7, 0, 7 }, 
M 6iC = {/3,/3,7,a,6'}. 

We will check that / is not a quasicontraction in a tvs-cone metric space (X, d) , but it is a 
generalized quasicontraction in the sense of Zhang [14]. 

Take x — a, y = b. We have that d(fa, fb) = d(a, c) = 7 and there is no s a f, e M ai & satisfying 
d(/a, /&) ;< fcs a ,& with some fc e [0, 1). 

Take now k £ [| , 1) and show that for all x 7 y G X there exists s^j, G co ({8} U M x _ y ) such that 
d(fx, fy) ^ ks x>y . The only nontrivial cases are a; = a, y = b and x = &, y = c. 

It x = a, y = b, then d(/a, /6) = d(a, c) = 7 and 

d(fa,fb)(t) = 7 (t) = 3 < fc(|a(*) + §/?(*)) = A; • f . (4.1) 

If x = b, y = c, then again d(fb,fc) = d(c,a) = 7 and (4.1) again holds. Thus, / satisfies all 
requirements of Theorem 3.1 and it has a unique fixed point u = a. 

We provide now an example showing how our Theorem 3.2 can be used for proving the existence 
of a common fixed point of two mappings, while the classical result cannot. Similar examples can 
be constructed for Theorems 3.3 and 3.5. 

Example 4.2. Let E = K 2 , K = {{x,y) : x,y > 0}, X = {a,b,c} and let d : X x X -> K be 
defined by 

d(a,6) = (5,2), d(6,c) = (2,5), d(a,c) = (3,3), 

d(x,y) = d{y,x) and d{x,x) = (0,0) = for i,|/6l. Then (X, d) is a complete tvs-cone metric 
space over the (normal) cone K. Consider the following two mappings f,g:X—>X: 

, fa b c\ fabc 

\a a cj \a c b 

Then, e.g., d{fa, fc) — d{a 1 c) = (3, 3) and one cannot find constant fc G [0, 1) such that d(fa, fc) ^ 
ku a .c with 

«a, c e M a>c = {d(ga, gc),d(ga, fa),d(gc, fc),d(ga, fc),d(gc, fa)} 

= {d(o, 6), d(o,o),d(6,c),d(o,c),d(o, 6)} = {(5, 2)^,(2, 5), (3, 3)}. 

However, taking any fc with | < k < 1, there exists w a . c € co({#} U M ac ) such that d(fa,fc) < 
ku a _ c holds. Indeed, 

d(fa, fc) = (3, 3) * fc[| ■ (5, 2) + \ ■ (2, 5)] = k[\ ■ d{ga, gc) + \ ■ (gc, fc)}. 

It is easy to check that the same conclusion holds for other pairs of elements of X. Hence, / and 
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g satisfy all the conditions of Theorem 3.2 and they have a unique common fixed point a. 
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SOME PROPERTIES OF BERNOULLI AND EULER 
POLYNOMIALS ARISING FROM THE p-ADIC INTEGRAL 

ON Z p 

D.S. KIM, T. KIM, S.H. LEE, D.V. DOLGY 

Abstract. In this paper we give some interesting identities on the 
Bernoulli and Euler polynomials. To derive our identities, we inves- 
tigate some properties and equations on the p-adic integral on Z p . 



1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p , Q p 
and C p will denote the ring of p-adic rational integers, the field of p-adic 
rational numbers and the completion of the algebraic closure of Q p . Let v p 
be the normalized exponential valuation of C p with \p\ p = p~ v p( p > = p -1 . 
Let UD(Z p ) be the space of uniformly differentiable function on Z p . For 
/ € UD(Z p ), p-adic integers on Z p for / in the sense of bosonic is defined 
by 

P N -i 

(1) h(f) = f f{x)dn{x) = lun^ -^ Yl /(*)' ( see t 10 ])- 

The fermionic p-adic integral on Z p is also defined by Kim as follows: 

(2) /-i(/)= / f(x)d»- 1 (x)= lim £/(*)(-!)*, (see [10]). 

•> ^p X= Q 

From (1) and (2), we have the following equations : 

(3) /i(/i)-/i(/) = /'(0), (see [11]), 
and 

(4) J_i(/i) + /_i(/) = 2/(0), (see [9]), 

where fi(x) = f(x + 1). 

The Euler numbers of the first kind are defined by 

(5) ^ = eEt = Y. E --v 

n=0 
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with the usual convention about replacing E n by E n , (see [1-15]). 
The Euler numbers of the second kind are defined by 

| O 0O J.TL 

(6) -^— = -^— = YE* n t -. 

y ' cosht e* + e-* ^ n n\ 

n=0 

Note that £ 2 fc = and E* k+1 = 0, for k€N. 

As is well known, Bernoulli polynomials are defined by 

(7) _* *t = e B(*) t = £ B * ( see [14]). 
e 1 — 1 ^^ n! 

n=0 

with the usual convention about replacing B n {x) by B n {x). In the special 
case, x = 0, J3„(0) = -B n are called the n-th Bernoulli numbers. 
Now, the Euler polynomials are also defined by 

(8) E n (x) = J2( n X n ' e E e , (see [11-15]), 

£=0 V J 

where Ei are the £-th Euler numbers of the first kind. 
From (7), we can derive the following equation : 

(9) B n (x) = J2 (,V~' S * ( see t 11 - 15 !)- 

The following identities for the Bernoulli polynomials are known in (see [6,7]) 
: for k £ N 

2k \„o;B2i(x) „oh, 1, 2k ' 



(10) e( 2 /!> 2 ^=^-^ 



, ,-, , -, - 2k + V 

3=1 



and 



;n) E 



*' '2k + 1\ B 2j (x) _ x 2k+1 - (x - l) 2k+1 1 



^\2j-l 2j 2 2k + 1 

For fc <E Z + = N U {0} , let us know that 

2k + 1\ S 2j+ i(x) _ x 2fc+1 + (x - l) 2fe+1 



< 12 > §(T) 



v -, , 27 + 1 



and 



( 13 ) E( 2 ^ 1 ) 22j ^TT = 22 ^-^) 2fc+1 ' ( see t 6 ' 7 ])- 

In this paper, we derive some properties and new identities for the Bernoulli 
and Euler polynomials. To derive our identities we use p-adic integral equa- 



tion on Z p . 



472 



SOME PROPERTIES OF BERNOULLI AND EULER POLYNOMIALS 

2. Identities for the Bernoulli and Euler polynomials 

From (1) and (3), we note that 

(14) f e 2tx dfi(x) = J e tx dfi(x) j e te d/x_i(x). 

Thus, by (14), we have 

(15) j j e 2t{x+ ^dn(x) = \ f e tx dfi(x) -^ [ e 2tx dfi(x). 
By (15), we get 



2t ]•? t Jf- 2i 



1 



sinh t e t — 1 e 2t — 1 
From (15), we can also derive the following p-adic integral equation on 7L V 

(16) 2"" 1 / (x + X ) n d/x(x) = / x n d/i(x) - 2 n - 1 j x n d[i(x). 

Therefore (3), (7) and (15), we obtain the following proposition: 

Proposition 1 . For n G Z+, we have 

Bn( 1 -) = (^ T -l)B n . 

Taking j z dfi(x) on both sides in (10), we have 

k 



(17) 






j 

k 2j 



ggW-OO-* 



On the other hand, 



/i - 2 2fe / (x - l) 2k dfi(x) 



2' ^ ' 2/c + l 

(18) "* 

= 2 2fc B 2fc (--) - — — . 

v 2 7 2/c + l 

By (3), we easily see that 

(19) / (x + y) m dtx(y) - [ (x + y- l) m d^y) = m(x - l)™" 1 . 
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Thus, by (19), we have 

B m {x) - B m {x - 1) = m(x - l) m -\ (m G Z+). 
Let us take x = Jj. Then we get 

(20) 2 2 2 

= (^ ZT -i)5 m +m(-r- i (-ir. 

Therefore, by (17), (18) and (20), we obtain the following theorem. 
Theorem 2 . For k G N , we have 
XJL2 2 '- 1 / 2k \/2f 



E E ^ ( 2 /! J (7) B ^-< B < - < 2 - 22t ' B - + 4t 



j=l £=0 



2k + 1 



By (4), (5) and (6), we easily see that 

y ' Jj p v ; coshi ^ n n! 

Thus , by (21), we have 

(22) 2 n f^{x+ l -) n d^ 1 {x) = El. 

By (22), we get 

(23) 2 n E n {\) = E*. 
From (4), we note that 

(24) f (y + x) n dn-i{y) + [ (y + x - l) n dM-i(l/) = 2(x - 1)' 



By (4), (5) and (24), we get 

(25) E n {x) + E n {x - 1) = 2(x - l) n , for n G Z H 

Therefore, by (25), we obtain the following proposition. 

Proposition 3 . For n G Z + , we have 



•1. „ , 1. , .,„,! 



En(^)+E n (-^)~i-\ 



ni \n— 1 
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Let us take the fermionic p-adic integral on 7L V in (10) as follows: 

* / OIL \ i 2J 






< 26 > 3 * 2 , 



On the other hand 



/ 2 = 2 2 M (x-VdM-iOr) ! 



2' ^ v ' 2fc + l 

(27) ^ p 

= 2 2fc £ 2fc (-I)-_^. 
v 2 7 2A; + 1 

By (27) and Proposition 3, we get 

h = 2 2k E 2k ( ' ! 



2' 2/c + l 
(28) =2 2k {-E 2k { l -) + 2{- l -) 2k } ' 



'2' v 2 y J 2fc + l 



-2 2fc i? 2A; (i) +2 ' 



"2' ~ 2k + 1 
From (23) and (28), we note that 

h = -2 2k E 2 k(-) + 2 - — — 
(29) ' 2 x 2fc + 1 

= -^ + 2 



2k + 1 
Therefore, by (26) and (29), we obtain the following theorem. 

Theorem 4 . For k G N, we have 



1=0 



Let us consider the p-adic integral on Z p in (12) as follows: 



(30, -tr^sc")^*™ 

= E E ( 2A; 2 ) ; 2jri C ^ + ; ^■+ 1 -^^- 

j=0 fcO v J 7 J v 7 
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On the other hand, 

h = \l (x 2k+l + (x - l) 2fc+1 )^(x) 
z Ji p 

= \ I {x 2k+l -{x + 2) 2k+l )d^x) 
(31) l J^v 

= ^^fc+i - 2^2fc+i(2) 
= -±(2k + l + S 0ik ). 
Therefore, by (30) and (31), we obtain the following proposition. 

Proposition 5 . For k £ Z + , we have 

k 2j+l 

EE 



?f^r;TrM->m W . 



Now we consider the fermionic p-adic integral on Z p in (12) as follows: 

(32) J k 

i=0 V J / J < £ =0 V / 

On the other hand, by (12), we get 

h = \ [ (x 2k+1 + (x-l) 2k+1 )dv-i(x) 

2 Jz p 

* f ( x ^-( x + 2f k + 1 )d^ 1 (x) 
1 Jz p 

(33) i 

= £ (-Esfc+i -£ , 2fc+i(2)) 

= -(.Ezk+i — (2 + -E2fe+1 — ^0,2fc+l)) 

= -1. 

Therefore, by (32) and (33), we obtain the following corollary. 
Corollary 6 . For k € Z+ , we have 
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Let us take p-adic integral on both sides in equation (11). 

k 



'-£(^\%/«(,) 



■ =1 y ., . , .,_.„ 






E^O^'K^ ^ '«"■ 



On the other hand, by (11), we get 



I b =\ ( (x 2k+1 -(x- l) 2fc+1 )d/i(x) ' 



2h; ^ ' ' ^ ' 2k + 2 

J- / / OZ~_l_1 / ~x Ol*_l_1 % , , % 1 



/ (x 2fc+1 + (x + 2) 2fc+1 )d/i(x 



2y Zp v ' '~ v 2A- + 2 

1,_ - 1 



(35) = -(B 2fe+1 + £ 2fc+1 (2)) 



2 V ^ Ti ^ T±v /y 2A; + 2 

(-E>2fc+1 + -E>2fc+1 + ^l,2fc+l) 



_2fc + l 1 

~ 2 2/c + 2' 

Therefore, by (34) and (35), we obtain the following theorem. 
Theorem 7 . For k G N , we have 



* ^ 1 /2fc+l\/2A fc(2fc + 3) 



Let us consider the p-adic integral on Z p in equation (13) as follows 
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On the other hand, by (13) and (20), we get 
h = 2 2fc / (x - \? k+l d^{x) 

(37) = 2 2k B 2k+1 (--) 

= 2 2k {{ l -) 2k -l)B 2k+l -{2k + l){ l -) 2k } 

= {l-2 2k )B 2k+l -{2k + l). 
Therefore, by (36) and (37), we obtain the following theorem. 

Theorem 8 . For k £ Z + , we have 

t E ^ { 2 7j ') ( 2i , + b ^-< b < = ( 221 - - ^ - e* + •> 



Now we consider the fermionic p-adic integral on Z p in (13) as follows: 

On the other hand, by (13), we get 

/7 = 2 2fc /(*-V+ 1 d Ai _ 1 ( a ;) 

= 2 ^fe+iC-g) 

= 2 2fe (- J E 2fc+1 (i) + 2(-^) 2fe + 1 ) 
(39) = -2 2k E 2k+l {\)-l 

= - l -2 2k ^E 2k+1 {\)-l 

= -1. 

Therefore, by (38) and (39), we obtain the following corollary. 
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Corollary 9 . For k £ Z + , we have 

k 2j+l 



EE 

j=o e=o 



2k + 1\ (2j + 1\ 2 2 ^' 



2i n j y 2i + i^+i-^--l- 
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Representations for Drazin inverse of 
block matrix* 

Jelena Ljubisavljevic''', Dragana S. Cvetkovic-Ilic* 



Abstract 

In this paper we offer new representations for Drazin inverse of 
block matrix, which recover some representations from current litera- 
ture on this subject. 

2000 Mathematics Subject Classification: 15A09 

Key words: Drazin inverse; block matrix; representation. 



1 Introduction 

Let A be a square complex matrix. By rank(^4) we denote the rank of matrix 
A. The index of matrix A, denoted by md(A), is the smallest nonnegative 
integer k such that rank(A +1 ) = rank(^4 ). For every matrix A G C™ xn , 
such that ind(^4) = k, there exists the unique matrix A d £ C nxn , which 
satisfies following relations: 

^fc+l^d _ j^k j^dj[j[d _ j^d j^j^d _ j^d j^ 

Matrix A is called the Drazin inverse of matrix A (see [1]). In the case 
ind(^4) = 1, the Drazin inverse of A is called the group inverse of A, denoted 
by A& or A 9 . The case ind(^4) = is valid if and only if A is nonsingular, 
so in that case A reduces to A -1 . Throughout this paper we suppose that 
A = I, where / is identity matrix, and ^Z^i=i * = 0, for k < j. 

The theory of Drazin inverse of square matrix has numerous applications, 
such as in singular differential equations and singular difference equations, 



'supported by Grant No. 174007 of the Ministry of Science and Technological Devel- 
opment, Republic of Serbia 

f University of Nis, Faculty of Medicine 

•'•University of Nis, Faculty of Science and Mathematics 
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Markov chains and iterative methods (see [2, 4, 5, 6, 8, 9]). An application 
of the Drazin inverse of a 2 x 2 block matrix can be found in [2, 3, 7]. 
In 1979 Campbell and Meyer [4] posed the problem of finding an explicit 
representation for the Drazin inverse of 2 x 2 complex matrix 



M 



A B 
C D 



(1.1) 



in terms of its blocks, where A and D are square matrices, not necessarily 
of the same size. Until now, there has been no formula for M without 
any side conditions for blocks of matrix M. However, many papers studied 
special cases of this open problem and offered a formula for M under some 
specific conditions for blocks of M. Here we list some of them: 



(i 

(ii 
(iii 

(iv 

(v 
(vi 

(vii 

(viii 

(ix 

(x 



XI 



XII 



(xiii 



xiv 



B = (or C = 0) (see [10, 11]); 

BC = 0, BD = and DC = (see [6]); 

BC = 0, DC = (or BD = 0) and D is nilpotent (see [7]); 

BC = and DC = (see [12]); 

CB = and AB = (or CA = 0) (see [12, 13]); 

BCA = 0, BCB = 0, DC A = and DCB = (see [14]); 

ABC = 0, CBC = 0, ABD = and CBD = (see [14]); 

BCA = 0, BCB = 0, ABD = and CBD = (see [15]); 

BCA = 0, DC A = 0, CBC = 0, and CBD = (see [15]); 

BCA = 0, BD = and DC = (or BC is nilpotent) (see [16]); 

BCA = 0, DC = and D is nilpotent (see [16]); 

ABC = 0,DC = and BD = (or BC is nilpotent, or D is nilpotent) 

(see [17]); 

BCA = and BD = (see [18]); 

ABC = and DC = (or BD = 0) (see [18, 19]). 



In this paper we derive representations for M which recover represen- 
tations from previous list. 
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2 Key lemmas 

In order to prove our main results, we first state some lemmas. 

Lemma 2.1 [14] Let P,Q G C nxn be such that ind(P) = r and ind(Q) = s. 
If PQP = and PQ 2 = then 

(P + Q) d = Yl +Y 2 + (n(P d ) 2 + (Q d ) 2 Y 2 - Q d {P d ) 2 - (Q d ) 2 P d ^ PQ, 

where 

s— 1 r— 1 

Yi = Y, Q' r Q i (P d )* +1 J y 2 = ^(Q d ) i+1 P i P 7r . (2.1) 



i=0 



j=0 



Lemma 2.2 [14] Zei P, Q G C nxn be such that ind(P) = r and ind(Q) = s. 
// QPQ = and P 2 Q = i/ien 

(P + Qf = Yl +Y 2 + PQ (Yi(P d ) 2 + (Q d ) 2 y 2 - Q d (P d ) 2 - (Q d ) 2 P d ) , 
where Y\ and Y 2 are defined by (2.1). 



Lemma 2.3 [20] Let M G C nxn be such that M 
C g C( n ^ xp . TTien 



B 

C 



_B g £PX(n-p) 



M a 



B{CB) d 

(CB) d C 



Deng and Wei [21] gave representations for the Drazin inverse of upper 
anti-triangular block matrix under some specific conditions. Here we state 
these results and some additional facts, which we will be useful to prove our 
results. Consider the block matrix of a form (1.1), where D = 0: 



M 



A B 
C 



(2.2) 



Lemma 2.4 [21] Let M G C nxn be matrix of a form (2.2). If ABC = 0, 
then 



M° 



<£>A $P 
C$ C$ 2 AB 



where 



ti-i 



M-l 



$ = {A 2 + BC) d = Y; {BCY{BC)\A d ) 2i+2 + Y {(BC) d ) i+1 A 2i A w (2.3) 



j=0 



i=0 



and h = ind(PC), v x = ind(^4 2 ). 



483 



J.Ljubisavljevic, D.S.Cvetkovic-Ilic: Representations for the Drazin inverse 



Remark 1 Let M be matrix of a form (2.2). If conditions o/ Lemma 2.4 
are satisfied, we have that: 



M 



2fe+l 



and 



M 



2 k 



(A 2 + BC) k A {A 2 + BC) k B 
C(A 2 + BC) k C{A 2 + BCf- x AB 



(A 2 + BC) k {A 2 + BCf- x AB 
C{A 2 + BC) k - 1 A C{A 2 + BCf- 1 B 



for k > 1 



for k > 1. 



Notice i/iai (.4 2 + 5C) fc = ^{BC) k ~ j A 2j , for k>0. Also, (A 2 + BC) 7 

3=0 

A n - BC§ = {BCy - <5>A 2 . We can check that 

tl-l Vl-l fc-1 

i=0 i=0 

/or A; > 1 . Therefore we have 



d\2i 



i=\ 



(M 



d\2fc+l 



and 



(M' 



d\2fc 



C$ fc+1 C$* +2 iB 

(j> fe <J> fe+1 AB 

C$ fc+1 A C($ k+1 B 



fork>0 



for k > 1. 



Lemma 2.5 [21] Let M G C nxn 6e as in (2.2). If BCA = 0, then 



M° 



AQ VLB 
en CAQ 2 B 



where 



ti-i 



i/i-i 



= (A 2 + £C) d = ^(A d ) 2i+2 ( J BC) i ( J BC) w + J^ A 7T A 2i ((BC) d ) i+1 (2.4) 



j=0 



i=0 



and ii = ind(SC), i/i = ind(A 2 ). 
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Remark 2 Let M be matrix of a form (2.2). If conditions o/ Lemma 2.5 
hold, we have that: 



M 



2fc+l 



and 



M 



2 k 



A(A 2 + BC) k {A 2 + BC) k B 
C{A 2 + BC) k CA{A 2 + BC) k ~ l B 



(A 2 + BC) k A(A 2 + BC) k ~ x B 
CA(A 2 + BCf- 1 C{A 2 + BCf- x B 



for k > 1 



for k > 1. 



CTeaWy, (^ 2 + £C) fe = ^A 2j '(BC) fc_J ', /or fe > 0. 4feo (A 2 + BC)* 



i=o 

(2 



A* - Q.BC = {BC)* - A 2 n. Furthermore, we have that 



ti-i 



i/i-i 



fe-i 



ft fe = ^(A^+^iBCyiBCY+Y^ A*A 2i ((BC) d ) i+k -J2(A d ) 2i {{BC) d ) k -\ 



i=0 



i=0 



i=i 



/or A; > 1. Hence we get that 



and 



(M d ) 2k+1 
{M d ) 2k = 



AQ. k+1 Q k+1 B 

cn k+1 cAn k+2 B 

n k An k+1 B 

CAn k+1 cn k+1 B 



fork>0 
, for k > 1. 



In following two lemmas we present two new representations for Drazin 
inverse of lower anti-triangular block matrix. Consider the block matrix of 
a form (1.1) such that A = 0: 



M 



B 
C D 



(2.5) 



Lemma 2.6 Let M £ C nxn be matrix of a form (2.5). If DCB = 0, then 

M d ■ 



B^ 2 DC B^ 



where 



*2-l 1*2-1 

* = (D 2 +CB) d = Y{CBy{CBy{D d ) 2i+2 +^2{{CB) d ) l+l D 2i D 1T (2.6) 

i=0 i=0 

and t 2 = 'md(CB), v 2 = md(Z) 2 ). 
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Proof. First, notice that from DCB = we have that matrices D 2 and 
CB satisfy the conditions of Lemma 2.1. Hence we get 

tl — 1 ^2 — 1 

(D 2 + CB) d = Y^ {CBY{CB) i {D d ) 2i+2 + Y ((CB) d ) i+1 D 2i D w . 

i=Q i=0 



Consider the splitting of matrix M 

M - 



B 

C D 




D 



+ 



B 
C 



:=P + Q. 



Since DCB = we have that PQ 2 = 0. Also, we have PQP = 0. Therefore 
matrices P and Q satisfy the conditions of Lemma 2.1 and 

(P+Q) d = Y 1 +Y 2 +(Y 1 (P d ) 2 + (Q d ) 2 Y 2 - Q d (P d f - (Q d ) 2 P d ) PQ, (2.7) 

where Y\, Y 2 are as in (2.1). Clearly, 

n n(r<n\k ~\ 

, for k > 0. 



Q 2k = 


' {BCf 

{CB) k _ 


, Q 2k+1 = 




_ (CB) k C 


B 


{CB) k ' 



,fo 


Furthermore, by Lemma 2.3 we have 




(Q d f k = 


" B({CB) d ) k+l 





{{CB) d ) k _ 


,for A; > 1, 




(gd)2fc+l = 


({C 


1 

B) d ) k+l C 


3{{CB) d ) k ^ 



-l " 


, for k > 0. 



After computing, we get 



Y 



*2~1 



B s ^{CBY{CB) i {D d ) 2i+2 

i=0 

*2-l 

^(C.B)*(C , .B) i (.D d ) 2i+1 



i=0 



(2.8) 



^2 



V2-1 



B 5Z ((CB) d ) i+1 I> :M i? w 

i=0 
i/ 2 — 1 

{CBfC J2((CB) d ) i+1 D 2i+1 D* 



i=0 



(2-1 



After substituting (2.8) and (2.9) into (2.7) we get that the statement of the 
lemma is valid. □ 
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Remark 3 Let M be matrix of a form (2.5) such that DCB = 0. Then 



M 



2k+l 



and 



M 



2k 



B(D 2 + CB) k - 1 DC B(D 2 + CB) k 
(D 2 + CBfC {D 2 + CB) k D 



B{D 2 + CB) k - 1 C B{D 2 + CBf- l D 
(D 2 + CB) k - x DC (D 2 + CB) k 



, for k > 1 



for k > 1. 



It can be checked easily that (D 2 + CB) k = ^(CS) fe_j D 2j , for k>0, and 

j=0 

(D 2 + CBY = D n - CB^ = {CBf - ^D 2 . Also, we have that 



t 2 -i 



V2 — 1 



fc-1 



y k = Y J (CB) w (CB)\D d ) 2i+2k +Y J ((CB) d ) i+k D 2i D 7T -Y J (.{CB) d ) k - i (D d ) 2i , 



j=0 i=0 

/or fe > 1. Therefore we get 



i=\ 



(Af 



d\2fc+l 



and 



(M' 



d\2fc 



Bm k+2 DC B^ k+1 

Bm k+1 C B^ k+1 D 
^ k+1 DC ^ k 



for k > 



for k > 1. 



Using the similar method as in the proof of Lemma 2.6 we can get the 
following result. 

Lemma 2.7 Let M G C nxn be as in (2.5). IfCBD = 0, then 



M° 



BDT 2 C BT 
TC DT 



where 



t 2 -l V 2 -l 

r = J2(D d ) 2i+2 (CBY(CB)* + ^ D w D 2i ((CB) d ) i+1 

i=0 i=0 

and t 2 = 'md(CB), v 2 = ind(L> 2 ). 



(2.10) 
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Proof. Since CBD = 0, using Lemma 2.1 we get (2.10). Now, if we split 
matrix M as 



M 



' B ' 




r o b ' 




r o o 


C D 


— 


CO 


+ 


D 



:=P + Q, 



we have that QPQ = and P 2 Q = 0. Hence, the conditions of Lemma 2.2 
are satisfied. After applying Lemma 2.2 and Lemma 2.3 we complete the 
proof. □ 



Remark 4 Let M be as in (2.5) and let CBD = 0. Then 



M 2k+i 



and 



M 



2k 



BD{D 2 + CB) k - l C B{D 2 + CB) k 
(D 2 + CBfC D(D 2 + CBf 



B(D 2 + CB) k - x C BD(D 2 + CB)^ 1 
(D 2 + CB) k ~ 1 C (D 2 + CB) k 



, for k > 1 



, for k > 1. 



Clearly (D 2 + CB) k = ^D 2j {CB) k ~ j , for k > 0, and (D 2 + CBf 

3=0 

D n - TCB = {CBY - D 2 T. In addition, we can get that 

t 2 -l U 2 -l fe-1 

T k = ^{D d ) 2i+2k {CB) l {CBy+Y^ D w D 2i {(CB) d ) i+k -^2{D d ) 2i {{CB) 

i=0 i=0 i=\ 



d\k—i 



for k>l. Also, we can get that 

(M d ) 2k+l 
and 



BDT k+2 C BT k+1 
Y k+ ^C DT k+ ^ 



(M 



d\2k 



BT k+l C BDT k+1 
DT k+1 C T k 



for k > 



, for k > 1 . 



3 Representations 

Consider the block matrix M of a form (1.1). Djordjevic and Stanimirovic 
[6] gave explicit representation for M d under conditions BC = 0, BD = 
and DC = 0. This result was extended to a case BC = 0, DC = (see 
[12]). As another generalization of these results, Yang and Liu [14] gave the 
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representation for M under conditions BCA = 0, BCB = 0, DC A = 
and DCB = 0. In the next theorem we derive an explicit representation for 
M d under conditions BCA = 0, DC A = and DCB = 0. Therefore we 
can see that the condition BCB = from [14] is superfluous. 

Theorem 3.1 Let M be matrix of a form (1.1) such that BCA = 0, DC A = 
and DCB = 0. Then 



M a 



A d + S C 
^C + CAZ 1 C + C(A d ) 2 
-CA d {B^ 2 D + AB^ 2 )C 



5* + AT, 
D d + C£ 



where 



S fc = (y^ k + (A d ) 2k V 2 \ D + A (Vi* fe + (,4 d ) 2fe V 2 ) ,fork = 0, 1, (3.1) 



vi-i 



Vi = Y, A w A 2i B¥ +2 , 



i=0 



Ml -1 



/'i 



V 2 = ^ (y4 d ) 2i + 4 £(D 2 + CS) i D ,r - J](,4 d ) 2i+2 £(C£)% 



(3.2) 
(3.3) 



i=0 



i=0 



vi = ind(,4 2 ), m = md(D 2 + CB) and * is defined by (2.6). 
Proof. Consider the splitting of matrix M 



M 



\ A 


B ' 




[ n 


B ' 




\ A 


n 1 


c 


D 


— 


c 


D 


+ 









P + Q. 



Since BCA = and DC A = we get P 2 Q = and QPQ = 0. Hence 
matrices P and Q satisfy the conditions of Lemma 2.2 and 



(P + Qf = Y 1 + Y 2 + PQY^Py + PQ d Y 2 - PQQ d (P d ) 2 - PQ d P d , (3.4) 

where Y\ and Y 2 are as in (2.1). By the assumption of the theorem DCB = 
we have that matrix P satisfy the conditions of Lemma 2.6. After applying 
Lemma 2.6 and using Remark 3, we get 



{V X D + AVi)C A^BV + A(ViD + AVy) 
^C ^D 



Yo 



Y 1 - 

A d + (V 2 D + AV 2 )C B^> - A^BV + A(V 2 D + AV 2 ) 




(3.5) 
(3.6) 
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where V\ and V 2 are defined by (3.2) and (3.3), respectively. After substitut- 
ing (3.5) and (3.6) into (3.4) and computing all elements of (3.4) we obtain 
the result. □ 
As a direct corollary of the previous theorem we get the following result. 

Corollary 3.1 Let M be as in (1.1). IfDCB = and CA = then 

d \ A d + S C B* + AZ 
$>C VD 

where £0 is defined by (3.1) and *$> is given in (2.6). 

Notice that Corollary 3.1, therefore and Theorem 3.1 is also a generaliza- 
tion of representation for M d under conditions CB = and CA = which 
is given in [13]. 

The next result is a corollary of Theorem 3.1. Also, we can get the 



following result using the splitting M = 
and applying Lemma 2.1 and Lemma 2.5. 




D 



+ 



A B 
C 



P + Q 



Corollary 3.2 Let M be matrix of a form (1.1). If BCA = and DC = 

then 



M° 



AQ ttB + RD 
cn D d + CR 



where 



/'2 



R={R X + R 2 )D + A{R X + B2), 

M2-1 
Ri=J2 AW ( A2 + BCYB(D d ) 2i+4 -^Q,{BC) i B{D d ) 2i+2 , 

i=0 i=0 

U2 — 1 

R 2 =Y^ V i+2 BD 2i D n , 

i=0 

u 2 = ind(D 2 ), H2 = ind(,4 2 + BC) and Q, is defined by (2.4). 

We remark that Corollary 3.2, hence and Theorem 3.1 is also extension 
of results from [16], where beside conditions BCA = and DC = addi- 
tional condition BD = (or D is nilpotent) is required. 

Castro-Gonzalez et al. (see [16]) gave explicit representation for M 
under conditions BCA = 0, BD = and BC is nilpotent (or DC = 0). 
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This result was extended to a case when BCA = and BD = (see [18]). 
The following theorem is extension of these results. 



Theorem 3.2 Let M be matrix of a form (1.1) such that BCA = 0, ABD 
and CBD = 0. Then 

VLB + BD(F ± n + (D d ) 2 F 2 )B 
+B(D d ) 2 - BD d (CA + DC)n 2 B 
Cft + D(F 1 + F 2 ) D d + (F l + F 2 )B 



M a 



An + B(F 1 + F 2 ) 



(3.7) 



where 



VI — \ 



Fi=J2 D w D 2i (CA + DC)n i+2 , 

i=0 
M2-1 

F 2 =Y^ (D d ) 2i+4 (CA + DC){A 2 + BCy{BCy - ^{D d ) 2i+2 {CA + DC)A 2 % 



l>2 



i=0 i=0 

v 2 = ind(D 2 ), fi 2 = ind(^l 2 + BC) and il is defined by (2.4). 
Proof. If we split matrix M as 

A B 

C 



M 



+ 




D 



P + Q. 



we have that QPQ = and P 2 Q = 0. Hence, matrices P and Q satisfy the 
conditions of Lemma 2.2. Since BCA = 0, matrix P satisfies conditions of 
Lemma 2.5. Using the similar method as in the proof of Theorem 3.1, after 
applying Lemma 2.2, Lemma 2.5 and using Remark 2, we get that (3.7) 
holds. □ 

Notice that Theorem 3.2 is also generalization of representation from 
[15] where additional condition BCB = is required. 

In [15] a formula for M is given under conditions BCA = 0, DC A = 0, 
CBD = and CBC = 0. In the next theorem we offer a representation 
for M d under conditions BCA = 0, DC A = and CBD = 0, without 
additional condition CBC = 0. 

Theorem 3.3 Let M be as in (1.1). If BCA = 0, DC A = and CBD = 
then 

A d + (Gi + G 2 )C BY + A{G 1 + G 2 

M" - TC + CA{GiT+{A d ) 2 G 2 )C 



+C(A d ) 2 -CA d (AB + BD)T 2 C 



DT + C(Gi + G 2 ) 
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where 



vi -i 
d = J2 A«A 2i (AB + BD)Y 

i=0 



i+2 



(3.8) 



Mi -1 



/'i 



G 2 = Y,(A d ) 2i+4 (AB+BD)(D 2 +CB) i (CB) 7T -J2(A d ) 2i+2 (AB+BD)D 2i T, 

(3.9) 



i=0 i=0 

v\ = ind(^4 2 ), jUi = ind(Z) 2 + CB) and Y is given in (2.10). 
Proof. Using the splitting of matrix M 



M 



B 
C D 



+ 



A 




:=P + Q, 



we get that conditions of Lemma 2.2 are satisfied. Also, we have that matrix 
P satisfies the conditions of Lemma 2.7. Using these lemmas and Remark 
4, similarly as in the proof of Theorem 3.1, we get that the statement of the 
theorem is valid. □ 



Corollary 3.3 Let M be matrix of a form (1.1). IfCBD = and CA = 0, 

then 



M a 



A d + (Gi + G 2 )C BY + A(Gi + G 2 ) 
YC DY 



where Y, G\ and G 2 are defined by (2.10), (3.8) and (3.9) respectively. 

We can see that Theorem 3.3 and Corollary 3.3 are also extensions of 
representation for M under conditions CB = and CA = (see [13]). 

In [12] a representation for M d is offered under conditions AB = and 
CB = 0. This result was extended in [14], where a formula for M is given 
under conditions ABC = 0, ABD = 0, CBD = and CBC = 0. In 
our following result we derive the representation for M under conditions 
ABC = 0, ABD = and CBD = 0, without additional condition CBC = 0. 

Theorem 3.4 Let M be matrix of a form (1.1). // ABC = 0, ABD = 
and CBD = 0. Then 



M a 



A d + BO 

yc + e ^ 



BY + BQiAB + (A d ) 2 B 

-B(Y 2 CA + DY 2 C)A d B 

D d + G B 



(3.10) 
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where 
e k = (K 1 (A d ) 2k + T k K 2 ) A+D (K 1 (A d ) 2k + T k K 2 ) , for k = 0, 1, (3.11) 



Mi-l 



/'i 



K x = Yj D *( d2 + CB) i C(A d ) 2i+A -J2^(CBYC(A 



d\2i+2 



j=0 



i=0 



i/i-l 



K 2 = Yl ? i+2 CA 2i A v , 



(3.12) 



(3.13) 



i=0 



v x = ind(v4 2 ), m = md(D 2 + CB) and V is defined by (2.10). 
Proof. We can split matrix M as M = P + Q, where 



P 



A 




, Q 



B 
C D 



According to assumptions of the theorem, we have that PQP = and 
PQ 2 = 0. Hence we can apply Lemma 2.1 and we have 



d\2-» 



-,d/Tyd\2 



-|d\2 D d 



P + Qf = Yx+Y 2 +[ Yx(P d y + (Q d YY 2 - Q d {P d ) 2 - (Q d ) 2 P d PQ, 



(3-14) 

where Y\ and Y 2 are defined by (2.1). Since CBD = 0, matrix Q satisfies 
condition of Lemma 2.7. After applying Lemma 2.7 and facts from Remark 
4 we get 

A d + B{KxA + DKx) 

TC - TCA W + (KxA + DKx)A 



l^i 



Y 2 



(3.15) 
(3.16) 



B{K 2 A + DK 2 ) BY 

TCA* + {K 2 A + DK 2 )A DT 

where Kx and K 2 are given in (3.12) and (3.13), respectively. Now, by sub- 
stituting (3.16) and (3.15) into (3.14) we get that (3.10) holds. □ 

Notice that Theorem 3.4 is also an extension of a case when ABC = 
and BD = (see [19]). 

The following result is direct corollary of Theorem 3.4. 
Corollary 3.4 Let M be given by (1.1). If CBD = and AB = then 



M a 



A d + BQ BT 
TC + OqA DT 



where T and ©o are defined by (2.10) and (3.11) respectively. 
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As another extension of a result from [12], where formula for M is given 
under conditions AB = and CB = 0, we offer the following theorem and 
its corollary. 

Theorem 3.5 Let M be matrix of a form (1.1). If ABC = 0, ABD = 

and DCB = then 



M a 



A d + B(JVi + N 2 ) 



B^ + B(N 1 (A d ) 2 + VN 2 )AB 
+(A d ) 2 B - B^ 2 (CA + DC)A d B 
*C + (iVi + N 2 )A ^D + (JVi + N 2 )B 



(3.17) 



where 



Mi-l 



/'i 



iVi = ^(CS)^( J D 2 +C , J B) i (C , A+Z)C , )(^) 2i+4 -^^ J D 2i (C'^+Z)C)(^ d ) 2i+2 , 

i=0 i=0 

(3.18) 
(3.19) 



vi -i 



No 



J2 y i+2 (CA + Z)C)A 2< #, 



i=0 



vi = ind(v4 2 ), //i = ind(Z) 2 + CB) and * is denned 6y (2.6). 
Proof. Using the splitting 



M 



A 




+ 



B 
C D 



P + Q, 



we get that matrices P and Q satisfy the conditions of Lemma 2.1. Further- 
more, matrix Q satisfies the conditions of Lemma 2.6. After applying these 
lemmas, using Remark 3 and computing, we get that (3.17) holds. □ 

Next corollary follows immediately from Theorem 3.5. 
Corollary 3.5 Let M be given by (1.1). If DCB = and AB = then 



M° 



A d + B(Ni + N 2 ) Bm 



*C + (JVi + N 2 )A $>D 

where \I/ , N\ and N 2 are defined by (2.6), (3.18) and (3.19), respectively. 

Cvetkovic and Milovanovic (see [17]) offered a representation for M d 
under conditions ABC = 0, DC = , with third condition BD = (or 
BC is nilpotent, or D is nilpotent). Cvetkovic - Ilic (see [18]) extended this 
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result and gave a formula for M under conditions ABC = and DC = 0, 
without any additional condition. In our next result we replace second 
condition DC = from [18] with two weaker conditions. Therefore, we can 
get results from [17, 18] as direct corollaries. 

Theorem 3.6 Let M be matrix of a form (1.1), such that ABC = 0, 
DC A = and DCB = 0. Then 



M° 



where 



$A + (C/i + U 2 )C $B + (Ui + U 2 )D 

C$ + C(f/ 1 (^) 2 + *U 2 )DC 
+{D d ) 2 C-C<5> 2 (AB + BD)D d C +^^i + u 2} 



M2-1 M2 

Ui=Y^ {BCY(A 2 + BC) l {AB + BD){D d ) 2i+A - ^ $ 

j=0 i=0 

V2 — 1 

U 2 =J2 & +2 {AB + BD)D 2i D n , 

i=0 

iA2 = ind(L> 2 ), nz = ind(A 2 + BC) and $ is denned 6y (2.3). 
Proof. If we split matrix M as 



d\2i+2 



M 



' 




r a b i 


D _ 


+ 


CO 



P + Q, 



we have PQP = and PQ 2 = 0. Also, matrix P satisfies conditions of 
Lemma 2.4. After applying Lemma 2.1, Lemma 2.4, Remark 1 and comput- 
ing we get that the statement of the theorem is valid. □ 
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The Solution of Fisher-Kolomogrov-Petrovskii-Piskunov equation 
by the Homotopy Perturbation Method 

M. Ghoreishit A.I.B.Md.Ismail* and A. Rashid 1 ' 

Abstract 

In this paper, the Homotopy Perturbation Method (HPM) has been implemented for solving the 
extended Fisher-Kolomogrov-Petrovskii-Piskunov (FKPP) equation. The HPM is an approximate 
method which yields an analytical solution in the form of a convergent power series with components, 
which can be easily computed. We show that the HPM can generate highly accurate solutions for 
the FKPP equation. 
Keywords: Homotopy Perturbation Method, Fisher-Kolomogrov-Petrovskii-Piskunov equation. 

1 Introduction 

The objective of this paper is to apply the HPM for obtaining the approximate solution of the 
generalized FKPP equation [2, 10]: 

n /"* 

u t (x,t) — q(x,t) + f(u) + \u x {x,t) + fiu xx (x,t) H / e~~u xx (x, s)ds, (1.1) 

T . n 



with initial condition 

and the Robin boundary conditions 



«(a;,0)=p(a;), (1.2) 



a u(a,t) + p u x {a,t) = g (i), (1.3) 

aiu(M) + /Ji«*(M)=0i(*), (1-4) 

where (x,t) G (a,b) x (0,T). Here p(x), q(x,t), go{t), gi(t) and f(u) are prescribed functions, whilst q.q, 
cti, 0o, Pi, A, r, D and \x are given constants. 

Recently, a numerical method based on finite differences and spline collocation was presented by Khuri 
and Sayfy [10] for the FKPP equation. The solutions obtained indicated that their method was reliable 
and yielded results compatible with the exact solution. The equation was also studied numerically using 
the method of lines by Branco et al. [2]. They also studied aspects relating to stability and convergence. 

In recent years, the application of the HPM in linear and nonlinear problems has been developed 
by scientists and engineers [3, 12, 15, 16]. This method was first proposed and developed by He in 
[6, 7, 8]. According to [9], a combination of the perturbation method and the homotopy method is 
called the HPM, which has eliminated the limitations of traditional perturbation methods. This method 
offers certain advantages over finite difference methods. Finite difference methods use discretization 
which increase to rounding off errors and the consequent loss of accuracy. In addition, finite difference 
methods require large computer memory and time. The HPM method does not involve discretization of 
the variables and hence is free from rounding off errors and does not require large computer memory or 
time. 

The paper is organized as follows: In section 2, we have presented a description of the HPM as has 
been expounded by other researchers, in particular [1]. In section 3, we have employed the HPM for 
solving two examples of the equation and compare the approximate solution obtained with the exact 
solution. Finally, the conclusion is given in section 4. 
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2 A Description of the HPM 

To illustrate the basic idea and principles of He's homotopy perturbation method considered the 
nonlinear differential equation [1]: 

A(u)-f(r)=0, re!l, (2.1) 

with boundary conditions 

*(«,£)=0, r,r, (2.2) 

where A is a general differential operator, B is a boundary operator, f(r) is a known analytic function, 
r is the boundary of the domain f2 and ■&- denotes differentiation of the normal vector drawn outwards 
from f2. According to [1] the operator A can be divided into two parts L and N, where L is linear and 
N is nonlinear, and thus Eq. (2.1) can be rewritten as 

L(u) + N(u) - f(r) = 0. (2.3) 

By using homotopy technique, a homotopy v(r,p) : f2 x [0, 1] — > R satisfying 

H(v,p) = (l-p)[L(v) - L(u )} +p[A(v) - f(r)} = 0, (2.4) 

or 

H(v,p) = L(v) - L(u )+ P L(u ) +p[N(v) - f(r)] = 0, (2.5) 

can be constructed [1]. Here p G [0, 1] is an embedding parameter, and uq is the initial value of Eq. (2.1) 
which satisfies the boundary conditions. It can be seen that 

H(v,0) = L(v)-L(uo) = 0, (2.6) 

H(v, 1) = L(v) + N(v) - f(r) = 0. (2.7) 

The changing process of p from zero to one is just that of v(r,p) changing from u (r) to u(r) [1]. If the 
parameter p is considered as a "small parameter", applying the standard perturbation technique, it can 
be assumed that the solution of Eq. (2.5) can be given as a power series in p as 

oo 

v = J2p i v i , (2.8) 

and setting p = 1 results in the approximate solution of Eq. (1.1), viz 



lim v = > Vi. (2.9) 

p— *i -*- — ^ 

i=0 



The fundamental idea of the HPM is to introduce an implicit small parameter (p) which takes values 
from to 1. According to [5, 11, 13, 14], when p = 0, the system of equations usually reduces to a 
sufficiently simple form, which usually admits a simple solution. As p gradually increases to one, the 
problem undergoes a sequence of deformations, the solution of each of which is close to that at the previous 
stage of the deformation. Finally at p = 1, the problem takes the original form and the final stage of 
deformation gives the desired solution. By applying homotopy technique on the Fisher-Kolomogrov- 
Petrovskii-Piskunov, then Eq. (1.1) yields 

oo / / oo \ oo 

^p\vi) t - (uo)t =P I -(uo)t + f \y^P lv i \ +^^P 1 {v 1 ) x 

i=0 V \i=0 / i=0 /„ iqn 

H 5^ / e~~p t (v i ) xx (x,s)ds + q(x,t) . 

T l =o Jo / 

Equating the coefficients of like powers of p in (2.10), we can obtain a set of differential equations with 
initial conditions. The solutions of the obtained differential equations are the components of (2.9). The 
HPM has eliminated limitations of traditional perturbation methods whilst retaining the full advantages 
[1]. The convergence of the scries in (2.9) has been studied and discussed in [1, 6]. 

2 
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3 Illustrative Examples 

The HPM will be demonstrated on two examples of FKPP equation. For our computation, let the 
expression 

m— 1 
1pm{x>t) = J~] Uk(x,t), (3.1) 

fe=0 

denote the m-term HPM approximation to u(x,t). We compare the approximate analytical solution 
obtained from HPM for the FKPP equations with the exact solution. We define E m (x,t) to be the 
absolute error between the exact solution and m-term approximate HAM solution ip m (x,t) as follows 

E m (x,t) = \u(x,t) - i/i m (x,t)\. (3.2) 

Example 1: 

For the first example, we consider the equation (1.1) with f(u) — u, A = 1/2, [i = 3/2, and D — r = 1. 

Thus we have [10]: 

13 f t 

u t = u--u x + -u xx + e^ {t ^ s) u xx (x 1 s)ds + q(x,t), (3.3) 



where (x, t) € (0, 2ir)x (0, 1), q(x,t) = \ cos(x+t) — ^e^ t sin, i+sinx cost, subject to the initial condition 

u(x, 0) = sin x, (3-4) 

and boundary conditions as follows 

u(0,t)=0, (3.5) 

u(2ir,t) + u x (2w,t) = cost. (3.6) 

It can be verified that the exact solution is u(x,t) = sin a; cost [10]. 

To solve equation (3.3) with initial condition (3.4), using the homotopy perturbation technique, the 
following homotopy: 

{1 ~ p) {^~iir) +p {^~ v+1 2 Vx ~ \ Vxx ~ t e ~ (t ~ s)vxx{x > s)ds ~ q{x > t] ) = °- (3J) 



or equivalcntly 



dv duo 

di ~ ~dt 



p I-— + v- yV x + -v xx + / e (t s ' ) v xx (x,s)ds + q(x,t)\ =0 (3. 



is constructed. Suppose the solution of Eq. (3.8) has the form of the infinite series in (2.8). By substituting 
(2.8) into (3.8), we have 



oo / oo 1 oo 

X!^( w i)t - («o)t =P I -(«o)t + ^2p tv t - 2 ^2p l ( v t)x+ 

-YV^xx + yy / e" ( *" s) (^)^(a;,s)ds + g (x,t) =0 
1 l= o t=o Jo J 



3 
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Comparing coefficients of terms with identical powers of p, leads to the following: 

(vo)t - (uo)t = 0, 

13 /"* 

(vi)t = ~(wo)< + "o - 7;(vo)x + t;( v o)xx+ / e _( * _s) (vo)xx(z, s)ds + q(x,t), 



13 /"* 



13 /"* 

(Vj) t = Uj-_i - -^{vj-i) x + -(vj-i) xx + / e _(t_s) (vj_i) xx (x, s)ds 1 



dt, 



with initial conditions 

«i(a;,0) = 0, i = 1,2, •-• 

For simplicity we take uo(x,£) = sinx. So we can obtain recursive formula as 

vi(x,t)= / {-{uo)t + v --(v )x+^(vo)xx+ e~^~ s \v ) xx {x,s)ds + q(x,t) 
Vj(x,t) = / f Vj-i - ^{vj^i) x + -(vj-i) xx + / e _( * _s) (u,-_i) xx (x, s)dsj di, 

for j = 2, 3, • • • . Thus, we can obtain the components of the infinite series (2.9) as follows: 

Vo{x, t) = sinx, 

vi(x,t) = — 0.5£cos£ — 1.5tsint + 0.5sin(t + x) + sin x(— 0.5 cosh t + sint + 0.5sinh£), 
v 2 {x,t) = (-0.75(-1.21525 + t) (0.5486 + t) + cost) cos x + (l + *(-1.5 + i) + cost) sin x 
+ coshi(-0.5cos£ + (-2 - 0.5t) sinx) + (0.5 cos x+ (2 + 0.5£) sinx) sinht. 

and so on. 

Table 1 shows the absolute error between the solution obtained using HPM with six terms and the 
exact solution for various x £ (0, 2w) and t £ (0, 1). The errors are very small in this table. The results 
provide very strong evidence that the homotopy perturbation technique is not only easy to use but also 
enable accurate approximate solution of the FKPP equation to be obtained. We have verified that the 
overall errors can be made smaller by adding new terms of the HPM series (2.9). 

Table 1: Absolute error Eq for various values of x and t. 



x/t 





0.4 


0.6 


1 





5.32907xl0~ 15 


2.54337xl0" 9 


7.10227x10"* 


4.81678X10" 6 


2vr/5 


9.32587xl0- 15 


1.33096X10- 9 


4. 62650x10-* 


4.16812X10- 6 


4tt/5 


4.66294X10- 15 


1.68988X10- 9 


4.24293x10-* 


2.24074X10- 6 


6vr/5 


4.88498X10- 15 


2.42537xl0- 9 


7.24878x10-* 


5.55298X10- 6 


8tt/5 


5.88418X10- 15 


1.90928X10- 10 


2.37061X10- 9 


1.19119X10- 6 


2tt 


5.32407X10- 15 


2.54337xl0" 9 


7.10227xl0" 8 


4.81678X10" 6 



Note that the HPM provides the solution of equation (3.3) by using the initial condition (3.4) only. It 
is also to be noted that the boundary conditions (3.5) and (3.6) can be used only to justify the solution 
obtained [4]. Hence, in Table 2 we have obtained the following absolute error for the boundary conditions 



Table 2: 


Absolute error boundary condition (3.5) and (3.6) 


for 


various 


values of t S (0, 


!)• 




Error/t 


0.4 






0.6 




1 


S 19 

•^20 


4.66294X10- 15 2.54329xl0" 9 
3.55271X10- 15 3.16895X10" 9 






7.10227x10-* 
9.65919x10-* 




4.81678X10" 6 
7.63434X10" 6 
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where E l9 and E 20 are obtained as 

E w = \M0,t)\, 

E' 20 = \tp 6 (2n,t) + (il>G) x (2Tr,t)-cost\, 

In Figure 1 and Figure 2, we have shown the absolute error Eq for various x € (0, 27r) at t = 0, 0.4, 0.6 
and t = 1 while this error has been shown in Figure 3 for various £ £ (0, 1) at x = and x — 97r/5. 



Absolute error E 6 at t=0 




Absolute error E 6 at t=0.4 




Figure 1: Absolute error Eq for various x € (0, 2-7r) at t = and £ = 0.4. 



Absolute error E k at t=0.6 



7 


x 10" 8 : 


6 


x 10" 8 ': 


5 


x 10" 8 ': 


04 


x 10" 8 j 


3 


x 1(T 8 ': 


2 


x ur 8 ': 


1 


x 10" 8 ; 



El 




Absolute error E h at t= 1 



5.X1CT 6 
4.X10" 6 
VD3.X10- 6 
2.X10- 6 
l.xKT 4 




12 3 4 5 6 




Figure 2: Absolute error E^ for various x € (0,27r) at t = 0.6 and £ = 1. 



Example 2: 

We consider the nonlinear Eq. (1.1) with f(u) — u 2 , A = 0, \i — ^\, and D = r = 2, then we 
obtained. 



1 



u t =u -—;u xx + / e 2 u xx (x, s)ds + g(x,£), 



(3.10) 



where (x,t) € (0, 1) x (0,0.5), q(x,t) = — e - */ 2 sin 7r:r + 7r 2 £e~*/ 2 sin7rx — e~* sin 2 7ra;, subject to the initial 
condition 

w(x,0) = sin7rx, (3-11) 

and boundary conditions as follows 

u(0,t) + u x (0,t) = ne- t/2 7 (3.12) 

u(l,t) + u x (l,t) = -ne- t/2 . (3.13) 
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Absolute error E 6 at x=0 




Absolute error E b at x=97r/5 



^ 



8.x 10"' 

6. x l(r 7 
c 
I 

4. x 10-' 

2. x 10" 7 - 



1 

0.0 0.2 




Figure 3: Absolute error E e for various t € (0, 1) at x = and x — 97r/5. 



It can be verified that the exact solution is u(x,t) — e~ 1 / 2 sinnx [10]. To solve equation (3.10) with 
initial condition (3.11), according to the homotopy perturbation technique, we get the following homotopy 
equation: 



(1-P) 



dv duo 
~di ~ ~dt 



or equivalcntly; 



dv du Q 



= P 



dv 

at 



du Q 



1 

27 2 



at at "V at ' v 2^ Vxx .,„ 



=\ xa; (a;,s)ds-g(x,i) 1=0, (3.14) 



(3.15) 



~v xx (x, s)ds + q(x,t) = 0, 



is constructed. Suppose the solution of Eq. (3.15) has the form of the infinite series in (2.8). By 
substituting (2.8) into (3.15), we have 



^2(vi) t - (u ) t =p -{u ) t + I Y^ v * ) ~ Ifrp ^2( V i)xx+ 
i=0 \ \i=0 J i=0 

+ YV / e- t -^(v l ) xx (x,s)ds + q(x,t)\ =0. 
4 =o Jo / 

By comparing coefficients of terms with identical powers of p, we have: 

(v )t- (uo) t = 0, 

1 /"* 

(«i)t = -(^0)4 + ^0 - ^-^(vo)xa;+ / e ^ ('Uo)xx(a;, s)ds + q(x, t), 
^ h 



(v 2 )t=2v vi- y^( v i)xx+ e ^ (u 1 ) a , x (a;,s)ds, 



(v 3 )t =vf + 2v v 2 - ^-o(v 2 )xx + 



2tt 2 



'(v 2 ) xx (x,s)ds, 



1 



(w 4 )t = 2wiw 2 + 2w "3 - ^-^(W3)x:c + / e 2 ( U3 ) 2;:z .(a;,s)ds 



(3.16) 



with initial conditions 



«i(a:,0) = 0, 1=1,2,- 
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For simplicity we take vo(x,t) — Uo(x,t) — sin7rx. So we can obtain recursive formula as 

v 1 (x,t) = [-{uo) t + {va) 2 -—^(vQ) xx +l e ~(v ) X x(x, s)ds + q(x,t) J dt, 



Vj(x,t)= / V ViVj-i-l - —^(Vj-l) xx + 

Jo \ l=0 ^ Jo 



(vj-i)xx+ I e 2 (vj-i) xx (x,s)ds ] dt, 

for j = 2,3,---. 

Thus, we can obtain the components of the infinite series (2.9) as follows 
Vq(x, i) = sin7ra;, 
v-i{x,t) = -e-*sin7ra;(e-*(47r 2 - l)(t-4) - 4e* /2 (7r 2 (t + 4) - 1) + 2(1 + e\t - l))sin7rx, 

v 2 (x, t) = ^e"*(2(4 + 16tt 2 - 16e* /2 (7r 2 (t + 14) - 1)) + e*(-20 + 12* - 3t 2 + 4tt 2 (52 - 20* 
8 

+ 3i 2 ))) cos 2tt2; + (-12 + e*(28 - 20i + 7t 2 + 16tt 4 (48 - 12i + t 2 ) 



and so on. 

The absolute error between solution obtained using HPM with five terms and the exact solution have 
been shown in Table 3 for various x G (0, 1) and t £ (0, 0.5). It can be seen that the errors are very small. 
Only five terms were used in evaluating the approximate solutions. It was verified that the overall errors 
can be made smaller by adding new terms to HPM series (2.9). 

Table 3: Absolute error £5 for various values of x and t. 



x/t 





0.1 


0.3 


0.4 





3.27298X10" 8 


2.42881X10" 8 


2.44835X10" 6 


3.07153X10- 5 


0.1 


1.67329X10- 10 


5.30104X10- 7 


1.54711X10- 5 


9.25156X10- 5 


0.3 


7.86859 xlO- 9 


7.44754X10- 7 


5.52748X10- 5 


6.98455X10- 5 


0.5 


3.10176X10- 8 


2.17058X10- 7 


1.67071X10- 5 


7.33535X10- 4 


0.7 


9.21583X10- 10 


7.68673X10- 7 


5.52822X10- 5 


6.98531 XlO" 8 


0.9 


3.31014x10-* 


4.97243X10- 7 


3.14663X10- 5 


9.25156X10- 5 


1 


3.27298x10-* 


2.42881x10-* 


2.44835X10- 6 


3.07153X10- 5 



Note that the HPM provides the solution of equation (3.10) by using the initial condition (3.11) only. It 
is also to be noted that the boundary conditions (3.12) and (3.13) can be used only to justify the solution 
obtained [4]. Hence, in Table 4 we have obtained the following absolute error for boundary conditions 



Table 4: 


Absolute error boundary 


condition (3.12) and 


(3.13) 


for 


various values of t £ (0, 


.5). 




Error/t 





0.1 






0.3 




0.4 


S 26 
-^27 


3.21285x10-* 
3.33310x10-* 


3.11288xl0- (i 
3.06430X10" 6 






3.78200X10- 4 
3.73304x10-* 




3.28723x10-* 
3.90153x10-* 



where E 26 and -E 2 7 are obtained as 

i4 H<M0, i) + (V>5)*(0, i) - ^e-'/ 2 |, 
E 27 = \^ 5 (l,t) + (ih) x (l,t) + ^e-'/ 2 |, 

In Figure 4 and Figure 5, we have displayed the absolute error between solution obtained using HPM 
with five terms and the exact solution for various x and t. 
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Absolute error E 5 at t=0. 1 



8.x 10 



6.x 10 



hj 



4.x 10 



2.x 10 




Absolute error E 5 at t=0.4 




Figure 4: Absolute error E 5 for various x £ (0, 1) at t = 0.1 and t = 0.4. 



Absolute error £= at x=0 



Absolute error £ 5 at x=0.9 



Lq 



0.00007 : 
0.00006 ; 
0.00005 ; 
,0.00004 : 
0.00003 ; 
0.00002 : 
0.00001 : 



^ 

0.0 0.1 




0.00020 f^^ 



tq o.oooio - 




0.0 0.1 0.2 0.3 0.4 0.5 



Figure 5: Absolute error E 5 for various ig(0,0.5)atx = and x = 0.9. 
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4 Conclusion 

In this paper, we have introduced that the HPM as a technique that can be used to solve the 
generalized Fishcr-Kolomogrov-Petrovskii-Piskunov (FKPP) equation. The relevant formulas have been 
derived. The method was tested on two examples of the FKPP equation and it was shown that the HPM 
is highly accurate and rapidly convergent method. 
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terms in a class of bivariate generating 
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Abstract 

A class of bivariate quadratic functions and its induced generating functions 
are studied in the paper. The author shows that under some conditions, the 
sequence of quotients obtained from the ratios of the consecutive terms in 
the generating function converges. In particular, letting the quotient be 1 
yields a tangent line to the original bivariate quadratic curve at a point in 
the a;-axis. The point is the only one at which the line intersects the curve, 
and is either the only one or the closer one (to the origin) at which the curve 
intersects the x-axis. Numerical examples are provided to illustrate the work. 
Keywords: quadratic bivariate function, limiting ratio, generating 
function 

1. Preliminaries 

Since the introduction by Abraham de Moivre in 1730 [7, p. 86], generating 
functions have been a successful tool in the analysis of sequences. With this 
tool an exact formula, a recurrent formula or an asymptotic formula might 
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be obtained for a given sequence. Classical and comprehensive applications 
of generating functions can be found in [1, 2, 3, 4, 9] and the references 
therein. In this paper we study a class of generating functions that serve as 
the normalizers of polynomials in the following sense. Consider a complex 
polynomial 

f n (z) : = a n z n + a n -\Z n ~ x H \- a x z + 1 

= (-l) n (6 lZ -l)(9 2 z -!)■■■ (9 n z-l). 



(1) 



Let 



satisfying 



q k (z) := b k z k + b k - x z k ~ v + ... + b lZ + l (2) 



k+n 

f n (z)q k (z) = 1 + ^ c k,i z% (3) 

i=k+l 

for some constant c k ^. As k tends to infinity the generating function q k (z) 
works as a normalizing factor for f n (z). That is, 

lim q k (z) = —-- . (4) 

For the univariate case, Jin [5, Sec. 2] developed a low-complexity algorithm 
to compute the Kalantari family [6] of zero bounds of the polynomial based 
on the sequence of coefficients of the generating functions. In fact, under 
some condition the sequence of ratios of the coefficients has a convergence 
property (cf. [8, p. 110]). Specifically, suppose in (1) 

|0l|>N>N>"->|0n| (5) 



and b k s in (2) are nonzero. We then have 

r b k 
lim 

fe^oo b k —i 



lim — - = e ± . (6) 
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To see this, note that at in (1) can be expressed with 

fli = (-!)* E OiOi 2 ---^ (7) 

ti+-+t„=i,ti,-,t„e{o,i} 

for i e {1, 2, • • • n}. Observe (see e.g. [5, Remark 3.4]) that 

min{n,fc} 

b k = ~ E a i hk ~i ^ 

where bo — 1. A combinatorial analysis yields 

6 fc = E # #..•#. (9) 

tl+" •+tn=fc,tl.-.*ne{0,l,-fc} 

Note that by assumption 6fc_i is nonzero. As a result, 

E ##•••#• 

b k t 1 +-+t n =k,t 1 ,- ,t„e{o,i,-k} 



6 fc -i ^ 0^...# 

ti+-+t„=fc-i,ti,-,t„e{o,i,-fc-i} 

E #•••« 

t2+-+*n=fc,t2,->*ne{0,l,-fc} 



01 



E &?%-% 

ti+-+t„=fc-i,ti,-,t„e{o,i,-fc-i} 

E ^ • • • fc 

n n t 2 +-+t n =k,t 2 ,-,tn€{0,l,-k} 

Vl + Vi — — 

E ^■■■ 9 n 

t 2 +-+t n <k-l,t 2 ,-,tn€{0,l,-k-l} 
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where 6 k = 6 k /0i- Since \8*\ := max{|# 2 
have 



\0 n \} < 1 by assumption, we 





E &•• 


■%" 




*2+-+t„=fc,t2,-,*ne{0,l,-fe} 




< E n' 2 ■ 


■ ■\e 


t2+-+t n =k,t2,-,t„e{0,l,-k} 




< J2 w\ k 




t2+-+t n =k,t 2 ,-,t„e{0,l,-k} 




fk + n-2\ \~ i* 

V n-2 ;i 1 




as k tends to infinity. We conclude that 






lim = #i 





(10) 



fc— >oo 6fc— 1 

If we let the limit of the ratios of the consecutive terms in qk{z) be 1, then 

b k z k 



lim 



9 t z. 



11 



fc^oo b k ~\Z k ~ l 

The solution z of (11) is the polynomial's zero with the smallest modulus. 

In the following sections we consider the bivariate quadratic case and 
prove the existence of similar convergence result. In particular, we show 
that this convergence leads to an interesting geometric relation between the 
original bivariate quadratic function and the limiting ratio of consecutive 
terms of the induced generating functions. 



2. A convergence proof 

Observe that for the special case n = 2 in (3), we can express for (2) 



LlJ 



h 



-d'E 



i=0 



k 



k-2ii 



■a 2 



(12) 
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where |_^J is the largest integer not exceeding x. This can be seen by the 
following induction. Namely, by (8) 

— Oi if k — 1 

a\ — a,2 if k = 2 

which satisfies (12). For k — 3, 4, • • • , 



— <2i&fc + i — O^Ofc — ~ a l . 

j=0 

LfJ 



i— n V / 



,k+l-2ii 



-«2(-i) fc E(\ < )«r 2, '(-^ 



fc+2-2i/ 

' — Ct2 
\ ?, / 

i=0 

LU+j 



« a i-i;- > i jfc ". (< : 1)> iar a(i - i) (-« a ) i - 1 



Actually, 

<-iK +2 +(-i) fc E (* + -~0 

+(-i)' L E(*i"-r , ) a{ 

|^fc+2j +1 



t +2 - 2i (-« 2 ) 

\ / / 

j=l 



k+2-2i/ , . 

\ 7—1 / " 

i=l 

k+2-2ii 



-0,2, 
\ 1, I 

i=0 



frfc+2 • 

2 



Now we define r := —02/01 and 



LfJ 



(13) 



(14) 



(15) 



W : =E(W- ( 16 ) 

i=o ^ ' 
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By (12) 

b k = (- ai ) fc T fc (r) . (17) 

Note that b k+2 = — fli&fc+i — o-J^k- We have 

T k+2 (r)-T k+1 (r)-rT k = 0. (18) 



As a result, 

, (^) k (ci + c 2 k) if o? = 4a 2 , 
T,(r) = <| l2J ll 2 X , (19) 

C\r\ + c 2 r2 otherwise 



where 



1 + Vl+4r 1 - Vl+4r 

n = 2 ' r2 = 2 ^ 



and Ci,C2,ci,C2 can be found using the condition (13). Let z — 1. Replace 

a! and a 2 with dx + ey and ax 2 + bxy + q/ 2 respectively, where a, 6, c, d, e are 
all real. (3) becomes 

t k 

{ax 2 + bxy + q/ 2 + <ix + ey + 1) 1 + \^ Bi(x, y) 

= 1 + Cfc jfe+ i(z,y) + C k<k+2 (x,y) 
where 

£i(x, y) = J2 c ij xj v i ~ j , ie{l,2,---k}, 

3=0 

i 

C kti (x, y) = J2 ^ xJ y l ~ J ,ie{k + i,k + 2}, 

3=0 

and dj, c\J are some constants. Write 

B k (x,y) R k (x,y) . . 

- 7i,fcS + 72,*j/ + D / x (21) 
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where 



7i,fe : 

l2,k ■ 



Ck,k 



c k-l,k-l 

Ck,k-lCk-l,k-l ~ c k,k c k-l,k-2 

C 2 

c k-l,k-l 



(22) 



A convergence property concerning 71^ and 72^ follows. 

Lemma 2.1. Assume d 2 > 4a, and 71^,72^ are nonzero for each natural 
number k. We then have 



1 + y/1 - 4o/g 

hm 7i ;fc := 71 = (-d) , 

6/ci - e(l + J\ - 4a/d 2 )/2 

hm 72>fc := 72 = , • 

fc-»-°° ^1 _ 4a/d 2 

Remark 2.1. There are two division methods to derive 71^ and 72^. With 
the first method, as shown in (22), 7^ is the ratio of the coefficient of x k 
in Bk(x,y) to the coefficient of x k ~ l in Bk-i(x,y). With the second method 
72,fc is the ratio of the coefficient of y k in Bk(x,y) to the coefficient of y k ~ x 
in Bk-\(x,y). We adopt the first division method throughout the paper. 
Similar result can be derived for the case using the second division method. 

Proof. Under the assumption, the coefficient of x k in Bj,(x,y) is 

(-!) fc E ( k ~ l )d k - 2i (-aY = (-d) k T k (f) = (-d) k ( Cl f k + c 2 f k ) 
j=0 ^ ' 

where 

ri = g ' r2 = 2 ^ 

and f = —a/d 2 . As a result, 

(-d) fe T fe (f) 



fc->oo ' fc->oo ( — d) fc_1 Tfc_ 1 (f) 



.^ = m 1 + v"-^ ! 
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To show the second part, note that the coefficient of x 1 y in B k (x,y) is 



E 



i=0 



E 

i=0 



("l) fc 

Since 

we can define 



and write (24) as 



Observe that 



k — i\ fk — 1i 



d 



k-2i-l. 



I fcj 

/ k — A fk — 1i 



e — o) 



LfJ 



+E 

i=l 



Z A k ~ 2i ( i \ i >- I , 






k-i\ fk-2i\ , Jk-i 



5 fc (r):=E(» + 1 )(-ri'"" 

j=0 \ "r ■ 



(-d) fc ?S*(r) - ^5 fc _!(r) 



(-«) f_1 (-6) 



(24) 



d 



d 2 



(25) 



(26) 



(27) 



l2,k 



{-d) k - l T k ^{-d) k ^S k - 45 fc _i) - (-d) fc-1 (|5fc-i " ^5 fc _ 2 )(-d)*T fc 



:-<*)■ 



\{Tk-iSk — T k S k -i) — j2\Tk-iSk-i — T k Sk- 

' T 2 

J fe-i 



Since Sfc(f) is the derivative of T k+ i(f) with respect to f, namely, 

fc + 1 



\/l + 4f 



'ciff - c 2 f 2 fc ) , 



the coefficients of f x in T^_ l5 T k _iS k — T k S k -i and T k _-iS k ^i — T k S k - 2 are 



514 



HSU: BIVARIATE GENERATING FUNCTIONS 



c 2 , c^f i/y/1 + Af and c\/ 'y/l + Af respectively. We thus conclude that 

— d f e „ b 

hm 72,/c = , [ -n - — 

— eri 



_ b/d - e(l + y/1 - Aa/d?)/2 
y/1 - Aa/d 2 

3. A geometric analysis 

Now we present the geometric relation between the curve C and the line 
L where 

C : ax 2 + bxy + cy 2 + dx + ey + 1 = , 
C : 7xx + 721/ = 1 • 

Theorem 3.1. Under the conditions of Lemma 2.1, £ intersects C only at 
the point (I/71, 0). The point is either the only one or the closer one (to the 
origin) at which C intersects the x-axis. In particular, £ is a tangent line to 
C at the point. 

Proof. Under the conditions, C intersects the x-axis only at the point 
(l/7i,0). If a = 0, C intersect the x-axis only at the point (— 1/d, 0), which 
is exactly (1/71,0). If a 7^ 0, C intersects the x-axis at (pi,0) and (p2,0) 
where 

_ -d + Vd 2 -Aa _ -d+\d\^fl-Aa/d 2 
Pl ~ 2 a ~ 2a ' 

_-d- Vd 2 -Aa _-d- \d\ y/l - Aa/d 2 
P2 ~ 2a ~ 2a ' 
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If \pi\ < \p2 1 then we have 

^ l-y/l-4a/d* 1 

Pi = (-d) *-z = — • 

2a 71 

Now we show that (1/71,0) is the only point at which C intersects C. Note 
that if the line y = mx + k intersects the curve C at only one point, the 
determinant of 

ax 2 + bx(mx + k) + c(mx + k) 2 + dx + e(mx + k) + 1 = (28) 

should be 0. Equivalently, m, k should satisfy 

k 2 (b 2 - Aac) + km(2be + Acd - Abe) + m 2 (e 2 - Ac) 



+ k(2bd - Aae) + m(2de - Ab) + d 2 - Aa = . 
By the definition of C, we shall prove that as 



d(l + Af + y/1 + Af) 
m = 



k 



2{b/d - eh) 
y/l + Af 



b/d — ef\ ' 
(29) is satisfied. To merge some parameters, let 

6.61 + \f\ +Ar 
Di: = d- en = d- e 2 

~~ d e 2 ~~ \d 2J 2 2 
where 



then 



(29) 



d 2 — Aa , , 

D 2 := VTT17 = \j -^- , (30) 



^(1 + ^2)^2 , D 2 
m= 2 Dl - k= D[- (31) 
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We need to check 

j / j \ 2 

D 2 (6 2 - Aac) + D 2 -(l + D 2 )(26e + Acd - Abe) + D 2 2 (-{! + D 2 )\ (e 2 - 4c) 

+ D 1 D 2 (2bd - Aae) + DiD 2 -(l + D 2 )(2de - 46) + (d 2 - Aa)D\ = 

or 

d 2 
Dj(b 2 - Aac) + D\{\ + D 2 )d(2cd - be) + D 2 (L> 2 + 2L> 2 + l)(e 2 - 4c) — 

+ D 2 (l + D 2 )^Q-0-|D 2 )d(de-26) 

6 e\ e „ \ ,„, , , „ , Q . , / /6 e\ e 



+ D ^U-2j-2 D2 J (2M - 4ae) + (d - 4a) lU-2j-2 D2 

To see this, note that the coefficient of -D 2 * s 

d 2 e 
d{2cd - be) + 2(e 2 - 4c)— - -d(de -2b) = (32) 

and the coefficient of D 2 is 

\ - I) (2M-4ae) + Q - |) «* -»)-,(»- |) (* - 4.) 

6 e\ 

- - - (2bd - Aae + d 2 e - 2bd - d 2 e + Aae) = . 

\X J 

(33) 
The coefficient of D 2 is (e 2 — 4c)rf 2 /4. The coefficient of D 2 , defined as AC, is 



(34) 



d 2 e 

K := b 2 - Aac + d(2cd - be) + — (e 2 - 4c) - -(2bd - Aae) 

and the coefficient of D 2 is 

(«!" - 4-) (| - |V . (35) 
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Since D 2 = (d 2 — 4a) /d 2 , it remains to show that 
(d 2 - 4a) (e 2 - 4c) „ / de 

To confirm (36), observe that 



0. 



(36) 



(rf2 4a) 4 (g2 4C) + 6 2 + ^ - Me + b 2 - 4ac + d(2cd - be) + j(e 2 - 4c) 



de 



de 



e{bd - 2ae) + I 6 - y 1 (de - 2b) + —{d 2 - 4a) - y (de - 26) = . 

Finally, we show that £ is actually a tangent line to C at the point (I/71, 0). 
Define 

g(x, y) := ax 2 + cm/ + cy 2 + dx + ey + 1 



(37) 



and its derivative 
Dg:-- 



dg dg 
dx dy 



[2ax + by + d bx + 2cy + e] . 



(38) 



The associated tangent line passing (1/71,0) is 



or equivalently 



-(2a/ 7l ) + d/ 1 

I x — — 

6/71 + e V 7i 



b + -lie 6 + 7xe 

x + - — ; -y = 1 . 



6/71 + e 2a/7i + d 
Since I/71 is a zero of ax 2 + dx + 1, we have 



2a 

7i 



+ d = -(2 7 i + d) , 



(39) 



(40) 



(41) 



which implies that the line described by (40) is the same as 71 x + 72 = 1, 
and the proof is concluded. 
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Corollary 3.2. If the bivariate quadratic function is decomposable, namely 

ax 2 + bxy + cy 2 + dx + ey +1 = = (a±x + (3\y + l)(ptix + fay + 1) , (42) 

the tangent line C becomes either a±x + fay + 1 = or a^x + fay + 1 = 0, 
depending on the used division methods mentioned in Remark 2.1. 

Example 3.1. Consider the bivariate quadratic function 

-x 2 + 4xy + y 2 + x + y+l = 0. (43) 

Note that the curve has two ^-intercepts and the one closer to the origin is 
at x — (1 — v / 5)/2. By (40) the tangent line to the curve at this x-intercept 

is 

6 + 7ie 6 + 7ie 

-x + - — -y = 1 



6/71 + e 20/71 + d' 



where 



2 



b + Tie 4 + T - 7g 



-1.6180, 



6/71 + e 4 . 1^/5 + l 

6 + 716 - 4+I ^ « 1.0625. 



2a/ 7 i + d -2 ■ l=fl + ; 

The curve along with the tangent line are shown in the upper right part of 
Figure 1. Table 3.1 shows the coefficients of x term and y term in the quo- 
tients of ratios of the consecutive terms in the associated generating function 
of (43). These values form the upper left plot of Figure 1. Before 20 itera- 
tions the sequence of coefficients for x term converges to -1.6180, and for y 
term 1.0652, as expected. 
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Table 1: the coefficients of x-term and y-term in the quotients 
terms in the associated generating function of the function in 



of ratios of the consecutive 
Example 3.1. 





x term 


y term 




x term 


y term 


1 


-2.0000 


4.0000 


11 


-1.6181 


1.0660 


2 


-1.5000 





12 


-1.6180 


1.0649 


3 


-1.6667 


1.6667 


13 


-1.6180 


1.0654 


4 


-1.6000 


0.8000 


14 


-1.6180 


1.0652 


5 


-1.6250 


1.1875 


15 


-1.6180 


1.0653 


6 


-1.6154 


1.0118 


16 


-1.6180 


1.0652 


7 


-1.6190 


1.0884 


17 


-1.6180 


1.0653 


8 


-1.6176 


1.0554 


18 


-1.6180 


1.0652 


9 


-1.6182 


1.0694 


19 


-1.6180 


1.0652 


10 


-1.6180 


1.0635 


20 


-1.6180 


1.0652 
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Example 3.2. Consider the bivariate quadratic function 

-Ax 2 + Axy ~y 2 + x + y + l = 0. (44) 

Note that the curve also has two x-intercepts and the one closer to the origin 
is at x — (1 — vi~7)/8. The tangent line to the curve at this x-intercept is 

& + 7ie 6 + 7ie 1 

x + t; — / iV = i 



where 



6/71 + e 20/71 + d 

b + lie _ 4+^ 
6/71 + e 



1-V17 



-2.5616, 



8 ' 

8 



6 + 716 - l+1 "^ ~ 0.3489. 



2o/ 7 i + d _ 8 . l=& + l 



8 



The lower right part of Figure 1 shows the curve and the tangent line. Table 3 
provides the coefficients of x term and y term in the quotients of ratios of the 
consecutive terms in the associated generating function of (44). These values 
are plotted in the lower left of Figure 1. After 30 iterations the sequence 
of coefficients for x term converges to -2.5616, and for y term 0.3489, as 
expected. 

4. Conclusion 

In this paper we study a class of generating functions induced by a bi- 
variate quadratic function. Under some condition we show that the sequence 
of the quotients resulted from the ratios of consecutive terms in the bivari- 
ate generating function converges. Assigning the limiting quotient to 1 we 
obtain a tangent line to the associated bivariate quadratic curve at a point 
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Table 2: the coefficients of x-term and y-term in the quotients of ratios of the consecutive 
terms in the associated generating function of the function in Example 3.2. 





x term 


y term 




x term 


y term 




x term 


y term 


1 


-5.0000 


7.0000 


12 


-2.5549 


0.2837 


23 


-2.5616 


0.3494 


2 


-1.8000 


-1.3200 


13 


-2.5656 


0.3917 


24 


-2.5615 


0.3486 


3 


-3.2222 


2.8519 


14 


-2.5591 


0.3210 


25 


-2.5616 


0.3491 


4 


-2.2414 


-0.8573 


15 


-2.5631 


0.3670 


26 


-2.5615 


0.3487 


5 


-2.7846 


1.4672 


16 


-2.5606 


0.3372 


27 


-2.5616 


0.3490 


6 


-2.4365 


-0.3204 


17 


-2.5621 


0.3564 


28 


-2.5616 


0.3488 


7 


-2.6417 


0.8576 


18 


-2.5612 


0.3440 


29 


-2.5616 


0.3489 


8 


-2.5142 


0.0226 


19 


-2.5618 


0.3520 


30 


-2.5616 


0.3489 


9 


-2.5910 


0.5767 


20 


-2.5614 


0.3469 


31 


-2.5616 


0.3489 


10 


-2.5438 


0.2002 


21 


-2.5616 


0.3501 


32 


-2.5616 


0.3489 


11 


-2.5724 


0.4487 


22 


-2.5615 


0.3481 


33 


-2.5616 


0.3489 
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in the x-axis. For the tangent line, the point is the only one at which it 
intersects the curve. For the curve, the point is the only one or the closer 
one (measured from the origin) at which it intersects the x-axis. 
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the quotients of ratios in Example 3.1 
4 




1.0652 



-1.618 



5 10 15 

number of step(s) 



20 
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the curve in Example 3.1 and its tangent line 
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Figure 1: Illustrations of Example 3.1 and 3.2. The upper right figure shows the curve 
— x 2 +4xy + y 2 +x + y + l = 0, along with its tangent line whose coefficients are the limiting 
ratios of consecutive terms of the associated generating function, as shown in the upper left 
figure. Similar figures are in the lower half for the curve: —4a; 2 + 4xy — y 2 + x + y + 1 = 0. 



525 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 15, NO. 3, 526-533, 2013, COPYRIGHT 2013 EUDOXUS PRESS, LLC 



ISOMETRIES OF COMPOSITION AND DIFFERENTIATION 
OPERATORS FROM BLOCH TYPE SPACE TO H™ 

GENG-LEI LI AND ZE-HUA ZHOU* 



Abstract. In this paper, we characterize the isometries of the products of 
composition and differentiation operators from the Bloch type space to the 
space of all weighted bounded analytic functions in the disk. 



1. Introduction 

Let D be the unit disk of the complex plane, and 5(D) the set of analytic self- 
maps of D. The algebra of all holomorphic functions with domain D will be denoted 
by F(D). 

For < j3 < co, by iJS°(D) denote the space of all weighted bounded holomorphic 
functions on the unit disk with the norm \\f\\p = sup(l — |z| 2 )p|/(z)|. 

zGB 

We recall that the Bloch type space B a (a > 0) consists of all f € H (D) such 
that 

||/|| B - = sup(l - N 2 ) a I/' («)l < oo. 

zGD 

then || • || g Q is a complete semi-norm on B a , which is Mobius invariant. 
It is well known that B a is a Banach space under the norm 

11/11 = 1/(0)1 + 11/11*,. 

Let ip G 5(D), the composition operator C v induced by ip is defined by 

(C v f)(z) = /(*>(*)) 

for z G D and / G H(D). Such operators act boundedly on many classical spaces 
of analytic functions, we recommend the interested readers refer to the books [29] 
by Shapiro and [10] by Cowen and MacCluer, which are excellent sources for the 
developments in the theory of composition operators up to the middle of last decade, 
and the recent papers [12, 13, 30, 32, 34, 35] listed in the bibliography. 

Let D be the differentiation operator on H(N), that is Df(z) = f'(z). For 
/ G -ff(D), the products of composition and differentiation operators DC V and 
C V D are defined by 

C v D(f) = /'(p) 



2010 Mathematics Subject Classification. Primary: 47B38; Secondary: 30H30, 47B33.47G20. 

Key words and phrases. Composition operator, Bloch type space, differentiation operator, 
isomctry. 

* Corresponding author. 
This work was supported in part by the National Natural Science Foundation of China (Grant 
Nos. 10971153, 10671141). 
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It is of interest to provide function-theoretic characterizations for when ip induces 
a bounded or compact composition operator on various spaces. The boundedness 
and compactness of DC V on the Hardy space were discussed by Hibschweiler and 
Portnoy in [16] and by Ohno in [28]. 

A related but independent question is that of describing all isometries (surjective 
or not) of a given space among the composition operators. 

Let X and Y be two Banach spaces, recall that a linear isometry is a linear 
operator T from X to Y such that \\Tf\\ Y = ||/|| x for all / € X. 

In [3], Banach raised the question about concerning the form of an isometry 
on a specific Banach space. In most cases the isometries of a space of analytic 
functions on the disk or the ball have the canonical form of weighted composition 
operators, which is also true for most symmetric function spaces. For example, the 
surjective isometries of Hardy and Bergman spaces are certain weighted composition 
operators, See [14, 17, 18, 19, 24]. 

The description of all isometric composition operators is known for the Hardy 
space H 2 (e.g., see [8]), and the BMOA space (e.g., see [20, 21]). An analogous 
statement for the Bergman space A\ with standard radial weights has recently 
been obtained in [7] , and there is a unified proof for all Hardy spaces and also for 
arbitrary Bergman spaces with reasonable radial weights [26]. For the Dirichlct 
space and Bloch space, the reader is referred to [15, 25, 27]. 

The surjective isometries of the Bloch space are characterized in [11]. Trivially, 
every rotation ip induces an isometry C v of B. It has recently been shown in 
[31] that for composition operators, which induce isometries of B, the conditions 
</?(0) = and D C C(<p) must hold. Here, C(<p) denotes the (global) cluster set of 
ip, that is, the set of all points a € C such that there exists a sequence {z n } in D 
with the properties \z n \ — > 1 and <p(z n ) — > a as n — > oo. Plenty of information on 
cluster sets is contained in [9]. 

Continued the work, in 2008, Bonet, Lindstrom and Wolf [4] discussed isometric 
weighted composition operators on weighted Banach spaces of type H°° . In 2008, 
Cohen and Colonna [6] discussed the spectrum of an isometric composition oper- 
ators on the Bloch space of the polydisk. Li and Ruan [22] gave characterization 
for an isometric isomorphism on little Bloch space, VMOA and holomorphic Bcsov 
space over the unit ball B n . In 2009, Allen and Colonna [1] investigated the iso- 
metric composition operators on the Bloch space in C". They [2] also discussed the 
isometries and spectra of multiplication operators on the Bloch space in the disk. 
Isometries of weighted spaces of holomorphic functions on unbounded domains were 
discussed by Boyd and Rueda in [5]. In 2010, Li and Zhou discussed the isometrics 
on products of composition and integral operators on Bloch type space in [23] . 

Base on those foundations, we investigate the isometries of the products of com- 
position operators and differentiation operators from Bloch type space to the space 
of all weighted bounded analytic functions in the disk. 

2. Notation and Lemmas 

To begin the discussion, let us introduce some notation and state a couple of 
lemmas. 

For a G D, the involution ip a which interchanges the origin and point a, is defined 

by 



1 — az 
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For z, w in D, the pseudo-hyperbolic distance between z and w is given by 

p(z,w) = \ip z (w)\ = - — 

1 — zw 

and the hyperbolic metric is given by 

B(z,w) — mi / t = - log -, 

K } J J 1-|£| 2 ^l-p{z,wY 

7 

where 7 is any piecewise smooth curve in D from z to w. 
The following lemma is well known [33]. 

Lemma 1. For all z, w G D, we /lave 

.2 



I ,, , (1-|*I 2 )(1-M 2 ) 
1 - p (z,W) = 3-^ . 



|1 — zw| 

For ip e S(D), the Schwarz-Pick lemma shows that p (y(z), y(w)) < p(z, w), and 
if equality holds for some z 7^ w, then y> is an automorphism of the disk. It is also 
well known that for <p € 5(D), C v is always bounded on B. 

A little modification of Lemma 1 in [4] shows the following lemma. 

Lemma 2. There exists a constant C > such that 

(l - \z\ 2 ) a f{z) (l - M 2 ) Q /'(«0| < C ||/|| Ba • p(z, W ) 

for all z, w £ D and / € B a . 

Throughout the remainder of this paper, C will denote a positive constant, the 
exact value of which will vary from one appearance to the next. 

3. Main theorems 

Theorem 1. Let ip e 5(D). Then the operator DC V : B a — *• i?|° is an isometry 
in the semi-norm if and only if the following conditions hold: 

(A) sup a-N^k'wl <!■ 

' ^ !"d (i-l^)l 2 )° - ' 

f-Bj For every a £ D ; i/iere at feast exists a sequence {z n } in D, smc/i t/iat 

hm p(<^(2:„),a) = and hm . . , ' ^. = 1. 

Proof. We prove the sufficiency first. 

By condition (A), for every / £ B a , we have 

l|OC^/||„ = snp(l-|*| a )'V(*)||/'(»>(*))| 

- ^ ",r l T''R , " "-i^'i')-^w"»i 

2 £D (l-\<f(z)\ 2 ) a 

< II/IIb- 

Next we show that the property (B) implies HDC^/H^ > ||/||e a - 

Given any / £ B a , then ||/||,B a = lim (1 — |a m | 2 )"|/'(a m )| for some sequence 

{a m } C D. For any fixed to, by property (B), there is a sequence {z™} C D such 
that 

p(^r),a ro )->Oand ^-^^^U l 

(i-M*r)l) a 
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as k — > oo. By Lemma 2, for all m and fc, 

|(1 - ^(z^rfMz?)) (1 - \a m \ 2 Tf M < C||/|| B - -p(^n,am). 
Hence 

(1 - \ V (z?)\ 2 r \f'(<P(z?))\ > (1 - K| 2 n/'Kn)| - qi/Hs- • p(^H, Om) 

Therefore, 

iidc^/ii^ = sup (i : 'f^y (i - i^(z)i 2 )° if'MzM 

> limsnp (1 ~ lZ \ i y^f )l (1 - |y(^)l 2 ) a l/'M^))l 

= (l-|a ro | 2 r|/'(a m )|. 

The inequality ||Z)C V /||^ > ||/|| B <* follows by letting m — >• oo. 

From the above discussions, we have WDC^fWp = ||/|| B <* , which means that DC V 
is an isometry operator in the semi-norm from B a to i?«°. 

Now we turn to the necessity. 

For any a £ D, we begin by taking test function 

/.<*> - [ jr^ dt - <" 

It is clear that f' a (z) = n-aJl^° • Using Lemma 1, we have 

(i - 1*1 w«(*)i = (1 - ' | JT£|7a |a|2) " = a - A a >*)) a - (2) 

So 

||/ a || B « =sup(l-|z| 2 n/;(z)|<l. (3) 

On the other hand, since (1 — H 2 )"|/a( a )| = Lllla = 1, we have ||/ a ||e a = 1- 
By isometry assumption, for any a G D, we have 



i - II/ V (o)I|b q — \\DC v f V ( a )\\{3 

I , ~( ~\ |2\a 

l<p(a) 



> 



ZED (l-|^(z)| 2 )« V ' V " ' ■ "" ! ' 

(l-|a| 2 )^|^'(a)| 



{l-W{a)\ 2 r 
So (A) follows by noticing a is arbitrary. 

Since H-DC^/JI^ = ||/ a ||B Q = 1) there exists a sequence {z m } C D such that 

(1 - \z m \Y \{DC v f a ){z m )\ = (1 - \z m \ 2 f\r a ^{z m )W{z m )\ -+ 1 (4) 

as m — > oo. 

It follows from (A) that 

(l-\z m \ 2 f\f' a Mz m )W(z m )\ 

= (1 " ^ff '^ ro)l (1 - l¥>(*»)| a ) a \f>{*m))\ (5) 

< (i-i^ ro )i 2 ri/x^ ro ))|. (6) 
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Combining (4) and (6), it follows that 

1 < liminf(l-|^(z m )| 2 n.f>(z m ))| 

m— J-oo 

< limsup(l - Mz m )\ 2 ) a \f' a {<p{z m ))\ < 1. 

m— >oo 

The last inequality follows by (2) since (p(z m ) G D. 
Consequently, 

lim (l-Mz m )\ 2 r\f' a Mz m ))\= \im(l-p 2 Mz m ),a)) a = l. (7) 

m—too m— J-oo 

That is, lim p((p(z m ) 7 a) = 0. 

Combining (4), (5) and (7), we know 

Um (l-\ Zm \ 2 r¥(Zm)\ = 1 

(l-Mz m )\ 2 r 



m— >oo 



This completes the proof of this theorem. □ 

Theorem 2. ip e 5(D). Then the operator C V D : B a —> HT is an isometry in the 
semi-norm if and only if the following conditions hold: 

(C) ".nn ^-NT < i. 

(D) For every a € D, there at least exists a sequence {z n } in D 7 such that 

(l— \z \ 2 )^ 
lim p(ip(z n ),a) = and lim ,, . ' " J-2. n = 1. 

Proof. We prove the sufheiency first. 

By condition (C), for every / € B a we have 

HCVD/H, = sup(l-|z|Y|.f'(^(z))| 

z£D 

= ™v {1 ~ l f] (l-\<p(z)\ 2 r\f(<p(z))\ 

zeD (1 - \tp(z)\ ) a 

< II/IIb- 

Next we show that the property (D) implies | \C lp Df\ \p > 1 1/| |go . Given any / € Z? a , 
then H/lls" = lim (1 — |a m | 2 )"|/'(a m )| for some sequence {a m } C D. For any fixed 

m— >oo 

m, by property (II), there is a sequence {z™} C D such that 

^(^),«J "+ and ^ ; L^L _ - 1 



(i-k(*ni ) a 

as fc — » co. By Lemma 2, for all to and fc, 

la - \<p{zn 2 ) a fM*k)) a - M 2 r/'M < en/lb- • ^(zr),« m ). 

Hence 

(i - l^(4 n )l 2 ) a l/'(^D)l > (i - Kl 2 n/> m )l - q|/|| sa • P ( V (^), a m ) 
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Therefore, 

\\C v Df\\ fj = sup ■ 1 (1 ~ I . Z| X (l-\v(z)\ 2 ) a \f'(<p(z))\ 

z£D (1 - \ip(z)\ ) a 

> limsup [ ' *' (1 - |^(z fe ™)| 2 ) a |/'(^D)I 

*-►<*> (i-M«r)i ) 

= (i-Ki 2 n/'(« m )i 

The inequality ||C V I?/||^ > ||/||b q follows by letting m — > oo. 

From the above discussions, we have HC^D/H^ = ||/||e= , which means that C V D 
is an isometry operator in the semi-norm from B a to -ffg°. 

Now we turn to the necessity. 

For any a € D, using the same test function f a defined by (1) which satisfies 
|| f a || = 1. By isometry assumption, for any a € D, we have 



1 - II/vp(o)IIb° - \\C<pDfip(,a)\\0 

(1-1* 
up 

= 2>(1-M 

(l-|«lV 



sup r/ 1 i 7^ (1 " ^ (z)|2)Q |&-)M*)) 



> 



(l-l^a)! 2 )"' 



So (C) follows by noticing a is arbitrary 

Since ||C V D/ ||^ = ||/ a ||e° = 1, there exists a sequence {z m } C D such that 

(1 - \z m \ 2 f \(C v Df a )(z m )\ = (1 - |z m |Y |/Xz m ))| -+ 1 (8) 

as m — > oo. 

It follows from (C) that 

{i-\z m \y\av{z m ))\ 
= , 1 (l ;' Zml X (i-Mz m )\ 2 r\f a (v(z m ))\ (9) 

< {i-Mz m )\ 2 r\f a (v(z m ))\. (io) 

Combining (8) and (10), it follows that 

1 < hminf(l-|^(z m )| 2 n.f>(z m ))| 

rn— »oo 

< limsup(l - |^(z m )| 2 ) a \f a (<fi(z m ))\ < 1. 

m— >oo 

The last inequality follows by (2) since (p(z m ) G D. 
Consequently, 

lim (l-|^(z m )| 2 n.fXz m ))|= lim (l-p 2 (^ ro ),a))« = l. (11) 

m—too m— >-oo 

That is, lim p((/?(z m ),a) = 0. 

Combining (8), (9) and (11), we know 

Um (l-|z m | 2 )^V(z m )| = 1 

m-Xx, (l-|^( Zm )| 2 )« 

This completes the proof of this theorem. D 
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Remark If a = 1, /3 = 0, then B a will be Bloch space B and Hf will be H°° . 
The similar results from the Bloch space B to H °° corresponding to Theorems 1 
and 2 also hold. 
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Abstract 

In this paper we shall present an expanded mixed finite element method 
(EMFEM) for a class of Sobolev equation. The optimal L 2 error esti- 
mates for the semi-discrete and fully discrete schemes are obtained. Also 
Some numerical results are given to verify our analysis for the schemes. 



1 Introduction. 

In this paper, we will present a numerical scheme based on the EMFEM for the 
Sobolev equation 

u t + f{u) x - mxxt = (x,t)elx (0,T] (1) 

where / = [Xi,^], and the first order derivative of the function f(u) with re- 
spect to independent variable u is bounded. Here, /i is a given positive constant. 
We consider the equation (1) with the homogeneous boundary conditions 

w(Xi, t) = 0, t > 0, u(X 2 , t)=0, t > 0, 

and the initial condition 

u(x,0) = Uo{x), x € I, 

where uq(x) is a prescribed function. 

Equation (1) has a wide range of applications in many mathematical and 
physical problems, for example, thermodynamics, shear in second-order flu- 
ids, and consolidation of clay. If f(u) = au + (3u 2 with given numbers a and 



'Corresponding author: fzgao@sdu.edu.cn (F. Z. Gao) 



534 



N. LI, F.GAO, T.ZHANG 



(3, (1) is referred as the regularized long-wave equation, or Benjamin-Bona- 
Mahony(BBM) equation. 

Up to now, there are some different schemes studied to solve this kind of 
equations (see[l, 2, 3, 4, 5]).Gao, Qiuand Zhang (see [5]) proposed a LDG 
method by defining three auxiliary variables, and transforming spatial derivative 
into temporal derivative in [5] , with that the main computation changed to solve 
an elliptic equation. In this paper we will adopt those tricks to obtain optimal 
error for the semi-discrete and fully-discrete schemes by the expanded mixed 
finite clement method. 

The mixed finite clement method (MFE) , which is a finite clement method 
with constrained conditions or Lagrangian multipliers, plays an important role 
in the research of the numerical solution for the higher order partial differential 
equation(PDE) or the PDE including two(or more) unknown functions. Its gen- 
eral theory was first proposed by Babuska [6] and Brezzi [7] in the early 1970. 
In the early 1980s, Falk and Osborn [8] improved their theory and expanded 
the adaptability of the MFE method. So far, the MFE method(see [9, 10]) 
are wildly used for the modeling of fluid flow and transport, as they provide 
accurate and locally mass conservative velocities and handle well discontinuous 
coefficients. 

The rest content of this paper is organized as follows. In Sect. 2, we will 
describe the semi-discrete scheme for (1), present the uniqueness theorem, and 
obtain the optimal error estimates. In Sect. 3, we give the fully discrete scheme 
and the optimal error estimates. In Sect. 4, one numerical experiment is pre- 
sented to verify our error estimates are optimal. 

Throughout this article we use C(without or with subscript) to denote a 
generic constant independent of the discretization parameters, which has differ- 
ent values in different appearances. We also adopt the standard definitions and 
notations of Sobolev spaces and their norms in [11] and [12]. 



2 The Semi-discrete Scheme Based on The Ex- 
panded Mixed Finite Element Method 

2.1 The Semi-discrete Scheme and Uniqueness of The So- 
lution 

By introducing three auxiliary variables 

w = U t ,p = w Xl q = u x , 
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(1) can be rewritten into the following equivalent first-order differential system 
with regard to the solution (u, q, w,p). It reads that 

' u t = w (x,t) €l x (0,T] 

qt=P {x,t) G I x (0,T] 

w-np x = -f' u {u)q (x,t) € I x (0,T] 

p-w x = (x,t)elx (0,T] 

u(x, 0) = uq(x) x € I 

q{x,0) = uq, x (x) xGl 

Multiplying by v and integrating each equation of (2) in I, respectively, we get 
that 

(ut, v) = (w, v) Vt> G L 2 

{qt,v) = (p,v) Vv e Hi 

(w,v) - n{p x ,v) = -(fu(u)q,v) Vv e L 2 

{p,v) + (w,v x ) = VveHl 

u(x, 0) = uq(x) x £ I 

q(x,0) = uo, x {x) x e I 

Let Qh C L 2 (I),Rh C Hq(I) be finite-dimensional spaces. Approximating 
(u, q, id, p) by (uh, qh, Wh,Ph), we get the expanded mixed finite element scheme: 
find {uh(-,t),q h (-,t),Wh(-,t),Ph(-,t)) : [0,T] -> Q h xR h xQ h x R h , such that 

(uh,t,Vh) = (wh,Vh) yv h eQ h 

(Qh,t,Vh) = iph,Vh) Vvh e Rh 

{wh,Vh) - fi(ph, x ,vh) = -(fu{uh)Qh,Vh) Vvh e Qh 

(j>h,Vh) + (wh,Vh, x ) = V«h e Rh 



(4) 



Theorem 1 The solution of (4) exists uniquely. 

Proof. Suppose tpi(x),ip2(x) 1 ...,ip m (x) be the basic functions of Qh, 

tfi(x), ipz(x), ..., if n (x) be the basic functions of Rh, and writing Uh{x,t) — 

m n m n 

Y^aiij)i(x),qh(x,t) = J2 bi<Pi(x),Wh(x,t) = X) Ciil>i{x),Ph (x,t) = J2di<Pi{x), 

i—l i—1 i= 1 i— 1 

with that the computation is changed into solve ordinary differential equations 
as follows 



(5) 



Af t =Ac 




Df t =Dd 




Ac - fj,Bd = 


■ F 


Dd + B T c = 


= 
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where a, b, c, d, F denote vectors and A, 73, D are matrixes. Each meaning in the 
above equations is clear, A, D are positive definite matrixes, we can get that (5) 
has unique solution in [0, T], and finally we come to the conclusion that (4) has 
unique solution. 



2.2 The Error Estimates 

Introducing projection: find (u, q, W,p) : [0, t] 
(u — u,Vh) = 

(q - q, vh) = o 

(Px-P h . x ,Vh) =0 



Qh xi?/,x Qh x Rh, such that 

Vvh g Qh 
Vv h e R h 
Vvh G Qh 



(6) 



we can get 



(p - p, Vh) + (w - wh, Vh, x ) = Vv h e R h 

£ = u ,q,w,p. 



n-tWo^chuw^ch'uh 

Subtracting (4) from (3) gives 

(Ut - Uh,U Vh) = {W - Wh, Vh) 

(qt -qh,uVh) = (p-Ph,vh) 

(w - W h , Vh) - n(Px - Ph,x, v h ) 
{p-Ph,Vh) + {w ~Wh,Vh,x) = 

using (6), we have 

iu t - Uh,u Vh) = {w - Wh, v h ) 

(It ~Qh,t,Vh) = {p-Ph,Vh) 

(w-w h ,Vh) - n(p x -Ph,x,v h ) =-(w -W,Vh)~ 

(/«(«)«- fL( u h)qh,v h ) 
(p - p h , Vh) + (w- w h ,v hiX ) = 



yv h g Q h 

yv h g R h 
(fL( u )q - I'u( u h)qh, v h ) Vv h e Q h 

yv h e R h 

Vv h eQ h 

yv h € R h 



yv h g Qh 



(7) 



(8) 
(9) 

(10) 



Vv h G R h (11) 



Theorem 2 Let (u,q,w,p) and (uh,qh,Wh,Ph) is the solution of (3) and (4), 
respectively. (u,q,w,p) satisfies (6), assume that (u,q,w,p) G L 2 xHqXL 2 xHq, 
the semi-discrete scheme has prior error estimate as follows 

|| U - U h \\l°°(0,T;H°(I)) + \\ Q — Qh \\l°°(0,T;H<>(I)) + \\ W - Wh \\l°°(0,T;H°(I)) 
+ II P- Ph \\l°°(0,T;H°(I)) 

< || (« - « h )(0) || o + || (q - q h )(0) || o +Ch 2 (\\ « |U~(o,T;JP(j)) + 

II q IU°°(0,T;_H" 2 (7)) + || W ||l~(0,T;_H" 2 (7)) + || P \\l^(0,T;H 2 (I)))- 
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Proof. Let Vh = p x — Ph,x in (10), we can get that 

{w-w h ,p x -p h ,x) ~ IJ>(P X -Ph,x,P x -Ph,x) = -(w-w,p x -Ph,x) - (fl(u)q 

-fl(uh)qh,p x -Ph,x), 

Let Vh = p — Ph in (11), we can get 

{p - p h ,p - Ph) + {w-Wh,p x ~Ph,x) = 0, 
using the two equations and Lemmas above, we have, for e relatively small, that 

\\P-Ph ||o +M \\Px~Ph,x Ho 
= (w -W,p x - p h ,x) + (/«(«)« - fL( u h)qh,P x - Ph,x) 

< C(\\ Ul-W ||o|| P x ~Ph,x ||o + \\q-Qh Holl P x ~Ph,x Ho) 

< C(/, 4 || u; 111 +/> 4 || g ||1 + || g- q h f )+e \\ p x - p h , x \\l 

\\P-Ph \\l + II P x -Ph,x \\l< C(h A || w Hi +fe 4 || g ||1 + \\q-q h \\l), 
then 

II P - Ph ||o + II Px - Ph,* Ho< C(^ 2 || tu || 2 +h 2 || g || 2 + || q - q h ||o), 
Let iTi = u; — uih in (10), we have 
(w -w h ,w -Wh) - MPx - Ph, x ,w - w h ) = -(w -w,w- w h ) - (fi(u)q 

-fl(uh)qh,w-w h ), 

II w-w h \\l 

= MPr ~ Ph,x,w - Wh) - (w -uJ.uJ-u;/,) - (f' u (u)q - f' u (u h )q h ,w - w h ) 

< C(ll Px - P^,z || o +^ 2 II w || 2 +/i 2 || g || 2 + || g - qh ||o) II w - Wh ||o, 

with that 

II to - Wh 1 1 o < C{\\ p x - p h ,x 1 1 o +h 2 |j w || 2 +^ 2 I! q h + || q - qh ||o) 
< C(fe 2 |Mk+^ 2 ||g||2 + ||g-g^||o), 

Let Uft = m — m^ in (8), we have 

(u t - Uh,t, u-Uh) = (w- w h , u - u h ), 
then 

— || U - Uh || o < C || w-w/i ||o|| w-«h ||o 

< C(|| w-^ ||g + ||u-u/, Ho) 

< C(fe 4 || w\\ 2 2 + \\w- w h || 2 +/> 4 || « || 2 + || « - u h || 2 ) 

< C(/» 4 ||u||2+/i 4 ||«||2+/i 4 |Ml2 + ll?-?/. || 2 + 
\\u-u h ||o)- 
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Similarly, Let vu = q — qh in (9), we get 



d 



f t \\q-qH\\l<C{h A \\q\\l+h i \\w\\l+h i \\p\\l + 



Q - Qh Ho) 



Obviously 



dV 



u-u h \\l+\\q-q h \\l) < ChH\\u\\l + \\q\\l + \\w\\l + \\p\\l) 



+C{\\u-u h \\l + \\q-q h \\l). 
Using Gronwall Theorem, we have 

\\u-u h \\l + \\q-q h \\l < ||(«-« fc )(0)||§ + ||(«-« h )(0)||§+C^( 

IMIl + IMIl + IMIl + l|p|ll), 

so 

II U - U h ||i,oo(o )T; hO(j)) + || q - q h ||z,oo( 0l T;fl-0(J)) + \\W-Wh \\l°°(0,T;H°(I)) 
+ II P- Ph \\l°°(0,T;H<>(I)) 
< || (U - Ufc)(0) ||o + II (q - Qh)(0) || +Ch 2 {\\ U |U=o (0 ,T;^(J)) + 

II q IU°°(0,T;_ff 2 (7)) + || W ||l~(0,T;H 2 (7)) + || V || L=° {0,T;H 2 (/)) ) • 

3 The Fully discrete Scheme Based on The Ex- 
panded Mixed Finite Element Method 

Let = to < t\ < ... < i/v = T be a partition of the domain [0,T],Atk = 
tk — tk-i,k = l,2,...,N,(u^,q^,w^,p^) is the approximation of (u,q,w,p) at 
ifc. Then, using forward difference quotient in place of time derivative, we get 
the fully discrete scheme: find (u£, q\, w\,p^) such that 



( "" ■ At Uh > v h) = ( w t v h) 



At 
(«^=^,t, fc ) = (pfc,t, fc ) 



(u&Vfc) - M >x ,v h ) = -{f' u {u k h )q k h ,v h ) \/v h e Q h 
k (p£, v h ) + (w£, v h ,x) = W ft e R h 



(12) 



Let/9 U = u-u,9 u = u-u hl p q = q-q,8 q = q-qh,Pw = w-w,9 w = w-w hl p p 
p-p,$ p =p-Ph, 
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then 



ak+1 _ nk tik+1 



U ' — U 



k 



( - M - ,v h ) = (0*,%) + (/9*,v h ) - {u k t +1 - r__^L jr , fc )Vt, fc g Qfc (13) 

flfe+i _ flfe fe+i _ fe 

( 9 At 9 , *h) - (<tf, V h ) + (pg, tt fe ) - (q k t +l - q ^ q ,v h ) Vv h ER h (14) 

(6%,V h ) -KO k p , x ,V h ) = -(p k w ,V h ) - {f u (u k )q k - f u {u k h )qlv h ) \/v h G Q h (15) 

(e k ,v h ) + (etv h , x ) = o vv h cR h (i6) 

Let Vh — 9 k in (15), we have 

(Op,J - l*(%, x ,%, x ) = -(/£,<£*) - (/>V - />£)</£,<,)> 
Let Vh = 9 k in (16), using the equation above, we can get 

(QpiOp) + (6wi6p,x) = °> 
for e relatively small, 

{e k p , el) + n(% iX , e k p j = { P k w ,e k p \ x ) + (/>V - f>i)ql O 

< C(h 2 || w h +h 2 || q h + || 9 k Mo) || 9 k , x ||o 

< ^ 4 || w ||2+/, 4 |U||2 + ||^||2) + £ ||^j|g, 

then 

\\o k P \\ 2 o + \\^ x \\ 2 o<c(h 4 \\w\\l+h*\\q\\t + \\e k q \\l), 

Let Uft — 9^ in (15), we have 

ll^l!o<C(ll^llo + ||^||o + ||<? fe -^llo)||^||o, 
II 9 k w || < C(/, 2 || u; || 2 +^ 2 || q \\ 2 + II k llo), 
Let % = #£ +1 in ( 13 )> we g et 

||^ +1 ||o < \\6 k J\o+At\\6 k w \\o+At\\p k w \\o+AtJ* nl \\^\\odt 

< || ^ ||o +CAt(h 2 || g || 2 W || u; || 2 + || 9 k || ) + 

similarly, Let u/j = 9 k+1 in (14), we get 



t +1 llo < || ^ ||o +CAi(/> 2 || 9 || 2 +/i 2 || w h +h 2 II P h + II ^ llo) + 



/•tn+l ^ 2 
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so 



|o + II e k+1 ||o < c[\\ el ||o + || e° q \\ +h 2 (\\ qh + \\w \\ 2 + \\ P || 2 )] 
A . r u+i „ a 2 « „ , f tn+i „ a 2 ? „ , , 



Theorem 3 Under the assumptions of Theorem 2, the fully discrete scheme 
has prior error estimate as following 

max || u k - u k h 1 1 o + max || q k - q^ || + max || w k - Wu || + 

l<k<N l<k<N l<k<N 

max . \\p k -p k Ho 

l<fc<iV 
< C[\\ Mo - M0,h 1 1 + || go - qO,h 1 1 +h 2 {\\ q ||z,oo( ,T;ifO(J)) + 

at 



C7 1( 

II W ||z,oo(o i T;J?0(j)))+ || P \\l°°(0,T;H°(I)))] + At(|| "^J 11^(0, T;ff°(/)) + 



a 2 <z I, x 



4 Numerical Examples 

In this section, we consider the following example by using the scheme given in 

(4). 

ut + u x + uu x — u xxt — x G (—100, 100), t > 

u(±100,t) = t>0 (17) 

u(x, 0) = 3ascch 2 (6x) x e (-100, 100) 

where a is an arbitrary constant and b = (l/2)(a/(l+a))( 1 / 2 '. The exact solution 

is 

u(x, t) = 3asech 2 (&x — ct + (f>), 

where c = (l/2)(a(a + l))' 1 ' 2 ), and <fi is an arbitrary constant. 

We choose <j) = 0, a = 0.03, h = gjjT = j^, Uh and qu are very good 
approximations of u and q, which are showed in the following two figures. 
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* Approximate solution u — Exact solution u 




x/100 

* Approximate solution q — Exact solution q 




The discrete L 2 norms of error are listed in Tables 1-2. From these results 
we can see that the error in the discrete norms have the optimal order. 





Table 1 


: || u-Uh \\o,h 




t/K 1 = 1/4 


t=0.25 


t=0.50 


t=0.75 


t=1.0 


" = 2 T = 76 


0.01988025 


0.01988021 


0.01988016 


0.01988010 


" 4 T 64 


0.00355500 


0.00354435 


0.00353454 


0.00352558 


8 256 


0.00142838 


0.00135176 


0.00129912 


0.00127347 


/i - -!- r - -!- 

16 1024 


0.00060856 


0.00047695 


0.00037632 


0.00033592 



Table 2: \\ q - q h 



O./i 



r/h 2 = 1/4 


t=0.25 


t=0.50 


t=0.75 


t=1.0 


h=± r= -i- 

"' 2 ' 16 


0.04340493 


0.04335041 


0.04326232 


0.04314177 


^=4 -=7^ 


0.00675072 


0.00674950 


0.00674930 


0.00675033 


8 256 


0.00122853 


0.00123664 


0.00125064 


0.00127063 


h = — t — — !— 

" 16 ' 1024 


0.00023734 


0.00028585 


0.00035341 


0.00043262 
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5 Concluding Remarks 

Sobolev equations (1) are solved using the EMFEM, by introducing three aux- 
iliary variables. The performance of the method is examined on one numerical 
experiment. It is seen that the error norms are satisfactorily small and the 
method successfully models the motion. Furthermore, from the numerical re- 
sults, it seems certain that some invariants could be obtained, we will discuss 
the content of this respect in the ongoing work. 

Acknowldgements 

The authors' research is supported by the Scientific Research Award Fund for Excellent 
Middle- Aged and Yang Scientists of Shandong Province grant BS2009HZ015. 

References 

[1] C. E. Seyler, D. C. Fenstcrmaclcr. A Symmetric Regularized Long Wave Equation[J]. 
Phys. Fluids., 1984, 27(1): 4-7. 

[2] Y. D. Shang, B. L. Guo. Analysis of Chebyshev Pseudospcctral Method for Multi- 
dimensional Regularized SRLW Equations [J]. Applied Mathematics and Mechanics, 2003, 
24(10): 1035-1048. 

[3] K. Omarani. The convergence of fully discrete Galerkin approximation for the Bcnjamin- 
Bona-Mahony (BBM) equation[J]. Applied Mathematics and Computation, 2006, 180: 
614-621. 

[4] A. Cesar, S. Gomez, H. Alvaro, Salas, Bernardo Acevedo Frias. New periodic and soliton 
solutions for the Generalized BBM and Burgcrs-BBM equations. Applied Mathematics 
and Computation, 2010, 217: 1430-1434. 

[5] F. Z. Gao, J. X. Qiu, Q. Zhang. Local Discontinuous Galerkin Finite Element Method 
and Error Estimates for One Class of Sobolev Equation[J]. J Sci Comput, 2009, 41: 
436-460. 

[6] I. Babuska. Error-bounds for finite element method. Numer. Math., 1970, 16: 322-333. 

[7] F. Brezzi. On the existence, uniqueness and approximation of saddle-point problems 
arising from Lagrangian mulipliers. Rev. Francaise Automat. Informat. Recherche Oper- 
ationalle Ser. Rouge, 1974, 8: 129-151. 

[8] R. S. Falk and J. E. Osborn. Error estimates for mixed methods. RAIRO Anal. Numer., 
1980, 14: 249-277. 

[9] F. Brezzi and M. Fortin. Mixed and Hybrid Finite Element Method, Springer Ser. Com- 
put. Math. 15, Spinger-Verlag, Berlin, 1991. 

[10] J. E. Roberts and J. M. Thomas. Mixed and Hybrid Methods. Handb. Numer. Anal. 2, 
P. Ciarlet and J. Lions, eds., Elsevier/North Holland, Amsterdam, 1991. 

[11] R. Adams. Sobolev Spaces. Academic Press, 1975. 

[12] P. G. Ciarlet. The Finite Element Method for Elliptic Problems. North-Holland, Ams- 
terdam, 1978. 

[13] J. L. Bona, W. G. Pritchard, L. R. Scott. Numerical schemes for a model of nonlinear 
dispersive waves. J. Comp. Phys. 1985, 60: 167-196. 



543 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 15, NO. 3, 544-551, 2013, COPYRIGHT 2013 EUDOXUS PRESS, LLC 



SOME IDENTITIES FOR THE FROBENIUS-EULER NUMBERS 

AND POLYNOMIALS 

TAEKYUN KIM, BYUNGJE LEE, SANG-HUN LEE, SEOG-HOON RIM 



Abstract. In this paper we give some new identities on the Frobenius-Eulcr 
numbers and polynomials arising from the generating function of Frobenius- 
Eulcr polynomials. 



1. Introduction 
The Bernoulli polynomials arc denned by means of 

j. °° 4-n 

(1) -^e* = Y. B ^ X )-V (^e [1-10]), 

n=0 

and the Eulcr polynomials are also defined by 

o °° 4-n 

(2) e *t = £25 n(x ) (see [1-10]), 

n— 

In the special case x = 0, B n (0) = B n and E n (0) = E n arc called the n-th Bernoulli 
numbers and the n-th Eulcr numbers. 
By (1) and (2), we get 

(3) B»W=t(")^ and E n {x)=Y j {^\E n _ l x l . 

From (1), (2) and (3), we can derive the recursion formulae for B n and E n : 

(4) B = l, S„(l) - B n = 6i, n , and E = 1, E n {l) + E n = 25 , n , 

where Sk.n is Kronecker's symbol. 

It may be of interest in the connection to the formula for a product of two 
Bernoulli polynomials: 

(5) 

B m (x)B n{x) = e(( 2 w V+ {:) m ) Bm+n -^% B ^ H-ir + 'j^B m+n , 

(m + n>2). 

Nielsen also gave similar formulas for E m (x)E n (x) and E m (x)B n (x), (see [3,4]). 
For u(=/= 1) G C, the Frobenius-Eulcr polynomials are defined by 

(6) ^V 4 = e H ^ = V H n {x\u)- V 

71 = 
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with the usual convention about replacing H n (x\u) by H n (x\u) (see [5]). In the 
special case, x = 0, H n (0\u) — H n (u) are called the n-th Frobenius-Eulcr numbers. 
Thus, by (2) and (6), we get H n (x\ - 1) = E n (x). Let a ± 1, /? ^ 1 and a/3 ^ 1. 
Then, from (6), Carlitz derived the following equation: 

(7) 

H m (x\a)H n (x\p) = g m+ „(x|a/3) (1 ~ Q)(1 / r /3) + " (1 - ^ V ( m W(a)ff m+n _ r (a:|a/3) 

1 — ap 1 — ap z -^ \ r / 

/3(1 — a) ^— v /n 



2( F s (/?)# ro+ „_ s (x|a/3), (see [3]). 



1 — a/3 ^— •* V s 

s— 1 v 

It may be of interest in this connection to recall the formula for a product of 
Bernoulli and Frobenius-Eulcr polynomials ([3]): 

m 
r 



B m (x)H n (x\a) = mi7 m+ „_i(a;|a) + ^ f )B r H m+n _ r (x\a) 



(8) „ " 



^ I )i? s (a)i7 m+ „_ s _i(a;|a). 



1 — a ^^ V s 

s = l v 

In particular, let a j^ 1 with aa _1 = 1. Then, we have 
(9) 

fUslaJflnMa- 1 ) = -(1 - a) V f ™ ) ff r+1 (a) ^^^M 

z — ' \r + lj m + n — r 

r— v ' 

1^ > •■- ' -h^m+ii-sl 3 -) 



* — 'Vs + l/ to + ra — s 



s=0 

where C ro ,„ = (-1)" +1 (m ^ 1) , (1 - a)tf m+1 (a) (see [3,4]). 

In this paper, we derive some new identities for the product of Frobenius-Eulcr 
polynomials from the generating functions of Frobcnius-Euler polynomials and dif- 
ferential operator. 

2. On identities of Frobenius-Euler numbers and polynomials 
Consider x as a fixed parameter and set 

1-?; ^2, t n 

(10) F x = F x (t\u)- e xt = e^^l")' = Y t H n {x\u)-., 

e l — u z -^ n! 

n=0 

where u G C with u ^ 1. 

From (10), we can derive the following equation: 

(11) e t F x -uF x = (l-u)e xt . 

Let us define the differential operator D by D = ^ . If we take the fc-th differential 
operator D k in (11), then we have 

(12) e\D + I) k F x - uD k F x = (1 - u)x k e x \ 
where k G N and / is identity operator. 
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By multiplying e~* on both sides of (12), we get 

(13) (D + I) k F x - e- l uD k F x = (1 - u)x k e {x ^ 1 . 
Taking D m on both sides of (13), we have 

(14) D m (D + I)F X - e- t uD k (D - I) m F x = (1 - u)x k {x - ^e' 1 " 1 ''. 
By multiplying e* on both sides of (14), we get 

(15) e t D m (D + I) k F x - uD k (D - I) m F x = (1 - u)x k (x - l) m e xt . 

Let G[0] (not G(0)) be the constant term in a Laurent series of G(t). Then, from 
(15), we have 

(16) 

J2 ( k ) (e*D fc -'"-'F iB )[0] -«f; ( m )(-iy(D k+m -iF x )[0} = (1 - u)x k {x - 1)"\ 

By (10), we get 

(17) (D N F x ){0)=H N {x\u), and (e t D N F x )[0] = H N (x\u) 

From (16) and (17), we note that 
(18) 

max{k,m} , , . , . . 

Therefore, by (18), we obtain the following theorem. 
Theorem 1. For m, k <G Z + = N U {0}, we have 

max{k,m} , , . , . . 

J2 ((]H k+m - 3 (x\u)-u(™y-iyH k+m ^(x\u))= (l-u)x k (x-l) m . 
From (16), we note that 



(19) H m (x\u) = J2( )Hi(u)x m - 1 . 



Thus, by (19), we get 

(20) dH rn {x\u) =m ^ r>"- *\ Hl{u)x m-i-i = mIIm _ i{xlu) 

x i=o ^ ' 

By (20), we get 

r 1 l 

(21) / H m (x\u)dx = —(H m+1 (l\u) - H m+1 (u)). 

Jo m + l 

From the definition of Frobenius-Euler numbers and (8), we can derive the following 

recurrence relation: 

(22) H a (u) = l, H n (l\u) - uH n (u) = if n > 0. 
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Thus by (21) and (22), we get 

f 1 1 

(23) / H m (x\u)dx = (u — l)H m+ i(u) for m £ Z+. 

Jo m+1 

Let us take the integral from to 1 in (18): 
(24) 

max{k,m} / /; \ / \\ /-l 

<«-'> E ^f^(0)-.(- 1 ,<7))=( 1 -») J (^- 1 r,, 

For a > 0, the gamma function is defined by 

/•CO 

(25) r(a) = / e- t t a ~ 1 dt, (see [7]), 

Jo 

and T(n + 1) = nT(n) = n(n - l)T(n - 1) = • • • = n\T(l) = n\. Let a > 0, (3 > 0. 
Then the beta function defined by 

(26) B(a,(3)= [\"-\l-t)^dt=^&. 

Jo T{a + f3) 

From (24) and (26), we have 

max{k,m} . . . / \ \ 

<*> g £^(C)-<- i >'«(?))- ( - i, " MB( * +i - m+i) - 

Therefore, by (27), we obtain the following theorem. 
Theorem 2. For k, m <G Z+, we ftawe 

m | m| % m+H M /A\ ( 1)Jw M^_ (-i) m+1 



3=0 



k + m + l-j\\jj \jJJ (k + m + l)( k+ k m ) 



Let m, fc € N. In [7], it is known that 
(28) 

ma^ m} +1 (m\\ B k+m+1 _ 3 ( X ) _ (-1)^1 

Let us take x — in (28). Then we have 

Thus, by Theorem 2 and (29), we obtain the following corollary. 
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Corollary 3. For to, k E N, we have 

max{k,m} . . . 

V^ I K \ I n k+m+l-j(U) r>k+m+l 

J 



^— ' \ j y y fc + to + 1 — j k + 77i + 1 — j 



E( 1)1 + 1 { m \{ UHk+m+1 -j( U ) -B/c+m+1-j \_ (u-l)H k + m +l(u) 

\ j )\ k + m + 1- j k + m+1- j )~ k + m+1 



In [7], we see that 
(30) 

max{k,m } g fc+m+1 - J = (-l) m+1 _ 2E k+m+1 

JT[ \\jj \jJJ k + m+1- j (k + m+l)( k \ m ) k + m+1' 

where to, k G N. 

From Theorem 2 and (30), we have 

^ fc + ro + 1 - j VVi/ \J ) ) k + m + 1 

K \ / iy'/ m | I i^k+m+1-j 2-bk+m+l 

j J \j J J k + m + 1 — j k + to + 1 ' 



£ (I :) + (-*)' 



Therefore, by (31), we obtain the following corollary. 
Corollary 4. For to, fc G N, we have 

max{k,m} / j \ / tt / \ 171 \ max{k.m} . . 

._, \i/ \fc + 7T7 + 1 - .7 k + m+1- j J 4^i \j] 

I Hk+ m +l-j(u) Ek+ m +l-j \_ f ,\ H k+m+ i(u) 2Ek+ m +l 
I W ~ + ~ I — I U — L ) — " + ~ . 

\ k + m+1 — j k + m+1— j J k + to+1 k + m+1 



Let to = k + 1 in Corollary 4. Then we have 

\p fk\ f H 2 k+2- 3 {u) _ E 2k +2- 3 \ yv-, y+i A + * 
(32) feWV2fc + 2-j 2k + 2-j) ^ l j \, j 

t g2fc+2 ^ (u) + g2fc+2 - J )=(u-l) H2k+2{u) forfcGN, 
2fc + 2-j 2k + 2-jJ y ' 2k + 2 

and, by Corollary 3, we get 

(33) %o(^m-im) + %^' + ir 

/ %2-jH ggfc+2-j \_ , iF 2 fc +2 (w) 



2fc+2-j 2k + 2-jJ v y 2fc + 2 

Thus, from (32) and (33), we obtain the following corollary. 
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Corollary 5. For k e N, we have 

\p fk\ ( B 2 k+2-j _ E 2k +2-j \ \pc_-, \j+i ( k + 1 

x / B 2 k+2-j E 2 k+2-j \_ „ 

\2k + 2-j 2k + 2-j) 



By Corollary 5, we can derive the following equation: 

[-] [-] 

E( k \ B 2 k-2j+2 sr~^ ( k \ E 2 k- 2 j+i __ E 2 k+i 
\2j ~ l) 2k - 2j + 2 ~ ^ \2j) 2k - 2j + 1 ~ 2k + 1 ' 

By Theorem 1 and (20), we get 

max{k,m} . , , , , .. 

(34) E ((j)-«Q(-l)^(* + m-i)Jr fc+m _ i _i(x|u) 

= (1 - w^V - l)" 1 " 1 ((m + fc)ir - fc). 
Let m = k. Then, by (34), we get 
(35) 

E(( fc )- u (J)(- 1 ) J )( 2fc -.?)^ fc -,-i(x| U ) = (l- U )x fe - 1 ( a; -l)' £ - 1 (2fcx-fc). 



From (35), we note that 



(36) (u-l)^(0\\-u f*V-l)' W_» = forfceN 

Therefore, by (36), we obtain the following theorem. 
Theorem 6. For k € N, we have 

(«-i)E(Q)-«Q)(- 1 ) i )^ fc - J -(«) = o. 



From Theorem 1, we have 

(37) 

I2I / 7 \ L "3 J / h \ 

v- - u )E Lj^-2i(*) + (i +«)E L , J^fe^-iNM) = (i -«)x fe (,x - i) fe , 

where [•] is Gauss' symbol. 
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Let us take the integral from to 1 on both sides of (37). Then we have 

( u i)Y J ( k \ H2k - 2 ^ u} (iiu)vf k \ H2k -v( u i 

Therefore, by (38), we obtain the following theorem. 
Theorem 7. For k E Z+, we have 

A;\ if 2 fc_2j+i(w) ,.. ,r^/ k \H 2 k-2j{u) _ (-1) A 



[U ^ \2j) 2k - 2, + 1 (i + Uj £- U? + 1 J 2fc - 2, ^ ( 2 fc + 1) (») ' 



In the special case, u = — 1, we have the following equation (39). 

k\ E 2k _ 2j+1 _ (-l) fe+1 



(39) J2 



f Q \2jj2k-2j + l (4fc + 2)( 2 fe fc )■ 
Let k € N. Then, from Theorem 1, we have 

( 4 °) E(Q)^ fe+ i->) -«(^ 1 j(-l)% +H («)]= 0. 



Thus, by (40), we get 

[*±i] 

( 41 ) (l-«) E ( 2 "i-) ff 2 fc+ i-2 J H + (! + «) E ( 2? + l) ff2fc - 2 ^ U ) =0 - 



r fc + 1 l r fc + l i 

fc\ „ l * J / jfc 



By (41), we get 

r fc+l I r fc+l i 

E (J) ff w-«(«) = SS ( 2 i+i) F2fe -^ (w) - 
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ON THE SECOND KIND (/i,g)-EULER POLYNOMIALS 

OF HIGHER ORDER 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : In this paper, we define the second kind Eulcr numbers En, q and polynomials En,q (x) 
of order k. We also give the generating functions of the second kind Eulcr numbers and polynomials 
of order k. By applying the Mcllin transformation to these generating functions, we construct the 
multiple (h, q)-Euler zeta function and Barnes' type multiple (h, g)-Euler zeta function of order k 
which arc interpolated higher order second kind Eulcr numbers and polynomials at negative integers, 
respectively. 

Key words : Eulcr numbers, Eulcr polynomials, the second kind Euler numbers and polynomials, 
the second kind (h, g)-Euler numbers and polynomials, (h, q) -Euler zeta function 

1. Introduction 

Eulcr numbers and polynomials were studied by many authors (see for details [1-6]). Throughout 
this paper we use the following notations. By Z p wc denote the ring of p-adic rational integers, Q p 
denotes the field of rational numbers, N denotes the set of natural numbers, C denotes the complex 
number field, and C p denotes the completion of algebraic closure of Q p . Let v p be the normalized 
exponential valuation of C p with \p\ p = p _ Mp) = p~ x . In this paper we assume that q G C p with 
|1 — q\ p < 1 as an indeterminate. For 

g G UD(Z p ) — {g\g : Z p — > C p is uniformly diffcrcntiablc function}, 

the fermionic p-adic invariant integral on Z p of the function g G C/D(Z P ) is defined by 

, p n -i 

I-i(g) = / gixW^ix) = lim V g(x)(-iy, see [1, 2]. (1.1) 

From (1.1), we note that 

r g{x + l)dn-i{x) + I g(x)dii-i(x)=2g(0). (1.2) 



x=0 



First, we introduce the second kind (h, g)-Eulcr numbers En,q- The second kind (h, g)-Euler numbers 
En/q are defined by the generating function: 

< ) W= ^ TI = E^^' (\hlo g q + 2t\<n). (1.3) 

H n=0 



Wc introduce the second kind (h, g)-Euler polynomials En, q (x) as follows: 

O p t °° ill 

^ h \^t) = - f ^e^ = ^E^(x) t - r (1.4) 



q n e 2t + i ^ "^ ' n \ 
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2. The second kind (h, g)-Euler polynomials of higher order 

In this section, we assume that q € C p and h € Z. We introduce the second kind Eulcr 
polynomials of higher order, En, q (x). We use the notation 



m m 



£-£= E ■ 

fc 1= fc„=0 fcl"-fc„=0 



The binomial formulae arc known as 



(1 - a)- = JT ( U ) {-a)\ where ^ _ n(n - 1) . . . (n - i + 1) 



4 =o ^ 



and 

Now, using multiple of p-adic integral, we introduce the second kind (/i, g)-Euler polynomials of 
higher order En. q (x): For fc G N and /i <G Z, we define 

Y\E$'V(x)—= I •••/ g' la;i+ ' la;2+ - + ' la;fc e( a: + 2a:i + 2a:2+ -+ 2 ^+ fc ) t d M _ 1 (a ;i )---d M _ 1 (x fe ). (2.1) 
„=o ' n! "^ ^p 

k times 
By using Taylor series of ^( 2x + 1 ) t in the above equation, we obtain 

V( / ■■■/ q hxi+ - +hXk (x + 2x 1 + --- + 2x k + k) n dLi-i(x 1 )---d f i_ 1 (x k ) ) - 

X J.TI 

-J2 E t k) (^ 

n=0 

By comparing coefficients — in the above equation, we arrive at the following theorem. 

n\ 

Theorem 1. For positive integers n, k, and ft, e Z, we have 
E { n h g k) (x)= f ■■■ f q h ^+- +h ^(x + 2x l + --- + 2x k + k) n d^ 1 (x l )---d^ 1 {x k ). (2.2) 



By (1.4), the second kind (h, q)-Fiuler polynomials of higher order, En,'q (x) are defined by 
means of the following generating function 

*$ M) (*.*) = (^J^r)^ = E^f^- ^ 

V * ' n=0 

By using (2,1), the second kind (h, q)-Fiulcr numbers of higher order, E„^ q are defined by the 
following generating function 

When fc = 1, above (2.3) and (2.4) will become the corresponding definitions of the second kind 
(h, g)-Euler polynomials E n , q {x) and the second kind (h, g)-Euler numbers E n , q - Observe that for 



X 



= 0, the equation (2.4) reduces to (2.3). Note that when h = 1, then we have 



n f \ ft oo 

e 



E«*4 



ge 2 ' + l/ ^ n ' qx 'n! 

7 n— 
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where En,q(x) denote the second kind q-Euler polynomials of higher order (see [6]). 
Corollary 2. For positive integers n, k, and ft G Z, we have 

E ( n h i k) = II q hxi+ - +hx *(2x 1 + --- + 2x k + k) n d^ l (x 1 )---dn_ l (x k ). 



Z„ JZ 



By using binomial expansion in (2.2), we obtain 
E ( n h q k \x) = ir( T ')x n - 1 I ■■■ I q h ^ + - +hx «{2x l + --- + 2x k + k) l d^ 1 {x l )---d^ 1 {x k ). 

l-n W JZ V JZ„ 



1=0 

By Corollary 2, we arrive at the following theorem. 

Theorem 3. For positive integers n, k, and ft G Z, we have 



<»(^e[;j^ 



" > ~(h,k) x n-l 



We obtain the distribution relation of the second kind (ft,, q)-Euler polynomials of higher order 
as follows: For to G N with m = 1( mod 2), we obtain 

x 4-n 

n=0 

2e* \ / 2e* \ / 2e* \ xt 

e 



q h e 2t + I J y q h e 2t + 1 J \ q h e 2t + I 

2a\ + • • • + 2a k + k + x — mk 



r, e mt v. fc m-l (mt) 



Qmhp2mt i 

~ 7 Oi,---,Ofc=0 



r ) E (-^) ai+ - +at 



From the above, we obtain 

V" jrWM*! - V* (_ n h\a 1+ -+a k v p (fc,fc) / 2 Ql + --- + 2a fc + fc + x-TOfc \ (mt) n 

n— ai,"- ,afc— n— x 7 

By comparing coefficients of — in the above equation, we arrive at the following theorem. 

n\ 

Theorem 4 (Distribution relation of the second kind (ft, g)-Euler polynomials of higher order). 

For m G N with to = 1( mod 2), we have 

E<tf\x) = m » E (-<i h r + - +ak E { n$ ( 2ai + ' ' ' + 2ak m + k + x " mfc ) ■ 

ai,---,a fc =0 

By (2.3), we have 

oo , n oo 

y^S^' fc )(x)— = 2 fe ^ ( h\a 1 +---+a kp {2a 1 +---+2a k +k+x)t 

-0 ai,--- ,afc— 

2 fe V^ fm + k-l\ . h\m e (2m+k+x)t 

™ — n V / 



n\ z — ' 

n={) a u --- ,a k ={) , . 

(2.5) 



m=0 
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From the above, we obtain 



oo , n 00/ OO 

n— n— \ ai,-" , a k— 



x + 2ai H h 2a fc + A:) r 



n 



n— \ m— 

By comparing coefficients of — in the above equation, we arrive at the following theorem. 

n\ 

Theorem 5. For positive integers n, k, and ft, € Z, we have 

oo 

E%< q k \x) = 2 k J2 (-q h ) ai+ '" +ak (2 ai + --- + 2a k + k + x) n 

oi,-" ,a k =0 

= 2k f2fm+k-iy_ qhr{2m+k+x)n 



(2.6) 



Since 



_TT_ , +' / Oct \ " "" j-n "" + m 

- E E«"m^'-(^ = E E 1 <"(xte- 

;=0 \n=0 v ' / 2=0 \n=0 v 7 / 



we have the following addition theorem 

Theorem 6 

following relation 



Theorem 6. The second kind (h, g)-Euler polynomials En,q (x) of higher order satisfies the 



1=0 



3. The multiple (h, g)-Euler zeta function 

In this section, we assume that ?eC with \q\ < 1. We define the multiple (h, g)-Euler zeta 
function. This function interpolates the second kind (h, g)-Eulcr polynomials of higher order at 
negative integers. 

By using (2.5), we have 

oo oo n 

F^ k \x,t) = 2 k Y, (- q h ) ai+ - +ak e^ ai+ - +2ak+k+x '> t = J2E ( n h q k \x) — . 

a\ ,••• ,afc— n— 

For s, x G C with lZ{x) > 0, we can derive the following Eq. (3.1) form the Mcllin transformation 
of-F„ (fc) (s,i). 

-i- / t s - 1 F( fe )( 2 ;,-i)dt = 2 fe V L__J^ (3.1) 

T{s)J q y ' ^ (2 ai + --- + 2a k + k + x s v ; 

air" r a k— U 

For s, .t G C with 7^(x) > 0, we define Barnes' type multiple (h, g)-Euler zeta function as 
follows: 
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Definition 1. For s,x £ C with IZ(x) > and ft g Z, we define 

°° (_„h\a 1 +—+a k 

6 h ' k \s,x)=2 k y ( -J-L- -. (3.2) 

oi,— ,a fe =0 

For s = — I in (3.2) and using (2.6), we arrive at the following theorem. 
Theorem 7. For positive integer I, we have 

tf> k \-l,x)=E^\x). 
By (2.4), we have 

V- F (h,k) ^ _ ( 2e * \ _ O fc V ( m + k ~ l \ (_ n hyn (2vn+k)t 

2-s n ' q n\~[q h e 2t + l) ^ m K «J e 

n=Q v ^ 7 m=0 v 7 

By using Taylor series of e ( 2m + fe )* in the above, we have 

E^ fe) S=£( 2fc £( m+ ^" 1 )(-^ ro ( 2w+fc )")^ 

n=0 ' n=0 \ m=0 V ' / ' 

By comparing coefficients —^ in the above equation, we have 

Et k) = 2fe E (™ + ^ _ l ) H h ) m (2- + *)"■ (3.3) 

m=0 ^ 7 

By using (3.3), we define the multiple (ft, g)-Eulcr zcta function as follows: 
Definition 2. For s e C and ft € Z, we define 

The function Q ' (s) interpolates the number -E^q at negative integers. Substituting s = —n 
with n G Z + into (3.4), and using (3.3), we obtain the following theorem: 

Theorem 8. Let n € Z + , We have 

Cj M) (-n) = 25& fc >. 
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Abstract 

In the real world, the modelling of various intricate physical phenomena, the 
higher dimensional nonlinear evolution equations come into further attractive in many 
branches of physical sciences. In this article, by the use of the Riccati equation to the 
(G'/GQ-expansion method, we construct more new exact traveling wave solutions of 
the (2+l)-dimensional Boussinesq and Kadomtsev-Petviashvili equation in a unified 
way involving arbitrary parameters. The obtained solutions are expressed in terms of 
hyperbolic, trigonometric and rational functions. When the parameters take special 
values, the solitary wave are derived from the traveling waves. The obtained solu- 
tions may be imperative and significant for the explanation of some practical physical 
problems. 

PACS numbers: 02.30.Jr, 05.45.Yv, 02.30.1k. 

Keywords: The (G"/G)-expansion method, the Riccati equation, the traveling wave 
solutions, the Boussinesq and Kadomtsev-Petviashvili equation. 

1 Introduction 

After the observation of solitonary phenomena by John Scott Russell in 1834 [1] and 
since the KdV equation was solved by Gardner et al. [2] by the inverse scattering 
method, finding exact solutions of nonlinear evolution equations (NLEEs) has turned 
out to be one of the enthusiastic and much lucrative areas of research. The appearance 
of solitary wave solutions in nature is somewhat frequent. Bell-shaped sech-solutions 
and kink-shaped tanh-solutions model wave phenomena in fluids, chemical kinemat- 
ics, solid state physics, condensed matter physics, plasmas, optical fibers, electrical 
circuits, bio-genetics, elastic media etc. The traveling wave solutions of the KdV 
equation and the Boussinesq equation which describe water waves are well-known ex- 
amples. Apart from their physical relevance, the closed-form solutions of NLEEs if 
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available facilitate the numerical solvers in comparison, and aids in the stability analy- 
sis. In soliton theory, there are many methods and techniques to deal with the problem 
of solitary wave solutions for NLEEs, such as, the Backlund transformation method 
[3], the Hirota's bilinear transformation method [4], the variational iteration method 
[5], the homogeneous balance method [6], the tanh-function method [7], the Jacobi el- 
liptic function method [8] , the F-expansion method [9] , the variable separation method 
[10], the Lie group symmetry method [11], the homotopy analysis method [12, 13], the 
homotopy perturbation method [14], the Adomian decomposition method [15], the 
first integration method [16], the Exp-function method [17-19], the (G'/G)-expansion 
method [20-30] and so on. 

It is significant to observe that there exist some fundamental relationships among 
numerous complex nonlinear partial differential equations and some basic and soluble 
nonlinear ordinary differential equations (ODEs), such as the sine-Gordon equation, 
the sinh-Gordon equation, the Riccati equation, the Weierstrass elliptic equation etc. 
Therefore, it is natural to use the solutions of these nonlinear ODEs to construct exact 
solutions of various intricate nonlinear partial differential equations. Based on the 
relationships of complex nonlinear partial differential equations and ODEs, a number 
of methods, such as, the sinh-Gordon equation expansion method [31], the generalized 
F-expansion method [32, 33], the Riccati equation expansion method [34, 35], the 
projective Riccati equation method [36, 37], the algebraic method [38] etc. have been 
developed. 

In the present article, we combine the Riccati equation with the (G'/G)-expansion 
method, and construct more new exact traveling wave solutions of the (2+l)-dimensional 
Boussinesq and Kadomtsev-Petviashvili equation in a uniform way. 

2 Description of the (G"/G)-expansion method combined 
with the Riccati equation 

Suppose the general nonlinear partial differential equation 

$(u, U t , U x , Utt, u tx , u xx , ■ ■ ■ ) = 0, (1) 

where u = u(x,t) is an unknown function, $ is a polynomial in u(x,t) and its partial 
derivatives in which the highest order partial derivatives and the nonlinear terms are 
involved. The main steps of the (G"/G)-expansion method combined with the Riccati 
equation is as follows: 

Step 1: The travelling wave variable 

u(x,t) = U(Z),£ = x-ct, (2) 
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where V is the speed of the traveling wave, allows us to convert the Eq. (1) into an 
ODE: 

1>(U, U', U", ■ ■ • ) = 0, (3) 

where the superscripts stands for the ordinary derivatives with respect to £. 

Step 2: If Eq. (3) is integrable, integrate term by term one or more times, yields 
constant(s) of integration. 

Step 3: Suppose the traveling wave solution of Eq. (3) can be expressed by a poly- 
nomial in (G' /G) as follows: 



?1=0 ^ ' 



where G = G(£) satisfies the Riccati equation, 

G' =r + qG 2 , 



(4) 



(5) 



where a n (n = 0, 1, 2, • • • , m), r and q are arbitrary constants to be determined later. 
The Riccati Eq. (5) has the following twenty one solutions [40]. 

Family 1: When r and q have same sign and r q ^ 0, the solutions of Eq. (5) are: 

1 



Gi 



r q~r tan(y / gr^)] , 



G, 



1 



lq~r cot {^[qr£,)\ 



1 



Gj> = - [Jq/r (tan (2^/qr^) ± sec (2,/qr£))] , 
G A = -- [y/qr (cot (2Jqf£) ± esc (2-Jqrft)] , 

q 



Gs 



l 

2q 



ir ( tan ( -y/qr£, I — cot I -y/qr(, 



G 6 



G 7 



Iqr 



V(a 2 - 


-B 2 )- 


- A cos (2 V 


/gr£) 


A 


sin (2^ 


/qr£) +B 

- A sin (2 V 




V(A 2 ~ 


-B 2 H 


/^^ 



A cos (2,/gr^) + £ 



559 



Akbar et. al. : Exact solutions of Boussinesq and Kadomtsev-Petviashvili equation 



where A and B are two non-zero real constants and satisfies the condition A 2 — B 2 > 0. 

— r cos (2y / gr^) 



G s 



Go 



G 



10 



y/gr sin {2^/qf£\ ± y / gr ' 

r sin (2y / gr^) 
y 7 ^ 7 cos (2y / gr^) ± y 7 ^ ' 

2 r sin ( ^ -y/gr^;) cos ( \ y/qfl;) 
2y 7 gr cos 2 (^^Jo^C) ~ \f^~ 



Family 2: When r and (7 possess opposite sign and rq^O, the solutions of Eq. 
(5) are: 

Gn 



G 



12 



[a/ - 9 r tanh (\/-gr^)] , 
[\/-grcoth (\/ — <??"£)] ' 



Gi 3 = — [\/=^ (tanh (2^=g7£) ± isec/i (2/=gr^))] 



G14 = — [V=«r ( co * h (2V 3 ^0 ± csc/i (2V=?r£))] 



G15 



2g 



G 



16 



G17 



\/-qr ( tanh ( -^J-qr^ J + coth ( -y/—qr£ 



y 7 ^? I" y/(,4 2 + £ 2 ) - A cosh (2^/^7£) 
g ^4 sinh (2^/=gr£) + 5 

y'-gr VB 2 - A 2 + A sinh (2^/-qrt,) 



A cosh (2^-^ r£) + 5 
where A and -B are two non-zero real constants and satisfies the condition B 2 — A 2 > 0. 

r cosh (2yJ— qr£) 



G 



18 



G 



19 



G 



20 



y 7 — qr sinh (2^— gr£) ± i^J—qr 

r sinh (2^— gr£) 
yj—qr cosh (2-^/— gr£) ± ^/—qr' 

2r sinh (5V - 9 r £) cosh (gV - Q r £) 
2y/—qr cosh 2 (^-^7— 2 gr^) — y/—qr 
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Family 3: When g^O but r = 0, the solution of Eq. (5) is: 

1 



G 



21 



qi + d' 
where d is an arbitrary constant. 

Step 4: To determine the positive integer m, substitute solution Eq. (4) along with 
Eq. (5) into Eq. (3) and consider the homogeneous balance between the highest order 
derivatives and the nonlinear terms appearing in Eq. (3). 

Step 5: Substituting Eq. (4) together with Eq. (5) into Eq. (3) together with the 
value of m obtained in step 4, we obtain polynomials in G % and G~ l (i = 0, 1, 2, 3 • • • ) 
and setting each coefficient of the resulted polynomial to zero, yields a set of algebraic 
equations for a n q, r and c. 

Step 6: Suppose the value of the constants a n q, r and c can be obtained by solving 
the set of algebraic equations obtained in step 5. Since the general solutions of Eq. 
(5) are known (arranged in step 3), substituting a n q, r and c into Eq. (4), we obtain 
new exact traveling wave solutions of the nonlinear evolution Eq. (1). 

3 Application of the method to the Boussinesq and Kadomtsev- 
Petviashvili equation 

In this section, we apply the proposed approach of the (G"/G)-expansion method 
to construct new exact traveling wave solutions of the Boussinesq and Kadomtsev- 
Petviashvili equation which is an important nonlinear equation in mathematical physics. 
Let us consider the (2+l)-dimensional Boussinesq and Kadomtsev-Petviashvili equa- 
tion, 

Wt = WXXX + Wyyy + 6 (u Uj) X + 6 (v Vj) y (6) 

Uy = W X (7) 

V X = Wy (8) 

We solve the Boussinesq and Kadomtsev-Petviashvili equation by the method de- 
scribed in section 2. In order to obtain traveling wave solutions of Eqs. (6)-(8), 
similar to step 1, we assume that 

u(x ,y,t) = U(0,v(x ,y,t) = V(0,w(x ,y,t) = W($),Z = x + y - ct. (9) 

Therefore, Eqs. (6)-(8) are converted into the following ODEs: 

2W'" + cW' + 6(UW)' + 6(VW)' = 0, (10) 
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u' - W = (11) 

V'-W' = (12) 

Eqs. (10)-(12) are integrable, therefore, integrating we obtain 

2W" + cW + 6UW + 6VW + gi = (13) 

U - W - g 2 = (14) 

V - W - g 3 = (15) 

According to step 3, the solution of Eqs. (13)-(15) can be expressed by a polynomial 
in (G'/G) as follows: 

[/(£) = a + oi (G'/G) + a 2 (G'/G) 2 + ■■■ + a m (G'/G) m , a m / (16) 

V(0 = b + h(G'/G) + b 2 (G'/G) 2 + ■■■ + b n (G'/G) n , b n + (17) 



and 



W(0 = co + ci(G'/G) + c 2 (G'/G) 2 + ■■■ + ci{G'/G)\ q / (18) 



where ctj, (i = 0, 1, 2, • • ■ , m), 6j, (j = 0, 1, 2, • • • , n) and c&, (fc = 0, 1, 2, • • • ,1) are 
constants to be determined and G = G(£) satisfies the Riccati Eq. (5). Considering the 
homogeneous balance between the highest order derivatives and the nonlinear terms 
appearing in Eqs. (13)-(15), we obtain m = n = I = 2 . 
Therefore, solution Eqs. (16)-(18) respectively become 

U(0 = a + oi (G'/G) + a 2 (G'/G) 2 , a 2 / (19) 

V(0 = b + h(G'/G) + b 2 (G'/G) 2 , b 2 ? (20) 

W(i) = co + ci(G'/G) + c 2 (G7G) 2 , c 2 / 0. (21) 

By means of Eq. (5), Eqs. (19)-(21) can be rewritten respectively as, 

U(0 =a + Oi(r G" 1 + q G) + a 2 (r G" 1 + q G) 2 , (22) 

V(0 = b + b 1 (rG- 1 + qG) + b 2 (rG- 1 +q G) 2 , (23) 

and 

^(6 = c + ci(rG- 1 + (? G) + C2(rG- 1 + gG) 2 . (24) 
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Substituting Eqs. (22)-(24) into Eqs. (13)-(15), the left hand sides of these equations 
are converted into polynomials in G % and G~ % , {i = 0, 1, 2, ■ • • ). Setting each coeffi- 
cient of these polynomials to zero, we obtain a set of simultaneous algebraic equations 
(we will omit to display them for simplicity) for ao, oi, ai, bo, b±, b 2 , cq,c\, c 2 and c. 
Solving the over-determined set of algebraic equations by using the symbolic compu- 
tation software, such as Maple, we obtain 

a 2 = b 2 = c 2 = -1, 01 = h = a = 0, a = a , b = b , c = c , g\ = -32rgc + 12c 2 ) , 
92 = a - co, g3 = b - c , g 2 = a - c , and c = -6a - 6b - 12c + 32 r q, (25) 

where ao, bo, cq, r and q are arbitrary constants. 

Now on the basis of the solutions of the Riccati Eq. (5), we obtain the following 
families of solutions of Eqs. (6)-(8). 

Family 1: When r and q have same sign and rq^O, the periodic form solutions of 
Eqs. (6)-(8) are: 

u\ = a>o — Aqr esc (2 yfqr £) , 

v\ = bo — Aqr esc (2 yfqr £) , 

w\ = cq — Aqr esc (2 ^/qr £) , 

where £ = x + y— (32 r q — 6ao~ 660 — 12co) £ and ao, &o> c o 5 Q, f are arbitrary constants. 

113 = ao — Aqr sec (2 y / gr £) , 

V3 = bo — Aqr sec (2 y / gr £) , 
^3 = Co — 4 r sec (2 y / gr £) , 

2y/qrA |y4 + 5sin(2^/gr£) - V 'A 2 - B 2 cos(2 ^/gr £) | 

{4sin(2 v /grf) + - B } |a cos(2 ^7£) - V^ 2 - B 2 \ 
'ly/qfA fA + Bsm.(2y/qr£)- ^A 2 - B 2 cos(2 y/qr£) } 



u 6 = a 



■u 6 = 6 



w 6 = c 



u 7 = a 



{Asin(2 > /(/r£) + B } {Acos(2^/g7£) - V^ 2 - B 2 \ 

' 2^/qrA I A + 5sin(2 ^fqf £) - \/ A 2 - B 2 cos(2 ^fqr £) | 

{j4siii(2 > /grf) + .B} [^ cos(2 ^7£) - v 7 ^ 2 - £ 2 } 

2 ^/gr A JA + 5 cos(2 ^r £) + \/-4 2 - £ 2 sin(2 ^fqf £) j 
{A cos^^/gr f ) + 5} |^4 sin(2 ^/q¥S,) + VA 2 - B 2 \ 
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' 2^/qr A I A + B cos(2 ^fqr £) + VA 2 - B 2 sin(2 ^fqr £) j 
{A cos(2^/qf£) + B) (a sin(2 ^/qf + V 'A 2 - B 2 \ 

'2^/qrA I.A + B cos(2 jqf f ) + VA 2 - B 2 sin(2 ^/qr £) j 
{A cos(2^/gr £) + B} {a sin(2 y/qr £) + VA 2 - B 2 \ 

where A and B are two non-zero real constants satisfies the condition A 2 — B 2 > 0. 

/ \ 2 

/ \/QT \ 

uio = a ■ 



v 7 = b 



w 7 = c 



2 sm((y/qrt)/2) cos{(^/qf^) /2) {2 cos 2 ((^/gr£)/2) - l} 



v w = b 



wio = c 



2 em((y/qr£)/2) co8((y/qr£)/2) { 2 cos 2 ((^/gr^)/2) - 1 } / 

yfqr 
2 sin((^/gr£)/2) cos((^r~£)/ 2 ) {2 cos 2 (( v /gr£)/ 2 ) - 1} 



The solutions corresponding to G2, G4, G5 and Gg are identical to the solution u\ and 
the solution corresponding to G$ is identical to the solution 113. 

Family 2: When r and g possess opposite sign and rq^O, the soliton and soliton-like 
solutions of Eqs. (6)- (8) are: 

un = ao + 4qr csch {2^—qr£) , 

vu = bo + 4 q r esc h (2 y/—qr^) , 

w\i = cq + 4qr csch 2 (2^— qr £,) , 

where £ = x + y— (32 r q — 6ao — 660 — 12co) t and ao, &o> c 0i Q, f are arbitrary constants. 

^13 = «o - 4 q r sec /i 2 (2 yj-qr £) , 
^13 = 60 — 4 r sec a (2 y / — or£) , 
^13 = Co — 4 g r sec /i (2 ^J—qr £) . 

'lyf=qrA J A - E sinh(2 v/=qr £) - \/.4 2 + £ 2 cosh(2 v /=gr £) | ' 



ui6 = ao 



vw 



{Asinh(2^/^7£) + 5}{,4cosh(2^/^r~£) -\M 2 + £ 2 } 

'2^/=g?A iA-Bs\nh{2^q?i) - y/A 2 + £ 2 cosh(2 v /=grO } 
{A sinh(2y=^£) + 5} JAcosh(2 s/^qrO - VA 2 + B 2 \ 
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1016 = C 



uvr = a-o 



vn = b Q 



'2y/=qrA (a - Bsinh(2 ^qr £) - VA 2 + 5 2 cosh(2 y/=qr £) } 
{Asinh(2^/^70 + 5 }{^cosh(2^/=^^) - V^4 2 + £ 2 } 

'2 7=^7^ {.4 + 5 cosh(2y=^?0- V-B 2 - A 2 sinh(2 y/=qr£) } 
{A cosh(2^/=^F£) + 5} |^ sinh(2 >/ = gr f) + \/B 2 - A 2 \ 

'2^q~FA lA + B co$\i{2 ^/=qr £) - V^ 2 - A 2 sinh(2 v /=grO } 



{A cosh(2 v /=^r + 5} |a sinh(2 /=gr + V# 2 - ,4 2 } 

2^/^r^ {^1 + S cosh(2y^?^) - ^B 2 - A 2 sinh(2 y/^pF } 
{A cosh(2^/=^?0 + £} |^4 sinh(2 y/=qrg) + V^ 2 - A 2 } 
where A and B are two non-zero real constants and satisfies the condition B 2 — A 2 > 0. 



wir = c 



■"20 = a 



W20 



^20 = co 



\/-qr 



2 sinh((^/^7^)/2)cosh(( v /^r^)/2) {2 cosh 2 ((^/^?~£)/2) - 1} J 

\ 2 



V~qr 



2 sinh((^/=^)/ 2 ) cosh((^/^?~£)/ 2 ) { 2 cosh 2 ((^/=^)/2) - 1} J 

\ 2 



V~Q r 



2 sinh(( v /=g70/ 2 ) cosh^/^grf)/ 2 ) {2 cosh 2 ((/=grf )/ 2 ) - l} 



The solutions corresponding to G12, G14, G15 and G19 are identical to the solution uu 
and the solution corresponding to G±s is identical to the solution U13. 

Family 3: When r = and q 7^ 0, the solution of Eqs. (6)-(8) is: 

2 
/ <7 ^ 
V21 



" 21 = co " (^Td) ' 

where d is an arbitrary constant. 

Because of the arbitrariness of the parameters ao, bo, co, q, r and d in the above 

families of solution, the physical quantities u, v and w may possess rich structures. 
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4 Comparison 



Zheng [39] investigated solutions of the Boussinesq and Kadomtsev-Petviashvili equa- 
tion by using the (G'/GQ-expansion method, where he used the second order linear 
ordinary differential equation as an supplementary equation. If we set C\ = (or 
C 2 



0) in Zheng's solution and ao 



bo = Co = 0, \J—qr = 4 V A — 4/x in our solu- 
tions then Zheng's solutions u\, v\ and q\ are identical to our solutions tin, v\\ and 
w\\ (or -ui3, wi3 and W\%) respectively. Again if we set C\ = (or C2 = 0) in Zheng's 



solution and ao = bo = cq = 0, yfqf = ^y/A/j, — A 2 in our solutions then Zheng's 
solutions u-zi V2 and qi are identical to our solutions u\, v\ and W\ (or U3, V3 and u^) 
respectively. Similarly, it can be shown that Zheng's solutions U3, V3 and 53 (1*7, V7 
and 97) are identical to our solutions U21, Vi\ and 1021- Further, it can be shown that 
Zheng's solutions U5, v§ and 05 (uq, vq and q^) are identical to our solutions U\\, v\\ 
and w\i (U13, v\z and 1^13). Zheng did not obtain any further solutions, but apart 
from these solutions in this article we obtain further new solutions. 



5 Graphical representations 



Graph is an influential tool for communication and it illustrates clearly the solutions 
of the problems. Therefore, some graphs of the solutions are given below. The graphs 
readily have shown the periodic and solitary wave forms of the solutions. 




Fig. 1: Periodic solution corresponding 
to u\, v\ and w\ for ao = bo = cq = 1, 
o = 2, r = 1, t = 1. 



Fig. 2: Periodic solution corresponding 
to M3, V3 and ws for ao = bo = Co = 1, 
o = 2, r = 1, t = 1. 
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Y rr ^r e 7 

Fig. 3: Periodic solution corresponding Fig. 4: Periodic solution corresponding 
to uq, vq and wq for ao = &o = Co = 1, to ur, v-j and wj for ao = bo = cq = 1, 
2, r = 1, t = 1, ^4 = 2 and B = 1. g = 2, r = 1 i = 1, A = 2 and B = 1. 




-5 — r^r^ 

Fig. 5: Solutions corresponding to U13, Fig. 6: Solutions corresponding to u\q, 
V13 and u>i3 for ao = 60 = Q) = 1, a = fi6 and tt>i6 for ao = &o = Co = 1, q = 
-2,r = l,t = 0. -2, r = 1, i = 0, A = 1 and B = 2. 



6 Conclusion 

The (G'/GQ-expansion method is an advance mathematical tool for investigating exact 
solutions of nonlinear partial differential equations associated with complex physical 
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phenomena wherein, in general the second order linear ordinary differential equation is 
employed as an auxiliary equation. But, in this article, we utilize the Riccati equation 
as an auxiliary equation; in consequence we obtain further new exact solutions of the 
Boussinesq and Kadomtsev-Petviashvili equation in a unified way. The obtained exact 
solutions may be important and significant to reveal the internal mechanism of some 
complicated physical phenomena. The algorithm presented in this article is effective 
and more powerful and it can be used for other kind of nonlinear evolution equations 
in mathematical physics. 
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ORTHOGONAL STABILITY OF A CUBIC-QUARTIC FUNCTIONAL 
EQUATION IN NON-ARCHIMEDEAN SPACES 

JUNG RYE LEE, CHOONKIL PARK, YEOL JE CHO, AND DONG YUN SHIN* 

Abstract. Using the fixed point method, we prove the Hyers-Ulam stability of the 
orthogonally cubic-quartic functional equation 

f(2x + y) + f(2x - y) = 3f(x + y) + f(-x - y) + 3f(x - y) + f(y - x) 

+18/(a;) + 6/(-x) - 3/(y) - 3/(-y) (0.1) 

for all x, y with x _L y in non- Archimedean Banach spaces, where _L is the orthogonality 
in the sense of Ratz. 



1. Introduction and preliminaries 

In 1897, Hensel [26] introduced a normed space which does not have the Archimedean 
property. It turned out that non-Archimedean spaces have many nice applications (see 
[13, 19, 35, 36, 45]). 

A valuation is a function | • | from a field K into [0, oo) such that is the unique element 
having the valuation, |rs| = \r\ ■ \s\ and the triangle inequality holds, i.e., 

\r + s\ < \r\ + |s|, Vr, s G K. 

A field K is called a valued field if K carries a valuation. 

Throughout this paper, we assume that the base field is a valued field and hence call 
it simply a field. The usual absolute values of R and C are examples of valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle in- 
equality. If the triangle inequality is replaced by 

\r + s\ < max{|r|, \s\}, Vr, s e K, 

then the function | • | is called a non- Archimedean valuation and the field is called a non- 
Archimedean field. Clearly, |1| = | — 1| = 1 and \n\ < 1 for all n G N. A trivial example 
of a non- Archimedean valuation is the function | • | taking everything except for into 1 
and 1 1 = 0. 

Definition 1.1. ([44]) Let X be a vector space over a field K with a non- Archimedean 
valuation | • |. A function || • || : X — )■ [0, oo) is called a non- Archimedean norm if it 
satisfies the following conditions: 

(a) \\x\\ = if and only if x — 0; 

(b) ||ra;|| = |r|||a;|| for all r G K, x G X; 



2010 Mathematics Subject Classification. Primary 39B55, 46S10, 39B72, 39B52, 54E40, 47H10, 47S10, 
26E30, 12J25, 46H25. 

Key words and phrases. Hyers-Ulam stability, orthogonally cubic-quartic functional equation, fixed 
point, non- Archimedean normed space, orthogonality space. 
* Corresponding author. 
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(c) the strong triangle inequality 

\\x + y\\ < max{||x||, ||y||}, Vx,y G X, 

holds. 

Then (X, || • ||) is called a non- Archimedean normed space. 

Definition 1.2. (1) Let {x n } be a sequence in a non-Archimedean normed space X. 
Then the sequence {x n } is called a Cauchy sequence if, for any e > 0, there is a positive 
integer N such that 

X — T \\ <C F 
|| ^n ^m || _ c 

for all n,m > N. 

(2) Let {x n } be a sequence in a non- Archimedean normed space X. Then the sequence 
{x n } is said to be convergent if, for any e > 0, there are a positive integer N and i£l 
such that 

for all n > N. Then we call x G X the /zmzi of the sequence {x n }, which is denote by 
nm n — ^oo x n x. 

(3) If every Cauchy sequence in X converges, then the non- Archimedean normed space 
X is called a non- Archimedean Banach space. 

Assume that X is a real inner product space and / : X — > R is a solution of the 
orthogonal Cauchy functional equation f(x + y) — f(x) + f(y), where (x,y) = 0. By 
the Pythagorean theorem ,f(x) = \\x\\ 2 is a solution of the conditional equation. Of 
course, this function does not satisfy the additivity equation everywhere. Thus orthogonal 
Cauchy equation is not equivalent to the classic Cauchy equation on the whole inner 
product space. 

Pinsker [51] characterized the orthogonally additive functionals on an inner product 
space when the orthogonality is the ordinary one in such spaces. Sundaresan [62] gener- 
alized this result to arbitrary Banach spaces equipped with the Birkhoff- James orthogo- 
nality. The orthogonal Cauchy functional equation 

f(x + y)=f(x) + f(y), x±y, 

where _L is an abstract orthogonality relation, was first investigated by Gudder and 
Strawther [25]. They defined 1 by a system consisting of five axioms and described 
the general semi- continuous real-valued solution of the conditional Cauchy functional 
equation. In 1985, Ratz [58] introduced a new definition of orthogonality by using more 
restrictive axioms than of Gudder and Strawther. Moreover, he investigated the structure 
of orthogonally additive mappings. Ratz and Szabo [59] investigated the problem in a 
rather more general framework. 

Let us recall the orthogonality in the sense of J. Ratz [58]. 

Suppose that X is a real vector space with dimX > 2 and _L is a binary relation on 
X with the following properties: 

(Oi) totality of _L for zero: ilO and _L x for all x G X; 

(02) independence: if x, y G X — {0} and x -L y, then x and y are linearly independent; 

(0 3 ) homogeneity: if x, y G X and x _L y, then ax _L (3y for all a, j3 G R; 

(04) Thalesian property: if P is a 2-dimensional subspace of X, x G P and A G R + , 
which is the set of nonnegative real numbers, then there exists y$ G P such that x _L y$ 
and x + y _L \x — y . 
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The pair (X, _L) is called an orthogonality space. By an orthogonality normed space we 
mean an orthogonality space having a normed structure. 
Some interesting examples are as follows: 

(1) The trivial orthogonality on a vector space X defined by (Oi) and, for any non-zero 
elements x, y G X, x _L y if and only if x and y are linearly independent. 

(2) The ordinary orthogonality on an inner product space (X, (•,•)) given by x _L y if 
and only if (x, y) = 0. 

(3) The Birkhoff- James orthogonality on a normed space (X, || • ||) defined by x _L y if 
and only if ||x + Ay|| > \\x\\ for all AeR. 

The relation _L is called symmetric it x -L y implies that y _L x for all rr, y G X. 
Clearly, Examples (1) and (2) are symmetric, but Example (3) is not. It is remarkable to 
note, however, that a real normed space of dimension greater than 2 is an inner product 
space if and only if the Birkhoff- James orthogonality is symmetric. There are several 
orthogonality notions on a real normed space such as Birkhoff- James, Boussouis, Singer, 
Carlsson, unitary-Boussouis, Roberts, Phythagorean, isosceles and Diminnie (see [l]-[4], 
[8, 9, 21, 31]). 

The stability problem of functional equations originated from the following question of 
Ulam [64]: 

Under what condition does there exist an additive mapping near an approximately ad- 
ditive mapping? 

In 1941, Hyers [27] gave a partial affirmative answer to the question of Ulam in the 
context of Banach spaces. In 1978, Th.M. Rassias [53] extended the theorem of Hyers by 
considering the unbounded Cauchy difference 

\\f(x + y)- f(x) - f(y)\\ < e(\\x\\* + \\y\\ p ) (e > 0, p G [0, 1)). 

The result of Rassias has provided a lot of influence in the development of what we 
now call generalized Hyers- Ulam stability or Hyers-Ulam stability of functional equations. 
During the last decades several stability problems of functional equations have been 
investigated in the spirit of Hyers-Ulam-Rassias. The readers refer to [18, 28, 33, 57] and 
references therein for detailed information on stability of functional equations. 

Ger and Sikorska [24] investigated the orthogonal stability of the Cauchy functional 
equation f(x + y)—f(x) + f(y), namely, they showed that, if / is a mapping from an 
orthogonality space X into a real Banach space Y and \\f(x + y) — f(x) — f(y)\\ < s for 
all x, y G X with x -L y and for some e > 0, then there exists exactly one orthogonally 
additive mapping g : X — > Y such that \\f(x) — g(x)\\ < y£ for all x G X. 

The first author treating the stability of the quadratic equation was Skof [61] by proving 
that, if / is a mapping from a normed space X into a Banach space Y satisfying \\f(x + 
y) + f(x — y) — 2f(x) — 2f(y)\\ < e for some e > 0, then there is a unique quadratic 
mapping g : X — > Y such that ||/(a;) — g(x)\\ < |. Cholewa [15] extended the Skof's 
theorem by replacing X by an abelian group G. Skof's result was later generalized by 
Czerwik [16] in the spirit of Hyers-Ulam-Rassias. The stability problem of functional 
equations has been extensively investigated by some mathematicians (see [12, 17, 50, 49], 
[54]-[56]). 

The orthogonally quadratic equation 

f(x + y) + f(x -y) = 2f(x) + 2f(y), x JL y 
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was first investigated by Vajzovic [65] when X is a Hilbert space, Y is the scalar field, 
/ is continuous and _L means the Hilbert space orthogonality. Later, Drljevic [22], Fochi 
[23], Moslehian [41, 42] and Szabo [63] generalized this result. See also [43, 46]. 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if 
d satisfies the following conditions: 

(1) d(x, y) — if and only if s — y; 

(2) d(x,y) = d(y,x) for all x, y G X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.3. [5, 20] Let (X,d) be a complete generalized metric space and J : X — > X 
be a strictly contractive mapping with Lipschitz constant a < 1. Then, for each given 
element x G X , either 

d{J n x, J n+l x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+l x) < oo for all n > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x, y) < oo}; 

(4) d(y, y*) < ^d(y, Jy) for ally eY. 

In 1996, Isac and Th.M. Rassias [29] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. 
By using fixed point methods, the stability problems of several functional equations have 
been extensively investigated by a number of authors (see [11, 6, 7, 34, 39, 47, 48, 52]). 

In [32], Jun and Kim considered the following cubic functional equation 

/(2s + y) + /(2s -y) = 2/(s + y) + 2/(s - y) + 12/(s). (1.1) 

It is easy to show that the function /(s) = re 3 satisfies the functional equation (1.1), 
which is called a cubic functional equation and every solution of the cubic functional 
equation is said to be a cubic mapping. 

In [37], Lee et al. considered the following quartic functional equation 

/(2s + y) + /(2s -y) = 4/(s + y) + 4/(s - y) + 24/(s) - 6/(y). (1.2) 

It is easy to show that the function /(s) = x 4 satisfies the functional equation (1.2), 
which is called a quartic functional equation and every solution of the quartic functional 
equation is called a quartic mapping. For more results on the stability of quartic functional 
equations, see [3], [10], [14], [40] and [60]. 

This paper is organized as follows: 

In Section 2, we prove the Hyers-Ulam stability of the orthogonally cubic-quartic func- 
tional equation (0.1) in non- Archimedean orthogonality spaces for an odd mapping. 

In Section 3, we prove the Hyers-Ulam stability of the orthogonally cubic-quartic func- 
tional equation (0.1) in non- Archimedean orthogonality spaces for an even mapping. 

Throughout this paper, assume that (X, _L) is a non- Archimedean orthogonality space 
and that (Y, || ■ ||y) is a real non- Archimedean Banach space. Assume that |2| ^ 1. 
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2. Stability of the orthogonally cubic-quartic functional equation: an odd 

mapping case 

In this section, applying some ideas from [24, 28], we deal with the stability problem 
for the orthogonally cubic-quartic functional equation 

Df(x, y) := /(2s + y) + /(2s - y) - 3/(s + y) - /(-s - y) 

-3/(s -y)- f(y -x)- 18/(s) - 6/(-s) + 3/(y) + 3/(-y) = 

for all x, y G X with s _L y in non- Archimedean Banach spaces: an odd mapping case. 

Definition 2.1. A mapping / : X — >■ Y is called an orthogonally cubic mapping if 
/(2s + y) + /(2s - j/) = 2/(s + y) + 2/(s - y) + 12/(s) 

for all i,i/6l with il?/. 

Theorem 2.2. Let </? : X 2 — > [0, oo) be a function such that there exists an a < 1 with 

^(s,y) <|8|c^(|,|) (2.1) 

/or a// x,y £ X with x _L y. Let / : X — >■ Y~ feon oeM mapping satisfying 

\\Df(x,y)\\ Y <ip(x,y) (2.2) 

/or a// x,y £ X with x _L y. TTien t/iere exists a unique orthogonally cubic mapping 
C : X -)• y snc/i t/iat 

||/(s) -C(s) || y < \ y(s,0) (2.3) 

| lo | — |lo|« 

/or all x £ X . 

Proof. Putting y = in (2.2), we get 

||2/(2s)-16/(s)||y<^(s,0) (2.4) 

for all x G X since x _L 0. So, we have 



/(s) - lf(2x) 



<T^rMx,0) (2.5) 

y lo 



for all x G X. 
Consider the set 

,S:={/i:X^r} 

and introduce the generalized metric on S: 

d(g, h) = inf {// G R+ : ||p(s) - h(x) \\ Y < [lip (s, 0) , Vs G X} , 

where, as usual, inf = +oo. It is easy to show that (S,d) is complete (see [38, Lemma 
2.1]). 

Now, we consider the linear mapping J : S — >■ S such that 

J g(x) '■= ^9 (2s) 

for all x G X. Let g,h £ S be given such that rf(g, /i) = e. Then we have 

||#(s) -h(x)\\ Y < <p(x : 0) 
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for all x G X and hence 



|| Jg{x) — Jh{x) 



< aip (x,0) 



W= \g{2x)-\h{2x) 

for all x £ X. So d(g, h) = e implies that d(Jg, Jh) < ae. This means that 

d{ Jg, Jh) < ad(g, h) 

for all g,h G S. It follows from (2.5) that d(f, Jf) < J^. By Theorem 1.3, there exists 
a mapping C : X — > Y satisfying the following: 

(1) C is a fixed point of J, i.e., 

C (2s) = 8C(s) (2.6) 

for all x G X. The mapping C is a unique fixed point of J in the set 

M = {geS : d(/i,£) < oo}. 

This implies that C is a unique mapping satisfying (2.6) such that there exists a \x G 
(0, oo) satisfying 

||/(x)-C(x)||y < ^(X,0) 

for all x G X; 

(2) d(J n f, C) — ?■ as n — )■ oo. This implies the equality 

lim — / (2 n x) = C(x) 

for all s G X; 

(3) d(f,C) < izrd(f, Jf), which implies the inequality 

1 



161 — |16|q! 



d(f,C)< 

This implies that the inequality (2.3) holds. 
It follows from (2.1) and (2.2) that 

\\DC(x,y)\\ Y = \im^-\\Df(2 n xXy)\\y 



n— >oo 



1 l8l n rv n 

< lim -—ip(2 n x,2 n y) < lim ^ — <p(x,y) = 

for all x,y & X with il?/. So 

DC(x,y) = 

for all x,y £ X with ill/. Since / is odd, C is odd. Hence C : X — >• Y is an orthogonally 
cubic mapping, i.e., 

C(2x + y) + C(2x -y) = 2C(x + y) + 2C(x - y) + 12C(x) 

for all x, y G X with s _L y. Thus C : X — > Y is a unique orthogonally cubic mapping 
satisfying (2.3). This completes the proof. □ 

From now on, in Corollaries, assume that (X, _L) is a non- Archimedean orthogonality 
normed space. 
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Corollary 2.3. Let be a positive real number and p a real number with < p < 3. Let 
f : X — )> Y be an odd mapping satisfying 

\\Df(x,y)\\ Y <e(\\x\\P+\\y\n (2.7) 

for all x, y G X with x _L y. Then there exists a unique orthogonally cubic mapping 
C : X -^Y such that 

\\f(x) - C(x)\\ Y < , „'' i-F^llxf 

\\j v ) v n\* - | 16 |(| 2 |p- |2| 3 )" " 

for all x G X . 

Proof. The proof follows from Theorem 2.2 by taking tp(x,y) = #(||a;|| p + \\y\\ p ) for all 
x, y G X with x -L y. Then we can choose a = |2| 3_p and we get the desired result. □ 

Theorem 2.4. Let f : X -^-Y be an odd mapping satisfying (2.2) for which there exists 
a function tp : X 2 — > [0, oo) such that 

<p(x,y) < ^^(2x,2y) 

|o| 

for all x, y G X with x _L y. Then there exists a unique orthogonally cubic mapping 
C : X — » y such that 

\\f(x)-C(x)\\ Y < a y(x,0) (2.8) 

|lo| — |lD|a 

for all x G X . 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 
Now, we consider the linear mapping J : S — ?> S such that 

Jg(x) := 8g (- 

for all x G X. It follows from (2.4) that d(f, J '/) < t^t . So, we have 



|16|' 



d(f,C)< 



a 



161 — 16 ct 



Thus we obtain the inequality (2.8). The rest of the proof is similar to the proof of 
Theorem 2.2. □ 

Corollary 2.5. Let be a positive real number and p a real number with p > 3. Let 
f : X — > Y be an odd mapping satisfying (2.7). Then there exists a unique orthogonally 
cubic mapping C : X — >■ Y such that 

ll^)-^)ll^< | 16 | ( |2|f!| 2h INI P 

for all x G X . 

Proof. The proof follows from Theorem 2.4 by taking (p(x,y) = #(||a;|| p + \\y\\ p ) for all 
x, y G X with x -L y. Then we can choose a = |2| p ~ 3 and we get the desired result. □ 
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3. Stability of the orthogonally cubic-quartic functional equation: an even 

mapping case 

In this section, applying some ideas from [24, 28], we deal with the stability problem 
for the orthogonally cubic-quartic functional equation given in the previous section: an 
even mapping case. 

Definition 3.1. A mapping / : X — > Y is called an orthogonally quartic mapping if 

/(2s + y) + /(2s -y) = 4/(s + y) + 4/(s - y) + 24/(s) - 6f(y) 

for all s, y G X with x -L y. 

Theorem 3.2. Let tp : X 2 — > [0, oo) be a function such that there exists an a < 1 with 

(x y\ 
<p(x,y) < |16|a^-,-J 

for all x, y G X with x _L y. Let f : X — ?> V be an even mapping satisfying /(0) = and 
(2.2). Then there exists a unique orthogonally quartic mapping P : X — > V such that 

\\f(x) - P(x)\\ Y < * y(g,0) 

\6Z\ — \6Z\a 

for all x G X . 

Proof. Putting y = in (2.2), we get 

||2/(2s)-32/(s)|| y <^(s,0) (3.1) 

for all x G X, since x _L 0. So, we have 



/(s) - l/(2x) 



<^(x,0) 



for all s G X. 

Let (S*, d) be the generalized metric space defined in the proof of Theorem 2.2. 
Now, we consider the linear mapping J : S —$■ S such that 

Jg(x) ■= ^9 (2s) 
16 

for all x G X. The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.3. Let 9 be a positive real number and p a real number with < p < 4. Let 
f : X — )> Y be an even mapping satisfying /(0) = and (2.7). Then there exists a unique 
orthogonally quartic mapping P : X — )■ Y such that 

\2\ p 9 
/ S - P(x) Y < , „,',' r-fTT s p 

\\j\ ) v ;nr - |32|(|2|p- |2| 4 )" " 

for all x G X . 

Proof. The proof follows from Theorem 3.2 by taking tp(x,y) = @{\\x\\ p + \\y\\ p ) for all 
x, y G X with x -L y. Then we can choose a = |2| 4 ~ p and we get the desired result. □ 
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Theorem 3.4. Let f : X — > Y be an even mapping satisfying (2.2) and /(0) = for 

which there exists a function if : X 2 — > [0, oo) such that 

<p(x,y) < —tp(2x,2y) 
lo 

for all x, y G X with x _L y. There exists a unique orthogonally quartic mapping P : X — > 
Y such that 

\\f(x) - P(x)\\y < a tp (x, 0) (3.2) 

\6Z\ — \oZ\a 

for all x G X . 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 
Now, we consider the linear mapping J : S — ?> S such that 

I ' x 

Jg(x) := lQg I - 

for all x G X. It follows from (3.1) that d(f, J '/) < p^r. So, we obtain the inequality 
(3.2). The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.5. Let 6 be a positive real number and p a real number with p > 4. Let 
f : X — )> Y be an even mapping satisfying /(0) = and (2.7). Then there exists a unique 
orthogonally quartic mapping P : X — )> V such that 

\2\ p 9 
\\f(x)-P(x)\\ Y < 



|32|(|2| 4 - |2p)" " 

for all x G X . 

Proof. The proof follows from Theorem 3.4 by taking (p(x,y) = 6(\\x\\ p + \\y\\ p ) for all 
x, y G X with x -L y. Then we can choose a = |2| p_4 and we get the desired result. □ 

Let f (x) = 2 anc ^ fe( x ) = 2 Then f is an odd mapping and f e is an 

even mapping such that / = f + f e . The above corollaries can be summarized as follows: 

Theorem 3.6. Assume that (X, _L) is a non- Archimedean orthogonality normed space. 
Let 9 be a positive real number and p a real number with < p < 3 (resp., p > 4). Let 
f : X — ?> Y be a mapping satisfying /(0) = and (2.7). Then there exist an orthogonally 
cubic mapping C : X — )> V and an orthogonally quartic mapping P : X -^-Y such that 

\2\ p d\\x\\ p 
\2\ p e\\x\\ p ) 



ll/(*) - 


- C{x) - 


-P(x)\\y < 


l|16|(|2| 3 - 


|2|p) ' |32|(|2| 4 - 


• |2|p) 


(resp. \\f\x) - 


- C(x) - 


-P(x)\\y < 


v |16|(|2|p- 


1 

|2| 3 ) ' |32|(|2|p- 


-|2| 4 ) 


for all x G X . 
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A NOTE ON g-BERNSTEIN POLYNOMIALS ASSOCIATED 
WITH p-ADIC INTEGRAL ON Z p 

TAEKYUN KIM, BYUNGJE LEE, SANG-HUN LEE, SEOG-HOON RIM 



Abstract. In [7], Kim proved some interesting properties on Phillips 
g-Bernstein polynomials. In this paper, we investigate some identities 
on Euler and Bernoulli numbers associated with Phillips g-Bernstein 
polynomials. 



1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p , Q p and 
C p will denote the ring of p-adic rational integers, the field of p-adic rational 
numbers and the completion of the algebraic closure of Q p . Let | • \ p be 
p-adic absolute value which is normally defined by \p\ p = ^.when one talks 
of g-extension, q is variously considered as an inderterminate, a complex 
numbers q G C, or p-adic numbers q G C p . If q & C, then we always assume 
that \q\ < 1. If q G C p , we always assume that |1 — q\ p < 1. For each 
x £ C p (or C), the (/-basic numbers are defined by 

W« = 1^7' [nW. = [n] q [n-l] q ...[2} q [l} q (n € N). 

Now, we use the notation of Gaussian g-binomial coefficient in the form 
'n\ _ [n] q \ _ [n] q [n - l] q ...[n - k + l] q fc ^ 



Q 

Note that 



kJ Q [k] q \[n-k] q \ [k] q \ 

fn\ fn\ n(n — l)...(n — k + 1) 

*™ \k)r (k) = u 



Q 

The Gaussian binomial coefficient satisfies the following recursion formula : 
The g-binomial formulae are known as 



lid - ,«x) = £ (';) ,< 



IJ. 



;i) (l-ar)J= ||(.l-(/*- 1 x)=> I „| (7^(-i)' x 
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and 

(2) (I^j-gCTV- <-™>" 

Let C[0, 1] be the space of contious functions on [0, 1]. 
Phillips' g-Bernstein polynomials are given by 

(3) B„, g (/|x) = f> fe , n (x, </)/(!%), 

L — ' 77, „ 



fc=0 



where B M (i l9 ) = H) q x k (l - x) n f k and / G C[0, 1]. 

Some interesting identities and formulae of Phillips' g-Bernstein polynomials 

are given in [13]. 

Let C(Z P ) be the space of continous functions on Z p . In this paper, we 

assume that q 6 C p with |1 — g| p < 1. For / £ C(Z P ), the fermionic p-adic 

integral on Z p is defined by Kim as follows (see [5-12]): 

P N -i 

(4) /,(/) = / f(x)dn q (x) = lim jjy- £ /(*)(-(/)*, 

and 

(5) g/ g (/i) + /,(/) = [2],/(0), where f\(x) = f(x + 1). 

In this paper, we give some identities on the g-Euler numbers and polyno- 
mials associated with g-Bernstein polynomials by using the ferminoic p-adic 
(/-integral on Z p . 

2. Some identities on g-Euler numbers 

Let us take f(x) = e tx . Then, by (5), we get 



(6) / e t Wd» q (y) = -^*-e 



V 



qe l + 1 



Now, we define the g-Euler polynomials as follows: 

(7) A^^^^^l' 
qe l + 1 ^-^ n\ 

with the usual convention about replacing E™(x) by E n ^ q (x). 
In the special case, x = 0, E n>q (0) = E n>q are called the n-th g-Euler num- 
bers. From (7), we note that 

n 

(8) E n , q (x) = Y, E n , q x n ' e = (x + E q ) n , 

£=0 
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with the usual convention about replacing E™ by E n ^ q . 

By (7) and (8), we get the recurrence relation for the g-Euler numbers : 

(9) qE n , q (l) + E nA = [2] q S ,n where n G Z + = N U {0}, 

where 5 Ht k is a Kronecker symbol. 
From (4) and (7), we note that 



(10) / (y + l-x) n d t i q (y) = (-l) n {y + x) n d N -,{y). 
Therefore, by (10), we obtain the following lemma. 

Lemma 1. For n G Z , we have 

E ntq (l-x) = (-l) n E n>q -i(x). 

By (9), we get 

(11) q 2 E n , q (2)=qJ2( n )jQE n , q (l) 



n,q 

\ ^~' e=o v<,/ / 

= q[2] q - qE n , q {l) 

= QY\q + E n ,q — [2]g(5o,ri- 

Therefore, by (11), we obtain the following corollary. 
Corollary 2. For n £ Z + , we have 

q 2 E n , q (2) - q[2] q + [2} q S , n = E n , q . 

By Lemma 1 and Corollary 2, we get 

(12) (-l) n £7 n> ,_i(-l) = E n , q (2) = E n , g + q[2] q + [2} q S , n - 
As is well known, the Frobenius-Euler polynomials are defined by 

(13) -^e xt = Y,H n {x,u)- v («^1). 

e z — u t-^ n\ 

n=0 

In the spcial case, x = 0, H n (0,u) = H n {u) are called the n-th Frobenius- 
Euler numbers. From (7) and (13), we have 

[2] «- e *<=l±^ e *< = f> n (*,g-^ n 



oe 1 + 1 e l + o i ^^ n! 

n=0 
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and by (7), we get 

(14) H n (x,-q' 1 )=E ntq (x). 
Therefore, by (14), we obtain the following corollary. 

Corollary 3. For n £ Z + , we have 

H n (x, -q' 1 ) = E nyq (x). 

For / £ C(2L), the (/-Bernstein operator is defined by 

(15) B„, g (/|x) = f> fc , n (x, </)/(j% 

where B k>n (x,q) = (^) x k (l — x) q ~ h for n,k G Z+. In the paper Bk jn (x,q) 
are called the (/-Bernstein polynomials of degree n. 
Now, we define the (/-difference operator as follows : 

n 

(16) A n q =(E-ir q =H(E-Iq^), (see [7]). 

j=i 

where {Eh){x) = h(x + 1), and / is identity operator. 
From (15) and (16), we get 

(17) w/k) = E (f) x " A " ^n")' ( see [ 7 ^- 

fc=0 Wg Mq 

Let us take the fermionic p-adic (/-integral on both sides of (17). Then we 
have 



/ B ntq (f\x)d» q (x) = J2 (l) Aj/(^-)E fejg . 

JTL V k=0 \ K / q ' l n \q 



(18) 

k=0 



From (15), we have 
(19) 

/ iw/i*)^(*) = E(E( n 7*) {-if t x k+ ^ q {x)\ nfk) 



n /n—k 



k=0 \£=0 y ' 1 

n n—k 



EEcr)'-^-^). 



fc=0 £=0 v 7 <? 

Therefore, by (18) and (19), we obtain the following proposition : 
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Proposition 4. For / G C(Z p ), we have 



11 11— K / 7 \ 

h—n e—n \ / q I 



'™ \ „ t „, 



The second kind g-stirling numbers are defined by 

lift 1 • \ OO 

From (20), we have 

(21) S(n,*l«) = irA-E(- 1 ) i « (3) ( • t fe -^ 

[ K lq- j=Q \3/q 

= ^ r A^0", (see [7]). 
By (15), (20) and (21), we get 



(22) [n]™M n , q (x m \x) = J2 (fj x k [k] q l q (")s(m, k\q). 



k=0 

From (22), we have 



(23) [n]™ / n rhQ (x m \x)dfi q (x) = V (f) [fc] 9 !5(m,fc|?)£; fc)ff . 



Therefore, by (23), we obtain the following theorem. 
Theorem 5. For m,n £ Z+ , we have 



n n—k 



u il — ft; / 7 \ / \ 

EEl7 (- 1 )^W^ = E(J [k}qlS(m,k\q)E k>q . 



k=0 £=0 K ' 1 k=0 K / 1 
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From (15), we have 



(2 1) B kM lr.q)=[ n k ) x k {l-x) n - k 

n—k 



r)/g(r)<-^' 



£=0 v ' 1 x / 1 



i=k V 7 1 V 7 9 

By simple calculation, we get 

CD.W.-CD.a 

From (24) and (25), we have 

(26) ft,„(x,„) = |:(^Q a (-l)«-V^)/. 

Let us take the fermionic p-adic g-integral on both sides of (26). Then we 
have 

(27) jf flfc,n(^ff)^(*) = E(") Q (-iy- k Q^Ee, q . 
By (15), we get 

(28) eIu-^eIO^ 1 -^ 



t(;:0, 

fc=i v 7 « 

71—1 



x fe (l-^- fe 



n X fc/1 „\Tl-fc-l 



*E *. x fe (i-x) 



fc=0 v y 9 



.X. 
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By the same method of (28), we see that 

n (k\ n / _ 9\ 

(29) E^(m) = EL *\i- X ) n q - k 



k 
fc=0 v 7 1 



x 2 . 



Continuing this process, we get 

n fk\ 

(30) ^ ( 4^i? fc , n (x,< ? ) = x i , fork,i€Z + . 
k=i v»/g 

Let us take the fermionic p-adic g-integral on both sides of (30). 

(31) Ei 'i = ^2jk~ B k , n (x,q)dfi q (x). 

k=i \i'q Z P 

By (27) and (31), we get 

(32) B^tfeQQMW-w, 

Therefore, by (32), we obtain the following theorem. 



Theorem 6. For m,i,k £ Z + , we have 

Let B n (/|x) = lim g ►iB 7lj9 (/|a;). From (15), we have 

(33) B n (/|x) = V^ in (x)/(-), 

fc=o 

where B kjTl (x) = {^)x k (l - x) n ~ k . 

Here, B n (/|x) is called the Bernstein polynomials of degree n. From the 
definition of B n (/|x), we note that B n {x) = B n _ kn {l — x). Let us consider 
the fermionic p-adic (/-integral on Z p in (33). 
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Now. 


we get 


(34) 


Ij= B kyn (x)d/j, q (x) 




= (f)l x k {l-x) n - k d^ q {x) 




- (I) %§i-#!s -*>-'<«*> 




=(:)eG)(-^)"^(-^ 



By (12), we get 

(35) ^QEQ^W^) 



£=0 
k 



£=0 

From (34), we note that 

n—k 



JE^w + f + ^-^o, 



(36) Ij= (t) y E>( n ~t k Y- 1)e f xk+ld ^ 



e=o 
Therefore, by (35) and (36), we obtain the following theorem. 

Theorem 7. For m,k G Z + with n > k, we have 
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1 Introduction 

We are concerned with the following boundary value problem 



(-l)V " (*) + AQ(t,y,j/ A ,...,y A " ) = \P(t, y,y A , ...,y A " ), t e [a,b], 

a t+1 y A2 '( V ) + fc+iy A2 ' +1 (a) = y A2 \a), j i+1 y A2 ' (r,) = y A2 \o(b)), 0<i<n- 



(1.1) 



where n > 1, a < r, < a(b), Pi > 0, < an < "W-^+^H"-^ , 1<7,< "^TCft and A is P ositive 
parameter. Throughout this paper we let T be any time scale (nonempty closed subset of R) and [a, b] be a 
subset of T such that [a, b] = {t € T, a < t < b}. We assume that a(b) is right dense so that a J (b) — a(b) 
for j > 1 and there exist continuous functions / : (0, oo) — > [0, oo), p,q,pi,qi : [a, cr(b)] — > K such that 

(HI) The maps y G E 2n -»■ P(t, y) G E and y G E 2n_1 -»■ Q(t, y) G E arc continuous for all t G [a, a(b)], 

(F2)Forj/e[0,oo), 

9W S 7^5 < <?i(,*J, 

,„/,\ ^- P(t,y,y 1 ,...,y 2n -i) ^ ,,\ 
PW < flyj < PH f J. 

(H3) q(t) — pi(t) is nonnegative for t G [a, cr(6)]. 

The existence and multiplicity of positive solutions for three-point boundary value problems have been 
studied by many authors. For example, see [3, 5, 6, 7, 8] and references therein. 

Recently, using the fixed point theorem of cone expansion and compression type, Liu, Ume, Anderson and 
Kang [6] gave several sufficient conditions for the existence of positive solutions for the nonlinear third-order 
ordinary differential equation 

x'"(t) + \a(t)f(t, x(t)) = 0, a<t <b 

under the boundary conditions x(a) = x"(a) — x'(b) = 0. 

Hu, Xiao and Liang [4] studied singular three-point boundary value problems for delay higher-order 
dynamic equations on time scales. Using similar arguments and techniques, the obtained criteria for the 
existence of positive solutions. 

The purpose of this paper motivated by the papers mentioned above is to fill in the gap in this area. In 
this paper, a few sufficient conditions for the existence of at least one or more positive solutions to the BVP 
(1.1). Moreover, an example to illustrate our main result is given. 
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2 Preliminaries and Lemmas 

For 1 < i < n, let Gi(t, s) be Green's function for the boundary value problems 

-y A2 (i) = 0, te[a,b], 

a t y(rj) + /3iy A (a) = y(a), 7^(77) = y(<r(b)). 

Then, for 1 < i < n. 



(2.1) 



Gi(t,s) = 



where 



Gn(t,s), a < s < r), 
Gi2(t,s), n < s < a(b), 



(2.2) 



[7i(* - ri) + a(b) - t](a(s) + ft - a), 



a(s) < t, 



Gil( *' s) * ] h l (a(s)-r l ) + a(b)-a(s)](t + p i -a) + a l (r ! -a(b))(t-a(s)), t < S, 



Gi2(t,8)=j-l 



' [cr(s)(l-a i ) + a i r] + l3i-a\((7(b)-t)+'yi(7]-a + fii)(t-a(s)), cr(s)<t, 

[t(l - on) + OLii) + ft - a](a(b) - a(s)), t < s, 



and 



di = (7» - l)( a - A) + (1 - °<-i)(j{b) + r\(a.i - 7;). 
Lemma 2.1 [1] For 1 < i <n, the Green's function Gi(t, s) in (2.2) possesses the following property; 

Giit, s) > 0, (t, s) G (a, a(b)) x (a, b). 
Lemma 2.2 [1] For 1 < i < n, the Green's function Gi(t,s) in (2.2) satisfies 

Gi(t, s) < ma,x{Gi(a(b), s), G,{o(s), s)}, (t, s) G [a, o(b)] x [a, b]. 
Lemma 2.3 [4] For 1 < i < n, the Green's function Gi(t, s) in (2.2) the following inequality yields; 

Gi(t, s) > mini^^, J-,% } ma X {G l (a(6), s), G t (a(s), s)} (t, s) G [a, a(b)] x [a, b]. 
Corollary 2.1 [4] For 1 < i < n, the Green's function Gi(t, s) in (2.2) the following inequality yields; 

Gi(t,s) > hi(t)\\Gi(.,s)\\, (t,s) G [a,a(b)] x [a,b], 

where h t (t) = min{^y^, 7 .^ ) ""_' a) }, ||Gj(.,s)|| = max ts[a , CT(6)] \Gi(t,s)\, sG [a,b]. 

Lemma 2.4 [1] For G as in (2.2), take Hi(t,s) := Gi(t, s), and recursively define 

r (b) 
Hj(t,a)= H^ 1 (t,r)G j (r,s)Ar 

J a 

for 2 < j < n. Then H n (t, s) is Green's function for the homogenous problem 



(-i)V (*) = o, 



t G [a, b], 



^+iy A ' (V) + p z+1 y A ' (a) = y A \a), 7l+1 j/ A ' ( V ) = y A (<r(6)), < t < n - 1. 
Lemma 2.5 [4] // uie define 

then the Green's function H n (t, s) in Lemma 2.4 satisfies 
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hi{t)L\\G n (.,a)\\ <H n (t,s)<K\\G n {.,s)\\, (t,s)€ [a,a{b)} x [a,b] 
where 

K r .= f° (b) \\G 3 (;S)\\As>0, l<j<n-l (2.3) 

and 

L r .= £ (b) \\G 3 (;S)\\h 3+1 (s)As>0, l<j<n-l. (2.4) 

Let B be a real Banach space and V be a cone in B. Set 

V r = {y G V : Ili/H < r}, 9P r = {y € P : ||y|| = r}, 

Pr,. = {y € P : r < \\y\\ < s}, 

where \\y\\ := max te[aiCT(b)] \y(t)\. 

Throughout this paper, we assume that {a m } m >i and {6 m }m>i are strictly decreasing and strictly increasing 
sequences, respectively, a\ < bi, linim^oo a m — a, lim m ^oo b m — a(b), and p, q are constants with a < p < 

q<a(b), 

D m = f min{ M ^ a) , ^ffw-") }' A ™ = [ a ' a -l U I 6 ".'^)]. 
ff = min{Mp),M<7)}, ^ = [^i/; ||G„(.,a)||fa(a) -pi(s))As]-\ 

k={Kr a {b) \\G n (;S)\\( q i(s)- P (s))As)-\ 

M(t) = su PyePf \K£ W \\G n (.,s)\\(qi(s)-p(s))f(y(s))As, t > 0. 

J(/3,r) = max{/3,^M(0)}, < /3, r < fc. 
Assume that 
(F4) /; (6) ||G„(., S )||A S < +co, and £ ||G„(., s)||As > 0, 

(H5)f : (0, +oo) — > E + is continuous and 

lim^oo sup J/ePc d A-ft" / Am \\G„(.,s)\\{qi(s) - p(s))f(y(s))As = 

for all c, d with < c < d. 

Lemma 2.6 Let (HI) — (H5) hold and c,d be a fixed constants with < c < d. Define an integral operator 
T x : T c ,d -+V by 



2ti-1 x 



T x y(t) = \f° w H n (t,s){Q(s, y ,y A ,...,y A ~ ) - P{s,y,y A , ...,y A ' )}As (2.5) 

for t G [a, <?(&)], y G V c ,d- Then T\ is completely continuous. 

Proof. We consider the Banach space B = C[a,a(b)] equipped with a norm ||.| defined by \\y\\ = max te [ 0jCT ( 6 )] \y(t)\. 
Define a cone by 



First of all we claim that 



V = {yen-. y (t)> h ^\\y\\, te[o,<r(6)]}. 
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su PyePc d \K /; (6) ||G„(.,s)||(9i(«) - p(s))f(y(s))As < oo. (2.6) 

It follows from (H5) that there exists some positive integer mo satisfying 

su PyeVc d XKj Ama \\G n (.,s)\\( qi (s)-p(s))f(y(s))As<l. (2.7) 

It is easy to see that for each y £ V c ,d and t € [o mo , &m ]i we have 

d > \\y(t)\\ > yit) >hi®k M >% mini^^, ^=^} = cZW (2.8) 

Set B = \K max{( qi (t) - p(t))f{y{t)) : a mo < t < b mo , cD ma < y(t) < d}. Using (2.7) and (2.8), we 
conclude that 

sup yercd \K£ (b) \\G n (;s)\\(q 1 (s)~p(s))f(y)As 
< S u PyeVcd \Kf Amo \\G n (.,s)\\( qi (s)-p(s))f(y(s))As 

+ sn PyeVcd XK j {amQtbma] \\G n (.,s)\\( qi (s) -p(s))f(y(s))As 

<l + B/; (i,) ||G n (., S )||A s <+oo, 

that is, (2.6) holds. By Lemma 2.5, (H4) and (H5) ensure that T\ is well defined and is nonnegative. For 
each (y,t) £ V c ,d x [a,cr(fc)], by Lemma 2.5 we know that 

\\Txv\\ = su Pte[aMb)] A r a W H n (t, s)[Q(8, y,y A ,.., y A ^ 2 ) - P(s, y,y A ,..., y^ 1 )] 

<XKf: m \\G n (;s)\\lQ(s,y,y A ,...,y A2n - 2 )-P(s,y,y A ,...,y A2 "- 1 )}As, 

T x y(t) = \f° W H n (t,s)[Q(s,y,y A ,...,y A2 "- 2 )-P(s, y ,y A ,...,y A2n - 1 )]As 

> XLh^t) £ {b) \\G n (.,s)\\[Q(s,y,y A ,..., y A2n - 2 ) ~ P(s,y, y A ,...,y A2n - 1 )]As 

> ^WTxvW 
which gives T\y G V '. 

Next we claim that T\ : V c ,d — > V is completely continuous. It follows from (H4) and (H5) that for any 

||T a2/ || = su PteKCT(6)] A /; (6) #„(*, a)[Q(a, j,, j/ A , ..., j/ a2 "" ) - P(s, y,y A ,..., y A " )] A s 

^ 1 + B /[ amo , bmo ]ll G "(-' s )H As 

<l + B/; (i,) ||G n (., S )||A s <+oo 

that is, the operator T\ is bounded on V c ,d- Notice that (H5) implies that for each e > 0, there exists some 
positive integer n satisfying 

sup \K f \\G n (.,s)\\(qi(s)-p(s))f(y(s))A S <^. 

4 
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It follows from the uniform continuity of Green's function H n on [a, a(b)] x [a, b] that there exists some 
constant 8 > satisfying 

\H n (t,s) - H n (r, s)\ < /i -1 e, t,r e[a,a(b)], s £ [a, b] with \t - r\ < 6, 

where /i = 2X(a(b) -a)[l + max (v ^ )e[atitbn]x[cDtitd] (q 1 (v) -p(v))f(w)]. 

\T x y{t)-T x y{r)\ 

< \£ W \H n (t,s) - H n (r,s)\[Q(s,y,y A ,...,y A2 ^ 2 ) ~ P(s,y,y A ,...,y A2n ' 1 )]As 
= \f Amo \H n (t,s)-H n (r,s)\[Q(s,y,y A ,...,y A2n - 2 )-P(s,y,y A ,...,y A2n - 1 )]As 
+\f b \H n (t,s)-H n (r,s)\{Q(s,y,y A ,...,y A2n - 2 )-P(s, y ,y A ,...,y A2 ' l - 1 )]As 
<2K\J Am J\G4.,s)\\( qi (s)-p(s))f(y(s))As + X^- 1 eJ {amotbm J qi (s)-p(s))f(y(s))As<e 

for all (y,t,r) £ V c ,d x [a, <?(&)] x [a, cr(fo)] with \t — r\ < e, that is, {Taj/ : 2/ £ ^"c.d} is equicontinuous on 
[a, (7(6)]. 

We will show that Ta : P Cj d — > "P is continuous. Let {j/„}„>i be any sequence in V c ,d with linin^oo y n — y € 
Pc.d- Condition (i?5) implies that for each e > there exists some positive integer mo satisfying 

sup XK [ \\G mo (.,s)\\(qi(s)-p(s))f(y(s))As<j. 
y£V c , d J Ama 4 

Since / is uniformly continuous on [cD mo ,d], there exists some positive constant 5 satisfying 

\f(t)-f(r)\<ve, t,r£[cD mo ,d], with \t - r\ < 6, 

where v — (2A7-TJ \\G„(., s)\\(qi(s) — p(s))As)~ 1 . From lim n ^oo y„ = y € Pc,d, we can choose a positive 
integer N > mo satisfying \\y n — y\\ < 8 for n > N. Clearly, 

cD m „ < min{y n (t),y(t)} < m&x{y n (t),y(t)} < d, Vi £ [a m „, b ma ], n > 1. 

In light of lines {HA) — (H5), we infer that for any n > N, 
\\T\y n - T x y\\ 

< \Kj: w ||G„(., S )||( g i («) -pMMjmOO) - }(y{s))\As 
= A^/ Amo \\G n (.,s)\\(qi(s)-p(s))\f(y n (s)) - /(tf(«))|A 8 
+A^J 6 \\G n (.,s)\\( qi (s)~p(s))\f(y n (s))-f(y(s))\As 

L m > ttiqJ I 

<2Atf8up ue p ei- / Ara J|G„(.,a)||(«iW 

which yields that lim n ^oo Taj/™ = Ta2/. That is, Ta is continuous on "Pc.d. It follows from the Arzela-Ascoli 
theorem that Ta : P c ,d — > P is completely continuous. This completes the proof. 

The following fixed-point theorem will be useful in the proof of the existence of positive solutions in the next 
section. 
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Lemma 2.7 (Fixed-Point Theorem of Cone Expansion and Compression Type) ([2]) Let (B, ||.||) be a real 
Banach space and letVcM be a cone in B. Assume that T : V c ,d -^rV is a completely continuous operator 
such that either 

(a) Ty ^y for y G &P C , and Ty 2 y for y G &P d , or 

(b) Tyty for y £ dV c , and Ty % y for y G dV d . 
Then T has a fixed point y G V with c < \\y\\ < d. 

3 Existence of Positive Solutions 

Now we are ready to establish a few sufficient conditions for the existence of one or more positive solutions 
of the boundary value problem (1.1) — (1.2). 

Theorem 3.1 Assume there exist positive constants j3, 81,82 with 9i < 82, r < k and 82 > 1(0, r) such 
that 

(0 f(y)> - J r,forte[ P ,q] andy e [0i^,0i] (3.1) 

(») f(y) < 6 -Jr forte [a, a(b)] and y G [/3, 8 2 ] (3.2) 

If (HI) — (H5) hold, then boundary value problem (1.1), (1-2) possesses at least one positive solution y 
satisfying 8\ < \\y\\ < 82- 

Proof. Define T x : Pe 1 ,e 2 -+ V by (2.5) with c = 81 and d = 8 2 . We know show that 

rAtfgy, ysffp 8l . (3.3) 

Otherwise there exists some j/o £ dVg x with TaJ/o < 2/o, that is, j/o — TaJ/o € T 5 , which implies that yo(t) > 
T x y (t) for i G [a, »■(&)]. Note that 

||2/o|| =0 1 >y (t)>Y a m{h 1 (p),h l (q)}±\\y4 = ^8 l , t£ [p,q]. 
6i > Vo(t) > T A jy (t) = A/; (6) F„(t,s)[Q( S ,j/o,2/o A ,-,^ 2 ' l " 2 )-^,2/o,2/o A ,- I J/o A2n " 1 )]As 
>\h 1 (t)Lj^ b) \\G n (.,s)\\[Q(s,y , y ^,...,yf"- 2 )-P(s,y ,y^,..., y ^ n - 1 )}As 
\hi(t)L £ W \\G n (.,s)\\[q(s) - Pl (s)}f( yo (s))As 
\hi(t)L f« \\G n (.,s)\\[q(s) -pi(s)]f(y (s))As 
> min{h 1 (p),h 1 (q)}L8 1 R^ \\G n (.,s)\\[q(s) - Pl (s)]As = 8 U 
which is a contradiction. Therefore, (3.3) holds. 
We next show that 

Txy^y, y G &Pb 2 - 

Suppose that there exists some 1/1 G dVe 2 , with T\j/i > j/i, which gives that T\y\(t) > yi(i) for t G [a,a(b)]. 
So TaJ/i — 2/1 £?, which implies that 

Txyi(t) - yi (t) > t^\\T xyi (t)-yi(t)\\>0, te[a,a(b)\. (3.4) 

Put 
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B(yi) = {te[a,a(l>)]--Vi(t)>0} and Wi(*) = mm{ yi (t),/3}, te[a,a(b)]. 

Notice that y~\ G C([a, cr(b)], [0, oo)), 02 1 j£ < 2/i(t) < ||j/i|| = #2 for £ G [o, cr(6)] and there exists some 
to G [a, c(6)] satisfying J/i(to) = #2- Consequently, we deduce that yi(i) = min{jyi (£) , /?} < min{6 , 2,/3} = /3 
for £ G [a,a(b)] and j/i(io) = min{#2,/3} = /3. Hence \\yi\\ = /3. Since 

fc(t)=min{iA(Q,0}>min{0 2 ^,0}> ^/?, te[a,cr(6)], 

it follows that yl G dVp. In light of inequality (3.2) and Lemma 2.5, we deduce that 

T xyi (t) = A/; (6) H n {t,a)[Q(8,vuvt,-,Vi' n ~ a ) - P(s,y u yt,-,yi 2n ~ 1 )}As 

<A^/; (6) ||G Il (., S )||[Q( S ,y 1 ,jyf,...,y 1 A2 ^ 2 )-P( S ,y 1 ,yf,...,yf 2 ' , ")]A S 

< \KS: {b) ||G„(.,a)||[«i(») -p(s)}f( yi (s))As 

= A^/ S(m) \\G n (.,s)\\[ qi (s)-p(s)]f( yi (s))As 

+XK / [0iCT(6)] _ s(OT) ||G n (.,s)||[«i(s) -p(s)]/(»i(«))As 

<r0 2 ^f; (i,) ||G„(., S )||[ 9l ( S )-p( S )]A S 
+A^/ a CT(b) ||G„(., S )||[g 1 ( S )-p(s)]/(y 1 (s))As 

< r^fc- 1 + M(/3) <6> 2 . (3.5) 
In view of (3.4) and (3.5), we have 

||»i||> l|rA»i||>r=||yi||, 

which is a contradiction. Therefore, by Lemma 2.7, we see that T\ has at least one fixed point in V. 
Therefore, boundary value problem (1.1) — (1-2) has at least one positive solution. The proof of Theorem 
3.1 is complete. 

Corollary 3.1 Assume there exist positive constants )3, 61,62, ...,6 n +i with 81 < 62 < ... < 8 n +i (n = 
1, 2, ... ), r < k, 82 > l(/3, r) such that 

(0 f(y)> 6 -^,fort£\p,q} and ye [621-1^,821-!], 

(») f(y) < e -T forte [a, (7(6)] and y G [0,&i]. 

If (HI) — (H5) hold, then boundary value problem (1.1), (1.2) has at least n positive solutions 2/1,2/2, •••, y n 
satisfying 8\ < \\yi\\ < 8 2 < ... < 9 n < \\y n \\ < 8 n+1 . 

Example 3.1 Let us introduce an example to illustrate the usage of Theorem 3.1. Let T = {(3/2) n : n G 
N„} U {2}. Consider the BVP: 



y A (t) + 2(g(t,y,y A ,y A ) + 2)(1 + y 1 ^) = 2g(t,y, y A , y A )(l + y 1/6 ), t G [1, §], 

), 

1 „,A A to\ — ..A Z /1\ 5„.A' J fo\ — „A A (27 



|y(2) + |jy A (l) = y(l), §2/(2) = j/(f ), (3.6) 



^y A (2)=y A (1), fj/-(2)=^ (f). 

Then o = l,tj = 2,6 = |,A = 2,01 = |,/3i = |,7i = §,aa = £,#> = 0, 72 = |, P(£,y, y A ,y A2 , y* 3 ) 
g(t,y, y A , y A2 )(lW /6 ) &ndQ(t,y,y A ,y A2 ) = (g(t, y ,y A ,y A2 ) + 2)(l + y 1/6 )^ereg :[1,I]xRxRxR^ 
is continuous with respect to y for all t G [1, | ]. 

7 
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KARACA: BVP ON TIME SCALES 

Taking f(y) = l + y 1/6 , we get 

Q ^£f^ =g(t,y,y A ,y* 2 ) + 2, ^^f^ 1 =g(«,y,y A ,y A3 )- 

Hence, we may choose 

g(i)= 5 (t,2/,j/ A ,y A2 ) + l, gi (t)= 3 (t,y,y A ,y A2 ) + 2, 
p(i)=pi(t)= 5 (i,y,y A ,y A2 ). 
Clearly / is continuous and increasing on [0, oo). We can also show that 

n <r n , — ! s ^C>)-71'7 + (71-l)(a-)9l) _ 1 I s - . _ 3 , g^-o+gi _ 77 

U — U1 — 6 ^ ct(6)-!7 — 3' J- ^ 71 — 2 ^ n-a+Pl ~ 44' 

n <T ™„ — JL ^ g(fr)-72'7+(72-l)0-/?2) _ A I <- «,„ — 5 ^ <T(6)-a + fc; _ 19 
U ^ U2 — n <- -- ct(6)-tj " — 11' -1 ^ 72 — 4 <- jj-a+fe ~~ 8 " 

Simple computations yield 

K _ 969 r _ 6171 rr _ 4_ p _ 115520 . _ 1024 
■"■ 16 ' 380 ' 19 ' n 1018215 ' "■ 1012605 ■ 

Let e 1 = 1, 6> 2 = 10 6 , /3 = 1. 

F^ 2/ € [tHH^, 1], /(y) > /(tHHs) > «■ So (3.1) is verified. 

For y £ [1, 10 6 ], /(») < /(10 6 ) < §^. Hence it verifies the (3.2). 

If we take p=\, q=\,r= 101 2 2 4 605 , then 

a < p < q < a(b), k > r. 

It is clear that (HI) — (-ff5) are satisfied. Thus by Theorem 3.1, the BVP (3.6) has at least one positive 
solution y satisfying 1 < \\y\\ < 10 6 . 
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Fixed points and the random stability of a mixed type cubic, 
quadratic and additive functional equation 
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Abstract. Mihet; and Radu, investigated the random stability problems for the Cauchy functional 
equation and the Jensen functional equation via fixed point method. In this paper, we prove the 
Hyers-Ulam stability of a mixed type cubic, quadratic and additive functional equation 

f(x + ky) + f(x - ky) = k 2 f(x + y) + k 2 f(x - y) + 2(1 - k 2 )f(x) 

for a fixed integer k with k =/= ±1 in random normcd spaces via fixed point method. 

1. Introduction 

The purpose of this paper is to give a comprehensive text to the study of nonlinear random analysis 
such as the study of fixed point theory, approximation theory and stability of functional analysis in 
random normed spaces. The notion of random normed space goes back to Shcrstnev [41] (see also 
[15, 16, 40]). For useful examples on random normed spaces and random analysis, see [4]. 

Traditionally when we investigate stability of functional equations the problem posed by Ulam [43] 
in 1940 and the well-known theorem of Hyers [18] which came within a year are taken as a starting 
point. Following Ulam and Hyers a great number of papers on the subject have been published, 
generalizing Ulanrs problem in various directions. One of these possible generalizations is to allow 
the Cauchy difference to be unbounded, to be controlled by a function, not necessarily by a constant. 
Perhaps Aoki in 1950 was the first author treating this problem [3]. He proved that if a mapping 
/ : X —}Y between two Banach spaces satisfies 

||/(* + i/)-/(aO-/(y) || <¥>(*,!/) 

for all x,y G X, where ip(x,y) = iiT(|| x \\ p + \\ y \\ p ) with (K > 0,0 < p < 1), then there exists a 
unique additive mapping A : X -^ Y such that 

\\ fix)- A{x)\\< ^^Wxf 

for all i€XIn (D.G. Bourgin [5], 1951) as well as in (Th.M. Rassias [38], 1978), (G.L. Forti [12, 13], 
1980) and (Gavruta [14], 1994) the stability problem with unbounded Cauchy differences is considered. 
The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) (1.1) 

2010 Mathematics Subject Classification: 39B52, 46S50, 47H10. 

Keywords: Fixed point method; Random normed spaces; Hyers-Ulam stability; Mixed type 
functional equation. 
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is related to symmetric bi-additive function [1, 19]. It is natural that this equation is called a quadratic 
functional equation. In particular, every solution of the quadratic equation (1.1) is said to be a quadratic 
mapping. It is well known that a mapping / between real vector spaces is quadratic if and only if there 
exits a unique symmetric bi-additive mapping B such that f(x) — B(x,x) for all x (see [1, 19]). The 
bi-additive mapping B is given by B{x 1 y) — \{f{x-\-y) — f{x — y)). The Hyers-Ulam stability problem 
for the quadratic functional equation (1.1) was proved by Skof for mappings / : A — > B, where A is a 
normed space and B is a Banach space [42] (see [2, 8, 9, 10, 36]). 

Jun and Kim [20] introduced the following cubic functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 12/(») (1.2) 

and they established the general solution and the Hyers-Ulam stability for the functional equation 
(1.2). They proved that a mapping / between two real vector spaces X and Y is a solution of (1.2) 
if and only if there exists a unique mapping C:XxXxX^Y such that f(x) — C(x, x, x) for all 
x <G X, moreover, C is symmetric for each fixed one variable and is additive for fixed two variables. 
The mapping C is given by C(x, y, z) — ^(f(x + y + z) + f(x — y — z) — f(x + y — z) — f(x — y + z)) 
for all x, y, z G X. 

Eshaghi and Khodaei [11] have established the general solution and investigated the Hyers-Ulam 
stability for a mixed type of cubic, quadratic and additive functional equation with /(0) = 0, 

f(x + ky) + f(x - ky) = k 2 f(x + y) + k 2 f(x - y) + 2(1 - k 2 )f(x) (1.3) 

in quasi-Banach spaces, where k is a nonzero integer with k ^ ±1. Obviously, the function f(x) = 
ax + bx 2 + ex 3 is a solution of the functional equation (1.3) on R. Interesting new results concerning 
mixed functional equations have recently been obtained by Najati et al. [32, 33, 34], Jun and Kim 
[21, 22] as well as for the fuzzy stability of a mixed type of additive and quadratic functional equation 
by Park [35]. 

The first result on the stability of Cauchy functional equation in the setting of fuzzy normed spaces 
has been given in [31]. In 2008, Mihet; and Radu, [26] applied the fixed alternative method to study 
the stability of the Cauchy and Jensen functional equations on the random normed space, the stability 
of some functional equations in the framework of fuzzy normed spaces or random normed spaces has 
been investigated (see e.g., [24]-[31]). 

In this paper, by using the idea of Mihet and Radu, we will prove the Hyers-Ulam stability problem 
of the functional equation (1.3) in random normed spaces via fixed point method. 

2. Preliminaries 

We start our work with the following notion of fixed point theory For the proof, refer to [23] , see 
also [39], chapter 5. For an extensive theory of fixed point theorems and other nonlinear methods, the 
reader is referred to [38, 44]. In 2003, Radu [37] proposed a new method for obtaining the existence 
of exact solutions and error estimations, based on the fixed point alternative (see also [6, 7]). 

Let (X, d) be a generalized metric space. An operator T : X — >• X satisfies a Lipschitz condition 
with Lipschitz constant L if there exists a constant L > such that d(Tx,Ty) < Ld{x,y) for all 
x, y € X. If the Lipschitz constant L is less than 1, then the operator T is called a strictly contractive 
operator. Note that the distinction between the generalized metric and the usual metric is that the 
range of the former is permitted to include the infinity. We recall the following theorem by Margolis 
and Diaz. 

Theorem 2.1. (Cf [23, 37].) Suppose that we are given a complete generalized metric space (Cl,d) 
and a strictly contractive mapping T : O — > Q with Lipschitz constant L. Then for each given x G fi, 
either 

d(T m x,T m+1 x) = oo for all m > 0, 
or there exists a natural number mo such that 

• d(T m x,T m+1 x) < oo for all m > m ; 

• the sequence {T m x} is convergent to a fixed point y* of T ; 
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• y* is the unique fixed point of T in A = {y G O : d(T m °x, y) < oo}; 

• d(y,y*) < j^diy^y) for all y E A. 

We recall (see, e.g. Schwcizcr and Sklar, [40]) that a distribution function A is a mapping from 
[0,oo) into [0,1], nondecreasing and left-continuous, with A(0) = 0. The class of all distribution 
functions A, with linLj._j.oo A(x) = 1, is denoted by D + . An element of D + is 

m I °' iH = ' 

£ o{t) = < 

{ 1, if * > 0. 

Suppose that X is a real vector space, A is a mapping from X into D + (for any x in X, A(x) is denoted 
by A_) and T is a £-norm. The triple (X,A,T) is called a random normed space (briefly RN-space) if 
and only if the following conditions are satisfied: 

{RNi) A_(t) = e (t) for alii > if and only if x = 0; 

(RN 2 ) A Q _(t) = A_( A) for all x _ A and all a e K a ^ 0; 

(i?7V 3 ) A_ +I/ (i + s) > T(A_(t),Aj,(s)) for all ijel and all i, s > 0. 

Recall that a triangular norm (i-norm) is a mapping T : [0, 1] x [0, 1] — > [0, 1], which is associative, 
commutative and increasing in each variable, with T(a, 1) = a for all a _ [0, 1]. The most important 
t-norms are Tm(ci, b) — min{a, b}, I_(a, b) = max{a + 6—1,0} and Tp(a, b) = ab. 

Every normed space (X, || . ||) defines a random normed space (X, A, Tm), where A u (t) = t+ u u \\ for 
all i > and Tm is the minimum t-norm. 

If the i-norm T is such that sup 0<a<1 T(a,a) = 1, then every RN-space (X, A, T) is a metrizable 
linear topological space with the (. , A)-topology, induced by the base of neighborhoods U(e, A) = {x _ 
X, A_(_) > 1 - A}. If T = T M , then (AT, A,T) is locally convex ([40], Theorem 12.1.6 and Theorem 
15.1.2). 

A sequence {x n } in a random normed space (X, A, T) converges to x _ AT in the (e, A)-topology if 
limn^oo A 2 , n _ :E (i) = lforallt > 0. A sequence {~„} is called a Cauchy sequence if lim„ ;m _ ) . 00 A Xn _ Xm (t) 
1 for all t > 0. The random normed space (X, A, T) is complete if every Cauchy sequence in X is 
convergent. 

Theorem 2.2. [40]. If (X,A,T) is an RN-space and {x n } is a sequence such that x n — > x, then 
lim„^oo A Xn {t) — A x (t) almost everywhere. 

From now on, we will assume that X, V\ and V_ are vector spaces and (Y,A,Tm) is a complete 
RN-space. For convenience, we use the following abbreviation for a given mapping / : X — > y and a 
nonzero integer k with k 7^ ±1, 

Df(x, y) := f{x + ky) + f(x - ky) - k 2 f(x + y)- k 2 f(x - y) - 2(1 - k 2 ),f{x) 

for all x, y _ X. 

3. Fixed points and the random stability of the functional equation (1.3) 

First, we prove the Hyers-Ulam stability of the functional equation (1.3) in RN-spaces via fixed 
point method for an even case. 

Lemma 3.1. [11]. If an even mapping f : V\ — ¥ !_ satisfies (1.3), then f(x) is quadratic. 

Theorem 3.2. Let $ : X x X — > D + be a mapping (<J>(x,y) is denoted by &x,y) such that, for some 
< a < k 2 , 

^kx,ky{at) > $ x , v (t) (3.1) 

for all x, y _ X and all t > 0. Suppose that an even mapping f from X into a complete random normed 
space (Y, A,Tm) with /(0) = satisfies the inequality 

A Df( x ,y)(t)>$ x , y (t) (3.2) 
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for all i,i/£l and all t > 0. Then there exists a unique quadratic mapping Q : X —$■ Y such that 

A/(x)-Q(x) (t) > *o,x (2(fc 2 - a)t) (3.3) 

/or all x £ X and all t > 0. 
Proof. Letting x = in (3.2), we get 

^2f(ky)-2k 2 f(y)(t) > $0,1/ (*) (3-4) 

for all y € X and all i > 0. Thus we have 

A/^)_ /(£c) (t)>$o,x(2fc 2 i) (3.5) 

for all x e X and all t > 0. 

Let 5 be the set of all even mappings ft : X — $■ Y with /i(0) = and introduce a generalized metric 
on S as follows: 

d(h,k) =inf |m€R + : A h(a;) _ fe(a;) (ui) > $ ,s(*), VxeX,Vt>oj 

where, as usual, inf = +oo. The proof of the fact that (5*, d) is a complete generalized metric space, 
which can be shown in [6, 17, 26, 27]. 

Now we consider the mapping J : S — > S defined by 

Jh { x) := M*H) 
for all /i € S and a; G X. Let f,g € S such that rf(/, g) < e. Then 

hjg(x)-Jf(x) ( "p~*J = A 3 ( fc ^) /(fcx) (p(l = J^g(kx)-f(kx){ au t) > $0,fcx(a£) > $0,x(*)) 

that is, if d(f,g) < e we have d(Jf, Jg) < f^e. This means that 

d(Jf,Jg)<^d(f,g) 

for all /, g G S 1 , that is, J is a strictly contractive self-mapping on S with the Lipschitz constant p-. 
It follows from (3.5) that 

t 
2~P 



A .//(*W(*) Ut2 ) ^ *".*(*) 



for all x € X and all £ > 0, which implies that d(Jf, f) < gp-. 

Due to Theorem 2.1, there exists a unique mapping Q : X — > Y such that Q is a fixed point of J, 
i.e., Q (kx) = k 2 Q(x) for all x e X. 

Also, d(J m g, Q) — > as m — >• oo, which implies the equality 

l im lS^L = Q{x) 

for all x E X. H we replace x, y with fc m x, /c m j/ in (3.2), respectively, and divide by k 2m , then it follows 
from (3.1) that 

A oft^^y) (t) > $ k ™x.k™ v (k 2m t) = $ kmx . kmv (a m (^-\ tj>^ x , y ((^j t) (3.6) 

for all x, y <G X and all t > 0. Letting m — >• oo in (3.6), we find that A^q^^) (t) = 1 for all t > 0, which 
implies DQ(x, y) =0. So Q satisfies (1.3). By Lemma 3.1, the mapping Q : X — >• Y is quadratic. 

According to the fixed point alternative, since Q is the unique fixed point of J in the set fi = {g £ 
S : d(f,g) < oo}, Q is the unique mapping such that 

A/(x)-Q(x)(«*) > ®o,x(t) 
for all x <G X and all i > 0. Using the fixed point alternative, we obtain that 

d(f,Q)< T - i - F d(f,Jf)< ' ! 



1-L w ' J/ -2fc 2 (l-L) 2/c 2 (l-^V 
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which implies the inequality 

A/(*)-Q(x) ( 2(fc 2*_ a) ) > *<>,*(*) 

for all x € X and all t > 0. So 

A /(*)-Q(*)(t) > $ o,x(2(A: 2 - a)t) 
for all x € X and all £ > 0. □ 

Now, we prove the Hyers-Ulam stability of the functional equation (1.3) in the i?7V-spaces via fixed 
point method for an odd case. 

Lemma 3.3. [11, 34]. If an odd mapping f : V\ —¥ Vi satisfies (1.3), then the mapping f\ : V\ — > V2 
defined by f\(x) = f(2x) — 8/(x) is additive. 

Theorem 3.4. Let $ : X x X — >• D + be a mapping such that, for some < a < 2, 

®2x,2y{at) > $ x>y (t) (3.7) 

for all x, y G X and all t > 0. Suppose that an odd mapping f : X — > Y satisfies (3.2) for all x, y G X 
and all t > 0. Then the limit 

A(x) = lh^ ^ (f(2 m+1 x) - 8/(2 m x)) 
exists for all x G X and A : X —$■ Y is a unigue additive mapping satisfying 

kf(2x)-8f(x)-A(x)(t) > *x((2 - a)t) (3.8) 

for all x G X and all t > 0, where 

$ x (t) =T[T[T[T[ $, !2rc 1^1, $ {2k -i)x,x < l " {lr ~ ' ' 



05 j ' (2fe— *-)X,x I r)4 

fk 2 (k 2 - 



. ,'k 2 (k 2 -l) \ (k 2 (k 2 -\) 

T $(2fc+l)x,x ^4 * , $x,x ^4 * 



k 2 -l\ k 2 (k 2 -\) \\\ ( ( ( k 2 \ k 2 (k 2 -\ 



T \$>2xax {^2-*) .**, 3a! ^ 2 2 - ^jj > T (^ (^ ^x,x ^26*J , *( fc -l)x,x y ^ 

( (k 2 (k 2 -\)\ (k 2 (k 2 -\)\\\ (k 2 -\ 

T ($ {k+1)x , x { V 25 U j ,$x,2x { \ 5 ' tjjj ,<& 2x , x {-p-t 

for all x G X and all t > 0. 

Proof. It follows from (3.2) and the oddness of / that 

^f(ky+x)-f(ky-x)-k 2 f(x+y)-k 2 f(x-y)+2(k 2 -l)f(x)(t) > ^x,j/(*) (3-9) 

for all x, j/ G X and all £ > 0. Putting y = x in (3.9), we have 

A /((fc+l)a;)-/((fc-l)rE)-fe 2 /(2a;)+2(fe 2 -l)/(x)(i) > $x,x(i) (3.10) 

for all x G X and all i > 0. It follows from (3.10) that 

A-f(2(k+l)x)-f(2(k-l)x)-k 2 f(4x)+2(k 2 -l)f(2x)(t) > $2x,2x(£) (3-H) 

for all x G X and all £ > 0. Replacing x and y by 2x and x in (3.9), respectively, we get 

A /((/c+2)x)-/((fe-2)x)-fe 2 /(3x)-fe 2 /(x)+2(fe 2 -l)/(2x)(*) > $2x,x(*) (3-12) 

for all x G X and all t > 0. Setting y = 2x in (3.9), we get 

A/((2fc+l)x)-/((2fc-l)x)-fc 2 /(3x)-fc 2 /(-x)+2(> 2 -l)/(x)M > &x,2x(t) (3.13) 

for all x G X and all £ > 0. Putting y = 3x in (3.9), we obtain 

A /((3fc+l)x)-/((3fc-l)x)-fe 2 /(4x)-fc 2 f(-2x)+2(fe 2 -l)/(x)( i ) > $x,3x(*) (3-14) 
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for all x <G X and all £ > 0. Replacing x and y by (k + l)x and x in (3.9), respectively, we get 

A-f((2k+l)x)-f((-x)-k 2 f((k+2)x)-k 2 f(kx)+2(k 2 -l)f((k+l)x)(t) > $(fc+l)x,x(*) (3.15) 

for all x e X and all £ > 0. Replacing x and y by (fc — l)x and a; in (3.9), respectively, one gets 

A-f((2k-l)x)-f(x)-k 2 f((k-2)x)-k 2 f(kx)+2(k 2 -l)f((k-l)x)(t) > 3>(fc-l)x,x (*) (3.16) 

for all x € X and all £ > 0. Replacing x and y by (2fc + l)x and x in (3.9), respectively, we obtain 

A/((3fc+l)a;)-/(-(fe+l)rE)-fe 2 /(2(fe+l)2;)+2(*; 2 -l)/((2*;+l)2;)-fe 2 /(2fex)(^) > ^(2fc+l)x,a;(*) (3-17) 

for all x G X and all £ > 0. Replacing x and y by (2fc — l)x and x in (3.9), respectively, we have 

Af((3k-l)x)~f(-(k-l)x)-k 2 f(2(k-l)x)+2(k 2 ~l)f((2k-l)x)-k 2 f(2kx)(t) > $(2fc-l)x,x(*) (3.18) 

for all x <= X and all £ > 0. It follows from (3.10), (3.12), (3.13), (3.15) and (3.16) that 

A/(3x)-4/(2x)+5/(x)(*) > T \T \T \§ XtX ( 24*) ,$(fc-l)x,x ( ^ * ) ) , 

/ /fc 2 (fc 2 -l)\ /fc 2 (fc 2 -l)\\\ /fc 2 -O x ( ' J, ' J!)) 

T^( fe+ l)x,x \-^Yz "*J ,$x,2x (^^5 -tjjj ,$2x,x (^^— * 

for all x e X and all £ > 0. It follows from (3.10), (3.11), (3.13), (3.14), (3.17) and (3.18) that 

A/(4x)-2/(3x)-2/(2x)+6/(x) (*) > T I T I T I $ X)2a; f ^4 £ J , $(2fc-l)x,x ( ^3 * 

T (*(» + i).„ ( fc2(fc 2 2 3 " 1) *) . *x,x ( ^^s" 1 ^ ') ) ) . (3-20) 

/ /fc 2 -l \ /fc 2 (fc 2 -l) 

T ($2x,2x ( — 2~ * ) >**.3* ( — ^ f 

for all x e X and all £ > 0. Finally, using (3.19) and (3.20), we obtain that 

A/(4x)-10/(2x)+16/(x)(*) > $x(*) (3-21) 

for all x e X and all £ > 0, where 

**(*) = ^ (T (T (T ($ Xj2x (^t) , $(2 fe -l)x,x ^ ^^^ ^j ) > 



fc 2 (/c 2 -l) \ fk 2 {k 2 -I) 



T I $(2fc+l)x,x I — =^4 "* I ,**,* I — ^ f 

r (*«, (^i.) ,*,.. (^<))) .r (r (r (.„ (£.) . W. (^. 

r (*(*+.)« ( *' ( y" 1) t).^ J , C^r " '))).**... (^ ( 

for all x e X and all £ > 0. 

Let /i : X — > y be a mapping defined by /i(x) := f(2x) — 8/(x) for all i e I. It follows from 
(3.21) that 

A A p..) Mx) (t) > * x (2t) (3.23) 

for all x £ X and all £ > 0. Similar to the proof of Theorem 3.2, let S be the set of all odd mappings 
h : X — > Y and introduce a generalized metric on S as follows: 

d{h,k) =inf {u e M+ : A/^.fc^ui) > $ x (*), Vx eI,Vt> o} 
L 617 J 



(3.22) 



Fixed points and the random stability of a functional equation 

So (S, d) is a generalized complete metric space. We consider the function J : S — > S defined by 
Jh(x) := '-^ for all h e S and x e X. Let f,g£ S such that d(f, g) < e. Then 

A.7 S (x)-J/(x) ("^" f J = A g(2x)-f(2x)(aut) > $2x{<Xt) > $ x (t)- 

So if d(f, g) < e, then we have d(Jf, Jg) < ^e. This means that d(Jf, Jg) < f d(/, 5) for all f,g € S, 
that is, J is a strictly contractive self-mapping on S" with the Lipschitz constant ^. It follows from 
(3.23) that 



&Jh(x)-Mx) (l) > **(*) 



for all x € A" and all i > 0, which implies that d(Jfi, /1) < |. 

Due to Theorem 2.1, there exists a unique mapping ^4 : X — > 1" such that A is a fixed point of J, 
i.e., ^4 (2a;) = 2A(x) for all cc € X and the sequence {J™} converges to A , i.e., linim^oo 2m = -<4.(a;) 
for all x € X. 
It follows from (3.2) and (3.7) that 

= A A/(2m + l Xi2 "' + li,) A/(2"t»,2"» M ) (t) 
2*1 » ym 

> T A A/(2m +l x>2m +l y) - ,A aJ(2'",,2-,) - 

v — 5™ — V 2 / ^^ V 2 

> T {<5> 2m+lxam+ly {2 m -h)^ 2mxamy {2 m -H)) ( 3 - 24 ) 

for all x, y € X and all £ > 0. Letting m — )• 00 in (3.24), we get that ^DA(x,y){t) = 1 f° r all £ > 0, which 
implies DA(x,y) = 0. Thus A satisfies (1.3). By Lemma 3.3, the mapping A : X — > Y is additive. 
The rest of the proof is similar to the proof of Theorem 3.2 and we omit the details. □ 

Lemma 3.5. [11, 34]. If an odd mapping f : V\ — ¥ V2 satisfies (1.3), then the mapping fy : V\ — > V2 
defined by fz(x) = f(2x) — 2f(x) is cubic. 

Theorem 3.6. Let $ : X x X — > D + be a mapping which, for some < a < 2 3 , satisfies (3.7) for all 
x,y <G X and all t > 0. Suppose that an odd mapping f : X — *• Y satisfies (3.2) for all x,y £ X and 
all t > 0. Then the limit 

C ^ = JToo i (/( 2m+1 -) - w m *)) 

exists for all x G X and C : X — > Y is a unique cubic mapping satisfying 

A/(2*)-2/(z)-C(x)W > $x((2 3 - a)t) (3.25) 

for all x G X and all t > 0, where <& x (t) is defined as in Theorem 3.4- 
Proof. Similar to proof of Theorem 3.4, we obtain 

A/(4a;)-10/(2a:)+16/(a;)(*) > ®x(t) 

for all x € X and t > 0. Let /3 : X — $• Y be a mapping defined by /s(x) := f(2x) — 2f(x) for all 
x G X. Thus (3.21) implies that 

k^_ h(x) (t)>3> x (2h) (3.26) 

for all x e X and all £ > 0. 

The rest of the proof is similar to the proof of Theorem 3.4. □ 

Lemma 3.7. [11]. If an odd mapping f : V\ — > V2 satisfies (1.3), then f is cubic- additive. 
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Theorem 3.8. Let $ : X x X — >• D + be a mapping which, for some < a < 2, satisfies (3.7) for all 
x,y £ X and all t > 0. Suppose that an odd mapping f : X — > Y" satisfies (3.2) for all x, y £ X and all 
t > 0. Then there exists an additive mapping A : X — > Y" and a cubic mapping C : X —$■ Y such that 

A/ W _a(x)-C(x)(*) > T(<M3(2 - a)t), $ x (3(2 3 - a)*) (3.27) 

for all x £ X and all t > 0, where $ x (t) is defined as in Theorem 3.4- 

Proof. By Theorems 3.4 and 3.6, there exist an additive mapping A : X — > Y and a cubic mapping 
C : X -)• Y such that 

A/(2x)-8/(z)-A,(z)(i) > *x((2 - a)t) (3.28) 

and 

A/(2,)-2/(x)-C (x)(*) > $x((2 3 - a)*) (3.29) 

for all x £ X and i > 0. It follows from (3.28) and (3.29) that 

A/( x )+;U (x)-iC (x)W > T (A/(2 a: )-8/(a;)-A (x)(3t),A/(2 x )_2/(x)-C (x)(3t)) 

for all x £ X and t > 0. So we get (3.27) by letting A(x) = -\A (x) and C(x) = |C (i). D 

The main result of the paper is the following: 

Theorem 3.9. Let $:IxI — > D + be a mapping which, for some < a < 2, satisfies (3.7) for 
all x,y £ X and all t > 0. Suppose that a mapping f : X — > Y with /(0) = satisfies (3.2) for all 
x, y £ X and all t > 0. Then there exist a cubic mapping C : X -^ Y ' , a quadratic mapping Q : X — >• Y 
and an additive mapping A : X — > Y" such that 

A/( x )_c(x)-Q(z)-A(*)(*) >T (T (* 0iX ((k 2 - a)t) , $ 0iX ((/c 2 - a)t)) , 

^(^(^0(2-^),^0(2 3 -a)t)), (330) 

T^ x 0(2-a)t),$x(^(2 3 -a)i 

/or all x £ X and all t > 0, where $ x (t) is defined as in Theorem 3-4- 

Proof. Let ,/ e (x) = |(/(a;) + /(-x)) for all x £ X. Then / e (0) = 0, f e (-x) = f e (x) and 

A-Df e (x,y){t) = h- Df{x,y) + Df{-x,-y) (t) > T(A D f( Xi y)(t),A D f(_ Xt _ y -)(t)) 
> T{$ x>y (t), *-x,-„(*)) = r($x, y (t), *x,„(*)) 

for all x, y £ X and t > 0. By Theorem 3.2, there exists a quadratic mapping Q : X — >• F such that 

A/ e( x)-Q(x)(*) > T($ ^(2(fc 2 - a)t), $o^(2(fc 2 - a)*)) (3.31) 

for all x £ X and all t > 0. On the other hand, let / (x) = \(f(x) - f(—x)) for all x £ X. Then 
/ o (0) = 0, f (—x) = —f (x). By Theorem 3.8, there exists an additive mapping A : X — > Y and a 
cubic mapping C : X — > Y such that 

A/ o( x)-A(x)-C(x) (t) > T(T($ X (3(2 - a)t), ^(3(2 3 - a)t)),T($ x (3(2 - a)i), $,(3(2 3 - a)*))) (3.32) 

for all x £ X and t > 0. Hence (3.30) follows from (3.31) and (3.32). □ 
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Abstract 

In this paper we discuss the weak and strong solutions for setvalued generalized 
vector variational inequalities in real topological vector spaces. These two sets of 
solutions coincide whenever the mapping T is single valued but not setvalued. We 
use the Ferro Minimax Theorem to prove the existence of strong solutions for weakly 
setvalued generalized vector variational inequality problems. 

Keywords: Setvalued generalized vector variational inequalities, weak solutions, 
strong solutions, Ferro minimax theorem. 
Mathematics Subject Classification: 49J40. 

1 Introduction 

Vector Variational inequality theory conceived by Giannessi [7] has emerged as a powerful 
tool for a wide class of vector optimization problems and vector equilibrium problems [1]. 
In 2000, Chen and Hou [3] summarized representative existence results of solutions for 
vector variational inequalities and pointed out that the most of the existence results in 
this area touch upon a weak version of variational inequality and its generalizations. The 
existence of solutions for strong vector variational inequalities is still open problem, see 
[5, 8, 15, 16]. 

In recent years, much attention has been paid to generalized vector quasi equilibrium 
problems and generalized vector quasi-variational inequality problems see, [2, 9, 10, 13] 
with moving cone C(-) where C(-) is a set valued map between topological vector spaces 
X and Y such that for every i£l, C(x) is a closed convex cone of Y. When dealing with 
such moving cone some authors have used the assumptions of the upper semicontinuity 
of C(-) and for W(-) = Y\intC(-). In fact, this assumption is a very strong one, at least 
for the case of Y being a normed space. This observation is clear from the remark [14] 
that for a setvalued map C : X — > 2 from a topological space A to a normed space Y 
such that for all x G X, C[x) is a closed ( not necessarily convex) cone, the use of C at 
x £ X is equivalent to the fact that C(x) C C{xq) for x in some neighbourhood of Xq. 
Hence if we additionally assume that intC(xo) 7^ and such that C{x) is convex for all x 
near xq for all Xq, then use of both C and W at xq means that C{x) = C(xq) for all x in 



622 



ANASTASSIOU, SALAHUDDIN: VECTOR VARIATIONAL INEQUALITIES 



some neighbourhood of xq. 

Let X, Y be arbitrary real Hausdorff topological vector spaces. Let L(X, Y) denotes 
the space of all continuous linear mappings from X to Y . Let K be a nonempty set 
of X, C : K — *■ Y a set valued mapping such that for each x £ K, C(x) is a proper 
closed convex pointed cone with apex at the origin and int C(x) 7^ 0. The mappings 
g:K->K,A:Kx L(X, Y) -»• L(X, Y),T : K ->■ 2 L ( x - y ) and /i : if x if ->• F are given. 
For each x £ K , we define the relations <c(x) an( i ^C(x) as follows: 

(*) ^ <c w y^y-z£ C(x), 

(H) z £ c{x) y^y-z^ C{x). 

Similarly we can define the relations <i n tc(x) an d £i n t c(x) if we replace the set C(x) by 
intC{x). If the mapping C(x) is constant, then we write C(x) as C. We consider the 
following weakly setvalued generalized vector variational inequalities for finding xq £ K 
for some so G T(xq) such that 

(A(x , so), y - g(xo)) + h(g(x ),y) & nt c(x ) °> V y e if . (1.1) 

We note that so depends on y, that is to find an xo £ if with some so £ T(xq) such that 

(A(x , s ), y - g(x )) + h{g(x ),y) £ in t c(x ) °, V y € if . (1.2) 

We call this solutions a strong solution of the weakly setvalued generalized vector 
variational inequality problems. 

Definition 1.1 /ii/ Let Q be a vector space, Y2 a topological vector space, K a nonempty 
convex subset of ft, C : K — > Yl a se t valued mapping such that for each x £ K , C(x) is 
a proper closed convex pointed cone with apex at the origin and intC(x) 7^ 0. For any 
x £ K , tb : K — > ^ is said to be 

(i) C(x)-convex iff 

ip{tx\ + (1 — t)x2) <c(x) tip(x±) + (1 — t)tp(x2) for every x±,X2 £ K and t £ [0, 1], 

(ii) properly quasi C{x) -convex iff we have either 
ip(txi + (1 - t)x 2 ) <c( x ) ip{xi) or 
ip{tx\ + (1 — t)x2) <c(x) VK 3 ^) for every X\,X2 £ K and t £ [0, 1]. 

Definition 1.2 [11] Let £1 be a vector space, ^ a topological vector space, K a nonempty 
convex subset of S7, C : K — > J2 a set-valued mapping such that for each x £ K , C(x) is 
a proper closed convex pointed cone with apex at the origin and intC(x) / 0. Let A be a 
nonempty subset of Y^> then for any fixed x £ K : 

(i) a point z £ A is called a minimal point of A with respect to the cone C(x) iff 
An (z — C{x)) = {z}; Min ( x > A is the set of all minimal point of A with respect to 
the cone C(x); 
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(ii) a point z G A is called a maximal point of A with respect to the cone C(x) iff 
A n (z + C(x)) = {z}; Max c ( x 'A is the set of all maximal points of A with respect 
to the cone C(x); 

(Hi) a point z G A is called a weakly minimal point of A with respect to the cone C{x) 
iff An(z — intC(x)) = 0; Min w A is the set of all weakly minimal point of A with 
respect to the cone C{x); 

(iv) a point z G A is called a weakly maximal point of A with respect to the cone C(x) iff 
An (z + intC(x)) = 0; Max w A is the set of all weakly maximal point of A with 
respect to the cone C(x). 

Definition 1.3 Let X,Y be real topological vector spaces. The set valued mapping T : 

X — > Y is a closed mapping iff the following holds: 

the net (x a ) -> x , (y a ) ->■ y , y a G T(x a ) => y € T(x ). 

Lemma 1.4 [4] Let K be a nonempty subset of a Hausdorff topological vector space X. 
Let G : K — *■ X be a KKM mapping such that for any y 6 K, G(y) is closed and G(y*) is 
compact for some y* G K. Then there exists x* G K such that x* G G{y) for all y G K . 

Lemma 1.5 [12] Let X,Y,Z be real topological vector spaces, let K and C be two 
nonempty subsets of X and Y respectively. Let F: KxC^-Z,S:K^Y be set valued 
mappings. If both F and S are upper semicontinuous with nonempty compact values, then 
the multivalued mapping T : K — >■ Z defined by 

T{x)= \J F(x,y) = F(x,S(x)) 

ye,S(x) 

is upper semicontinuous with nonempty compact values. 

2 Weak solutions for weakly setvalued generalized vector 
variational inequalities 

Theorem 2.1 Let X,Y be the real Hausdorff topological vector spaces, K a nonempty 
closed convex subset of X, C : K ^Y a set-valued mapping such that for each x G K, C{x) 
is a proper closed convex pointed cone with apex at the origin and int C(x) ^ 0. Given 
the mappings A : K x L(X, Y) -> L(X, Y),h : K x K -> Y,g : K -> K,T : K ->■ 2 L ( x > y ) 
and v : K x K — >■ Y , suppose that 

{%) g is continuous and convex; 

(ii) h is convex with first variable and continuous in both variables; 

(Hi) <c{x) v { x i x ) f or a M x G K; 
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(iv) for each x £ K, there is an s G T(x) such that for all y £ K 

v(x, y) - (A(x, s), y - g(x)} + h(g(x), y) < c{x) 0; 

(v) for each x £ K, the set {y £ K : ^c(x) v ( x jU)} ^ s convex; 

(vi) there is a nonempty compact convex subset D of K such that for every x £ K\D, 
there is a y £ D such that for all s £ T(x) 

(A(x, s),y - g{x)) + h(g(x),y) < int c(x) 0; 

(vii) for each y G K, the set 

{x G K : (A(x, s),y - g(x)} + h(g(x),y) < intC {x) 0, for all s G Tx] 
is open in K. 

Then there exists xq G K,sq G T(xq) which is a solution of the weakly setvalued generalized 

vector variational inequalities. 

That is, there is x$ G K,so G T(x$) such that 

(A(x , so), y - g{x )) + h(g(x ), y) £ int c{x ) °> f or al1 V^ K - 

Proof. Define the set valued mapping Q : K — *■ D by 

n( y ) = { X £ D,s£ T{x) : (A(x,s),y - g(x)} + h(g(x),y) £ int c(x) U,Vy G K}. 

From condition (vii), we have for each y G K, the set Q(y) is closed in K and hence it is 
compact in D because of the compactness of D. 

Next we claim that the family {£l(y) ■ y G K} has the finite intersection property then the 
whole intersection f] Jl(y) is nonempty and any element in the intersection f] ^l(y) is 

y£K y£K 

a solution of (1.1). For any given nonempty finite subset ./V of K, let Dn = conv{D U N} 
be the convex hull of D U N then D^ is a compact convex subset of K. Define the set 
valued mappings P, R : Dn — *■ Dn respectively by 

P( y ) = { x £ D N , s £ T{x) : (A(x, s), y - g(x)) + h(g(x),y) £ int c(x) 0}, 
R(y) = { x £ D N : <c(x) v{x, y)}, for each y £ D N . 
From the conditions (Hi) and (iv), we have 

<c( y ) v(y, y) for all y £ D N (3.1) 

and for each y £ K, there is an s £ T(y) such that 

v(y, y) - (A(y, s),y- g(y)) + h(g(y),y) < c{ , y) 0. 
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Hence 

< C (y) (A(y, s),y- g{y)) + h(g(y),y) 

and then y £ P(y) for all y £ Dn- 

We can easily see that P has closed values in D^. Since for each y £ Djy, fl(y) = P(y)nD. 
If we prove that whole intersection of the family {P(y) : y £ D^} is nonempty, we can 
deduce that the family {Q(y) ■ y £ K} has the finite intersection property because N C Dn 
and due to the condition (vi). In order to deduce the conclusion of our theorem we can 
apply Lemma 1.1 if we claim that P is a KKM mapping. Indeed if P is not a KKM 
mapping neither is R since R{y) C P(y) for each y £ Dn, then there is a nonempty finite 
subset M of Dn such that 

conv M (£ |J R(u). 

u&M 

Thus there is an element uo £ conv M C Dn such that uq ^ R(u) for all u £ M, that is 

£c(uo) v(u ,u) for all u £ M. 



By (v) we have 
and hence 



u £ convM C {y £ K : tc(u ) ^("0, y)} 



tc{u ) v(u ,u ) 



which contradicts (3.1). Hence R is a KKM mapping and so is P. Therefore there exists 
an xq £ K,sq £ T(x$) which is a solution of problem (1.1). This completes the proof. ■ 
Let condition (vii) be replaced by a stronger conditions as follows: 

Let the mappings A : K x L(X,Y) ->• L(X,Y),g : K ^ K and h : K x K ^ Y 
be continuous and T : K — *• L(X, Y) be upper semicontinuous with nonempty compact 
values. Then from Lemma 1.2, we know that the condition (vii) of Theorem 2.1 is always 
true. Hence we have the following corollary. 

Corollary 2.2 Let X,Y be the real Hausdorff topological vector spaces, K a nonempty 
closed convex subset of X,C : K — *■ Y a set valued mapping such that for each x £ K, C{x) 
is a proper closed convex pointed cone with apex at the origin and intC(x) ^ 0. Let 
A : K x L(X,Y) — > L(X,Y),h : K x K — ^ Y and g : K — ^ K be the continuous 
mappings. Let T : K — *• 2 L ^ X ' Y > be the upper semicontinuous with nonempty compact 
values and v : K x K — ^ Y . Suppose that the condition (i)-(vi) of Theorem 2.1 holds. 
Then there exists x$ £ K,sq £ T(xq) which is solutions of problem (1.1). That is, there 
is xq £ K,sq £ T(xq) such that 

(A(x , so), y - g(x )) + h(g(x ), y) £ in tC(x ) 0, for all y £ K. 

Theorem 2.3 Let X, Y, K, C, A, h, g, T be same as in Theorem 2.1. Assume that for each 
x £ K, such that 

(i) h is C(x)-convex in K with first variable; 
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(ii) for each x G K there is s G T(x) such that 

(A(x, s),x - g{x)) + h(g(x),x) £ int c{x) 0; 

(Hi) there is a nonempty compact convex subset D of K such that for every x G K\D 
there is y G D such that for all s G T(x), 

(A(x, s),y - g{x)) + h(g(x),y) < int c{x) 0; 
(iv) for each y G K, the set 

{x G K,s G T(x) : (A(x, s),y - g{x)) + h(g(x),y) < intC (x) 0} 
is open in K. 
Then there is xq G K,sq G T(x$) which is weak solutions of problem (1.1). 

Proof. For any given nonempty finite subset N of K let Dn = conv(D U N). Then Dn 
is a nonempty compact convex subset of K. Define S : Djy —*■ Dn as in the proof of the 
Theorem 2.1 and for each y G K, let 

n(y) = {x G D,s G T(x) : (A(x, s),y - g(x)) + h(g(x),y) £ intC (x) °l- 

We note that for each a; G -Dat, S'(x) is nonempty and closed since x G S(x) by conditions 
(z) and (in). For each y G K,£l(y) is compact in Z). Next we claim that S is a KKM 
mapping. Indeed if not there is a nonempty finite subset M of Dn such that 

corauM G: |J S(x). 

x&M 
Then there is an x* G convM C Dn such that 

(-A(x*, s),x — g(x*)) + h(g(x*),x) <i n tc(x*) 0, for all x G M and s G T(x*). 

Since /i is C(x*)-convex with first variable, the mapping 

x^ (A(x*,s),x-g(x*)) + h(g(x*),x),Vs G T(x*) 

is C(x*)-convex on D^. Hence we can deduce that 

(A(x*,s),x* - g(x*)} + h(g(x*),x*) < int c(x*) 0, for all s G T(x*). 

This contradicts the condition (Hi). Therefore S is a KKM mapping by Lemma 1.1, we 
have 

n s( X )^$. 



xeD 



N 



Note that for any u G P) 5*(x), we have u £ D by condition (iv). Hence we have 

f)n(y)= f|(S(y)nD)^0 

yeN yeN 

for each nonempty finite subset N of K. Therefore the whole intersection f] Cl(y) is 

yeK 

nonempty. Let xq G f] &(y). Then (xo,so) is a solution of problem (1.1). ■ 

y£K 
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3 Existence of Strong Solutions for Problem (1.1) 

Theorem 3.1 Let X be a real topological vector space, Y,K,C,D,A,h,g and v be the 
same as in Theorem 2.1. Under the assumptions of Theorem 2.1, we have a weak solution 
xq of the problem (1.1) with sq £ T(xq). In addition, if K is compact, x —> Y\{—intC(x)} 
a closed mapping on K,T(xq) is convex, h is C[xq) -convex and continuous on K, the 
mappings A : K x L(X,Y) — > L(X,Y),g : K -» K are continuous, T : K — *■ 2 L ( X ' y ) is 
upper semicontinuous with nonempty compact values and the mapping s — > — (A(xq, s),x — 
g(xo)) is properly quasi C(xq) -convex on T(xo) for each x £ K . Assume that 

(U) Max c ^ (J Min^ \J {(A(x ,s),x - g(x )) + h(g(x ),x)} C 

seT(x ) xeK 

Min c w ^ (J {(A(xo,s),x-g(x )) + h(g(x ),x)} + C(x ),Vs £ T(x ). 

x£K 

Assume 

(i) for any fixed x £ K, if 

5€Max c ^ |J {(A(x ,s),x-g(x )) + h(g(x ),x)} 
seT(x ) 

and 5 cannot be compared with 

(A(x , s ), x - g(x )) + h(g(x ),x) 
which does not equal to 8 then 

8 ^intC(x ) 0. 

(ii) if 

Max c ^ |J Ming {xo) \J {{A(x , s),x- g(x ))h(g(x ),x)} C Y\(-intC(x )), 
seT(x ) xeK 

there exists s £ T(xq) such that 

MinZ {xo) U {(^(so, *), x - g(x )} + h(g(x ),x)} C Y\(-intC(x )). 

x&K 

Then xq is a strong solution of the problem (1.1), that is there exists s§ £ T(xq) 
such that 

(A(x , so), a; - g{x )) + h(g(x ),x) £ in tC(x ) 0, for all x £ K. 
Furthermore the set of all strong solutions of problem (1.1) is compact. 



628 



ANASTASSIOU, SALAHUDDIN: VECTOR VARIATIONAL INEQUALITIES 



Proof. Since h is C(xo)-convex on K, the mapping 

x ->• (A(x , s),x - g{x Q )) + h(g(x ), x) 

is C(xo)-convex on K. Since the mapping 

s ->■ -(A(x , s), x - g(x )) 

is properly quasi C(xo)-convex on T(xq) for each x € K so is the mapping 

s — > —(A(xo, s),x — g(xo)) + h(g(xo),x) for each x £ K. 

From Theorem 2.1, we know that xq £ K such that (1.1) holds for all x £ K and for some 
so £ ^(xo)- Then 

y-f £ Min c{x(,) \J Max c{xo) \J {(A(x , s),x - g(x )) + h(g(x ),x)}, 

x&K s£T(x ) 

by (ii), we have 

7 £intC(x ) 0- 

From condition (in) and the convexity of T(xo), the Ferro Minimax Theorem [6] tells us 
for every 

a £ Max c ^) (J Min£ ( * o) J {(A(x , So), x - <?(x )) + h(g(x ),x)}, a £ intC{xo) 0. 
seT(x ) xeK 

This implies that 
Max c ^) (j Min£(*°) |J {(A(x , s ),x- <?(x )> + %(x ), x)} C Y\(-mtC(x )). 

From (ii) there is an sq £ T(xq) such that 

Min^°) J «^(x, I), x - g{x)) + h(g(x),x)} C Y\(-intC(x )). 

x£K 

Hence we know that 

^P G U i(^( x o, s ), x - g{x )) + h(g(x ), x)}, 

therefore 

P £int C(x ) 0. 

Hence there exists so £ T(xq) such that 

(A(x , so), x - g(xo)) + h(g(x ), x) £ in tC(x ) for all x e K. 

Hence xo is a strong solution of the problem (1.1). 

Finally to see that the solution set of the problem (1.1) is compact, it is sufficient to show 
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that the solution set is closed due to the coercivity condition (vi) of the Theorem 2.1. To 
this end let T denote the solution of the problem (1.1). Suppose that {x n } C T which 
converges to p. Fix any y £ K, for each n there is s n G T(x n ) such that 

(A(x n , s n ), y - g{x n )) + h(g(x n ), y) £ in tC(x„) 0- (3.1) 

Since T is upper semicontinuous with nonempty compact values and the set {x n } U {p} 
is compact, it follows that T({x n } U {p}) is compact. Therefore without loss of generality 
we may assume that the sequence {s n } converges to some s. Then s G T(p) and 

h(g(x n ),y) - {A(x n , s n ),y - g(x n )) G" intC(x n ). 

This implies that 

h(g(x n ),y) - {A(x n , s n ),y- g{x n )) G Y\intC(x n ). 

We note that 

h{a{x n ),y) - (A(x n , s n ),y - g{x n )) 
= h(g(x n ),y) - (A(x n , s n ) - A(x, s),y- g(x n )) - (A(x, s),y - g{x n )) 
= h(g(x n ),y) - {A(x n , s n ) - A(x, s),y - g(x n )) 

- (A(x, s), (y - g(x n )) - (y - g(jp))) - (A(x, s), y - g{p)). (3.2) 

Since {x n } U {p} is compact and g is continuous, g({x n } U {p}) is also compact. Hence it 
is bounded. Thus 

(A(x n , s n ) - A(x, s),y - g{x n )) ->■ as n ->■ oo. 

(A(x,s),(y- g(x n )) - {y - g{p))) = (A(x,s),g(p) - g(x n )) ->• as n -)• oo 

by the continuity of g. Since h is continuous and x — > Y\(intC(x)) is a closed mapping 
on K, from (3.2) we have 

h(g(p),y) - (A(x, s),y- g(p)) 

= lim h(g(x n ),y) - {A(x n ,s n ),y - g(x n )) G Y\intC(p). 

X— ¥oo 

Then we obtain 

(A(x,s),y - g(p)) + h(g(p),y) £ int c(p) 0. 
Hence p £T and T is closed. ■ 

Corollary 3.2 Let X be a real Banach space, let Y, K, C, D, A, h, g and T be as in Theo- 
rem 2.1. Under the Assumption of Theorem 2.2, we have a weak solution xq of the problem 
(1.1) with so G T{xq). In addition, if K is compact, x —> Y\(—intC(x)) a closed mapping 
on K, T(xq) is convex, the mapping s — > — {A(xq, s),x — g(xo)) is properly quasi C(xq)- 
convex on T(x ) for each x G K and h : K x K — ^ Y, A : K x L(X, Y) — > L(X, Y),g : K — > 
K are continuous mappings, T : K — *■ 2 L ( X ' Y > is upper semi continuous with nonempty 
compact values. Assume that the condition (Lu) and the conditions (i)-(iv) in Theorem 
3.1 hold, then xq is a strong solution of the problem (1.1), that is there exists s G T{xq) 
such that 

(A(x , s ), x - g(x )) + h(g(x ), y) tintc(x a ) 0, for all x G K. 
Furthermore, the set of all strong solutions of the problem (1.1) is compact. 
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Abstract 

In this paper, a new approach is proposed to construct bivariate rational 
spline interpolation over triangulation, based on scattered data in parallel 
lines. The main advantage of this method have two points: (1) the inter- 
polation function has a simple and explicit mathematical representation 
with some parameters a, (5, /x and v\ (2) the shape of the interpolating 
surface can be modified by using the parameters for the unchanged in- 
terpolating data. Moreover, a local shape control method is employed to 
control the shape of surfaces. 

Keywords: Rational spline, bivariate interpolation, scattered data, tri- 
angular surface, shape constraint 



1 Introduction 

Spline interpolation is a useful and powerful tool in computer-aided geomet- 
ric design (CAGD). In order to meet the needs of the ever-increasing model 
complexity and incorporate manufacturing requirements, many kinds of spline 
interpolation methods have been proposed, such as polynomial spline, triangu- 
lar spline, /3-spline, Box spline, vertex spline, etc [2, 4, 5, 6, 8, 14, 19, 22]. These 
methods are effective and applied widely in shape design of industrial products. 
However, one of the disadvantages of the spline method is that it can not be 
used to modify the local shape of the interpolating surfaces for unchanged in- 
terpolating data. Thus, constructing the interpolating function, which satisfies 
the following conditions, will be necessary in CAGD: (a) the interpolating func- 
tions achieve simple and explicit representations, so that these representations 
can be conveniently used for both practical application and theoretical analysis; 
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(b) the parameters of constructed curves and surfaces can be modified without 
changing the given data. 

In recent years, the study of univariate rational spline interpolation with 
parameters has received attention in the literature, and many results have been 
established [1, 7, 9, 10, 16, 17, 20]. Motivated by the univariate rational spline 
interpolation, the bivariate rational spline, which has simple and explicit math- 
ematical representation with parameters, has been studied. Since the parame- 
ters in the interpolation function are selective according to the control need, the 
constrained control of the shape becomes possible. In [11, 12, 13], several bi- 
variate spline interpolations have been constructed over rectangular mesh, and 
properties have been derived also. In [18], the preserving positivity of a rational 
bicubic spline interpolation with parameters over a rectangular grid is discussed. 
In [23] , convexity control of a bivariate rational interpolating spline surfaces is 
studied. However, in many practical problems, the rectangular mesh is very 
difficult to be calculated, because only the scattered data can be obtained to 
achieve an interpolation. Hence, it is necessary to construct the bivariate inter- 
polation function over the triangulation lattice. There are many publications 
contributing to the bivariate spline over triangulation. For example, in [2, 5, 15], 
the structure of bivariate spline spaces is investigated, and the important ap- 
plications of Bcrnstcin-Bczicr techniques in CAGD are discussed; In [3], the 
approximation order from the space S := Y\k a °f piecewise polynomial func- 
tions is studied, etc. The all above bivariate spline over triangulation are in 
fact polynomial splines. Here we are concerned with bivariate rational spline 
interpolations with a simple and explicit mathematical representation, which 
can be modified by using parameters. In many fields, such as geological ex- 
ploration, forging technology and medical, etc., it has been detected that the 
scattered data are usually arranged in parallel lines. For this kind of scattered 
data, it is easy to obtain their triangulation, as shown in Fig 1. In this paper, 
we deal with the construction problem of the bivariate spline interpolation over 
this kind of triangulation net. A new approach to construct bivariate rational 
spline interpolation over triangulation is proposed, whose constructed interpola- 
tion function comprises a simple and explicit mathematical representation with 
the new parameters a, /?, fx and v\ Also, a local shape control method of inter- 
polating surface is developed. 

This paper is organized as follows. In Section 2, a new bivariate rational 
spline interpolation with parameters is constructed over triangulation. In Sec- 
tion 3, the bounded property of the interpolation function is discussed. Sections 
4 is about the error estimates of the interpolation function. Section 5 deals with 
the shape control method of the interpolating surface, and numerical examples 
are presented to show the performance of the method. 



2 Interpolation 

Let {(xj,t/j, fi,di,ei),i — 1,2,- •• , n} be the given scattered data arranged in 
parallel lines: Lx,L 2 , ■■■ ,L m , where /; = f(xi,yi),di = g' x , and a = 
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df(xj,Vi) 



(see Fig. 1) 




Figure 1: Triangulation of interpolating region Q. 

For a triangle T\ — AV1V2V3 ,with vertices {Vi = (xi,yi),i — 1,2,3} and 
2/1 = 2/2, let 711 = ZV3V1V2, and 712 is the angle between line V2V3 and the 
extension line of V\Vi (see Fig. 2). 




Figure 2: An element fl* of subdivision. 

Denote h = £2 — £i,Z = 2/3 — 2/1 • For any point Q in the line V1V2, let 
n = Z.V3QV2, thus, ViQ = X3 — xi — ZcotTi, and for any point V(x,y) in the 
line V/ 3 Q, cot n = fEff • Let 6 = a^L-sLa an d 7? 
interpolation function is defined over the interval [xi,:^] as [10] 



v , Vl . A rational cubic 



p(x) 



Pt\ (x) 
It, (x) ' 



where 



with 



PTl (x) = (1 - efah + 6(1 - efv + # 2 (i 

q Tl (x) = (1 - #) 2 a + 20(1 -9) + 6 2 /3, 

V = (a + 2)f 1 +ahd u 
W=(f3 + 2)f 2 -/3hd 2 , 



(1) 



)W + 9 3 f 2 f3, 
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and a > 0, (3 > 0. Obviously, the interpolation function p(x) on [xi,X2] is 
unique for the given data (xj, fi,di),i = 1,2 and the parameter a, and which 
satisfies 

p(xi) = fi, p'(xi) =di\ i = 1, 2. 

Using the x-direction interpolation function p(x), we define the bivariate 
rational interpolation function P(x, y) on the triangle domain T\ as follows: 

PtAx,v) = 7-T-, (2) 

<m (y) 

where 

p Tl (x,y) = (1 - r]fnp{x) + ??(1 - r?) 2 U Tl + r/ 2 (l - 7?)W Tl + vrfU Tl , 
q Tl (y) = (1 - ??) 2 /i + 277(1 - 77) + 77 2 ^, 

with 

U Tl = (/J + 2)p(x) + /i((l - 0)(Jei + c?i(x 3 - xi)) + 0(Ze 2 + d 2 (x 3 - x 2 )), 
W Tl = dsfo - »i - M)(ri - l)v +(is + 2)/ 3 - ii/e 3) 
tfii - (d 3 (*3 - *i - ^6>)(77 - 1) + h)v. 

and /j > 0, v > 0. 
Define 

D , x , dP Tl (x3,y3) , dP Tl (x3,y3) 

Pr t (x 3 , j/ 3 ) = / 3 , q = d 3 , ^ = e 3 , 

then the interpolation function Pt x (x, y) defined by (2) satisfies 

p / n , dP Tl (x t ,y t ) , dP Tl (xi,yi) . 

PrtKXi.yi) = /j, =di, =Bi\ 1 = 1,2,3. 

When a = 0,f3 = 0, p = and v = 0, the interpolation function P^ defined 
by (2) becomes 

P Tl (x, y) = (1 - 0)(1 - ry)/i + 0(1 - r?)/ 2 + 77/3. (3) 

It is obviously that Eq. (3) is an equation of the plane determined by three 
points (xi,yi,/i),(x 2 ,y2,/2) and (x 3 ,y 3 ,f 3 ) 

Let T2 , T3 and T4 be the triangular domains which have common edges 
Vi V3, UiU 2 and U2U3 with Ti respectively. Denote that Q* = I\ [j T 2 [j T 3 [j T 4 , 
then the subregion f2* of interpolating region fi is called element of subdivision 
(see Fig. 2). Similar to (2), we can define the interpolation functions over T2, T 3 
and T4, and it is easy to obtained the following theorem. 

Theorem 1. For the given set of interpolating data {(xi,yi, fi,di,ei),i = 
1, 2, 3, • • • , n} 7 let P{x, y) be the interpolation junction defined by (2) on the tri- 
angulation of interpolating region Q. Let Lk and Lfc+i are two adjacent parallel 
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,. , ,. (k.k+l) a (k,k+l) , (fe,fe+l) (fe,fe+l) ,, ... 

lines, denoting a T _ , fjj,. and [i T , ,Vj,. are the positive parame- 

ters in Pxiix^y), where Px^x^y) is the interpolation function on the triangular 
domain Tj which is between Lfc and I/fc+i, then a sufficient condition for the 
function P(x, y) to be continuous in the whole interpolating region fi is that the 
positive parameters ix T ' are equal to constant and v T ' are equal to con- 

stant for all i = 1, 2, ■ • • , no matter what the parameters a T ' and p^.' 



might be. 



3 wjx+y ) , x R 2 



Example 1. Let the interpolated function f{x,y) = cos v(x J y > 1 (x.y) 6 R 
Note that the interpolation function defined by (2) is local, we only consider an 
element of subdivision, which is T — T\ [J T2 [j T3, where T\, T 2 and T3 are the 
triangular domains, T\ with vertexes ^.(0.5, 0.5), 14(0.65,0.5) and Vjj(0.6, 0.7), 
T 2 with vertexes V x (0.5, 0.5), 1^(0.6, 0.7) and 14(0.45,0.7), T 3 with vertexes 
14(0.5,0.5), 14(0. 65, 0.5) and 1^(0.6,0.3). Denoting the interpolation function 
defined by (2) in the domain T by P(x,y). Figure 3 and Figure 4 show the 
graphs of the surfaces f{x,y) and P{x,y) respectively, Figure 5 shows the sur- 
face of the error f{x, y) — P(x, y). 



0.65- 

0.6- 
0.55 - 

0.5- 
0.45- 

0.4- 
0.35- 

0.3- 
0.25--. 





Figure 3: Graph of the surface f(x,y). 



3 Properties of the interpolation 

Note that the interpolation defined by (2) is local, without loss of generality, in 
the following, we only consider its properties in a triangular domain T\. 
Denoting 

mi = m 3 = X3 — £1, m 2 = x 3 - x 2 - 

From (1) and (2), the interpolation function PT 1 {x,y) defined by (2) can be 
written as follows: 

3 
P Tl {x,y) = Y^i{6iV)fi + H0,ri)hdi + Ci{6,ri){midi + lei)], (4) 
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0.6- 
0.55- 






Figure 4: Graph of the surface P(x,y). 




Figure 5: Graph of the surface f(x, y) — P(x, y). 



where 



a\{6,rj) = 

02(0, rj) = 

0,3(6,11) = 
h(6,r 1 ) = 



(l-0) 2 (29 + a)(l~r ] ) 2 (2r 1 + n) 

q Tl (x) ■ q Tl (y) 
2 (2(l-6)+p)(l- V ) 2 (2 V + n) 

q Tl (x) ■ q Tl (y) 
7 7 2 (2(l-7 7 ) + ^) 

iti (y) 

0(l-e) 2 (l~r 1 ) 2 (2r] + ^a 

qrdx) ■ q^iy) 

6 2 (l~8)(l- V ) 2 (2r ] + t i)[3 

9ri 0*0 ■ it, (y) 



6jf(l-ri)v rj{l~rj) 2 {l 



c 2 (M) = 



9Tx (y) 
in (y) 



, c 3 (9,ri) = 



QTi (y) 
y 2 (i-y)iy 
qt! (y) 
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Terms ai(6,rj),bi(6,7]),Ci(6,r])(i = 1,2,3) are called the basis of the bivariate 
interpolation function defined by (2), and which satisfy the following equation: 

ai(6,ri) + a2(0,ri) + aa(0,ri) = l, (5) 

For the interpolation function Pt x (x, y) defined by (2), there is the following 
unity property. 

Theorem 2. If f(x,y) — l,(x,y) 6 f2, Pr 1 (x,y) is its interpolation function 
on T\ defined by (2), no matter what positive numbers the parameters a, (3 take, 
the unity property holds, namely 

P Tl (x, y)dxdy = -hi. 

Ti A 

Denoting 

Mi =max{|/i|,i= 1,2,3}, (6) 

M 2 =max{h\di\,\m i di\,i = 1,2,3}. (7) 

M 3 = max.{l\ei\,i = 1,2,3}, (8) 

For the given interpolating data, the values of the rational bivariate interpolation 
function Pt x (x, y) defined by (2) are bounded in the triangular domain T\ as 
described by the following property. 

Theorem 3. For the given data {(xj,yj, fi,e.i,df),i = 1,2,3}, let Pr 1 (x,y) be 

the interpolation function on the triangular domain T\ defined by (2). Whatever 
the positive values of the parameters a and (3 might be, the values of Pt x (x, y) 
in the domain T\ satisfy 

\PtAx,v)\ <M 1 +2M 2 + M 3 , 

where Mi , M 2 and M 3 are defined by (6), (8) and (7) respectively. 
Proof: From (4) and Eq. (5), it is easy to derive that 

|fti(x,y)| 

< MM) +02(M) +o 3 (M)]Mi + M»,V) - b 2 (O,v) + h{0,v)}M2 
+[ci(0, rf) + c 2 (0, n) - c 3 (6, 7])}(M 2 + M 3 ) 

<Ml+ (l-^) 2 (2r ? + /i)+r / 2 (l-7 ? )^ ^ + t?(1 -^((l-^/i + ??!/) (M 2 +M 3 ) 
(1 — rj) 2 /i + 277(1 — rf) + r/ 2 v (1 — rj) 2 ^i + 2ry(l — rf) + r] 2 v 

< Mi + 2M 2 + M 3 . 

The proof is completed . D 
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4 Error estimates of the interpolation 

For the error estimation of the bivariatc interpolation function defined by (2), 
without loss of generality, it is only necessary to consider the triangular domain 
T\. We assume that f(x,y) <E C 2 , and Pt^x^) is the interpolation function 
defined by (2) over T\. 
Denoting 

df ] df(x,y) ] dP .OPrA^y), 

— = max , -5- = max 5 • 

dy" (x^JeTi dy dy (s,i/)€Ti ' dy 

Using the Taylor expansion and the Peano-Kernel Theorem [21], it is can be 
obtained that 

\f(x,y) - P Tl (x,y)\ 
< \f(x,y) - f(x,yi)\ + \P Tl (x,yi) - P Tl (x,y)\ + \f(x,yi) - P Tl (x,yi)\ 

S |f^£)|| J f , |«. [( ,. TW l* + I( ||| l + l^ l) , 

where ||^fe^|| = max f^ x .f l] \, with 



-, i i r(r), xi < r < x; 
Hx[( T >+^-) i( r ), x<r<x 2 , 



and 



r(r) = x — t — (12(6, 0)(x 2 — t) — b 2 (0, 0)h, x\ < t < x; 
£(r) = -a 2 (0,O)(ar 2 ~ r ) -h(0,0)h, x < r < x 2 . 
Thus, by simple integral calculation, it can be derived that 

\R x [(x - r)+]\dT = h 2 U(0,a), 

Jxi 

where 

U(0,a) = ^ (9) 

v(0, a) 

with 

u(6, a) =0 2 (1- 0) 2 [(A(1 - Of + p 2 )(20 + a) + (A0 2 + a 2 )(2 -20 + 0)], 
v(0, a) = 2((1 - 0) 2 a + 26(1 - 9) + 2 (3){29 + a)(2 - 20 + j3). 



For the fixed a, let 



B { * ] = max U(0,a). (10) 

Tl 0e[o,i] V ; K ' 
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Then the following theorem can be obtained. 

Theorem 4. Let f(x,y) G C 2 , and Pp^x, j/) be its interpolation function 
defined by (2) on the triangular domain T\ . Whatever the positive values of the 
parameters a and [3 might be, the error of the interpolation function satisfies 

\f(x,y) - P Tl (x,y)\ < Kllgll + H^ll) + tfll^fe^Uflg), 

where B^' and U(9, a) are defined by (9) and (10) respectively. 

5 Shape control of the interpolating surface 

The shape of the interpolating surface on the interpolating region depends on 
the interpolating data. Generally speaking, because of the uniqueness of the 
interpolation function, the shape of interpolating surface is fixed for the un- 
changed interpolating data. However, for the bivariate interpolation function 
defined by (2), since there are some parameters, the shape of the interpolating 
surface can be modified by selecting suitable parameters. In the follows, we 
consider a local shape control method of the piecewise bivariate interpolation 
function defined by (2). 

Let Vi be the interpolating region, Ti G fi is a triangular domain, and let 
Pji {x, y) be the interpolation function on T\ defined by (2). If the interpolating 
surface on the part of Ti protrude at some points, for example, the interpolating 
surface is too high or too low at the point (x*, y*), where (x*, y*) G Ti\dTi, the 
value of Pp^x*,?/*) can be constrained to be down or up by selecting suitable 
parameters as described by the following theorem. 

Theorem 5. For the given data {(x^,^, fi,ei,di),i = 1,2,3}, let Pt^x^) be 
the interpolation function on the triangular domain T\ defined by (2), and let 
fi < M , where M is a real number, then for (x*, y*) G Ti\dT\, there must exist 
the positive parameters a, [3, /j, and v , such that Pt x {x* , y*) < M . 
Proof: Let (9, w) be the local coordinate of the point (x*,y*), then 

n _ ( x 3 ~ xi)(y* - y 3 ) - l(x* - x 3 ) y* - y x 

h(y*-ys) ' V ~ I ' 

Since {x*,y*) G Ti\dTi, 6 G (0,1) and r, G (0,1). 
Denoting 

Ai = fi - M, Bi = hdi, C'i = niidi + lei. 

From (4) and Eq. (5), it is easy to show that 

P Tl (x*,y*)<M 

is equivalent to 

3 
J2[ai(e,v)A i + b i (d,r,)B i + c i (0,v)C i }<0. (11) 

i=\ 
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Thus, if there exist the positive parameters a, [3, /i and v to satisfy the following 
inequalities (12)-(14), then (11) holds. 

0i(M) = ai(M)4i+&i(M)£i<o, (12) 

fo(0, rj) = a 2 (6, r])A 2 + b 2 (9, n)B 2 < 0, (13) 

M0,V) = a 3 (e,r 1 )A 3 + bs(e,v)B3 + ELi c i(^v)C i < 0. (14) 

It is easy to derive that 

(1-0) 2 (1- T?) 2 ^ + //) 

<m (x)q Tl (y) 
where 

<^i(6»,77) = 2M 1 +a(A 1 +f95 1 ). 

Thus, the inequality (12) is equivalent to ipi(9,r]) < 0. Since A\ < 0, no matter 
what (A\ +9Bi) can be, there exists positive parameter a such that (12) holds. 
Similarly, 

9 2 (l-r 1 ) 2 (2n + ^ 

MM) = r~\ — r~\ — f 2(0,11), 

<m (x)q Tl (y) 

where 

p 2 (0, ri) = 2(1 - 0)A 2 + 0(A 2 - (1 - 0)B 2 ). 

Since A 2 < 0, no matter what (A 2 — (1 — 9)B 2 ) can be, there exists positive 
parameter (3 such that (13) holds. 

77 

03(6*, T?) = -^ — ^3(0,77), 

QT t (x)q Tl (y) 

where 

p 3 (M) = 2n(l-r 1 )A a +n(l-r ] ) 2 ((l-9)C 1 +9C 2 ) 
+^(A3+e(l-r ? )B 3 -(l-r ? )C 3 ). 

Since A 3 < 0, it is easy to show that no matter what ((1 — 9)(1 — r\) 2 C\ + 
9(1 — n) 2 C 2 ) and 77(^3 + 9(1 — n)B^ — (1 — rf)C 3 ) can be, there exist positive 
parameters fi and v such that (14) holds. 

Which completes the proof. □ 

Theorem 5 is called the up-constrained theorem. In the similar way, we have 
the down-constrained theorem as follows. 

Theorem 6. For the given data {(xi,yi, fi,&i,di),i = 1,2,3}, let Pr 1 (x,y) be 
the interpolation function on the triangular domain T\ defined by (2), and let 
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fi > N, where N is a real number, then for (x* , y*) € Ti\dT\, there must exist 
the positive parameters a,f3,n and v, such that Pt x {x* ,y*) > N. 
Example 2. Note that the interpolation function defined by (2) is local, we 
consider a triangular domain. Given the interpolating data shown in Table 2, let 
P{x,y) be the interpolation function defined by (2), it is possible to compute 
directly its expression in the interpolating region T , where T is a triangular 
domain with vertices Vi (0.5, 0.5), ^(1.0,0.5) and V 3 (0.8, 1.0). 



Table 1: Interpolating data 



(x,y) 


f(x, y) 


dx 


t>f(xi,yi) 
dy 


(0.5,0.5) 
(1.0,0.5) 
(0.8,1.0) 


2 
2.5 
3.5 


1.5 

-1 

-0.5 


0.5 

-0.5 

-2 



In the general case, one can select any positive real numbers as the values 
of a,/3,fx and v. Now, we take a — 0.4,/? = 0.8, fi = 0.6 and v = 0.5, and 
denote the interpolation function by Pi(x,y). Fig. 6 shows the graph of the 
surface Pi(x, y). It is easy to compute that Pi (0.8, 0.95) = 3.52817, and the 
local coordinate of the point (0.8,0.95) is that (8,r]) = (0.6,0.9). 




Figure 6: Graph of the surface Pi(x, y). 

Let M = 3.525, for the given interpolating data, inequalities (12)-(14) can 
be simplified as 

-1.075a- 1.83 < 0, 

-0.825/3- 0.82 < 0, 

-0.0045 + 0.0025^ + 0.0675^ < 0. 

Obviously, a = 0.6,(3 — 0.5, fi = 0.2 and v = 0.058 satisfy these inequalities. 
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We denote the interpolation function by P2(x, y), Fig. 7 shows the graph of the 
surface P2(x, y). From Fig. 6, it can be seen that the values of P\(x,y) at the 
point (0.8, 0.95) and in its neighbourhood are constrained to be less than 3.525. 




Figure 7: Graph of the surface P2(x,y). 



6 Conclusions 

In this paper, a new approach is proposed to construct bivariate rational spline 
interpolation over triangulation, based on the scattered data in parallel lines. 
The interpolation function has a simple and explicit mathematical expression 
with some free parameters a, /3, [i and v, and the shape of the interpolating 
surface can be modified by selecting suitable parameter for the unchanged in- 
terpolating data according to the control need. This kind of bivariate rational 
interpolation can not be found in literature. 

For each pitch of the interpolating surface, the value of the interpolation 
function depends on the interpolating data. Theorem 3 shows that the interpo- 
lation is stable. It is difficult to derive the error estimate formula of the bivariate 
interpolation function over triangulation. In this paper, it is worked out in The- 
orem 4. This is because that the interpolation function has the convenient basis 
functions: a,i(6,r)),bi(9,r)),Ci(6,r)),i = 1,2,3. 

Theorem 5 and 6 give the sufficient conditions for the shape control of bi- 
variate rational interpolating surfaces, and the method selecting the suitable 
parameters is given in the proving process of Theorem. 
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A NOTE ON THE MODIFIED CARLITZ'S q-BERNOULLI 
NUMBERS AND POLYNOMIALS 



JIN-WOO PARK 1 , DMITRY V. DOLGY 2 , TAEKYUN KIM 3 , SANG-HUN LEE 4 , 
AND SEOG-HOON RIM 5 



Abstract. In [1], Carlitz introduced g-extension of Bernoulli numbers and 
polynomials and Kim gave the Witt's formula for the Carlitz's g-Bcrnoulli 
numbers and polynomials(scc [7, 8]). In this paper we consider the modified 
g-Bcrnoulli numbers and polynomials which arc slightly different Carlitz's q- 
Bernoulli numbers and polynomials. 



1. Introduction 

Let p be a fixed prime number. Throughout this paper Z p , Q p and C p will, 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, and the completion of algebraic closure of Q p . Let v, p be the normalized 
exponential valuation with \p\ p = p~ v p(P> = -. 

When we talk of g-extcnsion, q is variously considered as an indeterminate, a 
complex number q G C, or a p-adic number q € C p . If q G C, we assume \q\ < 1. If 
q G C p , we assume \q — l\ p < p~v-^ so that q x — cxp(irrogg) for \x\ p < 1. We use 
the notation [x] q — [x : q] — ~^ . Thus, we note that lim,j_>i[x] (? = x. In complex 
case [1], Carlitz defined a set of numbers rjk = t]k(q) induced by 



770 = 1, [qr] + if - m = | 



1 ifk = l, 
if k > 1, 



with the usual convention of replacing r\ k by % . These numbers are g-analogue of 
ordinary Bernoulli number Bk , but they do not remain finite for q = 1 . So, Carlitz 
reconstructed the sequences as follows: 

A,,, = 1, and q(q(3 q + l) fe - &,, = ( I ){ J = J' (1.1) 



if k> 1, 

with the usual convention about replacing {f3 q ) n by /3„ i? (see [1]). The sequence 
(3 n _ q are aclled the n-th Carlitz's g-Bcrnoulli polynomials. He also defined the q- 
Bcrnoulli polynomials as follows: 

^W-EQA^K- (nGZ+ = NU{0}). (1.2) 
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Let UD(Z p ) be the space of uniformly diffcrcntiable functions on Z p . For / e 
UD{1i p ), the p-adic invariant integral on Z p is defined by 

-. p w -i 

h{f)= I f{x)d/j, {x)= lim V" f(x)n {x + p N Z p ) 

In? N— »00 *• ' 

P „ , X =° (1-3) 

= J im "iv E /(*) ( see t 7 < 8 D- 

" x=0 

The g-analogue of p-adic invariant integral on Z p is defined by Kim as follows: 

, p n -i 

W)= f{x)dvi q {x) = lim V/frKfr + j^Zp) 

/^ /V — »r*-^ ' ' 



= lim ™- J] /(a;)«* (see [7, 8]). 
In [8], it is known that 



(1.4) 



g-1 

logg 
By (1.3), (1.4) and (1.5), we get 

g-1 
log? 

Thus, by (1.6), we get 



dn q (x) = 1 ---—q x d^o(x). (1.5) 



f{x)d l x q {x) = \ zzz J q x f(x)d^ (x). (1.6) 



q x f(x)du (x) = ^ / f(x)dfi q (x) (see [8]). 
Now, we redefine /(/) from io(/) as follows: 

/■ 1 P "" 1 

/(/) = / q x f(x)d^(x) = lim -^ ^ /(x)<f . (1.7) 

In this paper, we consider the modified Carlitz's g-Bernoulli numbers and poly- 
nomials which arc slightly different Carlitz (/-Bernoulli numbers and polynomials. 
These numbers and properties are derived from (1.7). 

2. Modified Carlitz's <j-Bernoulli numbers 
From (1.7), we note that 

ql(fi)= i q x+1 f(x+l)d» (x) 

h v (2.1) 

= (logg)/(0) + /'(0), where h{x) = f(x + 1). 
By (2.1), we get 

q 2 I(h) = q 2 I q x f(x + 2)dn (x) = qlq f h(x + l)q x d» Q (x)) 

q x f(x)d^(x) + logq{qf(l) + /(0)} + {/'(0) + qf'(l)}, 
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where f 2 (x) = f 1 (x + l) = f(x + 2). 

Continuing this process, we obtain the following theorem. 

Theorem 2.1. For n E Z +; we have 

~ ~ n—l n—1 

q n / f n (x)q x dUo(x) = / q x f{x)d^{x) + logq ]T q l f(l) + £ q l f(l), 

where f n (x) = f(x + n). 

Now, we consider the following sequence which can be derived by the p-adic 
integral on Z p of (1.7): 

Pn, q = / q y [x + y] n q dMy) (n G Z+). (2.2) 

Jz p 

Here, (3 n ,q(x) are called the n-th (/-Bernoulli polynomials which arc slightly different 
Carlitz's (/-Bernoulli polynomials. 

In the special case, x = 0, [3 nq = /3 n .<j(0) arc called the n-th (/-Bernoulli numbers 
which arc slightly different Carlitz's g-Bcrnoulli numbers. 

From (2.2), we can derive the following equation: 

M>) = p^r E (",) <- 1 >'«' 1 / 2i 9 < ' +1) "*<>(i/) 



;=o 






and 



(2.5) 



^(«) = E("JNr'9 te ^- ( 2 - 4 ) 

By Theorem 2.1, we get 

a/ [x + l]^q x dfi (x)- [x]^q x dfi (x) 

Jz, p Ji, p 

= (lo gg )[0]" + n[0]r 1 (^ 
Therefore, by (2.2) and (2.5), we obtain the following recurrence relation: 
Theorem 2.2. For n E Z+, we /lave 

{log? if n = 
^f i/ n = 1 
i/ n > 1. 

By (2.4), we obtain the following corollary. 

Corollary 2.3. For n E Z + , we /iai>e 

{logg if n = 
^? */ n = 1 
$/ n > 1, 
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with the usual convention of replacing /3™ by f3 n _ q . 
Let f(x) = [x]™. From Theorem 2.1, we have 

71— 1 7i—l 

i=0 i=0 

Therefore, by (2.6), we obtain the sums powers of consecutive g-integers: 
Theorem 2.4. For m € Z + , and neN, we /lave 

to— 1 7i—l / -, 

9 ^w«) - /v, = log? E w + m E 9 2 K n_1 ( ^f 

i=0 i=0 ^ ^ 

From (2.2), we note that 



/3 n ,,-i(l-a0= / g-»[l-* + y]S-id/io(y) 

(-l)logg A /n\ , , +to 1 + i 

(l_ 9 -i)nZ^^^ ^ 1-q-i-l 

Therefore, by (2.3) and (2.7), we obtain the following theorem. 
Theorem 2.5. For n <G Z +; we have 

[3 niq -i(l-x) = (-l) n q n+1 (3 n , q (x). 
From (2.4) and Corollary 2.3, we have 



q 2 P n , q {2) = q 2 (q 2 [3 q + q + 1)" = q 2 E ( " ) <?'(<?& + ^ 

;=o ^ 



g(logg + /3 , g ) + (f)g 2 (/?i, 9 + l0 ^) +qJ2 (")^u 



« ' *=0 



= q\ogq + nq 2 ^ i +q^{\q l Pl, q 



q 



= qlogq + nq 2 - + q(q[3 q + 1) 

q - 1 



9 
glogg + ng 2 — ^ + (logg)£ ,TO + ( ^^ I £i,„ + /?„,,, 



2 lo g9 , n nc , /l°g<7 

7 7- + {lOgq)d ,n + 7 I "l,n -T t'n.qi 

q-\ \q-ij 

where d n _k is Kronecker symbol. 

Therefore, by (2.8), we obtain the following theorem. 

Theorem 2.6. For n E Z+, we have 

q 2 f3 n , q { 2 ) = (g + $„,„) log q + (nq 2 + Si, n ) t ~^j J + 0n, q . 



(2.7) 



!_l x „f/ n U ( 2 - 8 ) 
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Now, we set 

h= q x f3 n . q -i(l - x)d/io(x) 

=±£,"t ©G)(";') ( '- 1)V ' < - 1, "* fl --I *&-<■**& 

l=0k=0m=0 N / \ / \ / j ^p 

-±i"t (';) © ("„; >-'(-i)-a„-.&«.»(» - 1)'. 

1=0 k=Om=0 \ / \ / \ / 



(2.9) 



From Theorem 2.5, we note that 

h = (-l) n q n+1 I q x (3 n Jx)dMx) 



(-i)V +1 E("V,E (™) (<z - ir / v x M7 +n ~ ld »o(x) 

1=0 ^ ' m=0 ^ ' ^ Z p 

(-1) V+ 1 E (") ft, fl E ( I) (Q l) m P m+n -, q . 



(2.10) 



1=0 x x m=0 

Therefore, by (2.9) and (2.10), we obtain the following theorem. 
Theorem 2.7. For n € Z +; we have 

l n—l 

(Tl\ l l\ (U — l\ f ^ i\k„-W T\ma Q 

k-\-m : q 



/— n i — n™— n \ / \ / \ / 



= (-i)>" +1 E E (?) ( ' ) (« - irflrf/w..*. 

(=0 m=0 \ / \ / 

Let fc,n G Z_)_. Then the g-Bcrnstcin polynomials of degree n are defined by 
Kim: 



B fc>n (n,g) - ^JN^l-a;]^, (see [1-13]). (2.11) 

By (2.6), we get B„_ fci „(l - x, q^ 1 ) = B k , n (x, q). 

Let us take p-adic integral on both sides of (2.11). Now, we set 

I 2 = J q x B k , n {x,q)dno{x) = (f\ J [x] k q [l - x}^ q x d^(x) 

fc)(-l) n - fe ? n - fe E ( k ,)l l l lx-l} n q - k+l Q X d»o(x) (2.12) 

'Vir-v- fe E(^W- fe w-i). 

i=o ^ ' 
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By Theorem 2.5 and (2.12), we get 

J 2 = l(l) E (T)(-l)'/3n- fc+ ^-(2). (2.13) 



On the other 



q\k I *-^ V I 



n—k 



^ = (:)E( n 7 4 )(-i)7 z rt + v<i«w 



!=0 

n \ v-^ / n 



-k 



(2.14) 



E , K-d'/w 



k ^ \ I 

1=0 

Therefore, by (2.13) and (2.14), we obtain the following theorem. 
Theorem 2.8. For n,k e Z + , we have 

E (*) (-i)'^- fc+Il<rl (2) = q e ( n 7 fc ) (-i)'a + m- 

Let n,k eZ + with n > fc + 2. Then, (2.8) and Theorem 2.8, we get 
- «Iog« (l + ^|) ^o, fe + ^*, fc + , 2 £ (J) (-Ij'A.-w,.-, 

Therefore, by (2.15), we obtain the following corollary. 
Corollary 2.9. For n,k E Z + with n > k + 2, we have 

- Slog* (l + ^|) *0, fc + ^^ + , 2 t (J) ("IJ'A.-W,,- 

-«i;( n 7 fc )(-i)'A + M- 

Let d € N. We set 

X = X d = lim (Z/rfp w Z) , 

JV 

X* = II a + dpZp, 

< a < dp 
(a,p) = 1 
a + dp N 7L. p = {x e X | x = a (mod dp^)}, 

where oeZ lies in < a < dp N (see [1-13]). Let x be a primitive Dirichlct char- 
acter with conductor d € N. Then we define the generated (/-Bernoulli polynomial 
attached to y as follows; 

0n,x«(*)= I X{y)q u [x + y] n q d^{y). (2.16) 

Jx 
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In the special case, x — 0, /3 n ,x,q{®) = f3 n , x ,q wm be called the n-th generalized 
(/-Bernoulli numbers attached to \- From (2.16), we note that 



^dp 



f3n, x ,q( x )= / x(y)Q y [ x + y}y^ a (y) = Jim 



EXo x(v)q y [x + v]\ 



d-1 



JV- 



rip 



iY 



P "-i 



= ExWlnn^E^ 



a=0 



[C 



d 
d 



iV^oo d// 



.t + a + dy\. 



y=o 



d-i 1 v -l 



a=0 
d-1 



JV-»oo p J 






./'?/ 



a=0 
d-1 



y=o 

x + a 



x + a 



^X(«)«°^,," 



a=0 



d 

x + a 



d 



Therefore, by (2.16) and (2.17), we obtain the following theorem. 
Theorem 2.10. For d E N, and n € Z + , we have 

d-l 



[4 

d 



Pn, X ,q{ X ) = L ^T^X{a)q a f3n,q<i 



a=0 



x + a 



(2.17) 
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Abstract 

In this paper, a new g-analogue of modified Bessel function and its corresponding gen- 
erating function are given. Also, we used the generating function method to deduce its 
q— difference equation which gives us the differential equation of the ordinary modified 
Bessel function when q — ► 1 and we deduced its recurrence relation. Finally, we established 
the relation between the two-dimensional quantum algebra E q {2) and the new q— analogue 
of modified Bessel function using the realization of the standard Euclidean algebra in one 
real variable and q— exponentials. 

2010 Mathematics Subject Classification: 33D45, 81R50, 22E70. 

Key Words: q— exponential functions, q— Bessel functions, generating function, q— difference 

equation, recurrence relation, quantum algebra, irreducible representation, Lie algebra, Lie 

group. 

1 Introduction. 

The q— shifted factorials are defined by (a; q)o = 1, (a',q)k = rL= (l — °9 fe ) anc ^ ( a > l)°° = 
n^o(l — ac t)i where a and q be real numbers such that < q < 1 [5]. Exton [3] defines a family 
of q— exponential functions as 

00 Ara(n-l) 

-z n , 



n ™ 



E(X,z;q) = J2\ 

im^i El 
get the following formula 



where [n] q \ = A_ ^ and lim 9 _ + i E(\, (1 — q)z; q) = e z . If we put z = y^— and replace A by 2a, we 



x ga(2) 



^.«) = E^". to 



n=0 



^^Pcrmanent address: M. Mansour, Department of Mathematics, Faculty of Science, Mansoura University, 
Mansoura 35516, Egypt. 
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which satisfies the functional relation [1] 

Eq^x, a) = E q (q>yx, a) + 'jxE q (q a 'yx, a); 7 E R. 

In terms of the q— Jackson q— difference operator [7] 

it may be represented by 

1 
D q E q (~fx,a) = ——E q (q a -fx,a). (3) 

As special cases of the function E q (x, a), there are two important g-analogues of the exponential 
function given by: 

00 x n 

e ^) = E J^V ^ 

n=0 

and 

00 

* w =£Lv (5) 

In [6] the q— Bessel functions are defined by: 



(q,q\ 



OO (n\ „ 

y\2 ) T 



tW( ^ (g" +1 ;g)oo fxy ( 0,0 x 2 \ 



7 (2)/ n (g w+1 ;g)oo pr f - 1 g n+1 x 2 \ 



u+l 



{q n+1 ;q)oo fx\ n I g 2 X 



,2 



^ ^ i^T(i) -(*»+■ i^-^J- (8) 

where r (p s is the basic hypergeometric function [5] 

The two functions Jn (x; q) and J„ (x; q) are g— analogues of the ordinary Bessel function 
and the function J„ (x;q) is a g— analogue of the ordinary modified Bessel function. In the 
following, we are going to define a new q— analogue of ordinary modified Bessel function. 

A fundamental relationship between Lie groups and certain special functions is that special 
functions appear as basis vectors and matrix elements corresponding to local multiplier repre- 
sentations of Lie groups [9]. In analogy with the ordinary Lie theory, the new q— analogue of 
modified Bessel function is shown to arise as matrix elements of q— exponentials of the genera- 
tors in a representation of the two-dimensional quantum algebra E q (2). An expansion formula 
is algebraically derived using this model. 
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2 A g— analogue of modified Bessel function 
and its generating function. 

Definition 2.1. The q— Bessel function J„ (x; q) is defined by: 



3(n+l) 









which converges absolutely for all x. 

Lemma 2.2. The function Jn (x; q) is a q-analogue of the ordinary modified Bessel function. 

Proof. 

3k(k+n) (1 — q) 2k /x\ 2k 



lira J^ ((I -q)x;q) = linj <L«£ (|) B f; 
i-* 1 ff- 1 [^ {q,q)n V2/ ^ 



9 



(q n+1 ;q)k(q;q)k V2 



CO 



1 /£\ n \-^ 1 fx\ 2k 

Tj^UJ 2^( n + l) k (l) k \2 

x\ n ^. 1 /x^ 2k 



E 



2 ^ ^T(n + A; + l)r(A; + l) V2 
= 4 (x), 
where / n (x) is the ordinary modified Bessel function. D 

Lemma 2.3. If n is an integer then 

J { -l(x;q) = 4 4 \x; q ). (12) 

Proof. From the definition of the function J„ (x; q), we have 

OO 3fc(fc — n) 



fe=n 

which will take the following formula, for s = k — n 

OO 3s(s+n) 



qT"^ ' v (g ™ +fc+1 ;g) 00 fx\ 2k ~ n 

(q;q)oo(q;q)k 



7(4)/ \ _ v^ g 2 lg ;gJ°o f r 



q 2 (q s+1 ;q) 00 fx\ 2s + 



j(4)/ x . \ = V^ g 2 lg_j_gJoo / 

^ (q;q)oo(q;q) s +n \ 



(q;q)°o(q;q)s+n v2 

Then using the g— shifted factorials 

(q S+1 ;q)oo = (q n+s+1 ;q)oo(q s+1 ;q)n, 



(q;q) s +n = (q;q) s (q s+1 ;q) 



s+l. 

ni 
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we get 






(9; 9)00(9; 9)a ^ 2 

4 4) (^;9). 



D 

Lemma 2.4. TTie function J n (x;q) is an even (odd) function if the integer n is even (odd), 
since 

ji 4 \-x;q) = (-lTJi 4 \x;q). (13) 

The following theorem will give us the generating function of the function J n (x; q). 

Theorem 1. The function 

zs £/ze generating function of the function J n (x; q) with 

00 
g(x,t;q)= J2 q^J { n\x-A)t n . (15) 

n=— 00 

Proof. 

00 00 3 

n( nr t- n\ = \ \ — 

(?;?)r(g;g)* 






r=0 s=0 

Setting s = r — n in the last series, we get 



^ ^ g |[(5) + ( r 2 n )] + !(2r-n) 2r _ 



n _ ro ^ (Q,Q)r{q;q)r-n V27 



Then the coefficient of t n for n < is 



°^ g f[(2)+( r 2 n )] + !(2r-n) . XN 2r-n 

^ (q;q)r(q;q) r ~n V2 



;;,,- 



(x/2)" n ^ glK^-n) / x 2 



£ 



(9; 9)-™ ^ (9; q)r(q 1 n ] q)r \ 4 
where (q; q) r - n = (9; q)-n(q 1 ~ n ", q)r for n < 0. Then 

c n = q^J-lix; q) = q^J n * } {x; q). 
Similarly for n > 0. D 
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3 q— Difference equation of the function J„ (x;q). 

Now we will deduce the q— difference equation of the function Jn (x; q) by using the generating 
function method [2]. From equations (14) and (15), we get 

,_, ( q*xth 3\ ,_, I qixh 3\ v^ 3n 2 ,.•>. , „ , m . . . , 

M 2 '2JM 2T'2j = E ^ J « H*;?)* ; ^R-M' (i6) 

Keeping the g— difference operator D q of the last equation, we find 

q±h I q^xth 3\ / q*xh 3\ g^t/i I q^xth 3 

2(1 -g)£ 9 ( v ^ _ ' 2 J q y^T' 2 j + 2(1 -q) q [ ~1T ) 2 

(74371 3 \ \-^ ^ 



x^RT'i = £^4 4) (^K 



2t '2 
Using equation (16), we get 

3 1 3/w+l\ 1 n+1 3 1 3w(w-l) 3n 2 

— 2 ^_ -T — Ji%(q*xh;q) + _ J^l^xh-q) = —D q ji 4 \xh;q). 

Then 

iVl%M = ^^{^^(^ (17) 

Similarly, we can prove that 

Q ik Jj* 7 (4) ,„§„.,,. „^ , „^n + 2 j(4) 

2(1 -g) 
By using equations (17) and (18), we get 

q^JnliiVqxh- q) + J^xh; q) 

= q^ Jnliixh; q) + q^ J^y/qxh; q). (19) 

But 



D q jW(xh] q) = q ^_ [q Z ± Jnl^xh] q) + q ^ J^q^xh] q) 



E * Jl ' g)o V -i + D 



g^(f )n-l » g f (^n-D (g n + fc;g)oo ^ fc ^ ^^ 

(?;9)oo t-' (g;g)fc 



^^/x/lXn-l OO 3(fc + l)(fc + n) 

r(4) ^. ^ _ g 2 b^ V^ g 2 



,-e(^;,)-^^E 



(g;g)oo ^ (g;g)* 



3n - 

g^ { Jnli(xh; q) — J n (q*xh; q) } . 
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Then 



Equations (19) and (20) give the relation 



on 7 

q 2 xh t ( ! t, \ 



tW 



2 
—xh 



q 2 " Jn+i(Vq xh '> q) - J n+i( xh '^q) = -^-JnHq^^q) 



From equations (17) and (21), we get 



[l-q)x 

where 5J(x) = f(y/qx). 

If we define the operator M ng by 



3(l-n) ^j 5(n + l) 

D„ ~ 7^"V [q*8 q - 1] J^ixh- q) = ^-^ji%l xh ; q), 



2(1 -q) 



M 



n.q 



3(l-n) 



[l-q)x 



then equation (22) takes the formula 



5(ra+l) 

M n ^\xh-q) = J-^-jW( q l x h;q). 



Also, from equations (18) and (20) we get 

-3(l + u) 

If we define the operator N n>g by 



2(1 -q) 



5(l-n) 

Jn\xh',q) = 7 r 7 z rJ^l^xh^q). 



2(1 -q) 



N, 



n.q 



D q + 



-3(l + n) 

q 4 

(1 — q)x 



— 71 

q 2 S q - 1 



then equation (25) takes the formula 



5(l-n) 



(20) 



(21) 



(22) 



(23) 



(24) 



(25) 



(26) 



(27) 



2(1 -q) 

Now, by using the two operators M n ^ q and N n ^ q we can obtain the q— difference equation of the 
function J„ (x; q): 



M n _ hq N ntq 4 4 \xh;q) 



qih z 



4(1 -q) 2 
If we put h = 1 — q and take the limit as q — > 1, then we get 

Id ?i — 1\ /l d n 



which takes the formula 



j£\q*xh;q) 



2dx 2x )\2dx + Yx VW = ZVW 



x~ 



.2.// 



y"(x) + xy' — (n 2 + a: 2 ) y — 0, 



(28) 

(29) 
(30) 



which is the differential equation of the ordinary modified Bessel function. 
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4 The recurrence relations of the function J„ '(x\q). 

Lemma 4.1. 



4 4) (*; q) = - (i - O 4 4 i(<r 3/4 *; q) + 9 * 4 4 i(*; ?)■ 



(31) 



Proof. 



4 n (,-:,) = ^¥E 



gf (fc+n) 



_ (l _ n+1 + Q n+1 - o"+ fc - 1N ) 

fe9)n^(?;?Mf +1 ;?)w l 9 9 g j \J 



X 



2\ fc 



\ra+l 



oo 3k 



(fc+n+1) 



2 h _ q n + i} fo/2)'— y __q 

x (q;q)n+i f-f {q;q)k{q n+2 ;q)k 



2\ k 



( ( - 3 Y\ 



+ 9 



n+i (*/2) 



n+2 



E 



g f (fc+n) 



.?" 



V 

2\ fc-1 



(g;g)«+2 ^ (9;9)fc-i(9 n+3 ;9)fc-i V 4 

= 2 -{l-q n+l )J { :l{q- m ^q) 

5(n+l) (x/2) n+2 y^ 

(?; 9)n+2 ^ 

2 



(n+l) (x/2)"+ 2 ^ g f(fe+«+2) ^X* 



(?; q)n+2 f^ (9; q)k(q n+3 ; q)k \ 4 



X 



(1 - q n+1 ) 4?i(^ 3/4 x, a; g) + q*^ J%{x- ?). 



a 



Lemma 4.2. 27ie function J n (x; q) satisfies the relation 



2(1-0 [4 4 i(9- 3/4 ^9)-^4 4 i(^?)] = 9^ (l-g^)a;4 4 i(^9)-^ 2 4 4 i(^9). 

(32) 

By using equations (31) and (32), we get 

Lemma 4.3. The function J n (x; q) has the recurrence relation 

~2 



■J n 4) (x;q) 



which is the same recurrence relation of J n (x; q). 



x v y 2 



(3), 



4 4 i(*;g) + g ra+1/2 4 4 i(*;9), 



(33) 



(4), 



5 The quantum algebra approach to «/„ \x\q). 

The two-dimensional quantum algebra E q (2) is determined by its generators which obey the 
commutation relations 



[if, £+] = E + , [H, E_] = -E-, [E_,E + ] = 0. 



(34) 
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We consider irreducible representations (a;) of -Eg (2) characterized by the positive real number u. 
The spectrum of H corresponding to (u) is the set of integers Z and the complex representation 
space has basis vectors f m , m e Z such that 

E±f m — wf m+ i, Hf m = mf m , E + E_f m = u> f m , (35) 

where C = E + E_ is an invariant operator called Casimir operator. A simple realization of (u) 
is given by the operators 

H = z—, E + =uz, E_ = - (36) 

dz z 

acting on the space of all linear combinations of the functions z m , z a complex variable, m G Z, 

with basis vectors f m (z) = z m . 

In the ordinary Lie theory, matrix elements T sm of the complex motion group in the repre- 
sentation (a;) are typically defined by the expansions [4], [8], [9] 

oo 
e aE +e ^ e rH fm= £ T m (<*, P ,t) f,. (37) 

s=— oo 

The group multiplication property of the operators on the left-hand side of equation (37) leads 
to addition theorems for the matrix elements. 

We replace the usual exponential function mapping from the Lie algebra to the Lie group 
by the q— exponential mapping E q (x,3/2). For convenience in the computations to follow we 
shall limit ourselves to the case where r = 0. We employ the model (36) to define the following 
q— analog of matrix elements of (uj) 

00 

E q {aE + ,3/2)E q {(3E_,3/2)f m = ^ T sm {oc,f3)f s . (38) 

s=— oo 

Now 

w 3\ „ ,=, »i[e>+«>] 



E, (a*,,, I) E, ( A I) r = E J^L^W 



,r+t „,r fit ^m—t+r 

(a: a) J a: a)* 

r,t=0 

Setting s = m — t + r in the last series, we get 



E, (a.,, I) E, (A -) ,- = j^g ^_l-^ Vr ^, 
Then the coefficient of z s for m > s is 



§("7 S ) °° | r(r+m _ s _ 1) 



r=0 






r=0 



9 



3 /m-s\ 
2 V 2 J 



(q;q) m - s \ 0,q 



upT'mi , nm+ i \q;-q'^ m - s) u; 2 a(3). 



662 



M. Mansour, M. M. Al-Shomrani / New q-analogue of modified Bessel function 
Then 

T sm (a,P) = q2 2 (uP) m -' 0^2 n ~ +1 I 95 -q'^ m - s) u; 2 ap) , m > a. 

{q;q>m-s \ u >9 / 

77)- — 5 



a 



s - - f 1 1 



,»<->■ (j) ^(^v^), <*><**.>., 



where JA (x; g) = J_„(x; g). 
Also, 



3 /s — m\ 



2( s ~ rn \ / 

T sm (a,/3) = q2 2 (a;/?)-" oV^2 ( n ~ +1 | g; -q^ s - m) uJ 2 a(3 ) , , > ,„. 

{q;q) s - m \ 0,g 



■s - - //j 
"2" 



g^" m)2 (J) " i;:,!^^^^. n.iX): .s>m. 



The two cases can be combined into the single expression 



3/„ ™\2 / o; 



2 



T sm (a,/3) = gt( s - m ) 2 ^J " J^ m (2q^u;^;q), a(3 > (39) 

valid for all integers integral values of m, s. Then 

( y C s — m 

E q (auz, E q (b- z , l)z m = J2 ^ !( " m)2 (f) 2 jUL&l^uyfiP', Q) **, a(3 > 0; m e Z. 

(40) 



s=— oo 



In particular, for m = 0, a = (3 = g* and u — §, we get 



3 „ \ / 3 



which is the generating function of J s (x; g). 
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two relaxed cocoercive mappings and the set of common fixed points for a countable family of strict pseudo-contractions. 
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1. Introduction 

Variational inequalities are being used as a mathematical programming tool in modeling a wide 
class of obstacle, unilateral, free, moving, equilibrium problems arising in several branches of pure and 
applied sciences in a unified and general framework. Using the projection technique one can establish 
the equivalence between the variational inequalities and the fixed point problem. This equivalence has 
played an important role in developing several numerical techniques for solving variational inequalities 
and the related optimization problem. For the physical formulation, applications, numerical methods 
and other aspects of the variational inequalities, see [11, 21, 22, 23, 24, 25, 26] and the references therein. 
Related to the variational inequalities is the problem of finding the common fixed points of the strict 
pseudo-contractions, which is the subject of current interest in functional analysis. It is natural to unify 
these two problems and find the common elements of the set of the solution of variational inequality 
and the set of the common fixed points of the strict pseudo-contractions. 

Let £ be a real Banach space and Ue = {x G E : \\x\\ = 1}. A Banach space E is said to be 
uniformly convex if, for any e G (0, 2], there exists 8 > such that, for any x, y G Ue, 



y\\ > e implies 



y 



< l 



It is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach space E 
is said to be smooth if the limit 

lim lk + ^IMMI 

S->0 t 

exists for all x, y G Ue- It is also said to be uniformly smooth if the limit is attained uniformly for all 
x,y G Ue- The norm of E is said to be Frechct differentiable if, for any x G Ue, the above limit is 
attained uniformly for all y G Ue- The modulus of smoothness of E is defined by 

p (t) = sup{-(||a: + y\\ + \\x - y\\) - 1 : x,y e E, \\x\\ = 1, \\y\\ = r}, 
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Education, Ministry of Education, Thailand and Naresuan university. 
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where p : [0, oo) — ► [0, oo) is a function. It is known that E is uniformly smooth if and only if 
lim T ^o ^-^- = 0. Let q be a fixed real number with 1 < q < 2. A Banach space £7 is said to be 
g-uniformly smooth if there exists a constant c > such that p(r) < cr q for all r > 0. 

From [5], we know the following property: 

Let q be a real number with 1 < q < 2 and let E be a Banach space. Then E is g-uniformly smooth 
if and only if there exists a constant K > 1 such that 

||x + y|| 9 + ||x-y|| 9 <2(||x|| 9 +||Xy|H, Vx,y g E. 

The best constant K in the above inequality is called the ^-uniformly smoothness constant of E (see 
[5] for more details). 

Let E be a real Banach space and E* the dual space of E. Let (•, •) denote the pairing between E 
and E* . For g > 1, the generalized duality mapping J q : E — > 2 E is defined by 

J g (x) = {/ G £* : (x, /} = Ml 9 , ll/H = |Mr : }, Vx g is. 

In particular, J = J2 is called the normalized duality mapping. It is known that J q {x) = ||x|| 9-2 J(x) 
for all x <E E. If _E is a Hilbert space, then J = I (: the identity mapping). Note that 

(1) E is a uniformly smooth Banach space if and only if J is single- valued and uniformly continuous 
on any bounded subset of E. 

(2) All Hilbert spaces, LP (or l p ) spaces (p > 2) and the Sobolev spaces W^ (p > 2) are 2-uniformly 
smooth, while L p (or l p ) and W^ spaces (1 < p < 2) are p-uniformly smooth. 

(3) Typical examples of both uniformly convex and uniformly smooth Banach spaces are L p , 
where p > 1. More precisely, LP is min{p, 2}-uniformly smooth for any p > 1. 

Further, we have the following properties of the generalized duality mapping J q : 

(i) J q (x) = \\x\\ q - 2 J 2 (x) for all x E E with x ^ 0, 
(ii) Jg(te) = t q ~ 1 J q (x) for all x g E and £ g [0, 00), 
(iii) Jq(—x) = —J q (x) for all x <E E. 
It is known that if E is smooth, then J is single- valued, which is denoted by j . Recall that the duality 
mapping j is said to be weakly sequentially continuous if for each sequence {x n } C E with x n — ► x 
weakly, we have j(x n ) — ► j{x) weakly-*. We know that if E admits a weakly sequentially continuous 
duality mapping, then E is smooth. For the details, see [13]. 

Let C be a nonempty closed convex subset of a smooth Banach space E. Recall that the following 
definitions of a nonlinear mapping A : C — ► E. 

Definition 1.1. Let A : C — ► E be a mapping. 
(i) A is said to be accretive if 

(Ax-Ay,j(x-y)) >0 

for all x, y G C. 
(ii) A is said to be a-strongly accretive if there exists a constant a > such that 

(Ax - Ay,j(x - y)) > a\\x - y\\ 2 

for all x, y g C. 
(iii) A is said to be a-inverse-strongly accretive or a-cocoercive if there exists a constant a > 
such that 

(Ax - Ay,j(x - y)) > a\\Ax - Ayf 

for all x,y G C. 
(iv) A is said to be a-relaxed cocoercive if there exists a constant a > such that 

(Ax - Ay,j(x - y)) > -a\\Ax - Ay\\ 2 

for all x, y G C. 
(v) A is said to be (a, (3) -relaxed cocoercive if there exists positive constants a and (3 such that 

(Ax-Ay,j(x-y)} > {-a)\\Ax - Ay\\ 2 + 0\\x - y\\ 2 

for all x, y G C. 
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Remark 1.2. (1). Every a-strongly accretive mapping is an accretive mapping. 

(2). Every a-strongly accretive mapping is an (/3, a)-relaxed cocoercive mapping for any positive 
constant (3 but the converse is not true in general. Then the class of relaxed cocoercive operators is 
more general than the class of strongly accretive operators. 

(3). Evidently, the definition of the inverse-strongly accretive operator is based on that of the 
inverse-strongly monotone operator in real Hilbcrt spaces (see, for example, [6]). 

(4). The notion of the cocoercivity is applied in several directions, especially to solving variational 
inequality problems using the auxiliary problem principle and projection methods [35]. Several classes 
of relaxed cocoercive variational inequalities have been studied in [33, 34] . 

Let C be a nonempty closed and convex subset of a smooth Banach space E. We introduce the 
following system of general variational inequalities involving two different nonlinear mappings A, B : 
C — >E : 

Find (x*, y*) £ C x C such that 

( (\Ay*+x*-y*,j(x-x*))>0, Vx £ C, 
\ (^Bx*+y* - x *,j(x-y*)) > 0, Vx £ C, 

where A and /x are two positive real numbers. 

As special cases of the problem (1.1), we have the following: 

(i) If A = B, then the problem (1.1) is reduced to the following: 
Find (x*,y*) £ C x C such that 

f (\Ay*+x*-y*,j(x-x*))>0, Vx £ C, 
\ (nAx*+y*-x*,j(x-y*))>0, Vx £ C, 

where A and \x are two positive real numbers. This system of variational inequalities was 
considered and studied by Noor [22, 21] using the auxiliary principle technique, 
(ii) If A = /i = 1, then the problem (1.1) is reduced to the following: 
Find (x*,y*) £ C x C such that 

■y*,j(x-x*))>0, VxeC, 
■x*,j(x-y*))>0, Vx£C. 

This system of variational inequalities was considered and studied by Yao, Noor, Noor, Liou, 
and Yaqoob [39] . 
(hi) In real Hilbcrt spaces, the problem (1.1) is reduced to the following: 
Find (x*,y*) £ C x C such that 

f (\Ay*+x*-y*,X-x*)>0, VxeC, 

\ (lxBx*+y* -x*,x-y*) > 0, Vx £ C, '' 

where A and fj, are two positive real numbers. The system (1.4) is introduced and studied by 
Ceng, Wang and Yao [10]. To illustrate the applications of this system, Zhu and Marcotte 
[41] considered the problem of finding x* £ C such that 

(A(x*),x-x*) > 0,Vx £ E = C D {x £ H : B(x) < 0}, (1.5) 

where A is strongly monotone on E and B{x) = {/i(x), /2(x), . . . , / m (x)} is a constraint 
mapping explicitly defined by the convex, Lipschitz continuous and continuously diffcrentiable 
functions fi,i = 1,2, ... ,m. Assume that there exists xq £ C such that /j(xo) < 0,i = 
1, 2, . . . , m (Slaters constraint qualification). Then the variational inequality (1.5) is equivalent 
to the KuhnTuckcr-likc system 

f (A(x*) + (VB(x*))'y*,x -x*) >0, Vx £ C, 
\ (n-B(x*),y-y*)>0, Vy > 0, 

which is exactly the system of variational inequalities (1.4). 
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(iv) HA = B,\ = fj,= l, and x* = y* then the problem (1.1) is reduced to the following: 
Find x* G C such that 

(Ax*,j(x-x*)}>0, VxeC. (1.7) 

The problem (1.7) is very interesting as it is connected with the fixed point problem for nonlinear 
mappings, the problem of finding a zero point of an accretive operator and so on. For the problem 
of finding a zero point of an accretive operator by the proximal point algorithm, see Kamimura and 
Takahashi [16] and the references therein. In [2], Aoyama, Iiduka and Takahashi [2] first considered the 
such problem in Banach spaces. In order to find a solution of problem (1.7), they proved the following 
theorem which is generalized simultaneously theorems of [6] and [12]. 

Theorem AIT. Let E be a uniformly convex and 2-uniformly smooth Banach space and C a nonempty 
closed convex subset of E . Let Qc be a sunny nonexpansive retraction from E onto C, a > and A 
an a-inverse strongly-accretive operator of C into E with S(C, A) ^ 0, where 

S(C, A) = {x* G C : (Ax*, J(x - x*)) > 0, x G C}. 

If {A„} and [a„] are chosen such that A„ G [a, -S?] for some a > and a n G [6, c] for some b, c with 
< b < c < 1, then the sequence {x n } defined by the following manners: 

X\ = x G C, 

Un = Qc{x n - X»Ax n ), (1.8) 

x n +i = a n x n + (1 - a n )y n , n > 1, 

converges weakly to some element z of S(C,A), where K is the 2-uniformly smoothness constant of E. 

On the other hand, in [14], Hao obtained a strong convergence theorem for approximating the solu- 
tions of the generalized variational inequality problem (1.7) by using the following iterative algorithm: 

x\ — u € C, 

Vn = PnXn + (1 - Pn)Qc{I - \ n A)x n , (1.9) 

x n+ i = a n u + (1 - a n )y n , n > 1. 

where Qc is a sunny nonexpansive retraction from E onto C, {««}, {A n } and {/3 n } are appropriate real 
sequences in [0,1]. Very recently, motivated by Aoyama, Iiduka and Takahashi [2] and Hao [14], for 
solving the problem (1.3), Yao, Noor, Noor, Liou, and Yaqoob [39] established the equivalence between 
the system of variational inequalities (1.3) and a fixed point problem involving the nonexpansive map- 
ping. This alternative equivalent formulation is used to suggest and analyze a modified extragradicnt 
method. Using the demi-closedness principle for nonexpansive mappings, they obtained the following 
strong convergence theorem of the proposed iterative method under some suitable conditions. 

Theorem YNNLY-A. Let C be a nonempty closed convex subset of a real smooth Banach space E. 
Let Qc be the sunny nonexpansive retraction from E onto C. Let A,B:C — ► E be a-inverse-strongly 
accretive and (5-inverse-strongly accretive, respectively. Let G : C — ► C be a mapping defined by 

G(x) = Qc[Qc(x - Bx) - AQ c (x - Bx)]^x G C. (1.10) 

Then 

(ij.[39, Lemma 3.2] If E is real 2-uniformly smooth Banach space, a > K 2 and (3 > K 2 , then G is 

nonexpansive. 

(ii). [39, Lemma 3.3] For given x* , y* G C, (#*, y*) is a solution of the problem (1.3) if and only if x* 

is a fixed point the mapping G : C — ► C defined by (1.10), where y* — Qc(x* — Bx*). 

Theorem YNNLY-B [39, Theorem 3.1]. Let C be a nonempty closed convex subset of a uniformly 
convex and 2-uniformly smooth Banach space E which admits a weakly sequentially continuous duality 
mapping and the smooth constant K . Let Qc be the sunny nonexpansive retraction from E onto C . 
Let A, B : C — ► E be a-inverse-strongly accretive with a > K 2 and ft -inverse- strongly accretive with 
(3 > K 2 , respectively. Suppose the set of fixed point Q, of the mapping G : C — ► C defined by (1.10) 
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is nonempty. For fixed u s C , let the sequence {x n } be generated iteratively by 

X\ G C, chosen arbitrary, 

Un = Qc(Xn - Bx n ), 

Zn = QciVn - Ay n ), 

x n+ i = a n u + /3 n x n + 7„z n , n > 1, 

where the real sequences {a n }, {f3 n }, and {j n } C (0, 1) satisfy the following conditions: 
(i) a n + (3 n + 7„ = 1, Vn > 1; 
(ii) lim„ — .oo a„ = 0, S^Li a n = +°o; 
(iii) < liminf n — >00 /?„ < limsup„ >00 /3„ < 1. 

TTien {x n } defined by (1.11) converges strongly to Qnu, where Qq is the sunny nonexpansive retraction 
of C onto fl . 

All of the above bring us the following conjectures?. 

Question 

(i) Could we weaken the condition uniformly convex on Banach spaces?. 

(ii) Could we remove the control condition "weakly sequentially continuous" on the duality mapping 
in Theorem YNNLY-B?. 

(iii) Could we construct an iterative algorithm to approximate a common element of the set of 
solutions of general variational inequalities (1.1) for two relaxed cocoercive mappings and the set of 
common fixed points of a countable family of strict pseudo-contractions in Banach spaces?. 

In this paper, motivated by Aoyama, Iiduka and Takahashi [2], Hao [14], and Yao, Noor, Noor, Liou, 
and Yaqoob [39] , we introduce a new system of general variational inequalities in Banach spaces. We 
establish the equivalence between the system of variational inequalities (1.1) for two relaxed cocoercive 
mappings and fixed point problems involving a nonexpansive mapping. This alternative equivalent 
formulation is used to suggest and analyze a new iterative approximation method for solving the 
system of general variational inequalities for two relaxed cocoercive mappings and fixed point problems 
for a countable family of strict pseudo-contractions. The strong convergence theorems of the proposed 
iterative method are obtained without the control condition "weakly sequentially continuous" of the 
duality mapping on Banach spaces. The results presented in the paper improve some recent results of 
Aoyama, Iiduka and Takahashi [2], Hao [14], and Yao, Noor, Noor, Liou, and Yaqoob [39]. 

2. Preliminaries 
Now we collect some useful lemmas for proving the convergence results. 
Lemma 2.1. [1, Lemma 2.3] Let {a n } be a sequence of nonnegative real numbers satisfying the property: 

a n +i < (1 - a n )a n + a n c n + b ni Vn > 0, 
where {a n }, {b n }, {c„} satisfy the restrictions: 

oc oc 

y a n = oo; \ b n < oo; and limsupc„ < 0. 

n— n— 

Then liviin^oc a n = 0. 

Lemma 2.2. ([30]) Let {x n } and {y n } be bounded sequences in a Banach space E and {/3 n } a sequence 
in [0, 1] with < liminfn^oo /?„ < limsup^^^ f3 n < 1. Suppose that x n+ i = (1 — (3 n )y n + (3 n x n for all 
n > and 

limsup(||j/ n+ i - y n \\ - \\x n+1 - x n \\) < 0. 

n — >oo 

Then lim^oo \\y n - x n \\ = 0. 

A mapping T : C — ► C is said to be e-strictly pseudo-contractive, if there exists a constant e £ [0, 1) 
such that 

\\Tx-Ty\\ 2 < \\x-y\\ 2 +e\\(I-T)x-(I-T)y\\ 2 , \Jx,yeC. 
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Note that the class of e-strictly pseudo-contractive mappings strictly includes the class of nonexpansivc 
mappings which are mappings T on C such that 

\\Tx-Ty\\ < \\x-y\\, 

for all x,y G C. That is, T is nonexpansive if and only if T is 0-strict pseudo-contractive. We denote 
by F(T) := {x e C : Tx = x} the set of fixed points of T. 

Definition 2.3. A countable family of mapping {T n : C — > C}°^i is called a family of uniformly 
s-strict pseudo- contractions, if there exists a constant e G [0, 1) such that 

\\T n x-T n y\\ 2 <\\x-y\\ 2 + s\\(I-T n )x-(I-T n )y\\ 2 , Vx,yeC, Vn > 1. 

Lemma 2.4. ([9]) Let E be a strictly convex Banach space. Let T\ and T^ be two nonexpansive 
mappings from E into itself with a common fixed point. Define a mapping S by 

Sx = \T lX + (1 - X)T 2 x, Vx G E, 

where X is a constant in (0, 1). Then S is nonexpansive and F(S) — F(Ti) (~l F{T2). 

Lemma 2.5. ([40]) Let E be a real 2-uniformly smooth Banach space and T : E — > E a e-strict 
pseudo- contraction. Then S := (1 — e/K 2 )I + e/K 2 T is nonexpansive and F(T) = F(S). 

Lemma 2.6. ([37]) Let E be a real 2-uniformly smooth Banach space with the best smooth constant 
K . Then the following inequality holds: 

\\x + Jjf < |M| 2 + 2{y,jx) + 2\\Ky\\ 2 , Vx, y e E. 

Let D be a nonempty subset of C . A mapping Q : C — ► D is said to be sunny if 

Q(Qx + t(x - Qxj) = Qx, 

whenever Qx + t(x — Qx) G C for x G C and t = 0. A mapping Q : C — ► D is called a retraction if 
Qx = x for all x G D. Furthermore, Q is a sunny nonexpansive retraction from C onto D if Q is a 
retraction from C onto D which is also sunny and nonexpansive. A subset D of C is called a sunny 
nonexpansive retraction of C if there exists a sunny nonexpansive retraction from C onto D. The 
following lemma concerns the sunny nonex- pansive retraction. 

Lemma 2.7. ([28, 8]) Let C be a closed convex subset of a smooth Banach space E. Let D be a 
nonempty subset of C and Q : C — ► D be a retraction. Then Q is sunny and nonexpansive if and only 
if 

(u-Qu,j(y-Qu))<0 

for all u G C and y G D. 

Definition 2.8. Let {S n } be a family of mappings from a subset C of Banach space E into E with 
CX^ =1 F(S n ) ^ 0. We say that {S n } satisfies the PCX-condition if for each bounded subset D of C, there 
exists a continuous increasing and convex function h : R + — ► M + such that 

h(0) = 0and lim sup h(\\S k z - Siz\\) = 0. (2.1) 

k,l »OO z£ £) 

Remark 2.9. The example of a sequence of mappings satisfying PC/-condition is supported by Example 
3.5. 

Lemma 2.10. [27, Lemma 3.1] Suppose that there exists a continuous increasing function h : R + — ► 

M. + satisfying (2.1). Then 

(i). For each x G C, {S n x} is a convergent sequence in C . 

(ii). Let the mapping S : C — ► C be defined by 

Sx = lim S n x, for all x G C. (2-2) 

n >oo 

Then lim„ >00 swp zeD h(\\Sz — S n z\\) = for each bounded subset D of C. 

Remark 2.11. If {S n } satisfies the P£/-condition, then the facts (i) and (ii) in Lemma 2.10 hold. 
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Lemma 2.12. [15, Lemma 3.2] Let C be a nonempty closed convex subset of a real 2-uniformly smooth 
Banach space E with the smooth constant K. Let A : C — ► E be a L A-Lipchitzian and relaxed 
(c,d)-cocoercive mapping. Then 

\\(I - XA)x - (I - \A)y\\ 2 < (l + 2XcL 2 A -2\d + 2\ 2 K 2 L 2 A )\\x-y\\ 2 . (2.3) 

If A < K 2 T 'f , then I — \A is nonexpansive. 

3. Main Results 
In this section, we state and prove our main results. 

Lemma 3.1. Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space 
E with the smooth constant K . Let Qc be the sunny nonexpansive retraction from E onto C . Let 
A : C — ► E be a L A-Lipchitzian and relaxed (c, d)-cocoercive mapping and B : C — ► H a Lq- 

Lipchitzian and relaxed (d , d')-cocoercive mapping, where X < „ 2 . a A and fi < K iji B ■ Define the 
mapping G by 

G(x) = Qc[Qc(x - nBx) - \AQc(x - iiBx)],Vx € C. (3.1) 

Then G is nonexpansive. 

Proof. From Lemma 2.12, we deduce that I — XA, I — \xB and Qc are nonexpansive mappings. Then, 
for any x, y G C, we obtain 

\\G(x) - G(y)\\ 2 = \\Qc[Qc(x - iiBx) - XAQ c (x - fxBx)] - Qc[Qc(v - l+By) - XAQ c (y - ^By)}\\ 2 

< \\(I- XA)Q C (I - nB)x -{I- XA)Q C (I - ^B)y\\ 2 

< \\x-y\\ 2 . 

Hence G is nonexpansive on C. □ 

Lemma 3.2. Let C be a nonempty closed convex subset of a real smooth Banach space E. Let Qc 
be the sunny nonexpansive retraction from E onto C. For given x*,y* g C, (x*,y*) is a solution of 
the problem (1.1) if and only if x* is a fixed point the mapping G : C — ► C defined by (3.1), where 
y* = Qc(x* — fiBx*), A, p, are positive constants and A, B : C — ► H are possibly nonlinear mappings. 

Proof. We can rewrite the problem (1.1) as 

f (x* - (y* - XAy*),j(x - x*)) > 0, Vx e C, 

\ (y*-(x* -fiBx*),j(x-y*)) >0, VieC. ' ' 

Applying Lemma 2.7, we can deduce that (3.2) is equivalent to 

x * = Qc(y* - ^Ay*) and y* = Qc(x* - fxBx*), 
which is equivalent to 

x* = Qc(Qc(x* - nBx*) - XAQ c (x* - nBx*)). 
Hence x* is a fixed point the mapping G defined by (3.1). This completes the proof. □ 

Throughout this paper, the set of fixed points of the mapping G is denoted by GVI(A, B, C). 

Theorem 3.3. Let C be a nonempty closed convex subset of a strictly convex and 2-uniformly smooth 
Banach space E with the smooth constant K . Let Qc be the sunny nonexpansive retraction from E 

onto C . Let A : C — ► E be a L A-Lipchitzian and relaxed (c, d)-cocoercive mapping and B : C ► H 

a LB-Lipchitzian and relaxed (d , d')-cocoercive mapping. Let \T n : C — ► C}£i be a countable family 
of uniformly e-strict pseudo-contractions such that Vt := H^L 1 F(T Il ) n GVI(A,B,C) ^ 0. Define a 
mapping S n : C ► C by 

£ £ 

S n x = (1 k)x -\ T;T n x for all x <E C and n > 1. 

K 2 K 2 

Let the sequence {x n } be generated iteratively by 

X\ — u G C, chosen arbitrary, 

y n = Qc(x n - fjBx n ), 
Zn = Qc(y n - \Ay n ), 
X n +i = a n u + (3 n x n + j n [i>SnX n + (1 - v)z n ], n>l, 
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where v G (0, 1), A G (0, „ 2 . a x ) and fi G (0, K2j i B ) and the real sequences {a n } 7 {/3 n } 7 and {"/ n } C 
(0,1) satisfy the following conditions: 

(Dl) a n +/3 n + 7„ = l; 

(D2) lim„ — .oo a„ = 0, S^Li a " = + 00 .-' 

(D3) < liminf„ — >00 j3 n < limsup„ >00 f3 n < 1. 

Suppose that {S n } satisfies the PXJ -condition. Let the mapping S : C — > C be defined by (2.2) and 
suppose that F(S) — n^L 1 F(S n ). Then {x n } defined by (3.3) converges strongly to Qnu, where Qq is 
the sunny nonexpansive retraction of C onto tt. 

Proof. Take x* G fl. Then 

x* = Qc[Qc{x* - txBx*) - XAQc(x* - ftBx*)]. 

Putting y* = Pc(x* — jiBx*), we have x* — Qc(y* — f-Ay*). From nonexpansivity of Qc, I — XA and 
I — /iB, we have 



= 


\\Qc(Vn - ^Ay n ) - 


Qciy*- 


-XAy* 


< 


\\{I - \A)y n - (I - 


-M)y*\\ 




< 


hn-y*\\ 






= 


\\Qc(x» - fiBXn) " 


- Qc(x* 


— fxBx 


< 


\\(I - nB)x n - (I ■ 


-nB)x*\ 




< 


\\x n -x*\\. 







(3-4) 



For each n G N, set 



(3.5) 



t n = uS n x n + (1 - v)z n . 

It follows from Lemma 2.5 that S n is a nonexpansive mapping such that F(S n ) — F(T n ) for all n > 1 
and hence D^ =1 F(S n ) = C\^ =l F{T n ). Hence 

||£ n -x*|| = \\vS n x n + (1 - v)z n - x*\\ 

< u\\S n x n -x*\\ + (l-u)\\z n -x*\\ 

< ||a?n -»* li- 
lt follows that 

||x n+ i-x*|| = \\a n u + /3 n x n +~/ n t n - x*\\ 

< a„||w-x*|| + /3„||x„ -x*|| + 7n||*n - x*|| 

< a„||w- a;* || + (1 - a n )||x n - x*|| 

< max{||w — x*\\, \\x n — x*||}. 

It follows from the simple induction that ||x„ — x* \\ < max{||u — x*||, ||xi — x*||} for all n > 1 
{x n } is bounded. Hence {y n }, {z n } and {t n } are also bounded. We observe that 



(3.6) 
Therefore, 



\z n +i — z n \\ — 
< 

< 

< 
< 



\\Qc{yn+i - XAy n+ i) - Qc(y n - \Ay n ) 
\\(y n +i - AAy„ + i) - (y n - XAy n )\\ 
\\y n +i -Vn\\ 

||Qc(x„+i - juBa;„+i) - Qc(x n - nBx v 
||(x„ + i - ptBx n+ \) - (x„ - fiBx n )\\ 
||x„+i -x„||. 



(3.7) 



It follows from (3.7) that 



|*n+l _ *n|| = \\vS n+ iX n+ i + (1 - v)z n+ i - (vS n X n + (1 - f)z n )\\ 

= \\vS n+ ix n+ i - vS n+ ix n + (1 - v)z n +i + vS n+ ix n - vS n x n - (1 - 

< v\\S n +lX n +l - -Sn+lXnH + (1 - ^)||«„+1 - Z n \\ + u\\S n+ lX n - S n X n 

< v\\x n+ i - x„\\ + (1 - ^)||x„+i - X„|| + VUJ n 
= \\x n+ i - X n \\ + UU)„, 



v)z n \\ 



(3.8) 
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where u> n = \\S n +ix n — S n x n \\. Next, we will prove that lim„ >00 oj n = 0. Indeed, Since {x n } is 

bounded, there exists a bounded subset D of C such that {x n } C D. We observe that 

Since {S n } satisfies PU-condition, then there exists an increasing, continuous and convex function 
h:R+ — >R+ satisfying (2.1). Then 

h{-u>„) < -h(\\S„ + ix n - Sx„\\) + -h(\\Sx„ - S n x n \\) 



- sup h(\\S n +iz - Sz\\) + - sup h(\\S n z - Sz\ 

* z£D * zeD 



(3.9) 



Applying Lemma 2.10 to the above inequality, we obtain that 

lim h(-uj n ) = 0. 

n >oo 2 



The properties of the function h implies that 

Putting 
one sees that 



lim u) n = 0. 

n >oo 



^n+1 ^7i 



x n+ i = (1 - /3 n )e„ + /3 n x n , Vn > 1, 
a n +\u + 7„+ii n+ i a n u + ^ n t n 



(3.10) 
(3.11) 



1 — Pra+1 
(Xn+1 OC r , 



l~0n 



7n+l 
1 .-/3„+l 1-/W "~ 1-A.+1 

7«+l 7n 



(in+1 — in) 



Combining (3.11) and (3.12), we have 
||e n +i - e n || - ||x„+i -x n \\ < 



1 — Pn+1 1 — Pr\ 



a n +i 



t, 



(3.12) 



I — Pn+1 1 — Pn 

7n+l 7n 



Ml 



ln+l 



X n +1 - X„\\ +VLO n ) 



< 



l - p n+1 i - A 



1 — Pn+1 1 — Pn 

It follows from the conditions (D2), (D3) and (3.10) that 

limsup(||e„+i - e„|| - ||ar n+ i - ar n ||) < 0. 



1 — Pn+1 

tn\\ l'^n+1 X 



u\\ + \\t n \\) + - — ^ vx„ 



1-/3™ 



+i 



(3.13) 



Hence, from Lemma 2.2, it follows that 



lim || e„ -x„|| = 0. 

n— »oo 



(3.14) 



From (3.11), it follows that 

\\x n+ i -x„\\ = (l- /3„)\\e„ -x n \\. 
Using (3.14) and the condition (D3), one sees that 

lim \\x n+ i -x n \\ = 0. (3.15) 

n — >oo 

On the other hand, one has 

x„+i - x n = a n (u - t„) + (1 - J n )(t n - x n ). 
It follows that 

(1 - 7n)||*n - Xn\\ < \\x n +l ~ X n \\ + a n \\u - t n \\. 

From the conditions < liminf n >oc j n < limsup rl >00 7n < 1, lim„ >00 a n = and (3.15), one sees 

that 



lim \\t n -x n \\ = 0. 



(3.16) 
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Next, we prove that 

limsup(u - Qnu,j(x n - Qqu)) < 0, 

n >oo 

where Qn is the sunny nonexpansive retraction from E onto CI. Define a mapping W n by 

W n y = vS n y + (f - v)Q c [{I - XA)Q C (I - J*£)y], Vy G C, Vn > 1. 
In view of Lemma 3.1 and Lemma 2.4, we see that W n is a nonexpansive mapping satisfying 

F(W n ) = F(S n ) n F(Q C [(I - XA)Q C (I - nB)y]) = F(S n ) n F(G). (3.17) 

This implies that 

n~ iF(W n ) - n~ it^Sn) nF(G)] = (n» =1 F(5 n ))nf(G) = F(5)nf(G). 

From (3.16), it follows that 

lim \\W n x n -x n \\ =0. (3.18) 

n— »oo 

On the other hand, since {S n } satisfies the PU-condition, we have 

lim sup h(\\W k y - Wiy\\) = lim sup h{v\\S k y - Siy\\) = 0. 

k,l >00 yCD k,l >00 y££) 

In virtue of Lemma 2.10, we obtain that {W n y} is a convergent sequence for all y G C. So, let I4 7 be 
a mapping from C into itself defined by 

Wy = lim W n y, for all y G C. (3.19) 

n >oo 

Using Lemma 2.10, we have 

lim suph(\\Wy-W n y\\) = 0. (3.20) 

n >°o yeD 

Since 

VKy = lim W n y= Urn [i/S n j, + (1 - v)Q c [{I - \A)Q C (I - iiB)y\] = vSy + (1 - v)Gy. 

n ► oo n > oo 

The noncxpansivity of S and G and Lemma 2.4 imply that W is nonexpansive such that 

F{W) = F(S) n f(g) = n~ =1 F(w„) = n. 

Next, we observe that 

M;jl|W*r,-3nll) < ^(||Wa; n -W n a ;n ||) + i/ i (||W„x„-x„||) < sup MIIWy-W^yllH/iGW^-xJ). 

Applying (3.20) and (3.18) to the last inequality, we have 

lim h(h\Wx n - x n \\) = 0. (3.21) 

n — >oo Z 

It follows from the properties of h that 

lim \\Wx n -x n \\ =0. (3.22) 

n — >oo 

Let Qn be the sunny nonexpansive retraction of C onto fl. Now we show that 

limsup(u - Qau,j(x n - Qnu)) < 0. (3.23) 

n — >oo 

Let Ut be the fixed point of the contraction z h^ tu + (1 — t)Wz, where t G (0, 1). That is, 

ut = tu+ (1 -t)Wu t . 

It follows that 

IK - x n\\ = ||(1 -i)(Wu t -x n ) + t(u-x n )\\. 
On the other hand, we have 

IK - x n f < (1 - t) 2 ||VKM 4 - .x„|| 2 + 2t(u - x n ,j(u t - x n )) 
<(l-2t + t 2 )\\u t -x n \\ 2 + f n (t) 
+ 2t(u - u t ,j(u t - x n )) + 2t\\u t - x n \\ 2 , 

where 

fn(t) = {2\\u t -x n \\ + \\x n -Wx n \\)\\x n -Wx n \\ -►() asn^O. (3.24) 
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It follows that 

(U t - U,j(u t - X„)) < -\\u t - X n \\ 2 + ^.fn(t)- 

In view of (3.24), we arrive at 

limsup(u t - u, j(u t - x n )) < iM, (3.25) 

n — >oo ^ 

where M > is an appropriate constant such that M > \\u t — x n \\ 2 for all t S (0, 1) and n > 1. Letting 
t — > in (3.25), we have 

limsuplimsup(u t — u,j(u t — x n )) < 0. 

t — >0 n — >oo 

So, for any £ > 0, there exists a positive number 5\ with t s (0, <5i) such that 

limsup(w t - u, j(ut - x n )) < -. (3.26) 

n — >oo ^ 

On the other hand, we see that Qf(w) u = lim t _>o w* an d -F(W0 = 0- It follows that ut — > Qqu as 
t — ► 0. This implies that there exists <52 > 0, for £ S (0, #2), such that 

|(u - Qau,j(x„ - Qau)) - (u t - u,j(u t - x n ))\ 

< \(u - Qau,j(x n - Qau)) - (u - Qau,j(x n - u t ))\ 
+ \(u - Qau,j(x n - u t )) - (u t - u,j(u t - x n ))\ 

< \{u- Qau,j(x„ - Qau) -j{x n -u t ))\ + \{u t - Qau,j(x n -u t ))\ 

< \\u- Qau\\\\j(x„ - Qau) - j(x n - u t )\\ + \\u t - Qau\\\\x n - u t \\ 

4 

Choosing 6 = min{(5i, 62}, it follows that, for each t G (0, 6), 

(u - Qau,j(x n - Qqu)) < (u t - u,j(u t - x„)) + -, 
which implies that 

limsup(w - Qau,j(x n - Qqu)) < limsup(u t - u, j(u t - x n )) + -. 

n — >oo n — >oo ^ 

It follows from (3.26) that 

limsup(w - Qau,j(x n - Qau)) < £. 

n — >oo 

Since £ is chosen arbitrarily, we have 

limsup(u - Qau,j(x n - Qau)) < 0. (3.27) 

n — >oo 

Finally, we have 

\\x n +i - Qnu\\ 2 = (a„u + f3 n x n + j n t n - Qau,j(x n - Qau)) 

= a n (u - Qau,j(x n+ i - Qau)) + /3 n (x„ - Qau,j(x n+ i - Qau)) 
+ jn(z n - Qau,j(x n+ i - Qau)) 

< ^/3 n {\\x n - Qau\\ 2 + \\x n+ i - Qau\\ 2 ) 
+ a n (u- Qau,j(x n+ i - Qau)) 

+ ^Jn(\\tn - Qnu\\ 2 + \\x n+ i - Qau\\ 2 ) 

< t^ 1 ~~ a n){\\x n - Qau\\ 2 + \\x n+ i - Qnu\\ 2 ) 

+ a„(u-Qau,j(x n+ i-Qau)), (3.28) 

which implies that 

\\x n+ i - Qnu\\ 2 < (1 - a n )\\x n - Qnu\\ 2 + 2a n {u - Qau,j(x n+ i - Qau)). (3.29) 

Applying Lemma 2.1 and (3.27) to the inequality (3.29), we conclude that {x n } converges strongly to 
Qau. This completes the proof. 
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□ 

Remark 3.4. Theorem 3.3 mainly improves of [39, Theorem 3.1] in the following respects: 

(a) From a uniformly convex Banach space to a strictly convex Banach space. 

(b) From the class of invcrse-strongly accretive mappings to the class of Lipchitzian and relaxed 
cocoercive mappings. 

(c) We can remove the property weakly sequentially continuous on the duality mapping. 

The following is an example of a sequence {T n } of nonexpansive mappings satisfying the PU- 
condition. 

Example 3.5. Let C be a closed convex subset of a smooth Banach space E. Suppose that {Sk} is a 
sequence of nonexpansive mappings of E into inself with a common fixed point. For each n £ N, define 
T„:C^C by 



T n x = Y,faS k x, Vx££, 



E< 

fe=i 

where {/3^} is a family of nonnegative numbers with indices n, k £ N with k < n such that 

ok 



(i) ELi ft = 1 fOT a11 n e N; 

(ii) lim„ ,00 /3* > for every k £ N; 

Oii)£~i£Lil/&n-/£l<oo. 
It follows from [1, Theorem 4.1], we have 

(1) Each T n is a nonexpansive mapping. 

(2) For any bounded subset D of E, 



^ sup{||T„ + iz - T n z\\ : z £ B} < oo. 



Using [27, Remark 3.2], we obtain that 

lim sup h(\\T k z-Tiz\\) = 

k,l >oo zeD 

for any continuous increasing and convex function h : R + — ► M + such that /i(0) = 0. Hence {T n } 
satisfies the PU-condition. 

Acknowledgements. The first author was partially supported by the Centre of Excellence in Math- 
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Abstract. The existence of best proximity points for cyclical type contraction mappings is proved in the category 
of partial metric spaces. The concept of 0— boundedly compact is introduced and used in the cyclical decomposi- 
tion. Some possible generalizations to the main results are discussed. Further, illustrative examples are given to 
demonstrate the effectiveness of our results. 

Keywords. Partial metric space; Best proximity point; Cyclic mapping; Banach contraction principle; Boundedly 
compact set; 0— Compact set; </)—Cyclical contraction. 

1 Introduction and Preliminaries 

In [1], Petrusel proved some periodic point results for cyclic contraction maps. Later on in [2], 
some results were established on best proximity points of cyclic contraction maps. Indeed, the 
authors raised a question about the existence of a best proximity point for a cyclic contraction 
map on a reflexive Banach space. In [3], an affirmative answer to this question was provided. 
Specifically some results on the existence and convergence of best proximity points of cyclic 
contraction maps defined on reflexive Banach spaces were presented. Moreover, the authors 
introduced the notion of cyclic ^—contraction maps. It is worth mentioning that all the above 
results were proved under the category of metric spaces; see [4] for more details. 

The notion of partial metric space was first introduced in [5]. In particular, the author defined 
the partial metric space and proved its version of Banach fixed point theorem. After then, some 
generalizations of this result were proved in [6, 7, 8, 9, 10, 11, 12, 13, 14]. Following this trend, this 
paper carries out the investigation and prove the existence of best proximity points for cyclical 
type contraction mappings in partial metric space. 

Before proceeding to the main results, we recall some definitions and properties in the frame- 
work of partial metric spaces. 

A partial metric space (PMS) is a pair (X,p : X x X — ► R + ) (where K + denotes the set of 
all non negative real numbers) such that 

(PI) p(x, y) = p(y, x) (symmetry); 

(P2) If < p{x 1 x) — p(x, y) — p(y, y) then x = y (equality); 

(P3) p(x, x) < p(x, y) (small self-distances); 

(P4) p(x, z) + p(y, y) < p(x, y) + p(y, z) (triangularity); 

for all x, y, z e X. 

For a partial metric p on X, the function p s : X x X — > M. + given by 

P s {x, y) = 2p(x, y) - p(x, x) - p(y, y) (1) 



1 Corresponding Author E-Mail Address: jalzabut@psu.edu. sa 
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is a (usual) metric on X. Each partial metric p on X generates a To topology r p on X with a 
base of the family of open p— balls {B p (x, e) : x G X, e > 0}, where B p (x, e) — {y G X : p(x, y) < 
p(x, x) + e} for all x G X and s > 0. 

Definition 1. [5] 

(i) A sequence {x n } in a PMS (X,p) converges to x G X if and only ifp(x, x) = linin^oo p(x, i„). 

(ii) A sequence {x n } in a PMS (X,p) is called a Cauchy if and only if lim rl]m _ >00 p(x rl , x m ) 
exists (and finite). 

(Hi) A PMS (X,p) is said to be complete if every Cauchy sequence {x„} in X converges, with 
respect to r p , to a point x G X such that p(x,x) = lim„ m ^ 00 p(x„, x m ). 

(iv) A mapping f : X — ► X is said to be continuous at xq £ X if for every e > there exists 
S > such that f(B p (xo,6)) C B p (f(x ) 7 e). 

Lemma 1. [5] 

(ol) A sequence {x n } is Cauchy in a PMS (X,p) if and only if {x n } is Cauchy in a metric space 
(X, P S ). 

(a2) A PMS (X,p) is complete if and only if the metric space (X,p s ) is complete. Moreover, 

lim p s (x,x n ) = <^p(x,x) = limp(x,x„)= lim p(x n ,x m ). (2) 



n,ra^oo 



Lemma 2. Let (X,p) be a partial metric space and T : X — > X be a continuous self-mapping. 
Assume {x n } <G X such that x n — > z as n — > CO. Then 

lim p(Tx n ,Tz) = p(Tz,Tz). 

n — *oo 

Proof. Let e > be given. Since T is continuous at z find (5 > such that T(B p (z,S)) C 
B p (Tz,e). Since x„ — > z then lim„^ 00 p(x„, z) = p(z, z) and hence find no £ N such that 
p( z i z ) < p{x n ,z) < p(z,z) + (5 for all n > no- That is, x„ G B p (z,8) for all n > hq. Thus 
T(x n ) G B p (Tz,e) and so p(Tz,Tz)) < p(Tx n ,Tz) < p(Tz,Tz) + e for all n > no. This shows 
our claim. □ 

A sequence {x„} is called 0— Cauchy if lim„ l] „^ 00 p(x„,x m ) = 0. The partial metric space 
(X,p) is called 0-complcte if every 0-Cauchy sequence in x converges to a point x G X with 
respect to p and p(x,x) = 0. Clearly, every complete partial metric space is 0-complcte. The 
converse need not be true; see [14] for more details. 

Example 1. Let X — <Q> n [0, oo) with the partial metric p(x, y) = max{x, y} where Q is the set 
of rational numbers. Then (X,p) is a 0-complete partial metric space which is not complete. 

The following theorem is the core of the extensions to the partial metric space case. 
Theorem 1. [5, 14] Let(X,p) be a 0— complete partial metric space and f : X — > X be such that 

P(f( x ),f(y)) < ®P( X , V) V x, y G Xand a G [0, 1). 
Then there exists a unique u G X such that u = f(u) and p(u, u) = 0. 

Let p p = inf{p(x, y) : x, y G X} and define X p = {x G X : p(x, x) = p p }. 
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Theorem 2. [15] Let (X,p) be a complete metric space, a £ [0,1) and T : X — ► X be a given 
mapping. Suppose that for each ijEl the following condition holds 

p(x,y) < max{ap(x,y),p(x,x),p(y,y)}. 

Then 

(1) the set X p is nonempty; 

(2) there is a unique u £ X p such that Tu = u; 

(3) for each x £ X p the sequence {T n x} n >i converges to u with respect to the metric p s . 

Definition 2. Let A and B be two nonempty closed subsets of a partial metric space (X,p) such 
that X = A U B. A mapping T : X —* X is called cyclical contraction if it satisfies 

(CI) T(A) C B and T(B) C A; 

(C2) 3 < a < 1 : p(Tx, Ty) < ap(x, y) + (1 - a)p(A, B), V x £ A and V y £ B, where 

p(A, B) = mf {p(x, y):x£A, y £ B}. 

A point x £ X = AU B is called a best proximity point of T if p{x, Tx) = p(A, B) . 

The proof of the following lemma can be easily achieved by using the partial metric topology. 

Lemma 3. A subset A of a partial metric space is closed if and only if x £ A whenever x„ £ A 

satisfies x n — > X as n — > oo . 

Definition 3. A set A in a partial metric space (X,p) is called 0— compact if for any sequence 
{x n } in A there exists a subsequence {x nk } and x £ A such that linin^oo p(x nk , x) = p(x,x) = 0. 

Clearly a closed subset of a 0-compact set is 0-compact. 

Lemma 4. [8, 10] Assume x n — > z as n — > oo in a PMS (X,p) such that p(z,z) = 0. Then 
lim„^oo p{x n ,y) =p{z,y) for every y £ X. 

The paper is organized as follows: In Section 2 we present the 0— boundedly compactness 
concept in partial metric space and use it to prove an existence result of best proximity points 
for cyclical contraction mappings. In Section 3 we extend our results to 0— cyclical contraction 
mappings. On the other hand, we show that the extension is not possible if we use a partial 
type contraction cyclical map generalizing the one used in Theorem 2. Some examples are given 
through the presentation of our main results. 

2 Best Proximity Points for Cyclical Contraction Map- 
pings 

Definition 4. A set A in a partial metric space (X,p) is called 0-boundedly compact if for any 
bounded sequence {x n } in A there exists a subsequence {x nk } andx £ A such that\\m. n ^ 00 p{x nk , x) 
p{x,x) = 0. 

Theorem 3. Let A and B be nonempty subsets of a partial metric space (X,p). Suppose that 
T:AUB^AUB is a cyclical contraction map. Then starting with any arbitrary xq £ A U B 
we have p(x n , Tx n ) — ► p{A, B), where x n +i = Tx n , for n > 0. 
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Proof. 

p(x n ,x n+1 ) < ap(x n -i,x n ) + (l-a)p(A,B) 

< a(ap(x n -2,x n -i) + (1 - oi)p(A, B)) + (1 - a)p(A, B) 



< a n p(x 1 ,x ) + (l-a n )p(A,B) 

Thus, linin^oo p(x n , x n +i) = p{A, B) □ 

Theorem 4. Let A and B be nonempty closed subsets of a partial metric space (X, p). Suppose 
T : AU B — ► A(J B is a cyclical contraction map. Let x a G A and define x„ +1 = Tx n , for n > 0. 
Suppose {x2n} has a convergent subsequence {x2 ?lfc } that converges to x G A with p(x,x) = 0. 
Then p(x, Tx) = p{A, B) . 

Proof. In view of the the definition of p{A, B), we have 
0<p(A, B) < p(x,X 2 n k -i) 

< P{x,Xin k )+P{X2n k ,X2n k -l)- 

Then, the assumption on {x2n k } and Theorem 3 imply taht p{x,X2 nk -i) — > p{A,B). Further, 
we have 

p(A,B) <p{x 2nkl Tx) <p{X2n k -l,x). 

By lemma 4, we conclude that p(x, Tx) = p{A, B). D 

Theorem 5. Let A and B be nonempty subsets of a partial metric space {X,p) and suppose 
that T : A (J B — > AU B is a cyclical contraction map. Let xq G AU B and define X n +i = 
Tx n , for n > 0. Then the sequences {x2n} and {a;2ri+i} are bounded. 

Proof. Take Xq € A (the proof when x a G B is similar). Suppose, on the contrary, that {x2 n +i} 
is unbounded. Then there exists Nq such that 

p(T 2 x a ,T 2No+1 x Q ) > M and p(T 2 x , T 2N °- 1 xq) < M, 

where M > max < ^f^J^ + p(A, B),p(T 2 xo, Txq) > . Using the cyclic contraction property and 
rearranging the terms, we obtain 

M - p [ AB) + P (A,B) < p(x ,T 2N °-i Xo ) 

< p(x , T 2 x ) + p(T 2 x , T 2 ^- 1 ^) 

< 2p{x ,Tx ) + M. 

Solving for M we get M < ^/"^J^ +p(A,B). However, this contradiction shows that {x2n+i} 
is bounded. Now we use this result and Theorem 3 to show that {x2„} is bounded. More 
precisely, 

P(x2n,X 2m ) < P{X2n,X2n+l) +P{X2n+l,X2m+l) +P{X2m+l,X2 m ) 

< L 
for some positive real number L. The proof is complete. □ 
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Theorem 6. Let A and B be nonempty closed subsets of a partial metric space (X,p) and 
T : A\J B —* A\J B be a cyclical contraction map. If either A or B is O—boundedly compact, then 
there exists x G A U B such that p(x, Tx) — p(A, B). That is, x is a best proximity point of T . 

The proof of the above statement is straightforward and follows from Theorem 4 and Theo- 
rems 5. 

The following example shows that the generalization to partial metric space case is meaning- 
ful. 

Example 2. Let A = [0,1], B= [3,4] Ll{§} andX = AUB. Define p : X x X -> [0,oo) by 

\x-y\ , x,y G [0,1] 

p(x, y) = ( r -, ., (3) 

1 maxjx, y\ , otherwise 

Then (X,p) is a partial metric space and A is O—boundedly compact. Define T : X —* X by 

§ , 0<x< 1 
T(x) = { !,*=§. (4) 

^ , 3<x<4 

Then T is a cyclical contraction map. We can easily see that p(l/2,T(l/2)) = p(A,B) = 3/2. 
Therefore x — 1/2 is a best proximity point. However, if we consider the metric d{x, y) = \x — y\ 
on whole of X , one can deduce that T is not a contraction map. 

Here is an example of a compact space which is not 0— compact. 

Example 3. Let X = [0, 1] and A = [1/2, 1]. Define p : X ->• [0, oo) by 

\x-y\ , x, y G [0,1/2) 

' ' '■ "> m&x{x,y} , otherwise 

Then (X,p) is a complete partial metric space and A is compact (boundedly compact) but not 
0— compact (0—boundedly compact). Indeed, if {x n } is a sequence in A, then using that A is 
compact under the usual metric, there exists a subsequence {x nk } and x G A such that \x nk —x\ — * 
0. Since \x nk — x\ = p s (x nk , x) = 2p(x nk ,x) — p{x nk , x nk ) — p(x, x), then by Lemma 1 we obtain 
lini„^oo p(x nk , x) = p(x, x) = x ^ 0. 

3 More Generalizations 

Definition 5. Let A and B be nonempty closed subsets of a partial metric space (X,p) and 
(p : [0, oo) — > [0, oo) be a strictly increasing map. The map T : AL) B — > AL) B is called a cyclical 
(p— contraction map if (C2) in Definition 2 is replaced by the following contraction principle 

p(Tx,Ty) < p(x,y) — tp(p(x, y)) + tp(p(A, B)), Vi£i and V y € B. 

In what follows, we provide generalization for the results obtained in Section 2 based on the 
case of cyclical ip— contraction maps. 



682 



ABDELJAWAD ET AL: BEST PROXIMITY POINTS 



Theorem 7. Let A and B be nonempty subsets of a partial metric space (X,p) and ip : [0, oo) — ► 
[0,oo) be a strictly increasing map. Suppose that T : AU B — > AL) B is a cyclical (p— contraction 
map. For xq G AU B, define x n+ i = Tx n for each n > 1. Then p(x n ,x n +i) — > p(A,B) as 

n — ► 00. 

Theorem 8. Let A and B be nonempty subsets of a partial metric space (X,p) and ip : [0, 00) — ► 
[0,oo) be a strictly increasing map. Suppose that T:AUB^AUBisa cyclical ip- contraction 
map. For xq € A U B, define x n+ \ = Tx n for each n>\. Suppose that {x2 n } has a convergent 
subsequence {x2n k } that converges to x G A with p(x, x) = 0. Then p(x, Tx) = p(A, B). 

Theorem 7 and Theorem 8 can be proved using the same approach followed in [3] . 

Theorem 9. Let A and B be nonempty subsets of a partial metric space (X,p) and ip : [0, 00) — ► 
[0, 00) be a strictly increasing map. Suppose that T : AU B — > AU B is a cyclical </>— contraction 
map. Let xq G A U B and define x n+ \ — Tx n , n>\. Then the sequences {x2 n } an d {^2n+i} 
are bounded. 

The proof of Theorem 9 can be carried out as in [4] . 

By employing Theorem 7, Theorem 8 and Theorem 9, one can immediately state the follow- 
ing general theorem. 

Theorem 10. Let A and B be nonempty closed subsets of a partial metric space (X,p) and 
p : [0, 00) — ► [0, 00) be a strictly increasing map. Suppose that T : AU B —>■ AU B is a cyclical 
ip— contraction map. Lf either A or B is 0—boundedly compact, then there exists i£j4UB such 
that p(x, Tx) = p(A, B) . 

In what follows, we present an example that shows that the above theorems can not be 
extended when the cyclical contractive condition is replaced by 

p(Tx,Ty) < ma,x{ap(x,y),p(x,x),p(y,y)} + (1 -a)p(A,B). (5) 

Condition (5) is considered to be the best proximity version of the contraction type mapping 
introduced in [15]. Mappings satisfying (5) might be called partial cyclical contractions. 

Example 4. Let X = A U B where A - [0, 1] U {5} and B = [3, 4]. Define p : X -> [0, 00) by 

-y\ , x,y E A 

' max{x, y} , otherwise 

Then (X,p) is a partial metric space. Define T : X — > X by 

4 , x G A 
T(x) = { ^ , 3 < x < 4 . 

5 , x = 3 

Clearly A and B are closed and T is cyclical. Further, we note that p(A, B) = 3 and that A is 
0-boundedly compact. Next, we consider the following cases to show that T satisfies the partial 
contraction condition (5). Choose a = 1/4. 



Case 1. x = 5, 3<y<4 



p{Tx,Ty)^p[A 1 V --^) =4. 
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On the other hand 

max{ap(x 1 y),p(x,x),p(y,y)} + (1 — a)p(A, B) = max{5a,0,y} + 3(1 — a) 

> 3 + 3(1 -a) = 6 -3a. 

Thus, condition 5 is satisfied. 

Case 2. x = 5, y = 3 

p(Tx,Ty)=p(4,5)=5. 

Further, 

max{ap(x,y),p(x,x),p(y,y)} + (1 — a)p(A, B) = max{5a,0,3} + 3(1 — a) 

= 6 — 3a 

and therefore, condition 5 is satisfied. 

Case 3. < x < 1, j/ = 3 

p(Tx,Ty)=p(4,5)=5. 

Since 

max{ap(x,y),p(x,x),p(y,y)} + (1 — a)p(A, B) = max{3a,0,3} + 3(1 — a) 

— 6 — 3a 

then condition 5 is satisfied. 
Case 4. 0<a;<l, 3<y<4 

p{Tx,Ty)=pU, V -^\ =4. 

Further, 

max{ap(x, y),p(x,x),p(y,y)} + (1 — a)p(A, B) = maxjaj/, 0,y} + 3(1 — a) 

> 6 — 3a. 

Hence, condition 5 is satisfied. 

It remains to show that there are no proximity points for T . To do this, we consider the following 
cases. 

Case 1. < x < 1 : p(x, Tx) = p(x, 4) = max{i, 4} = 4 ^ p(A, B) = 3. 

Case 2. x = 5 : p(5, Th) = p(5, 4) = max{5, 4} = 5 ^ p(A, B) = 3. 

Case 3. x = 3 : p(3, T3) = p(3, 5) = 5 ^ p(A, B) = 3. 

Case 4. 3 < x < 4 : p(o;, To;) = p (a;, ^) = .t + p(A, B) = 3. 
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NUMERICAL COMPUTATIONS OF THE 

DISTRIBUTION OF THE ZEROS OF THE SECOND 

KIND (/i, g)-EULER POLYNOMIALS 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : In [4, 5], we introduced the second kind (h, q)-Euler numbers En,q and polynomials 
En,q(x). In this paper, we observe the behavior of complex roots of the second kind (h, g)-Euler 
polynomials En,q(x), using numerical investigation. By means of numerical experiments, we demon- 
strate a remarkably regular structure of the complex roots of the second kind (h, q)-Euler polynomials 
En,q(x). Finally, we give a table for the solutions of the second kind (h, g)-Euler polynomials E n ,q(x). 

Key words : the second kind Euler numbers and polynomials, the second kind (h, g)-Euler numbers 
and polynomials, complex roots, numerical experiments 

1. Introduction 

Throughout this paper, we always make use of the following notations: N = {1,2,3, ••• } denotes 
the set of natural numbers, M. denotes the set of real numbers, and C denotes the set of complex 
numbers. First, we introduce the second kind Euler numbers E n and polynomials E n (x). The second 
kind Euler numbers E n are defined by the generating function: 

9 t °° j-n 

e lt + 1 '-^ n\ 
We introduce the second kind Euler polynomials E n (x) as follows: 

e At _|_ I Z < 'i n \ 

n—0 

Recently, many authors have studied the Euler numbers and polynomials, the second kind 
Euler numbers and polynomials. The Euler numbers and polynomials, the second kind Euler num- 
bers and polynomials posses many interesting properties and arising in many areas of mathematics 
and physics. In [4, 5], we constructed the second kind (h, q) -Euler numbers En, q and polynomials 
En,q(x). By using these numbers and polynomials, we obtained the recurrence identities the second 
kind (h, g)-Eulcr polynomials and the alternating sums of powers of consecutive {h, q)-odd integers 
and some interesting properties. In order to study the second kind (h, (j)-Euler numbers En,q and 
polynomials E n , q (x), we must understand the structure of the second kind (h, g)-Euler numbers 
En,q and polynomials En.q(x). Therefore, using computer, a realistic study for the second kind 
(h, g)-Euler numbers E n J q and polynomials E n . q (x) is very interesting. 

It is the aim of this paper to observe an interesting phenomenon of 'scattering' of the zeros of 
the second kind (h, g)-Euler polynomials En,q(x) in complex plane. The outline of this paper is as 
follows. In Section 2, introduce the second kind (h, g)-Eulcr numbers En,q and polynomials En,q(x). 
In Section 3, we describe the beautiful zeros of the second kind (h, g)-Euler polynomials En. q (x) 
using a numerical investigation. Finally, we investigate the roots of the second kind (h, g)-Eulcr 
polynomials En q (x). Also we carried out computer experiments for doing demonstrate a remarkably 
regular structure of the complex roots of the second kind (h, g)-Euler polynomials E n , q (x). 
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2. The second kind (h, g)-Euler numbers and polynomials 

In this section, we introduce the second kind (h, g)-Euler numbers En,q and polynomials E n . q (x) 
and investigate their properties. Let q be a complex number with \q\ < 1 and h G Z. By the meaning 
of (1.1) and (1.2), let us define the second kind (h, g)-Eulcr numbers E n ,q and polynomials E n , q (x) 
as follows (see [4, 5]): 

<r 



n w w = -^ = ix'4 p.) 



n=0 

^fWH^^^E^)^ (2-2) 

y n=0 

Observe that if q — > 1, then Ey^g^) = E n (x),En,q = E n . 

By using computer, the second kind (h, g)-Euler numbers -En.g can be determined explicitly A 

few of them are 

F (h) _ 2 w _ 4g fc 2 

°'« 1 + gfc' ^ " (1 + q h ) 2 1 + q h ' 
.(/,) _ 16g 2/l 16g h 2 



2,9 (1 + ^)3 (l + gfc)2 T l + g' 1 ' 

(h ) _ 96q 3h 144g 2 ' 1 52g h 



3,9 (1+^)4 (1+^)3 (1 + ^)2 l + ? fc" 

The following elementary properties of the second kind q-Eulcr polynomials E niQ (x) are readily 
derived from (2.1) and (2.2). We, therefore, choose to omit the details involved. More studies and 
results in this subject we may see references [4], [5]. 

By the above definition, we obtain 

00 , , 4-1 ?)„t °° 4-n °° 4-tn 

^ '-« (> l\ ~ q h e 2t + 1 2^^i n \2^ x m \ 

1=0 * n=0 m=0 

00 { _~__ 4-n 4-1 — n \ 



n\ (Z — n)! 

2=0 \n=o v y 



., ,-<x 
ill 

1=0 \n=0 



EE W 



By using comparing coefficients — , we have the following theorem. 



Proposition 1. For any positive integer n, we have 



k=0 V ' 



W n-k 

k,q X 



Proposition 2. The second kind (h, q)-Eulcr numbers E n , q are defined by 

^«> + !)« + «) -1)^{ 2, |fn = 0, 
y q [ 0, if n > 0, 

with the usual convention about replacing I _Eg ) by E n ), in the binomial expansion. 

The second kind (ft, q)-Euler polynomials E n J,{x) can be determined explicitly. A few of them 
are 

0,9 W 1 + g h' 1,9^ (1 + ^)2 1+^1 + (? ' 1 ' 

w 16g 2fe 16g h 2 8g h x Ax 2x 2 

2,9 W M J. «M3 Cl J. nh\2 + i , „h M J- „M2 + 1 i „fc 



(l + g' 1 ) 3 (l + g h ) 2 1 + g^ (l + g' 1 ) 2 l + q h l + q h ' 
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Theorem 3. For any positive integer n, we have 

t n 



E^W^T = 2$>l)V n e (an+ " +1 



)t 



n=0 



n=0 



Theorem 4(DifTerence equation). For any positive integer n, we have 

q h EM{x + 2) + EW(x)=2(l + xr. 

Theorem 5 (Theorem of complement). For any positive integer n, we have 

E^ q (x) = (-irq- h E^ g _ 1 (-x). 

3. Zeros of the second kind (h,q)-Euler polynomials En,q(x) 

In this section, we assume that q <G C, with < q < 1 and h € N. We investigate the zeros 
of the second (h, g)-Euler polynomials En,g(x). We investigate the beautiful zeros of the En, q {x) 
by using a computer. We plot the zeros of the second kind (h, g)-Euler polynomials En,q(x) for 
n — 30, h = 5,q = 1/5,2/5,3/5,4/5 and x £ C(Figure 1). We plot the zeros of the second kind 
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Figure 1: Zeros of E$ q {x) for q = 1/5, 2/5, 3/5, 4/5 



?(h) 



(/i,g)-Euler polynomials E^(x) for n = 30, h = 10, 15, 20, 25, q = 1/2 and x £ C(Figure 2). Plot 
of real zeros of En, q {x) for 1 < n < 30, /i = 5,g = 1/2,4/5 structure are presented(Figure 3). Our 
numerical results for approximate solutions of real zeros of En iq (x) are displayed (Tables 1,2). 
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Figure 2: Zeros of £30 1/2 0) for h = 10, 15, 20, 25 
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Table 1. Numbers of real and complex zeros of E n l, 2 (x) 



degree n 


h = 2 


h = 5 


real zeros 


complex zeros 


real zeros 


complex zeros 


1 


1 





1 





2 


2 





2 





3 


3 





1 


2 


4 


2 


2 


2 


2 


5 


3 


2 


3 


2 


6 


4 


2 


2 


4 


7 


5 


2 


3 


4 


8 


4 


4 


4 


4 


9 


3 


6 


3 


6 


10 


4 


6 


4 


6 


11 


3 


8 


3 


8 


12 


4 


8 


4 


8 


13 


5 


8 


5 


8 



We observe a remarkably regular structure of the complex roots of the second kind (h, g)-Euler 
polynomials En, q {x). We hope to verify a remarkably regular structure of the complex roots of the 
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Figure 3: Real zeros of E { n 5) q (x) for q = 1/2, 4/5, 1 < n < 30 



second kind (/i,q)-Euler polynomials En,q(x) (Table 1). Next, we calculate an approximate solution 
satisfying En,q(x),q — 1/2, x £ K. The results are given in Table 2. 



(2) 



Table 2. Approximate solutions of E n l/2 {x) =0,i£ 



degree n 


X 


1 


-0.600000000 


2 


-1.400000000, 0.200000000 


3 


1.70749372, -1.04629976, 0.953793481 


4 


-0.325604236, 1.633725201 


5 


-1.5750355, 0.412159430, 2.24041323 


6 


-2.3075000, -0.85141325, 1.14858713, 2.77313789 


7 


-2.413540, -2.190476, -0.116593525, 1.88561086, 3.22312848 



Finally, we shall consider the more general problems. In general, how many roots does E„. q (x) 
have? This is open problem. Prove or disprove: En,q(x) — has n distinct solutions. Find the 
numbers of complex zeros C F (h), . of En iq (x),Im(x) ^ 0. Since n is the degree of the polynomial 



En, q (x), the number of real zeros R. 



Ei h \(x) 



lying on the real plane Im(x) = is then R w (h), ■, 



n— C„(t), ., where C„(h) , , denotes complex zeros. See Table 1 for tabulated values of R„w, , and 
C„( fe 



<lw 



Observe that the structure of the zeros of the second Euler polynomials E n (x) resembles 

the structure of the zeros of the second kind (h, q)-F,uler polynomials En,q(x) as q — ► l(see Figures 
1, 2, 3). The author has no doubt that investigation along this line will lead to a new approach 
employing numerical method in the field of research of the second kind (h 1 g)-Euler polynomials 
En, q (x) to appear in mathematics and physics. The reader may refer to [3, 5] for the details. 
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Figure 4: Zero contour of En,q (x) 



The plot above shows En q (x) for real 1/10 < q < 9/10 and —2 < x < 2, with the zero contour 
indicated in black(Figure 4). In Figure 4(top-left), we choose n — 2 and h — 3. In Figure 4(top- 
right), we choose n = 3 and /i = 3. In Figure 4 (bottom-left), we choose n — 4 and /i = 3. In Figure 
4(bottom- right), we choose n = 5 and h = 3. 
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Abstract. Using fixed point method, we prove the Hyers-Ulam stability of the Cauchy-Jensen functional 
equation in fuzzy Banach algebras. 
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1. Introduction and preliminaries 

The theory of fuzzy space has much progressed as developing the theory of randomness. Some mathe- 
maticians have defined fuzzy norms on a vector space from various points of view [2, 16, 22, 24, 27, 38]. 
Following Cheng and Mordeson [7] , Bag and Samanta [2] gave an idea of fuzzy norm in such a manner that 
the corresponding fuzzy metric is of Kramosil and Michalek type [23] and investigated some properties of 
fuzzy normed spaces [3]. 

We use the definition of fuzzy normed spaces given in [2, 27, 28] to investigate a fuzzy version of the 
Hyers-Ulam stability for the Cauchy-Jensen functional equation in the fuzzy normed algebra setting. 

Definition 1.1. [2, 27, 28, 29] Let X be a real vector space. A function JV : X x K — > [0, 1] is called a fuzzy 
norm on X if for all x, y € X and all s,t£l, 

(iVi) N(x,t) = for t< 0; 

(N 2 ) x = if and only if N(x, t) = 1 for all t > 0; 

(JV 3 ) N(cx,t) = N(x,fa)iic?0; 

(N 4 ) N(x + y,s + i)> min{iV(a;, s), N(y, *)}; 

(A%) N(x, •) is a non-decreasing function of R and linit-s-oo N(x, t) = 1; 

(Nq) for x 7^ 0, N(x, •) is continuous on E. 

The pair (X, N) is called a fuzzy normed vector space. 

Definition 1.2. [2, 27, 28, 29] (1) Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is said 
to be convergent or converge if there exists an x £ X such that lim n ->oo N(x„ — x, t) — 1 for all t > 0. In this 
case, x is called the limit of the sequence {x n } and we denote it by Ar-lim„_>oo x n = x. 

(2) Let (X,N) be a fuzzy normed vector space. A sequence {x„} in X is called Cauchy if for each e > 
and each t > there exists an no £ N such that for all n > no and all p > 0, we have N(x n + V — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each Cauchy 
sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed vector space is called 
a fuzzy Banach space. 



°2010 Mathematics Subject Classification: Primary 47H10, 46S40, 39B52, 26E50. 
* Corresponding author. 
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We say that a mapping / : A — > Y between fuzzy normed vector spaces X and Y is continuous at a point 
Xo G X if for each sequence {x n } converging to xo in X , then the sequence {f(x n )} converges to f(xo). If 
/ : X — > Y is continuous at each x G X, then / : X — ► Y is said to be continuous on X (see [3]). 

Definition 1.3. Let X be an algebra and (X,N) a fuzzy normed space. 

(1) The fuzzy normed space (X, N) is called a fuzzy normed algebra if 

N(xy,st)>N(x,s)-N(y,t) 

for all x, y G X and all positive real numbers s and t. 

(2) A complete fuzzy normed algebra is called a fuzzy Banach algebra. 

Example 1.4. Let (X, || • ||) be a normed algebra. Let 

t > 0,x G X 



N(x,t) = < <+H x ll 

Then N(x,i) is a fuzzy norm on X and (X,N(x,t)) is a fuzzy normed algebra. 

Definition 1.5. Let (X,N) and (Y,N) be fuzzy normed algebras. Then a multiplicative R-linear mapping 
H : (X, N) — > (Y, N) is called a fuzzy algebra homomorphism. 

The stability problem of functional equations was originated from a question of Ulam [37] concerning the 
stability of group homomorphisms. Hyers [18] gave a first affirmative partial answer to the question of Ulam 
for Banach spaces. Hyers' Theorem was generalized by Aoki [1] for additive mappings and by Th.M. Rassias 
[34] for linear mappings by considering an unbounded Cauchy difference. The paper of Th.M. Rassias [34] 
has provided a lot of influence in the development of what we call the Hyers-Ulam stability or the Hyers- 
Ulam-Rassias stability of functional equations. A generalization of the Th.M. Rassias theorem was obtained 
by Gavruta [17] by replacing the unbounded Cauchy difference by a general control function in the spirit of 
Th.M. Rassias' approach. 

The functional equation f(x + y) + f(x — y) — 2f(x) + 2f(y) is called a quadratic functional equation. The 
Hyers-Ulam stability of the quadratic functional equation was proved by Skof [36] for mappings / : X —¥ Y, 
where X is a normed space and Y is a Banach space. Cholewa [11] noticed that the theorem of Skof is 
still true if the relevant domain X is replaced by an Abelian group. Czerwik [12] proved the Hyers-Ulam 
stability of the quadratic functional equation. The stability problems of several functional equations have 
been extensively investigated by a number of authors and there are many interesting results concerning this 
problem (see [9, 10, 13, 14, 19, 21]). 

Let A be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d satisfies 

(1) d(x, y) — if and only if x = y; 

(2) d(x,y) — d(y,x) for all x,y G A; 

(3) d(x, z) < d(x, y) + d(y, z) for all x, y, z G A. 

We recall a fundamental result in fixed point theory. 

Theorem 1.6. [4, 15] Let (X,d) be a complete generalized metric space and let J : X — > A be a strictly 
contractive mapping with Lipschitz constant L < 1. Then for each given element x G X, either 

d(J n x, J x) — oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn > n ; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y — {y G A d(J""x, y) < oo}; 

(4) d(y, y*) < j^d^y, Jy) for all yeY. 

In 1996, G. Isac and Th.M. Rassias [20] were the first to provide applications of stability theory of functional 
equations for the proof of new fixed point theorems with applications. By using fixed point methods, the 
stability problems of several functional equations have been extensively investigated by a number of authors 
(see [5, 6, 8, 26], [30]-[33]). 
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In this paper, we prove the Hyers-Ulam stability of the Cauchy- Jensen functional equation in fuzzy Banach 
algebras by using fixed point method. 

Throughout this paper, assume that (X, N) is a fuzzy normed algebra and that (Y, N) is a fuzzy Banach 
algebra. 

2. Hyers-Ulam stability of the Cauchy- Jensen functional equation in fuzzy Banach algebras: 

fixed point method 

Using fixed point method, we prove the Hyers-Ulam stability of the Cauchy- Jensen functional equation in 
fuzzy Banach algebras. 

Theorem 2.1. Let tp : X 3 — > [0, oo) be a function such that there exists an L < | with 

<p(x,y,z) < -<p(2x,2y,2z) 
for all x,y, z G X . Let f : X — > Y be a mapping satisfying 

N(2f(^+rz)-rf(x)-rm-2rmt) > t + ^ z y (2.1) 

NLf(xy)-.nx)f(y),t) > , + ^ Q) (2.2) 

for all x,y,z G X, all t > and all r G R. Then H(x) := iV-limn^oo 2™/ (^r) exists for each x G X and 
defines a fuzzy algebra homomorphism H : X — > Y such that 

N(f(x)-H(x),t)> ^~ L) * (2.3) 

(1 — L)t + <fi (x, 0, 0) 

for all x G X and all t > 0. 

Proof. Letting r — 1 and y — z = in (2.1), we get 

N (V (-) - f(x),t] > l - (2.4) 

V J \2) Jy h ) ~ t + p(x,0,0) y ' 

for all x G X. 

Consider the set 

S := {g : X -* Y} 

and introduce the generalized metric on S: 

d(g,h) = w£{n G K+ : N(g(x) - h(x),fit) > — * Vz G X,Vi > 0}, 

i + <£>(£, 0, 0) 

where, as usual, inf <f> = +oo. It is easy to show that (S,d) is complete (see the proof of [25, Lemma 2.1]). 
Now we consider the linear mapping J : S — > S such that 



Jg(x) := 2g (|) 



for all x G X. 

Let g, h G S be given such that d((?, /i) = e. Then 

"(g(*)-M*).*)> f + y( ' 3 , ,o) 

for all x G X and all t > 0. Hence 

N(Jg(x)-Jh(x),Let) = N (2g (|) - 2ft (|) , Let) = N (g (|) - ft ''' ' L 

it it . 

-^ 2 -^ 2 _ < 



, - et 
2) ' 2 



~ f +v , (|,0,0) " f + ^(s,0,0) * + *>(*, 0,0) 

for all a; G X and all t > 0. So d(g, ft) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg,Jh) < Ld(g,h) 
for all 5, ft G S. 
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It follows from (2.4) that d(f, Jf) < 1. 

By Theorem 1.6, there exists a mapping H : X — > Y satisfying the following: 

(1) H is a fixed point of J, i.e., 

H (§) = \H {X ) (2.5) 

for all x € X. The mapping H is a unique fixed point of J in the set 

M = {g£S:d(f,g)<oo}. 
This implies that H is a unique mapping satisfying (2.5) such that there exists a /i € (0, oo) satisfying 

N(f(x)-H(x),nt)> ' 



£ + <^(:r,0,0) 

for all a; G X; 

(2) d(J"f,H) — > as ri — > oo. This implies the equality 



"-.SSo 2 "' (£)=*<») 



for all a; € X; 

(3) d(f,H) < jzxd(f, Jf), which implies the inequality 

d(/,ff)< j4^. 

This implies that the inequality (2.3) holds. 
By (2.1), 

« (*»t (^ + g) - */ (i) - MS) - ^v/ (i) .a) > t+vi i^ } 



2* 



for all x,y,z £ X, all i > and all r£l. So 

^M^+5)-MJ)-MlMMi) ■«) * ^ v(w) 

t 

for all x,y,z € X, all £ > and all r € R. Since linifc^oo — — Lfc 2 = 1 for all x,y,z € X, all £ > and 

all r e R, 

iV(2fl" 



(2H (^p + rj8 ) _ ri/(x) _ rff(y) _ 2rff(z),t) 



for all x,y,z e X, all i > and all rGl. Thus 2H [i^pt + r2 ) _ r H{x) - rH(y) - 2rH{z) = 0. So the 
mapping H : X — » V is additive and R-linear. 
By (2.2), 

TV f 4 fc / f ^ - 2 fe / f 4) • 2 k f (1L) ,4 k t) > A r 

V J W) J \2 k ) J \2*) 1 J ~ t + ip(§,,^,0) 

for all x, y G X and all t > 0. So 

<M(3M'(I9MIM s xt" 



4^ 



^ + ^(x,y,0) 

t 

for all x, y € X and all £ > 0. Since linifc^oo -4- = 1 for all x, y € X and all t > 0, 

4 fc 2 fc 



A + ^ V («,W,0) 



N {H(xy) - H{x)H(y),t) = 1 

for all x, y € X and all £ > 0. Thus H(xy) — H(x)H(y) = 0. So the mapping H : X — > Y is a fuzzy algebra 
homomorphism, as desired. □ 
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Theorem 2.2. Let tp : X 3 — > [0, oo) be a function such that there exists an L < 1 with 



<fi{x,y,z) < 2L<p ( 



x y z 



.2' 2' 2, 

for allx,y,z £ X . Let f : X — > Y be a mapping satisfying (2.1) and (2.2). Then H(x) := N -Yarik^oo i/ (2 fe a;) 
exists for each x £ X and defines a fuzzy algebra homomorphism H : X — > Y smc/i i/iai 

^(/w-g(»).«)> (1 _ L) ( t 1 ;M»,o,o ) (2 - 6) 

/or all x £ X and all t > 0. 

Proof. Let (5 1 , d) be the generalized metric space defined in the proof of Theorem 2.1. 
Consider the linear mapping J : S -^ S such that 

J9(a0:=iff(2a0 

for all a; £ X. 

It follows from (2.4) that 



N(f{x)-\f{2x),\t 



> ' r > * 



t + ip(2x,0,0) ~ t + 2L<fi(x, 0,0) 
for all x € X and all i > 0. So d(/, J/) < L. Hence 

which implies that the inequality (2.6) holds. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Theorem 2.3. Let ip : X 3 — > [0, oo) be a function such that there exists an L < | with 

<fi(x,y,z) < 2VC2x,2y,2z) 
for all x,y, z £ X . Let f : X — > Y be a mapping satisfying (2.2) and 

N(f( r ^ + rz)-y i x ) - r 2 f(y ) -rf i z ) ,t) > t + ^ %z) (2.7) 

for all x,y,z £ X, all t > and a^ r £ K. Then H{x) := iV-lim n -).oo 2™/ (^j) exists for each x € X and 
defines a fuzzy algebra homomorphism H : X — > Y sucft i/iai 

^W-^'^ F^U (2 ' 8) 

for all x £ X and all t > 0. 

Proof. Letting r = 1 and y — z = x in (2.7), we get 

JV(/( 2a0 -2/(s),t)> t + ^ w) (2.9) 

for all x £ X. 

Consider the set 

S~{g:X^Y} 
and introduce the generalized metric on S: 

d{g,h) = ini{fi £ E+ : N(g(x) - h(x),nt) > r, Va: £ X,Vt > 0}, 

where, as usual, inf (j> = +oo. It is easy to show that (S, d) is complete (see the proof of [25, Lemma 2.1]). 
Now we consider the linear mapping J : S — > S such that 



Jg{x) := 2g (|) 



for all x £ X. 
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It follows from (2.9) that 



N(f {x) -2f(l),-t)>- 



t 



■ + (fi(X, x,x) 
for all x € X and all t > 0. So d(f, Jf) < \. Hence 

which implies that the inequality (2.8) holds. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Theorem 2.4. Let ip : X 3 — > [0, oo) be a function such that there exists an L < 1 with 

(x y z\ 
2' 2' 2/ 
for allx,y,z £ X . Let f : X — > Y be a mapping satisfying (2.2) and (2.7). Then H(x) := 7V-limfc- ) .o A/ (2 fe :r) 
exists for each x £ X and defines a fuzzy algebra homomorphism H : X — > Y sitc/i i/iai 

AT (/(a;) - #(x), i) > 7 ( 2 ~ 2L )t 

yjy ' y h ) - (2-2L)t + <p(x,x,x) 

for all x £ X and all t > 0. 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.3. 
Consider the linear mapping J : S — > S such that 

Jg{x):=±g{2x) 

for all x £ X. 

It follows from (2.9) that 

TV (f{x) - \fi2x), \t) > — — \ , 

V 2 2/1 + ip(x,x,x) 

for all x € X and all i > 0. So d(/, Jf)<\. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Conclusions 

We have introduced the concept of fuzzy algebras and we have proved the Hyers-Ulam stability of the 
Cauchy- Jensen functional equation in fuzzy Banach algebras. 
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Intra-orbit separation of orbits of tree maps * 
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Abstract 

In this paper, we will generalize the notion of separation index, which was introduced by 
G. Manjunath et al (2006), to tree maps, and use the notion to characterize the intra-orbit 
separation for the orbits of continuous transitive maps on a tree. For a transitive map /, we 
will show: (i) if the separation index 7 of / is positive, then for every < t < 7, (x s , x t ) is 
a Li-Yorke pair of modulus r, where x s and x t be any two distinct points on a dense orbit; 
(ii) there is a natural number n such that the separation index of /" is greater than zero. 
Keywords Tree map, transitive map, separation index, separating orbit 
Mathematics Subject Classification (2000): 37B05, 37B20, 54H20. 

1 Introduction 

A dynamical system is a pair (A, /) , where A is a topological space called phase space and / is a 
continuous self-map on A. In recent years, some researchers discuss dynamics of various discrete 
systems with different phase spaces in a variety of contexts and have obtained some remarkable 
results (see for example [1-4]). As a special topological space, a tree is a connected space that 
is the union of finitely many intervals (by an interval we mean any space homeomorphic to the 
closed interval [0, 1]), no two of which intersect in more than one point. In this note, we are 
interested in a special dynamical system (T, /) whose phase space T is a tree. The dynamics of 
continuous self-maps on trees have been studied by several authors (see for example [5-8]). 

In paper [9] , the authors introduced the notion of separation index to characterize the intra- 
orbit separation for the orbits of continuous transitive maps on a compact interval and discuss 
some separation properties of orbits of transitive points. In this note, we will generalize the 
notion of separation index to tree maps and use it to illustrate the intra-orbit separation for the 
orbits of continuous tree maps. 

The structure of this paper is as follows. In the next Section, some notions and some simple 

but helpful lemmas are given. The main results and some corollaries and examples are shown 

in Section 3. 

"Project Supported by NNSF of China (11126342, 11261005) and NSF of Guangxi (2011GXNSFA018135, 
2010GXNSFA013109) and the Scientific Research Foundation of GuangXi University (Grant No. XBZ110565). 
' Corresponding author. E-mail: czhhxl@gxu.edu.cn 
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2 Some notions and lemmas 

Let (X, /) be a dynamical system, we denote by C°(X) the set of continuous self-maps on X. 
For any subset A of X, we use diam(A), Card(A) and dA to denote the diameter of A, the 
cardinality of A, the boundary of A, respectively. A point x of X satisfying f n (x) = x and 
f (x) 7^ x(l < k < n — 1) is called a periodic point of / with period n, briefly called a n- 
periodic point of /. A 1-periodic point is generally called a fixed point. The set of fixed points, 
n-periodic points and periodic points of / is denoted by F(f), P n (f) and P(f) respectively. 
Some other related notions appeared in the sequel can be found in numerous references (see for 
example [1,9]). 

We now recall some useful notations concerning tree. A subtree of a tree T is a subset of 
T, which is a tree itself. A continuous map from a tree into itself is said to be a tree map. 
In the sequel, we always use the sign T to denote a tree and d(-, •) to denote the metric on T. 
Let x £ T, the number of connected components of T \ {x} is called the valence of x in T and 
will be denoted by Vafrfx). A point of T with valence one is called an end of T, and a point 
of valence greater than 2 is called a branched point of T. The set of ends of T and the set of 
branched points of T is denoted by E(T) and B(T) respectively. The closure of each connected 
component of T \ B(T) is called an edge of T. Each point belongs to x S T \ E(T) is said to be 
an interior point of T and denote by Int(T) the set of interior points of T. For any subset A of 
T, we denote by [A] the smallest connected closed subset of T containing A. For any x,y € T, 
we use [x,y] to denote [{x,y}]. Define (x,y] = [x,y] — {x} and (x, y) = (x,y] — {y}. For any 
x ^ y, denote by T x (y) the component of T — {x} containing y. 

The following results which are partially shown in some papers [5-7, 11] is very useful for us. 

Lemma 2.1 (Blokh [5, 11]) Letf £C°(T),c,d£T,c^dandYa subtree of T. 

(1) // f([c, d]) D [c, d] and (d, /(d)) D [c, d] = 0, then [c, d] n F(f) + 0. 

(2) // (a, /(a)] n Y / for any point a^Y - F{f), then Y n F(f) / 0. 

Lemma 2.2 (Ye [6,7]) Let f be a transitive tree map on a tree T, then P(f) = T. 

3 Intra-orbit separation for tree maps 

In this section, we will generalize the notion of intra-orbit separation for the orbits of continuous 
transitive maps on a compact interval in [9] to tree maps. The purpose of this paper is to 
generalize the notion of separation index of tree maps and to illustrate the intra-orbit separation 
for the orbits of continuous tree maps. To characterize the intra-orbit separation for a tree map, 
we first introduce the following notion for a tree map. 

Definition 3.1 Let f G C°(T), define a separation set D(n, f) of f n for each n G N as follows: 



D(n, f) = {x£T : f n (x) / x and there is y £ T - T x (f n (x)) such that f n (y) (£ T y (x)}. 
In the sequel, if no confusion arise, we denote the separation set D(n, f) by D(n). 
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Remark 3.1 It's obvious that D{n) n E(T) = for each natural number n. However, the set 
dD(n) n E(T) may be nonempty. 

Proposition 3.1 Let f G C°(T), then D(l) 7^ if and only if F(f) is not connected. 

Proof =^> Let D(l) 7^ 0, then there are two points x,y £ T such that x G (y,f(x)) and 
y G [f(y),x). So we have that F(f) n T x (f(x)) / and F(f) n [y,x) / 0, from Lemma 2.1. 
Therefore, -F(/) is not connected. 

-<== Let .F(/) is not connected, then there are two fixed points p, q of /, such that (p, q) n 
F(f) = 0. Take any x G (a, 6), it's obvious that x G -D(l)- D 

Corollary 3.1 Let / € C°(T) and D(l) / 0, i/ten Card{F(f)) > 2. 

Corollary 3.2 Let f be a transitive tree map on a tree T . Then D(l) ^ if and only if 
Card{F{f)) > 2. 

It's known that IntiT) n F(f) 7^ for a transitive tree map / on a tree T (see the proof of 
Proposition 3.2 in [8]). So one can easily to show the following corollaries. 

Corollary 3.3 Let f be a transitive tree map on a tree T and E(T)f]F(f) 7^ 0, then D(l) 7^ 0. 

Corollary 3.4 Let f be a transitive tree map on a tree T and D(\) = ; then the unique fixed 
point of f is contained in the interior of'T. 

Proposition 3.2 Let f G C°(T) and D(l) 7^ 0. Then for any x G D(\), there are two points 
a,b G T such that x G (a, b) and (a, b) C D(l). In particular, Int(D(l)) 7^ 0. 



Proof Let x G D(l), then there is y G T — T x (f(x)) such that f(y) ^ T y (x). By the continuity 
of /, there exists a neighborhood N(x) of x such that f((y, f(x)) n N(x)) C T x (f(x)) \ N(x). 
It's easy to see, by the definition of D(l), that (y,f(x)) n iV(a;) C -D(l), which implies the 
conclusion. □ 

Remark 3.2 We know that dA n A C B(T) for any connected subset A of a tree T. So 
Proposition 3.2 implies that clD(l) C F( f ) Li B(T) and dD(l)C\D(l) C B(T). Furthermore, the 
ends of the subtree consisted by the closure of each component of D(l) are all fixed points of f. 

The following corollaries are simple consequences of Proposition 3.2. 

Corollary 3.5 Let f G C°(T) and D(l) 7^ ; then each component of D(l) has nonempty 
interior. 

Corollary 3.6 Let f G C°(T) and D(l) / 0. If dD(l) = E(T), then f is not transitive. 

Proposition 3.3 Let f G C°(T) and D(l) / 0, then D (I) C F(f n )UD(n) and D{l)-F{f n ) / 
/or eac/i n G N. 
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Proof Let x G D(l) \ F(f n ), then f n (x) / x and there exists y G T \ T x {f{x)) satisfying 
V G [f{v)i x )- Consider two cases f n (x) ^ T x {y) or f n (x) G T x {y). It's easy to see, by Lemma 
2.1, that x G D(n) for both cases. 

Let x G D(l) and n G N, then, by Lemma 2.1, there exist p G -^(/) H (T \ T x (f{x))) and 
a sequence of points x_j G (x_(j + i),x) C (j>, x) satisfying that f J (x-j) = x_(j_n for each 
1 < i < n— 1, where xo = x. It's obvious that x_j G D(l) \ Pj(f) for each 1 < j < n — 1, which 
implies D(l) - F(f n ) / 0. □ 

Remark 3.3 Proposition 3.3 shows that D(l) / implies D(n) / 0. However, if D(N) / /or 
some A G N doesn't imply that D(n) ^ for each n > N . In fact, even though D(m)C)D(n) ^ 
for some m, n G N, m ^ n, the set D{m+n) maybe empty set. This can be shown by the following 
example. 

Example 3.1 Let i 2 = -I, Ti = {z E C : (z + l)i G [0, 1]}, T 2 = {z G C : (z - l)i G [0, 1]}, 
T 3 = {z G C : (z + l)i G [-1, 0]}, T 4 = {z G C : (z - l)i G [-1, 0]}, T 5 = {z G C : iz G [-1, 0]}, 
T 6 = {z G C : z G [-1,0]}, T 7 = {z G C : z G [0,1]} and T = u£ =1 T fe . We now define a 
continuous linear mapping f : T — > T with /(±1 — i) = =pl — i, /(— 1 + i) = 1 + i, /(l + i) = 
i, /(i) = -1 + i, /(-l) = I, /(l) = and /(0) = 0. 

One can show that F(f) = {0}, P 2 (f) = {±1 - i}, P 3 (/) = {-1 ± i,i}, P 5 (f) = and 
-1 G D{2) n L>(3) which implies that 7(2) > 0, 7(3) > 0, but 7(5) = 0. □ 

Proposition 3.4 Let f G C°(T) and D(l) 7^ 0, i/ien /or any x G -D(l) and every natural 
numbers k,n with k > n — 1 > 0, there exists a point y G D(n) \ {x} such that f (y) = x. In 
particular, D{\) C f k {D{n)) for any integers k,n with k > n — 1 > 0. 

Proof Let nGN, k > n — 1 and x G D(l). Then, by the proof of Proposition 3.3, there exist 
a point z G T\ T x (f(x)) such that f k (z) = x and z G D{n), which implies the conclusion. □ 

Remark 3.4 The converse of Proposition 3.4 is not true. For example, let T = {z G C : z 3 G 
[0, 1], define f : T — > T as following 

f l-|2x-l|, if xG[0,l]; 
\ 0, if xeT\ [0,1]. 

One can show that 3 . 2 \-2 £ D{n) and / fc ( „ 2 ]~_ 2 ) = | ^ -D(l) f or an V integer k > n — 1 > 0. 

Corollary 3.7 Let / G C°(T) and D{1) / 0, then D{1) - P(f) / 0. 

Proof Suppose that D(l)-P(f) = 0, then D(l) C P{f). Take any x G D(l), then x G P n (/) 
for some integer n > 2. By Proposition 3.4, there exists y_ ra G D(l) such that f n (y- n ) = x. 
Notice that y- n G P(f) and x G P n (f). It follows that y_ n G P n (f), a contradiction. □ 

Proposition 3.5 Let f G C°(T) is turbulent, then D(l) / 0. 
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Proof If / is turbulent, it is to say, there exist [x, y] C T and [a, b], [c, d] C [x,](o^6, c^ d) 
with (a, b) n (c,d) = such that [a, b], [c,d] C f([a,b\) n /([c,d]) (see [12]). Without loss of 
generality, we may suppose that b G (a, c] and c G [6, <i). Then there exist x G [a, b] and y G [c, d] 
such that /(x) = a and /(y) = d. So the desired result follows from Lemma 2.1 and Proposition 
3.1. □ 

Remark 3.5 We can easily construct an example to show that the converse of Proposition 3.5 
doesn't hold. 

To characterize the intra-orbit separation property for a tree map, we give the following 
definition. 

Definition 3.2 Let f G C°(T), the separation index of f n for n G N is defined as 

. , f sup{d{x,f n {x)) : ieD(n)}, if D(n) ^ 0; 
7(n) = < 

\ 0, if £>(n) = 0. 

T/ie quantity 7(1) to/? 6e referred to as the separation index of f. 

Proposition 3.6 Let f G C°(T) and 7(1) > 0, i/ten 7(1) = d(x,f(x)) for some x G -D(l) and 
7(n) > 7(1) /or every natural number n > 1. 

Proof If 7(1) > 0, by Definition 3.2, there is a sequence {x n } ( ^ ) =1 C -D(l) such that 7(1) = 
lim d(x n , f(x n )). Without loss of generality, we may suppose that lim (x n , f(x n )) = (x, f(x)). 
Notice that d(x,f(x)) = 7(1) > 0, so there is a neighborhood N(x) of x such that f(y) G 
T x (f{x)) \ N{x) for all y G N(x). Take a point x M G iV(x) with (x M ,x) n B(T) = for 
some natural number M. Since xm G -D(l), we have a point yM G T \ T XM (f(x m )) to satisfy 
yM G [/(yjw)) ^m)- R follows that x G -D(l) by the choice of N(x) and x m . 

Let n G N and x G D(l) with d(x,f(x)) = 7(1). Then, by the proof of Proposition 3.3, 
there exist a point z G T \ T x {f{x)) such that / n ~ 1 (z) = x and z G D(n). Hence d(z, f n (z)) > 
d(x,/(x)) = 7(1), which implies j(n) > 7(1). □ 

Definition 3.3 The orbit of x under f , denoted by Orbf{x) {simply by Orb(x) if no confusion 
arise), is said to be a separating orbit with an instability constant r > 0, if for every pair of 
distinct points x«, Xj G Orb(x), there is an integer n > such that d(f n (xi), f n (xj)) > r. 

Theorem 3.1 Let f be a transitive tree map with a positive separation index 7 and let x s and 
Xt be any two distinct points on a dense orbit. Then for every < r < 7, (x s ,xt) is a Li-Yorke 
pair of modulus t. 

Proof Let x s and xt be any two distinct points on a dense orbit Orb(xo) = {xfc := / fe (xo)}^L - 
Without loss of generality, let s > t, then f l {xt) = x s , where i = s — t. By Proposition 3.6, there 
is a point p G T such that d{p,f l {p)) > 7 > r > 0. Since xo is a transitive point, there exists 
a subsequence {/ nm (xt)}2? =1 such that lim f nm (xt) = p. So we have lim f nm (x s ) = f l (p)- 
Since d(p,f l (p)) > 7 > r, we have a positive number £ > r and a natural number M such 
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that d(f nm (x s ),f nm (x t )) > £ for all m > M. Therefore, lim sup n _ > . 00 d(f n (x s ), f n (x t )) > r. Let 
q G F(f), then there exists a subsequence {/ nfc ( x t)}fcLi such that lim f nk (xt) = q. So we have 

k— >OD 

lim f nk (x s ) = f l (q) = q. Therefore, liminfn^oo d(f n (x s ), f n (xt)) = 0. This complete the proof 

k— >oo 

of the proposition. □ 

Corollary 3.8 Let f be a transitive tree map with a positive separation index 7. Then orbits 
of all transitive points are separating orbits with instability constant r > for any < r < 7. 

We now discuss the intra-orbit separation properties for transitive tree maps. First, we recall 
a known result concerning a transitive tree map, which can be found in Theorem 3.1 of [7] or 
Proposition 3.1 of [13]. 

Proposition 3.7 ( [7,13]) Let f : T — > T be a transitive tree map. Then exactly one of the 
following two statements holds: 

(a) / is totally transitive. 

(b) There exist k > 1, an interior fixed point y of f with Valx(y) > k and non- degenerate 
closed subtrees Ti, • • • , T& of T such that T = L) k =1 Ti, Tj n Tj = {y} for all i / j, /(TO = 
Fi+i(modk) an d f k \Ti is transitive for i = 1, ■ ■ ■ , k. Moreover, y is the unique fixed point of f. 

Theorem 3.2 Let f be a transitive tree map on a tree T, then exactly one of the following two 
statements holds: 

(i) The map f is totally transitive, and there is a natural number n such that the separation 
index of f n is greater than zero. 

(ii) There exist k > 1 and non- degenerate closed subtrees Ti,- ■ ■ , T/% of T with T = U k =1 Ti 
and Ti n Tj = {y} for all i 7^ j, where y is the unique fixed point of f, such that gi := / |tj is 
transitive with positive separation index for all i = 1, • • • , k. 

Proof According to Proposition 3.7, we need only to cosider the following two cases: 



(i) The map / is totally transitive, since / is transitive, P(f) = T by Lemma 2.2. Then it's 
easy to show that P n (f) 7^ f° r some integer n > 1. Note that F{f) 7^ 0, so Card{F{f n )) > 
n + 1. By Corollary 3.2, 7(71) > 0. 

(ii) / |tj is transitive for alii = 1, • • • , k, where T = U^ =1 Ti, Ti n Tj = {y} for all i ^ j, and 
y is the unique fixed point of /. By Corollary 3.3, g k := f k \Ti has positive separation index for 
allz = 1, ■ ■ ■ , k. □ 

Corollary 3.9 Let f be a transitive tree map on a tree T and the separation index of f is greater 
than zero, then f is totally transitive. 

Remark 3.6 (1) Form Corollary 3.9 or Proposition ??, tree maps gi(l < i < k) in Theorem 
3.2(H) are totally transitive. 

(2) Theorem 3.2 shows that the separation index of a tree map, which is transitive but not 
totally transitive, is zero. However, for a totally transitive tree map, the separation index of it 
may be greater than zero (see Example 3.2). 

(3) In Theorem 3.2, both the number n and the number k maybe equal to 2 (see Example 3.3 

and Example 3.4)- Of course, the converse of Corollary 3.9 does not hold. 
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(4) In Theorem 3.2, both the number n and the number k maybe greater than any natural 
number N {see Example 3.5 and Example 3.6). 

Example 3.2 Let T = {z G C : z 3 G [0, 1]} and gj : [|, ^-] — > [0, 1] be a continuous map 
defined as gj(r) = 1 — |6r — 2j — 1| for each j = 0, 1, 2. We now define a map f : T — > T by 

f(re ke )= gj (r)e^ e 

for every j, k G {0, 1,2}, where 9 = -P and i 2 = — 1. 

One can show that f is totally transitive and Card(F(f)) = 4 > 2, and so f has positive 
separation index. □ 

Example 3.3 Let T = {z G C : z 3 G [0, 1]}, g : [0, \) — > [0, 1] defined as g (r) = 1 - |4r - 1| 
and gi : [^, 1] — >■ [0, 1] defined as gi(r) = 2r — 1 are continuous maps. We now define a map 
f:T^T by 

f(re ke ) = g x{r) (r)e^+^ e 



is 



{1 ) if r G [-, 1] 
0, if re [0,|) 
the characteristic function of [t>, 1]. 

One can s/ioio i/iai / is totally transitive, F(f) = {0} and Card{P2{f)) = 12 > 2. So the 
separation index of f is zero and f 2 has positive separation index. □ 

Example 3.4 Let T x = {z G C : (z - l) 3 G [0,1]}, T 2 = {z G C : (z + l) 3 G [0,1]} and 
T = T\ U T2 . VFe now define a map f : T — > T by 

/((_!)*+!+„,") = (_i)* + ^j^Jfc+i+^r))* 

/or every k G {0, 1, ■ ■ ■ ,5}, where 9 = j^, i 2 = —1, and go,gi,x are continuous functions defined 
as Example 3.3. 

One can show that f is transitive but not totally transitive for f 2 (Tj) = Tj(j = 1 or 2), 
F(f) = {0}, and ±|e fc6) G ^(Z) which implies Card(F(f 2 )) > 2. So the separation index of f 
is zero and f 2 has positive separation index. □ 

Example 3.5 Given natural number N > 3, let T = {z G C : z G [0, 1]} and g\ : [^, 1] — > 
[0, |] defined as gi(r) = r — \. We now define a map f : T — > T by 

f{re ke )=g x{r) (r)e^^r))e 

for every k G {0, 1, • • • ,N — 1}, where 9 = -P ; i 2 = —1 and go,x are continuous functions 
defined as Example 3.3. 

One can show that f is totally transitive, F{f) = {0}, P n (f) = for each 2 < n < N — 1 
and ^e G Pjy(/) for each < k < N — 1 which implies Card(F(f )) > 2. So the separation 
index of f n is zero for any 1 < n < N — 1 and f N has positive separation index. □ 
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Example 3.6 Fixed natural number N > 3, let T = {z £ C : z N £ [0, 1]} and g : [0, 1] — > [0, 1] 
defined as g(r) = 1 — |2r — 1| be a continuous maps. We now define a map f : T — > T by 

f{re ke ) = g{r)e^ 

for every k £ {0, 1, • • • ,N — 1} ; where 6 = -^ and i 2 = — 1. 

One can show that f is transitive but not totally transitive for f (Tj) = Tj, where Tj = 
{re je : < r < 1} and < j < N - 1. On the other hand, we have that F(f) = {0}, 
P n (f) = for each 2 < n < N - 1 and \e ke <E Pn(I) for each < k < N - 1 which implies 
Card{F{f N )) > 2. Therefore, the separation index of f n is zero for any 1 < n < N — 1 and f N 
has positive separation index. □ 
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A GENERALIZED SYSTEM MIXED VARIATIONAL INEQUALITY INVOLVING 
THREE DIFFERENCE RELAXED COCOERCIVE OPERATORS 

NAWITCHA ONJAI-UEA AND POOM KUMAM* 

Abstract. In this paper, we introduce and consider a new generalized system of nonlinear mixed 
variational inequality involving three difference relaxed cocoercive operators. This work is to use the 
resolvent operator technique to find the common solutions for a new generalized system of relaxed 
cocoercive mixed variational inequality problems and fixed point problems for Lipschitz mappings in 
Hilbert spaces. Our result in this paper improves and generalizes some know corresponding results 
in the literature. 



1. Introduction 

The theory of variational inequalities, variational inclusions, and equilibrium problems, the devel- 
opment of an efficient and implementable iterative algorithm is interesting and important. This theory 
combines theoretical and algorithmic advances with novel domain of applications. Analysis of these 
problems requires a blend of techniques from convex analysis, functional analysis and numerical analy- 
sis. The quasi-variational inequalities is equivalent to the fixed-point problem using the projection 
technique. This equivalent formulation has been used to develop iterative methods for solving the 
quasi-variational inequality and its various variant forms. These alternative formulations have played a 
very significant role in the developments of numerical methods, sensitivity analysis, dynamical systems 
and other aspects of variational inequalities. The important generalization of variational inequalities, 
called variational inclusions, have been extensively studied and generalized in different directions to 
study a wide class of problems arising in mechanics, optimization, nonlinear programming, economics, 
finance, engineering and applied sciences. 

Let H be a real Hilbert space whose inner product and norm are denoted by (• , •) and|| • || , respectively. 
Let Ai,A2,As : H x H x H — ► H be nonlinear operators. Let (p : H — > (— oo, +oo] be a proper convex 
lower semi-continuous function on H. We consider the following problem: 
Find x* ,y*,z* € H such that 

( (sAi(y*,x*,z*) + a;* - y* , x - X*} + cp(x) - tf{x*) > 0, Vx G C, s > 0, 
(*)< (rA 2 {z*,X*,y*)+y*-z*,x-y*) + ip(x)-ip(y*)>0, Vx G C, r > 0, 
[ (tA 3 (x*,y*,z*)+z* -x*,x-z*) +ip(x) -ip(z*) > 0, Va; £ C, t > 0. 

The inequality (-fc) is called generalized system for nonlinear mixed variational inequality problem 
involving three different nonlinear operators, the solution of (-fc) denoted by (GSNMVIP). 
Some special cases of the problem (ic): 

(I) If A3 = 0, Ai = A2 = A are bifunctions from H x H — > H and z* = x* , then the problem (-fc) 
reduces to the following generalized system for a relaxed cocoercive mixed variational inequality problem 
(SMVIP(A, ip)), considered by He and Gu [ ] and Petrot [ ]: finding x* ,y* G H such that 

(sA(y*,x*) +x* ~ y*,x-x*) + <p(x) ~ <p(x*) > 0, Va; G C, s > 0, 

(1.1) (rA(x*,y*) + y* - x* ,x - y*) + <p(x) - <p(y*) > 0, Vx G C, r > 0. 
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(II) If Aj, = 0, Ai, A 2 are bifunctions from H x H — ► H, z* = X* and C is a closed convex subset of H 
and <p(x) = 5c(x), x £ C, where <5c(a;) is the indicator function of C defined by 

( 0, if a: G C, 

Sc=\ 

[ +oo, if otherwise, 

then the problem (1.1) reduces to the following system of nonlinear variational inequalities involving 
two different nonlinear operators (SNVID) considered by Huang and Noor [ ]: finding x* ,y* £ C such 
that 

(sA 1 (y*,x*) + x*-y*,x-x*) > 0, Vz G C, a > 0, 

(rA2(x*, y*) + y* — x*,x — y*) > 0, \fx £ C, r > 0. 

(III) If A\ = Ai = A, then problem SNVID reduces to the following system of variational inequalities 
(SVIP(A,C)) considered by Verma [17] and Chan, Lee and Chan [2]: finding x*,y* £ C such that 

(sA(y*,x*) + x* -y*,x- x*} > 0, Vx G C, s > 0, 
(rA(x*,y*) + y* -x*,x-y*) > 0, Vx G C, r > 0. 

If A : C — > H is univariate nonlinear operator, the problem SNVID is equivalent to finding u £ C 
such that 

(A(u),v-u) >0, Vv£ C, 

which is known as the classical variational inequality introduced and studied by Stampacchia [ ] in 
1964. 

Recently, Kumam et al. [ ], studied a relaxed extragradient approximation method for solving a 
system of variational inequalities over the fixed-point sets of nonexpansive mapping and also obtained 
a strong convergence theorem. Moreover, the proposed algorithm can be applied for instance to solving 
the classical variational inequality problems. Various kinds of iterative algorithms to solve the variational 
inequalities and variational inclusions have been developed by many authors. There exists a vast 
literature [15, 16, 17, 18, 19] on the approximation solvability of nonlinear variational inequalities as 
well as nonlinear variational inclusions using projection type methods, resolvent operator type methods 
or averaging techniques. For the recent applications, numerical methods and formulations, (see for 
example [7]-[12], [14]-[16], [19]-[20]) and the references therein. 

Very recently, Wang et al [22], introduced and studied a new system of generalized mixed quasivaria- 
tional inclusion problem (SGMQVI) in uniformly smooth Banach spaces which includes some previous 
variational inequalities as special cases. Furthermore, the existence and uniqueness theorems of solu- 
tions for the problem (SGMQVI) are established by using resolvent techniques. They also proposed 
some new iterative algorithms for solving the problem (SGMQVI). Strong convergence of the iterative 
sequences generated by the corresponding iterative algorithms are proved under suitable conditions. 

Motivated and inspired by the recent research works in this fascinating area, the purpose of this 
paper is to introduce and study a new system of generalized nonlinear mixed variational inequality 
problem with three difference Qu, i/)-cocoercive mappings in Hilbert spaces. Using the resolvent operator 
technique, we suggest three-step iterative methods for solving this system and fixed point problem of a 
nonlinear Lipschitz mapping include several relate problems as special cases. Our results improve and 
extend the corresponding results of recent works. 

2. Preliminaries 

Next, we will use the following definitions and lemmas. 

Definition 2.1. A nonlinear mapping T : H — > H is said to be a K-Lipschitzian mapping if there 
exists a positive constant k such that 

||Ta:-Ty||<«||x-y||, Vx,y £ H. 

In the case n = 1, the mapping T is known as a nonexpansive mapping. If T is a mapping, we will 
denote by F(T) the set of fixed points of T, that is, F(T) = {x G H : Tx = x}. 
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Definition 2.2. Let M C H x H be a set-valued mapping. Then M is called monotone if for any 

(x 1 ,y 1 ),(x 2 ,y 2 ) e M, 

(j/l -V2,X! -X 2 ) > 0. 

A monotone operator M <Z H x H is called maximal if M is not properly contained in any other 
monotone operator. 

Definition 2.3. ([ ]) If M is a maximal monotone operator on H, then, for any A > 0, the resolvent 
operator associated with M is defined by 

J M (u) = (I+XM)- 1 (u), 

for all u € H, where I is the identity mapping on H. 

It is well known that a monotone operator is maximal if and only if its resolvent operator is defined 
everywhere. Furthermore, the resolvent operator is single-valued and nonexpansive. In particular, 
it is well known that the subdifferential dip of a proper convex lower semi-continuous function ip : 
H — > (—oo, +oo] is a maximal monotone operator; see [6]. Moreover, we have the following interesting 
characterization. 

Now, we recall some classes of the nonlinear mappings: 

Definition 2.4. The mapping A : H — ► H is said to be: 

(i) ^-strongly monotone if there exists a constant v > such that 

(Ax — Ay, x — y) > v\\x — y\\ , Vx, y E H; 

(ii) /x-cocoercive if there exists a constant \l > such that 

(Ax - Ay, x — y) > fj,\\Ax - Ay\\ 2 , \/x, y £ H; 

(iii) relaxed /x-cocoercive if there exists a constant // > such that 

(Ab-4i/,s-i/) > (-M)||Aa;-^y|| 2 , Vx,y e H; 

(iv) relaxed (/x, ^)-cocoercive if there exists a constant /x, v > such that 

(Ac - ^4y, a; - y) > (~n)\\Ax - Ay\\ 2 + v\\x - y\\ 2 , Vx,y e H. 

From definition 2.4, obviously, we see that the class of the relaxed (/i, i^)-cocoercive mappings is 
the most general class. In this work, we will consider a kind of mapping which can be viewed as a 
generalization of a relaxed (/i, i/)-cocoercive mapping as follows: 

Definition 2.5. A mapping A : H x H — ► H is said to be relaxed (/x, ^)-cocoercive if there exist 
constant /x, v > such that, for each a;, x' G i7, 

(A(x,y)-A( a; , ,2/ , )^-^}>(-M)m(a;,y)-^',2/')l| 2 + Hk-^ll 2 . V^y'eJT. 

Definition 2.6. A mapping A : H x H ^ H is said to be r-Lipschitz in the first variable if there exist 
constant r > such that, for each x, x' G H, 

\\A(x,y)-A(x',y')\\ <r||x-x'||, VyrfzH. 

Lemma 2.7. ([ ]) Let {a n } and {b n } be two nonnegative real sequences satisfying the following 
conditions: 

a-n+i < (1 - ln)a n + b ni Vn > n , 
/or some n e N, ^„ GC (0, 1) wii/i X^^Lo '" = oo, 6„ = o(Z„), TTien limn^oo a r . 
Lemma 2.8. ([!]) for o given u,z £ H satisfies the inequality 

(u — z,x — u) + Xip(x) — \ip(u) > 0, Vx € H 
if and only if u = J v (z) 709 



L n — >oo ^n 
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3. Main Results 



First, we establish the equivalence between the system of variational inequalities and fixed point 
problems. For this purpose, we recall the following well known result. 

Lemma 3.1. Let H be a real Hilbert space, Ai, A 2 , A 3 : H x H x H — ► H be mappings and let 
s,r,t be any positive real numbers. Then (x* ,y* ,z*) € H is a solution to problem (1.1) if and only if 
(x* ,y* , z*) G H is a solution to the following system of operator equations: 

x* = J v [y*-sA 1 {y*,z*,x*)], 

y* = J v [z*-rA 2 (z*,x*,y*)}, 
z* = J v [x* -tA 3 (x*,y*,z*)], 



where J v = (I + dtp) 



-1 



Proof. In fact, (x*,y* , z*) G H is a solution of problem (-A-) if and only if for all x G H and s,r, t > 0, 

(sAi(y* , z* , x*) + x* — y*,x — x*) + tp(x) — tp(x*) > 0, Vie G C, s > 0, 

(rA 2 (z*,x*,y*) + y* - z*,x - y*) + tp(x) - tp{y*) > 0, Vx G C, r > 0, 

(tA 3 (x*,y*,Z*) + z* -x* 1 x-z*)+tp(x)-tp(z*) > 0, Vx G C, t > 0. 

if and only if for all x G H and s,r,t > 0, 

(x* — (y* — sA\(y* , z* , x*)),x — x*) + <p(x) — p(x*) > 0, Vx G C, s > 0, 

(y* - (z* -rA 2 (z*,x*,y*)),x- y*) + ip(x) - <p(y*) > 0, Vx G C, r > 0, 

(2* - (x* -tA 3 (x*,y*,z*)),x- z*) +tp(x) - p(z*) > 0, Vx G C, t > 0. 
By Lemma 2.8, if and only if 

x* = J v [y* - sAi{y*,z*,x*)], 
V* = J v [z* -rA 2 (z*,x*,y*)], 
z* = J v [x* - tA 3 (x*,y*,z*)]. 

This complete the proof. □ 

Remark 3.2. If (x*, y* , z*) is a solution of problem (if) and {x*,y*,z*} C F(T), then, it follows that 

" x*=T(x*) = TJ v [y*-sA 1 {y*,z*,x*)], s > 0, 
y* = T(y*) = TJ v [z* - rA 2 (z*,x*,y*)}, r > 0, 
z * = T(z*) = TJ v [x*-tA 3 (x*,y*,z*)}, t > 0. 

Algorithm 3.3. Let r,s,t > that appeared in the problem (if), and let us have Xo,yo,Zo G H; 

compute the sequences {x n },{y n },{z n } such that 

Zn v *■ inj^n 1 In-*- " \p \p^n ^^-3 y^ni Vn j *nJJ 1 
Vn = (1 — Pn) x n + Pn^ Jip [ z n ~ r A 2 ( Z n , X n , y n ) \ , 

x„ + i = (1 - ct n )x„ + a„TJ v [2/„ - sAi(y n ,z ni x n )]. 

Remark 3.4. ([13]) If A(-,-,-) : HxHxH^H is three-variable relaxed (/i, z/)-cocoercive and 
r-Lipschitz in the first variable, we defined a function p : (0, +oo) — > (— oo, +oo) by 

p(s) = 1 + 2s{ir 2 - 2sv + s 2 t 2 , Vs G (0, +oo). 

Consequently, if T : H — > H is a K-Lipschitz mapping, we put 

r v^y, ifp(«)>o, 

(3.1) fl = <^ 

If A 3 — 0, A\ = A 2 = A are bifunctions from HxH—>H,y n = and z n = x n , then Algorithm 3.3 
is reduced to the following. 

Algorithm 3.5. For arbitrarily chosen initial points Xo,yo G H, compute the sequences {x n } and {y n } 
by 

y n = (1 - /3„)x„ + (3 n TJ v [x n - rA(x n , y n )], 
x n+ i = (1 - a n )x„ + a^J^, [?/„ - sA(j/„, x n )]. 



1 ifp(s)<0. 
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If C is closed convex subset of H , and the function ip(-) is the indicator function of C in H, then it is 
well known that J v = Pc, the projection operator of H, onto the closed convex set C, then Algorithm 
3.5 is reduced to the following. 

Algorithm 3.6. For arbitrarily chosen initial points XojZ/o G H, compute the sequences {x n } and {y n } 
by 

y n = (1 - p n )x n + n TP c [x n - rA(x n , y n )], 
x n+ i = (1 - a„)x n + a n TPc[y n - sA(y n ,x n )]. 

Now, we stat and prove the main result of this work. 

Theorem 3.7. Let H be a real Hilbert space. Let A\, A 2 , A 3 : H x H x H — > H be three-variable relaxed 
(/ii, vi), (//2, v 2 \ (/l*3, u 3 ) -cocoercive mappings and Ti,T2,T3-Lipschitz mappings, in the first argument 
respectively, and T : H — > H be a K-Lipschitz mapping. Assume that {a n }, {f3 n }, {"f n } £ [0, 1] and the 
following conditions hold: 

(CI) J2u=o a n = 00; 

(C2) lim„^oo f3 n = 1 and lim„^oo j n = 1; 

(C3) s E (0, 2 ("i-^i 2 ) ), r g ( 0; gte^gj) ) a nrf t€ (0, 2( ^ 3 ;| 13t|) ); 

(C4) k6> < 1, w/iere = max{0 s ,0 r , (9*}. 
// GSNMVIP H F(T) 7^ 0, i/ien i/ie sequences {x n }, {y n } and {z n } generated by Algorithm 3.3 
converge strongly to x* , y* and z* , respectively, such that (x*,y*,z*) is a solution of problem (-fc) and 
{x*,y*,z*}cF(T). 

Proof. From Remark 3.2 and Algorithm 3.3, we compute 

\\Zn-Z*\\ = ||(1 -~ln)Xn+lnTJ v [x n ~tA 3 (x n ,y n ,Z n )} - Z* \\ 

< (1 - 7„)||x„ - 2*|| +jn\\TJ lp [x n - tA 3 (x n ,y ni z n )] - z*\\ 

= (1 - 7„)||x„ - z*\\ +7„\\TJ ip [x n - tA 3 (x n ,y n ,z n )} - TJ v [x* - tA 3 (x*,y*,z*)]\\ 

< (1 - 7„)||x„ - z*\\ +7„k|| J v [x n - tA 3 (x n ,y n ,z n )} - J v [x* - tA 3 (x*,y*,z*)]\\ 

< (l-7„)||x„-x*|| + (l- 7 „)||x*-z*|| 

+ 7n«ll#n -x* - t[A 3 (x n ,y ni z n ) - A 3 (x*,y*,z*)]\\. 

By assumption that A 3 is relaxed (fj, 3 , z^-cocoercive and T3-Lipschitz mapping in the first variable, we 
can compute the following; 

\\x„ - x* -t[A 3 (x n ,y n ,z n ) - A 3 (x* ,y* ,z*)}\\ 2 = \\x„ - x*\\ 2 - 2t(x n - x*,A 3 (x n ,y n ,z n ) - A 3 (x*,y*,z*)) 

+ t 2 \\A 3 (x n ,y n ,z n ) - A 3 (x*,y*,z*)\\ 2 

< \\x„ - x* || 2 - 2t[-H3\\A 3 (x n ,y n ,z n ) - A 3 (x* , y* , z*)\\ 2 

1 II *l|2l 1 .2 2 11 *||2 

+ V 3 \\X n -X \\\+t T 3 \\x n ~X || 

< \\x n - x*\\ 2 + 2t/j, 3 T 3 \\x n - x*\\ 2 - 2ti/ 3 \\x n - x*\\ 2 

+ t 2 T 2 \\x n ~X*\\ 2 

= (1 + 2t^ 3 T 2 - 2tv 3 + t 2 T 2 )\\x n -x*\\ 2 

< 2 \\x n -x*\\ 2 

(1 -ln)\\%n ~X*\\ + (1 -7„)||.T* - Z*\\ +-f n K0 t \\x n ~X*\\ 

(1 - 7n + lnn0)\\x n - x*\\ + (1 - 7n )||a:* - z*\\. 

11(1 -P n )(x n -y*) + (i n {TJ^[z n - rA 2 (z n ,x n ,y n )} -y*)\\ 

< (1 - n )\\x n -y*\\ + l3 n \\TJ v [z n -rA 2 (z n ,x n ,y n )} -y*\\ 
= (1 - (3 n )\\Xn -y*\\ + Pn\\TJ<p[zn - rA 2 (z n ,x n ,y n )} -TJ v [z* ~rA 2 (z* ,x* 1 y*)]\\ 

< (1 - {i n )\\x n -y*\\ + P n K\\J<p[zn - rA 2 (z n ,x ni y n )} - J v [z* - rA 2 (z*, x* , y*)]\\ 

< (l-(3 n )\\ Xn -x*\\ + (l-(3 n )\\x*-y*\\ 
+ /3 n K,\\z n - z* - r[A 2 (z n ,x n ,7yW) - A 2 (z*,x*,y*)]\\. 



So, we obtain 




\\ z n - Z*\\ 


< 


(3.2) 


< 


Now, we estimate 




\\Vn-V*\\ = ||(1- 


-a,: 
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Similarly, by assumption that A 2 is relaxed (/i 2 , f2)-cocoercive and T2-Lipschitz mapping in the first 
variable, we obtain that 

\\z n - z* -r[A 2 (z n ,x n ,y n ) - A 2 (z* , x* , y*)}\\ 2 < (1 + 2r^ 2 r 2 - 2rv 2 + r 2 T 2 )\\z n - z*\\ 2 

(3.3) < 2 r \\z n -z*\\. 2 
From (3.2) and (3.3), we have 

||»n-»*|| < (l-p n )\\x n -X*\\ + (l-0 n )\\x m -y m \\+p n K0 r \\Zn-Z*\\ 

< (l-/3 n )\\x n -x*\\ + (l-(3 n )\\x*-y*\\ 

+ /3 n K0[(l -7n +JnK0)\\x n - X*\\ + (1 ~ Jn)\\x* - Z*\\] 

= (1 -/3 n +{3„k0(1 -7„ + j n n0))\\x n -x*\\ 

(3.4) + (1 - (3 n )\\x* -y*\\ + I3 71 k8(1 - ln )\\x* - z*\\. 
From Algorithm 3.3, we compute that 

\\x n+ i-x*\\ = \\(l-a n )x n + a n TJ tf> [y n -sAi(y n ,z n ,x„)]-x*\\ 

< (1 -oi n )\\x n -x*\\ +a n \\TJ v [y n -8Ai(t/„,z n) j; n )] -TJ v [y* - sA^y* , z*,x*)}\\ 

< (1 - a n )\\x n -x*\\ + a n n\\ J v [y„ - sAi(y„,« n ,ar n )] - J v [y* - sAi(y* , z* , x*)]\\ 

(3.5) < (1 - a n )||a; n -ar*|| + a n n\\y n - y* - s[Ai(y n ,z n ,x n ) - Ai(y*,z*,x*)]\\. 

Similarly, by assumption that Ai is relaxed (/ii, z^i )-cocoercive and ri-Lipschitz mapping in the first 
variable, we can compute the following; 

||y„ -y* - s[A x {y n ,z n ,x n ) - A x {y*, z*,x*)}\\ 2 < (1 + 2s^t 2 - 2sv x + s 2 r 2 )\\y n -y*\\ 2 

< o 2 \\ yn -y*\\ 2 

(1 - a n )\\x n -X*\\ + a n K0 s \\y n - y*\\ 

(1 -a n )\\x n ~X*\\ +a n K0 s [(l - P n + P n K0(l - J n + lnK0))\\x n - X*\\ 

+ (1 - (3 n )\\x* -y*\\ + n K6(l - j n )\\x* -z*\\] 

(1 - a„(l - k0(1 -p n + f3 7l K0(l - 7n + j n K0)))) \\x„ - ar*|| 

(3.7) +a n K0((l-f3 n )\\x* -y*\\ + (l- ln )p n K0\\x*-z*\\y 

Set a„ = \\x n —x*\\, l„ = a n (l - «0(1 - /3 n + Pn^0{l - 7„ + 7n«0))) and 
^n = anK^( (1 — /3 n ) 1 1 a; * — y*|| + (1 — 7 n )/3 n K0||x* — z*|| J, it follows that 

(3.8) ||x„+i-a;*|| < (1 - l n )\\x n -x*\\ + b n . 

Since, n8 < 1, we have l n £ (0, 1) for all n E N. From the condition (C2) implies that b n = o(l n ); in 
addition to the condition (C4), it to see that l„ > a n (\ — k0) for all n G N and by condition (CI), we 
obtain that X^n'Lo ^™ = °°- Therefore, from Lemma 2.7 and conditions (C1)-(C4) are satisfied and so, 
\\x n — x*\\ — > as n — > oo i.e., x n — ► X* as n —* oo. Consequently, by condition (C2), (3.2) and (3.4), 
we obtain z n — > z* and y n —> y* as n — ► oo, respectively. This complete this proof. D 

If Ai = A 2 = A3 = A, 7„ = and z n — x n , then the following theorem can be obtained from 
Theorem 3.7 directly. 

Theorem 3.8. Let H be a real Hilbert space. Let A : H x H — > H are two-variable relaxed (/j,,v)- 
cocoercive and t -Lipschitz mappings, in the first argument, and T : H — > H be a n-Lipschitz mapping. 
Assume that {a„}, {/3„} € [0, 1] and the following conditions hold: 

(CI) J2n=o a n = °°; 
(C2) Hindoo A, = 1; 

(C3) r, S e(0,^^); 

(C4) k0 < 1, where 8 = max{#.,,0 r }. 
If SMVIP(A,(p) n -FX? 1 ) 7^ i/ien ifte sequences {x n } and {y n } generated by Algorithm 3.5 converge 
strongly to x* and y* , respectively, such that (x*,y*) £ SMVIP(A, (p) and {x*,y*} C F(T). 

Remark 3.9. Theorem 3.8 generalize and improv<b2the result of Petrot in [13]. 



From 


(3.4)-(3.6), 


we 


have 




||x„+i -x 


'II 


< i 

< 1 



< 
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If C is closed convex subset of H, and the function ip(-) is the indicator function of C in H, then 
it is well known that J v — Pq, the projection operator of H, onto the closed convex set C, then the 
following theorem can be obtained from Theorem 3.8 directly. 

Theorem 3.10. Let H be a real Hilbert space. Let A : H x H — > H are two-variable relaxed (/j,,v)- 
cocoercive and t -Lipschitz mappings, in the first argument, and T : H — ► H be a n-Lipschitz mapping. 
Assume that {a n }, {f3 n } G [0,1] and the following conditions (Cl)-(C^) in Theorem 3.8 holds. Lf 
SVIP{A,C) n F(T) 7^ then the sequences {x n } and {y n } generated by Algorithm 3.6 converge 
strongly to x* and y* , respectively, such that (x*,y*) S SVIP(A, C) and {x*,y*} C F(T). 

Remark 3.11. Theorem 3.10 generalize and improve the result of Chang, Lee and Chan in [ ]. 
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Abstract: In this paper, we consider block preconditioned AOR iterative methods for solving linear system Ax = b. 
When A is an H-matrix, we study the convergence of our methods and give some comparison results of the spectral 
radius. Numerical example is also given to illustrate our methods. 
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1. Introduction 

For the linear system 



Ax = b, (1.1) 



f 


An 


A12 . 


Ai m 


\ 




A 2 i 


A 22 - 


A2m 




I 


A m i 


A m 2 


^*-mm 


J 



where A is an n x n square matrix, and x and b are n -dimensional vectors. The basic iterative method for 
solving equation (1.1) is 

Mx k+1 =Nx k + b, k = 0,l,--, (1.2) 

where A — M — N, and M is nonsingular. Thus (1.2) can be written as 

x k+l = Tx k + c, fc = 0,l,-", 

where T = M^N, c = M~ l b. 

Let us consider the following partition of A 



(1.3) 



where the blocks A, , e c n,xn >, i — l,...,m, are nonsingular, and ni + n 2 + -.. + n m — n. 
Usually we split A into 

A = D-L-U, 

where D — diag(An,...,A mm ), — L and —U are strictly block lower and strictly block upper triangular parts of A, 
respectively. Then, the iteration matrix of the AOR method for A is given by 

& ra = (D-rL)- 1 (ll-a)D + (a-r)L+aU), 

where a and r are real parameters with a + 0. Notice that if we take some specific values of r and a, then we obtain 
the successive overrelaxation (SOR), Gauss-Seidel and Jacobi methods. 
Transforming the original system (1.1) into the preconditioned form 

PAx = Pb, (1.4) 

then, we can define the basic iterative scheme: 

M p x k+1 =N p x k +Pb, k = 0,l,---, (1.5) 
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where PA — M p — N„, and M p is nonsingular. Thus (1.5) can also be written as 

x k+1 = Tx k + c, k = 0,l,--, 

where T — M p l N p , c — M~ x Pb. Similar to the original system (1.1), we call the basic iterative methods corre- 
sponding to the preconditioned system the preconditioned iterative methods, such as the preconditioned Jacobi 
method, the preconditioned Gauss-Seidel method, etc. 

If A is an M-matrix, Alanelli et al. in [ 1] , considered the preconditioner P — Q+S, where Q =diag(L ^ ,I 22 ,---,Imm) 
and S is given by 

( On 12 ■■■ lm A 



S = 



-A ? ,L 



21^11 



-1 
ml ^\\ 



A m \ L 



O? 



0„ 



Oo 



o, 



mm J 



with Ln being the lower triangular matrix in the LU triangular decomposition of An. 

Let H, =diag(<y ! ,w ! -, ...,<!>;) e R"!*"!, j = 2,3,..., m, we consider the preconditioner Pi = Qi + Si, where 
Qi =diag(A n 1 , 7 2 2, ■ ■ ■ , Imm) and 



V 



On Ou ■■■ Oi m \ 

-n 2 ^2i^n °22 ••• 2m 



Let Pi A = {Qi+Si){D-L-U) = D-L-U, where D =diag(/ n ,,4 22 - f^iA^/A^, 



y-^mrn ^'m^ml^n ^lm )j 



Otj, 

(fit-ittUn, 



1 < i < m , j — 1 



-Aij +Q.iA n A n L Aij, i = 3,4,..., m, j > 2 



U= 



Otj, 



i = i,j>i 



-Aij +n i A il A u 'A lj , i < j, j>2 



where 0, ; are some n ,- x rij zero matrices. 

If D is nonsingular, then (D — rLy 1 exists, and then, it is possible to define the AOR iteration matrix for PiA. 
Namely 

S£ ria = {D-rLY 1 {(\- a)D + {a- r)L+aO). 

Let \A\ denote the matrix whose elements are the moduli of the elements of the given matrix. We call (A) — (a i; ) 
is comparison matrix if (a,-j) = |ajj I for i—j, if («») = — \dij\ for i+ ]■ 
For (1.3), under the above definition, we have 



(A): 



f (An) 

~\A 2 i\ 

^ — \A m i\ 



-\Ai 2 \ 

(A 22 ) 

-\A m2 \ 



-\Ai m \ ~\ 

-\A 2m \ 



■(D)-\L\-\U\, 



where (D) =diag{(An) , (A 22 ) , . . . , (A mm )), —\L\ and — \U\ are strictly block lower and strictly block upper triangular 
parts of (A), respectively. 
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Notice that the preconditioner of the matrix (A) corresponding to Pi is P 2 — Q2+S2, where Q 2 =diag((An)~ 1 , 7 22 , 
Immjt and 

r 



On 


012 • 


0\ m 


n 2 \A 21 \(A u )-i 


22 • 


(hm 


n. m \A ml \(A n )- 1 


O m 2 


Umm j 



V 

\etP 2 (A)=(Q 2 +S 2 )(A) = D-l-U, where D^Amg{I n ,(A 22 )-^ 2 \A 2 ^{A n )- l \A u \,...,(A mm )-^ m \A ml \(A u )-^\A lm \), 
—L and — U are strictly block lower and strictly block upper triangular parts of P 2 {A), respectively. 

If D is nonsingular, then (D — rty 1 exists, and then, it is possible to define the AOR iteration matrix for P 2 (A) . 
Namely 

!£ ra = (D-rLT l {{l-a)D + {a-r)L + aU). (1.6) 

Alanelli et al. in [1], showed the preconditioned Gauss-Seidel, the preconditioned SOR, the preconditioned Ja- 
cobi methods with preconditioner P are better than original methods. Our work in the presentation are to prove 
convergence of the preconditioned AOR method with preconditioner Pi and give more comparison results of the 
spectral radius for the case when A is an H -matrix. 

2. Preliminaries 

A matrix A is called nonnegative (positive) if each entry of A is nonnegative (positive) , respectively. We denote 
them by A > {A > 0). Similarly, for n- dimensional vector x, by identifying then with nx\ matrix, we can also 
define x > {x > 0). Additionally, we denote the spectral radius of A by p{A). A T denotes the transpose of A. 
A matrix A — (a,j) is called a Z -matrix if for any i + j, aij < 0. A Z-matrix is a nonsingular M -matrix if A is 
nonsingular and A 1 > 0, If (A) is a nonsingular M -matrix , then A is called an H-matrix. A — M — N is said to be 
a splitting of A if M is nonsingular, A = M — N is said to be regular if M _1 > and N > 0, M -splitting if M is an 
M-matrix and N>0, and weak regular if M _1 > and M^ 1 N > 0, respectively. 

Some basic properties are given below, which will be used in the proof of our theorems. 

Lemma 2.1 [2]. Let A be a Z-matrix. Then the following statements are equivalent: 

(a) A is an M-matrix. 

(b) There is a positive vector x such that Ax > 0. 
(c)A- l >Q. 

(d) All principal submatrices of A are M- matrices. 

(e) All principal minors are positive. 

Lemma 2.2 [3,4]. Let A — M-N bean M- splitting of A. Thenp{M~ 1 N)< 1 if and only if A is an M-matrix. 

Lemma 2.3 [2]. Let A and B be two nx n matrices with < B < A. Then, p{B) < p{A). 

Lemma 2.4 [5]. If A is an H-matrix, then |A _1 | < (A) -1 . 

Lemma 2.5 [6]. Suppose thatA\ — M\ — N\ andA 2 — M 2 — N 2 are weak regular splitting of monotone matrices 
Ai andA 2 respectively. Such that M^ 1 > My 1 . If there exists a positive vector x such that Q<A\X<A 2 x , thenforthe 
monotone norm associated with x, 

IIM^JVilU^HM^iValU. (2.1) 

In particular, ifM^ l N\ has a positive perron vector, then 

pCM^ATO^pfM^JVa). (2.2) 

Moreover ifx is a Perron vector ofM^Ni and strictly inequality holds in (2.1), then strictly inequality holds in (2.2). 
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Lemma 2.6. If A and B are two nx n matrices, then (A— B)> (A) — \B\. 

Proof. It is easy to see that, | a tj — b t j | > | a tj \ — \ b ij \ , for i = j , and — | a tj — b tj \ > — \ a tj \ — \ bij \ , for / + j , Therefore, 
(A-B)>(A)-\B\istiue. 

Lemma 2.7. If A is an H-matrix with unit diagonal elements, then ||{^> _1 ||oo > 1 and 

l + 2s i \\(A)- 1 \\ 00 ._ 

5 J (2||W- 1 || 0O -l) >1 ' l -^"- m > 
where Si denotes the maximum row sum of\An\, i=2,3,...,m, respectively. 

Proof. Let (A) — I — B, From (A) is an M-matrix, then B > and p{B) < 1, and thus we have 

00 

(A)- 1 =^ i B k >I 

K=0 

and then IKA) -1 !^ > 1, furthermore, we have 

l+2i,-||(A)-i||oo , 2||(A)-i||oo . = 

s i (2\\(A)-'\\ 00 -l) > (2\\(A)-'\\ 00 -l) > ' ' ' '■■■' m - 

3. Convergence results 

Theorem 3.1. Let A be a nonsingular H-matrix with unit diagonal elements, if 

l + 25 ! -||( J 4)- 1 || 0O . 
^■(2||(^>- 1 || 0O -l)' 
Then P\A is also an H-matrix. 

Proof. Let e„, and 0„, denote the vector e„, = (1,1,..., l) r e R"< and the vector 0„ t = (0,0,..., 0) r e R n < , 
i = l,2,...,m, respectively. Let r = (A)~ l e, where r = (r T ,r T ,...,r T ) T and e = (ej , ej ,...,e T ) T are partitioned 
in accordance with the block partitioning of the matrix A. Clearly r > 0, it follows from A is an H-matrix. 

Let 

An A y , i = \ 



For i = 1 



For i=2,...,m 



PiA = \ [In - n,)A a , 1< / < m, j = 1 

Ajj —QiAiiA^Ay, otherwise 



mA)r) n , = (A^An^-ZlAnAylrn, 

m 

> r ni -^\A^\\Ay\r nj 

;=2 

m 

> r ni -Y^{AM)- l \Aii\r ni 

;=2 

> O n \. 

{{PyA)r)n t = -lUii-n^Anlrm + iAu-niAnA-^Au)^ 

m 

- X \Aij-niAaA~lAy\rn, 

> -\{Iu - ni)A n \r nl + {A it ) r ni - n,|^.i^iMiik„,. 

m m 

- X \Aij\r nj - X U-i\AnA-lAy\r nj 
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> -\{I ii -9. i )An\r n i + (Aii)r ni -D. i \A il \\A[l\\A li \r ni 

m m 

- t, \ A ij\r ni - t, ntlAnWA^WAylrn, 

j=2,j*i j=2,)*i 

> -|(/H-n,Ma|r„i + {A„>r„ ( -n / |il n |{Aii>- 1 |A 1 ,|r B( 

m m 

j=2,ji=i j=2,j*i 

m 

= -\{Iu-U.i)A n \r nl + {A n )r nt - £ \ A ij\r n , 

i=2,i*i 

m 

-SlilAnKAu)- 1 X \Mj\r ns , 

1=2, 

m 

{(PiA)r) ni > -|A n |r B i+n,|Aa|r B i + {AH>r B) - £ \Atj\r nj 

i=2,i±' 

m 

-n/IA/iKAn)" 1 X l^i/lfy 

j=2, 

m 

= e n i+^i\Aa\r nl -9.i\Aa\{A n )- 1 £ \Mj\r Uj 

j=2, 
m 

= e nt +n t \A il \{A 11 )- 1 UAu)\rni-'E \Mj\r nj ) 

i=2, 

= e Bi -+n ( |^al(^n> -1 eni 
> O ni , 

ifi<t " < a& i=2 - 3 --' n - ihm 

m 

((Pi^)r)„,. > \Aii\r„i-ni\Aii\r„i + {Au)r nt - X l^0'l r »i 

-SlilAnliAn)- 1 £ |Ai,|r„, 

;=2. 

m 

= e n i + 2\A n \r nl -n i \A n \r nl -n i \A n \(A n )- 1 £ l-Ai/kn 7 

;=2, 
= e„i+2\A il \r„i-n i \A n \r n i+nt\Ai 1 \(A n }~ 1 ((A 11 )r n i 

m 

- Z l^i/k»,-CAn)r B i) 
y=2, 
= e„/ + 2|A/i|r„i -n/l^alrm + f2 i |A n |(A n )- 1 (e»i - {A n )r nl ) 

= e ni +2{\A il \-n i \A il \)r nl + n i \A il \{A 11 )- 1 e nl . 

From Lemma 2.1 and Lemma 2.7, we have (A\i)~ l e n \ > e n i> together with <y, > 1, we can obtain 

((PiA)r) n , > e ni +2(\A n \-n i \A il \)\\(A)- 1 \\ 00 e nl +n i \Aii\eni 

= e„ i +2\\(A)- 1 \UA il \e nl -n i \A n \{2\\(A)- 1 \\ 00 -l)e„ 1 , 

let 

f , l + 25 i - i -||(>t)- 1 || 0O 

I(Sii) sdniA)-^-!)' 
where 5,, denotes one of the row sun of |j4;iI> then f($a) is nonincreasing about Su, and then 

l+25 ii ||(A>- 1 || 0O l+25,-||(A)- 1 |U 
f{su)= > 



^,-(2||(>l)- 1 |loo-l)-s 1 -(2||(>l)- 1 || o-l) 



l+2s,-||W-'lU 



and thus, when co t < ,"'} 'M. "", , we have 

S !\2\\{A) Hoc — 1J 



C(ftA)r) B( > e nl -+2||(A>- 1 || ol^ii|e n i-n,-|A i il(2||( J 4>- 1 || 0O -l)e„i 
> 0„ ( -. 



718 



Wang:Block Preconditioned AOR Methods 
Therefore, (P\A) is an M-matrix, and P\A is an 77-matrix. 
Theorem 3.2. If A is a nonsingular 77 -matrix with unit diagonal elements, 0< r <a< 1, withal and 



l + 25 i -||( J 4)- 1 || 0O . 
0<a>t < , ,,,,, 1n -, ;=2,3, 

^■(2||(A>- 1 || 0O -l) 



Thenp^ ra )<l. 



Proof. From Theorem 3.1, we know (Pi A) is an M-matrix, and (P\A) — (D) — \L\ — \U\, then the AOR iteration 
matrix for (Pi A) as follows. 

^■ ra = ((D)-r\L\r 1 {a-a)(D) + (a-r)\L\ + a\0\) 

by Lemma 2.2, we know that p{J£ ra ) < 1. Since 

\<e ra \ = KD-rLT^l-tfD+ia-rft+atTjl 

= \{I - rD- 1 !)- 1 ^- a)I + {a- r)D- 1 L + aD- 1 U)\ 

< |(7-r5- 1 L)- 1 |((l-a)7 + (a-r)|5- 1 L| + a|D- 1 (7|) 

< (I-r(D)-^L\)-i\((l-a)I + (a-r)(D)-i\L\ + a(D)-i\U\) 
= p&a) 

then, by Lemma 2.3, p{S£ ra ) < p{\S£ Ta \) < pi^ra) < 1. 

Theorem 3.3. 7/71 is a nonsingular H -matrix with unit diagonal elements, < r < a < 1 iw'tfa a ^ and 

i + 25 ! -||(yi)- 1 || 0O . 
0< a>,- < ,„,,,„ -, 1=2,3, ...,m. 

^■(2||(A)- 1 || 0O -l)' 

Then Pz(A) is an H-matrix and p(J£ ra ) < 1. 
Proof. Let 



P 2 {A)={A ij ) = 



hi, i=j = l 

(A^-nilAnKAn^lAul i=j±l 

-(An^lAyl i = l, \<j<m . (3.1) 

-(Ia-n^Anl Ki<m,j = l 

{ -lAijl-nilAnKAny^Aijl, otherwise 



Similar to the proof of Theorem 3.1 and Theorem 3.2, we can get Pz{A) is an H-matrix and p(J£ ra ) < 1, respec- 
tively, so omitted. 

4. Comparison results of spectral radius 

In this section, we will give some comparison results of spectral radius of preconditioned AOR method for 77- 
matrix and its comparison matrix with preconditioner Pi and P 2 , respectively. 

Theorem 4.1. Let A = (A,j) e R nxn , and < <y,- < 1, i = 2, 3 , m, then A is a nonsingular H-matrix with unit 

diagonal elements, if and only if P 2 {A) is a nonsingular M -matrix. 

Proof. From (3.1) andO < &>; < 1, i = 2,3 ,m, we have P 2 (A) is aZ-matrix. 

If A is a nonsingular 77-matrix, then (A) is a nonsingular M-matrix, By Lemma 2.1, there exists a positive vector 
x, such that (A)x > 0. Also we have Pz(A)x = (Q 2 + S 2 )(A)x > 0. Therefore, P 2 (A) is a nonsingular M-matrix. 

If P 2 (A) is a nonsingular M-matrix, then {P 2 (A)) T is also a nonsingular M-matrix, By Lemma 2.1, there ex- 
ists a vector x > 0, such that {P 2 (A)) T x > 0, i.e, (A) T {Q 2 + S 2 ) T x > 0, let y = {Q 2 + S 2 ) T x, then y > 0, from 
(A) T [Q 2 + S 2 ) T x = (A) T y > 0, we can get A T is a nonsingular 77-matrix, and then, A is a nonsingular 77-matrix. 
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Theorem 4.2. Let A be a nonsingular H -matrix with unit diagonal elements, < &><• < 1, i —2,3 , m, and 

< r < a < 1 with a^O. LetZ£ ra denote the AOR iteration matrix for (A) . Then p{i£ ra ) < p{££ ra ). 

Proof. Since (A) is a nonsingular M-matrix. By Theorem 4.1, P 2 {A) is a nonsingular M-matrix, and thus (A) 
and P2(A) are two monotone matrices. Let 

(A) = M-N=-({D)-r\L\)--((l-a){D) + {a-r)\L\ + a\U\), 
a a 

where M = ^{(D) - r\L\), N = ^((1 - a){D) + {a- r)\L\ + a\U\). Then the AOR iteration matrix for (A) as follows. 

j£ ra = tiT l K = ({D)-r\L\r 1 {(l-a){D) + {a-r)\L\ + a\U\), 

and let 

P 2 {A) = M-N=-0-rL)- -((_!- d)D + {a-r)L+aO), 
a a 

where M = \{D - rl), N = ^((1 - a)D + {a- r)L + aU). Then the AOR iteration matrix for P 2 (A) is (1.6). 
Since (A) and Pz(A) are M-matrices, we can get M and M are lower triangular M-matrices and 

(l-a)7 + (a-r)(D)" 1 |I| + a(D)" 1 |[/|>0 

and 

{l-a)I + {a-r)D- 1 L + aD- 1 O>0. 

Therefore, (A) —M — N and P 2 (A) — M — N are two weak regular splittings. By simple calculation, we have 

M=-{D-rl)< -((D)-r\L\) = M 
a a 

and thus M" 1 > M" 1 > 0, let x = (A)- 1 e > 0, then [P 2 {A) - (A))x = (Q 2 + S 2 )e > 0, since M" 1 > M" 1 > 0, we have 

M~\P2 (A))x = (I- M^N)x > M~ l {A)x =(I- M^Nx), 

it follows that 

IIM^AOII^IIM-^IL. 

As (A) — M — N is a weak regular splitting, there exists a positive perron vector y, by Lemma 2.5, the following 
inequality hold: 

p{M- l N)<p{M- l N) 

ie, 

p{%ra)<P&ra\ 

Theorem 4.3. Let A be a nonsingular H -matrix with unit diagonal elements, < &><■ < 1, i —2,3 , m, and 

< r < a < 1 with a + 0. Then, p(_i£ ra ) < p{i£ ra \ 

Proof. Let 

(P 1 A) = -{(D)-r\L\)--{{l-a)(D) + {a-r)\L\ + a\U\), 
a a 

then the AOR iteration matrix for (P\A) is if ra which is defined in the proof of Theorem 3.2. and let 

p 2 {A) = -0 - rl)- -((1- a)D + (a- r)L + aU), 
a a 

then the AOR iteration matrix for P 2 (A) is (1.6). It is easy to know the above two splittings are weak regular split- 
tings. Furthermore, by Lemma 2.6, we have the following result 

0) = {A tt -n t A tl A^A u ) 

> (A«) -nilAnA^Aul 

> (A ii )-n i \A il \(A 11 )- 1 \A li \ 
= D. 
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From (PiA) and Pz(A) are two M-matrices, we have 

0<(D) _1 <D l 

and then 

Xra = {(D)-r\L\)-K(l-a)(D)+(a-r)\L\ + a\U\) 

= (/-r(5)-i|I|)-H(l -«)/ + («- r)(D)-i|I| + a<D)-Wl) 

< (7-rD- 1 |L|)-H(l-<)/ + (a-r)5- 1 |L| + aD-i|{7|) 

Therefore, by Lemma 2.3, p(J£ ra ) < p{J£ ra ). 

Combining the above Theorems, we can obtain the following conclusion: 

Theorem 4.4. Let A be a nonsingular H -matrix with unit diagonal elements, < &><■ < 1, i —2,3 , m, and 

< r < a < 1 with a * 0. T/zerc, p(^ ra ) < p{i£ ra ) < p{i£ ra ) < pi^ra) < 1. 

5. Numerical example 

For randomly generated nonsingular H-matrices for n — 100, 200, 300, 400, 500 with n\ — n 2 — ■■■ — n m —5, 
we have determined the spectral radius of the iteration matrices of AOR method mentioned previously with pre- 
conditioner Pi . We report the spectral radius of the corresponding iteration matrix by p . In Table 1, the meaning 
of notations p{i£ ra ), pi^ra), pi^ra), pi^ra) and p{^ra) denotes the spectral radius of PiA, P 2 (A), (PiA), (A), and 
A, respectively. The m parameters S7,-, i — 1,2, ..., m, are taken from the m equal-partitioned points of the interval 
[0,1]. 

Table 1: Comparison of spectral radius with preconditioner f\ 

a, r N p{i£ ra ) p{5£ rc \ p(X ra ) p{i£ ra ) p(X ra ) 



a = 0.8 


100 


0.4916 


0.6669 


0.7595 


0.8092 


0.6174 


r=0.5 


400 


0.4819 


0.6581 


0.8628 


0.8772 


0.5890 




500 


0.4958 


0.6692 


0.8654 


0.8791 


0.6007 


a=l 


200 


0.3671 


0.6184 


0.7782 


0.8187 


0.5070 


r=0.8 


300 


0.3219 


0.5717 


0.8198 


0.8493 


0.4580 




500 


0.3381 


0.5754 


0.8476 


0.8672 


0.4615 



100 0.1595 0.4500 0.7506 0.8002 0.2969 

a=l 200 0.2132 0.5093 0.8047 0.8370 0.3463 

r=l 300 0.2110 0.4560 0.7457 0.8011 0.3640 

400 0.2471 0.5153 0.8085 0.8410 0.4002 

500 0.2490 0.5203 0.8395 0.8617 0.3964 



From Table 1, we can conclude that the spectral radius of the preconditioned AOR method with preconditioner 
Pi is the best among others, which further illustrate the Theorem 4.4 is true. 
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A NOTE ON THE ^-BERNOULLI NUMBERS AND 
^-BERNSTEIN POLYNOMIALS 



JIN- WOO PARK 1 , HONG KYUNG PAK 2 , SEOG-HOON RIM 3 , TAEKYUN KIM 4 , 

AND SANG-HUN LEE 5 



Abstract. In this paper we consider the g-extension of Bernstein numbers 
and polynomials which are slightly different Carlitz's q-Bernstein numbers 
and polynomials. From those g-Bernoulli numbers and polynomials, wc de- 
rive same interesting identities between q-Bernoulli numbers and q-Bernstcin 
polynomials. 



1. Introduction 

Let p be a fixed prime number. Throughout this paper Z p , Q p and C p will denote 
the ring of p-adic integers, the field of p-adic rational numbers, and the completion 
of algebraic closure of Q p . Let v v be the normalized exponential valuation of C p 
with \p\ p = p-^P) = i and let Z + = N U {0}. 

Assume that q is an indeterminate in C p with |1 — q\ < p^p^ 1 so that q x = 
exp(xlogq). Let J7Z?(Z p ) be the space of uniformly differentiable function on Z p . 
For / e J7Z?(Z p ), the p-adic integral on Z p is defined as 

1(f) = I f(x)d^(x) = lim 4 E Z^)' ( see t 1 " 21 !)' ( L1 ) 

try, n— >oo ry l *• — ' 

J£ p * x=0 

From (1.1), we have 

1(h) = 1(f) + /'(0), where h(x) = f(x+l). (1.2) 

As is well known, Bernoulli polynomials are defined by he generating function as 

follows: 

y- °° j-n 

e xt = e B(x)t = V B n (x)- V (see [10-18]), (1.3) 



°} — 1 * — ' n 

n=0 



with the usual convention about replacing B n (x) by B n (x). In the special case 
x = 0, B n (0) = B n are called the n-th Bernoulli numbers. 
Let us take f(x) — e tx . Then, from (1.2), we have 

Thus, by (1.4), we get Witt's formula for the n-th Bernoulli polynomials: 

(x + y) n d/i(y) = B n (x), (n e Z+). (1.5) 



Now, we assume that q- number is defined as [x] q = ^ and [0] q = 0. 
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In [7], L. Carltz defined (/-Bernoulli numbers as follows: 

0o, q = 1, q(qP g + 1)" - Pn, q = { I lj™= I (1.6) 

with the usual convention about replacing /3™ by f3 n ,q- 
By (1.6), we get 

^ = ^g(;)(-l)^.( S ee[7,8]). (1.7) 

He also defined (/-Bernoulli polynomials by 

«*> - o^ § (?) <-'»V^ - 1 (?) MT V*.. (1.8) 

In 1994, the modified (/-Bernoulli numbers arc defined by 

Bb„=f^,(*B, + ir-i^={j ;/ n n ; 1 1 ) (i.9) 

with the usual convention about replacing B™ by B nq (see [14, 16]). 
Thus, from (1.9), we have 

For / G UD(Z p ), the (/-Bernstein operator is defined by 
B„, g (/|x)=f;/^)[ i r]*[l-x]J- fc 

= Z)/(-) B m(»»9). (see [2, 6]). 
fc=0 ^ n ^ 

Here B„ ]? (/|a;) is called the (/-Bernstein operator for / of order n. For n, k G Z + , 
the (/-Bernstein polynomials of degree n is defined as 

%( M ),Q[i]J[l-x]\' (see [2]). (1.11) 

In this paper we consider (/-Bernoulli numbers and polynomials which arc slightly 
different Carltz (/-Bernoulli numbers and polynomials. From those (/-Bernoulli num- 
bers and polynomials, we derive some interesting identities between (/-Bernstein 
polynomials and (/-Bernoulli numbers. 

2. (/-Bernoulli numbers and (/-Bernstein polynomials 

In view point of g-extension of (1.5), we consider the (/-Bernoulli polynomials as 
follows: 



0n, q (x) = / [x + y] n q dn{y) for n G Z+. (2.1) 

Jz p 

Thus, from (2.1), we have 

logg ^ (n\, lW _u_i I 
=o 



^-jr^h E(?) (-)-v- fc m 
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In the special case, x = 0, f3 n . q (0) = I3 n ^ q are called the n-th (/-Bernoulli numbers. 
By (2.2), we set 

/8r,,,(*) = E(?)NrV X A, g = ([x] q + q x P q y, (2.3) 

1=0 ^ ' 

with the usual convention about replacing f3 q by [3 n ,q- 
From (1.2), we can derive the following equation: 

[x + yfid»(x) - I [x] n q dn(x) = nW q ~ l (^-) . (2.4) 

p j Zip \ y / 

By (2.4), we get 

A>,, = 1, Wl)-A„={ V i/n>L (2 - 5) 

From (2.3) and (2.5), we can derive recurrence relation for the (/-Bernoulli numbers: 

#>,, = 1, (qPq + l) - Pn, q = ^*l,n, (2-6) 

where <5fc.„ is a Kronccker symbol. 

From (1.1) and (1.2), we can derive the following equation: 

n-l 
I{fn) - 1(f) = J2 /'(0. whCTC /"(») = /(* + n ) and " e N - ( 2J ) 

Thus, we have 

kM^Ahl=(S^l)y l rn-l formineN . (2.8) 

By (2.7), we get 

/3„, q (2) = (l + <Z + g 2 /3 9 )" = ^^)g'A, 9 (l) 

q log q -c— \ ( n N 

— n- ' 



J 

i=o x 



r + E ^ 



9 

glogq log g - 

= H H -0l,„ + Pn,q- 

q-1 q - 1 

Therefore, by (2.9), we obtain the following theorem. 

Theorem 2.1. For n E 1 + , we have 

log q 
/9 n ,g(2) = — — j-(ng + (Ji,„) + /?„,,. 



In particular, neN, we ftowe 



/?n,g(2) = ™<Z^7T + /#n, 9 - 



(2.9) 
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Now, wc consider the following ^-Bernoulli polynomials: 

A,,,_i(l-»)= / [1- a; + i/]£_i dju(y) 

Jz p 

= q n (-l) n f [x + y] n q d^y). 

Therefore, by (1.10) and (2.10), we obtain the following. 
Theorem 2.2. For n € Z + , we have 

P niq -i(l-x) = q n (-l) n n , q (x). 
It is easy to show that 

[i-xr q ^d^(x)= f (i-[ X ] q ) n dfi(x) 

= (-l) n q n f [x-l] n q dn{x). 



where k,n € Z + , and x <G Z p . 



(2.10) 



(2.11) 



By (2.10) and (2.11), we get 

[1 - x^d^x) = (-l) n q n ^ q (-l) = /8 n ,,-i(2). (2.12) 

Thus, from (2.12), we have 

f [1 - a^d^) = ^-^(ng- 1 + * 1>n ) + / [a^dM*) 

= / (l-^^dM*). 

Jz p 
From (1.9), we have 

Bi..(«.«H = (l) J HJP -*i;rf *<w 

;)|:("7*)<- i > , jC wfM,Wx) (2 - i4) 
:)|("7 fc )(-)'^- 

Therefore, by (2.14), we obtain the following theorem. 
Theorem 2.3. For n,k € Z+, we ftave 

jf B fc ,„(x, g)dA«(x) = Q E (" 7 fc ) (-l)^+i,«- 

By the definition of g-Bernstein polynomials of degree n, we get 

Bk,n{x, q) = B n _ k>n f 1 - x, - J , (2.15) 
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From (2.12) and (2.15), we note that 

B k , n (x, q)dfi(x) = / B n _ k>n 1 - x, - I dn(x) 

z„ Jz„ V 1/ 

■ k /T, 

n\ \-^ Ik 



J2( k ?j(-l) k+l [ [l-x} n q ltd»(x) (2.16) 



7 (=0 

Therefore, by (2.16), we obtain the following theorem 
Theorem 2.4. For n,k G Z+, we ftawe 

jf B k , n {x,q)d^x) = Q £ ^(-l) fc+I ^„_ ij ,- 1 (2). 

In particular, if n > k + 1, then we have 

jT B fc , n (s,9)dM*) = Q ^ (*)(-l) fc+ ' (&-(,,- - ^(«-0) • (2-17) 

By Theorem 2.3 and Theorem 2.4, we obtain the following corollary. 
Corollary 2.5. For n,k G Z + wit/i n > fe + 1, we ftove 

E (" ; Viwu. = E (")(-d' + ' fe-,„- - £*<» - ')) ■ 

In particular, k = 0, we have 

z=o ^ 7 * 

Let to, n, k G Z + with to, n > fc + 1. Then we can derive the following equation: 

B k , n (x, q)B kyTn (x, q)dn(x) 

;;) (:) t (?) (-D- /^-<r-< w (218) 
;)(:)e(T)(-)' + ^~(^ 

Therefore, by (2.18), we obtain the following theorem. 
Theorem 2.6. Lei n, to, fc G Z + wii/i n, to > fc + 1, we have 
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From (2.18), we have 

B k , n (x, q)B k , m {x, q)dfi(x) 



2fe 

n\ I to' 



E(TV i ) i+2fc ( (n+m : 1 )log<z + ^ 



hl\hlA^\ir' \ I n+m-l,q 1 

' V ' 1=0 

Let n, to, k e Z + . Then (2.13), we get 

B k , n (x, q)B k . m (x, q)d/j,(x) 



(2.19) 



■(S)^L [ < k[i - x ^- 2kMx) (2-20) 



Therefore, by (2.19) and (2.20), we obtain the following theorem. 
Theorem 2.7. Let n,m,k <G Z + wii/i n,m > k + 1. T/ien 

n+m— 2fc 

I n + 1 
I 



e f n+ r 2 ")(-D'A +2 M 



(=0 
2fc 



e (?) (-!) ;+2fe ( (n+m :( )logg + a, 



i-\-m—l,q x 
Z=0 



In particular, k — 0, we get 

+ TO 

i y v ^^" q- I 



E/7J + 771 \ , ~ lOg q ~ 



(=0 

By induction hypothesis, we obtain the following theorem. 

Theorem 2.8. For m, ri2, ■ ■ ■ , n s , k G Z + with m, . . . , n s > fc + 1 and s (^ N, we 
have 

E ( ni + ""t n '" a *)(-i)'A + .*, fl 

V^ A fc V ,w+ a fc ^ (wi + --- + n s -Qlogg - 

2^1 l )y- 1 ) I — [ + P ni +-+n s -l,q-i 



1=0 

In particular, k = 0, we get 

/ni + 

Z ) x ->"*'*«- q _ 1 



V" " (ni + --- + n s \ ,~ (ni + --- + n s )logo - 

/ , I , I (-J-J Pl+sk,q = — — j hp„ 1+ .. .+„„,,-!. 



;=o 
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NEW CLASSES OF GENERALIZED SEQUENCE SPACES DEFINED 
BY AN ORLICZ FUNCTION 

KULDIP RAJ, SEEMA JAMWAL AND SUNIL K. SHARMA 



Abstract. In this paper we introduce new sequence spaces defined by an Orlicz 
function on a seminormed space. We also make an effort to study some topological 
properties and inclusion relation between resulting sequence spaces. 



1. Introduction and Preliminaries 

Let w(X) denotes the space of all sequences with elements in (X,q), where (X, q) 
denote a seminormed space, seminormed by q. The zero sequence is denoted by 9 = 
(0, 0, 0, • • • ), where 6 is zero element in (X, q). 

An Orlicz function M : [0, oo) — > [0, oo) is a continuous, non-decreasing and convex 
function such that M(0) = 0, M(x) > for x > and M(x) — > oo as x — > oo. 
Lindenstrauss and Tzafriri [5] used the idea of Orlicz function to define the following 
sequence space, 



fc=i P 

which is called as an Orlicz sequence space. Also £m is a Banach space with the norm 

OO I I 

|M|=inf{p>0:]TM(™) <l}. 
fe=i P 

Also, it was shown in [5] that every Orlicz sequence space £m contains a subspace isomor- 
phic to £ p (p > 1). In the later stage different Orlicz sequence spaces were introduced and 
studied by Parashar and Choudhary [8], Esi and Et [3], Tripathy and Mahanta [13], Mur- 
saleen [7] and many others. Recently, different Orlicz sequence spaces were introduced 
and studied by Raj, Sharma and Sharma [9], Raj and Sharma ([10], [11]) and references 
therein. 

A sequence space E is said to be solid if (a^x^) € E, whenever (xfe) G E for all sequences 
(afe) of scalars such that |afe| < 1 for all k <G N. 

A sequence space E is said to be monotone if E contains the canonical pre images of all 
its step spaces. 

The sequence space m(ip) was introduced by Sargent [12]. He studied some of its prop- 
erties and obtained its relationship with the space V . Later on, it was investigated from 
sequence space point of view and related with summability theory by Bilgin [1], Esi [2], 
Tripathy and Mahanta [13] and many others. 

Let C denote the space whose elements are the sets of distinct positive integers. Given 
any elements o of C, we denote by c(a) the sequence {c n ((T)} which is such that c n (a) — 
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1 if n G <r, c„(er) = otherwise. Further 

oo 

C s = la eC : J^ c n (a) < s\, 

n=l 

the set of those a whose support has cardinality at most s, and 

$ = {^={<^}e£ :<^>0, A<^ fe >0 and a(^) <0 (k = 1,2, • • • )}, 
where Aipk = <fik — <Pk-ii where {</?&} are real sequences see [6]. 
For ^€$, Sargent [12] define the following sequence space 

m(<p) = \x = {x k \ e £° : sup sup ( — V^ \x k \ ) < oo \. 

!■ ' s>1<j£C s ^fsf-^ ' > 

— k£a 

The space m(tp) was extended to m(ip,p) by Tripathy and Sen [14] as follows: 
m(ip,p) = \x = {x fe } e ^° : sup sup ( — V" |x fe | p ) < oo k 

The space m((p,p) equipped with the norm 

||a;|| = sup sup ( — V" \xk\ p ) " 

is a Banach space see [4]. 

For a given infinite matrix A = (ciik)i,k>i the operators A{ are defined for any integer 

* > 1, by 

DC 

Ai(X) — 2_^ a ik x ki 
fe=l 

where x — (x k )k>ii the series intervening on the right hand being convergent. 
Let (X, q) be a seminormed space, M be an Orlicz function and p — (pi) be a bounded 
sequence of positive real numbers. Then we define the following classes of sequences in 
this paper: 

loo(M, A,q,p) = <x = (x fe ) e w(X) : supMyql jj < oo, for some p > o|, 

oo A ( \ 

h(M,A,q,p) = {x = (x fe ) G w(X) : X) M ( 9 (^^)) P * < °°' for somc P>o| 
and 

m(M,i, V)W ) = (i = (x(i)ew(I): sup — VM^f^^)/* < oo, 

for some p > > . 

If we take, A = /(the identity matrix) and p = (pj) = 1, then we obtain the spaces 
loo(M,q), l\(M,q) and m(M,ip,q) which were studied by Tripathy and Mahanta [13]. 
The following inequality will be used throughout the paper. If < h = inf p k < Pk < 
suppfe — H, D — max(l, 2- H ~ 1 ) then 

(1.1) \a k + b k \ p " <D{\a k \ p " + \b k \ Pk } 
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for all k and a,k, bk <= C. Also |a| Pfc < max(l, \a\ H ) for all a € C. 

The main aim of the present paper is to study some topological properties and prove 

some inclusion relations between above defined classes of sequences. 

2. Main Results 

Theorem 2.1. If M is an Orlicz function and p — (pi) be a bounded sequence of 
positive real numbers, then the spaces ^(M, A, q,p), h(M,A,q,p) and m(M,A,(p,q,p) 
are linear spaces over the field of complex number C. 

Proof. Let x = (xk), y = (yk) € m(M, A, if, q,p) and a, /3 G C. Then there exist positive 
real numbers p\ , pi > such that 



s:2>('( : 



sup — > M\q[ — )) P ' < oo 



1 \-^ ,,/ /Ai(y)\\P 



and 

sup — > Mlgl— — I) < oo 

s>l,a€C. ^ ^ V V P2 ' 

Define p3 = max(2|a|pi, 2|/3|p2)- Since M is a non-decreasing, convex function and so 
by using inequality (1.1), we have 

Ai{ax + py)\yi ^ / /Ai(ax) fM0v)\\ Pi 



Y,M(q( AAaX + Py) )) Pi < ^ M ( q (*W+q( 



P3 " ~ ' ' P3 K P3 



'Max)\y* , n ^ t ,fjMPv) 



< D5> (,(*m))" + fl5> (,( 

i£cr P iGCT 

Thus 

1 v-v / / ^ (ai + /3w) \ \ Pi 1 „v-^ / (Ada: 

sup — VmM^ Zi^Z)) < sup —^y^Mlgl^— 

s>i,aec, <Ps rr* V V p 3 7 7 s >i,aec 3 <Ps ^ ^ ^ Pi 

'^i(0i/)\\« 



sup ^D^MU^my <oo. 



s>l,a£C s <fs~T V V P2 

Thus (ax + /3y) € m(M,A,(p,q,p). Hence m(M,A,ip,q,p) is a linear space. Similarly, 

we can prove that the spaces l^ (M, A, q, p) and l\(M,A,q,p) are linear spaces. This 

completes the proof of the theorem. 

Theorem 2.2. If M is an Orlicz function and p = (p;) be a bounded sequence of positive 

real numbers, then l\ (M, A,q,p) C m{M, A,ip,q,p) C ^oo (M, A,q,p). 

Proof. Let x = (x k ) e h(M, A, q,p). Then, for some p > 0, we have 

x>(Or<~ 

Since (<p n ) is a monotonic increasing, so we have 



^° ieo ' - ■ ;e.o 



< oo. 



Hence, 



IW/^W' 



sup — > M(g>(^^] ) -x. 

,>l,<r g C. ^ ^ 
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Thus, x = (xfe) € m(M, A, tp, q,p). Therefore, 1\{M, A, q,p) c m(M, A, ip, q,p). 
Next, let x = (xk) € m(M, A, tp, q,p). Then for some p > 0, we have 



L^ M fjM.r W 



s>i,o-eC» Vs jr: v v P 



sup — ) ^M(q(—-^)) <oo. 
Hence, 



sup — \~] M(q( — * ) ) < oo (on taking cardinality of a to be 1). 



s>l.aeC s fs^ V V P 

Thus, x = (xfe) e ?oo(M, A,q,p). Therefore, m(M,A,tp,q,p) C Lo(M, A, g,p). This 
completes the proof of the theorem. 

Theorem 2.3. //M is an Orlicz function and p — (p^ be a bounded sequence of positive 
real numbers, then the space m(M,A,p,q,p) is a seminormed space, seminormed by 

g(x)=ini{p>0: sup -1 ]T M U^l)f < l}. 

Proof. Clearly, gr(cc) > for all x — (xk) € m(M,A,p,q,p) and <?(0) = 0. Let 
■"£ = (^fc)j y = ilJk) € 77i (M, A, <p, o,p). Then there exist pi > and p 2 > such that 



sup ^£M( (^M)r ., 



s>i,o-eC 8 <P« 7^7; - v Pi 



and 

sup L^MU^Vhf^ 



s>i,o-eC, <Ps ~r^ v v P2 

— iter 



Let p = pi + p2- Then, we have 

sup — > M[q{-^ w " 

s>i,aeC s ^t^ u P 



sup — ^M(g 



Ai(a; + y)\\P 



s>i,ffec» Vs " v v Pi + P2 



< sup ^^{^^M( ( A iM)) + ^^Af( fl (^M))r 

s>l,<reC» <Ps ^ I- Pi +P2 V V Pi " P1+P2 V V p 2 //J 

— ' iter 

< f^M sup ^EM<— F + HH -p -EM« 

v Pi +P2^ s>i,o-eC s <Ps 7^ v v Pi >> \pi+ P2' s >iMec s <Ps f^ V 

< 1. 



Since the p's are non-negative, so we have 

-Ai(x + y)\\P 
ivi yqy 



9(x + y) = mf{p>0: sup i^M( ? (^f<l} 
< inf{pi>0: sup -E^( — )f<l) 
+ inf{p 2 >0: sup -VM( g (^M)f<l}. 

L 8>l,<reC» <Ps ~ \ \ p 2 // J 
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Thus, g(x + y) < g(x) + g(y)- Next, for A e C, without loss of generality, A 7^ 0, then 
9 {Xx) = inf{p>0: sup - £ m(,(^M)) P * < i} 



_p_ 

|A|- 



inf(p>0: sup — V Mfqf^^-))^ < l) , where r = 
L s>i,aec s Ps ^ \\rJJ i 



This completes the proof of the theorem. 

Theorem 2.4. If M is an Orlicz function and p — (p^ be a bounded sequence of positive 

real numbers, then 

(a) the space ^(M, A,q,p) is a seminormed space, seminormed by 

f{x) = inf {p > : supM^^M))" 1 < l}, 

(b) the space h(M, A,q,p) is a seminormed space, seminormed by 

h ( X )=M{p>0:±M( q (^±)y><l}. 

Proof. It is easy to prove inview of Theorem 2.3, so we omit the details. 
Theorem 2.5. Let M be an Orlicz function and p = (pi) be a bounded sequence of posi- 
tive real numbers. Then m(M, A, ip, q,p) C m(M, A, ip, q,p) if and only ifswp s>1 ^f- < 00. 

Proof. Suppose sup — < 00 and x = (x^) e m(M,A,p,q,p). Then, we have for some 

sup ±YM( q (*mY <oo. 



,>i,*ec. Ps ^ y P 



Thus, 

sup -£M(,(^)r<(su P ^)( sup -Y, M H—)Y)<»°- 

Therefore, x — (xk) € m(M, A, ip, q,p). Hence, m(M, A, ip, q,p) c m(M, A, ip, q,p). 
Conversely, let m(M,A,ip,q,p) c m(M,A,ip,q,p). Suppose that sup — = 00. Then 

s>l Vs 

there exists a sequence of naturals {si} such that lim — — = 00. Let x = (xk) € 

i— >oo ip s . 

m(M, A, ip, q,p). Then there exists p > such that 

sup ^VAf(,(^M)r<oo. 
s>i,aec» Ps f^ \ \ p // 

Now, we have 

sup |EM(,(^M)f>(sup^)( sup -EMa^))f) = oo. 
s>i,<rec» Vs rr* \\ p J) V s>1 ip s J V s>1 eC tp s *— J \ \ p J J J 

Therefore, x = (xk) 4. Tn(M,A,ip,q,p), which is a contradiction. Hence sup — < 00. 

s >i Vs 

Corollary 2.6. Let M be an Orlicz function andp = (pj) be a bounded sequence of posi- 
tive real numbers. Then m(M, A, <p, q,p) = m(M, A, ip, q,p) if and only i/sup s>1 ^ < 00 

and sup s>1 ^ < 00 for all s = 1,2,3,- ■ ■ . 

Proof. It is easy to prove inview of Theorem 2.5, so we omit the details. 

Theorem 2.7. Let M,M\,M<i be an Orlicz functions which satisfying ^-conditions 
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and p = (pi) be a bounded sequence of positive real numbers. Then 

(a) m(M u A, p, q, p) C m(M oM u A, tp, q, p), 

(b) m(M u A, p, q,p) n m(M 2 ,A, p, q,p) C m{M 1 + M 2 ,A, <p, q,p). 

Proof. Let x = (xk) € m(Mi,A, p, q,p). Then there exists p > such that 



1 v^ , r ( f A i( x )\\ p 
— 2^ Mi ' - ' ' ■ 



sup -) «i9— <oo. 

«>i,aeC» i's'T v v P > ' 

— ■ i£a 

Let < e < 1 and (5 with < 5 < 1 such that M(i) < e for < £ < (5. Let y fe = 
Mi (g(^) )"* and for any ct e C a , let ^ M(j/ fc ) = ^ M (y fc ) + ^ M(y fe ), where the 

i£a 1 2 

first summation is over j/j. < <5 and the second summation is over y^ > (5. 
Since M satisfies A2-condition, we have 



(2.1) ^M(y fe )<M(l)^y fe <M(2)^ 



Vk- 



l 



For y k > 8 



, Vk . . . yfe 



since M is non-decreasing and convex, so 



M( 2/fc )<M(l + |)<iM(2) + iM(^). 

Since M also satisfies A2-condition, so 

M(y k ) < \k V -±M{2) + \k V -^M{2) = K V -^M{2). 
2d 2 6 

Hence, 

(2.2) J2 M (yk) < max (l, K8~ 1 M{2)) J2 Vk- 

2 2 

By equation (2.1) and (2.2), we have x = (xk) € m(MoMi, A, ip, q,p). Thus ?n(M 1 , A, p, q,p) C 

m(MoMi,4,i^,g,p). 

(b) Let a; = (xk) € m(Mi, A, <p, g,p) n m(M2,A,ip,q,p). Then there exists /? > such 

that 



— 2^ Mi ' - ' 






sup — >,VWi(g(^^)] <^> 
and 



1 v^ „, / /Ai(x)\\P 

~2^M ' ' u 



Sup — > M 2 Igl^^l <0O. 

s>i,<rec s ¥>s rr* V V p // 
The rest of the proof follows from the equality 

Mi(a:)\\P« _ ^ _, fjMx)\y> ^ / /Ai(a;)\\Pi 



This completes the proof of the theorem 



p J J * — ' \ \ p j j * — ' \ \ p 



Corollary 2.8. Let M be an Orlicz function and p = (pi) be a bounded sequence of 
positive real numbers. Then, we have m(A,p,q,p) C m(M,A,ip,q,p). 
Proof. If we take Ml(x) = x in the Theorem 2.7 (a), we have the desired result. 
Corollary 2.9. Suppose M is an Orlicz function and p = (pi) be a bounded sequence of 

positive real numbers. Then m(A,p 1 q,p) C m(M,A,i/),q,p) if and only if sup — < oo. 

s >ii 

Proof. The proof follows from Theorem 2.7 and Corollary 2.8. 
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Theorem 2.10. Suppose M is an Orlicz function and p = (pi) be a bounded sequence 
of positive real numbers, then the space m(M,A,ip,q,p) is solid. 
Proof. Let x = (xk) & in(M,A,ip,q,p). Then 

(2.3) sup ^5>(,(^M)r<oo. 

Let ((Xk) be a sequence of scalars with \a.k\ < 1 for all fceN. Then the result follows 
from (2.3) and the following inequality 

E «(,(^)f< EW M(,(«))"< E *(,(«))" 

iGcr i£<x iGcr 

This completes the proof of the theorem. 

Corollary 2.11. If M is an Orlicz function and p = (pi) be a bounded sequence of 
positive real numbers, then the space m(M,A,(p,q,p) is monotone. 
Proof. It is obvious so we omit the details. 

Corollary 2.12. If M is an Orlicz function and p = (p^ be a bounded sequence of pos- 
itive real numbers, then the spaces l^ (M, A, q, p) and li(M,A,q,p) are solid and mono- 
tone. 

Proof. It is easy to prove so we omit the details. 

Theorem 2.13. If (X,q) is complete, then m(M, A,tp,q,p) is also complete. 
Proof. Let (x 3 ) be a Cauchy sequence in m(M, A, ip, q,p), where x 3 = (xi) = {x\, x 3 2 ,x 3 3 , ■ ■ ■) G 
m(M, A, ip, q,p) for each j <G N. Let r > and xo > be fixed. Then for each - L - > 0, 
there exists a positive integer no such that 

This implies 



h e 



(x? — x ) < , for all j, I > no- 

TXq 



(2.4) inf(p: sup — VAffgf-^ ^V* < l) < — , for aU j, I > n . 

1. «>i »cf u}. *-** V V O // > ran 



1 v-^ / ( AAx 3 — x l )\\Pi i e 

s>l,a£C 3 fs ~ V V P / •' J rx 

We have for all j, I > no and by (2.4) 



sup -VMU-f, ^ <1 



i(Ea 



/ / ^4 • (x 3 ' — x ) \ \ P' 

We can find r > such that ^f 2 -^^ 1 ) > <£i, where 77 is the kernel associated with orlicz 
function M, such that 

sj Mxi-x^ y^rjCQ xo 
V\ h(x 3 -x l ) )) - 2 /v 2 ; 

Hence ^(a^j^i is a Cauchy sequence in (X,q), which is complete. Therefore for each 
k G N, there exists Xk <E X and x = (xk) such that q(Ai(x 3 — x)) Pi — >• as j — > 00. Using 
the continuity of M and q is seminorm, so for some p > 0, we have 

sup — VM (q( "°° ' V M) <1 
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1 
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(A, 
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• X 


l )\\ Pt 


< 1. 



Now, taking the infimum of such p's by (2.4), we get 

inf{p>0: sup — ^M(g(^— ^)) W <l}<e, for all j>n . 

Since m{M, A, ip, q,p) is a linear space and (x — x 3 ) are in m(M, A, ip, q,p), so it follows 
that x = x 3 ' + (x — x 3 ) e m(M,A,ip,q,p). Hence m(M,A,<p,q,p) is complete. This 
completes the proof of the theorem. 

3. Conclusions 

If one considers a normed linear space (X, \\.\\) instead of seminormed space (X, q) , 
then one will get m(M, A,ip,p, ||.||), which will be normed linear space, normed by 

''^'"'{^^cip'OO')''^}- 

The space m(M,A,(p,p, ||.||) will be a Banach space if (X, ||.||) is a Banach space. The 
most of the results proved in the previous section will be true for this space too. Also, 
giving particular values the matrix A, we obtain some sequence spaces which were defined 
earlier by some authors. For instance, if we take A = I (identity matrix) and p = (pj) = 1, 
we obtain the space m(M, (p, q) which was defined and studied by Tripathy and Mahanta. 
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Abstract. In this paper, we establish the functional equations of quadratic ^-derivations and prove 
the stability of quadratic *-dcrivations on fuzzy Banach *-algebras. We also prove the superstability 
of quadratic *-dcrivations. 



1. Introduction 

Suppose that A is a Banach *-algebra. A linear mapping 5 : D(6) — >• A is said to be a derivation 
on A if d(ab) = 8(a)b + aS(b) for all a, b € A, where D(5) is a domain of 5 and D(5) is dense in A. 
If S satisfies the additional condition 5(a*) = 6(a)* for all a e A, then 6 is called a ^-derivation on 
A. It is well-known that if A is a C* -algebra and D(S) is A, then the derivation 6 is bounded. 

A C*-dynamical system is a triple (A,G,a) consisting of a C*-algebra A, a locally compact 
group G, and a pointwise norm continuous homomorphism a of G into the group Aut{A) of *- 
automorphisms of A. Every bounded *-derivation S arises as an infinitesimal generator of a dynam- 
ical system for M. In fact, if S is a bounded *-derivation of A on a Hilbert space H. , then there 
exists an element h in the enveloping von Neumann algebra A" such that 

5(x) = adih(x) 

for all x e A. 

If for each t G R at is defined by ott(x) = e lth xe~' lth for each x £ A, then at is a ^-automorphism 
of A induced by unitaries U t = e lth for each ! e R. The action a : R — > Aut(A),t -^ a f , is a 
strongly continuous one-parameter group of *-automorphisms of A. For several reasons the theory 
of bounded derivations of C*-algebras is important in the quantumn mechanics ([3, 4, 10]). 

A functional equation is called stable if any function satisfying a functional equation "approxi- 
mately" is near to a true solution of the functional equation. We say that a functional equation is 
superstable if every approximate solution is an exact solution of it (see [2]). 

In 1940, Ulam [16] proposed the following question concerning stability of group homomorphisms: 
under what condition is there an additive mapping near an approximately additive mapping? Hyers 
[8] answered the problem of Ulam for the case where G\ and Gi are Banach spaces. A generalized 
version of the theorem of Hyers for an approximately linear mapping was given by Th. M. Ras- 
sias [14]. Since then, the stability problems of various functional equations have been extensively 
investigated by a number of authors (for instances, [1, 6, 7, 9, 12, 14]). The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) 

is called a quadratic functional equation. In particular, every solution of the quadratic functional 
equation is said to be a quadratic function. A generalized Hyers-Ulam stability problem for the 
quadratic functional equation was proved by Skof [15]. 
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We use the definition of fuzzy normed spaces given in [5, 11] to investigate the stability of 
quadratic ^-derivation in the fuzzy Banach *-algebra setting. 

Definition 1.1. [5, 11] Let X be a real vector space. A function N : X x M. — > [0, 1] is called a fuzzy 
norm on X if for all x, y G X and all s,t£R, 

(N x ) N(x,t) = fort<0; 

(N 2 ) x = if and only if N(x, t) = 1 for all t > 0; 

(N 3 )N(cx,t) = N(x,±) ifc^O; 

(N 4 ) N(x + y,s + t) > min{N(x,s),N(y,t)}; 

(N 5 ) N(x, •) is a non- decreasing function o/R and lim^oo N(x,t) = 1; 

(Nq) for x j^= 0, N(x, •) is continuous on K. 

The pair (X, N) is called a fuzzy normed vector space. Furthermore we can make (X, N) a fuzzy 
normed *-algebra if we add (N?) and (N s ) as follows: 

(N 7 ) N{xy,st) >min{N(x,s),N(y,t)}; 

(N 8 ) N{x,t)=N(x*,t). 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in [11]. 

Let (X, N) be a fuzzy normed vector space. A sequence {x n } in X is said to be convergent or 
converge if there exists an x G X such that linin^oo N{x n — x, t) = 1 for all t > 0. In this case, x is 
called the limit of the sequence {x n } and we denote it by Af-lim n _ >00 x n — x. A sequence {x n } in 
X is called Cauchy if for each e > and each t > there exists an no G N such that for all n > no 
and all p > 0, we have N(x n + P — x n ,t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If each 
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy normed 
vector space is called a fuzzy Banach space. 

We say that a mapping / : X — > Y between fuzzy normed vector spaces X and Y is continuous 
at a point xq G X if for each sequence {x n } converging to xq in X, then the sequence {f{x n )} 
converges to f(xo). If / : X — J- Y is continuous at each x G X, then / : X — ¥ Y is said to be 
continuous on X(scc [5]). 

In this paper, we introduce functional equations of quadratic ^-derivations and prove the stability 
of quadratic *-dcrivations on fuzzy Banach ^-algebras. We also prove the superstability of quadratic 
*-dcrivations. 

2. Stability of quadratic ^-derivations on fuzzy Banach *-algebras 

In this section, we establish the stability of quadratic ^-derivations on a fuzzy Banach *-algebras 
A. 

Definition 2.1. Let A be a *-normed algebra. A mapping 5 : A — >• A is a quadratic ^-derivation 
on A if S satisfies the following properties: 

1) 8 is a quadratic mapping, 

2) S is quadratic homogeneous, that is, 5(Xa) = \ 2 S(a) for all a G A and all A G C, 

3) 5{ab) = 8{a)b 2 + a 2 5{b) for all a,beA, 

4) S(a*) — (5(a)* for all a€»4. 

Theorem 2.2. Suppos that A is a fuzzy Banach *-algebra, s G { — 1, 1} and that f : A — > A is a 
mapping with /(0) = for which there exist functions ip : A* — > [0, oo) and ip : A 2 — > [0, oo) such 
that 



<p(a, b, c, d) := 2^ y^k < oo, (2.1) 



22sfc 
fc=0 



lim 2- 2n >(2 ns 8, 2 ns b) = (2.2) 
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lim N(f(Xa + Xb + cd) + f(Xa -\b + cd) - 2A 2 /(a) - 2A 2 /(o) - 2f(c)d 2 - 2c 2 f(d), 

t— >-oo 

t<p(a,b,c,d)) = l, (2.3) 

lim N(f(a)* - /(a*), *V(a, a*)) = 1 (2.4) 

t— >oo 

/or a_ a,b,c,d (^ A and for all A _ T. ^4Zso ; if for each fixed a£»4 t/ie mapping t — > /(to) /rom R 
to .4 is continuous, then there exists a unique quadratic * -derivation d on A satisfying 

lim _.(/(_) - 6(a), U<p{a, a, 0, 0)) = 1, (2.5) 

t— »oo 4 

/or a_ oe^. 

Proof. Let s = 1. Putting a = 6, c = d = and A = 1 in (2.3), for a given e > we can find some 
t > such that 

JV(/(2o)-4/(o),t^(o,o,0,0))>l-c 

for all a G .4 and all t > to. One can use induction to show that 

'/(2"a) f(2 m a) 1 " ! 



M^-^' E 2 -%( 2 V 2fc «.M) 



4m 7 4 

^(E^I^-^'iE rt ^ 2fca ' 2fca ' ' 0) ) (2 - 6) 

> min rn < fc < n _i{Jv(^^ - :^,2- 2 (*+ 1 V(2 fc a ,2V 0,0))} > 1- e 

for all n > m > and all a _ A. 

It follows from (2.6) that the sequence { 22 „ a } is Cauchy. Since A is complete, this sequence is 
convergent. Define 

6(a) := N- lim S -^-. (2.7) 

We have <5(0) = because /(0) = 0. Replacing o and b by 2™a and 2™6, c = rf = 0, respectively, in 
(2.3), we can find some to > such that 

/ /(2n(Aa + A6)) /(2n(Aa - Ab)) _ 2 /(2"o) _ 2 /(2»6) 
\ 2 2n 2 2 ™ 2 2n 2 2 ™ ' 

y(2"a,2"6,0,0) \ >x _ 6 
2 2 ™ / 

for all a, 6 € -4 and t > to- Fix £ temporarily. Since lim.n_j.oo -^<p(2 n a,2 n b, 0, 0) = 0, there exists 

n > such that t— — - 
the following equation 



n > such that i— — a 22 „ ' ' ' < | for all n > n . To show the quadratic property of 5 we consider 



N(6(Xa + Xb) + 6(Xa - Xb) - 2X 2 5(a) - 2X 2 6(b), t) 

f(2 n (Xa + Xb)) t\ ../.,. ... /(2"(Aa-A6)) t* 



' r. / ' 



> rrun{A/(. (A« + A6) - ^^ + »» , j) , A/(. (Aa - Xb) - '^ ^ , «) 

_/(2A 2 ,( fl )-2A^,^),A,(2A 2 o ( 6)-2A 2 ^,i), 

/ /(2"(A_ + Ab)) /(2"(Aa-Ab)) 2 /(2"a) . 2 /(2"6) tx 

iV| ^2™ 2^ ~~2" 2 2 ™ '2/'' 
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The first four terms on the second and third lines of the above inequality tend to 1 as n — > oo. 
Furthermore from the following computation 

/ /(2"(Aa + A6)) /(2"(Aa-Ab)) 2 /(2"a) 2 /(2"&) t 

V 2 2n 2 2 ™ 2 2 " 2 2 ™ ' 2 

,/(2»(Aa + A &) ) + /(nA;-Ah)) ^_ /p x 

- \ 2 2n 2 2 2 / 

the last term on the right hand side of the above inequality is greater than 1 — e. Hence 

7vf(5(Aa + Xb) + 5{Xa - Xb) - 2X 2 S(a) - 2X 2 5(b), t) > 1 - e 

for all i > 0. So by (iV 2 ) we can obtain 

5(Xa + Xb) + 5(Xa - Xb) = 2X 2 5(a) + 2X 2 5(b) (2.8) 

for all a, b G A and all A G T. Putting A = 1 in (2.8), we obtain that 5 is a quadratic mapping. 
Setting b :— a in (2.8), we get 

S(2Xa) = 4X 2 5(a) 
for all a G A and all A G T. We can say that 

S(Xa) = X 2 5(a) 

for all a G A and all A G T. Under the assumption that f(ta) is continuous in t G M. for each fixed 
a G A , by the same reasoning as in the proof of [7], 5(Xa) = X 2 5(b) for all a € A and all A G K. 
Hence 

*(Ao) = *(j^|A|a) = |^<5(|A|a) = ^|A| 2 5(a) 

for all a € .A and all A G C(A =/= 0).This means that d is quadratic homogeneous. Furthermore 
it follows from (2.6) with m — and (2.7) that lim^oo N(f(a) — 5(a), ^tip(a, a, 0,0)) = 1. It is 
known that the quadraic mapping 5 satisfying (2.5) is unique. Replacing c and d by 2"c and 2 n d 
and putting a = b = in (2.3), there exists to > such that 

/f(2 n c2 n d) J(2 n c2 n d) 2 2n c 2 f(2 n d) f(2 n c)2 2n d 2 (p(0,0,2 n c,2 n d) 
\ 2 4n 2 4n " 2 4 ™ ~ 2 4 ™ ' 2 4 ™ 

_ //(2 2 ™cd) 2 2n c 2 f(2 n d) f(2 n c)2 2n d 2 tip(0,0,2 n c,2 n d)\ 
~ \ 2 4n 2 2n 2 2n 2 2n 2 2 ™ ' 2 2 4rl / 

for all c,d E A for all t > to- Fix i temporarily. Since lim„_>. 00 v ^ ' ' 22 „ c ' = 0, we can find no > 

such that t — ' ' 2 4„ c ' < | for all n > n . we consider the following 

iV((5(cd)-c 2 (5(rf)-(5(c)d 2 ,t) 

■ rxr/f/ n f (2 n c2 n d) t\ A / 2 .. ,. 2 2 "c 2 /(2"d) *\ 

> rmn{iV (<$(«*) - M 24 „ ; , -) , iV( C 2 <S(d) ^A_^, -J , 

/ 2 _ f(2 n c)2 2n d 2 t\ ( J(2 n c2 n d) _ 2 2 "c 2 /(2"rf) _ j(2 n c)2 2n d 2 t\ 

i\ \0(c)a 2 4„ '4/' v 2 4 ™ 2 4 " 2 4 " '47 

The first three terms on the right hand side of the above inequality tend to 1 as n — > oo. Furthermore 
the last term is greater than 1 — e because 

'j(2 n c2 n d) 2 2n c 2 f(2 n d) f(2 n c)2 2n d 2 t* 



N 



24n 2 4n 2 4 ™ ' 4 



So we have 



/f(2 2n cd) 2 2n c 2 f(2 n d) f(2 n c)2 2n d 2 t <p(0,0, 2"c, 2 n dy 
— \ 2 4rl 2 2n 2 2 ™ 2 2 ™ 2 2 ™ ' 2 2 4n 



N(5(cd) - c 2 5(d) - 5(c)d 2 ,t) > 1 
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for all t > 0. By the definition of the fuzzy norm we have 

S(cd) - c 2 5{d) - S(c)d 2 = 0. 

Replacing a and a* by 2 n a and 2 n a* , respectively, in (2.4) for a given e > we can find to > 
such that 

N{2- 2n f{Ta)* - 2- 2n f{2 n a*),t2- 2n i;(2 n a 1 2 n a*)) > 1 - e, 

for all a E A all t > to- Since linin^co 2~ 2n if;(2 n a,2 n a*) = 0, there exists some no > such that 
tip(2 n a, 2 n a*) < ^ for all n > n Q and t > 0. Hence 

N(8(a)* - S(a*),t) 

/ t\ / t\ 2 2n t\ 

> min{N[6(ay - 2- 2n f(Ta)\ -) ,N[6(a*) - 2- 2n f(2 n a*), -) , N(f(2 n a y - f(2 n a*), -^) }. 

The first two terms on the right hand side of the above inequality tend to 1 as n — > oo. Furthermore 
the last term is greater than N(f(2 n a)* — f{2 n a*), tip(2 n a, 2 n a*)), which is greater than 1 — e. Since 
N(6(a)* - S(a*),t) > 1 — e for all i > 0, we get 6(a)* = 6(a)* for all a e A. Thus <5 is a quadratic 
*-derivation on A. The proof in the case that s = — 1 is similar. □ 

Next, we prove the superstability of quadratic *-dcrivations on fuzzy Banach *-algcbras. 

Definition 2.3. Suppose that A is a *-normed algebra and s G { — 1,1}. Let 5 : A — > A be a 
mapping for which there exist functions ipi : A x A — > [0, oo)(l < i < 3) and (f> : .4 — > A satisfying 



such that 



lim n~ zs il)i(n s a,b) = lim n^ s -0,(a,n s &) = (2.9) 



lim N{a 2 S{b) - <j)(a)b 2 ,t^i{a,b)) = 1 (2.10) 

t— >QO 



lim N((j>(a)(cd) 2 - a 2 (S(c)d 2 - c 2 S(d)), tip 2 (a, cd)) = 1 (2.11) 

t— ¥00 



lim N(aS(b*) - (j)(a)b*,tip3(a, b)) = 1 (2.12) 

t— >oo 

for all a, b, c, d € A. Then 5 is called a (ip, (/)) -approximate quadratic ^-derivation on A. 

Theorem 2.4. Suppose that A is a fuzzy Banach *-algebra with approximate unit and s £ {—1, 1}- 
Let S : A — > A be a (</>, ip) -approximate quadratic ^-derivations on A . Then 5 ^-derivations on A . 

Proof. We asume that (2.9) holds. We first show that 5 is quadratic homogeneous. To do this, pick 
A e C and a, z £ A and e > is given. By (2.10) there exists to > such that 

>l-e, 
> 1-e 



N(n- 2s (n 2s z 2 S(Xa) - cf>{n s z)(Xa) 2 ), n - 2s tiP 1 (n s z, Xa 
N(n- 2s (X 2 4>(n s z)a 2 - X 2 n 2s z 2 S(a)),n- 2s t\X\ 2 iP 1 {n s z, a) 
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for all t > to- Fix t temporarily. By (2.9) there exists n > such that n~ 2s tipi(n s z, Xa) < | and 
n~ 2s t\\\ 2 ipi(n s z, a) < § for all n > n a . By (N 5 ) we have 



N(z 2 (S(Xa)-X 2 S(a)),t\ 

= N(n- 2s {n 2s z 2 S(Xa) - X 2 n 2s z 2 5(a)),t) 

= N(n- 2s {n 2s z 2 6(Xa) - (f>{n s z){Xaf) + n~ 2s '(X 2 ' (f>{n s z)a 2 - X 2 n 2s z 2 8(a)),t) 

> min{N(n- 2s (n 2s z 2 5(Xa) - 4>{n s z){Xaf), -Y N (n- 2s {X 2 (}>{n s z)a 2 - X 2 n 2s z 2 S{a)), -)} 

> min{N[n- 2s {n 2s z 2 5(Xa) - <j){n s z){Xaf) , n^H^n 8 z, Xa)\ , 
N(n- 2s (X 2 (f>{n s z)a 2 - X 2 n 2s z 2 6(a)),n- 2s t\X\ 2 Mn S z,a)^}. 

Since N( n - 2s (n 2s z 2 S(Xa) - 4>{n s z){Xa) 2 ), n - 2s t^ 1 {n s z 1 Xa)\ > 1 - e and N (n- 2s (X 2 <f>(n s z)a 2 - 

Xn 2s z 2 S(a)),n- 2s t\X\ 2 ip 1 (n s z, a)) > 1 - e, wc have N(z 2 (S(Xa) - X 2 S(a)),t) > 1 - e for aU t > O.And 
by (-/V 2 ) it leads us to have a conclusion that 

z 2 (5(Xa)-X 2 5(a))=0 

for all z G A. Let {ei}i £ / be an approximate unit of A. Then {f(ei)\i G 1} is also an approximate 
unit of A for every polynomial /. Considering e^ instead of z in the above inequality, we conclude 
that 5(Xa) = X 2 S(a) for all A e C. Next, we are going to show that S is quadratic. By (2.10) there 
exists to > such that 

N(n- 2s (n 2s z 2 S(a + b) - <P(n s z)(a + b) 2 ), n- 2s ti\) X (n s z, a + b)) > 1 - e, 



N(n- 2s (n 2s z 2 S{a -b)- 4>{n s z){a - fe) 2 ),n" 2s #i(n s z, a-b)\ > 1 - e, 



7v(2n- 2s ( ^(n s z)o 2 - n 2s z 2 S(a)), n - 2s 2txP 1 (n s z, a)) > 1 - e, 



and 



7v(2n- 2s ( ( /.(n ;s z)6 2 - n 2s z 2 S(b)), rC 2s 2t$ x (n s z, b)) > 1 - e 

for all £ > to- For fixed £ temporarily there exists no > such that n~ 2s tipi(n s z,a + b) < |, 
n~ 2s t4>i(n s z,a — b) < |, 2n~ 2s t-ipi(a, n s z) < 4, and 2n~ 2s tipi(b,n s z) < | for all n > n . 
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To show the quadraticity of 6 we consider the following: 
N(z 2 (8(a + b) + 6(a - b) - 26(a) - 26(b)), t) 

= N(n- 2s (n 2s z 2 S(a + b) - (f)(n s z)(a + b) 2 ) + n - 2s (n 2s z 2 6(a - b) - 4>(n s z)(a - b) 2 ) 
+2n- 2s ( 4>(n s z)a 2 - n 2s z 2 5(a)) + 2rT 2s ( 4>(n s z)b 2 - n 2s z 2 6(b)),t) 

> min{N(n- 2s (n 2s z 2 6(a + b) - 4>{n s z)(a + b) 2 ), -) , 

N(n- 2s (n 2s z 2 6(a - b) - 4>(n s z)(a - b) 2 ), J) , N(2 n - 2s ( (f>(n s z)a 2 - n 2s z 2 6(a)), J) , 
N(2n- 2s ( 4>{n s z)b 2 - n 2s z 2 5(b)), ^)} 

> min{N(n- 2s (n 2s z 2 6(a + b) - <j)(n s z)(a + b) 2 ), n~ 2s ^(n 8 z , a + bj), 
N(n- 2s (n 2s z 2 6(a - b) - (j)(n s z)(a - b) 2 ), rr 2s ^(n 8 z , a-bj), 

N(n- 2s ( (j)(n s z)a 2 - n 2s z 2 6(a)) 1 2n- 2s iP 1 {n s z, a)) , n( 2n~ 2s ( 4>(n s z)b 2 - n 2s z 2 6(b)), 2n" 2 >i(n s z, b)) } 

for all a, b, z G A. Since all terms of the final inequality of the above inequality are larger than 1 — e, 
N(z 2 (S(a + b)+ 6(a - b) - 26(a) - 26(b)), t\ > 1 - e for alH > 0. So we can have that 



z 2 (6(a + b) + 8(a -b)- 26(a) - 26(b)) = 

for all o,i,z6 A. By using the approximate unit instead of z as the similar discussion in the above, 
we have 6(a + b) + 6(a — b) — 26(a) — 26(b) = for all a, b G A. Next we are going to show the 
derivation property of 6. By (2.10) there exists to > such that 

N(n- 2s (n 2s z 2 6(ab) - <t>(n s z)(ab) 2 ), n^'tip^n" z, abj) > 1 - e, 

and 

N(n- 2s (<t>(n s z) (ab) 2 -n 2s z 2 6(a)b 2 -n 2s z 2 a 2 6(b)), n - 2s txp 2 (n s z,abj) > 1-e 

for t > to- For fixed t temporarily there exists n > such that n~ 2s tipi(n s z,ab) < | and 
n~ 2s tip2(n s z,ab) < | for n > no- 



N(z 2 (6(ab) - (6(a)b 2 - a 2 6(b))),t\ 

= N(n- 2s (n 2s z 2 6(ab) - (f>(n s z)(ab) 2 ) + n~ 2s ' (4>(n s z)(ab) 2 - n 2s z 2 5(a)b 2 - n 2s z 2 a 2 6(b)),t) 

> min{N(n- 2s (n 2s z 2 6(ab) - (f>(n s z)(ab) 2 ), |) , N(n,- 2s ( 4>(n s z)(ab) 2 - n 2s z 2 6(a)b 2 - n 2s z 2 a 2 6(b)), |) } 

> min{N(n- 2s (n 2s z 2 6(ab) - <t>(n s z)(ab) 2 ), n - 2s t^ 1 (n s z, abj) , 

N{n- 2s ((t)(n s z)(ab) 2 -n 2s z 2 6(a)b 2 -n 2s z 2 a 2 6(b)),n- 2 H^ 2 (n 8 z,abj\} 

for all a, b, z G A. Since all terms of the final inequality of the above inequality are larger than 1 — e, 
N( z 2 (6(ab) - (6(a)b 2 + a 2 6(b)),t\ > 1 - e for all t > 0. So we have z 2 (6(ab) - (6(a)b 2 + a 2 6(b)) = 

for all a,b,z G A. By using approximate unit instead of z we have that 6(ab) — 6(a)b 2 + a 2 6(b) 
for all a, b G A. On the involution we can have the same computation in theorem 2.1. Thus 6 is a 
quadratic ^-derivation on A. □ 
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THE TOPOLOGICAL STRUCTURE ON SOFT SETS 



ZHAOWEN LI, HAIYAN CHEN, AND NINGHUA GAO 



Abstract. Soft set theory is a new mathematical tool to deal with uncer- 
tain problems. This paper is devoted to investigating relationships between 
soft sets and topologies. Based on new granulation structures called soft ap- 
proximation spaces, soft rough approximations are introduced. We give some 
properties of soft rough approximation. New types of soft sets such as keeping 
intersection, keeping union and topological soft sets are defined and supported 
by some illustrative examples. We obtain the topological structure on soft 
sets and reveal that every topological space on the initial universe is a soft 
approximating space. 



1. Introduction 

Most of traditional methods for formal modeling, reasoning, and computing are 
crisp, deterministic, and precise in character. However, Many practical problems 
within fields such as economics, engineering, environmental science, medical science 
and social science involve data that contain uncertainties. We can not use tradi- 
tional methods because of various types of uncertainties present in these problems. 

There arc several theories: probability theory, fuzzy set theory [18] and rough 
set theory [15], which we can consider as mathematical tools for dealing with uncer- 
tainties. But all these theories have their own difficulties. For example, probability 
theory can deal only with stochastically stable phenomena. To overcome these 
kinds of difficulties, Molodtsov [14] proposed a completely new approach, which is 
called soft set theory, for modeling uncertainty. 

Recently works on soft set theory are progressing rapidly. Maji et al. [12, 13] 
discussed the application of of soft sets in decision making problems and introduced 
fuzzy soft sets. Roy et al. [16] presented a fuzzy soft set theoretic approach towards 
decision making problems. Jiang et al. [9] extended soft sets with description 
logics. Aktas and Cabman [1] defined soft groups. Feng et al. [5, 6] investigated 
the relationship among soft sets, rough sets and fuzzy sets. Shabir et al. [17] 
investigated soft topological spaces. Ge et al. [7] discussed the relationship between 
topological spaces and soft sets. 

The purpose of this paper is to investigate the problem on soft sets combined 
with topologies. We introduce several new types of soft sets, obtain the topological 
structure on soft sets and reveal that every topological space on the initial universe 
is a soft approximating space. 
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2. Preliminaries 

In this section, we briefly recall several basic concepts of soft sets. 

Definition 2.1 ([14]). Let U be an initial universe and let E be a set of all possible 
parameters. Let 2 U denote the power set of U and let A C E. A pair (f,A) is 
called a soft set over U, if f is a mapping given by f : A — > 2 U . We denote (f,A) 
by /a- 

In other words, a soft set over U is a parametrized family of subsets of the 
universe U . For e E A, /(e) may be considered as the set of e-approximate elements 
of the soft set /a- 

In this paper, we only consider the case where both U and E arc nonempty finite 
sets. 

Definition 2.2 ([11]). let A,BCE and let $a and gs be two soft sets over U. 

(1) /a is called a soft subset of gB, if A C. B and /(e) = g(e) for each e G A. 
We denote it by fA C gg. 

(2) fA is called a soft super set of gB, if gB ^= f a- We denote it by fA ^> 9b- 

Definition 2.3 ([11]). let A,BCE and let fA and gs be two soft sets over U. 

fA and gs are called soft equal, if A C B and /(e) = g(e) for each e G A. We 
denote it by fA = 9b- 

Obviously, fA = gB if and only if fA C gg and f U D gB- 

Definition 2.4 ([6, 7]). A soft set fA over U is called full, if [J f(a) = U. 

aeA 

Definition 2.5. Let fA be a soft set over U. 

(1) fA is called topological, if {/(a) : a G A} is a topology on U . 

(2) fA is called keeping union, if for each a, b G A, there exists c G A such that 
/(o)U/(6) = /(c). 

(3) fA is called keeping intersection, if for each a, b G A, there exists c G A such 
thatf(a)nf(b) = f(c). 

Example 2.6. Let U = {hi, h 2 , h 3 , /i 4 , h 5 }, A = {a 1; a 2 , 03, 04} and let fA be a 
soft set over U , defined as follows 

/(01) - {hi, fkt, h 5 }, /(02) - 0, /(as) = {M, /(04) = {h 3 , h^. 
We have 

f(a 3 )nf(a4) = {h 3 } = f(as). 
/(ai)n/(a 2 ) = /(oi)n/(o 3 ) = /(ai)n/(a 4 ) = /(a 2 )n/(a 3 ) = /(a 2 )n/(a 4 ) = = f(a 2 ) 
Then fA is full and keeping intersection. But 

/(01) U /(o 3 ) - {h u h 2 , h 3 , h 5 } ± /(a) (Vo G A). 
T/ims fA is not keeping union. 

Example 2.7. Let U = {ft-i, /i 2 , ^3, /14, ^5}, A — {a 1; a 2 , 03, a 4 } and Zei /a 6e a 
so/i sei ouer [/, defined as follows 

/(01) - {fti}, /(a 2 ) = {/i 2 }, /(a 3 ) - {/n,/i 2 }, /(a 4 ) = ^ 
Then fA is full and keeping union. But fA is not keeping intersection. 
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Example 2.8. Let U = {hi, h 2 , /13, hi, h$}, A — {01,02,03,04} and let Ja be a 
soft set over U , defined as follows 

f(ai) = {hi}, f(a 2 ) = {hi, hi}, f{a 3 ) = {hi,h 3 ,hi}, /(o 4 ) = X. 

Obviously, f a is full, keeping intersection and keeping union. But f a is not 
topological. 

From Example 2.6, 2.7 and 2.8, we have the following relationships: 

fA is topological 



fA is full, keeping intersection and keeping union 




fA is full and keeping intersection < \ » fA is full and keeping union 




3. Soft rough approximations 

In this section, we consider a pair of soft rough approximations which are pre- 
sented by Feng et al. in [5, 6] and give their properties. 

Definition 3.1 ([5, 6]). Let fA be a soft set over U. Then the pair P — (U, /a) 
is called a soft approximation space. Based on the soft approximation space P , we 
define the following two operations: For X £ 2 U , 

apr p (X) = {u e U : 3a G A, s.t. u <E /(a) C X}, 

Wpfp(X) = {u e U : 3a G A, s.t. u <G /(a) and f(a) C\X ^$}. 

apr (X) and apr P (X) are called the soft P -lower approximation and the soft 
P-upper approximation of X , respectively. Ln general, we refer to apr (X) and 
apf P {X) as soft rough approximations of X with respect to P. 

Proposition 3.2 ([5, 6]). Let fA be a soft set over U and let P = (U, fA) be a soft 
approximation space. Then the following properties hold for X, Y G 2 U . 

(1) apr p (X) = U{/(a) : a e A and /(a) C X} C X; 
aprp(X) = \J{f(a) :a€Aand /(a) fll^f)}. 

(2) apr p (0) = ap>(0) = 0; apr p (U) = apf P (U) = \J f{a). 

a£A 

(3)ia^ apr p (X) C apr p (Y); X C Y => apf P (X) C apfp{Y). 
(4) apr P (X(JY) = apf P {X) (Japf P (Y). 
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(5) apr p (apr p (X)) = apr p (X); apr p (apf P (X)) = apf P (X). 

Proposition 3.3. Let Ja be a soft set over U and let P = (U, Ja) be a soft 
approximation space. Then the following properties hold. 

(1) If I A is full, then apr p (X) CXC apf P {X) for any X G 2 U . 

(2) If fA is full, then apr (U) = apr P (U) = U . 

(3) // fA is keeping intersection, then apr {X C\Y) = apr {X) n apr (Y) for 
anyX,Ye2 u . 

(4) If fA is full and keeping union, then apr P (X) = U for any X G 2 U \ {0}. 

Proof. (1) By Proposition 3.2, apr p (X) C X. Suppose X - apf P (X) ^ 0. Pick 

ueX -apTp(X) ^0. 
Since /a is full, U = [J f(a). So u e f(a) for some a € A. u <G X implies that 

a£A 

f(a) nX^I. Thus u £ apr P {X) ^ 0, contradiction. Hence X C apr P (X). 

(2) This holds by (1). 

(3) Obviously, apr p (X n Y) C apr p {X) n apr p {Y). 
Suppose apr p {X) n apr p (Y) - apr (X C\Y)^%. Pick 

U e apr p (X) n apr p (Y) - apr {X C\ Y). 

Then there exist a,b E A such that u € /(a) C X and u G /(6) C F. Since /a 
is keeping intersection, then /(a) n /(6) = /(c) for some c E A. This implies that 
u G /(c) Clfll'. Thus u e apr p (X n F), contradiction. Thus 

apr p (lny) D apr p (X) C\apr p {Y). 

Therefore, apr (X DY) = apr (X) n apr (F). 

(4) Since fA is full and keeping union, then U = (J /(a) = /(a*) for some 

a* e A. For each Ie2 t '\ {0} and each !i£[/,m£ /(a*) and /(a*) nl = I^, 
then apfp(X) = f7. 

a 



4. The topological structure on soft sets 
In this section, we obtain the topological structure on soft sets. 

Definition 4.1 ([2, 3]). Let r C 2 U . t is called a generalized topology on U , if 
(i) G t, (m) {A q : a e r} C r implies U{A a : a G T} G r. Moreover, the pair 
(U, t) is called a generalized topological space and every member of r is called a 
generalized open subset of U . 

Theorem 4.2. Let fA be a soft set over U and let P = (U, fA) be a soft approxi- 
mation space. Then 

(1) {X G 2 U : apr (X) = X} is a generalized topology on U 

(2) // fA is full, keeping intersection, then {X G 2 U : apr (X) = X} is a 
topology on U . 

(3) If fA is full and keeping union, then {X G 2 U : apr P (X) = X} = {0, U} is 
a indiscrete topology on U . 
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Proof. (1) By Proposition 3.2, G 77. 

Let X a E tj for each a E V. Denote X — U{X Q : a E T}. Since X a C X for 
each a G T, then X a = apr (X a ) C apr (X) by Proposition 3.2. So X = U{X Q : 
a G T} C apr p (X). By Proposition 3^ apr p (X) C X. Thus apr p (X) = X. This 
implies U{Aq, : a G T} G 17. Hence 77 is a generalized topology on U . 

(2) By Proposition 3.2 and 3.3, we have U E r and 1(17 € r/ whenever 
I,ye r/. By (1), r/ is a generalized topology on U. Thus r is a topology on U. 

(3) This holds by Proposition 3.2 and 3.3. □ 

Definition 4.3. Let j a be a full and keeping intersection soft set over U and let 
P = (U, /a) be a soft approximation space. Then {X E 2 U : apr (X) = X} is 
called the topology induced by fA on U. We denote it by Tf. 

The following Theorem 4.3 gives the topological structure on soft sets (i.e., the 
structure of topologies induced by soft sets) . 

Theorem 4.4. Let fA be a full and keeping intersection soft set over U and let Tf 
be the topology induced by fA on U . Then 

(1) {Wpfp(X) :Ie2 (, }Cr r {apr p (X) : X € 2 U }. 

(2) T/ D {/(a) :aeA}. 

(3) Lf fA is topological, then Tf — {/(a) : a G A}. 

(4) apr is an interior operator of Tf. 

Proof. (1) By Proposition 3.2, we have {apr P (X) :Ie2 c, }C 17. 

Obviously, Tf C {apr p (X) : X C U}. Let 7 e {apr p (X) : X G 2 U }. Then 
Y = apr (X) for some X G 2 U . By Proposition 3.2, apr (apr (X)) = apr (X). 
This implies that Y G Tf. Thus 77 D {apr (X) : X G 2 U }. 
Hence {apr P (X) : X G 2 U } C r/ = {ogr p (X) : X G 2^}. 

(2) Obviously, apr „(/(«)) C /(a) /or eac/i a G A. 

Let a; G /(a). Since x G /(a) C /(a), x G apr (f(a)). Then /(a) C apr (f(a)). 
So /(a) G r/ . Thus {/(a) : a G A} C r/. ' 

(3) Let X G 77. For each x E X, X = apr (X), there exists a x E A such 

that x G f(a x ) C X. Then X = (J {a;} C "jj /(o x ) C X. So X = \J f(a x ). 

xex xex xex 

Since fA is topological, then (J f(a x ) = f(a) for some a E A. This implies 

xSX 

X E {/(a) : a G A}. Thus r/ C {/(a) : a G A}. 

By (1), r/ D {/(a) : a G A}. Hence r/ = {/(a) : a E A}. 

(4) It suffices to show that apr (X) = int(X) for each X E 2 U . 

By (1), apr p (X) E Tf. ByTroposition 3.2, apr p (X) C X. Thus apr p (X) C 
int(X). 

Conversely. For each F G t/ with Y C X, we have Y = apr (Y) C apr (X) by 
Proposition 3.2. Thus mi(X) = \J{Y : Y E Tf and Y C X} C apr p (X). 

Hence apr (X) = int(X). □ 

5. Soft sets induced by topologies 

In this section, we consider soft sets induced by topologies. 

Definition 5.1. Let t be a topology on U . Put r = {U a : a E A}, where A is the 
set of indexes. Define a mapping f T :A^2 u by / T (a) = U a for each a E A. Then 
{fr) A is called the soft set induced by r on U . 
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Definition 5.2. Let (U, /i) be a topological space. If there exists a full and keep- 
ing intersection soft set f a over U such that Tf — (i, then (U, /u) is called a soft 
approximating space. 

The following Proposition 5.3 can easily be proved. 

Proposition 5.3. (1) Let r be a topology on U and let (/ t )a be the soft set induced 
by t on U. Then (f T )A is a topological soft set over U. 

(2) Let n and T2 be two topologies on U and let (f Tl ) Al and {f Tl )A 2 be two soft 
sets induced respectively by t\ and t^ on U. If t\ C t-i, then {f Tl )Ax Q (/ti)a 2 - 

Proposition 5.4. Let r be a topology on U , let {fr)A be the soft set induced by r 
on U and let Tf be the topology induced by (/ t )a on U . Then r = Tf . 

Proof. Put t = {U a ■ a E A}, then f T : A — > 2 U is a mapping, where f T (a) = U a 
for each a £ A. By Proposition 5.3, (f T )A is topological. By Theorem 4.3, r/ = 
{/ T (a) : a e A}. Hence Tf = r. □ 

Theorem 5.5. Every topological space on the initial universe is a soft approximat- 
ing space. 

Proof. This holds by Proposition 5.4. □ 



Theorem 5.6. Let (U,t) be a topological space. Then there exists a topological soft 



set fA over U such that apr (X) = int(X) for each X £ 2 U , where P = (U, /a) 



is a soft approximation space. 

Proof. Put t = {U a '■ a £ A}, where A is the set of indexes. Define a mapping 
/ : A — > 2 U by f(a) = U a for each a £ A. By Proposition 5.3, /^ is topological. 

Let X £ 2 U . For each x £ apr (X), x £ f(a) C X for some a £ A. So 
x £ U a C X with U a £ t. This implies that x £ int(X). 

Conversely. For each x £ int(X), there exists an open neighborhood W of x in 
U such that W C X. So W = U a for some a £ A. This implies that x £ f(a) C X. 
Thus x £ apr (X). 

Hence apr (X) = int(X). □ 

Theorem 5.7. Let fA be a full and keeping intersection soft set over U , let Tf be 
the topology induced by fA on U and let (/ T/ )b be the soft set induced by Tf on U. 
Then 

(1) fA C (f Tf ) B . 

(2) If fA is topological, then fA = (fr^B- 

Proof. (1) By Theorem 4.3, r/ D {f(a) : a £ A}. Denote 

Tf = {U a '■ a £ B}, where A C B and U a = f(a) for each a £ A. 

Thus f Tf is a mapping given by f Tf : A — > 2 , where f Tf (a) = U a for each a £ B. 

Hence /a C (f Tf ) B - 

(2) Since /^ is topological, then by Theorem 4.3, we have A = B. 

Hence f A = {U s )b- □ 
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Abstract 

In this paper, we discuss existence and uniqueness of solutions to nonlinear frac- 
tional order ordinary differential equations with integral boundary conditions in an 
ordered Banach space. We use the Caputo fractional differential operator and the 
nonlincarity depends on the fractional derivative of an unknown function. The non- 
linear alternative of the Leray- Schauder type Theorem is the main tool used here to 
establish the existence and the Banach contraction principle to show the uniqueness 
of the solution under certain conditions. The compactness of solutions set is also 
investigated and an example is included to show the applicability of our results. 

Keywords. Boundary value problem, differential equations, integral boundary condi- 
tions, hxed point. 

1 Introduction 

During the last two decades fractional calculus has started to appear with many important 
applications in biology [1], physics ([2], [6], [16], [17], [23]) and chemistry [3]. As surveys 
for the theory of fractional integration and differentiation we refer the reader to the books 
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([4], [5], [7], and [10]). For more recent details about the theory of fractional dynamical 
systems and interpretations of fractional integration and differentiation see ([8], [9], [11], 
[13], [19], [22], [24] and [25]). As a part of the general theory of fractional dynamical 
systems, the existence theory for fractional initial and boundary value problems has also 
appeared (see [12], [18] and the survey books mentioned above). For the existence theory 
in the delay case we, for example, refer to ([14], [15], [26], and [27]). For the basic tools in 
fixed point theory necessary to obtain our result see ([20], [21]). 

This paper is concerned with the existence of solutions for the fractional order 
boundary value problem 

c D a y(t) = f(t, y(t)), a.e. t £ (0, 1), (la) 

y(0) = 0, i/(l) = / g(s)y(s)ds, (lb) 

Jo 

where c D a is the Caputo fractional derivative of order a £ (1, 2], / : [0, 1] x R — > R is a 
given function and g : [0, 1] — > R an integrable function. 

2 Basic Tools 

We dedicate this section to recall and introduce some notations, definitions and prelimi- 
nary facts that will be used in the remainder of this paper. 

We shall denote by R the real line, by R+ the interval [0, oo). We mean by C([0, 1], R) 
is the Banach space of all continuous functions from [0, 1] into R with the norm ||y||oo = 
sup{|y(t)| : < t < 1}. Let also AC l {[0, 1]), R) be the space of all functions y : [0, 1] — > 
R, whose first derivative y' is absolutely continuous on [0, 1]. The set ylC 1 ([0, 1]), R) is 
a Banach space when it is furnished with the norm || . [[oo defind by ||y||oo = sup{|y'(t)| : 

tel}. 

Finally, we denote -^ 1 ([0, 1], R) denote the Banach space of functions y : [0, 1] — > R that 
are Lebesgue integrable with norm ||y||ii = L \y(t)\ dt. 



Definition 2.1 A map f : [0, 1] — > R is said to be L 1 — Caratheodory if 

(i) t — > f(t, u) is measurable for each u £ R; 

(ii) t — > f(t, u) is continuous for almost each t £ [0, 1]; 

(iii) for every r > there exists h r £ ^ 1 ([0, 1], R) such that \f(t, u)\ < h r (t) for a.e. 
t £ [0, 1] and all \u\ < r. 

Definitions of Caputo and Remann— Liouville fractional derivative/integral and their re- 
lation are given bellow. 
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Definition 2.2 For a function u defined on an interval [a, b], the Remann— Liouville 
fractional integral of f of order a > is defined by 

i: + y(t) = f ^- ) J a (t-s) a - 1 y(s)ds, t>a, 

and Remann— Liouville fractional derivative of y(t) of order a > defined by 

D a a Mt) = §, {i n a + a y(t)} , 

where n — 1 < a < n, while Caputo fractional derivative of x of order a > is defined by 

c D: + y(t)=I^ a {y {n) (t)}. 

The relation between Caputo fractional derivative and Ricmanna— Lioville fractional deriva- 
tive is given by 

n-l (j)/ n. 

DZMt) = c K+y{t) + E ro g -a + i) (t " a)3 ~ a (2) 

We denote c D*+y(t) as c D*y{t) and I^+y{t) as I%y(t). Further c D°+y(t) and I£+y{t) are 
referred as c D a y(t) and I a y(t), respectively. 

Lemma 2.3 (Lemma 2.22 [7]). Let a > 0. Then L a ( c D a y(t)) = y(t) + c + c\t + c 2 t 2 + 
• • • + c r _i£ r ~ 1 for arbitrary Cj£l, i = 0, 1, ■ ■ ■ , i — 1, r = [a] + 1. 

3 Existence and Uniqueness Results 

Definition 3.1 A function y G J 4C 1 ((0, 1), R), is said to 6e a solution of (la) — (16) i/ 
y satisfies (la) — (16). 

In what follows we assume that g* = J sg(s)ds / 1. We need the following auxiliary 
result. 

Lemma 3.2 Let a € -^([O, 1], R). T/ierc £/ie function defined by 

y(t)= f n(t,s)a(s)ds (3) 

JO 

is £/ie unique solution of the boundary value problem 

c D a y(t)=a(t), a.e.t€(0,l), (4a) 

1/(0) = 0, i/(l) = / </(s)3/(s)cfe, (4b) 

Jo 
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H(t, s) = G(t, s) + 



1 - Jo s 9{s)ds Jo 



Q(r, s)g{r)dr 



' (t-s) a - 1 -t(l-s) a - 1 



G(t, S) = { 



T(a) 

t(l-s) 01 - 1 
r(a) ' 



ifO< s< t< 1; 



if < t < s < 1. 



(5) 



Proof. Let y be a solution of the problem (4a)- (4b). If we apply I a to (4a) and make use 
of Lemma 2.3, we obtain 



1 /•* 
y(t) = -co - at + =j-^r / (t 
r(a) Jo 



s) a ~ l a(s)ds. 



The boundary condition (4b) yields cq = and, 



(6) 



Hence 



'■i - tt-— / (l-s)° V(s)ds- / g(s)y(s)ds. 
r(a) Jo Jo 



1< < 1 -"°' v "» rfa+ r ( '-i r : M " t i, 



yt = / tg(s)y(s)ds- -± ' y ' ds + / 

Jo Jo r («) Jo 



(a) ' J T(a 

tg(s)y(s)ds + \± ^ ^ ^ }a(s)ds 

o Jo 

1 t(l-s) a - 1 CT(s) , 

r a 



Tfa) 



and 



where 



y{t)= I tg(s)y(s)ds+ / £(i, s)a(s)ds, 
Jo Jo 



0(*, s) = 4 



( (t-s) a - 1 -t(l-s) a - 1 
r(a) 

f(l-s)"- 1 



r(a) 



*/0< s<t< 1; 



i/0 < £ < s < 1. 



Now, multiply equation (7) by g and integrate over [0, 1], to get 



g(s)y(s)ds 



9{s) 



s I g(r)y(r) dr + / G(s, r)a{r) dr 
o Jo 



r/.s 



sg(s)ds 



i 

o 
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g(s)y(s)ds 



+ 9{s) 
'o 



(?(s, r)a(r)dr 



(7) 



(is. 
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Thus, 



1 li 9(s) JoQ(s, r)a{r)dr 
g(s)y(s)ds = 



ds 



(! 



Substituting in (7) we have 



y{t) = / G(t, s)a{s)ds + 
Jo 



1 - Jo 1 s 9(s)ds 
tJo9(s) IqO(s, r)a(r)dr 



ds 



1 - Jo sg(s)ds 



Therefore 



y (t) = / H(t, s)a(s)ds. 
Jo 

Which completes the proof. 

Set 9= |1 — g*\. Note that the function Q(t, s) is continuous on [0, 1] x [0, 1]. Let 
Ai be such that 



M~ l = max{|a(i, s)\ : (t, s) G [0, 1] x [0, 1]} 
Our first result reads. 



(8) 



Theorem 3.3 Assume that f is an L 1 — Caratheodory function. Also assume there exists 
7 G ^([0, 1], R+) such that \f(t, Vl ) - f(t, y 2 )\ < 7(t)\yi - y 2 \ for all y u y 2 G R and 
t€[0, 1]. // 

h\\Jl + ^)<M. 



Then the BVP (la)- (lb) has unique solution. 

Proof. Transfer the problem (la)-(lb) into a fixed point problem. Consider the operator 
F : C([0, 1], R) — > C([0, 1], R) define by: 



(Fy)(t) = / H(t, s)f(s, y(s))ds, t G [0, 1]. 
Jo 

We shall show that F is a contraction. Indeed, consider y±, y 2 G C([0, 1], R). Then we 
have for each £ G [0, 1] 

\(F yi )(t) - (F Vl )(t)\ < [ \n(t,s)\,\f(s,y 1 ( S ))-f( S ,y 2 (s))\ds 



< / g(t, s) 7 (s)\ yi (s) - y 2 (s)\ds 
Jo 



1 



I- */ l{s)\yi(s)-y 2 (s)\\g(r)\ \G(r, s)\dsdr. 

g Jo Jo 
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Therefore 

ll-FU/i) - ^(yi)ll < Jj { TtWiA + ; f II J/i - Ifelloo, 

showing that, -F is a contraction and hence i* 1 has a unique fixed point which is a solution 
to (la)-(lb). The proof is completed. 



Example 3.4 The following boundary value problem: 



~'D*y(t) = T J ^, a.e. t G (0, 1), (9a) 



Myt A 

i + y 2 

1/(0) = 0, y(l) = i Msy(s)ds, (9b) 

Jo 

has a unique solution on [0, 1]. Where ftA~ l = max{|£7(£, s)| : (t, s) G [0, 1] x [0, 1]} and 

'^=[Vt zr ^-t\/r^ 7 ^], i/0<s<t<l; 



Q(t, s) 



My/l-s, if0<t<s<l. 



We can easily show that this example is applied in Theorem 3.3. Here, we have 



Mty 
1+7 



f(t,y) = i-^, (t, y) G [0, 1] x R, 



a J\A J\A * M 

7 (i) = Mr, g{t) = Mt, || 7 || L i = — , || 5 || L i = — and g= —. 

Then \f(t, yi ) - f(t, y 2 )\ < j{t)\ yi - y 2 \ and 

We now present an existence result for the problem (la)-(lb). 

Theorem 3.5 Suppose the hypotheses 

(Hi) The function / : [0, 1] x I — > M. is an L 1 — Caratheodory, 

(H2) There exist functions <p, ip G ^ 1 ([0, 1], R+) ffl^rf A G (0, 1) such that \f(t, u)\ < 
9?(i)|-u| A + ^(i) /or eac/i (t, u) G [0, 1] x R, are satisfied. Then the BVP (la)- 
(lb) has at least one solution. Moreover the solution set O, = {y G C([0, 1], R) : 
y is solution of the (la) — (16)} is compact. 
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Proof. Transform the BVP (la)-(lb) into a fixed point problem. Consider the operator F 

as defined in Theorem 3.3. We shall show that F satisfies the assumptions of the nonlinear 

alternative of Leray-Schauder type. The proof will be given in several steps. 

Step 1. F is continuous. 

Let {y m } be a sequence such that y m — > y in C([0, 1], R), asm-> oo. Then 

\F(y m )(t) - F(y)(t)\ < [ \H(t, s)\\f(s, y m (s)) - f(s, y(s))\ds. 

Jo 

Since / is L 1 — Caratheodory and g G i 1 ([0, 1], R), then using Eqn. (6) and Eqn. (8) we 
obtain 

\\F{ym) - FMWoo < ^||/(.,ym(.))-/G, V(.))\\lA 

+ ^ll/(-,ifc»(0)-/(-,v(-))ll^- 

M9 

Hence \\F(y m ) - F(y)\\ 00 — > as m — > oo. 

Step 2. F maps bounded sets into bounded sets in C([0, 1], R). 

Indeed, it is enough to show that there exists a positive constant p such that for each 

V e B R = {y G C([0, 1], R) : H^U < i?} one has ||F(y)||oc < P- Let y G 5 fl . Then for 

each t G [0, 1], we have 

F(y)(t) = / «(*, s)f(s, y(s))ds. 
Jo 

By (H2) we have for each t G [0, 1] 

\F(y)(t)\ < [ \H(t,s)\\f( S ,y( S ))\ds 
Jo 



< -^ fllY'lki + ^IMLd} + ^ {ll^lUi + « a II^IIli} • 



Then for each y G Br we have 

-1 + J R A ||(/?|| L i ( , ||g|| L i 



iifmiu< — — — ji + . j 

Step 3. F maps bounded sets into equicontinuous sets of C([0, 1], R). 

Let ti, *2 G [0, 1], ti < £2 an d -B_r be a bounded set of C([0, 1], R) as in step 2. Let 

y G Br and £ G [0, 1] we have 

\F(y)(t 2 ) - F(y)(h)\ < f \H(t 2 , s) - H(t lt s)\^( S )ds 

Jo 



+ r x I \n(t 2 ,s)-n(t 1 ,s)\ip(s)ds. 

Jo 
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As t-2 — > t\ the right-hand side of the above inequality tends to zero. Then F(Br) is 

equicontinuous. As a consequence of Step 1 to 3 together with Arzela-Ascoli theorem we 

can conclude that F : C([0, 1], R) — > C([0, 1], R) is completely continuous. 

Step 4. A priori bounds on solutions. 

Let y = ^F{y) for some [i G (0, 1). This implies by (H2) that for each t G [0. 1] we have 



\y(t)\ < — / <p(s)\y(s)\ x ds + — iihil-' 



+ ^W\» + ^ f\(8)\y(a)\ x da. 

Mg Mg J o 



Then 



l|y(*)ll < ^yhAlylL + j^ 
M g Mg 

If ||y||oo > 1) w e have 

II II 1 — A ^ 1 I || |l i || , || , S'L 1 !!/!! , \\g L 1 || || 

IMI < j^< \\tp\\ L i + \m\L^ + —i—\m\L^ + —i—\m\Li 



m\v- + \W\v_ I l+ \Mv_ 



M v g J 

Thus 

i 

l-A 



""I M [ 1 + —)j ^ 

Hence ||y||oo < max{l, £} :=M- Set 

U = {yeC([0, 1], R) : \\y\\oo <M +1} , 

and consider the operator F : U — > C([0, 1], R). From the choice of U, there is no 
y G 3£/ such that y = IJ>F(y) for some /U G (0, 1). As a consequence of the nonlinear 
alternative of Leray-Schauder type [21], [28], we deduce that F has a fixed point y in U 
which is a solution of the problem (la)-(lb). 
Now, we prove that £1 is compact. Let {y m }^ =1 be a sequence in f2, then 

Vm(t) = f H(t, s)f(s, y m (s))ds, m > 1, t G [0, 1]. 

As in Steps 3 and 4 we can easily prove that there exists L > such that ||y m ||oo < L, for 
all m > 1 and the set {y m }^ =1 is equicontinuous in C([0, 1], R), hence by Arzela-Ascoli 
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theorem [20], [28] we can conclude that there exists a subsequence of {y m }m=i converging 
to y in C([0, 1], M). Using that fast that / is an L 1 — Carathedory we can prove that 

y(t) = f U(t, s)f(s, y(s))ds, t e [0, 1]. 
Jo 

Therefore O is compact. 

Example 3.6 Consider the following boundary value problem 

t (l J- 3/72 



3 e I 1 + yy 2 sin t 

c D2y(t) = V >-, a.e. t G (0, 1), (10a) 

l + y z 

y(0) = 0, 2/(1) = I e- s y(s)ds. (10b) 

JO 



In this example we have 



/(*> y) =■ i , .2 — ' (*> y) G [°> !] x 



e* ( 1 + yj/ 2 sin t ^ 
It is easy to show that the conditions (Hi), (H2) are satisfied with 



2 
A = -, ip(t) = e\ tp(t) = e'sint, t G [0, 1]. 

Therefore, by Theorem 3.5, the BVP (8a)-(8b) has at least one solution on [0, 1]. Moreover, 
its solutions set is compact. 
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SOME APPLICATIONS OF THE CHOQUET INTEGRAL WITH 

RESPECT TO A MONOTONE SET FUNCTION ON THE SET OF 

INTERVAL- VALUED NECESSITY MEASURES 

LEE-CHAE JANG 



Abstract. Based on the concept of an interval-valued necessity measure which is moti- 
vated by the goal to represent an reasonable necessity measure, we consider interval- valued 
necessity measures which a decision maker ranks them according to their Choquct inte- 
grals. We also discuss some axiomatizations of such preferences. In particular, we provide 
the imprecise preference representation theorems for interval-valued necessity measures. 



1. Introduction 



Many researchers, such as Zadeh([26]), Merigo-Casanovas([15]), Choquct ([5]), Murofushi- 
Sugeno ([17, 18]), Narukawa-Murofushi-Sugeno([19]), Narukawa([20]), Bykzkan-Ruan([3]), 
Feng-Nguyen([6]), Grabisch-Marichal-Mesiar-Pap([7]), Jiang- Tang- Tang([13]), Xu([25]), and 
Chatcauncuf-Jaffray([4]) have been studied distance measures and Choquet integrals as a 
tools to aggregate interacting criteria, and such as Aubin ([1]), Aumann ([2]) and Pucci- 
Vitillaro ([21]) have been studied interval- valued functions and Aumann integrals, such as 
Jang-Kil-Kim-Kwon ([8]), Jang-Kwon ([9]), Jang ([10-12]), Li-Shcng ([16]), Lopez Garcia- 
Lopez Diaz ([14]), Schjaer-Jacobsen ([23]), Weichselberger ([24]), and Zhang-Guo-Liu ([27]) 
have been suggested to use intervals in order to represent uncertainty, for examples, closed 
set-valued functions, interval-valued fuzzy measures, distance measures, fuzzy random vari- 
ables, interval-valued quantifications, economic uncertainty, and interval-valued probabilities, 
etc. Recently, Rebille([22]) has been studied decision making problem over necessity measures 
according to their Choquct integrals. 

The main idea of this paper is the concept of interval-valued necessity measures which is 
associated with the representation of reasonable necessity measures. In section 2, we list defi- 
nitions and basic properties of a monotone set function, a necessity measure, and the Choquct 
integral. In section 3, we define the new concept of interval- valued necessity measures and 
investigate the Choquet integral with respect to a monotone set function of them. In section 
4, we consider interval-valued necessity measures which a decision maker ranks them accord- 
ing to their Choquet integrals. We also discuss some axiomatizations of such preferences. 
In particular, we provide the imprecise representation theorems for interval-valued necessity 
measures. In section 5, we summarize the main conclusions of this paper and discuss some 
future researches. 
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Key words and phrases, capacity, interval-valued necessity measure, Choquct integral, decision maker. 
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2. Definitions and Preliminaries 



Let 57 be a non-empty set and 03 stands for a a- algebra of subsets of 57. A real- valued set 
function ft : 23 — > M. is called a monotone set function if for all A,BG 03, ft(A) < ft(B) 
whenever A C B. A monotone set function ft is said to be normalized if /?(57) = 1. If /3(0) = 0, 
then a normalized monotone set function ft is a capacity or a fuzzy measure. 

A function / : 57 — >• [0, 1] is said to be measurable if for every r G [0, 1], {w G 57|/(u>) > 
r} G 03. B[ .i] (57, 03) will denote the set of all measurable functions from 57 to [0, 1]. It is easy 
to see that if A C 57 and xa is the characteristic function of A, then xa G B[ 0i i](fi, 03) if and 
only if A G 03. 

Definition 2.1. ([8-12, 17-20]) (1) Let ft be a monotone set function on 03 and / G B [0;1] (57,03). 
The Choquet integral of / with respect to ft is defined by 

(C)jfdft = J ft f (r)dr (1) 

where Hf{r) = n({x G X|/(x) > r}) and the integral on the right-hand side is the Lebesgue 
integral. 

(2) A measurable function / is said to be integrable if the Choquet integral of / on $7 exists 
and its value is finite. 

Let Bf 011 (fi, 03) = {/ e B[ 0)1 ](fi,«8) | / is integrable on ft}. Note that if we take O = 
{wi, u>2, ■ ■ ■ , w n } and 03 = ($7) is the power set of Q and / is measurable function on 57, then 

{C)lfdl3 = J2f{w (i) MA (i) -l3{A (i+1) )], (2) 

where (•) is a permutation on {1,2,- •• ,n} such that < f(wm) < ••• < f(wr n \), Au\ = 
{tU(i),W(i+i), • • • ,%)}, and -4( n _|_i) = 0. From (2), we can directly derive 

/n 
fdft = ^[/(^ w ) - /( W(H) P(%), (3) 

»=i 

where /(w( )) = 0. 

Definition 2.2. ([8-12, 17-20]) Let f,gE B[o ) i](f2, 03). We say that / and g are comonotonic, 
in symbol, / ~ g if for every pair u, v G 57, 

/(«) < /(v) =► g(u) < g(v). (4) 

Remark that we need the above comonotonicity of two functions in order to prove the 
linearity of the Choquet intgeral(see[17-20]). We introduce some properties of comonotonicity 
and the Choquet integral as follows: 

Theorem 2.1. ([8-12, 17-20]) Let f,g,he B [0 ij (57,03). Then we have 

(l)/~/, 

(2) / ~ g => g ~ /, 

(3) / ~ a for all a G [0, 1], and 

(4) f~gandg~h=>f~g + h. 
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Theorem 2.2. ([8-12, 17-20]) Let f,g E Bj* 01 ,(n,Q3) and (3 be a monotone set function. 
Then we have 

(1) if f < 9, then (C) / fdfS < (C) / gd/3, 

(2) ifE ll E 2 E < B and E t C E 2 , then (C) J Ei fd/3 < (C) J^ /d/3, 

(3) if f ~ g and a, b E J, £/ien 



(C) / (a/ + 6 5 )d/3 = a{C) / /rf/3 + b{C) / 5 d^, and 

(4) if we define (/V.g)(w) = f(w)\/g(w) and (/ Aj)(w) = f(w) A g(w) for all w E $7, i/ien 

(C) y / V .gd/3 > (C) J fd[3V J gd/3, 

and 

(C) [fAgd(3<(C) [ fd(3A [gd[3. 



From Theorem 2.2 (3), we see that the Choquet integral satisfies the comonotonic affinity 
as follows: for all f,g E Bt ^(O, 23) and a E [0, 1], 

/ ~ g => (C) /"(o/ + (1 - a)<?)d/3 = a(C) [ fd(3 + (1 - a) [ gd(3. (5) 



Assume that fi is a non-empty finite set and 23 = p(£7) is the power set of £7. Note 
that a familiar object in fuzzy set theory is the one of necessity measure or its dual version 
a possibility measure. A necessity measure is a set function v : p(J7) — > [0, 1] such that 
v(%) = 0, v(fl) — 1 and for all family of subsets {Ai}i e j it holds, 

v(r\ieiAi)=w£v(Ai), (6) 

iei 

where the index set / is arbitrary. By duality we can define a possibility measure v associated 
to v through v d (A) = 1 — v(A c ) 1 where A c id the complement of a set A. Then, it is easy to 
see that for all family of subsets {Aj}j S /, 

i^(U igJ ^)=supi/ d (^). (7) 

■iei 



Definition 2.3. ([22]) A family $ of subsets of £7 is said to be a filter if 
(i) £ 5 and fiej, 

(ii) for all A,B E p(Sl), A,B E $ =^ An B E $, 
(iii) for all A, BE p(Q), A Ed, AcB=^>B E$. 



Since O is a nonempty finite set, it ie easy to easy that any filter is principle, that is, there 
exists A(y^ 0) such that 5 = A u = {B\A C B C £7}, where A u stands for the upset generated 
by A. Wc denote the set of filters by #(17). 



Theorem 2.3. ([22]) Let v : p(£7) — > [0, 1] be a function. Then v is a necessity measure if 
and only if v E F[o ; i](17, ^(17)). 
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We recall that the notation of comonotonicity for necessity measures have been introduced 
in [22] under the name of agreement for necessity measures as follows: 

Definition 2.4. ([22]) Two necessity measures v,uj are said to be agree, in symbol, v ~ u> if 
for al\A,B e p(Q), 

v{A) <v{B)=^lu{A)<lo{B). (8) 



Theorem 2.4. ([22]) Let v and uj be necessity measures and a € (0, 1). Then, v and uj are 
agree if and only if av + (1 — a)u> is a necessity measure, v : p(£l) — > [0, 1] be a function. 

In [22], we see that if v is a necessity measure, then there is a unique decomposition of v 
over unanimity games known as the Mobius transform: 

n 

v = S ^a l u Ai , (9) 

i=l 

where on, ■ ■ ■ ,a n > 0, Y]™—y «» = 1, fi D -Ai 2 ■ ■ ■ 2 A n =/= 0, and u A denote an unanimity 
game, that is, an elementary belief function with support A defined by for all ficd, 

u A (B) = i . (10) 

v ' [0 otherwise. 

We note that the above necessity measure v in (9) can be expressed as follows: 

n 
v = ^2&iXA^, (11) 

i=l 

where «i, • • • , a„ > 0, Yn=i a i = 1) and 7^ Ai" C . . . C A„". Remark that for A, B C O, 
we have A u nB u = (AU B) u , and A" = n weA {w} u , and that if we take X(w) = (3{{w} u ), 
then 

/3({w} u ) = mmX(w). (12) 

Then we introduce the following strong integral representation theorem. Note that a monotone 
set function is said to be minitivc if for all nonempty subsets A, B C £1, f3(A u n B u ) = 
Tam{(i{A u ),fi{B u )}. 

Theorem 2.5. ([22]) (1) If v — *Y^l=\ a iXAi u * s above necessity measure in (11) and j3 is a 
monotone set function, then we have 

/n 
vd0 = j2<*i0( A ?)- ( 13 ) 

i=i 

(2) Let v = X)i=i a iXAi u be above necessity measure in (11) and /3 a monotone set function. 
If (3 is minitive and we take X(w) = /3({w} u ) for all w £ £1, then we have 



(C) / vd(3 = (C) / Xdv. (14) 



Let Nec(il) be the set of all necessity measures. We discuss a binary relation y on Nec(fl) 
and note that v y lu for v y_ lo and not(w y v), v S : w for v >z w and w y v. 
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Definition 2.5. ([22]) (1) A binary relation y on Nec(fi) is said to be complete if for all 
v, uo G Nec(Q), we have 

v >z lo or v < uj. (15) 

(2) y is said to be transitive if for all u,v,ui G Nec(fl), 

u y v and v <uj =>■ u < uj. (16) 

(3) y is said to be a weak order(WO) if it is complete and transitive. 

(4) y is said to be monotonicity(MON) if for all v, uj G Nec(il), 

v < lu =>■ v < uj, (17) 

where v < lu means for all A C 0, v(A) < ui(A). 

(5) y is said to be agreement (AGR) if for all u,v,w G Nec(£l), u ~ w, and z/ ~ w, then we 
have 

m = uj =>■ ati + (1 — a)cj = av + (1 — a)uj. (18) 

(6) y is said to be Archimedean(ARCH) if for all v, uj G ./Vec(fi), 

z/ -< uj =^> 3a G (0, 1) such that ^ -< auj + (1 — a)un, (19) 

and 

3a G (0, 1) such that aw + (1 — a)un ;< v -< uj 
=>■ 3a G (a, 1) such that a uj + (I — a )uq ^ za (20) 

(7) y is said to be not degeneratc(NDEG) if there are v, uj G Nec(fl) such that f >- u. 

(8) >r is said to be inclusion(INCL) if for all A, B C ft, 

MA h MB =>■ UytUB — ub- (21) 



Note that we take 



and 



' Mi/n= i ^ otLwfse, (22) 



«n(^)H * if ^"° (23) 

1 otherwise, v ' 



From Definition 2.5, we introduce the following preference representation theorems. 

Theorem 2.6. ([22]) Let y be a binary relation on JVec(fi). If y satisfies (WO), (MON), 
(AGR), (ARCH), and (NDEG), then there exists a monotone set function (3 : $(0.) — > [0, 1] 
such that for all v, uj G Nec(Q), 



v y uj -^ (C) / vd/3 > (C) / ujdp. (24) 

Moreover, there exists an ui\ G 51 such that for all v G Nec(Q), 

vd(36 Wl + (1 - f ud/3)un, (25) 



[3({ Wl } u ) = l, and[i{{tt}) = Q. 

Conversely, if the binary relation is represented by a Choquet integral with respect to a 
monotone set function (5 : ^(O) — > [0, 1] such that /3({f2}) — and f3({wi} u ) — 1 for some 
W! G fl, then y satisfies (WO), (MON), (AGR), (ARCH), and (NDEG). 
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3. Interval-valued necessity measures and the Choquet integral 

In this section, we consider the concept of bounded closed interval (intervals, for short) in 
[0, 1], that is, 

l([0,l]) = {[a l ,a r ]\a l ,a r e [0, 1] and a 1 < a r }. (26) 

For any a G [0, 1], we define a = [a, a]. Obviously, a e I([0, 1]) (sce[10-14, 16, 23-26]). 

Definition 3.1. If a = [a 1 , a r ], b = [b l , b r ] e J([0, 1]) and k e [0, 1], then we define arithmetic, 
maximum, minimum, order, inclusion, and strong order operations as follows: 
(l)a + b = [a 1 +b l ,a r + ¥'}, 

(2) ka = [ka l ,ka r ], 

(3) 06= [a l b l ,a r b r ], 

(4) aV6= [a'v& / ,a r V& r ], 
(5)aA6= [a*A6',a r Afe r ], 

(6) a < 6 if and only if a' < b l and a r < fe r , 

(7) a < b if and only if a < b and a ^ b, and 

(8) a C 6 if and only if b l < a 1 and a r < b r . 

(9) a <* b if and only if a' < b l and a r < b r . 



Definition 3.2. If I is an index set in N and a, = [a', a*"] e ^([0, 1]) for iel, then we define 
supa^ = [supa i7 supa[] and inf Sj = [inf a', inf a[]. 

Now, we define an interval-valued necessity measure which is the concept of imprecise 
necessity measure as follows: 

Definition 3.3. (1) An interval-valued set function v — [v l 1 v r ] : p(fl) — > -^([0, 1]) is called 
an interval-valued necessity measure if v(%) = 0, 9(0.) = 1, and for all family of subsets 

9{n ieI Ai)=miu(Ai), (27) 

iei 

where the index set / is arbitrary. 

(2) An interval-valued possibility measure Dd associated to an interval-valued necessity 
measure v is defined by 

D d (A) = l-D(A c ), ioiAep(n), (28) 

where A c is the complement set of A and 1 — v(A c ) = [1 — v l (A c ), 1 — v r (A c )]. 



From Definitions 3.1, 3.2, and 3.3, we directly derive the following characterizations of 
interval- valued necessity measures. 

Theorem 3.1. (1) An interval-valued set function v — [v l ,v r \ : p(0) — > I ([0,1]) is an 
interval-valued necessity measure if and only if real-valued set functions v\ v r : p(fl) — > [0, 1] 
are necessity measures and v l < v r . 
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(2) If v — [v l ,v r ] is an interval-valued necessity measure and v d {A) = [v d ,v d ] = •*• — v(A c ) 
for all A € p{Q), then we have 

v l d {A) = 1 - u r {A c ) and u r d (A) = 1 - u l {A c ), for all A e p(fi). 

(3) For all family of subsets {Ai} ieI , v d (U ieI Ai) = sup je/ /> d (A i ). 

Proof. (1) (=^) Suppose that i> is an interval-valued necessity measure. Then v(%) = 
and D(tt) = 1. Thus, we have 

.i((h\ _ n _ ,.ivrt\ „„j ,.' 



/y 



= O = i/"(0)andi/(fi) = 1 = t/"(fi). (29) 



By definition 3.2 and Definition 3.3(1), 

u(n i£l Ai) =ini9(A i ) =in£[u l (A i ),v r {A i )] - [inf i^(^),inf i/ r (^)], (30) 

where / is arbitrary index set. Since D(r\i e jAi) = [v l {f\i £ i A{) , u r (^ ie iAi)], by (24), 

iy l {n i£l Ai) = iniu l (Ai) and u r {n i£l Ai) = inf u r {A { ). (31) 

iei iei 

From (26) and (28), v l and v r are necessity measures and v < v r . 

(<=) Suppose that v l and v r are real- valued necessity measures and v l <v T . If we define 
v{A) — [v l ,b' r ] for all A <E p(ri), then v is an interval- valued set function. By the definition 
of necessity measures v l and v r , we have 

9(<D) = [u l (<D), z/ r (0)] = and 9(0) = [t/(Cl), i/ r (ft)] = 1. (32) 

For all family of subsets {Ai}i e j C p(Q), 

v{^ ieI Ai) = [u l (r\ ieI A i ),u r (r\ ieI A i )} 
= [mfy^inf^i)] 

= inf[^(A 4 ),^'(^)] 

= m{y{Ai). (33) 

iei 

From (29) and (30), we see that v is an interval- valued necessity measure. 

(2) Note that v d (A) = 1 - D{A C ) = [1 - u r {A c ), 1 - n{A c )}, for all A e p(Q). Thus, we 
have u l d (A) = 1 - u r (A c ) and v r d (A) = 1 - v l (A c ). 

(3) Let {Ai}i<zi be a family of subsets in p(f2). By the above note in the proof of (2), 

D d {U ieI Ai) = [^(U je /A,),^(U je /A,)] 

= [1 - v r ((U ieI A t ) c ), 1 - v l {{\J ieI A t Y)] 

= [i-u r (n i£I A^),i-^ l (n i£ iA^] 

= [l-mf^(^),l-mf^(^)] 

= [sup(l-^(^)),sup(l-^(4 c ))] 

iei iei 

= [sup v l d (Ai), sup v d (Ai)] 

iei iei 

= sup[i4(i4i),i/S(^i)] 

iei 
= sxipI> d (Ai). 

iei 

From (11), we can obtain the following theorem. 
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Theorem 3.2. If D is an interval-valued necessity measure, then we have 

n n 

^E^xE^U (34) 

where ai, ■ ■ ■ , o„ > 0, b\, ■ ■ ■ ,b m > 0, J2?=i a» = 1 = Z)j=i fy anc ^ 7^ ^i § ' ' ' 9 ^"> anc ^ 

Proof. Let i> = [V,^ r ] be an interval-valued necessity measure. By Theorem 3.1 (1), 
v and v r are necessity measures. From (11), there exist a\,--- ,a n > 0, b\,- ■ ■ ,b m > 0, 
^ A\ g ••• g 4JJ, and ^ B\ <g ■■■ g B£ such that £" =1 a* = 1 = £jli 6j and 

»=i a »XA- and 2^. =1 OjXs;- 

We define the concept of agreement of interval- valued necessity measures P and Co as follows: 

Definition 3.4. Let v = [v l ,v r ] and Co = [lo 1 ,lo t ] be interval-valued necessity measures. 
Then, v and Co are said to be agree, in symbol, v ~ Co if for all 4,Be p(^) ; 

P(A) <* i/(B) =^w < w(B). (35) 

From Definition 3.4, we can directly derive the following theorem. 

Theorem 3.3. let v = \u l ,v T \ and Co — [u) l ,Lo r ] be interval-valued necessity measures. Then, 
we have 

u(A) ~ v(B) if and only if v x ~ cj' and ^ r ~ a/, and v l < to 1 and t/ r < ur~ . (36) 

Proof. (==») Assume that v ~ w . If z/(A) < i/(i?) and i/'(A) < f'( 5 ); tncn v(A) <* 
9(B). Thus, by the assumption, Co < Co(B). Then we have 

u l (A) < lo 1 (B) and lo l (A) < co l (B). 

Therefore, v l ~ u/ and v r ^ io r , and zr < lo 1 and z/ r < co r . 

(<=) Assume that z^ ~ w and ^ r ~ (x> r 7 and zr < cj' and z/ r < oo r . If we take v = \v , v r ] 
and Co = [w',w r ] and A,B e p(fi) with z/(A) < *9(B), then we have v l (A) < v l (B) and 
z/'(A) < v r {B). By the assumption, J{ A) <J{B) andu/(A) < co r (B). Thus, u(A) <Cb(B). 
Therefore, v ^ Co. 

From Theorem 3.1 (1), Theorem 3.3, and Theorem 2.4, we can obtain the following property 
of interval- valued necessity measures. 

Theorem 3.4. If '9, Co are interval-valued necessity measures and v ~ Co, then ctv + (1 — a)Co 
is an interval-valued necessity measure for all a € (0, 1). 

Proof. Since D, Co are interval-valued necessity measures, by Theorem 3.1(1), v ,u r ,u> , 
and lo t are necessity measures. By Theorem 3.3, v l <~ uo l and v r ~ u; r . By Theorem 2.4, 
a^ +(1— a)w and a^ r +(l— a)u; r are necessity measures, andaz/' + (l — a)oo l < av r -\-{Y— a)co r . 
By Theorem 3.1(1), av + (1 — a)Co is an interval- valued necessity measure. 

Now, by using (11), we define the Choquet integral of an interval- valued necessity measure 
with respect to a monotone set function. 
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Definition 3.5. Let v = \v l ,v r ] be an interval-valued necessity measure and j3 a monotone 
set function. The Choquct integral of v with respect to j3 is denned by 



(C) / vd/3 = 
where (C) J v l df3 and (C) J v r d(3 are the Choquet integrals in Theorem 2.5(1). 



(C) / v l d/3, (C) / v l d(3 



(37) 



From Definition 3.5, we obtain some characterizations of the Choquct integral of v with 
respect to (3. 

Theorem 3.5. (1) If v and uj are interval-valued necessity measures and a G (0, 1) and 
v <~ u>, then we have 



(C) / [av + (1 - a)u>]d/3 = a(C) / Ddf3 + (1 - a){C) / Cod/3 



(38) 

(2) If v is an interval-valued necessity measure and a monotone set function f3 is minitive, 
then we have 



(C) / vd[3 



J2^/3(Ar),J2b^(BJ) 
i=i j=i 



(39) 



A", and 



where oi, • • • , a n > 0, b\, ■ ■ ■ , b m > 0, X)"=i a» = 1 = SJli ^j anrf 7^ A" g • 

Proof. (1) Note that av+(\ — a)uj = [av 1 + (1 — a)uj l , av r + (\ — a)uj r ] is an interval- valued 
necessity measure. By (34) and (5), we have 



(C) / [av + (1 - a)oj]dj3 
a(C) f[v l + (1 - a)iu l ]dp, a{C) f[v r + (1 - a)uj r ]d(3 
a(C) [ v l d(3+{l-a)(C) [uj l d/3,a(C) f v r dfi + (1 - a){C) I uj r d(3 



(C) / v'd/3, / Jdf3 + (1 - a) (C) / ^ r d/3, / co r df3 

= a(C) J vd/3 + (1 - a)(C) J Codp. 
(2) By Theorem 3.2 and Theorem 2.5 (1), we can easily obtain the result. 

Remark that if we define the Choquet integral of a measurable function X : Q, 
with respect to an interval- valued necessity measure v = [v\ v' r ] as follows: 

(C) / Xdv l ,{C) I Xdv 



(C) / Xdv 



By using (37) and Theorem 2.5(2), we obtain the following theorem. 



[0,1] 
(40) 



Theorem 3.6. Let v = [v l ,v r ] be an interval-valued necessity measure and f3 is a monotone 
set function. If j3 is minitive and we take X(w) = /3({w} u ) for all w S 0, then we have 



(C) / Vdfi = (C) / Xdv. 



(41) 
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Proof. By Theorem 3.1 (1), ir and v r arc necessity measures. So, by Theorem 2.5(2), 
(C) / v l d(i = (C) J Xdv 1 and (C) / v r d/3 = (C) / Xdv r . Thus, by Definition 3.5 and (37), 

(C) / vd/3 = (C) f v l d[3,(C) f v l d/3 

(C) f Xdv l ,(C) ( Xdv 

(C) I Xdv. 



4. Imprecise preference representation theorems 



In this section, we will provide a simple axiomatization of imprecise preference that can be 
represented through the Choquct integral with respect to a fuzzy measure of interval-valued 
necessity measures. Let INec(Cl) be the set of all interval-valued necessity measures. By 
using Definition 2.4, we consider the concept of imprecise binary relation ~D on JiVec(fi) as 
follows: 



Definition 4.1. (1) An imprecise binary relation ^ on INec(fl) is defined by for all v — 
[v l ,v r ],u> = [J , oj r ] e INec(fl) , 

v ^ w if and only if v l > u l and v r > u r . (42) 

(2) For v — \v l , v r ] , w = [a/, a; 1 '] € INec{Vt), P = w if and only if v l = ui and v r = u; r . 



From Definition 4.1 and Definition 2.4, we obtain the following theorems which are able to 
state imprecise preference representation theorems. 



Theorem 4.1. Let ^ be an imprecise binary relation on INec(Q). If If a binary relation y 
on Nec(n) satisfies (WO), (MON), (AGR), (ARCH), and (NDEG) in Definition 2.5, then 
there exists a monotone set function f3 : "$(£1) — > [0,1] such that for all v — [v ,v r ],ui = 
[u/,cj r ] eINec(n), 



v^Oj «=>> (C) vd/3> (C) / Qd/3. (43) 

Moreover, there exists an w\ € f2 such that for all v = [v , v r ] E INec(il), 



v l dp5 Wl + (1 - / v l df3)u n , / v r dfi5 Wl + (1 - / v r d(3)u a 



where 



and 



5a{B) = \ \ lf f W h ^ A 
1 U otherwise 



un(A) 



1 ifA = Q 

otherwise, 



(44) 
(45) 
(46) 



/or a// A e p(tt). 
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Proof. Assume that a binary relation y on Nec(Q) satisfies (WO), (MON), (AGR), 
(ARCH), and (NDEG) in Definition 2.5. By Theorem 2.6, there exists a monotone set function 
P : $(<Cl) — > [0, 1] such that for all u,u G iVec(fi), 



v t u <=> (C) / vd[3 > (C) I ud{3. (47) 

Thus by Definition 4.1 (1), we have 

v Zj u> <£=*> v l y Li} and v T y uj r 

«=>> (C) [ v l d(3 > (C) f LJ l df3 and (C) / v r d[3 > (C) I iu r d(3 



<s=^ (C) / Prf/3 > (C) / wd/3. 
From (25) in Theorem 2.6, there exists w\ G fi such that for all ^ G Nec(Ct), 

v = {C) J vd{38 Wl + (1 - / i/d/8)«n. 
Thus, by Definition 4.1(2), we have 

v l dp5 Wl + (1 - / t/'d/9)«n, / v r d[35 Wl + (1 - / i/ r d0)u n 



P=[^,*/1 = 



Theorem 4.2. Suppose that the binary relation y is represented by the Choquet integral with 
respect to a monotone set function (3 : ^(O) — > [0, 1] such that (3({Q}) = and (3({wi} u ) = 1 
for some ui\ G ft. If an imprecise binary relation Zj is defined by for all v = [i/,v r ],u = 
[uj l ,L0 r ]e INec(rt), 

Dhuj «=> (C) f Dd/3 > (C) fu)d[3, (48) 

then we have 

(1) transtivity: for all u,9,u) G INec(Ct), 

Hi' and P Zj Zi 4=4> u Zj (D, (49) 

(2) monotonicity(MON): for all u, v G INec(fl), 

u < v <=>■ u Zj p, (50) 

where u < v means u l < v l and u r < v . 

(3) agreement(ARG) : if u, 9, u> € INec(ft) and u ~ Z and P ~ w, t/ien we /iai>e 

u = v <=> aw + (1 — a) a) = aP + (1 — a)w. (51) 

(4) noi degenerate(NDEG): there exist u, v G INec(Q) such that u Zj P. 

Proof. (1) Let u = [u i ,w r ],P = [v\v r ],uj = [w',a; r ] G INec(Ct). If u Zj f> and P Zj Z>, by 
Definition 4.1, then we have 

(u' y v l and w r >; v r ) and (z/' ^ w' and v r y u r ). 

Thus, 

(u l y v l and ) and v l y u l ) and (u r y v r and ^ r y uj t ). 

By (47) and the converse of Theorem 2.6, u l y ui l and u r y oj t . That is, u Zj a). 

(2) Let u = [u',w r ],^ = K^l G INec{Q) and u < P. Then, u l < v l and u r < v r . By (47) 
and the converse of Theorem 2.6, u l -< v l and u r < v r . That is, tjCj/, 
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(3) Let u — [u l ,u r ],iy — \v l ,v r ],uj — [u! l ,u r ] <E INec(fi) and u ~ to and v <~ w. Then, 
(u' ~ or and u r ~ w r ) and (;/' ~ cj' and v r ~ u; r ). If w = i/, then we see that 

u' ~ J- and v l ~ uj 1 , and u l = is 1 , (52) 

u r ~ o; r and t^ r ~ cj 1 *, and u r = v T . (53) 

Therefore, by (52) and (53) and the converse of Theorem 2.6, au l + (l — a)uj l = av l + (1 — a)ui 
and au r + (1 — a)uj r = av r + (1 — a)uf . That is, aw + (1 — a)uj = aP + (1 — a)di. 

(4) Since the binary relation > is represented by the Choquet integral with respect to 
a monotone set function /?, by the converse of Theorem 2.6, >r satisfies (NDEG). Thus, 
there exist u,lj G iVec(f2) such that u > v. If we take w = [|u,u] and v — [|j/, i/], then 
S = [§u,w] 3 [|^, f] = P. 



Lemma 4.3. // we define 

- (r) \ [ua{C),u b {C)\ ifu A {C)<u B {C) 

</ien we /lave 

f 1 if A C C and u A (C) < u B {C) 

U(A,B)(C)=< [0,1] if B C C and A % C and u A (C) < u B (C) (55) 

l v otherwise. 

Proof. We will prove the result in the following four cases: If u A < u B and A c C, then 
we have ua(C) = 1 < u B {C). Thus, u^ , B )(C) = 1. If u^i < Mg and A (j- C and B C C, 
then we have ua(C) = and u B (C) — 1. Thus, U(yi.B)(C) = [0, 1]. If im < m_b and A <£ C 
and B ^- C, then we have ua(C') = = us(C). Thus, Uia,b){C) = 0. If u A > u B , by the 
definition of Ui A <b) then we have u A {C) = = u B (C). Thus, U( A , B )(C) — 0. Therefore, the 
result (55) holds. 

From Lemma 4.3 and the converse of Theorem 2.6, we can directly derive the following 
theorem. 



Theorem 4.4. If A,B,C,D are non-empty subsets in p(Q), u A < u B and uq < ujj, then 
we have 

U (A,B) 3 "(C,D) => u (AuC,B)UD — U(c,D)- (56) 

Proof. Suppose that ui AB \ 3 W(CD)- -By Definition 4.1, u A >z uq and u B >z up. The 
converse of Theorem 2.6 implies ui AyjC \ = uc and ui ByjD \ = up. Therefore we have the 
following result. 

u (AuC,BuD) — U(C,D) = [UAUCUBUD] — [«C,«d] = «(<?,£>)• 

By Theorems 4.2 and 4.4, we note that the imprecise binary relation ^ represented by 
the Choquet integral in (48) satisfies transitivity, (MON), (AGR), and (NDEG), and satis- 
fies (INCL) under some condition. But the following example implies this imprecise binary 
relation Zl docs not satisfy completeness. 
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Example 4.1. Assume that f2 = {xi,x 2 } be a finite set. Let u — [u l ,u r ] and 



/,v r ] be 



defined by 
and 



u = Q.7ua 2 + O-Iua! and u r — 0.9ua 2 + 0.7ua 1 , 



v = 0.6ua 2 + 0.65«Ai and v r — 0.7ua 2 + 0.95ua!, 



where A\ = {x\, x 2 } and A 2 = {xi}. If we take a monotone set function defined by fi(A\) 
and P{A 2 ) = h, then we have 



(C) / ud/3 



J2 a i u A z ,J2 b i u B 3 

»=1 j=l 

= = [0.6917, 0.9080] 



(57) 



and 



(C) / ud/3 



^2 a i v A^^2 h 3 v E 

»=i i=i 

= =[0.6667,0.8317]. " (58) 

By (57) and (58), we can see that this imprecise binary relation ^ on INec(Cl) is not complete. 
That is, both u~] 9 and u C P doesn't hold and 



5. Conclusions 



In this paper, we define the concept of interval-valued necessity measures which means 
uncertainty(or imprecise) necessity measure. From Definitions 3.3,3.4, 3.5 and Theorems 
3.1,3.2, 3.3, 3.4, 3.5, 3.6, we obtain some characterizations of the Chqouet integral with respect 
to a monotone set function of interval-valued necessity measures. These characterizations are 
related with investigating the imprecise preference representation theorems. 

From Definitions 4.1 and Theorems 4.1, 4.2, 4.4, we discuss a some axiomatizations of the 
imprecise preference relation on the set INec(Q) of all interval-valued necessity measures, in 
fact, we proved that the imprecise preference relation satisfies transitivity, (MON),(AGR), 
and (NDEG), and satisfies (INCL) under some condition. But by Example 4.1, we showed 
that this imprecise binary relation 3 does not satisfy completeness. 

In the future, by using these results of this paper, we can develop various problems and 
models for representing interval-valued (or imprecise) necessity measures in decision making 
and information theory. 

Acknowledgement This paper was supported by Konkuk University in 2013. 
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Abstract 

This article discusses the approximation on the spherical cap. The Jackson-type operators 
{J™s}vLi defined on the spherical cap D(xo, 7) are used to approximate the spherical function. 
An equivalent theorem, which simultaneously contains the direct and inverse inequalities for 
the approximation, is established by means of the modulus of smoothness on the spherical 
cap. Namely, for any p-th (1 < p < 00) integrable or continuous function / defined on the 
spherical cap D(xo,'y), it is proved that there exist positive constants C\ and C2, such that 

CW (f, -) < \\JZ(f) - f\\D, P < C2L0 2 (f, -) , 

where to 2 (/, t) D is the modulus of smoothness of degree 2 of / on the spherical cap D(xo, 7). 

MSC(2000): 41A17 

Keywords: Jackson-type operators; spherical cap; approximation; /^-functional; modulus 
of smoothness 

1 Introduction 

Let S n_1 be the unit sphere in R™, and |§™ _1 | the measurement of § n_1 . Denote by L p (§" _1 ) 
the space of p-integrable functions on §™ _1 endowed with the norms ||/||oo := II/IIl^s™- 1 ) := 

essBup.,. eS „-i \f(x)\ and ||/|| p := ||.f || L p(s«-i) := {/ S n-i \f(x)\ p doj(x)} P < 00, 1 < p < 00. 

We denote by D(xo,'f) the spherical cap with center xo and angle < 7 < f, i.e., D(xo, r f) := 
{x e § n_1 : x ■ x > cos 7} , and by D( 7 ) the volume of D(x , 7), i.e., D( 7 ) := Q |§"- 2 | sin"" 2 Odd. 
Then for fixed x$ and 7, L p (D(x ,j)) is a Banach space endowed with the norm || • \\o,p defined 
by ||/||d,oo := csssup xeD{xon) \f(x)\ and 

\\.f\\D, P := J / \f(x)\Pdoj(x)\ , l<p<oo. 

[Jd(x ,j) J 

During the past decades, a lot of work has been carried out for establishing the Jackson and 
Bernstein-type theorems on the sphere. Some classical theorems in the case of one dimensional 
Fourier analysis and approximation theory, for example, Jackson-type theorems and Bernstein-type 
theorems, were generalized to the sphere (see [5], [6], [7], [8]). The approximation tools they used 
were mainly polynomial operators, such as, spherical Jackson operators (see [10], [9]) and spherical 
de la Vallee Poussin means (see [4], [16]). 
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and the Foundation of Innovation Team of Science and Technology of Zhcjiang Province of China (No. 2009R50024). 
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The spherical Jackson operators are a class of classical polynomial operators on the sphere, 
which arc defined by (see [10], [9]) 

JvAf'iX) '■= ig„_2i / f{y)D v . s {aiccosx-y)duj{y) (1.1) 

—. — g- ) is the classical Jackson kernel, 

/ is measurable function of degree p on S" _1 , and dto(y) is the elementary surface piece. For 
/ £ L^S"" 1 ) (l<p< oo), Li and Yang [9] proved that 

Ci||J„, s (/)-/|| S n-i lP <w 2 (7, -) < C 2 k-^vWJvM) - fW^-^p, 

^ l ' v=l 

where C\ and C2 are independent of positive integer k and /, and w 2 (/, t) is the modulus of 
smoothness of degree 2 of / on the sphere §™ _1 . 

To approximate the function defined on the spherical cap D(xo,j), Wang and Cao [15] con- 
structed the so-called Jackson-type operators { J™ s }v?=i given by 

JZ(f^) = [ 7 Sp(f;x)D v>s (d)sm 2X 6de, 

ra-2 

2 ' 

2s v$ \ 







(the details of definition will be given in the next section) where A 



1 
si'. 



D v , s (6) - . , 2s _j 

7,V,S \ olll 



and the m-th translation operator S™ was first used by Belinsky in [1] to discuss the averages of 
functions on the sphere. Wang and Cao [15] proved that for any / £ L p (D(xo 7 jj) (1 < p < 00), 
there exist constants C3 and C4 such that 

Cs\WZ(f) - f\\D,P < ^ (7, -) < ^4 max II J™ (/) - f\\ D>p , (1.2) 

where 0J 2 (f, t)u,p is the modulus of smoothness of degree 2 of / on the spherical cap D(xq, 7). 

In this article, we will improve the above result (1.2). Indeed, for any / <G L p (D(xo,'-f)) (1 < 
P ^ 00), we will prove there exist constants C5 and Cq such that 

C 5 u 2 (/, -) < || JZ (/) - /|| D , P < C 6 c 2 (7, -) . 
V v Jd, p \ v Jd.,p 

2 Definitions and Auxiliary Notations 

For any / £ L p (D(x 0} j)), we note 



f(x), x £ D(x ,j), 

0, x£§ n - 1 \D(x ,j), 



J \ x ) ~ ^ n „ r- sn-l 



and we can see, /* G L p (§™ x ) and ||/*|| p = ||/||d,j>- This allows us to introduce some operators 
on the spherical cap D(xq,"/) by using the existing operators on the sphere. 

Definition 2.1. (see [15, Definition 2.1]) Suppose T : ^(S"" 1 ) -> ^(S™" 1 ) is an operator on 
S"- 1 , then 

T X0<1 : LP(D(x n)) ^ LP(D(x n)) 
T Xo , 1 (f;x)=T(f*;x), x£D{x ^), 

is called the operator on D(xq, 7) introduced by T . We may reserve the notation T instead of T Xon 
for convenience if without mixing up. 
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Let P- be ultraspherical polynomials (see [13]): where < r < 1, |i| < 1. When A = ^^g- 2 -, we 

have (see [14]) P, A (0 = rn+iwf^yjQJ (t),j = 0, 1, 2, ... , where Q^(t) is the Legendre polynomial 
of degree j. Particularly, 



P 3 X (t) 
P/(l) 



m = 7^- ( 2 -3) 



The projection operator Yj(-) on D(xq,j) is defined by 

W;*) = r(A 2 ) 7r ( A+t A) J P H X ■ y)f*(y) Mv)- 

Using Funk-Hccke formula (see [14, P. 25]), we have 

v(vn r(A)(fc + A)r(A)(j + A) r f x x 

Y *( Y jf) = 2 a+1 2V^~ / _! / _! P * (:E ' V) i {y ' Z) {y) 

xf*(z)dw n (z) 

r(A)(fc + A)r(A)(j + A) /■ A (47r) A r(A)r(j + 1) 

27r A+i 2 tt a + 1 y s „_! j l ' T(j + 2A) 

x / P£ (cos 6>) Pf (cos 6») (sin 6) 2X d9f*(z) duj(z) 
Jo 

r fc A )| i pA (s . 2)f(z)rfw(z) (fc=j); 

o ' •" ' (k^j). 



That is, 



W)H l kf %^% (2-4) 



Similarly, we define the inner product on D{xq,^): (f,g) D '■— f DI •. f(x)g(x)du>(x) 
We denote by A the Laplace-Bcltrami operator 



d 2 g{x) 



2 — 1 * 



|x| = l v ''' 



by which we define a if -functional on D(xq,j) as 

^(/,<5)Ap:=inf{||/-.g|| Ap + <5||Ag|| Ap : 5 , A«,eff(%, 7 ))}. 
For / € L 1 (D(a;o,7)), the translation operator is defined by 

W;*) = = l^n-21 1 n-2 fl / H^fo). (2.5) 

|S™ 2 |sin 0J x . y=cos g 

where du>'(y) denotes the the elementary surface piece on the sphere {y £ D{x$, 7) : x ■ y = cos 6>}. 
Then we have 



I f(x)duj(x)= [ ^(/;aro)|S"- 2 |sin"- 2 ^. 

JD(xan) JO 



>( x o>7) 

The modulus of smoothness of degree 2 of / is defined by w 2 (/, <5)r>,p := su Po<e<5 ll^(/) — ./* 1 1 -D ,30 • 
Using the method of [3], we can prove 

CW(f, 6) D , P < K(f, 5 2 ) DtP < C^ 2 {f, S) D , P , (2.6) 

here and in the following Ci(i — 7, 8, . . .) are positive constants. 
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We introduce m-th translation operator in terms of multipliers (see [11], [12], [14]) 

00 /P A ( , cos60\ m °° 

W) = £ px m W) = £ {Qjioose^Yjif), f G 27(£>Or ,7)). 

It has been proved that (see [14]) 

- oo 

W^) = | g n-2l ■ n-2 fl / t (vW iv) = E <#(«» ^ ^ ^ = W^)- ( 2J ) 

|S> | Sin UJx-y=cos0 • g 

The following Definition 2.2 is quoted from [15], where they constructed the Jackson-type 
operators {J™ s }^i on D(x ,j)- 

Definition 2.2. For / G L p (D(xq, 7)), the m-th Jackson-type operator of degree i> on D(xo, 7) 
is defined by J™ s (f;x) = J 7 SJJ l (f;x)D v ^ s (9) sin 2A (M>, where A = ^, and 

1 / sin 2 * - e N 



D - W = 7^Z {^) • (2 ' 8) 

satisfying J* 7 D fc , 8 (0) sin 2A 6»cZ6> = 1. 

3 Some Lemmas 

In this section, we will show some lemmas on both S 1 ™ and J™ s as the preparation for the main 
result of the next section. 

Lemma 3.1. For D VtS (9) defined by (2.8), 2A = n — 2 and n > 3, we have 

(T A Z)„ ]S (6>)sin 2A (9d(9«u A , 2s >n, (3.9) 



and 


Proof. Here we only prove (3.9) and the proof of (3.10) is similar. Since 



P 2 ~ 2 2 

/ 9-pD v J6)sm 2X 6d9< C n s vp , 2s > — + n - 1, p = 1,2, . . . . (3.10) 

7 P 



7 0- A 5 t , 8 (0) sin 2A 9 d9 = -J— f 9- x ( Si " 2 ' % ] sin 2A dtf = ^^-. 
/ 7 , v io Isin 28 " 1 !/ **" 7lt ,, B 



We have 



r x-, f 7 x / sin 2s ^ \ 9 . n . sin 25 ^ 

Jo \sm 5 y Jo (|) 



1-2 







2s + l /n_i\ n-2 



AWW 2 sinM^Y 2 - dt 



VI \ v 1 v 



2s-l/ 2 V /" 2 .s / Sini 1 2s-l-^ 



where 



n / sin i \ 
v) Jo \ t J 



c 9 = ^-i 2 t +i- 2s r it f^i\ s dt) 2s > 1 + 1, 
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and 

tt"" 2 Jo \"/ « ^"" 2 7o V * / 

Then we have SS^l « v 2 ^ 1 "? . Because of / Q 7 D fefS (0) sin 2A 0d6» = 1, that is 

1 n s i n 2s v6_ 

—r, / — ^-^ r sin"- 2 0rf6' = l. 

/ w io sin 25 " 1 ! 

So we have 

/■T sin 2s ^ „ /-T sin 2s ^ 

^ 7 ,„, 8 = / 2s 2 sin"" 2 dtf < / .. 2 0"- 2 dfl 

Jo sm 2s *§ Jo (£) 



where Ci = 2™~ 2;s 7r 2s - 1 f °° t™ -1 (^y^) S dt, 2s > n, and we can also see that 
P sin 25 ^ , P sin 2s f /26>\" 2 

"- - /„ ^r in edd> -L ^=h W ^ 

7o (l) 2 ^ 1 W V 7T"- 2 J \ t J 

So we have £?' lyV>s w v 2s ~™. Then f 7 6~ X D V _ S (0) sin 2A 9 d9 ^ v x ,2s > n, completing the proof. 
Lemma 3.2. For D v _ s (8) defined by (2.8), 2s > r + n, r > 0, we have 

P ~ 

/ 6 r D v . s (8)sm 2X 9d6^v- r . (3.11) 

Jo 

Proof. It is easy to obtain that 

P ~ 1 P ( sin 2s ^ \ <^ (r) 

/ 0^ s (fl)sin 2A ^=-^ / r 9 2 sin 2A ^=^^. 

Jo Avio V sin 1/ ^-r.».« 

We have 



r" 



sin 2 ^\ . , x „ ,„ , r„ sm 2s f 



" : ' ; = l' dr {^^J s ^ Xdde -j ° r 7If^ en ~ 2de 



Jo 



P v0 /•? /2t\ r+n ~ 2s ~ 1 o 

- tt 2 *- 1 / e r+n - 2 - 1 sin 2 * y d0 = tt 25 - 1 /(f) ^ sin 2s « dt < C n w 2s - r -" 

where Cn = T^-^+rc-Ss J o °° f r+n-i (?m!) 2s dt, 2s > r + n, r > and 
,, P /sin 2s ^\ 9X H sin 2s ^ /26»\ 2A 



2 2A+2s-i /•= /2t\ r+n_2s_1 2 o 2n + r - 3 f? Zsint" 



2 s 

Jo \V v 7T JO 

> c n ,^ 2s - r -". 
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Then we have S3, 



7,v,s 



,,2s— r— rt 



We have already obtained that ,e/ 7 „ . 



,,2s-n 



Therefore, 



j* 7 r A,, s (0) sin 2A d0 « u~ r , completing the proof. 

Lemma 3.3. Let / e L p {D{xq,^)), 1 < p < oo, 0< < tt. 
(i) For 1 < mi < to, 5^ = S™ 1 S n B l ~ mi ; 
(ii) Form>l, ||W)lkp <||/|b, p ; 
(hi) For m > 1, ||S e m (/) - /|| Ap < m||5 e (/) - /|| D , P ; 

(iv) ||< s (/)Hap < II/II^p- 
Proof. With the help of (2.4), we see that 



sr{sT - mi(f)) = £(qA (cos(9) )'"^. £(Q?(co 8 <?)) m - mi y i (/) 



3=0 



\i=0 



Then (i) is valid, (ii) and (iii) can be deduced from the definition of Sg L (f). For (iv), we use (ii) 
to see that 



\\J™ s (f)\\D, P - 



S^(f)D VtS (e)sm^dde 



7 



< / ||Sn/)|k P A, iS (0)sin^0d0< 11/11 d, p . 

D,p JO 



The proof of Lemma 3.3 is completed. 

The following Lemma 3.4 is quoted from [2]. 

Lemma 3.4. For any g, Ag, A 2 g <G L p (D(xo,'j)), 1 < p < oo, Sg(g;x) is defined by (2.5), we 
have 



Sg(g;x) — g(x) = / sin t dt sin u S u (Ag;x) du 
Jo Jo 



and 



S u (Ag;x) ~ Agf(ar) 



sin~ 2A ct da / sin 2A r 5 T ( A 2 g; x) dr 



The following Lemma 3.5 will play an important role in the proof of Bernstein-type inequality 
forJ™(/). 

Lemma 3.5. For any g, Ag, A 2 g <E L p (D(x n ,'j)), 1 < p < oo, and 2s > r + n, r > 0, there 
exist constants A, B and C\i which are independent of n and g, such that 



J™s(9) -9- a(v)Ag < C 12 v- A \\A 2 g\\ D , p + C 12 (m - l)v- 2 \\Ag\\ D . p , 

D,p 

where 0< £ < a(v) < £. 

Proof. Now we will prove (3.12) by induction on to and it is easy to verify that 



(3.12) 



sup < / sin t dt I sin u du > < oo, 
0>o Jo Jo 



together with the help of Lemma 3.4, we see 

JlJg; x) - g[x) = [' D v , s (9)(S e (g; x) - g{x)) sin 2A dd 



D v<a (0) sin 2A dO I sin~ 2A i dt / sin 2A uS u {Ag;x) du 

i Jo Jo 

7 /># />£ />7 

,2A /) j/i / „• — 2A j. jj. / „• 2A , 



(3.13) 



l! 



Ag{x) D v ^ s (9)sm 2A 9d9 smT ZA tdt sin ZA udu + D v , s {9) sin 2A d0 / sirr^idi 
Jo Jo Jo Jo 

x / sin 2X u ( S u (Ag;x) ~Ag(x)j du=: a(v)Ag(x) + 1 $i(g-x), 
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where a(v) — -^ , C > 0, and satisfies < 4^ < a(v) < ^|. With the help of Holdcr-Minkowski's 
inequality, Lemma 3.2 and Lemma 3.4, we have 



\M9)\\d, p 



D v . s (9)sm 2X 0d9 sin- 2X tdt / sin 2A u ( 5„(A 5 ) - Ag ) du 



o 



o 







I! 



< / D v , s {8)sm 2X 6d6 / sin~ 2A tdt I sin 2X udu I sin~ 2A ada I S T (A 2 g) 



o 











D,p 

sin 2A r dr 



D,p 



< || A 2 ^!!^^ / D v ^(6)sm 2X 6d6 / sin~ 2A idt / sin 2A u du I sm~ 2X ada I sin 2 x t dr 



o 



o 















7 



< C\\ A 2 g\\ D , p / e i D v , s (9) sin 2A 6> d6> < Ci^ 4 
Jo 



A 2 ff 



_D,p 



So, 



Jl s {9) - 9 - ct{v)Ag < C 12 v 4 ||A 2 g||_D iP . By using the equality 

D,p 



Jls(g;x)-g(x) = / D v J9)(Sg(g;x)~g(x)) S m 2X 9de 



o 



D v , s (6)sm 2X 6d6 sixT 2X t dt sm 2X u S u (Ag;x) du, 







o 



o 



we see that 



\JvAg) -9 1 



D,p 



7 ~ r^ /■* 

D v J6)sm 2X 6d0 sirT 2X tdt \ sm 2X u S u (Ag) du 



o 



(i 



o 



D,p 



< I D v , s (0)sm 2X 0d0 I soT 2X tdt f S u (Ag) sin 2X udu < C 12 v- 2 \\Ag\\ D , p . (3.U) 
Jo Jo Jo D >P 

Assuming for m = k, k > 1, (3.12) is valid, i.e. 

Jts(9) -9- u{v)Ag < C 12 v- 4 ||A 2 5 || DiP + C l2 (k - l) v - 2 \\ Ag\\ D , p , (3.15) 

D.p 

then for the case m = k 4- 1, we see that 

Jvf-{9\ x) - <?(*) - a{v)Ag(x) = J*+ l {g; x) - J* s (g; x) + J^ s {g; x) - g(x) - a{v)Ag(x) 
= JvJJvJg;*) - 9(x)) + Jyjg;x) - g(x) - a(v)Ag(x), 
which yields 

J k v + s 1 { 9 )-g-a{v)Ag 



D,p 



JvJJvM - 9) + 4.S (9) -9- a(v)Ag 



D,p 



< \\Jl s (g)-g\\ D + JlM - 9 ~ a(v)Ag < C 12 ir 2 ||A 5 || Ap + C 12V - 4 ||A 2 5 || D , P 

+C 12 (k - l)v- 2 \\Ag\\ D , p = C 12 v- 4 \\ A 2 .g|| Ap + C 12 kv- 2 \\Ag\\ DiP , 

where we use Lemma 3.3 (iv) in the first inequality, (3.14) and the induction assumption (3.15) in 
the second inequality. This completes the proof of Lemma 3.5. 



4 Main result 

Theorem 4.1. Let {j™ s } be m-th Jackson- type operators on the spherical cap D(xo, 7). Then 
for / e L p (D(x ,'j)), 1 < p~< 00, and 2s > 2 + n, it holds that 



\JZ(f)-f\\ D , p *^(l- 



D,p 
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Proof. We have already obtained that 



J™(g;x)-g(x)= / D v>s (e)(Sp(g;x)-g(x))sm 2X $d6 
Jo 



which implies (explained below) 



\JZ(9)-g\ 



D Via (0)(S2 l (g)-g)sm"0d0 



D,p 



< m D v>s (d)sm^e\\S $ (g)-g)\\ Dv dd 



o 



< m J D v , s (9)sm 2X 9 ( f shr 2A t f sin 2A u S u (Ag) 
Jo \ Jo Jo 



D,p 



dtdu dd 



< msup<6>~ 2 / smT 2X tdt I sin 2A u du 
0>o Jo Jo 



A.9 



D,p Jo 



1 



i D VjS (e)sm^ede<Cv- 



A.g 



D,p 



where (iii) of Lemma 3.3 is used in the first inequality, the second inequality is deduced from 
Lemma 3.4, (ii) of Lemma 3.3 is used in the third inequality, and the last inequality is deduced 
from (3.12) and Lemma 3.2. 

Recalling that ||</™ s (/)|| r, < ||/||d,p, we can see 



\JZ(f)-f\\ D , P < 2 W.f-9\\D, P + Cv- 



Ag 



D,p 



<CK[f, 



D,p 



which implies from (1.2) that || J™ (/) - f\\ Dp < Cu 2 (f, \) Dp . 

In order to prove the lower bound, we introduce an operator J^ q given by 



s( ^ 1} / p _ \ a 

J%?(f;x):= £ [J D v , s (9)(Q x k (co S 9)) m sm 2X dd0) Y k 

With the help of orthogonality of projection operator Y k in (2.4), we get 
J™f +l f = J2 (J 7 D V!S (6){Q x k (cose)) m sm 2X edeY 



{fix). 



;r *("§ ,, (i v 



(6)(Q x (co S 6)) m S m 2X 0d9) Y z (f) = J?« (J™/(/)) 



Here, we let g = J^ q f an d obtain that 



1/ - g\\ D , P = ||/ - J™?(f)\\ D>p < E ll-C T_1 (/) - ■C r (/)L, P < « 11/ - J Z(f)\\ D , P 



T = \ 



where we take J r ™j°(/) = /■ 

Next, we prove the estimation 
same as that in Lemma 3.5. In fact, we have 



AJ$«(/) < 2c^ C 'i3« 2 II/IId p. wh ere A and C 12 are the 



AJ^ 9 (/) 



< 



D,p 



V fc(fc + n-2) 

fc=0 



7 ^, s W|(Qfc(cos0))rsin 2A ^ Y k (f) 



o 



D,p 
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Since (see [14]) \Q x {cos9)\ m 
obtain that for k6 > 1 and < ^ 



P fc A (cos9) 



< Ci4min {(k6) A ,l}, we use Lemma 3.1 (3.9) and 



AJ™i 9 (/) 



D,p 



' C 



15 



sO-1) / ,7 _ x 9 

^ k{k + n-2)k-^ q { D ViS (6)6- x sm 2X 6d9) Y k (f) 



D,p 



< C w v^ \\f\\ D , p J2 k 2 -^ q < C\ 7 v^ \\f\\ DiP , 



fe=0 



provided that q > ~z^, so Xfclo ^ 2 2 q < oo. For the case fc# < 1, it follows from Lemma 3.1 
(3.10) that 



A-C 9 (/) 



< 



D,p 



s(v-l) 



<Ci 



<c 



19 



E 

fe=0 



V ( f D Vi .(O)0-< (0 2 k(k + n- 2)) -\{Q X (cos 6))\ m sm 2X 6 do] Y k (f) 

2 2 V 

^ (fc<9)ssm 2A 6>d6n y fe (/) 

2 V 

Z?„, s (0)0-5 sin 2A eft? F fc (/) 



£>,p 



K-D , 7 

E i / D 

fe=0 



D,p 



<C 20 w 2 ||/|| Ap 



A 



2Ci 



■Cis^H/Lj,, 



D,p 



where A and C12 are the same as that in Lemma 3.5. Therefore, when q > -35, it holds that 

AJ^ 9 (/) < ^-C^ll/H^. 

D,p ^Oi2 

In the next, without loss of generality, we assume that I > — ^ an d q > I + ^35 • With the help of 
Lemma 3.5, we see that 

a(v) AJ™f{f) 



D.p 



a(v)AJ™f(f) 



D,p 



<\\J™?(f)-f\\ D +C 12 v- 4 A 2 J™f(f) +C 12 (m-l)v- 2 AJ™f(.f) 

>** D.p 



D,p 



s- II Tm ( t\ j- 1 1 1 -™-Cl3 -2 

< q \\JvJJ) - f\\ DfP + ~^j— V 

^ II r>» ( t\ t\\ 1 ^^13 -2 

< 1 \\Jv,sU) ~ f\\ D ,p + ~2~ 



AJ™/-\f) +C 12 (m-l)v- 2 AJ™f(f) 

D,p 



D.p 



AJ^ 9 (/) 



D,p 



AC 



13 -2 



A(J„ m '«(/)-^ 9 -'(/)) n +C 12 (m-l)v- 2 AJ™f{f) 

D.p 



D,; 



^- II Tm /-/\ jr 1 1 1 ^^13 -2 



AJ^Cf) 



£>,p 



f"^ 1 || J^'(/) - /L, p + Ci 2 (m - IK 2 AJ-f(/) 



*- II 7™ ( t\ t\\ 1 ^^13 -2 

< 9||4, S (/)-/||r,„+ —^— V 



\D,p 



AJ™i 9 (/) 



£>,p 



AC13C21 



+ : « ku/) - / L + ^(™ - i)f - ' aj™.«(/) 



2 - ||-t),sw / .< \\D,p 

< C 22 (I J™ (/) - f\\ n + %«" 2 AJ™.;"(/) 



D.p 



D,p 



D,p 



Taking a(v) = ty, one has £ AJ#«(/) < ^||j™(/)-/|| By the definition of 
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if-functional, we see 



D.p 



2Q 



2:2 



< 1 PZ(f) f\\ DlP + ~c£ Il-W) - f\\D, P ^ c ™ PZU) f\\ DtP , 

which together with (2.6) implies w 2 (/, V\ _ < C II J™ s (/) — /|| n • The proof of Theorem 4.1 is 
complete. 
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Some order relations induced by fuzzy subsets 
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Abstract. In this paper, we introduce the notion of groupoids belongs to fuzzy subalgebras, and show that the 
induced poset of a groupoid belongs to fuzzy subalgebras is an ordinal sum of anti-chains, and obtain several 
properties of induced posets by fuzzy sets. 



1. Introduction. 

J. Neggers ([6]) has defined a pogroupoid and he obtained a functorial connection between posets and pogroupoids 
and associated structure mappings. J. Neggers and H. S. Kim ([7]) demonstrated that a pogroupoid (X, •) is mod- 
ular* if and only if its associated poset (X, <) is (C2 + l)-free , a condition which corresponds naturally to the 
notion of sublattice (in the sense of Kelly- Rival [1, 3]) isomorphic to N$, and that this is equivalent to the as- 
sociativity of the pogroupoid. J. Neggers and H. S. Kim ([8]) showed that the Jacobi form is precisely when 
the pogroupoid (X, •) is a semigroup, i.e., modular*, precisely when the associated poset (X, <) is (C2 + l)-free . 
Moreover, they showed that a pg-algebra KS over a field K is a Lie algebra with respect to the commutator 
product if and only if its associated poset (X, <) is (C2 + l)-free . H. S. Kim and J. Neggers ([4]) showed that, for 
given a pogroupoid (X, •), the associated poset (X, <) is (C2 + l)-freeif and only if the relation > M is transitive 
for any fuzzy subset fi of X. Also they determined the set C(X, •) of fuzzy subsets /1 such that fi{x ■ y) = fi(y ■ x) 
for all x,y € X. Recently, H. S. Kim and J. Neggers ([7]) introduced the notion of Bin(X) and showed that it 
forms a semigroup. 

In this paper, we introduce the notion of groupoids belongs to fuzzy subalgebras, and show that the induced 
poset of a groupoid belongs to fuzzy subalgebras is an ordinal sum of anti-chains, and obtain several properties 
of induced posets by fuzzy sets. 

2. Preliminaries. 

The concept of a fuzzy set was introduced by L. A. Zadch ([13]). A fuzzy subset of a set X is a function 
li : X — > [0, 1]. The applications of fuzzy concepts to posets and groupoids have been investigated by several 
authors (including [9, 12]). A groupoid (X, •) is said to be a pogroupoid if (i) x ■ y G {x, y}; (ii) x- (y ■ x) = y ■ x; (iii) 
(x ■ y) ■ {y ■ z) = (x ■ y) ■ z for all x, y, z G X . For a given pogroupoid [X, •), its associated poset (X, <) is defined 
by the condition x<yiSy-x = x-y = y. On the other hand, for a given poset (X, <) its associated pogroupoid 
(X, •) is defined byy-x — yiix<y, y-x — x otherwise. This means that there is a natural isomorphism between 



2010 Mathematics Subject Classiflcation:03E72, 06A06, 06F35. 

Keywords: fuzzy subset, (induced) poset, pogroupoid, (C2 + l)-free , fuzzy subset, dispersed, polynomial. 
'The corresponding author Tel.: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So). 
°E-mail: rianOrianyang . ac . kr ; yhkim@chungbuk.ac.kr; ksso@hallym.ac.kr 



J. S. Han, Y. H. Kim and K. S. So 

the category of pogroupoids and the category of posets. We call a pogroupoid modular* if it is a semigroup ([7]). 
Given a poset (X, <) it is Q-free if there is no full subposet (P, <) of (X, <) which is order isomorphic to the poset 
(Qj <)• If C« denotes a chain of length n and if n denotes an antichain of cardinal number n , while + denotes 
the disjoint union of posets, then the poset (C2 + 1) (or C2 + C\) has Hasse-diagram: 



and may also be represented as {p < q,p o r, q o r}, where a o b denotes the relation of not being comparable 
(i.e., a o b iff a < b and b < a are both false) ([10]). A poset Z is called the ordinal sum of two posets X and Y, 
written Z = X $ Y, if Z\ < z-i, in Z implies z\ £ X and z% £Y , z\ < z 2 in X or Z\ < z 2 in Y. 

Theorem 2.1. ( 7J) A pogroupoid (X, ■) is a semigroup if and only if its associated poset (X, <) is (C% + l)-free. 

H. S. Kim and J. Neggers ([!]) introduced the notion of Bin(X) for a given set X, and defined a product 
(X, □) = (X, *) □ (X, o) where xDy — (x * y) o (y * x) for any x,y £ X. Given a set, we let Bin(X) the collection 
of all groupoids defined on X. 

Theorem 2.2. ([?]) (Bin(X),\3) is a semigroup. Furthermore, the left-zero semigroup is an identity for this 
operation. 

Theorem 2.3. ( [lljl Let (X,<) be a pogroupoid and suppose its associated poset (X,<) is (C2 + l)-free. Let 
[i : X — > [0, 1] be a fuzzy subset of X . Define x t>,, y <=>■ /i(x ■ y) < /i(y ■ x), x, y £ X . Then (X. > (ti ) is a poset, 
called the induced poset of X by /i. 



3. Groupoids belongs to fuzzy subalgebras. 

Given a non-empty set X, let n : X — > [0, 1] be a fuzzy subset of X. We say a groupoid (X, •) belongs to ji if 
/1 is a fuzzy subalgebra of (X, ■), i.e., fi(x ■ y) > min{/z(a;),//(y)} for any x,y £ X. We denote 6(^) := {{X, •) £ 
Bin(X)\(X, •) belongs to fi}. 

Example 3.1. Define a binary operation "*" on X = [0, 1] by x * y := max{0, x — y} for all x,y £ X. Then it 
is a d/BCK -algebra. If we define a map [i : X — > [0, 1] by n(x) := 1 — x, then (X, *) £ Q(fJ.). In fact, if we let 
x < y in X , then /x(x) > n(y). Since x * y — max{0, x — y} < x, we obtain fj,(x * y) > )J,(x) > min{/^(x), /i(y)} for 
any x,y £ X . 

Let (X, •) £ 9(^i) and let x,y £ X. Define a relation "< M " on X by 

x <fi y ^=^ x = y or fi(x) < n(y) 

Hence, if x ^ y and (J,(x) = /i(y), then x o y, i.e., x and y are not comparable. 
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Proposition 3.2. If (X, •) G 0{n), then (X, < M ) is a poset. 

Proof. Straightforward. 

We call such a poset {X, <^) an induced poset from a groupoid (X, •) G B(/i). 
Theorem 3.3. // (X, •) G O(m); ^ en ^ e fosei (X, < M ) is an ordinal sum of anti-chains. 



a 



Proof For any x,y G X, we have either /i(a:) < /i(y) or /i(a;) = fi(y). If /^(a;) < n(y), then a; <^ j/, and if 



ji(x) = /z(y), then x o y. Hence the poset (X, <^) is an ordinal sum of anti-chains. 



□ 



Example 3.4. Let X := {0, 1, 2, 3, 4, } be a set with the following table: 
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// we define a fuzzy subset /j, : X — y [0, 1] by < /i(0) < /i(l) < £t(2) = /u(3) < /u(4) < 1, i/ien (X, •) G 0(m) arl( ^ 
(X, < M ) is a poset with the following Hasse diagram: 



2 4 }?, 


This means that (X, <£,) = {0} © {1} © {2, 3} © {4}, an ordinal sum of anti-chains. 

Theorem 3.5. Let (X, <^) 6e an induced poset from a groupoid {X,-) G 6(m) an( ^ ^ (^0)i) fre t/ie associated 
pogroupoid of (X, <^). XTien (X, 0^) is a semigroup and (X, 0^) G O(m)- 



Proof. If (X, Q M ) is the associated pogroupoid of the poset (X, < M ), then x M y S {^J/} f° r an y x,y G X. It 

follows that n{xQ^y) > min{^(x),^(y)}, i.e., (X, 0^) G 6(/u). 

By Theorem 3.3, the induced poset (X, <^) is an ordinal sum of anti-chains. Since every ordinal sum of 

anti-chains is (C2 + l)-free, by applying Theorem 2.1, we obtain that (X, 0^) is a semigroup. D 
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Given (X, -\), (X, -2) G ©(/«), wc define a relation "<^" as follows: 

(Jf,-i)<"(Jf,- 2 ) «*=► n{x-iy)<n{x-2v) 
for any x, y € X. 

Example 3.6. Let X := {0, 1, 2, 3, 4} 6e a set with the following tables: 
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(*,-l) 



(X, 



Then {X, -i,0) and (X, -2,0) are BCK-algebras (see [5]). If we define a map /1 : X — > [0,1] oy < /i(4) < 
^(3) < /u(2) < /x(l) < ju(0) < 1, i/ien (X,- 2 ) < M (-XW), since n{A - 2 2) = ^(4) < /u(3) = /u(4 -i 2) arwi 
/i(4 - 2 3) = /i(4) < /u(2) = /i(4 -i 3). By routine calculations, we can see that /1 is a fuzzy subalgebra of both (X, -i) 
and(X,- 2 ), i.e., (X, ■ 1 ), (X, - 2 ) g 0(/i). 

Given a fuzzy subset /i : X — > [0, 1], we say a groupoid (X, •) strongly belongs to /1 if /i is a fuzzy subalgebra 
of (X, •), i.e., /j,(x ■ y) > max{^(x),/i(y)} for any i,j£l. We denote ©s(/u) := {(-^v) € Bm(X)|(X, •) strongly 
belongs to /j,}. 

Proposition 3.7. Let (X, <„) 6e i/ie induced poset from any groupoid (X,-) G B(m) and fei (X, 0„) oe i/ie 
associated pogroupoid of (X, <^). TVien /(i(x 0^ y) = max{/i(x), /u(y)}, Vx, y G X ; and (X, M ) G Og(/i). 



Proof. Given x,y G X with x 7^ y, if x <p y, then /i(x) < /i(y). Since (X, 0„) is a pogroupoid, we have 
y M x = x M y = y. Hence ^(x P y) = ^(y M x) = ^(y) > n(x), proving n(x M y) = max{^(x),^(y)}. 
Assume x o y in (X, < M ). Since (X, 0„) is a pogroupoid, we have /x(x) = ^i{y) and x M y — y, and hence 



MO*- ©m y) = M(y) — rnax{/i(a;), /i(?/)}, proving the proposition. 



D 



Corollary 3.8. Let {X, < M ) be the induced poset from any groupoid (X, •) G 0(/i) and let (X, 0^) be the associated 
pogroupoid of (X, < M ). Then (X, 0^) is minimal in the poset (0g(/i), < M )- 



Proof. For any (X, *) G 0s(/z), we have /z(x * y) > max{/j(s), My)} = M x ©a* ^) f° r an y ^ 2/ G X, proving that 



(X,0„) <"(*>*)■ 



a 
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4. Induced poset by fuzzy subset. 

The relation < M discussed in section 3 need not be anti-symmetric, i.e., there exist (X, -\), (X, - 2 ) £ ©(m) 
such that (X,-i) 7^ (X,- 2 ), but (X, -i) <^ (X, - 2 ) and (X,- 2 ) <^ (X, -i). In fact, in Example 3.6, if we define 
a map [i : X ->• [0, 1] by < /z(2) = /u(3) = /j(4) < ^(1) < ^(0) < 1, then (X, -i), (X, - 2 ) G 0(/u) such that 
(X, -i) <^ (X, - 2 ) and (X, - 2 ) <^ (X, ■ 1 ), but (X, -^ ^ (X, - 2 ), since 4 -j 2 = 3 ^ 4 = 4 - 2 2. 

Given (X, -i), (X, - 2 ) <G 0(m), wc define a relation "~^" on 0(/i) as follows: 

(*,•!) ~ M (X, -2) <=► (Jf,.i)<"(X,. 2 ), (X,- 2 )<^(X,- 1 ) 

Then it is easy to see that the relation ^^ is an equivalence relation on 0(/i). Define an equivalence class containing 
(X rl ) G Bin(X) by [(X rl )] := {(X,- 2 ) e e(/i)|(X,-i) ~„ (X,- 2 )} and let 0//x := {[(X, -,)] | (X, a) G 0(/i)} 
and let S /^ := {[(X, -i)] | (X, -,) £ S (^)} 

If we define a relation " <M " on 9//i (or @s//u) by 

p-.-Ol^ip:,..,)] <=► (x,. a )<"(x,. ) 

for any (X, - a ) £ [(X, •■{)] and any (X, • / g) £ [(X, - 2 )]. Then it is easy to see that the relation <M is a partial order 
on 0//I (or ©s/m). 

Proposition 4.1. Lei (X, <^) fee i/ie induced poset from any groupoid (X,-) G 0(m) an ^ ' e ^ (X, 0^) &e the 
associated pogroupoid of (X, < M ). TTien (©s/m> ^ ) * s a subposet of (0//U, <^) containing [(X, M )] as i/ie 
unique minimal element. 

Proof. Given [(X, -i)] € ©s/m, if (X, - 2 ) € [(X, -i)], then (X, - 2 ) ~^ (X, -i) and hence /u(x -i y) = /x(x - 2 y) for any 
x, y G X. It follows from Proposition 3.7 that /u(x - 2 y) = /i(x -i y) > max{/i(x), /u(y)} = /i(x 0„ y), proving that 
(X, ©„) <^ (X, - 2 ). This proves that [(X, ©„)] <M [(X, -x)]. D 

Given [(X,-)] £ 0/V, we define a relation "> /J (.)" on X by 

x >n(.) y «=*• m(^ • y) < M(y ■ x ) 

Proposition 4.2. Let (X, <^) 6e i/ie induced poset from any groupoid (X, •), where [(X,-)] G @(/u), a»zd Zei 
(X, 0^) &e £/ie associated pogroupoid of (X, < fl ). Then (X, >^(© )) is an anti-chain. 

Proof. Assume that there exist x,y £ X such that x > M (© ) y, x ^ y. Then /i(x0 M y) < /i(y0 M x). By Proposition 
3.7, it follows that max{/x(x),/u(y)} < max{^(y),^(x)}, a contradiction. D 

Given a fuzzy subset /i : X — *■ [0, 1], we define a set [0]/m as follows: 

[Q]/H := {[(X, •)] I (X, •) £ 0( M ), (X, >„ (0 ) is a poset } 
By Proposition 4.2, [0]//i is a non-empty set. 

Proposition 4.3. If (X, -i) £ 9(ju), i/ien > M (. 1 )=> A .(. 2 l J^r ««?/ (X -2) G [(X, -i)]. 
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Proof. Straightforward. □ 

Proposition 4.3 shows that the relation x >^(.) y is independent of the representative of the equivalence class 

i(x,-)}. 

Given (X,-) G @(/u), we let R(X) := {(X, >^(.))| l>>(.) is a relation on X}. By Proposition 4.2, we obtain 
R(X) is a non-empty set. The map ip : Bin(X) — > R{X) defined by tp((X, •)) := (X, > /i (.)) induces an assignment 
(p : [@}/u -+ i?(X) where £([(X, •)]) := {X, >„(.)). 

Example 4.4. Lef (X, •) &e i/ie right-zero semigroup, i.e., x ■ y — y for any x,y € X. TTien [(X, •)] G [0]//i /or 
any fuzzy subset ji of X . In fact, if [i : X — > [0, 1] is a fuzzy subset of X , then /i(x ■ y) = /x(y) > min{/z(x), /x(y)} ; 
i.e., (X,-) € ©(a 1 )- ^/ * I>u(.) J/; ^ien /u(y) < /i(x), since (X,-) is the right-zero semigroup. The relation >„(.) 
is irreflexive, since there is no x £ X such that fx(x) < /i(x). If x t>p(.) y,y !>>(•) z, then ji{z) < /x(y) < /i(x), 
proving that x >u(.) Z. This proves that (X, >u(.)) is a poset, i.e., [{X, •)] G [0]/m- 

Proposition 4.5. Lei [(X,-)] G [©]//•*■ -(f (-^>A^(.)) * s a pogroupoid of the associated poset (X, >^(.)), i/ien 

p-,A„ (0 )]e[e]//u. 

Proof. If [(X, •)] G [0]//i, then (X, >/*(.)) is a poset. Define a binary operation "A M (.)" on X by 

jy if z > M (.) y 

I x otherwise 
Then (X, A^(.)) is a pogroupoid, i.e., [(X, A M (.))] G [0]//i. D 

Proposition 4.6. Every pogroupoid (X, A„(.\) induced from a commutative groupoid (X, •) is i/ie right-zero semi- 
group for any fuzzy subset /x : X — > [0,1]. 

Proof If (X, •) is a commutative groupoid, then /x(x • y) = /x(y ■ x), for any x, y G X and for any fuzzy subset 
/x : X — > [0,1]. It follows that (X, t> M (.)) is an anti-chain. Hence the associated pogroupoid (X, A M (.)) satisfies 
a; A Jli (.) y ~ y for any x,y G X, i.e., (X, A M (.)) is the right-zero semigroup. □ 

Example 4.7. In Example 3.1, we have seen that (X, *) G 0(ju). We s/iou> t/iai (X, >^(*)) is a chain. In fact, if we 
let x < y in X , then /x(x*y) = /x(0) = 1, [i(y*x) = 1 — (y — x) = 1 + x — y. Hence /x(y*x) < /x(x*y), i.e., y >^(*) x. 
We claim that [(X, Ow*))] is a minimal element o/([0]//x, <* (/x)). Since (X, >«(*)) is a chain, either x >u(*) y or 
y l>/i(*) x for any x, y G X. Assume that x \>^t*) y. By the definition of A /J ( sf ), we Ziawe a; A^(*) y = y = y A jU (*) x 7 
which implies that /x(x A„(*) y) = /x(y) = /x(y A„(*) x). Xow 7 x >u(*) y implies fi(y * x) < /x(x * y) ; ond hence 
x * y < y * x. /£ follows that max{0, x — y} < max{0, y — x} and x < y. Since ji is order reversing, /x(y) < /x(x). 
This shows that /x(y) = min{/n(x),/^.(y)}. Hence /x(x A^(*) y) = min{/x(x),/x(y)} < /x(x - a y) = /i(x • y) for any 
(X, -Q.) G [(X,-)] G [0]//x, proving that [(X, > M (*))] is a minimal element o/([0]//x, <* (/x)). 

Proposition 4.8. ///x : X — > [0, 1] is a constant function, then (X, t>u(.)) is an anti-chain for any (X, •) G [0]//x. 
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Proof. Assume that there exist x 7^ y in A such that x >^(.) y. Then /i(x ■ y) = /i(y ■ x) < /i(x ■ y), a contradiction, 
since /1 is a constant function. Hence (X, > M (.)) is an anti-chain. □ 

Proposition 4.9. Let (A, •) e 0(/x) smc/i i/iai if x -y = y ■ x then x — y. If \x : X — >• [0, 1] is an i-i function, then 
(X, t>u(.)) *s a chain. 

Proof. For any i,i/£l with x =/= y, we have x ■ y ^ y ■ x. Since /1 is an 1-1 function, we obtain /i(x • y) 7^ /i(y • x), 
which implies that either y \>u(-) a; or a; >u(.) 2A Hence {X, >u(-)) is a chain. □ 

An algebra (A; *, 0) of type (2,0) is said to be a strong d-algebra ([2]) if it satisfies (I) x * x = 0, (II) * x = 
and (III) x * y — y * x implies x — y, for all x,y <E A. Obviously, every strong d-algebra is a d-algebra, but the 
converse need not be true in general. 

Example 4.10. Let(X,*,0) be a strong d-algebra and let (A,*) e Q{p-)- If H is an 1-1 function, then (A, >„(*0 
is a chain. 
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Abstract. With respect to multi-attribute group decision-making prob- 
lems in which attribute values are trapezoidal fuzzy linguistic variables, 
this paper presents a new multi-attribute group decision-making method 
based on generalized operators in trapezoidal fuzzy linguistic variables. 
Firstly, we introduce the concept of the trapezoidal fuzzy linguistic vari- 
able, and its properties, operational laws and sorting method based on 
possibility degree. Then, we propose generalized operators in trapezoidal 
fuzzy linguistic variables, including generalized trapezoidal fuzzy linguis- 
tic weighted averaging operator, generalized trapezoidal fuzzy linguistic 
ordered weighted averaging operator and generalized trapezoidal fuzzy 
linguistic hybrid averaging operator. Furthermore, the multi-attribute 
group decision-making method based on these operators is developed. 
Finally, an illustrative example is given to illustrate the decision-making 
steps, and to demonstrate its practicality and effectiveness. 

Keywords: trapezoidal fuzzy linguistic variables; generalized aggrega- 
tion operators; multi-attribute group decision-making 



1 Introduction 

Due to the ambiguity of people's thinking and the complexity of objective things, 
the attribute values of multi-attribute group decision-making problems cannot 
be always expressed as real numbers. Especially, for the qualitative information, 
they are easily expressed by the linguistic variables. Since Zadeh (1975) proposed 
the concept of linguistic variables firstly, the significant achievements about the 
theory research and applications of the linguistic variables have been made. 
Liang and Chen (2008) proposed trapezoid fuzzy linguistic weighted averaging 
operator(TFLWA), and gave the ranking method based on the possibility degree 
of trapezoidal fuzzy linguistic variables. Liu and Su (2010) proposed an extend 
TOPSIS method to solve the multiple attribute decision making problems with 
trapezoid fuzzy linguistic information. Han and Liu (2011) proposed an extend 
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VIKOR method to solve the multiple attribute decision making problems with 
trapezoid fuzzy linguistic information. 

In recent years, information aggregation operators were attracting widespread 
concern in multi-attribute group decision-making. Xu (2007) defined the concept 
of triangular fuzzy linguistic variables, and proposed the fuzzy linguistic averag- 
ing opcrator(FLA), fuzzy linguistic weighted averaging operator (FLWA), fuzzy 
linguistic ordered weighted averaging opcrator(FLOWA), and induced fuzzy lin- 
guistic ordered weighted averaging operator(IFLOWA), the developed group de- 
cision making method based on these operators. Meng (2010) proposed the multi- 
attribute decision-making methods based on trapezoidal fuzzy linguistic weight- 
ed geometric averaging operator and trapezoidal fuzzy linguistic hybrid harmonic 
averaging operator. Yager (2004) proposed generalized ordered weighted aver- 
aging operator by combining the generalized operators proposed by Dyckhoff 
and Pedrycz (1984) and OWA operator. The generalized aggregation operators 
can generalized arithmetic averaging operators, geometric averaging operators 
and harmonic averaging operators. However, they can only process the crisp 
numbers, and cannot deal with trapezoid fuzzy linguistic information. 

In this paper, we apply the generalized aggregation operators to multi-attribute 
decision-making problems in which attribute values take the form of trapezoidal 
fuzzy linguistic variables and propose a multi-attribute decision-making method. 

2 Preliminaries 

2.1 Trapezoidal fuzzy linguistic variables 

Definition 1 (Liang and Chen 2008). Let S — (s a ,Sb,s c ,Sd) be trapezoidal 
fuzzy linguistic variables. 

Where s a , Sb, s c and Sd are elements of the extended linguistic set defined by Xu 
(2007), and a, b,c,d€ R + with a < b < c < d. s a and Sd indicate the lower and 
upper values of S, respectively. Specially, if any two of a, b, c, d are equal, then 
S is reduced to a triangular fuzzy linguistic variable; if any three of a, b, c, d are 
equal, then S is reduced to an uncertain linguistic variable. 

Let Si — (s a ,Sb,s c ,Sd) and S2 = (s e , Sf,s g ,Sh) be two trapezoidal fuzzy 
linguistic variables, and S = (a, /3, 7, 77) be a trapezoidal fuzzy number, a < f3 < 
7 < 77, a, /3, 7, n G R + . Then the operational laws of trapezoidal fuzzy linguistic 
variables are shown as follows: 

Si® S 2 = {s a , ■%, s c , s d ) 8 (s e , s f , s g , s h ) = (s a+e ,s b+fl s c+g ,s d+h ) (1) 

Si <g> ^2 = (s a , S b , S c , Sd) (S e , Sf, S g , Sh) = (s a e, Sbf,S cg , S dh ) (2) 

XSi = X(s a , s b , s c , s d ) = {s\ a , s\ b , s Xc , s Xd ), A > (3) 

S (g> Si = (a, P, 7, ?7) (g) (S a , Sb, S c , Sd) = (S aa , S0b, s 7C , s vd ) (4) 
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Definition 2 (Liang and Chen 2008). The distance between the two trape- 
zoidal fuzzy linguistic variables Si , S 2 is defined as 



d(S 1 ,S 2 ) = y/[(a - e) 2 + (b - fY + (c - gf + (d - Kf\/4 (5) 

Definition 3 (Liang and Chen 2008). Let Si = (s a ,S},,s c ,Sd) and S2 — 

(s e ,Sf, s g , Sh) be two trapezoidal fuzzy linguistic variables, the possibility degree 
of Si > S2 is defined as 

p(sl >ST 2 ) = min{max{ (c tf ) -f+| ) 0}, 1} (6) 

len(Si) + len(S 2 ) 

where, len(Si) = (c+ d) — (a + b), len(S 2 ) = (g + h) — (e + /). 

So, for the given set of trapezoidal fuzzy linguistic variables Si — (s z a , s\, s l c , s^), 
i = 1,2, ... ,n, we can compare them in pairs, and build the matrix of possibility 
degree P = (pij)„*„, where p io = p(Si > S ),i = 1, 2, . . . , n, j = 1, 2, . . . ,n. Let 
yi = Y]j—i Pij and then we can get the sorting vector y = (j/i, y 2 , . . . , y n ). Finally, 

we can rank the trapezoidal fuzzy linguistic variables Si(i = 1,2, ... ,n) accord- 
ing to yi. The bigger yi is, the bigger the trapezoidal fuzzy linguistic variable Si 
is. 



2.2 Generalized weighted averaging operators 

Definition 4 (Yager 2004). The generalized weighted averaging operator of 
dimension n is a mapping: R n — > R that has an associated weight vector w — 
(wi, w 2 , . . . , w n ) T such that uij > and X^" =1 Wj — 1. (01, a 2 , ... , a n ) is a set of 
real number. Furthermore, 

n 

GWA(a 1 ,a 2 ,...,a n ) = {J2w j a^ (7) 

i=i 



3 Generalized Operators in trapezoidal fuzzy linguistic 
variables 

3.1 Generalized trapezoidal fuzzy linguistic weighted averaging 
operator 

Definition 5. The generalized trapezoidal fuzzy linguistic weighted averaging 
operator of dimension n is a mapping GTFLWA: R n — > R that has an weight vec- 
tor w — (wi,w 2 , . . . , w n ) T of (a 1 ,o7 2 , . . . , a^), such that Wj > and Y^j=i w j — 
1. (a~i, a 2 , . . . , 5^) is a set of trapezoidal fuzzy linguistic variables, and a, can be 
expressed as [a", ah, a^, af\,a^, ah, a^a'j are the elements of extended linguistic 
set. If 
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GTFLWA{ai,a^,...,cQ = (J>,-a*)* - [(J>iK) A )*, (£>;( 

j=i j=i i =1 



«$) A )*, 



n 1 n 

C£^3^) x ) v {Y, w M) x ) l \ 

(8) 



A ,-i 



Then GTFLWA is called the generalized trapezoidal fuzzy linguistic weighted 
averaging operator. 

Some special cases of the GTFLWA operator are shown as follows. 

(1) If A = 1, then the GTFLWA operator reduces to the trapezoidal fuzzy 
linguistic weighted averaging (TFLWA) operator. 

n n n n 

TFLWA(ai,a2, . . . , a^) = ®™ = iu>jaj = [ / J Wja®, 2_^ w j a j>2-^ w i aC j' 2_^ w j a j] 

j=i j=i i=i i=i 

(9) 

(2) If A —¥ 0, then the GTFLWA operator reduces to the trapezoidal fuzzy 
linguistic weighted geometric averaging (TFLWGA) operator. 



TFLWGA(a u a 2 , ...&) = ®? =1 &) w i = ([[(a^ ,J[(a^ ,J[{a^ , 

j=l j=l j=l 

n 

(10) 

(3) If A = — 1, then the GTFLWA operator reduces to the trapezoidal fuzzy 
linguistic weighted harmonic averaging (TFLWHA) operator. 



! (11) 



En Wj 
j = l a 3 " 



3.2 Generalized trapezoidal fuzzy linguistic ordered weighted 
averaging operator 

Definition 6. The generalized trapezoidal fuzzy linguistic ordered weighted aver- 
aging operator of dimension n is a mapping GTFLOWA: R n — > R that has an as- 
sociated weight vector uj = (oj\,oj2, ■ ■ ■ , Lo n ) T such that ujj > and Y^j=i u j = 1- 
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(oi, CJ2, . . . a n ) is a set of trapezoidal fuzzy linguistic variables, and a,j can be ex- 



pressed as \a°j, oh, a -, oA\, a^, ah, a C j, alj are the elements of extended linguistic set. 



If 

n n 

GTFLOWA^, a 2 ,...,a~ n ) = (£ <*>&&)$ = [(£>,• (a^))*)*. 

(12) 

j'=i j=i i=i 

TTien GTFLOWA is called the generalized trapezoidal fuzzy linguistic ordered 
weighted averaging operator. 

Where, (c(l), o~(2), . . . , o~(n)) is a permutation of (1,2,..., n), such that 'a a (j-i) > 
<Mj),J = 2,...,n. 

(1) If A = 1, then the GTFLOWA operator reduces to the trapezoidal fuzzy 
linguistic ordered weighted averaging (TFLOWA) operator. 

n n n 

TFLOWA(a\,a 2 , . . . ,a~ n ) = e^w^y) = [E w Xo-)> X^'^OO'X^'^O')' 

n 

(13) 

(2) If A — ¥ 0, then the GTFLOWA operator reduces to the trapezoidal fuzzy 
linguistic ordered weighted geometric averaging (TFLOWGA) operator. 

n n 

TFLOWGA(a 1 ,a 2 ,...,ar n )=^] =1 (a aU) r = iRKu^ > ft (<£(,-) )"'' 

3 = 1 j=l 

n n 

nw'-IR^w) 6 *] 

(14) 

(3) If A = — 1, then the GTFLOWA operator reduces to the trapezoidal fuzzy 
linguistic ordered weighted harmonic averaging (TFLOWHA) operator. 

TFLOWHA(a 1 ,d 2 ,...,ar^ '" 



n uij : ^— \n ujj ? 

2^7 = 1 ^ 






i i ( 15 ) 

GTFLOWA operator has the properties similar to GOWA operator shown 
as follows. 
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Theorem 1 (Commutativity). Ifa 1 ,a 2 ,. ■ ■ ,a n is any permutation of (01,02,. .. ,5^), 
then GTFLOWA(ai,a 2 , ...,a^) = GTFLOW Ai^ x ,a 2 , . . . ,a n ). 

Theorem 2 (Idempotency). Ifa~j(aj = [aj , a b , a'j , a^]) = a(a = [a a , a b , a c , a d ]) 
for all j , then GT F LOW A(a\, a 2 , . . . , a^) = a. 

Theorem 3 (Monotonicity). If Sj < a' for allj, then GTFLOWA(d\, 02, ... , a^) < 
GTFLOWA(ai , 03' , . . . , aZ ) ■ 

Theorem 4 (Boundedness). Let a^ = mmj[a ( -,a b ,a c j,a d ],a + = max., = 
[a^a^a^a 1 ]} for allj, then a- < GTFLOWA(di,a 2 , ■ ■ • ,a^) <a+. 



3.3 Generalized trapezoidal fuzzy linguistic hybrid averaging 
operator 

Definition 7. Generalized trapezoidal fuzzy linguistic hybrid averaging operator 
of dimension n is a mapping: R n — ¥ R has an associated weighted vector uj = 
(oji, 0J2, ■ ■ ■ , u n ) T such that ujj > and Yl^—i w j — 1- (^li 02, ... j 5^) is a set of 
trapezoidal fuzzy linguistic variables, and a~j can be expressed as [a 1 * , a 1 * , a'j , a 4 -} , 
ctj,cip djidj are the elements of extended linguistic set. If 

n n 

GTFLHA(a l ,a 2 ,...,aT n ) = £>^ (j) )x = [(^-(i^)*)*, 

(16) 

n n n v ' 

j=i i =1 i =1 

XTien GTFLHA is called the generalized trapezoidal fuzzy linguistic hybrid aver- 
aging operator. 

Where bj — [M, b°-, M, b d ] — nvjjaj, (6(1), 5(2), . . . , S(n)) is a permutation of 
(1,2, ... ,n), such that bg/j_u > b$tj\ for all j = 1,2, ... ,n,w = (w\, w 2 , ■ ■ ■ ,w n ) T 
is weight vector of ai(i = 1,2,..., ri),Wj > 0, X^?=i w j = 1- 

Some special cases of the GTFLHA operator are shown as follows. 

(1) If A = 1, then the GTFLHA operator reduces to the trapezoidal fuzzy 
linguistic hybrid averaging (TFLHA) operator. 

n n n 

TFLHA(a u a 2 , ...,S^) = ®] =1 w j b a{j) = E w J & °(i)>S w J 6 *(3)'S w ^(3)' 

j=i i=i j=i 

n 

(17) 
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(2) If A — ¥ 0, then the GTFLHA operator reduces to trapezoidal fuzzy lin- 
guistic hybrid geometric averaging (TFLHGA) operator. 

n n n n 

TFLHGA{ai,&,...,ad = JI%) = H W*' U&V))" 1 ' Lfe))^ 

j = l j = l j = l j = l 

n 

(18) 

(3) If A = — 1, then the GTFLHA operator reduces to the trapezoidal fuzzy 
linguistic hybrid harmonic averaging (TFLHHA) operator. 



l , :i i j 

a 



2^1=1 t , " 2^j=i 6", ~ 2^7=1 SE77 2vi=i ;,<=, " 



En ljj 

.7 = 1 FT" 



J = l « U) 



(19) 



4 Multi-attribute group decision-making method based 
on generalized operators in trapezoidal fuzzy linguistic 
variables 

Let C — {C\, C2, ■ ■ ■ , C m } be a discrete set of alternatives, and G = {Gi, G 2 , . . . , 
G n } be the set of attributes, w — (wi,u>2, ■ ■ ■ ,w n ) is the weighting vector of 
the attribute Gj(j = 1,2, ...,n), where Wj £ [®,l],Yl'j=i w j = 1- There are 
p decision-makers {ei, e2, • • ■ , e p } that have weight vector (di, 02, ... , d p ),dk € 
[0, l],Efe=i d j = !• Suppose that A fe = (a*-) mxn = [of?, a%,a%f, a*f] mxn is the 
decision-making matrix, k = 1, 2, . . . ,p, where of- is the preference value, which 
takes the form of trapezoidal fuzzy linguistic variables given by the decision- 
maker efe for the alternative Ci <G C with respect to the attribute Gj £ G. Then 
we use the attribute weights, the decision maker weights, and the attribute values 
to rank the alternatives. 

The steps of the decision making are shown as follows. 

Step 1 Combine the evaluation information of each decision maker to the group 
evaluation information. 

According to the different attribute values Ak(a^) mxn which were given 
by different experts under different alternative, we can integrate personal 
opinion into the result of group decision- making A — (aij) m xn using 
GTFLHA operator. Where 

atj = GTFLHA^ , a% , . . . , ~a% ) (20) 
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Step 2 Calculate the comprehensive evaluation value 

We can use the GTFLHA operator to calculate the comprehensive eval- 
uation value. 

a i = GTFLHA(a il ,a i 2,...,a in ) (21) 

Step 3 Build the matrix of possibility degree P = (pij) m *m and get the sorting 

vector y=(y 1 ,y 2 ,..., y m ), where p {j = p(a t > aj). 
Step 4 Rank all alternatives. According to yi, we can give the ranking result of 

all alternatives. The bigger y^ is, the better the alternative Cj is. 



5 Illustrative examples 

Suppose an organization plans to select ERP system. There are five potential 
ERP systems Ci(i = 1, 2, . . . , 5) as candidates. The company employs three ex- 
ternal experts to aid this decision-making. The weight vector of the experts is 
D = (0.3,0.4,0.3). There arc four attributes which are used to evaluate the al- 
ternatives: (1) function and technology G\, (2) strategic fitness G2, (3) vendor' 
s ability G3, (4) vendor' s reputation G4. The five possible alternatives are eval- 
uated in trapezoidal fuzzy linguistic variables, and the decision making matrix 
Ak = (afj)5x4 are shown as Tables 1-3. The linguistic set used by decision- 
makers is S = (si, S2, ■ ■ ■ , sg). (For convenience, the linguistic variable used by 
the number of subscript, for example, S2 is expressed by 2). 



Table 1. Decision Information Given by Expert 1 



Gl G2 G3 G4 

Al (2,3,4,5) (3,3,4,5) (4,5,6,7) (3,4,5,6) 

A2 (1,2,3,4) (4,5,6,7) (3,4,5,6) (4,5,6,7) 

A3 (3,3,4,5) (2,3,4,5) (4,5,6,7) (2,3,4,5) 

A4 (6,7,8,9) (4,5,6,7) (3,3,4,5) (2,3,4,5) 

A5 (4,5,6,7) (1,1,1,1) (2,3,4,5) (3,3,4,5) 



Table 2. Decision Information Given by Expert 2 

Gl G2 G3 G4 

Al (3,3,4,5) (2,3,4,5) (3,4,5,6) (4,5,6,7) 

A2 (4,5,6,7) (1,2,3,4) (4,5,6,7) (3,4,5,6) 

A3 (2,3,4,5) (3,3,4,5) (2,3,4,5) (4,5,6,7) 

A4 (4,5,6,7) (6,7,8,9) (2,3,4,5) (3,3,4,5) 

A5 (1,1,1,1) (4,5,6,7) (3,3,4,5) (2,3,4,5) 



The steps of decision making are shown as follows. 
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Table 3. Decision Information Given by Expert 3 



Gl 



G2 



G;i 



Gl 



Al (4,5,6,7) (1,1,1,1) (2,3,4,5) (3,3,4,5) 
A2 (2,3,4,5) (3,3,4,5) (4,5,6,7) (3,4,5,6) 
A3 (6,7,8,9) (4,5,6,7) (3,3,4,5) (2,3,4,5) 
A4 (3,3,4,5) (2,3,4,5) (4,5,6,7) (2,3,4,5) 
A5 (1,2,3,4) (4,5,6,7) (3,4,5,6) (4,5,6,7) 



Step 1 Calculate the group decision making matrix by (20) (In order to simplify 
the calculation, we adopt A = 1 and u> = (0.25, 0.25, 0.25, 0.25). It means 
this is a TFLWA operator), then we can get 

'(3.0,3.6,4.6,5.6) (1.9,2.3,3.0,3.7) (3.0,4.0,5.0,6.0) (3.4,4.1,5.1,6.1)" 
(2.5,3.5,4.5,5.5) (2.5,3.2,4.2,5.2) (3.7,4.7,5.7,6.7) (3.3,4.3,5.3,6.3) 
I = (3.5, 4.2, 5.2, 6.2) (3.0, 3.6, 4.6, 5.6) (2.9, 3.6, 4.6, 5.6) (2.8, 3.8, 4.8, 5.8) 
(4.3,5.0,6.0,7.0) (4.2,5.2,6.2,7.2) (2.9,3.6,4.6,5.6) (2.4,3.0,4.0,5.0) 
(1.7,2.4,3.0,3.6) (3.0,3.7,4.4,5.1) (2.7,3.3,4.3,5.3) (2.9,3.6,4.6,5.6) 
Step 2 Calculate the comprehensive evaluation value, we adopt TFLWHM op- 
erator (i.e., in (21), A = -1 and u = (0.25,0.25,0.25,0.25), and get 
oi = (2.5,3.1,4.0,4.9), a 2 = (2.8,3.7,4.7,5.7), a 3 = (3.1,3.8,4.8,5.8), 
a 4 = (3.5,4.3,5.3,6.3), a 5 = (2.4,3.1,3.8,4.6). 
Step 3 Calculate the possibility degree p t j = p{ai > aj)(i = 1, 2, 3, 4, 5) accord- 
ing to the (6), we can get the matrix of possibility degree P = (pij)s*5. 
~0.5 0.4 0.3 0.2 0.6" 
0.6 0.5 0.5 0.3 0.7 
P = 0.7 0.5 0.5 0.3 0.7 
0.8 0.7 0.6 0.5 0.9 
0.4 0.3 0.3 0.1 0.5^ 

Then we can calculate the sorting vector, and get y = (1.9, 2.7, 2.8,3.5, 1.6). 
Step 4 Rank all alternatives. According to y i7 we can give the ranking result of 
all alternatives shown as follows C4 >- C3 >- Ci >- C\ >- C5. 

In order to prove the effectiveness of multi-attribute group decision-making 
method of generalized operators based on trapezoidal fuzzy linguistic variables, 
we adopt the extended TOPSIS method proposed by Meng (2010), and get the 
sorting result: C4 >- C3 >- C2 >- C\ >- C5. Obviously, they have the same ranking 
results. 



6 Conclusion 

The generalized aggregation operators can generalized arithmetic averaging op- 
erators, geometric averaging operators and harmonic averaging operators. How- 
ever, they can only process the crisp numbers, and cannot deal with trape- 
zoid fuzzy linguistic information This paper proposes the generalized operators 
for trapezoid fuzzy linguistic variables, and applies them to the multi-attribute 
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group decision-making problems in which attribute values are trapezoidal fuzzy 
linguistic variables and presents a decision making method. But this paper only 
considers the situation that attributes are independent and attribute weights are 
known, In the future, we will further study the situation that the attributes are 
correlated and attribute weights are unknown. 
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Abstract 

In this paper, a new impulsive integro-differential inequality is presented, which can be widely 
applied to many fields in real world. Then, based on the equality, we analyze the exponential 
stability of some impulsive differential systems with discrete and continuously distributed de- 
lays, which illustrate the effectiveness of our results. 

Keywords: Impulsive; Distributed delays; Discrete delays; Exponential stability; Integro- 
differential inequality 

1. Introduction 

As is well known, the theory of differential and integral inequalities plays an im- 
portant role in the qualitative and quantitative study of functional differential equa- 
tions [1, 2,4-6, 8-19]. These inequality methods give directly the estimate of the so- 
lutions of the systems, but their proofs are rather technical. In the last 40 years, various 
inequalities have been fully established and used for investigating dynamical behavior 
of differential equations. For example, in [7], Halanay inequality was first addressed. 
Since it is the effective tool for analyzing the stability of time delay system, many gen- 
eralized Halanay inequalities were presented and attracted considerable attention in the- 
oretical research and engineering applications (see [8, 13, 14, 18] and relevant references 
therein). At the same time, impulsive differential inequalities also have a rapid devel- 
opment. In [10], Lakshmikantham et al. first described impulsive differential inequality 
and its application. Recently, it attracts many authors' interesting and many advanced 
results have been reported [5, 12, 15, 17, 19]. Since time delays and impulses are ubiqui- 
tous in real world, the inequalities with impulses and time delays should be developed. 
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It should be notice that, so far, most existing works on delayed inequalities focus on 
the case of discrete time-delays. However, distributed time delays widely exist in many 
dynamical systems involving such areas as neural networks, population dynamics and 
so on. For instance, a neural network usually has a spatial nature due to the presence 
of an amount of parallel pathways of a variety of axon sizes and lengths, it is desired 
to model them by introducing continuously distributed delays over a certain duration 
of time, such that the distant past has less influence compared to the recent behavior 
of the state. Consequently, when studying the natural modeling, both the discrete and 
distributed time delays should be taken into account. To the best of our knowledge, few 
authors studied the impulsive inequalities with discrete and distributed time delays [12]. 

Motivated by the above discussions, the main aim of this paper is to establish a new 
impulsive differential inequality with discrete and distributed delays. Then, we apply 
it to the exponential stability analysis of some impulsive functional differential systems 
with discrete and continuously distributed delays. The results extend and improve the 
earlier publications. 

2. Main results 

In this section, we give a new impulsive integro-differential inequality with discrete 
and distributed delays. 

Theorem 2.1. Let r denote nonnegative constant and functions p(t),q(t),r(t) E 
PC(R, R + ) satisfy the following equation 



D + m(i) < —p{t)m(t) + q(t) sup m(s) + r(t) / k(s)m(t — s)ds,t ^ t k ,t > t , 

t—T<S<t JO 

m(t k ) < a k m(t k ) + b k m(t k - r), k E Z + , 

(2.1) 

where < a < +oo, a k ,b k E R,p(t) > Po > 0, k(-) G PC([0,a],R + ) satisfies 

J °° k(s)e r]os ds < oo for some positive constant r] > in the case when a = +oo. 

Moreover, when a = +oo, the interval [t — a,t] is understood to be replaced by (— oo,t]. 

Assume that 

(i) For any t > t , < q(t) + r{t) \ k(s)ds < qp(t), where < q < 1 is a 
constant. 
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(ii) There exist constants M > 0, rj > such that 

n 

}f[max{ 1, a k + b k e Xr } < Me*"'' 01 , n G Z 
fe=i 

where A G (0, 770) satisfies 



A = inf {\{t) : X(t) - pit) + q(t)e x(t)T + r(t) / A;(s)e A W s ds = 0}. (2.2) 

Then 

m(t) < Mm{t )e-^- r,){t - to \ t > t , (2.3) 

where m (to) = sup m(s). 

tQ—msx{<T,T}<s<to 

Proof. First of all, we shall show that there exists some A G (0, rj ) such that the 
inequality (2.2) holds. 



Denote 



H(\) = \-p(t)+q(t)e XT + r(t) k(s)e As ds. (2.4) 

Jo 

By assumption (i), for any given fixed t > t , we see that 

H(0) = -p(t) + q(t) + r(t) / k(s)ds < 0, 

Jo 

and 

H'(X) = 1 + Tq(t)e XT + r(t) J sk(s)e Xs ds > 0. 

Jo 

Therefore, A exists and A > 0. We have to prove A > 0. Suppose this is not true. Let 
e < min{(l — -)po, _ ma x/ T a \ m ?}i then there is i > to such that X(i) < e and 

X(i) - p(i) + q(i)e x(i)T + r(i) f k(s)e x{i)s ds = 0. 

Jo 

Now we have 

= X(i) - p(i) + q(t)e x ^ T + r(i) f k(s)e x ® s ds 



< e - p(t) + qit)e eT + r(t) / kis)e es ds 

x J ° (2-5) 

< e " P(i) + ~p(i) 

Q 

= e - (1 - -)p(t) < 0, 
Q 
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In order to prove that (2.3) holds for all t > t , we need to show that for t E 

[tfc-ij tk), 

/ k ^ 1 \ 

3 -A(t-t ) 
■ m=0 



/;/ 



(2.6) 



L(t) 



where a = 1, b = 0. 

First, it is obvious that m(t) < ra(to), for £ E [to — max{<r, r}, to]. 
Next we shall show that for t E [to, ti) 

m(t) < m(i )e" A( *~* o) . 
In order to do this, let 

m{t)e x{ t- to \ t>t , 

m(t), t — max{r, a} < t < t . 

Now we only need to show that L(t) < m(t ), t E [t , ti). Suppose on the contrary, 
then there exists some t E [t , t±) such that L(t) > m(to). 

Lett* = inf{t E [t ,ti),L(t) > m(t )}, then L(t*) = m(t ),L(t) < m(t ),t E 
[t - max{r,a},t*], and D + L(t*) > 0. 

For simplicity, let m{6 t *) = sup t *_ r<s<t * m(s), 6 t * E [t* — r, t*]. Calculating the upper 
right-hand Dini derivative of L(t) along the solution of (2.1), it can be deduced that 

D + L(t)\ t=t * = D + m(t*)e x ^~^ + \m(t*)e x ^- t °'> 

< - p(t*)m(t*) + q(t*) sup m(s) + r(t*) 

t*-T<S<t* 



k(s)m(t* — s)ds 



3 ^-*0) +Am ( t *) e A(f-to) 



3 A(t*-to) 



(X - p(t*))m(t*) +q(t*) sup m(s)+ 

t*-T<S<t* 



r(t*) / k(s)m(t* - s)ds 



< [-q(t*)e Xr - r(t*) / k(s)e Xs ds}m(t*)e x ^- to) + q(t*) 



Jo 

-g(t*)e Ar m(t*)e A ( t *-*°) + q(t*) sup m(s)e x(t *~ to) - r(t*) 

t*-T<S<t* 

m(t*)e x ^- t0 U k(s)e W ds + r(t*)e x{t *- to) k(s)m(t* - s)ds 



sup m(s)e X(r - t0) + r(t*)e Air ~ t()J / k(s)m(t* - s)ds 

t*~T<S<t* JO 
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< -q(t*)e Xr L(t*) + q{t*)e^ t '- e ^m{e t ,)e x{e ^- t ^ - r(t*)L(t*) 

k(s)e Xs ds + r(t*) f k(s)e Xs L(t* - s)ds 
o Jo 

< -q(t*)e XT L(t*) + q(t)e Xr L(9 t *) - r{t*)L{t*) (2.7) 



k{s)e Xs ds + r(t*)L(t*) / k(s)e Xs ds 
o Jo 

= 0, 

which is a contradiction. So we have proven L(t) < m(t ) for all t E [t , t±) 
By (2.1) and (2.6), we note that 

L(ti) = m(ti)e A(tl " to) < [oim(*r) + 6i™(^ - T)]e A ( tl_ * ) 

< (oi + 6ie Ar )m(t ) 

< max{l, d\ + 6 1 e AT }m(to). 
Next we claim that for t E \ti,t 2 ), 



i(t) < m(t )l ] J max { 1, a m + b m e Xr } I 
= m(t ) max{l, ai + frie Ar }e~ A( *~* ()) , 



(2.8) 



i.e. 

L(t) < m(t ) max{l, oi + &ie Ar }. 

Suppose not, then there exists some t E [t±, t 2 ) such that L(t) > m(t ) max{l, d + 
bie Xr }. Let£= inf{£ G [t!,t 2 ),L(t) > m(t ) max{l, oi + &ie Ar }}, then 

L(t) = fh(to) max{l, oi + &ie r }, 

L(t) < m(t ) max{l, a\ + bie Xr }, t E [t — max-fr, <r},t\, 

and 

D + L(t) > 0. (2.9) 

Following proof similar to (2.7), we can calculate D + L(t)\ t= i < 0, which is a contra- 
diction with (2.9). Hence, we get that (2.8) holds for all t E [t±, t 2 ). 

Therefore, we get 
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and 

L(t 2 ) = m(£ 2 )e A( ' 2 ~' o) < [a 2 m(t 2 ) + b 2 m(t 2 - r )] e A (<2-io) 

< m(t ) max{l, a ± + b 1 e XT }(a 2 + b 2 e Xr ) 
<fh(t ){ J^[max{ 1, a m + b m e Xr } j. 

Using the same argument as (2.8), together with (2.10), we can get for t E [t 2 , t 3 ), 
m(t) < m(t ) ( H max { 1, a m + b m e Xr } J e - A (*-*«). 

By the method of induction, we can conclude that for t E [tk-i, tk], k E Z + , 



(2.10) 



fe-i 



m(t) < m(to)s I J max{l, a m + b m e Xr } 

^ m=0 

Applying condition (ii), 

m(t) < Mi(f )e' (A "' ,)( '" !o) , t > t . 

So (2.3) holds. The proof of Theorem 2.1 is complete. 

Remark 2.1. It should be noted that we only require that the function k(-) satisfies the 
assumption: k(-) E PC([0, <r],R + ) is integrable if a < +oo. 

Remark 2.2. In the case p(t) = p, q(t) = q, r(t) = r, the above result reduces to the 
inequality in [12]. 

Remark 2.3. Assume that k(s) = 0, we can easily obtain the following result. 

Corollary 2.1. Let r denote nonnegative constant and functions p(t),q(t),r(t) E 
PC(R, R + ) satisfy the following equation 

D + m{t) < —p{t)m{t) + q(t) sup m(s), t ^ t kl t > t , 

t-T<S<t 

m(t k ) < a k m(t k ) + b k m(t k - r),k E Z+, 
where a^, b k E M,p(t) > p > 0. 
Assume that 

(i) For any t > t , < q(t) < qp(t), where < q < 1 is a constant, 
(ii) There exist constants M > 0, i] > such that 

n 

Y[ max {1, a k + b k e Xr 8J22< Me 111 '"^ ', n G Z+, 

fc=i 
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where A > satisfies 



Then 



A = inf {A(t) : X(t) - p{t) + q(t)e x(t)T = 0}. 

t>to 



m(t) < Mm{t Q )e- {x - f ' ){t - U) \ t > t Q , 



where m(t ) = sup m(s). 

t()—T<S<.to 



3. Applications 

In this section, we shall apply the above impulsive delayed inequality to study the 
exponential stability for the following nonlinear impulsive functional differential system 
with diacrete and continuously distributed delays. 

Consider the following system 



x(t) = — p(t)x(t) + q(t) sup x(s) + r(t) / k(s)x(t — s)ds, t^t k ,t>to, 

t—T<S<t JO 

x(t k ) = a k x(t k ) + b k x(t k -t), k e Z+, 

I Xt = V^i *o > 0, 

(3.1) 

where ip E ty, ^ is an open set in PC([— maxjr, a}, 0], IR n ). For each t > t , x t E ^ 

is defined by x t (s) = x(t + s), s E [— max{r, a}, 0]. Define PCB(t) = {x t E ^ \ x t is 

bounded }. For ip E PCB(t), the norm of ip is defined by | \ip\ \ = sup |^(^)|- 

-max{r,o-}<6l<0 

p(t),q(t),r(t) E PC(R,R + ),r> 0, < a < +oo, a k ,b k eR+,p(t) > Po > 0,fc(-) E 
PC([0, a], R + ) satisfies J °° k(s)e VoS ds < oo for some positive constant i] > in the 
case when a = +oo. Moreover, when a = +oo, the interval [t — a, t] is understood to 
be replaced by (— oo, t]. 

Definition 3.1. ( [5]). Let x(t) = x(t,to,(p) be a solution of system (3.1) through 
(to, V 9 )- Then the trivial solution of (3.1) is said to be globally exponentially stable if for 
any t > 0, there exist contants A > and M > 1 such that 

||x(M ,v?)||<M|M|e- A ('- M , ^>^o- 

Theorem 3.1. Suppose 

(i) For any t > to, < q(t) + r(t) J k(s)ds < qp(t), where < q < 1 is a 

Jo 
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constant. 

(ii) There exist constants M > 1 , r\ > such that 



]Jmax{ 1, a k + b k e XT } < Me* - ' ', n e Z+, 
fc=i 

where A E (0, rj ) satisfies 

A = inf {A(t) : X(t) - p(t) + q(t)e x(t)T + r(t) f k(s)e ms ds = 0}. 
t>t J 

Then the solution of system (3.1) is globally exponentially stable. 

Proof. Choose a Lyapunov function for system (3.1) as 

V(t) = \x(t)\. 
Ifty^tk, calculating D + Vit) along the solution of (3.1), we can easily get 

D + V(t) < -p(t)V(t) + q(t)V(t) + r(t) [ k(s)V(t - s)ds, . 

Jo 

where V(t) = sup . In addition, 

t— max{r,cr}<s<t 

V(t k ) = \x(t k )\ < a k \x(t^)\ + b k \x{tl - r)\ = a k Vfa) + b k V(t; - r). 
Then, by Theorem 2.1, we have 

||x(t,t ,^)||<M||v9|| e ^ A ^( t - t °), t>t . 

Therefore,the trivial solution of system (3.1) is globally exponentially stable. 

Remark 3.1. It should be noted that when the variable coefficient of (3.1) satisfy the 
conditions in Theorem 3.1, we can obtain the exponential stability. To some extent, it 
illustrates the effectiveness of our results. 
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Abstract. In this paper, we introduce a modified g-Gamma operators based on the 
concept of g-integral, these operators preserve not only constant functions but also 
linear functions. We establish direct and local approximation theorems of the operators 
and obtain the estimates on the rate of convergence and weighted approximation of the 
operators. 
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1 Introduction 

In recent years, the applications of (7-calculus in the approximation theory is one of 
the main area of research. After ^-Bernstein polynomials were introduced by Phillips [9] 
in 1997, many researchers have studied in this field, we mention some of them as [2], [5], 
[9, 10]. 

In 2007, Karsli [7] introduced and estimated the rate of convergence for functions with 
derivatives of bounded variation on [0, 00) of a new Gamma type operators as follows: 



(2n + 3)!x™+ 3 
n!(n + 2)! J {x + tf 



Ln(f; X) = V _,7_T „ / ,.. ^an+4 /(*)&■ X > °" C 1 ) 



From Lemma 1 in [7], we have L n (l; x) = 1, L n (t; x) = x— ^5, L n (t 2 ; x) = x 2 . Apparently, 
these operators reproduce constant functions but not linear functions. 

It seems there have no papers mentioned about the q analogue of these operators 
defined in (1). In present paper, we will introduce a modified g-Gamma operators G* 
based on the concept of g-integral which will be defined in (4). The advantage of these 
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new operators is that they reproduce not only constant functions but also linear functions. 
We will establish direct and local approximation theorems of the operators G* „ and give 
the estimates on the rate of convergence and weighted approximation of these operators. 
Before introducing the operators, we mention certain definitions based on g-integers, 
detail can be found in [4, 6]. For any fixed real number < q < 1 and each nonnegative 
integer k, we denote g-integers by [k] q , where 

«• = {¥' " # ! : 

[ k, 9=1. 

Also q- factorial and g-binomial coefficients are defined as follows: 



[*]-■ 



I [k] q [k-l] q ...[l] q , A: = 1,2,...; 
"' "1 1, k = 0, 



n 
k 



n n > 



[k] q \[n-k] q V 



(n>k> 0). 



The g-improper integrals are defined as (see 

i-oo/A 



f(x)d q x = (l-q)^f\^J^, A>0, 



provided the sums converge absolutely. 
The g-Beta integral is defined by 

poo/ A t-i 

B q (t;s) = K(A;t) d q x, (2) 

JO {*■ + %)q 

where K(x; t)=^a^(l + ±)*(1 + s)J"* and (a + b) T q = nj=o(« + Q j b), r > 0. 
In particular for any positive integer m, n 

K(x,n) = q- ± r- L , K(x,0) = l and B q (m;n)= * \ , (3) 

T q (m + n) 

where T q (t) is the g-Gamma function satisfies the following functional equations: 

r q (t + i) = [t] q T q (t), ryi) = i. 

(see [2]). 

For / G C[0, oo), q G (0, 1) and n 6 N, we introduce a modified (/-Gamma operators as 
follows: 

i . /(7 n + 1 fT)4-2l \ ra + 3 n(n + l) 

[2n + 3] 'I 9 , Xii k a) g^^~ f°%4 ,„ 

G - (/; x) = — i^Wrd L 7^^r J {tw - <4) 

[n+l], X + V 9 
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In order to obtain the approximation properties, We need the following lemmas: 
Lemma 2.1. For any k € N, k < n + 2 and q £ (0, 1), we have 



[n + k] q \[n- k + 2] q \ fc-fc 2 f[n + 2] q x 



Proof. Using the properties of g-Beta integral, we have 

^n,q \ t 'i X j 



n] q \[n + 2] q \ J f q ^[n+2] q x , , 



pn+3w ra^ « * r" 



dnt 



2n+4 "3 

---.■/ ,. i ; i 

n(n-\-l) i * . t 

[2n + 3] q lq^-^ f°°/ A t n+k 

n+l / r . ,, , \ 2n+4 "<?* 



[n] g ![n + 2] g ! 7 / <T +1 H-2] \" +1 / [»+i] q t V 

! ,, f fn+ll t V 



[2n + 3] q \q^-^ (q n+1 [n + 2] q x\ k [°°/ A \ q ^[n+2} q x) ( [n+l] q t 



[n] q \[n + 2] q \ V h+1], J Jo ( x , [n+iM \ 2 " +4 9 Vg" +1 [n + 2l ( 



(? «+ 1 [n+2] 9 x /(? 

[2n + S],!^^^ 11 /<7 n+1 [n + 2],aA fc £ 9 (n + fc + l;n-ifc + 3) 



[n] g ![n + 2] g ! V [«+!]« 7 K{A;n + k + l) 

[n + k] q \[n - k + 2] q \ k^_ f[n + 2] q x\ k 



[n] q \[n + 2] q \ \[n + l] c , 

Lemma 2.1 is proved. D 

Lemma 2.2. The following equalities hold: 



,* U2.^ l n + 2 ?o Jl 



Gn,q(^ x ) — 1) G* nq (t;x) — x, G* nq (t ;x) — — 1]2 £ , (6) 

g[n -f- ij 9 

G* n , q ((t - x) 2 ; x) = ( J^| - 1 W ^^ (?) 

Proof. From Lemma 2.1, take fc = 0,1,2, we get (6). Since G* nq (it - x) 2 ; x) = G* nq (t 2 ; x) — 
2xG* nq {t; x) + x 2 , and using (6), we obtain (7) easily. □ 

Remark 2.3. Let n £ N and x £ [0, oo), then for every q £ (0, 1), by Lemma 2.2, we have 

G* n ^t-x;x)=0. (8) 
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3 Local approximation 

In this section we establish direct and local approximation theorems in connection with 
the operators G* (f;x). 

We denote the space of all real valued continuous bounded functions / defined on the 
interval [0,oo) by Cb[0, oo). The norm || • || on the space C B [0,oo) is given by 
sup{|/(x)| :xG [0,oo)}. 

Further let us consider Peetre's K— functional: 

K 2 (f;S)= inf 2 {||/-«7|| + <VII}, 

where 6 > and W 2 = {g G C B [0, oo) : g',g" G C B [0, oo)}. 

For / G C B [0, oo), the modulus of continuity of second order is defined by 

u* (/;*)= sup sup |/( x + 2ft)-2/(x + /») + /(x)|, 

0</i<<5xe[0,oo) 



by [1, p. 177] there exists an absolute constant C > such that 

K2(f;6)<CLo 2 (f;Vs), 5 > 0. 



(9) 



Our first result is a direct local approximation theorem for the operators G* (f;x). 
Theorem 3.1. For q G (0, 1), x G [0, oo) and f G C B [0, oo), we /lave 



|G*„ (f;x)-f(x)\<Cu2 /; 



Ct ; n,(;V^'/ 



(10) 



where a n n(x) is defined in (7) and C is a positive constant. 
Proof. Let g G VF 2 , by Taylor's expansion, we have 



g(t) = g(x) + g'(x)(t - x) + / (i - u)g"(u)du, x, £ G [0, oo). 

J X 

Using (6), we get 

G n, q {9\ x) = g(x) + G* nq i I (t - u)g"(u)du;xj . 



Thus, we have 

\ G *n,q(g;x) -g(x)\ 



G^ q (J{t-u)g"{u)du;x 



— Gn,q 



(t - u)\g" \u)\du 



; x 



< Gr^qiit-X) 2 ^) \W'\\ = Un,q(x)\\g"\\, 



:id 
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where oc n n(x) is defined in (7). On the other hand, using Lemma 2.2, we have 



\2n + %\[^^x) q— r /A t n ]m 

\2n+4 (i 9 t — II 

' q 

(12) 



K ' ; "-" (/: ' r)| - ■ \n] q \[n + 2] q \ J ^n +Mn+2] yn + 4d q t< 



Now (11) and (12) imply 

\G* nyq (f;x)-f(x)\ < \G* njq (f-g;x)-(f-g)(x)\ + \G^ q (g;x)-g(x) 
< 2\\f-g\\ + a n , q (x)\\g"\\. 

Hence, taking infimum on the right hand side over all g £ W 2 , we get 

\G* n:q (f;x)-f(x)\<2K 2 (^f;^l 
By (9), for every q £ (0, 1), we have 



|G; 9 (/;x)-/(x)|<Cc 2 l/;-/ a ^ (x) 

This completes the proof of Theorem 3.1. □ 

Remark 3.2. Let q = {q n } be a sequence satisfying < q n < 1 and lim„g n = 1, we have 
lim n ct n ^ n = 0, this gives us the pointwise rate of convergence of the operators G* (f;x) 
tof(x). 

4 Rate of convergence and Weighted approximation 

Let B x 2[0,oo) be the set of all functions / defined on [0, oo) satisfying the condition 
\f(x)\ < Mf(l+x 2 ), where Mf is a constant depending only on /. We denote the subspace 
of all continuous functions belonging to B x 2[0, oo) by C x 2[0,oo). Also, let C* 2 [0,oo) be 
the subspace of all functions / £ C x 2[0, oo), for which lim^^oo tt— 4 is finite. The norm on 

C* 2 [0, oo) is ||/||a;2 = sup^gro^oo) {1^2 • We denote the usual modulus of continuity of / on 
the closed interval [0, a], (a > 0) by 

Va(f;6)= SUp SUp \f(t)-f(x)\. 
\t-x\<5x,t&[0,a] 

Obviously, for function / € C x 2[0, oo), the modulus of continuity u> a (f; 5) tends to zero. 

Theorem 4.1. Let f £ C x 2[0,oo), q £ (0, 1) and w a +i(/;<5) be the modulus of continuity 
on the finite interval [0, a + 1] C [0, oo), where a > 0. Then we have 

\\G* n Jf)-f\\ CM <6M f (l + a 2 )a n , q (a)+2u; a+1 (f; sja n , q (a)\ , (13) 

where a n , q {a) is defined in (7). 
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Proof. For x £ [0, a] and t > a + 1, we have 

|/(t) - /(x)| < M/(2 + x 2 + i 2 ) < M f [2 + 3x 2 + 2(t - x)\ 

hence, we obtain 

\f(t)-f(x)\<6M f (l + a 2 )(t-x) 2 . (14) 

For x £ [0, a] and £ < a + 1, we have 

\f(t)-f(x)\<u a+1 (f;\t-x\)< (l + ^^\u a+1 (f;S), 5 > 0. (15) 

From (14) and (15), we get 

\f(t) - f(x)\ < 6M f (l + a 2 ){t - x) 2 +(l+ l *^\ Wo+1 (/; <5). (16) 

For x G [0, a] and £ > 0, by Schwarz's inequality and Lemma 2.2, we have 

\G* n , q (f;x)-f(x)\ 

< Gn, q (\f(t)-f(x)\;x) 

< 6M f (l + a 2 )G* n<q ((£ - x) 2 ; x) + u a+1 (f; 5) (l + \^G*J(t - xj; x) 
= 6M/(1 + a 2 )a„ i(? (a) + w a +i(/; $) ( 1 + 71/^,5(0) 



where a n ,cj(o) is defined in (7). By taking <5 = ^/a n , g (o), we get the assertion of Theorem 
4.1. D 

Finally, we will discuss the weighted approximation theorem. 

Theorem 4.2. Let the sequence q = {q n } satisfy < q n < 1 and q n — ► 1 as n ^ 00, /or 
/ G G* 2 [0,oo), we /iawe 

lim ||G^(/)-/|| x2 =0. (17) 

Proof. By using the Korovkin theorem in [3], we see that it is sufficient to verify the 
following three conditions 

lim \\G* ntqn (t v ;x)-x v \\ x 2, v = 0,1,2. (18) 

Since G* n (l; x) = 1 and G* j(?n (t; x) = x, (17) holds true for f = and u = 1. 
For v = 2, we have 



(.2 \ _ 11 _ l^n.gnV^ i x ) x 

Qnl 1 > X J X l|z SU P 1 + X 2 



\Gn,q n \t ;X)—x\\ x — SUp 

xe[o,oo) 



2 \ 2 

X 



[" + % n ! 



sup 



\^ n [n + lJ 2 n J x e[o,oo)^ + x 2 
[n + 2] 2 
9n[n + l] 2 n 
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Since lim n _ +00 q n = 1, we get linin^oo — , % 1 = 0, so the condition of (18) holds for 

v = 2 as n — ► oo, then the proof of Theorem 4.2 is completed. D 
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Abstract. In this paper we introduce a class of complex Schurer-Stancu op- 
erators and study the approximation properties of these operators. We obtain 
the order of simultaneous approximation and a Voronovskaja-type result with 
quantitative estimate for these complex Schurer-Stancu operators attached to 
analytic functions on compact disks. More important, our results show the 
overconvergence phenomenon for these complex operators. 

Keywords: complex Schurer-Stancu operators; linear positive operators; si- 
multaneous approximation; Voronovskaja-type result 

Mathematical subject classification: 30E10, 41A25, 41A35 

1. Introduction 

In 1986 some approximation properties of complex Bernstein polynomials in 
compact disks were initially studied by Lorcntz [1]. A Voronovskaja-type result 
with quantitative estimate for complex Bernstein polynomials in compact disks 
was obtained by Gal [2]. Also, in [3-10] similar results for complex Bcrnstein- 
Kantorovich polynomials, Bcrnstcin-Stancu polynomials, Kantorovich-Schurer 
polynomials, Kantorovich-Stancu polynomials, Bernstein-Durrmeyer polynomi- 
als and genuine Durrmcycr-Stancu polynomials were obtained. 

The goal of this paper is to obtain approximation results for the complex 
Schurer-Stancu operators (introduced and studied in the case of real variable in 
[11]) defined for any fixed p £ {0, 1, 2, ...}, < a < (3 by 

S& Hf;z) = £ ( " 3 P ) **(1 - z) n+p - j f(^),z£ C. 

It is clearly, in the case p = a = f3 = 0, these complex operators become the 
complex Bernstein operators. 



'Corresponding Author Xiao-Ming Zeng and Mei-Ying Ren. 
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Note that, all these results put in evidence the overconvcrgencc phenomenon 
for the complex Schurcr-Stancu operators, that is the extensions of approxima- 
tion properties (with quantitative estimates) from real intervals to compact disks 
in the complex plane. 

2. Preliminaries 

In the sequel, we shall need the following auxiliary results. 

Lemma 1. For fixed p G N1J{0}, < a < (3, let e k (z) = z k , k G N1J{0}, 
z G C and 1 < r. Then for all \z\ < r and n G N, we have 

\S£/\e k ; z) - e k (z)\ < 2 * ( * ~ * + ^ [(p + l)r] fc + -±^[(p + l)r] fc - -g-. 

,l n + p + p n + p n + p 

Proof. To estimate \S^p (e k ; z) — e k (z)\, for fixed n G N, we consider two 
possible cases: (1) < k < n +p ; (2) k > n + p. 

Denoting by A fc the finite difference of order fc, as in the case of the classical 
Berstcin polynomials, we can easily deduce the representation formula 



n+p 






n + p 
3 



A 



l/(n+f3)f( a /( n + ( 3 )) e d Z )- 



Case (1). If k = 0, we have S n a p [e k ] z) — e k (z) = 0, therefore, let us suppose 



that 1 < k < n + p. Denote cl P f,' /3) 

n,j.K 



n + p 
J 



A 



[/(n+f3fk( a /( n + /?))> 



j = 0, 1, ...n + p, then C^f = ( n + P ) [a/(n + (3), (a+ l)/(n + /J), ..., (a + 



n+p 



j)/(n + /3);e fc ](j!)/(n + /3p, S%f>{e k ;z) = £ C&f ^-(s). 



i=o 



(p,a,/3) 



Since e k is convex of any order, it follows that all C^ ■ k > 0. By using the 
property of the usual divided difference and S n a p (f; 1) = /( "^"l" p ), we get 

r yP^ ( (p,a,/3) _ y^ ,-,(>, a,/?) _ (n+a+p) k 
Z-^ n.j.k ^ n.j.k 

3=0 3=0 



(n+/3) k 



For any \z\ < r with 1 < r, we can write 



IS&fW) -<*(*)! = 



z^Sf^)-^ 



J=0 



fc-1 



\(c^ ) -r ) e k (z) + Y.Cn p :*feA 



3=0 



< 



(n +p — k + l)(n +p — k + 2) • • • (n + p) 
{n + (3) k 
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(n + a + p) k (n+p- k + l)(n + p- k + 2) • • • (n + p) 



< 2 



(n + l3) k (n + f3) k 

(n + a + p) k (n + p — k + l)(n + p — k + 2) • • • (n + p) 



(n + f3) k 



[n + fi) k 



(n + a +p) k 
(n + [3) k 

k k 

In view of < a < j3 and 1 — Yl x j < E (1 — x j)> — x j — !>.?' = 1> ■•■> &i 

i=i i=i 

we get 

(n + a +p) fe (n +p — fc + l)(n + p — k + 2) • • • (n + p) 



(n + [3) k 



(n + (3) k 



i n + f 3 + P ) k y( 1 n+p-k + j \ _ fc(fc- 1 + 2/3) | fc 



n + j3 



,;=i 



n + (3+p ) 2(n + f3+p) 



On the other hand, we get 



(n + a+p) k (n + /3 + p) fc _ 3 , \ J ' 



(n + /?) fe 



(n + /?) fe 



(n + /3) fe 



< 



(n + /3) fe-i fe E Y * )pfc-.y 



(n + /?) fc 
As a conclusion , we have 



n + /3 



[0> + i) fe -i] 



\S^f\e k ,z)^e k (z)\< k{ \\\^\ (p+l)rf + ^[(p+l)rf-^- 
F n + p + p n + p n + p 

Case (2). For k > n + p > 1 and \z\ < r with 1 < r, we get 



|^)(e fc ;z)-e fc (z)|<|5^)(e fc )(z)|+/ 



fc <r (" + a+p) fc J+p fc 



(n + (3) k 



r '* + r 



^2(n + a+p) k ... .,, Ifc 2(fc-l + 2/?) r , ,, lfc 

(n + a) fe n + p+p 

Combining it with the above Case 1, we get the desired inequality. 

Lemma 2. For fixed p e N1J{0}, < a < (3, let e fc (z) = z k , k e N1J{0}, 
z G C, we have 

#/W;*) = Z -^-^[Si a / ] {e k -z)]> + a+ ^ + R P)Z S£f\e k ;z), z e C. 



n + (3 



n + /3 
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Proof. Differentiating the sum s k a 



^>) = |v«)f; p )4i 



z)" +p J and then dividing the formula by (n + [3) k+1 , through simple calcu- 
lation, we get the recurrence formula in statement. 

3. Main results 

The first main result is expressed by the following upper estimates. 

Theorem 1. For fixed p E N1J{0}, < a < f3 and R > p + 1, let us de- 
note Br — {z s C; \z\ < R} and let us suppose that / : Br — ► C is analytic in 

oo 

Br, i.e., f(z) — J2 c k zk for ah z G Br. Assume that 1 < r and r(p + 1) < R. 

k=0 

(i) For all \z\ < r and n £ N, we have 

\Sl«fXf-z)-f{z)\<M^{f) 1 

where 

M^i\f) = £ 1*1 { 2 *^g a [r(p+ l)] fe + ^[r(p+ l)] fe - ^} < oo. 
(ii) if 1 < r < Ti < ri(p + 1) < i?, then for all |z| < r and m,n^N, we have 

|[^(/;*)] (ro) -/ M (*)l < ^™ n ffil ri , 

where Mr"p,h(f) is defined as in (i) above. 

Proof, (i) Denote ek(z) — z k . By the hypothesis that f(z) is analytic in 

oo 

Br, i.e., /(z) = £ Cfc^* f° r a ll 2 G Br, we easily get (as in the case of the 
k=o 

Bernstein polynomials) Sn^p (f;z) = £ c kSn,p (ek',z), which implies 

k=0 

oo 

\S^f\f;z)-f{z)\<Y J \c k \-\S^f\e k ;z)-e k {z)\, 
fe=i 

as Snj, (eo; z) — eo(z) — 1. By lemma 1, we can get the desired inequality. 

oo 

Since f(z) is analytic in Br, we have f^ 2 \z) — £ c kk(k — l)z k ~ 2 and the 

k=2 

oo 

series is absolutely convergent in \z\ < r(p + 1), it follows that £ l c fc|fc(fc — 

fc=2 

l)[r(p + l)] fe ~ 2 < oo, which implies that M^ p ]i\f) < oo. 

(ii) For the simultaneous approximation, denoting by T the circle of radius 
r\ > r and center 0, since for any \z\ < r and v G T, we have f — z\ >r\— r, 
by Cauchy's formulas, it follows that for all \z\ < r and m,n£N, we have 



\[S { n a f ) (f;z)] {m) -f {m \z)\ = ^ 

ZlT 



Sk a / ) (f;v)-f(v) 



_ r ta+l 



(v-z) 
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<M(f;^)(/) 



m! 2titi _ M r ( f;" ,/3) (/)m!n 



' 2?r (n - r) m+1 (n - r) m+1 

which proves the theorem. 

The following Voronovskaja-type result with a quantitative estimate holds. 

Theorem 2. For fixed p £ N1J{0}, < a < j3 and R > p + 1, let us de- 
note Br — {z £ C; |^| < i?} and let us suppose that / : Br — ► C is analytic in 

oo 

Br, i.e., f(z) = 5Z c fc z/c f° r a ^ z S Br. For all \z\ < 1 and n £ N, we have 

fc=0 



S M, (/; ,. /m ^ ) .M r , 



Mff\f)_ 

~ (n + /3) 2 : 



where 

oo 

< M£""«(/) = £ |c fc |(fc - l)[A k Ap+l) + B { k a f%+l) k - 2 < oo, 

fc=2 

A M = 2(fc - l)[2(fc - l)(fc - 2 + 2/3) + 1], B[ a f ] = (k - l)[(5fc -6)\0-p\ + 
4fc 2 - 13fc + 10 + (5fc - 8)a + (|/3 -p\+ a) 2 }. 

oc 

Proof. Denote e k (z) = z fc . Since / is analytic in Br, i.e., f(z) — ^ Cfcz' 

fe=o 

for all z £ Br, we can easily obtain Sn,p (/; z ) = X) c kSn,p {e k ' : 2). 

fc=0 

Taking into account that 5„"p (eo;z) = 1 and S^ p (e\; z) — e-i(z) — 



W-p)z 



n+f3 



we obtain 



i^s»t/;.)-/w + ^p/'w-^rwi 

Denote 

F (^)( z ) _ Qi°J)( Pu . z ) _ eu (z\ + KP ~ P> ~ a ] kz "~ 1 _ k(k-l)(l-z)z k - 1 
^k,nA z >- b n,p [e k ,z) e k (z) + n + f3 2(n + P) 



\ '^'Irl in q r\AlirnAmi o 1 r\t rlnrrvnA <" i^ onrl fliar £7^ ''' 1 



z 



It is obvious that E K k n ' (z) is a polynomial of degree < k and that E^ ^ ' ( 
E^ p \z) = 0. ^ "_ 

Using of the recurrence in Lemma 2, for all k > 2, n £ N and z G Bi, by 
simple calculation, we can get 
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where 



G 



SSM- ^^(1- + W - pW - <^f^>} 



n + /3 



(fc-l)z 



fe-2 



(n + /3) 2 
(fc-2)(l-z)[fc-2- (Jfc- l)z 



{[-(k- 2)((/3 - p)* - a) - (/? - P )z](l - z) 



- [a + (n + p)z] [(/3 - p)z - a] 



+ 



(fc-2)(l -z)[a+ (n + p)z] 



T!+T 2 . 



In view of a + (n + p)z = [a — (/3 — p)z\ + (n + (3)z, by simple calculation, 
we obtain 

T 2 = -T, + ( * ~ ^~ 2 2 {{(-3k + 4)(/3 - p) - (k - l)(fe - 2)}z(l - z) 

+ (k - 2)(3a + k - 2)(1 - z) + 2[(/3 - p)z - a] 2 } . 
So, for all k > 2, n G N and z £ Di, we have 



M,P) 



G k ^(z)\ = \T 1+ T 2 \< 



fc-1 



{(3fc-4)|/?-p| + (fc-l)(fc-2) 



(n + /3) 2 

+ (fc - 2)(3a + fc - 2) + (|/3 - p| + a) 2 } . 
Denote ||/||i = max{f(z); \z\ < 1}, by the Bernstein inequality and the 



Lemma 1, we obtain 



,(",/?), 



?(oc,0) , n V 



(«,/8) 



-,(",/3), 



< (p+ i)i4-fLwi + ^=^n4-fi,p(^)iii + ig£5wi 

< (p + l)l4-fi, P WI + ^T^ [\\S^\e k ^;-)-e k ^\\i 
[(/3 - p)ei - a](fc - l)e fe _ 2 (fc - l)(fc - 2)(1 - ei)e fc _ 2 



n + /3 



2(n + /3) 



+ \G k r>(z 



<( P + l)l4-fi, P (^)l + \nl\y {2{k ~ 1)[2(fc -l)(^-2 + 2/3) + 1]} 



+ 



fc-1 

(n + /3) ; 



■[(5k - 6)\/3 -p\+ 4fc 2 - 13fc + 10 + (5k - 8)a + (|/3 -p| + a) 2 



\fe-i 



B 



:= (P+ l)l^fc-i,„, P Wl + ^^-5T2-^,/3 



(«,/8) 



(n + /3) 2 K ' p (n + /3) 2 ' 

where A kJj = 2(fc - l)[2(fc - l)(fc - 2 + 2/3) + 1], B^ = (k - l)[(5fc - 6)|/3 - 
p\ + 4fc 2 - 13fc + 10 + (5k - 8)a + (|/3 - p| + a) 2 ]. 
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In view of E^(z) = E[^fJ(z) = for any z G C, also, A kJj and B { k a p 0) 
are increasing as functions of k, by writing the last inequality for k = 2,3, ..., 
we easily, step by step, obtain the following: 



A: 



%,^tt!r^. . (p±i)*_! x- R («,/3) 



(r+l)*- 1 _ (p+l) fc - 2 _ M 

- (n + pr { ' ' (n + P) 2 ( ' k ' p ' 

This inequality combined with that one at the beginning of the proof imme- 
diately implies the required estimate in statement. 

oo 

Note that, since f^(z) — ^2 c kk(k — l)(fc — 2)(fc — 3)z fc ~ 4 and the series 

fe=4 

is absolutely convergent for all | z \ < p + 1 , it easily follows the finiteness of the 
involved constants in the statement. 

Remark 1. If in the hypothesis of Theorem 2 we consider 1 < r with r(p + 1) < 
R, then by similar reasoning, we obtain an estimate of the form 



^(/;,)-/ W + ^p rW -^ rW 



- (n + /?) 2 



valid for all \z\ < r, n G N and p G N1J{0}, < a < (3, where M^p ,/3) (/) is a 
constant independent of n and z. 

Next the exact order of approximation by complex Schurer-Stancu operators 
is obtained. 

Theorem 3. For fixed p G Nlj{0}, < a < /? and > p, Let R > p + 1, 

Br — {z G C; |z| < R}. Suppose that / : B# — > C is analytic in B#. Also, 
let 1 < r and r(p + 1) < R. If / is not a polynomial of degree 0, then for any 
r G [1,.R), we have 

\\Si a f\f;-)-f\\ r >^-)P-,n€N, 

' F n + p 

where ||/|| r = tna>x{\f (z)\; \z\ < r} and the constant Cr°p (/) depends only on 
f,p, a, (3 and r. 

Proof. Denote e/c(z) = z k , keeping the notation there for E k a n Uz), for all 
z G D/j and n G N, we have 

Si a f\f;z) - f{z) = ^ |£il^l/" W - l((3-p) z a]f(z) 



^l(n + PfE^>(z)) 
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In view of the property ||F + G|| r > |||F|| r - ||G|| r > ||F|| r - ||G|| r , it follows 
\\S^f\.f;-)-.f\\r>^i [ \\ ei{1 2 ei) r-[(l3-p)e 1 -a]f\\ r 



(«,/3)| 



n + (3 [y ' ! " k ' n ' p 

Taking into account that by hypothesis / is not a polynomial of degree 

in Dr, we get || 2 f" ~ K^ — V) e \ ~ a ]f'\\r > 0. Indeed, supposing the 

contrary, it follows that 2 f"( z ) ~ \iP ~ P) z ~ a ].f'( 2: ) = for all z G D r . 
Clearly, the analyticity of / implies that / is a constant (since contrariwise 

2 f"( z ) ~ [(& ~ P) z ~ a ]/'( z ) i s a polynomial of degree at least 1, which 
cannot be equal to 0), a contradiction to the hypothesis. 

By the Remark 1 after the Theorem 2, we get {n+0) 2 \\E^\\ r < M^/\f). 
Taking into account — j-g — ► as n — > 00, therefore, there exists an index no 
depending only on /, p, a, (3 and r such that for all n > no, we have || 2 f" — 
[(/5-p)e 1 -«]/'|l--7^[(« + / 3 ) 2 H^&2lW > il|^V^ 1 /"-[(/3-p)e 1 -o ; ]/'|| r -, 
which implies ^^(/jO-ZHr^ ^)ll £l ^ ll /"-[(/3-P)ei-a]f||ofor 
all n > hq. 

For 1 < n < no-1, we have H^/^/; -)-/||r > ^T+i^ , where W,fr#(/) = 

(n + J 9)-||S^ ) (/;-)-/||r>0. 
As a conclusion, we have 

\\S^f\h ■) f\\r > r n P + y J , for all n G N, 

where C&«(/) = mm{<«f (/), . . . , l<f ljP (/), I|| -M/"- [(0-p) ei - 
a]/'|| r }, this completes the proof. 

Combining now Theorem 3 with Theorem 1, we get the following result. 

Corollary 1. For fixed p G N|J{0}, < a < j3 and j3 > p, Let R > p + 1, 

Dr = {z G C; |z| < i?}. Suppose that / : Dr — > C is analytic in Dr. Also, 
let 1 < r and r(p + 1) < R. If / is not a polynomial of degree 0, then for any 
r G [1,.R), we have 

ll^Cf;-)-/!!^-^, neN, 

F n + p 

where ||/|| r = rnax{\f(z)\; \z\ < r} and the constants in the equivalence depend 
only on /, p, r and a, [3 but are independent on n. 

Theorem 4. For fixed p e N1J{0}, < a < 13 and /? > p, Let R > p + 1, 

Dr = {z G C; |z| < R}. Assume that / : Dr — + C is analytic in Dr. Also, let 
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m € N, 1 < r < r\ < r\(p + 1) < R. If / is not a polynomial of degree < to — 1, 
then we have 



\\[sk:fHf;-)] (m) -f {m) \\r 



1 



n + /3 



, neN, 



where ||/|| r = fnax{\f(z)\; \z\ < r} and the constants in the equivalence depend 
only on /, p, r, n and to, a, /? but are independent on n. 

Proof. Taking into account the upper estimate in Theorem 1, it remains to 
prove the lower estimate only. 

Denoting by V the circle of radius r\ > r and center 0, by Cauchy's formula 
it follows that for all \z\ < r and to, n G N, we have 

[#/>(/; *)] (m > -/<">(*) = £f /\ {f J$~J {v) *»- 

Keeping the notation there for -E^ p(z), for all w G T and n G N, we have 

s£/> (/;«) - /(«) = ^ {^^/» KP-p)v a]ftv) 



which replaced in the above Cauchy's formula implies 



[^ ) (/;^)] (m) -/ (ro) (^) 



l 



n + /3 



z(l-z) 



/"(«)-[(0-p)* -«]/'(«) 



(m) 



1 



2 P («,ffl, 



m! /(n + ^^M 



n + /? 2tti „/ r (u - z) m+1 
Let ei(z) = z, passing now to || • || r , we have 

ei(l - ei) 



cfo 



ll[^ /3) (/;-)r-/ (ro) llr>^ 



n + /3 



TO ! 

2~7ri 



2 

2 P W) 



f"-[(j3-p)ei-a]f 



('») 



! r(- + /3) 2 4Xp(^) 



(u - •) m + 1 



eh; 



Since for any \z\ < r and v G L, we have |t> — .z| > n. — r, so, by the Remark 
1 after the proof of Theorem 2, we can get 



TO 

27ri 



i r(« + /3) 2 <„!>) 



(v - -) m+1 



fi'C 



< 



2-7T (ri — r) 



27rri M{a j )m = M^i\f)m\n 

|m+l ri,p \J) 



Also by the hypothesis on /, we have 



e -^ A f"-[{p-p)ei-a]f' 



(n -r) m+1 

(m) 



> 



0. Indeed , let to = 1, supposing the contrary it follows that 2 f"(z) — [(/? — 
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p)z — a]f'(z) is a constant. Clearly, this is possible only if / is a constant ( since 
contrariwise, then ~ z ' f"(z) — [(j3 — p)z — a]f'(z) is a polynomial of degree at 
least 1, which cannot be equal to a constant ), which implies / is a polynomial 
of degree < m — 1, a contradiction. Now let to > 2, supposing that 



rt \ i ( m ) 

ei(l-ei) „ . , 

7, / - [\P - P) e i - a \f 



= o, 



it follows that 2 — f"(z) — [((3—p)z — a]f'(z) is a polynomial of degree < m — 1 
(without free term), that is 2 f"( z ) ~ [0^ — £*) z — a ]/'( z ) = Qm-i(z) = 

m—l 

~}2 &kZ k ■ This is an inhomogeneous linear differential equation, therefore its 

fe=i 

general solution is of the form f(z) — B(z)+P£ l _ 1 (z), where B(z) is the general 

solution of the homogeneous equation % z f"(z) — [(/3 — p)z — a]f'(z) = and 
Pm-i( z ) is a particular solution of the inhomogeneous differential equation. 

On the one hand, according to the proof of Theorem 3, we have B{z) = c, 
where c is a arbitrary complex constant. On the other hand, we seek the partic- 

771—1 

ular solution under the form P* n _ 1 (z) — J^ a k zk which replaced in the inhomo- 

fc=i 
geneous equation produces, by simple calculation (identification of coefficients) 

a compatible linear algebraic system of m — 1 equations with to — 1 unknown 

771—1 

a£, this shows that f(z) is of the form f(z) = c + J^ a \ zk ■> a contradiction. 

fe=i 

(m) 



Therefore, for all to G N, we have 



e -^ A f"-[{P-p)ei-a]f 



> 



0. Continuing by reasoning exactly as in the proof of Theorem 3, wc immediately 
get the desired conclusion. 
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TRIPLE FIXED POINT THEOREMS FOR WEAK {ip - ^-CONTRACTIONS 

ERDAL KARAPINAR, KISHIN SADARANGANI 

Abstract. The notion of coupled fixed point is introduced in by Bhaskar and Lakshmikantham in [2]. 
Very recently, the concept of the tripled fixed point is introduced by Berinde and Borcut [TJ. They also 
proved some triple fixed point theorems. In this manuscript, by using the weak (-0 — </>)-contraction, the 
results of Berinde and Borcut [TJ are generalized. 



1. Introduction and Preliminaries 

Very recently, Berinde and Borcut [I] introduced the concept of tripled fixed point and proved some 
related theorems. The notion of triple fixed point is a generalization of the concept of double fixed 
point which was introduced by Bhaskar and Lakshmikantham [5] in 2006. In this remarkable work, they 
proved the existence and uniqueness of the double fixed point. After that, Lakshmikantham and Ciric in 
[7] generalized these results by using g-monotone mappings. Various results on coupled fixed point have 
been obtained since then (see e.g. [31 01 [6j [8] ) . 

In this manuscript, by using the {<fi — V')-contraction, the results of Berinde and Borcut pQ are gener- 
alized. The weak (^-contraction was introduced by Alber and Guerre-Delabriere [TU] in 1997. The notion 
of ((/) — ^-contraction is a generalization of a weak (^-contraction (see e.g. [TT1 IT21 IT5] ) 

Let (X, d) be a metric space and X 2 :— X x X. Then the mapping p := X 2 x X 2 :—> [0, oo) such that 
p((xi, y±), (x2, 2/2)) := d(xi,X2) + <i(yi, 2/2) forms a metric on X 2 . A sequence {{x n }, {y n }) G X 2 is said 
to be a double sequence of X. 

Definition 1. (See ^) Let (X, <) be partially ordered set and f:IxI-> X . F is said to have mixed 
monotone property if F(x,y) is monotone nondecreasing in x and is monotone non-increasing in y, that 
is, for any x, y G X , 

Xi<X2=>F(xi,y)<F(x2,y), forxi,x 2 eX, and 

yi < 2/2 =*• F(x,y 2 ) < F(x,yi), fory 1 ,y 2 € X. 

Definition 2. (see ^\) An element {x,y) € X x X is said to be a couple fixed point of the mapping 
F :X x X -> X if 

F(x,y) = x and F(y,x) = y. 

Throughout this paper, let (V, <) be partially ordered set and d be a metric on X such that (X, d) is 
a complete metric space. Further, the product spaces X x X satisfy the following: 

(u, v) < (x, y) <^ u < x, y < v; for all (x, y), (u, v) G X x X. (1.1) 

The following two results of Bhaskar and Lakshmikantham in [5] were extended to class of cone metric 
spaces in [5]: 

Theorem 3. Let F : X x X — > X be a continuous mapping having the mixed monotone property on X . 
Assume that there exists a k G [0, 1) with 

d{F(x, y),F(u, v)) < - [d(x, u) + d(y, v)] , for all u < x, y < v. (1.2) 

// there exists xo,yo G X such that xq < F(xo,yo) and F(yo,xo) < yo, then, there exists x, y € X such 
that x = F(x, y) and y = F(y, x) . 

Theorem 4. Let F : X x X — > X be a mapping having the mixed monotone property on X. Suppose 
that X has the following properties: 
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(i) if a non- decreasing sequence {x n } —> x, then x n < x, Vn; 
(i) if a non-increasing sequence {y n } — > y, then y < y n , Vn. 
Assume that there exists a k £ [0, 1) with 

d(F(x, y),F(u, v)) < - [d(x, u) + d(y, v)] , for allu<x, y < v. (1.3) 

// there exists Xg,yo £ X such that xq < F(xo,yo) and F(yg,xo) < yo, then, there exists x,y £ X such 
that x = F(x, y) and y = F(y,x). 

2. Triple Fixed Point Theorems 

Let (X, <) be partially ordered set and (X, d) be a complete metric space. We consider the following 
partial order on the product space X 3 = X x X x X: 

(u, v, w) < (x, y, z) if and only if x > u, y < v, z > w, (2-1) 

where (u, v,w), (x, y, z) G X 3 . Regarding this partial order, we state the definition of the following 
mapping. 

Definition 5. (See [1]^ Let (X, <) be partially ordered set and F : X 3 — > X . We say that F has the mixed 
monotone property if F(x, y, z) is monotone non- decreasing in x and z, and it is monotone non-increasing 
in y, that is, for any x, yx, z G X 

xi,x 2 eX, x 1 <x 2 ^ F(xi,y,z) < F(x 2 ,y,z), 

yx,V2 eX, y x <y 2 ^ F(x,yi,z)>F(x,y 2 ,z), (2.2) 

zi,z 2 £ X, zi<z 2 ^> F(x,y,zi) < F(x,y,z 2 ). 

Definition 6. (See ,lj An element (x, y, z) £ X 3 is called a triple fixed point of F : X 3 —¥ X if 

F{x, y, z) — x and F(y, x,y) = y and F(z, y,x) = z (2-3) 

For a metric space (X, d), the function p : X 3 — > [0, oo), given by, 

p((x, y, z), (u, v, w)) :— d(x, u) + d{y, v) + d(z, w) 

forms a metric space on X 3 , that is, (X 3 ,p) is a metric induced by (X, d). 

Let $ denote the all functions <fr ■ [0, oo) — > [0, oo) which is non-decreasing and satisfies that lim t _j. r cj)(t) > 
for all r > and lim t _j.o+ <fi(t) = 0. 

Let ^ denote the all functions ip : [0, oo) — > [0, oo) which satisfy 

(i) tp(t) = if and only if t = 0, 
(ii) ip is continuous and non-decreasing, 
(Hi) tp(s + t) = ip(s) + i/j(t), Vs,ie[0,oo). 
The aim of this paper is to prove the following theorem. 

Theorem 7. Let (X, <) be partially ordered set and (X, d) be a complete metric space. Let F : X 3 — > X 
be a continuous mapping having the mixed monotone property on X. Assume that there exist constants 
a,b,c £ [0, 1) such that a + 26 + c < 1 with 

ip(d(F(x,y, z), F(u,v,w))) < ip([ad(x, u)+bd(y 1 v)+cd(z,w)]) — (j) (\ad(x, u) + bd(y,v) + cd(z, w)]) (2.4) 

for all x > u, y < v, z > w, where <fi £ $ , ip £ \t . Suppose that there exist Xq, yo, zq £ X such that 

xo<F(x ,y ,z ), yo> F(y ,x Q ,y Q ), z < F(z ,y ,x ). 

Suppose either 

(a) F is continuous, or 

(b) X has the following property: 

(i) if non- decreasing sequence x n — > x (respectively, z n — > z), then x n < x (respectively, z n < z) 

for all n, 
(ii) if non-increasing sequence y n — > y, then y n > y for all n, 
then there exist x,y, z £ X such that 

F(x,y,z)=x, F(y,x,y)=y, 

F(z,y,x) = z. 
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Proof. We construct a sequence {(x n , y n , z n )} in the following way: Set 

X\ = F(x ,yo,z ) > x , y\ = F(y ,x Q ,y ) < y ,z x = F(z , yo,x ) > z , 

and by the mixed monotone property of -F,for n > 1, inductively we get 

x„ = F(x„-i,y„-i,z n -i) > x n -i >■■■ >x , 
Vn = F{y n _ u x n _ 1 ,y n ^ 1 ) < y n _ x < ••• < y , 



%n " \^n— 1 ? Vn— 1 j *^n— l) — ^n- 



> 



> z . 



Due to (2.4) and (2.5), we have 



ip(d(xx, X 2 )) = ip(d(F(x , y , z Q ),F(x 1 ,y 1 ,z 1 ))) 

< ip ([ad(xo, Xi) + bd(y a , yi ) + cd(z , zi)]) 
-0([a<i(a;o,xi) +6d(t/ ,J/i) + cd(z , zi)]) 

< ip ([od(ar , a; x ) + M(jy , yi) + cd(z , z x )]) 

tp(d(yi,y 2 )) = ip(d(F(y ,x ,yo),F(yi,xi,yi))) 

< ip{[ad{y a ,y 1 ) + bd(x ,Xi) + cd(y ,y 1 ))) 
-<p {[ad{y , yi) + bd(x ,Xi) + cd(y , yi)j) 

< ip([bd{xo,xi) + (a + c)d(y ,yi)]) 

ip(d(zx, z 2 )) = ip(d(F(zo,yo,xo), F(zi,yi,xi))) 

< ip([ad(zo,zi) + bd(y ,yi) +cd(x ,xi)]) 
-<p {[ad(z , Zi) + bd(y , y r ) + cd(x , xi)]) 

< ip ([ad(z , Zi) +bd(y ,y 1 ) + cd(x ,x 1 )}) 



Regarding (|2_4|) together with (|2_6| , (|2_7j , ([2^ we have 
ip(d(x 2 ,x 3 )) 



= ip(d(F(x 1 ,y 1 ,z 1 ),F(x 2 ,y 2 , z 2 ))) 

< ip([ad(xi,x 2 ) + bd(yi,y 2 ) + cd(z 1 ,z 2 )]) 
-4>([ad(xi,x 2 ) +bd(yx,y 2 ) + cd{z 1 ,z 2 )}) 

< ip([ad(xi,x 2 ) + bd(yi,y 2 ) + cd(zi,z 2 )]) 



^{d{y 2 ,yz)) = ip(d(F(y 1 ,xi,yi), F(y 2 , x 2 ,y 2 ))) 

< "ip {[ad(y-L,y 2 ) + bd{x-L,x 2 ) + cd(y 1 ,y 2 )}) 
-<t> (\ad(yi,y 2 ) + bd(xi,x 2 ) + cd(yi,y 2 )]) 

< ip ([bd(x!,x 2 ) + {a + c)d{yi,y 2 )\) 

ip(d(z 2 ,z 3 )) = ip(d(F(zi,yi,xi), F(z 2 ,y 2 , x 2 ))) 

< ip ([ad(zi, z 2 ) + bd(yi,y 2 ) +cd{x\,X 2 ))) 
-<p {[ad(zi, z 2 ) + bd{y ll y 2 ) + cd(xi, x 2 )}) 

< ip ([ad(zi, z 2 ) +bd(yi,y 2 ) + cd(xi,x 2 )}) 



Recursively we have 



ip(d(x ni x n+ i)) < ip ([ad(x n -i, x n ) + bd(y n -i,y n ) + cd(z n -i,z n )]) 
-4>([ad(x n -i,x n ) + bd(y n - ll y n ) + cd(z n -i, z n )\) 

< ip([ad(x n -i,x n ) + bd{y n -i,y n ) + cd(z n -i, z n )]) 

i>{d(y n ,y n +i)) < ip ([ad(y n -i,y n ) + bd(x n -i,x n ) + cd(y n ^ 1 ,y n )}) 
-0([6d(a;„_i,a;„) + (a + c)d(y n -i,y n )]) 
< ip([bd(x n -i,x n ) + (a + c)d(y n -i,y n )]) 

ip(d(z„, z n+ i)) < ip([ad(z n -i,z n ) + bd{y n -i,y n ) + cd(x n -i,x n )]) 
-4>([ad(z n -i,z n ) +bd(y n -i,y n ) +cd(x n -i,x n )]) 

< ip([ad(z n -i,z„) +bd(y n -i,y n ) +cd(x n -i,x n )]) 



Since ip is a non-decreasing, then (2.12)- (2.14) imply that 



d(x n ,x n+ i) < ad(x n -i,x n ) + bd(y n -i,y„) + cd(z n -i,z n ) 

d(y n ,y n+1 ) < bd(x n -i,x n ) + (a + c)d{y n -x,y n ) 

d(z n ,z n+1 ) < cd{x n -i,X n ) + bd(y n _ 1 ,y n ) + ad(z n _ 1 ,z n ) 
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(2.5) 



(2: 



(2.7) 



(2. 



(2.9) 



(2.10) 



(2.11) 



(2.12) 

(2.13) 
(2.14) 

(2.15) 
(2.16) 
(2.17) 
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For the simplify the notation, we need to define the following matrices: 



M 




M 2 



i 2 + b 2 + c 2 
be + 2ab 
b 2 + 2ac 



2ab + 2bc 

(a + c) 2 + b 2 

2ab + 2bc 



2ac 
be 



and M n 



An) 

'11 

An) 

''21 

An) 

';il 



in 



(n) 

12 
An) 
'-22 
An) 

'-32 



■in 



in 



An) 

'13 

(„.) 
23 
(„.) 
33 



D n +i — 



^V^-n; -^n+1 ) 

d(y n ,y n+1 ) 
d(z n , z n+ \) 



ADn+lf = 



1p(d(x n ,X n+ i)) 

^(d(y n , y n +i)) 

1p(d(Zn, Z n+ i)) 



and {D n+1 f = 



4>(d(x n ,x n+ i)) 

4>{d{Vn, Vn+l)) 

</)(d(z n , z n+ i)) 



Since a + 2b + c < 1, then for M n 



( m ii J3x3 we have 



C (»)(i) 



(n) 
(n) 



» 



» 



+ mj;' + m>3 V < 1 for all n € N and i = 1,2, 3, 
"4? + TO 3™ } < ! for all n e N and j = 1, 2, 3. 



(2.18) 



By induction we can easily prove it. Indeed, assume that (2.18) holds. Then, the following product yields 
the result. 



77). 



ni 

(n+l) 
21 
(n+l) 
'31 



in. 



(n+l) 
l 12 

(n+l) 

22 
™( n +l) 
™32 

■bmg- 



in 



m 2i (a + c) + bmil 



An+l) 
l 13 

(n+l) 

23 

(n+l) 
*33 

(n) 
™31 




/ («) («) (™) 

/ mil 7T7 1Q 777 ' 



'11 '"-12 
(n) (n) 

l 21 m 22 
(n) (n) 

m« Trio 



?».-, 



'-31 



'32 



13 
(n) 

(n) 

^3 



'31 



bm 21 



(n) 



» 



(n) 
1 '12 

(n) 
2 22 

(n) 
l 32 



(n) 



6m. 
(a + c) + bin 
+ bm^ 



„(") 

n 32 

(«) 



» 



(™) i j, (") i (™) 

0777^3 + 077723 + CTO33 

777 2 3 (a + C) + 6777,^3 



(2.19) 



(2.20) 



An) 
l 33 



0777 



(n) 



>) 

'13 



By using matrix notation and having in mind (2.5| and (2.18), the inequalities (2.6) - (2.11) imply 
that 

(-Dn+i)' < {MD n f - (MD n f < {MD n f for all neN. (2.21) 
Since tp is nondecreasing, then 

£>n+i < MD n < M n+1 D for all neN. (2.22) 

M (2-23) 



Thus, from by (2.15 )-( 2.17 1, we obtain that 



d(x n ,x n+ i) + d(y n ,y n+ i) + d(z n ,z n+1 ) 
< [a + b + c]d(x n -i,x n ) + [a + 2b + c]d(y n -i,y„) + [a- 



■c]d(z n . 



(2.24) 



Set S n+1 = d(x n ,x n+1 ) + d(y n ,y n+1 ) + d(z n ,z n+1 ). Due to ( |2.23[ ) we have, 

0n+l < S n , 

and hence the sequence {5 n } is non-increasing and bounded below by 0. Thus, there exists a 5 > such 
that 

lim S n = 5. 



(2.25) 



We shall show that (5 = 0. Suppose, to the contrary, that 6 > 0. 



Due to (2.12)-(2.14|, we conclude that 



ip(d(x n +i,x n +2)) + ip(d(y n +i,y n +2)) + i/j(d(z n+ i,z n+2 )) 
< ip([ad(z n , z n+ i) + bd(x n ,x n +i) + cd(y n , y n +i)]) 

+ip([bd(x n , x n+1 ) + (a + c)d(y n ,y n+1 )}) 
+ip([ad(Zn, Zn + i) + bd(y n ,y n+1 ) + cd(x n ,x n+1 )}) 
-(f) [ad(x n , x n +i) + bd{y n ,y n+ i) + cd(z n , z n +i)]) 

-<f>([bd(x n , x n+ \) + (a + c)d(y n , 2/n+i)]) 
-<f>([ad(Zn, z n+ i) + bd(y ni y n+ i) + cd(x n , x n +i)]) 



(2.26) 



From the property (Hi) of i/j, we have 



ip([d(x n+ i,x n+2 ) +d(y n+ i,y n+2 ) + d(z n+1 , z n+2 )]) 

< ip([a + b + c]d(x n , x n +i) + [a + 2b + c]d(y n ,y n+ i) + [a + c]d(z ni z n+1 )) 

-<f> {ad(x n , x n+1 ) + bd(y n ,y n+1 ) + cd(z n , z n+1 )}) 

-<f>([bd(x n , x n +i) + (a + c)d{y n ,y n+ x)\) 
-<t>([ad(z n , z n +i) + bd(y n .yn + i) + cd(x n ,x n+1 )}) 



(2.27) 
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Since a + 2b + c < 1 and the functions tjj, <t> are non-decreasing, then (2.27) yields that 



Again by (2.30), we have 
where 



ip([d(x n+ i,x n+2 ) + d(y n+ i,y n+2 ) + d(z n+1 , z n+2 )\) 
< ip(d(x n+ i,x n+ 2) + d(y n+ i,y n+2 ) + d(z n +i, z n+2 )) 

-(f)(ad(x n ,x n+ i) + bd(y n ,y n+1 ) + cd(z n , z n +i)]) 
-<f>([bd(x n , x n +i) + {a + c)d(y n ,y n+1 )}) 

-<j)([ad(z n , z n +i) + bd(y n ,y n+1 ) + cd(x n ,x n+1 )}) 

4>{5 n+ i) < i>(6 n ) - A„ 



(2.28) 



(2.29) 
(2.30) 



A„ = 4> (ad(x n , x n+1 ) + bd(y„,y n+ i) + cd(z n , z n+1 )}) 

+(p([bd(x n , x n+1 ) + (a + c)d(y n ,y n+1 )}) 

+<t>([ad(Zn, Zn+i) + bd(y n ,y n+1 ) + cd(x n ,x n+1 )}) 

Letting n — >■ oo in ( |2.29 ) and having in mind that we suppose ip is continuous, lim^j. tfi(t) > for all 
r > and lim t _j.o+ <fi(t) = 0, we have 

^(<5)<V(5)-limA n , (2.31) 



which is a contradiction. Hence ip(S) = and 5 = 0, that is, 



lim S n 

n— voo 



lim [d(x n ,x n -i) + d(y n ,y n -i) + d(z n , z n -i) +d(w n ,w n ^ 1 )} = 0. 



(2.32) 



Now, we shall prove that {x n },{y n } and {z n } are Cauchy sequences. Suppose, to the contrary, that 
at least one of {x n },{y n } and {z n } is not Cauchy. So, there exists an e > for which we can find 
subsequences {x„ (fc) }, {x„( fc )} of {x n } and {y n (k)}, {y n (k)} of {y n } and {z n(k) }, {z n(k) } of {z n } with 
n(k) > m(k) > k such that 



d{x n (k),X m (k)) +d{y n (k)iVm(k)) + d(z n (k)->Zm(k)) - £ ' 



(2.33) 



Additionally, corresponding to m(k), we may choose n(k) such that it is the smallest integer satisfying 
(|2.33[) and n(k) > m{k) > k. Thus, 



d(x n (fy_i,X m (k)) +d(j/ n (fc)-lj?/m(fc)) +d{z n (k)-l,Z m (k)) < £• 



By using triangle inequality and having (2.33) and (2.34) in mind 



e <tk = d(x n (k),x m (k)) +d(y n (k),y m (k)) + d(z n ^),z m ^)) 

- ^(^n(fe), a; n(fc)-i) + d(x n ( k )_ 1 ,x m ( k) ) +d(y n (fc),y„(fc)_i) + d{y n (k)-i,y m {k)) 
+d(z n (k), z n (k)-i) + d{z n (k)-i, z m (k)) 

< d(»n(fc))*n(fc)-l) + d(y n (k),yn(k)-l) + d(z n (k), «n(fc)-l) + £• 



Letting fc — >• oo in (2.35) and using (|2.32| 



lim t fc = lim d(x n ( k ),x m t k )) + d(y n t k ),y m (k)) + d(z n t k \,z m t k )) 



(2.34) 



(2.35) 



(2.36) 



Again by triangle inequality, 



tfe = d(* n (fc) , a?m(fc) ) + d(y n ( k ) , y m {k) ) + d{%n(k) , z m ( fe ) ) 

< d(a; n (fc),a; n (jfe)+i) + d(x n (fc)+i; :c m(fc)+i) + dOcm(k)+i>#m(k)) 

+d(j/n(Jfe),J/ n (fc)+l) + d(y n ( k )+l,y m ( k )+l) + d(y m (k) + l,Vm(k)) 

+d{z n ( k ) 1 Z n ( k ) +1 ) + d(z n (k)+l, 2ro(*)+l) + d(«m(fc)+l) ^m(fc)) 

< <^»(fc)+l +^rn(fc) + l +rf(^n(fe)-(-l)a ; m(fe)-|-l) + ^(?/ri(fc) + l, 2/m(fc) + l) 
+^(^n(fc) + lj z m(fe) + l) 



(2.37) 



Since n(fc) > m(fe), then 



#re(fc) > #m(fc) an d J/n(fc) < 2/m(fc)j 



Zn(k) — ^m(fc) ■ 



(2.38) 



Hence from (2.38), (2.5) and (2.4), we have, 



ip(d(x n ( k ) +1 , x m (k)+i)) = i'{d{F{x n ( k ),y n ( k ) ) z n ^ k )),F(x m (k),ym(k)-,z m ( k ))) 

< i> (\ad{x n (k),x m (k)) + 6d(2/ n (fe),y m (k)) + cd(z n ( fc ),z m(fc) )]) 
-0 ([ad(x n ( fe ),x m ( fe) ) + bd{y n (k),y m {k)) + cd(z n[k) ,z m{k) )}) 
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*l>(d(y n (k)+i,ym(k)+i)) = ^{d(F(y n ( k) ,x n ( k ),y n ( k )),F(y m ( k ),x m ( k ),y m{k) ))) 

< ip ([ad(j/ n ( fc ),j/ m (jfe)) + 6d(x„( fe ),a; m (fe)) + cd(y n (k),ym(k))]) 
-<t> {[ad(y n {k),y m (k)) +bd{x n{k)l x m{k) ) + cd(y n{k)l y m ( k) )\) 

'4 l (d(z n ( t k)+i, z m (k)+i)) = ^{d{F(z n ^,y n ( k ) 1 x n ( k )),F(z m ( k ),y m ( k ) 1 x m ( k )))) 

< ip {[ad(z n{k)l z m{k) ) + bd{y n{k) ,y m{k) ) + cd{x n{k)l x m{k) )]) 
~(/) ([ad(z n ( k ),z m (k)) + bd(y n{k) ,y m ( k )) + cd(x n ( k ),X m ( k ))}]) 



(2.40) 



(2.41) 



From ( 2.39 )-( 2.41) and property (Hi) of ip,we get that 



^{d{x n ( k ) + ll a; m (fe) + i) +d(j/n(fc)+l)J/m(*)+l) + c K a; n(fc) + l, a; m(fc) + l)) 

< V([a + 6 + c]d(a;„( fe) ,x m ( fe) ) + [a + 26 + c]d(j/ n ( fe ), j/ m ( A )) + [a + c]d(z„ (fe) , z m(fe) )) 

-</> (ad(x n ( fe) , x m(fc) ) + bd{y n{k) >y m {k)) + cd{z n{k) , z m{k) )) 

-0 ([ad{y n{k) ,y m{k) ) + bd(x n(k) ,x mik) ) + cd(y n ( k ), !/m(fc))]) 

-0([ad(z n(fc) , z m(fc )) + bd(y n ( k) ,y m{k) ) + cd(x n{k ),x m{k) )]) 



(2.42) 



Regarding that is non-decreasing and 0<a + 26 + c<l, then (2.42) becomes 



^(d(#„(fc) + i,a: m (fc) +1 ) +d(y„(fc)+i,2/ m (fe)+i) + d(#n(fc)+i,#m(fc)+i)) 

< V([a + 6 + c]d(a;„ (fc) ,x m(fc) ) + [a + 26 + c]d(y n(k) ,y m{k) ) + [a + c]d(z n(k) , z m(k) )) 

-<p (ad{x n (k) , x m {k) ) + bd{y n (k) ,y m (k)) + cd(z n ( k ) ,z m (k))) 



(2.43) 



Letting k — > oo and having in mind (2.43) we get a contradiction. This shows that {x n },{y n } and 
{z n } are Cauchy sequences. Since X is complete metric space, there exists x,y,z £ X such that 



lim 



n— >oo *^n 



a; and lim 



lim 



n— >oo *^n 



Z. 



y, 



Suppose now the assumption (a) holds. Then by ( |2.5[ ) and (2.44), we have 

cc lim x n = lim F(a;„_i,y n _i,z„_i) 



lim £ r 
F( lim x„_i, lim y n _i, lim z n _i) 



F(x,y,z) 



n— >oo 

, lb 

n— foo 



(2.44) 



(2.45) 



Analogously, we also observe that 

y = lim y n 



n— »-oo 

lim z„ 



lim F(j/„_i,x„_i,y„_i) = F(y,x,y) 

I— >oo 

lim F(z„_i,y„_i,x„_i) =.F(z,y,a;) 



n— >oo 

lim 

n— »-oo 



(2.46) 



Thus, we have 

F(x,y,z)=x, F(y,x,y)=y, 
F(z,y,x) = z. 

Suppose now the assumption (6) holds. Since {a;„}, {z n } are non-decreasing and x n — > x, z ra 
also {j/n} is non-increasing and t/ n — > y, then by assumption (6) we have 

x n ^ x, y n \ y, z n ^ z, 



and 



for all n. Having in mind that <p is non-decreasing and by using triangle inequality, (2.4) yields that 

ip(d(x,F(x,y,z))) < tp(d(x,x n+ i) + d(x n+1 ,F(x, y, z))) 

= ip(d(x, x n+1 )) + ip(d(F(x n , y n , z n ),F(x, y, z))) _ _ 

< ip([ad(x n ,x) + bd(y n ,y) +cd(z n ,z)]) 
-<f>([ad(x n , x) + bd(y n ,y) + cd(z n , z)]) 



Taking n — > oo in (2.47) and using (2.44), we get that d(x, F(x, y, z)) = 0. Thus, x — F(x,y,z). 
Analogously, we get that 

F{y,x,y) =y,F(z,y,x) = z. 
Thus, we proved that F has a triple hxed point. □ 
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Corollary 8. Let (X, <) be partially ordered set and (X, d) be a complete metric space. Let F : X 3 — > X 
be a mapping having the mixed monotone property on X. Assume that there exist constants a,b,c £ [0, 1) 
such that a + 2b + c < 1 with 

d(F(x, y, z),F(u, v, w)) < [ad(x, u) + bd{y, v) + cd{z, w)} (2.48) 

for all x > u, y < v, z > w. Assume also that there exist xq, yo, zq G X such that 

x < F(x Q ,y , z ), y Q >F(y ,xo,y ), z Q < F(x Q ,y ,z ) 

Suppose either 

(a) F is continuous, or 

(b) X has the following property: 

(i) if non- decreasing sequence x n — ¥ x (respectively, z n — > z), then x n < x (respectively, z n < z) 

for all n, 
(ii) if non-increasing sequence y n — > y, then y n > y for all n, 
then there exist x,y,z e X such that 

F(x,y,z)=x, F(y,x,y)=y, 
F{z,y,x) = z. 

Proof. It is sufficient to take ip(t) = t and </>(£) = (1 — k)t in previous theorem. □ 

3. Uniqueness of Triple Fixed Point 

In this section we shall prove the uniqueness of triple fixed point. For a product X 3 of a partial ordered 
set (X, <) we define a partial ordering in the following way: For all (x, y, z), (u, v, r) 6 X x X x X 

(x, y, z) < (u,v,r) <=> x < u, y > v, z < r. (3-1) 

We say that (x, y, z) is equal (u, v, r) if and only if x = u, y = v, z = r. 

Theorem 9. In addition to hypothesis of TheoremyA suppose that for all (x, y, z), (u, v, r) G X x X x X , 
there exists (a, b, c) G X x X x X that is comparable to (x,y,z) and (u,v,r), then F has a unique triple 
fixed point. 

Proof. The set of triple fixed point of F is not empty due to Theorem u\ Assume, now, (x,y,z) and 
(w, v, r) are the triple fixed point of F, that is, 

F(x,y,z)=x, F(u,v,r) = u, 
F{y,x,y)=y, F(v,u,v)=v, 

F(z, y, x) — z, F(r, v, u) = r, 

We shall show that (x, y, z) and (u, v, r) are equal. By assumption, there exists (a, /3, C) EXxXxXxX 
that is comparable to (x,y,z) and (u,v,r). Define sequences {a n },{(3 n } and {£„} such that 

a = a a , /9 = /3 , C = Co, and 
a n = F(a n _i,/3„_i,Cn-i), 

Pn = F{Pn-\, ttn-l) Pn-\), (3-2) 

Cri = F{C, n -l,Pn-l,Ct n -i), 

for all n. Since (x, y, z) is comparable with (a, 6, c), we may assume that (x, y, z) > (a, j3, C) = ( a 0; Po, Co)- 
Recursively, we get that 

(x, y, z, w) > (a n , Pn, Cn) for all n. (3.3) 



By (3.3 1 and (2.4 1, we have 

ip(d(x, a n +i)) = ip(d(F(x, y, z), F(a n ,p n , Cn))) 

< i>([ad(x, a n ) + bd{y, /?„) + cd(z, Cn)]) (3.4) 

-<j>([ad(x, a n ) + bd(y, p n ) + cd(z, Cn)]) 

ip(d(P n+ i,y)) = ip(d(F(a n , d n , Cn, Pn),F(y, x, y))) 

< ip([ad(P„,y) +bd(<Xn,x) + cd(/3 n ,y)}) (3.5) 
-cb ([ad(f3 n , y)) + bd(a n , x) + cd(f3 n , y)}) 

ip(d(z, Cn+i)) = ^( d ( F (z, y, x),F(( n ,f3 n , a n )) 

< ip([ad(z, C„) + bd(y, p n ) + cd(x, a„)]) (3.6) 
-<f> ([ad(z, CJ + bd(y, p n ) + cd(x, a„)]) 
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Set 7„ = d(x, a n )+d(y, j5 n )+d{z, Q n ). By property (iii) of -0 and recalling that 0, ip are non-decreasing, 



then {[3^4])- (|3_6|) imply that 

tp(d(x, a n+1 ) + d(y, f3 n+1 ) + d(z, C„+i)) 
< ip([d(x, a„) + d(y, n ) + d(z, £,)]) (3.7) 

-3^ ([d(a;, a„) + d(y, /?„) + d(z, £„)]) 
Hence we have 

ipdn+i) < i>(ln) -30(7„), for all n. (3.8) 

D 

Hence, the sequence {7™} is decreasing and bounded below. Thus, there exists 7 > such that 

lim 7„ = 7. 



Now, we shall show that 7 = 0. Suppose, to the contrary, that 7 > 0. Letting n — > 00 in (3.8), we obtain 
that 

7 < 7- 3(0(7)) 
which is a contradiction. Therefore, 7 = 0. That is, linin^oo 7„ = 0. Consequently, we have 

lim, woo d(x, a n ) = 0, lim„^ oc d(y, f3 n ) = 0, , Q , 

Iimn-K» d{z, C„) = 0, 
Analogously, we show that 

linin^oo d(u, a„) = 0, linin^oo d(v, f3 n ) - 0, , , 

liirin-yoo d(r, C™) = 0, 



Combining (3.9 1 and (3.10) yield that (x,y,z) and (u,v,r) are equal. 
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Abstract 

This paper is devoted to get the form of the solutions and the periodic nature of 
the following systems of rational difference equations 

J/n-2 X n -2 

Xn+1 = , y-n + 1 ~ 



-1 — y n -ix n -\Vn ±l±x n - 2 y n -ix n 

with initial conditions. x~2, X—i, xq, .y-2, J/-i, J/o are real numbers. 

Keywords: difference equations, recursive sequence, stability, periodic solution, sys- 
tem of difference equations. 

Mathematics Subject Classification: 39A10. 



1 Introduction 

Difference equations is a hot topic in that they are widely used to investigate equations 
arising in mathematical models describing real-life situations such as population biology, 
probability theory, and genetics. Recently, rational difference equations have appealed 
more and more scholars for their wide applications. For details, sec [1-9]. However, there 
are few literatures on the systems of two or three rational difference equations [10-17]. 
In this article, we investigate the behavior of the solutions for the following systems of 
difference equations 

Vn-1 _ %n-2 

Xn+1 — — Z , Un+1 



"I - yn-2Xn-lUn ±1 ± X n - 2 y n -lXn 

with initial conditions X- 2 , #-i> Xo, -V- 2 , y~i, yo are real numbers. 

2 First system: x n+1 = _ 1 _/";^ , y n +i = l+T ^ ~ x 

1 yn—2Xn—lyn ± ^^n—2yn—l^n 

In this section, we investigate the solutions for the following system of difference equations 

_ Vn-2 _ x n-2 ,-.-. 

x n+l — — , , Vn+1 — z—. j UJ 

-1 - Vn-2X n -\Vn *- + X n - 2 y n -lX n 

where the initial conditions are arbitrary real numbers with X- 2 y-\Xo 7^ — 1, 7^= —\ and 
y-2 x -iyo ^ ±1. 

The following theorem is devoted to the form of the solutions for System (1). 

Theorem 1 Every solution {x n ,y n } of System (1) is periodic with period twelve and, for 
n = 0, 1, 2, ..., has the form 

—y-2 

X\2n-2 = X-2, Xl2n-1 = X-l, X 12n — Xq, X 12n +1 = 



(1 + y_ 2 a;_ij/o) ' 



-y-i(l + X-2V-ix ) _ y 

X\2n+2 — JZ — — ZZ x > X\2n+3 — 



(l + 2x- 2 y-ixo) ~' : " (-l + j/_ 2 x_i2/o) 

y-2 



Xl2n+4 — —X-2, ^12n+5 — ~X-1, :El2n+6 — —Xq, Xi2n+7 — 

y-i(l + x- 2 y-ix ) _ -y Q 

Xl2n+8 — n „ ^-, X 12n +9 - , 1 r: 

(1 + 2x- 2 y-ix ) {-1 + y-2X-iyo) 



(1 + y_ 2 x_ij/o) ' 
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2/1277-2 = 2/-2, 2/l2n-l = V-U Vl2n = VO, Vl2n+l 
2/1277+2 = X-\{l + y-2X-\yo), 2/1277+3 



X-2 



y-2(-l + y-2X-iyo) 

2/1277+4 — 77—, J , 2/1277+5 

{i + y-2%-iyo) 

yo(^ + y-2X-iyo) 

V1271+6 — 7 — 7—, T, yi2n+7 — - 

[-1 + y-2X-iyo) 

2/12n+8 = X-l(-l + y-2X-iy ), yi2n+9 : 



(1 + x- 2 y-ix ) 
x (l + 2x- 2 y-ix ) 
(1 + x- 2 y-ix ) 
-y-i 



(l + 2x_ 2 y_ 1 a; )' 

•g-2(l+_2g--2J/-lgo) 

(1 + x-zy-ixo) 

-Xp 

(1 + x- 2 y-ix ) ' 



Proof: For n — the result holds. Now suppose that n > and that our assumption 
holds for n — 1, that is 



^1277- 


14 


£l2n- 


10 


£1277 


-8 


£l2n 


-4 


and 




yi2n-14 


= 



X-2) ^1277-13 — #-1) X\2n-\2 — Xq, Xl2ra-ll 



-y-2 



(l + y- 2 x-iy )' 



-y-i(l + x-2y-ix ) 

(1 + 2x- 2 y-iXo) 



Xl2n-9 



2/0 



(-l + V-2X-iy )' 



-X_2, Xi2n-7 = -X-l, Xi 2n -6 = ~Xo, £1277-5 



V-2 



(1 + y- 2 X-iyo) ' 



y_iXl+_x_2j/-iXo) 
(1 + 2a;_ 2 y-ia;o) 



Xl2n-3 



-2/o 



(-i + y-2X-i2/ ) 



J/-2, 2/l2n-13 = 2/-1, 2/l2n-12 = 2/0, 2/l2«-ll 



X-2 



(1 + a;_ 2 j/_ia;o) ' 



J/I2n-10 - X-l{i + y-2X-iyo), yi2n-9~ (l +x _ 2V _ lX0 ) . 2/12n-8 - (l+v_ 2 x_i Vo ) ' 

— y_i yo(l+y— 2^-iyo) — 2;-2(l+2a:_2y— ia:o) 

2/1271-7 — (l+2x_ 2 y_ia;o)' 2/ 12 ™-6 — (-l+y_ 2 ^_ iyo ) ' 2/l2n-5 — (l+x-ay-iico) ' 



2/1277-4 = a;-i(-l + 2/-2X-12/0), 2/1277-e 



Now it follows from System (1) that 



-•<-() 



(1 + a;_22/-ia;o) 



Xl2n-2 



2/12T7-5 



-a;_ 2 (l+2a;-2t/-ia;o) 
(l+a;_ 2 '7>-ia;o) 



-1-2/1277-5X1277-42/1277-3 (-1- -^-2(1+2^^2^-1^0) »-i(H.-2»-i.») -*j, "\ 

UlAU ° lZn 4yi ^™ J ^ (1+X_ 2 J/_1X0) (l + 2 !C _ 2 j,_ 1 x ) C1+X_ 2V _1*0>J 

— a;_2(l+2a;-2l/-ia:o) 



I -2»-l I 



X-2, 



(l + y_2 ;B -iyo) 



( 1 + :E -^- i:E0 )(- 1 -(T+x_2«-l-0) 

Xl2n-5 _ 

1 + Xi277-52/l2r7-42;i2,i-3 (* + [l+a^mo) rE ~ 1 (-l+2/-2S-il/o) (-i +H I"° _ 1Bo) ) 

y-2 

= y-2- 



2/1277-2 



(1 + 2/-2X-12/0) 1 - n I- 23: " iy0 V 

V a t iauy ^ (1+j/_ 2 x_iJ/o) / 

Similarly, we can prove the other relations. Then the proof is so complete. 

Example 1. Here we consider an interesting numerical example for System (1) with the 
initial conditions x- 2 — 0.9, X-\ — —0.4, xq — 0.3, y- 2 — 5, j/_i = 7 and j/o = —2. (See 
Fig.l). 

plotolX(r^1l=V(r>2W-1-Y(r>2)X(n-1)YM),V(n + 1>.X(n-2y(1 + X(n-Z)Y(n.1)X( n )) 




Figure 1. 
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3 Second system: x n+ i = — , — ^-^ , y n+ i = , , Xn 2 

In this section, we study the solutions for the following system of difference equations 

Vn-1 Xn-2 , . 

x n+l = — j , Vn+1 = — j— , (2) 

-1 - Vn-lXn-XVn -1 + X n - 2 yn-lX n 

where n € No and the initial conditions are arbitrary real numbers. 

Theorem 2 Assume that {x n , y n } be a solution for System (2). Then for n = 0, 1, 2, ..., 

n-l 

_ TT (-l + (6i)x- 2 y-ixo)(-l + (6i+3)x- 2 y_ix ) 

XQn-2 - X-2 II (_i + ( 6i+ i) a; _ 2 y_ ia;o )(_i + ( 6l+ 4)x_ 2 y_ 1 x )> 
i=0 
n-l 
„ TT (l + (6i+l)j/-2a-iyo)(l + (6»+4)y_ 2Z _ 1 y ) 
J. 6 „-l - x -l 11 (l + (6i+2)y_ 2 x_ 1 y„)(l + (6i+5)y- 2 x_ 1 y )> 
j=0 
n-l 



3*6n &0 



n (-l + (6»+2)x_23/-iXo)(-l + (6i+5)x_ 2 ;/-iXo) 
(-H 

n-l 



(-l + (6i+3)x_ 2 y_ix )(-l + (6i+6)x_ 2 y_ix ) ' 



(l + (6i+3)y-2X-iya)(l+(6i+6)y-2X- 1 y a ) 
l + (6i+4)y- 2 x_ 1 y„)(l+(6i+7)y^ 2 x_ 1 y )> 
i=0 



t - y-2 TT Od 

X6 ™ +1 ~~ (-I-1/-2X-11/0) 11 (H 

j=0 

n- 

_ -y_ 1 (-l+x_ 2 y_ix ) TT (-l + (6i+4)x- 2 y_ix )(-l + (6i+7)x- 2 y-ix ) 
x 6n+2 - (-l+2x_ 2 y-ix ) 11 (-l + (6i+5)x- 2 y_ix )(-l + (6i+8)x_ 2 y_ix ) > 

j=0 
n-l 
-t<o(l+2y- 2 x-iyo) TT (l + (6i+5)y- 2 x-iy )(l+(6z+8)y- 2 x-iy ) 
6 ™+ 3 ~~ (l+3j/_2X_u/ ) 11 (l + (6i+6)2/_2X_ l2 /o)(l+(6i+9)2/_2X_i2/o)' 



n-l 



,, _ „, TT (l + (6»)y- 2 x-iyo)(l + (6a+3)y- 2 x_iy ) 
J/6n-2 — 2/- 2 _[_[ (i 



+ (6i+l)3/_ 2 x_ 1 2/o)(l + (6i+4)y_ 2 x„ 1 y )> 
i=0 

n-l 

TT (-l + (6t+l)x_ 2 y_ix )(-l+(6z+4)x_ 2 y_ 1 x ) 
</6n-l tf- 1 11 (-l + (6i+2)x_ 2 y_ 1 x )(-l+(6i+5)x_ 2 y_ix )' 

j=0 
n-l 
,. „ TT (l+(6^+2)y_ 2 x_ 1 y )(l + (6»+5)y- 2 x_ 1 y ) 

^n MO 11 (l+(6i+3)y_ 2 x_ 1 y )(l + (6i+6)y_ 2 x_ 1 y )' 

j=0 

n-l 

_ x^ 2 TT (-l + (6i+3)x_ 2 y-iXo)(-l+(6z+6)x_ 2 y_ix ) 

» 6n+1 ~~ (-l+x_ 2 y_ix ) 11 (-l + (6i+4)x_ 2 y_ 1 x )(-l+(6i+7)x_ 2 y_ix )' 

s=0 

n-l 
-x_i(l+y- 2 x_iyo) TT (l + (6i+4)y_ 2 x_iyo)(l + (6i+7)t(- 2 X-iyo) 
y6n+2 (l+2y_ 2 x_ 1 y ) H (l + (6i+5)y_ 2 x_ 1 y )(l + (6j+8)y_ 2 x_ 1 y ) ' 

i=0 
n-l 
_ -x (-l+2x_ 2 y_ix ) TT ( — l + (6i+5)x_23/-ix )( — l + (6i+8)x_ 2 ;/-iXo) 
yen+3 - (-l+3x_ 2 y_ix ) 11 (-l + (6i+6)x_ 2 y_ix )(-l + (6i+9)x_ 2 y_ix ) - 

i=0 

Proof: For n — the result holds. Now suppose that n > 1 and that our assumption 
holds for n-l, that is 

n-2 
_ TT (-l + (6i)x_2i/-ixo)(-l + (6i+3)x-2y-ix ) 

J-6n-8 - x -2 11 (-1+(6.+1)i_ 2! )_ii,)(-1 + (6i+4)i-2!)-iio)' 
i=0 
n-2 
_ „ TT (l + (6i+l)y-2X-iyo)(l + (6»+4)y_ 2 x_ 1 y ) 
x 6 „_7 - -^-1 11 (i + (6i+2)j/_ 2 x_ 1 y )(H-(6J+5)s/_ 2 x_ 1 y )' 
i=0 
n-2 

TT (- 1 +(6»+2)x- 2 y-ixo)(-l+(6»+5)x_ 2 j/_ix ) 
X6n-6 - J-0 11 (-l + (6i+3)x_ 2 y_ 1 x )(-l + (6i+6)x_ 2 y_ix )' 
i=0 

n-2 

y^2 TT ( 1 + ( 6i + 3 )y-2X-iyo)(l+(6z+6)y- 2 x_iy ) 

6 "" 5 ~ (-l-l/-2X_iy ) 11 (l + (6i+4)y_ 2 x_ 1 y )(l+(6i+7)y_ 2 x_ 1 y )' 

i=0 

n-2 



_ -y_i(-l+x_ 2 y_ix ) TT (-l + (6i+4)x^ 2 y_ixo)(-l + (6i+7)x_ 2 y_ix ) 
x 6n-4 - (-l+2x_ 2 y_ix ) 11 (-l+(6i+5)x_2y-iXo)(-l+(6J+8)x_ 2 y_iX ) ' 

i=0 
n-2 
-yo(l+2y- 2 x_iy ) TT (l + (6i+5)y- 2 x-iyo)(l+(6z+8)y_ 2 x_iyo) 
x 6n-3 (l+3y_ 2 x_!y ) 11 (l + (6j+6)y_ 2 x_ 1 y )(l+(6i+9)y_ 2 x_ 1 y ) ' 



8 = 
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2/688-8 



2/688-6 



n-1 



TT (l + (6i)y-2Z-iyo)(l+(6z+3)i/- 2 a:-iyo) 
y ~ 2 11 (l + (68+l)y_ 2 x_iy )(l+(68+4)y_ 2 x_iy )' 



i=0 
n-1 



TT (-l + (6»+l)a:_ 2 t/_ia;o)(-l + (6i+4)a:_ 2 y_ 1 a:o) 
2/688-7 W^ 1 11 (-l + (68+2)x_ 2 y_ix )(-l + (68+5)x_ 2 y_ 1 x )' 



8=0 

n-2 



TT (l + (68+2)y_ 2 x_iy )(l+(68+5)y- 2 x_iy ) 
' y ° 11 (l + (68+3)y_ 2 x_iy )(l+(68+6)y_ 2 x_iy )' 



8=0 



V&n-b 



U&n-A 



2/6n-3 



X-2 

(-1+X-2V- 



nBt 



(-l + (68+3)x_ 2 y_ix )(-l+(68+6)x- 2 y_ix ) 
(68+4)x_ 2 y_ix )(-l+(68+7)x_ 2 y_ix ) ' 



8=0 



n-2 



l + (68+5)y_ 2 x_iyo)(l + (68+8)y- 2 x_iy )' 



-x_i(l+j/_ 2 x_iyo) TT (l + (68+4)y_ 2 x_iy )(l + (68+7)y- 2 x-iyo) 
(l+2y_ 2 x_iy ) 11 (H 
i=0 

18-2 

•-2y-ix ) TT (-H 

(-l+3x_ 2 y-ix ) 11 ( — l + (6i+6)x_22/-ix )( — l + (6i+9)x_22/-iXo) ' 

8=0 



-x (-l+2a: 



( — l + (6i+5)a;-28/-ia;o)( — l + (6i+8)x-2 8/-ixo) 



It follows from System (2) that 

2/681-5 



XQn-2 



— 1 — 2/688-5^688-42/688-3 



-1- 



x-2 "-p^ 2 (-l+(68+3)x-2j/-ixo)(-l+(68+6)x- 2 ;/-ixo) 

(-l+x_2S/-ix ) /J- (-l + (68+4)x_28/_ix )(-l+(68+7)x_ 2 y-ixo) 

88 — 2 \ 

(— l+(68+3)x- 2 y_ix )( — l + (68+6)x_ 2 t>_ixo) i 



n 



(-1+X_2J/-1X ) . 

8=0 
, 88-2 
y_l(— 1 + X-28/-1XQ) 



n 



(-l + 2x_ 2 y_ix ) 

8 = 
, 88-2 

— xp( — l+2x_ 2 y-ixo) 



(-l+(68+4)x_ 2 y^!X )( 


-l+(6i+7)x_23/-ixo) 


(-l+(68+4)x_ 2 8/_ 1 x )(- 


•l + (68+7)x_2l/-lXo) 


(-l + (68+5)x_ 2 y_ix )(- 


-l+(6i+8)x_2l/_ixo) 


(-l + (68+5)x_ 2 8/_ix )(- 


l+(6i+8)x_2l/-ixo) 



I (-l+3x- 2 y-ix ) 11 (-l-\-(6i+6)x^ 2 y-ixo)(-l-\-(6i+9)x- 2 y-ixo) 

\ 2 — / 



n 



(-l + (68+3)x_ 2 8/_ix )(-l+(68+6)x_ 2 y_ix ) 



(-l+x_23/-ix ) /J- (-l + (68+4)x_ 2 8/_ixo)(-l+(68+7)x_ 2 8/_ix ) 
x- 2 y_ix 

(-l + (688-3)x_ 2 8/_iX ) 

x- 2 (-l+(688-3)x_ 2 t>_ixo) "- 2 (-l + (68+3)x- 2 j/-ixo)(-l+(68+6)x_ 2 y_ix ) 
(-l+x_ 2 y_ix ) tJ- (-l + (68+4)x_ 2 8/_ix )(-l+(68+7)x_ 2 y_ix ) 



(l-(688-3)x_ 2 j/_ix -x_ 2 j/_ix ) 



Then we see that 



^688-2 — X-2 



n (-l + (6i)x 
(-l+(6t+l) 



(-l + (6i)x_2j/-ixo)( — l + (6i+3)x-2 8/-ix ) 
(-l + (68+l)x_22/_ix )(-l + (68+4)x_ 2 8/_ixo) " 



7=0 



Again we see from System (2) that 

2^688-4 



2/688-1 = 



— 1 + 2:6,1-42/688-3^688-2 



-1 



-y_i(— 1+x_2 8/-ixq) t-t ( — 1 + (6j+4)x-2 8/-ixq)(— l+(6i+7)x_2^-ixo) 
(-l+2x_ 2 y_ix ) 11 (-l + (68+5)x_ 2 8/_ix )(-l+(68+8)x_ 2 8/_ix ) 

8 = 
I — 8/-l(— 1 + X- 2 8/-1Xq) T-T (-1 + (68+4)x_ 2 8/_iX )(-1 + (68 + 7)x^ 2 8/-iX ) ' 

(-l+2x_ 2 y_ix ) .11 (-l + (68+5)x_ 2 8/_ix )(-l + (68'+8)x_ 2 y_ix ) 

8 = 



-x (-l+2x_ 2 y_ix ) 
(-l+3x_ 2 y_ix ) 



88-2 

n 

8 = 



(-l + (68+5)x_ 2 j/-ixo)(-l + (68+8)x- 2 y_ix ) 
(-l + (68+6)x_ 2 8/_ix )(-l+(68+9)x_ 2 y_ix ) 



TT (-l+(68)x- 2 y-ix )(-l+(68+3)x- 2 t>-iXo) 
• - 11 (-l+(68+l)x_ 2 y-ix )(-l+(68+4)x_ 2 y_ix ) 



8 = 



j/-l(-l+X- 2 8/-lX ) 



n 



(-l+(68+4)x_ 2 y_iX )(-l+(68+7)x_ 2 y_ 1 x ) 



(-l+2x_ 2 y-ix ) 11 (-l + (68+5)x_ 2 y_ixo)(-l+(68+8)x_ 2 y_ix ) 

8 = 

X-2J/-1XQ 



(-l + (688-2)x_ 2 y_ix ) 



i/-i(— l+x_ 2 y-ixo)( — 1+(6?8— 2)x_ 2 8/-ixq) 
(-l+2x_ 2 y_ix ) 



n 



(-l + (68+4)x_ 2 y_ix )(-l + (68+7)x_ 2 y_ix ) 
(-l + (68+5)x_ 2 y_ix )(-l + (68+8)x_ 2 y_ix ) 



-1 + (6n - 2)x_22/-ia;o + X-^V-iXq 



Then 



2/688-1 



TT (-l+(68+l)x_ 2 y_ 1 x )(-l + (68+4)x_ 2 y_ 1 x ) 
y- 1 11 (-l+(68+2)x_ 2 y_ 1 x )(-l + (68+5)x_ 2 y^ix )- 



Similarly we can prove the other relations. This completes the proof. 

Lemma 1. Let {x n ,y n } be a solution for System (2) with the initial conditions x_2, 
a;_i, Xq, 2/-2i 2/-I7 2/o € Kj then the following statements are true: 
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(i) If x_ 2 = 0, j/_i ^ 0, i ^ 0, then we have x 6 „_ 2 = Ven+i = and x 6n = 

Xo, X 6n+2 = -J/-1, J/6n-l = 2/-1) 2/6n+3 = ~^0- 

(ii) If a:_i = 0, iv_ 2 7^ °, y 7^ 0, then we have x 6n -i = y 6 «+2 = and x 6 „ + i = 

-J/-2, #6n+3 = -2/0; 2/6n-2 = J/-2, 2/6n = 2/0- 

(iii) If x Q = 0, j/_i 7^ 0, x_ 2 7^ 0, then we have x 6n = y e „ +3 = and x 6 „_ 2 = 

X-2, X en+2 = -y-1, J/6n-l = 2/-1) 2/6n+l = -X-2- 

(iv) If y_ 2 = 0, i-i ^ 0, yo ^ 0, then we have ye n -2 = x 6n+ i = and £ 6n _i = 

X-i, X 6n+3 = -J/o, J/6n = J/0, 2/6n+2 = ~X-\. 

(v) If y_i = 0, x ^ 0, x_2 7^ °: then we have y en -i = x 6n+2 = and x 6 „_ 2 = 

£-2) &6ra = &0> 2/6n+l = — ^-2) VGn+3 = ~Xq. 

(vi) If y = 0, y_ 2 7^ 0, a?_! 7^ 0, then we have y 6 „ = x 6n+3 = and x 6n -i = 

X-l, X en+ i = -J/-2, 2/6n-2 = V-2, 2/6n+2 = -»_!• 

Proof: The proof follows by direct substitutions in the obtained form of the solutions for 
System (2) in Theorem 2. 

Example 2. Figure (2) shows the behavior of the solution for System (2) with the initial 
conditions a;_ 2 = 5, X-i — —0.4, xq — 0.13, y_ 2 = 0.3, j/_i = —0.9 and yo = —2. 



0lu:dX.,^-Y;n2nl -n2^M:Vh:iY--'W<(n2:M,XX2:Yf. l:X,,n 




Figure 2. 



The following theorems can be treated similarly to the previous results. 



4 Third system: x 



n+l 



Vn-2 



-l-y n -2X n -iyn 



7 Vn+l 



X n -2 



*■ X n — 2yn—lXn 



In this section, we obtain the form of the solutions for the following system of difference 
equations 

(3) 



X n +1 



Vn-2 



Vn+l 



X n -2 



-l-yn-2X n _ij/„' l-a; n _ 2 y„_ia;„' 

where the initial conditions are arbitrary real numbers such that X-2y~iXo 7^ ±1 and 
y-2X-iy 7^ -1,7^ -\. 

Theorem 3 Every solution {x n ,y n } for System (3) is periodic with period twelve and 
has the form 



{x n } 



~ ~y~ 2 „ f-l ry. ,, r \ ~l/0 ( 1 +2l/- 2 X - 1 j/Q ) 

x-2,x-i,xo, il+y _ 2X _ iyo) ,-y-i(.l-z-2y-ix ), {1+y _ 2X _ iyo} , 

-x_ 2 (l+x_ 2 y- 1 x ) -x_i -x {l-x_ 2 y_ 1 x ) y_ 2 (l+2y- 2 X- 1 y Q ) 

(l-x_22/-ix ) ' (l+2y_ 2 x-ii/o) ' (l+x_2j/_ix ) ' (l+i/_2X_i2/o) ' 

y_i(l + a;- 2 y-igo), (i +j/ _^_ lg0 ) ' s-2, g-i, s , ... 



> - 



and 

{Vn} 



( — x_i(l+y_ 2 x_iy ) a; _ _ _ 

_ I S/-2) J/-1, J/0, (l-a;_22/_ia;o) ' (H-2j/_ 2 x_ij/o) ' (l+x_23/-ix ) ' ^~ 2 ' ^ _1 ' ^°' 
-x_2 — a;_i(l+7/_ 2 a-ii/o) -x 



(l-x_2S/-iX ) ' (l+22/_ 2 x_iy ) ' (l+x_2vy-iXo) ' ^ 2 ' ^ ' ^° ' ' " 

5 Fourth system: x n+ \ - ^^ 



-l-y n -2x„-iyi 



■j 2/n+l 



-L X n —2yn—\Xr, 



We get, in this section, the form of the solutions for the following system of difference 
equations 

Vn-2 X n -2 ,.* 

Xn+1 = — j , 2M+1 = — j , (4) 

-1 - yn-2Xn-lVn ~i- ~ X n -2Vn-lX n 

where n € No and the initial conditions are arbitrary real numbers such that X-2y-iXo 7^ 
-1 and y-2X-iy ^ -1. 

Theorem 4 Lei {x n ,y n } n= _ 2 is a solution of System (4) then 
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1. {x n , 2/n} n= _2 * 5 a P er i°dic solution with period six i.e. x n+ Q — x n , y n +e = y n for 
all n > —2. 

2. {x n ,y n } n= ^2 has the following form 

-y-2 



X§ n -1 = X- 2 , X%n-\ = X-!, X 6n — X , X 6n+1 

x 6n +2 = -y-i(l + x- 2 y-ix ), x 6n+3 - 



(1 + y_ 2 X-iyo) ' 



{l + y-2X-iyo}' 

and 

-X-2 



J/6n-2 = J/-2) 2/6n-l=?/-l) 2/671 = 2/0) 2/6n+l 

2/6«+2 = -a;_i(l + y_ 2 a;-iJ/o), 2/6n+3 



(1 + x_ 2 y-ia;o)' 
x 



(1 + x-2y-\x Q ) 

Lemma 2. All solutions for System (4) are periodic of period three iff y-2X-iyo = —2, 
y_2 = x_2, y-i = x_iand j/o = x o] an d has the form {...,x_2,^-i,^o, a; -2,^-i,a;o7 •■■}• 
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Abstract 

In this paper, motivated by Lin, Ching and Ng [Theoretical Computer Science, 315:511- 
523 (2004)], a scaling version of Bini's algorithm [SIAM J. Corn-put., 13:268-276 (1984)] for 
an approximate inversion of a triangular Toeplitz matrix is proposed. The scaling algorithm 
introduces a new scale parameter and is mathematically equivalent to the original Bini's. 
Its computational cost is about two fast Fourier transforms of n-vectors (FFTs(n)), equal to 
that of Bini's. We also improve the accuracy of the proposed approach by embedding the 
n-by-n triangular Toeplitz matrix into an (n + no)-by-(n + no) triangular (banded) Toeplitz 
matrix, where no is a positive integer. The complexity of the resulting revised scaling Bini's 
algorithm is about two FFTs(2n). Several numerical examples are given to illustrate the 
effectiveness and stability of the proposed methods. 

Key words: Bini's algorithm; Toeplitz matrix; Fast Fourier transform; Inverse; Triangular 
matrix 

AMSC (2010): 65F05; 65F30 



1] is said to be Toeplitz if it is constant along 



1 Introduction 

An n-by-n matrix T n = [tj^', j, k = 0, 1, ■ ■ ■ , n 
its diagonals, i.e., tjk = tj—k- Such matrices arise in a variety of applications in mathematics 
and engineering, such as signal and image processing [6] and minimum realization problems in 
control theory; see Bunch [5] and the references therein. In this paper, we focus our attention 
on fast inversion of an n-by-n lower triangular Toeplitz matrix, i.e., 






\ 



to 



where £,-, j = 0, 1, 



\ t n -i ■ ■ ■ t\ to J 
, n — 1 are real with to ^ 0. 
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For fast inversion of triangular Toeplitz matrices, Morf in [13] noted that the divide-and- 
conquer strategy yields an algorithm using 0{n log n) operations (the same order as a convolution 
using the fast Fourier transform (FFT)). Then Commmenges and Monsion [7] proposed an 
algorithm requiring 0{n log n) operations for inversion of triangular Toeplitz matrices, more 
precisely, about 10 fast Fourier transforms (FFTs) of n-vectors (FFT(n)). After several years 
of intensive study, the approximate approach using the fast Fourier transform for inversion 
of triangular Toeplitz matrices has been studied by Bini [2] and Georgiev [9]. Considering 
triangular Toeplitz matrices versus polynomials [14, 3, 4, 15, 16, 17], many available techniques 
for polynomial division can be used, such as Knuth Sieveking-Kung [11] and Bini & Pan [3]. 

Recently, Lin, Ching and Ng put forward an approximate inversion method for triangular 
Toeplitz matrices based on trigonometric polynomial interpolation [12]. Moreover, they pro- 
posed a revised Bini's algorithm for a triangular Toeplitz matrix inversion. In this paper, we 
propose scaling and revised scaling Bini's methods for fast inversion of triangular Toeplitz ma- 
trices. The basic idea is to introduce a new scale parameter used by Lin, Ching and Ng and 
choose a distinct numerical value. The proposed algorithms are mathematically equivalent to 
the original ones without scaling, respectively. Therefore, there is not additional computational 
cost. Several numerical examples are given to illustrate the effectiveness and stability of the 
proposed algorithms. 

The outline of the paper is as follows. In section 2, we provide an improvement on a result of 
Bini for computing the approximate inversion of a lower triangular Toeplitz matrix and then give 
a scaling algorithm. We present also the revised version of Bini's algorithm which brings us back 
to derive the revised scaling Bini's Algorithm [12]. Section 3 uses some numerical experiments 
to demonstrate the efficiency and necessity of this modification. Finally, section 4 draws some 
conclusions. 



2 The scaling version of Bini's algorithm 

2.1 Inversion based on Bini's method 

Before we move into fast algorithms for triangular Toeplitz matrix inversion, we first present 
a common special, but very important case of Toeplitz matrices: circulant matrix. An n- 
by-n Toeplitz matrix C n ([C n ]jk = Cj-k) is said to be circulant if it satisfies c_& = c n _£ for 
k = 1,2,- ■ ■ ,n — 1. There are many important properties of a circulant matrix. Of particular 
importance to us is that all circulant matrices can be diagonalized by the Fourier matrix, and 
the multiplication of a circulant matrix to a vector can be done in O(nlogn) operations by 
using FFT [10, 8]. In this event, Bini [2] proposed an approximate approach for fast inversion 
of triangular Toeplitz matrix T n . 

For all n > 1, let H n = [hjk\™ k=l be the lower shift matrix with ones on the first subdiagonal 
and zeros elsewhere. We see that 

l n = y j tjH n . 

3=0 

The basic idea of Bini's algorithm is to use H n £ = [h% ]?j. =1 to approximate H n , where h^ = hjk 
for (j,k) / (1,«) and h^ = e n , here e n is a small positive number. It follows that T n can be 
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approximated by the circulant matrix 



n—l 



3=0 

Let Dn = diag(l,e, • • • ,e n_1 ), D n = diag(cf), where d = \fnF n ut fe]?=oi then we have 

(Tn ) by using the decomposition (T„ ) = (Dn ) F*D~ X F n Dn , where F ra is the n-by-n 
Fourier matrix. On the other hand, it is well-known that the inverse of a triangular Toeplitz 
matrix is also a triangular Toeplitz matrix. Hence, the Bini's Algorithm for computing the first 

column U £ > of (TJi ) can be concluded as follows. 
Algorithm 1. Bini's algorithm 



StepO 
Step 1 
Step 2 
Step 3 
Step 4 



Choose e € (0,1). Compute tj = t 3 e 3 , for j = 0, 1, • • • , n — 1. 
Compute d = (y/nF n )t. 
Compute c=[c^- 1 = [l/^- 1 . 
Compute / = (F*/y/n)c. 



Compute &( £ ) = [ft^J^o 1 = [/j/e J 'l n_] 



"j Jj=0 - UJ/ C Jj=o- 
We note that the computational cost of Bini's algorithm is about two FFT(n). 

Revised Bini's algorithm [12, Algorithm 2] was proposed to obtain a faster and more accurate 
approximate inverse by embedding the n-by-n triangular Toeplitz matrix into an (n + no)-by- 
(n + no) triangular (banded) Toeplitz matrix, where no is a positive integer. For simplicity, they 
set no = n and stated the revised algorithm as follows. 

Algorithm 2. Revised Bini's algorithm 

Step 0: Choose e G (0,1). Compute tj = tjE 3 , for j = 0, 1, ■ ■ ■ , n — 1, and set tj = for 
j = n, n + 1, • • • , 2n — 1. 

2n-l 



Step 2 
Step 3 
Step 4 



Compute d = (\'2nF2 n )[tj] 



Step 1. v vjiu|)uh K i v -" < 2n,)\yj\j = Q 



Compute c=[c j ]]To 1 = [Vd 3 ]fj Q \ 



Compute / = (F 2 * n / v / 2n)c. 

Compute b^) = [bf^zl = [f 3 /eT 3 =l 

Clearly the computational cost of Algorithm 2 is about two FFT(2n), about twice that of 
Algorithm 1. 

In Algorithms 1 and 2, special attention should be paid to the choice of parameter e. Recall 
that we use H n £ to approximate H n , so that T n is well approximated by T n £ . Thus, theoretically, 
the smaller e n , the more accurate the approximate inverse will be. However, notice that if e n 
is close to zero, D n 6 ' will be very ill-conditioned for large n, the computed vector c by Step 2 
in Algorithms 1 and 2 will be therefore not accurate, consequently, the computed b^ 6 ' will not 
be a meaningful approximation solution. Hence, it is both necessary and important to choose a 
suitable value of parameter e to balance the two facts. In fact, it has been pointed out in [12] 
that for a more accurate numerical inverse and a decreased rounding error, e = (0.5 x 10 -8 ) 1 '" 
and e = 10 -5 ' n are good choices for Bini's and revised Bini's algorithm, respectively, which is 
consistent with our numerical tests. 

2.2 Inversion based on scaling Bini's Algorithm 

In this subsection we present our main algorithm. By introducing a simple scale parame- 
ter which is crucial in practice based on the Bini's algorithm for a triangular Toeplitz matrix 
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inversion, we obtain a faster and more accurate approximate inversion. 

Recall that the inverse of triangular Toeplitz matrix is also triangular Toeplitz, i.e., 



T 



-i 



/ to 

t\ to 



\ _1 /b 

bi b 



\ tn-l • • • t\ to J 



\ 



Moreover, from [12], for any p, define T, 



(p) ._ 



\ 6 n _i ••• h bo J 

(to \ 

pt\ to 

, then we have 

\ p n ~H n --y • • • pt\ t J 



( 



{T { n P) ) 



-1 



bo 
pb\ 



bo 



\ p n ~ l b 



n—l 



\ 



pb\ bo J 



Using this scaling technique, i.e., p = 2~ ls ' n G (0, 1), the authors in [12] improves the accuracy 
of trigonometric polynomial interpolation based approximate solution remarkably. Thus with a 
similar approach, we give a scaling version of Bini's algorithm, called the scaling Bini's algorithm. 

Algorithm 3. Scaling Bini's algorithm 

Step 0: Choose a suitable value eo £ (0, 1). Choose a suitable p and compute ij = e^tjfP ,j = 
0,1,--- ,n-l. 



Step 1 
Step 2 
Step 3 
Step 4 



Compute d = 
Compute c = 
Compute / = 
Compute [bj]" 



)t. 



[iM 



{y/nF n) 

[ c j]j=0 ~ !'/ ! '.yJ, 
(FZ/y/n)c. 

=o = \fj/(eopYYj 



-i 

:(V 
-1 

=o- 



We note that the scaling Bini's algorithm is mathematically equivalent to the original Bini's 
by assuming e = peo- Here our contribution is mainly to choose a distinct numerical value 
of p (numerically we assume eo = s), to improve the numerical stability of Bini's algorithm. 
Thus, the computational cost of Algorithm 3 is the same to that of Algorithm 1, about two 
FFT(n), equal to that of Bini's algorithm (Algorithm 1) and half of the revised one (Algorithm 
2). Moreover, we have the following two remarks. 

Remark 1 Although the two parameters £o and p appear together, their properties and behavior 
are quite different form both the computational and the theoretical point of view. The parameter 
eo is used to obtain a circulant approximation of Tit , while the aim of p is to improve the 
accuracy of the computed first column of T~ l as a scale parameter of Algorithm 1. In addition, 
we assume eo = (0.5 x 10 -8 ) 1 '" in Algorithm 3 in the rest of paper since it is always a good 
choice and is not dependent on the choice of p unless it is meaningful. 

Remark 2 It is important to choose a suitable value of parameter p since only a suitable p can 
improve the accuracy of the computed inverse. Recall that the authors in [12] limited p £ (0, 1) 
to make the parameter p meaningful. Moreover, they noted that p = 2~ ls ' n is a good choice. 
Here, we note that the parameter p in Algorithm 3 does not have to be limit in (0,1) strictly 
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and the computed results can also be improved remarkably with p: \p — II < 5, and lim p = 1, 

where 5(< 0.1) is a small positive number. Moreover, our numerical tests show that p = 2 23 ' n 
is a good choice. 

To estimate the accuracy of [bj]™~ computed by Algorithm 3, we give a useful lemma and 
a followed theorem, which can be obtained immediately from [12, Theorem 2]. 

Lemma 1 Let 6^' e °) = [&\ p ' e ° ]"~q and M p ) = \b p ]™Zo be the first columns of the approximate 
inverse of Tn from Bini's algorithm and the exact inversion, respectively. Then 

h M- h f = O{e n ). 
More precisely, 

oo 

°j °j - £ o/j £ o o j+kn , j — v,i,.. . ,n i. 

fc=i 

Theorem 1 Let b = [bj]^Z and b = [bj]^Z be the first columns of the approximate inverse of 
T n computed by Algorithm 3 and the exact inversion, respectively. Then, 

b j -b J = 0(e%p n ), j = 0, 1, • • • ,n-l. 
Proof. From the assumption of b = [ftj]?=o an< ^ ^ = fe]?=0' we nave 

h j = b^/pi, b j = bf/ P j, 

for j = 0, 1, • • • , n — 1. Then Lemma 1 gives 



h - bj = e%J2 £ t 1)n p kn bj+kn = (e p) n Y2(zop) ik - 1)n b 3+k n, 



fc=i fc=i 



for j = 0, 1, . . . , n — 1; the desired result. □ 

From the above result, numerically we see that if p is too small, computing \j p* will bring 
in very large rounding error for large j. However, recall from [12] that if p is too large, then 
b n -ip nl may be infinite for large n, which leads to a meaningless approximate inverse. So we 
have to choose a suitable value of p to balance these two facts. It is worth noting that the optimal 
value of p for all situations is unlikely to exist. Nonetheless, in many applications, p n = 2 23 ' n is 
a good choice for Algorithm 3 to improve the accuracy of the approximate solution to a great 
extent. 

Based on Lin, Ching and Ng [12] techniques, we can further improve the accuracy of our 
scaling Bini's algorithm by embedding the n-by-n triangular Toeplitz matrix into an (n + no)- 
by-(n + no) triangular (banded) Toeplitz matrix, where uq is a positive integer. For simplicity, 
we set no = n and give the revised scaling Bini's Algorithm as follows. 

Algorithm 4. Revised scaling Bini's algorithm 

Step 0: Choose a suitable value £o £ (0, 1). Choose a suitable p and compute ij = £ J tjpi , j = 
0, 1, • ■ ■ , n — 1. Set tj = for j = n, n + 1, ■ ■ ■ , 2n — 1. 

— 7 i2n-1 

l j\j=0 



Step 1: Compute d = {\f2nF 2 n)[ij\ 2n ~ ' 
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Step 2 

Step 3 
Step A 



Compute c = 
Compute / 



Compute [bj\™ = l 



r r .i2n-i 



[Vdi]^ 1 - 



2n)c. 



[/i/^opMlpo 1 - 



We remark that the revised scaling Bini's algorithm is also mathematically equivalent to the 
revised Bini's algorithm from [12] by replacing e with two functional different parameters £o an d 
p. The computational cost of Algorithm 4 is about two FFT(2n). 

To end this section, we give a simple numerical example to further illustrate the effect of 
rounding error of the scaling Bini's algorithm. Let T n be the lower triangular Toeplitz matrix 
with the first column given by 



h 



0.5 J ,j = 0,l,--- 



n 



1. 



Let b and b are the first columns of the exact inverse of T n and the approximate inversion from 
Algorithm 3, respectively. We assume £o = (0.5 x lCP 8 ) 1 '™, p = 2 23 ' n (scaling Bini) and p = 1 
(Bini), respectively. 

The errors in the numerical results b of our scaling Bini's algorithm for p = 2 23 / 4096 and p = 1 
are shown in Fig. 1. Having n form 2 to 4096, Fig. 2 depicts the relative errors for p = 2 23 ' n 
and p = 1. It also shows, for n > 40 and p = 2 23 ' n , the accuracy of the numerical inversion can 
be improved to a great degree, which is consistent with the theoretical analysis. From Figs. 1 
and 2, it is worthwhile stressing that setting p = 2 23 ' n instead of 1 only, without any additional 
computational cost, the approximate inverse is shown to be more stable and efficient. 




Figure 1: log 10 (|5 - b\) for tj = 0.5 i , j = 0, !,••• ,4095 for p = 2 23 / 4096 and p = 1. 



3 Numerical experiments 

We shall demonstrate the effectiveness of the scaling and revised scaling Bini's algorithms. 
In particular, we will compare its performance with Bini's algorithm, the revised Bini's algo- 
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Bini 
scaling Bini 



llriftv* 



|Mlt»i^^rtlW W wiw W ^ 



li lW ti MM* * * * ^*^ ^ 



Figure 2: log 10 (^ 5 ^ 1 ) for tj = 0.5 J , j = 0, 1, • • • ,n, n= 1,2, 



,4095. 



rithm and the algorithm based on trigonometric polynomial interpolation [12]. Seven different 
sequences of lower triangular Toeplitz matrices are tested. They are 



(l)tj = l/{j + l) s , j = 0,l, 



,n 



1, 



(2)tj=0.V, j = 0,l,--- ,n-l, 
(3)t j =0.S>,j = 0,l,'" ,n-l, 

(4) t J= 0.y, j=0,l,--- ,n-l, 

(5) t = 1, h = 1/2 and tj = 0, j = 2, 3, • • • , n - 1. 

(6) t = 1, ti = -1/2, t 2 = 1/2 and tj = 0, j = 3, • • • ,n - 1. 

(7) t = 1, ti = -1, t 2 = 1/2 and t,- = 0, j = 3, • • • , n - 1. 

We note that the test sequence (1) comes from [12], and sequences (2)-(4) are the lower part 
of the well-known matrices, a class of Toeplitz test matrices: 



jyl^'l, * 



!,••• , m ; j = V- 



, n, 



the parameter ?y € (0, 1). Here we choose rj = 0.1, 0.5 and 0.9, respectively. Moreover, sequences 
(5)-(7) which are not diagonally dominant will give some more information. 



In the following tables, we show the relative accuracy of the approximate inverse 



II^U i 



, where 



b is the first column of the approximate inverse based on Bini's algorithm and b is the inverse 
computed by the divide-and-conquer approach. The second, third and fourth rows display the 
accuracy of the computed inverses of Bini's algorithm, the revised Bini's algorithm and the 
algorithm based on trigonometric polynomial interpolation [12, Algorithm 1; with p = 2~ 18 ' n ], 
respectively. The fifth and sixth rows displays also the accuracy of the computed inverses of our 
scaling and revised scaling Bini's Algorithms, respectively. 

From Tables 1 through 7 we see that all approximate inverses of the five methods are very 
accurate. When not requiring very high order of accuracy, such as in the Gauss-Seidel iteration 
for Toeplitz systems, Bini's algorithm is suitable. In some applications, such as in [1], we need an 
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approximation inversion as accurate as possible. In these cases, the revised, scaling and revised 
scaling Bini's algorithms are more preferred. In addition, we remark that our scaling Bini's 
algorithm requires two FFT(n), a slightly lower computational cost, which is equal to that of 
Bini's algorithm and about half cost of the revised or revised scaling Bini's algorithms. 



n 


128 


256 


512 


1024 


2048 


4096 


8192 


Bini 


4.57e-009 


3.54e-009 


4.73e-009 


5.59e-009 


7.37e-009 


7.71e-009 


8.38e-009 


Revised 


1.37c-012 


1.75e-012 


1.96e-012 


2.15e-012 


3.06e-012 


3.55e-012 


3.44e-009 


Interpolation 


3.00e-011 


3.77e-011 


4.65e-011 


7.49c-011 


1.16e-010 


1.62e-010 


2.24e-010 


Scaling 


6.41e-009 


7.92e-010 


9.85e-011 


1.23e-011 


1.53e-012 


1.92e-013 


2.41c-014 


Revised scaling 


8.69e-010 


1.34e-011 


2.01e-013 


2.94e-015 


1.30e-016 


5.97e-017 


1.25e-016 



Table 1: Accuracy for tj = l/(j + l) 3 , j = 0, 1, 



,n 



n 


128 


256 


512 


1024 


2048 


4096 


8192 


Bini 


2.71e-009 


3.10e-009 


3.86e-009 


4.24e-009 


5.19e-009 


5.48e-009 


5.21e-009 


Revised 


1.15e-012 


1.61e-012 


1.51e-012 


1.87e-012 


2.11c-012 


1.82c-012 


1.67c-012 


Interpolation 


1.70e-011 


2.68e-011 


4.64e-011 


5.44c-011 


8.69e-011 


1.22e-010 


1.73e-010 


Scaling 


1.06e-015 


1.19e-015 


9.39e-016 


1.18e-015 


1.15e-015 


1.13e-015 


1.16e-015 


Revised scaling 


2.95e-017 


3.74e-017 


3.43e-017 


2.92e-017 


3.43e-017 


3.19e-017 


3.42e-017 



Table 2: Accuracy for tj = 0.P, j = 0, 1, 



,n 



128 



256 



512 



1024 



2048 



4096 



8192 



Bini 


6.45e-009 


6.21e-009 


6.66e-009 


7.24e-009 


7.14e-009 


8.14e-009 


8.28e-009 


Revised 


2.61e-012 


2.20e-012 


1.97c-012 


2.45c-012 


2.66e-012 


2.72e-012 


3.11e-012 


Interpolation 


1.93e-011 


3.39e-011 


3.75e-011 


6.82e-011 


8.61c-011 


1.31c-010 


2.03e-010 


Scaling 


1.27e-015 


1.69e-015 


2.11c-015 


1.95e-015 


1.90e-015 


1.89e-015 


2.28e-015 



Revised scaling 4.95e-017 5.33e-017 l.lle-016 1.16e-016 6.62e-017 1.13c-016 5.86e-017 



Table 3: Accuracy for tj = 0.5 J , j = 0, 1, 



,n 



4 Conclusions 

In this paper we have presented a scaling Bini's algorithm for approximate inversion of tri- 
angular Toeplitz matrices and performed extensive experiments to verify the performance for 
some triangular Toeplitz matrices. In particular, comparing with the initial Bini's algorithm, 
the scaling one improves the accuracy of the numerical solution remarkably without additional 
computational cost. We also improve the accuracy of the proposed approach by the revised 
scaling Bini's algorithm which requires two FFTs of 2n-vectors. 
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n 


128 


256 


512 


1024 


2048 


4096 


8192 


Bini 


8.06e-009 


6.81e-009 


1.41e-008 


1.39e-008 


2.01e-008 


2.31e-008 


2.30c-008 


Revised 


4.27e-012 


6.74e-012 


1.02c-011 


9.87e-012 


8.31e-012 


8.85e-012 


9.43e-012 


Interpolation 


4.50e-011 


6.28e-011 


1.04c-010 


1.43c-010 


3.07c-010 


3.66e-010 


5.01c-010 


Scaling 


5.83e-008 


8.12e-014 


5.17e-015 


5.25e-015 


6.11e-015 


6.08e-015 


6.56e-015 


Revised scaling 


1.35e-008 


2.95e-016 


3.54e-016 


3.42e-016 


3.27c-016 


2.33c-016 


2.64e-016 



Table 4: Accuracy for tj = 0.9 J , j = 0,1, 



,n 



n 


128 


256 


512 


1024 


2048 


4096 


8192 


Bini 


4.77e-009 


6.70e-009 


6.08e-009 


5.91e-009 


7.41e-009 


7.01e-009 


7.11e-009 


Revised 


1.75e-012 


1.32c-012 


1.83e-012 


2.53e-012 


2.20e-012 


2.31e-012 


2.56e-012 


Interpolation 


1.28e-006 


1.28e-006 


1.28e-006 


6.65e-009 


4.78e-010 


4.78e-010 


1.99e-011 


Scaling 


1.39e-015 


1.53c-015 


1.66e-015 


1.55e-015 


1.76e-015 


1.64e-015 


1.74e-015 


Revised scaling 


6.00e-017 


6.62e-017 


1.07e-016 


1.16&-016 


1.10e-016 


1.20e-016 


4.30e-017 



Table 5: Accuracy for to = l,ti = 1/2, and tj = 0, j = 2, 3, 



,n 



128 



256 



512 



1024 



2048 



4096 



8192 



Bini 6.64e-009 4.90e-009 6.40e-009 8.78e-009 1.01e-008 9.10e-009 1.00e-008 

Revised 2.50e-012 2.00e-012 2.95e-012 3.23e-012 2.85c-012 2.86e-012 3.03e-012 

Interpolation 1.25e-006 1.25e-006 1.25e-006 5.84e-009 4.42c-010 4.42c-010 1.25e-010 

Scaling 1.66e-015 1.85e-015 2.05e-015 1.97e-015 2.08c-015 2.05e-015 2.11e-015 

Revised scaling 6.50e-017 9.85e-017 1.01e-016 1.31c-016 1.03e-016 1.25e-016 5.78e-017 



Table 6: Accuracy for to = 1, h = —1/2, £2 = 1/2 and tj = 0, j = 3, • • • 



11 



128 



256 



512 



1024 



2048 



4096 



8192 



Bini 


1.15e-008 


8.64e-009 


1.24e-008 


1.16e-008 


1.97e-008 


1.17e-008 


1.82e-008 


Revised 


2.60e-012 


2.70e-012 


3.63e-012 


4.09e-012 


3.93e-012 


3.84e-012 


3.57e-012 


Interpolation 


1.49e-006 


1.49e-006 


1.49e-006 


8.47e-009 


6.22e-010 


6.22e-010 


1.79e-010 


Scaling 


2.58e-015 


2.94e-015 


2.44e-015 


2.73e-015 


3.24e-015 


2.79e-015 


3.20e-015 


Revised scaling 


8.12e-017 


1.59e-016 


7.62e-017 


2.25e-016 


1.68e-016 


1.84e-016 


9.51e-017 



Table 7: Accuracy for to = 1, t\ = — 1,^2 = 1/2 and tj = 0, j = 3, 



,n 



866 
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Abstract 

In this work, we introduce a modification of the Gadjiev-Ibragimov operators 
as an approximation process in continuous functions on [0,A]. The rates of con- 
vergence of this generalization are obtained by means of modulus of continuity. 

Keywords: Linear positive operators, Gadjiev-Ibragimov operators, 

Korovkin theorems, Modulus of continuity, Rate of convergence. 

AMS Class. [2000] 41A36;47A58. 

1 Introduction 

The problem of the approximation of continuous functions by sequence of lin- 
ear positive operators have been investigated in many papers [2], [1], [8], [10], [14]. 
Gadjiev and Ibragimov, defined a general sequence of positive operators and 
studied some approximation properties of this operators [8], [5]. Their work was 
motivated by the development of a general expression that cover other Bernstein 
type operators [4], [9]. C [0,A] be set of all real valued continuous functions on 
[0, A] for A < oo with the finite norm, 

11/11 : = max . | fix) | 
xe[o,A] 

The classical Gadjiev -Ibragimov operators are defined by following form: 
n£N and A be positive real numbers, {ip n (£)}and {ip n (£)} be the sequence of 
functions in C [0, A] such that ip n (0) = 0, ip n (0) /0,n€N for each t e [0, A]. 
Let also {ai n }be a sequence of positive numbers such that lim — = 1 and 
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lim 



= 0. Assume that a sequence of functions of three variables 



„^ 1 oo « 2 v„(0) 

{K n (x,t,u)} satisfies the following conditions; 

l°)Each function of this family is an entire analytic function with respect to 
u for fixed x,t £ [0, A]. 

2°) K n {x, 0, 0) = 1 for any x e [0, A] and for all n e N, 

3°) Each x e [0, A] and &, n e N , for a iti e R; 



(-l)^^„(x,i, U ) 



>0 



i— 0,w— i/i J 

4°) There exist a number m making (n -j- m) £ No such that 



du* 



K n {x,t,u) 



d*- 1 K 

du*- 1 n+m 



{x,t,u) 



t— 0,U— U\ 

Consider the sequence of positive linear operators; 



i— 0,ii— tx i 



£„(/.*) = £/ 



i?=0 



1? 



du* 



K n {x,t,u) 



4=0, u=a rl ->p rl (t) / 






It is shown in [5], [3] that this sequence of operators in special case, con- 
sist of the well known Bernstein, Szass, Bernstein - Cholodowsky and Baskakov 
operators. 

In [6] for these operators were given a modification and the some results in 
[3], [5]. [12]. [13] were also developed. Some approximation properties of modified 
Gadjiev-Ibragimov operators given [11] and [6] in the setting of polynomial 
weighted function space. The following theorem is called Korovkin's Theorem. 

Theorem 1 {L n } be the sequence of linear positive operators on C[a,b\. If 

lim \\L n (g,x)-g(x)\\ c , b] =0 

holds for g{x) = l,x and x 2 , then it holds for every / in C[a, b]. 
For every / G C[0, A] modulus of continuity to introduced in [9], [10] by the 
formula 

w(/,J)= sup \f{t)-f(x)\ 

xe[0,A],\t-x\<5 

Some elementary properties of w(/, S) are collected in the following. 

Lemma 2 [7] For every C[0,A], 

(i) w(/, S) is a monotonically increasing function of 5, S > 0. 
(ii) lim uj{f, S) = 0. 

{Hi) For each positive value of A 

tj{f,\5)<{l + \)uj{f,5). 
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(iv) For every / e C[0, A] and x, t £ [0, A]. 

\t - x\ 



\f{t)-f{x)\<w{f,5)[l + (S 

Now we defined a modified Gadjiev- Ibragimov operator and introduce the 
construction of operators. In section three we present some auxilary result and 
give some examples. Last section we compute the rate of convergence for the 
\\L n (f,x) — /(x)||c[o,ai with the help of modulus of continuity. 

2 Definitions and Construction of Operators 

Let {a n }, {/?„} be a sequences of positive numbers such that; linin^oo /3 n = oo 
, linijj^oo |p = and linin^oo S^n = 1. Assume that K„ t #(x) be a function 
satisfying the following conditions: 

1°) 

(-lfK n ^(x) > 

for •& £ No, n £ N and x £ [0, A]. 

2°) 

OO / J 

5:^(x) ( ^=i 

for n £ No and x £ [0, A]. 

3°) There exists an integer m such that for all x € [0,A] and for some 
nonnegative integer n + m, 

K n .a{x) = -nxi^„ +m ,^_i(x) 
Consider the family of linear operators; 



!?=0 X 7 



It is clear that the operators L n (f, x) arc positive and linear. 
Remark 1 By choosing 



\t9 \ nx ) -T 



#„,*(*) = (-l)*^-e- M ,m = 

TTien we have a n = 1 and /3 n = n, £/ims £/ie operators (1) tern ow£ to &e Szass 
operators as follows. 






$\ (nx) 

e 



5? 



. .. , i?! 

#=0 
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3 Main Results 



Lemma 3 L n defined by (1) is a linear positive operator from C[0, A] into 
C[0,A] and having the properties 



L n (l,x) = 1 
L n (t,x) = jr-nx 

Pn 



L n (t 2 ,x) = ( -^x j n(n + m) + -^i 

\Pn / P n 



(2) 
(3) 

(4) 



Theorem 4 Let {L n } be the sequence of linear positive operators defined by 
(1). Then for each f e C[0,A], 



lim \\L n (f,x) - f(x)\\ C[0A] = 0. 

Proof. To prove the theorem it is sufficient to show that the conditions of 
Korovkin Theorem should be satisfied. Clearly we can write 



lim ||L„(l,x) - 1|U 0A , =0. 
Using Lemma and condition linin^oo %^n = 1 ve get 

,na 



max \L n (t,x) — x\ = max 
xe[o,A] xe[o,A] 



x( 



Pn 



1) 



<\A\ 



Pn 



From this and using definition of norm in C[0, A] we get 

lim \\L n (t,x) -x\\ C]0A] = 0. 
Finally , should show the following equality, 



lfinJ.Mi ,x)-x \\ C[0iA] =0. 
From Lemma it follows that 

a n n(n + m)x 2 a n nx 



\L n (t , x) — x 



fli 



31, 



3 2 

I" n 



n(n + m) — 11+ n— ^-x 

■ Pi 



Hence 



I r fj-2 \ 2 1 

max \L n (t , x) — x 

x&[0,A] ' ' 



max 
xe[o,A] 



■.2"n 



n(n + to) — 1 + n^-x 
B 2 

r J n 
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<A 2 



$■ 



^u{n + to) — 1 



Pi 



A. 



Then using definition of norm in C[0, ^4] we get 



lim L„(t , x) — x „,„ 41 < lim A —jn(n + m) — 1 J + lim n-j-4. 



\C[0,A] 





in 







So we may write that 



cvr 



2 2 

lim — %-n(n + m) — lim — Vj-n + lim —^-nm 

n — >oo R n — »oo R n — >oo R 



and 



lim lim h hm — n lim — m = 1 

rwoo /3 n^oo /? rwoo /3 rwoo /? 



lim A 2 fen(ri + m)-l ] =11 



Consequently we write 

lim ||L„(t 2 ,a;) — x 2 \ 



C[0,A] 







Therefore, the desired result follows from Korovkin theorems, i.e. for all 

feC[o,A], 

lim \\L n (f,x) - f(x)\\ C[0A] = 

■ 

We give the graphics of approximation of functions s "x+i and 2*3+3 by 
modified Gadjiev-Ibragimov polynomials (1) (see Figs. 2.1 and Figs. 2. 2 respec- 
tively). 
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012 
01 


ff\ 








008 


I \i 






y 


DOG 
004 
002 


' 


\\ 








Fig. 2.1 Approximation of f{x) = sl "i+i by L n {f,x). (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of 
this article.) 




02 0.4 0.6 OB 1 12 H 1G 18 2 



L 201(1. x) 
L 301(1. x) 
L|S5||l.xJ 



Fig. 2. 2 Approximation of f(x) — 2 x3+3 by ^n (f> x )- (F° r interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of 
this article.) 
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4 Rates of convergence 



In this section we want to find the rate of convergence of the sequence of oper- 
ators {L„}„ £ N- 

Theorem 5 If f € C[0,A] then the inequality 



\\LM, X )-m\\c [0 , A] <K.^(n^-l) + a f n +^\ (5) 

holds for sufficiently large n , where if is a constant independent of 
Proof. From 2°) we get 



Using linearity and positivity of operators (1) we get 



\L n (f,x)-f(x)\<J2 



15=0 



Pn 



Kn,#(x 






From the definition of modulus of continuity by choosing t = ■$- we have 



tf 



Pn 



<w(/,*)|i + 

for every S n > O.Thus we obtain 



oo / 

\L n {f,x)-f(x)\ < ^ «(/,*„)! 



v„ 



i)=0 



5 n 



KnA X . 






( oo 

V n i?=0 



fin 



K n Ax) { -^ + l 



We defined 



(6) 



M = £ 



= 



fin 



2\ 2 r 



K n ,d( x ) 



{-Pin) 



i)l 2 



Kn,#{x) 






Now applying Cauchy Schwartz inequality we obtain 
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M < 



E 

.0 = 



p, 



K n #(x\ 






Substituting these inequalities in (Eq.6) we have 



\L n (f,x)-f(x)\<co(f,S n ) 



E 

.0=0 



K n ^(x) 






So we can write 



|i„(/,x)-/(.x)| < u 



HKI&)'*" 



<){x 



{-a n f 



0\ 



—K n j(x 



j=o 



0! 



x 2 y^^K n ^(x 



0=0 






= u(f, S n ) j j- (L n {t 2 ,x) - 2xL n {t, x) + x 2 L n {l, x)) ~ 2 + 1 

For x G [0, A] using Eqs. (2) — (6) we can write next inequalities. Therefore 
for a large n 



\L n (f,x)-f(x)\ < Lo(f,5 n ) 



1 / n(n + m) 9 , 9 i n„ , , 



s n V K 



Pn Pn 



,Otr. 

In 



<-^Mh{(rS^<K)^ + kt" A 



-2A 2 (^)n-A 2 









"(/.*") 1^ 


A 2 


+A 2 


fa n Y 

\Pn) 


nm 



1 n — 2 — — n + 1 

Pn 



1 1 a n 

^JnJT 



< 


to(f,5 n )< 


U 

Sn 


[(' 


< 


to(f,5 n )< 


2m. 

Sn 


4 



a n \ . a n . 1 1 

n— II +4— — to + 4— — — m 

Pn ) Pn ■"■ p n 



a n 11 



(7) 
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If we choose 




Pn A0 r . 



in Eq. (7) and take maximum over x € [0, A] , we have the following in- 
equality with positive constant K independent on n 



\\L n {f,x) - f(x)\\ C[0A] < Klo IfJfaj- 



1 



2 



ttn 1 



Pn A/3 n 



The proof is complete. ■ 

5 Numerical examples 

Example 1 The error bound of the function f(x) — 2 J+s , (a n )neN — 1) (fi n )neN — 
n. 

n Error bound for continuity modulus of function f 

10 0.07966386320 

10 2 0.03319943930 

10 3 0.01152988821 

10 4 0.003758159542 

10 5 0.001199946306 

10 6 0.003806173006 

10 7 0.0001204782791 

10 8 0.00003811009774 

10 9 0.00001205257007 
10 10 0.381144100410" 5 



Example 2 The error bound of the function f(x) — 2 »+i ; (ckn)neN = 1, (P n )neN — 
n. 

n Error bound for continuity modulus of function f 

10 0.6781478998 

10 2 0.2372112846 

10 3 0.07578387700 

10 4 0.02398952140 

10 5 0.007586929800 

10 6 0.002399222200 

10 7 0.0007587018000 

10 8 0.0002399228000 

10 9 0.00007587000000 
10 10 0.00002399220000 
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6 Appendices 



Appendix A 

>restart ; 

>with (plots) : 

>f :=x->sin(2*x)/exp(2*x+l) ; 

>printf ( 'Please enter the number of operator . \n' ) ;m:=scanf ( '°/ d' ) [1] ; 

>printf ( 'Enter the sum of the number of terms.\n');t := scanf ( '°/ d' ) [1] ; 

>n:=l: 

>for n from 1 to m do 

>alpha(n) :=1: 

>beta(n) :=n: 

>K[n] (v,x) :=evalf (simplify ((-1) ~v*(n*x) ~v*(exp(-n*x) )) ) : 

>L[n] (f ,x) :=evalf (simplify (sum(f(v/beta(n) )*K [n] (v,x)* 

(-alpha(n))~v/v! ,v=0. .t))) : 

>end do: 

>pl : =plot (f (x) , x=0 . . 4 , color=blue) : 

>p2 : =plot (L [2] (f , x) , x=0 . . 4 , color=green) : 

>p3 : =plot (L [4] (f , x) , x=0 . . 4 , color=red , style=point , 

symbol=circle,numpoints=380,symbolsize=7) : 

>p4:=plot(L[10] (f ,x) ,x=0. .4,color=black) : 

>p5:=plot(L[20] (f ,x) ,x=0. .4,color=cyan) : 

>p6 :=plot (L [28] (f ,x) ,x=0. .4,color=magenta) : 

>Yl:=textplot( [1.31, 0.051," > 

L[2](f, x)",font= [TIMES, ROMAN, 11] ,color=black] ) : 

>Y2:=textplot( [0.89, 0.08," - - > 

L[4] ( f, x) ",font= [TIMES, ROMAN, 1 1] , color=black] ) : 

>Y3:=textplot( [0.95, 0.099, - -> 

L[10] (f,x)",font= [TIMES, ROMAN, 11] ,color=black] ) : 

>Y4:=textplot( [0.879,0. 104," > 

L[20] ( f,x)",font= [TIMES, ROMAN, 11] ,color=black] ) : 

>Y5:=textplot( [0.866,0. 110,"- > 

L[29] ( f,x)",font= [TIMES, ROMAN, 11] ,color=black] ) : 

>Y6:=textplot([0. 6101, 0.117," > 

f (x) " , f ont= [TIMES , ROMAN ,11]], color=black) : 
>display([pl,p2,p3,p4,p5,p6,Yl,Y2,Y3,Y4,Y5,Y6]); 

Appendix B 

>restart ; 

>f :=x->l/exp(2*x+5) ; 

>n:=l: 

>for k from to 9 do 

>n:=10*n; 

>alpha(n) :=1: 
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>beta(n) :=n: 

>delta(n) : =evalf (simplify (sqrt ( ((n*alpha(n)/beta(n) )-l) ~2+alpha(n) 

/beta(n)+l/(l*beta(n))))) ; 

>omega(f ,delta(n) ) :=evalf (simplif y (maximize (abs (expand 

(f (x+h)-f (x))) ,x=0. .l,y=0. .10,h=0. .delta(n)))) : 

>errorL:= 20*omega(f ,delta(n)) ; 

>end do; 
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Some identities on the twisted g-Euler numbers with weight 
(a, (3) and g-Bernstein polynomials with weight a 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : In this paper, by using fermionic p-adic q-integral on Z p , we give some interesting 
relationship between the twisted g-Eulcr numbers with weight (a, jS) and the g-Bcrnstein polynomials 
with weight a. 

Key words : Eulcr numbers and polynomials, twisted g-Eulcr numbers and polynomials with 
weight (a,P), Bernstein polynomials, q-Bcrnstcin polynomials 

1. Introduction 

In this paper we investigate some relations between the g-Bernstein polynomials and the twisted 
g-Eulcr numbers with weight (a,/3). From these relations, we derive some interesting identities on 
the twisted q-Euler numbers with weight (a, /3). 

Let p be a fixed odd prime number. Throughout this paper, we always make use of the following 
notations: Z denotes the ring of rational integers, Z p denotes the ring of p-adic rational integers, Q p 
denotes the field of p-adic rational numbers, and C p denotes the completion of algebraic closure of 
Q p , respectively. Let N be the set of natural numbers and Z + = N U {0}. Let C p n = {w\w p = 1} 
be the cyclic group of order p n and let 

lp = lim Cpn = Cpoc = Un^oCpn 

n — »oo 

be the locally constant space. For id £ T p , we denote by <j) w : Z p — > C p the locally constant function 

1 s 

x i — ► w x . The p-adic absolute value is defined by IxL = — , where x — p r -( r G Q and s,(£ Z 

p r t 

with (s,t) = (p,s) = (p, t) = 1). In this paper we assume that g 6 C p with \q — l\ p < 1 as an 
indeterminate. The g-number is defined by 

1 - q x 

Note that lim 9 _,i[x]q = x. For 

/ G UD(Z p ) = {/|/ : Z p — ► C p is uniformly differentiablc function}, 

the fermionic p-adic g-integral on Z p is defined by Kim as follows: 

, 1 p n -i 

/_,(/) = / f(xW- q (x) = lim — ±« J2 /(*)(-?)*> see [1-2] . (1.1) 

In? N^oo I 4- qP *• — * 

J£ v ^ H x=0 

For a G Z, /? G Z, w G T p , and g G C p with |1 — g| p < 1, twisted g-Euler numbers En^q^J, with 
weight (a,/3) are defined by 

4?$= / MaON?.dM- g /»(aO- (1-2) 

In the special case, x = 0, ^"^(O) = En^^J, are called the n-th twisted g-Euler numbers with 
weight (a,/?). 
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2. Some identities on the twisted g-Euler numbers with weight (a, (3) 

In this section, we investigate some identities on the twisted g-Eulcr numbers with weight {a, [3). 
By using p-adic g-integral on Z p and (1.2), we obtain, 



P «-i 



/ <p w {x)[xT qa d^ q ,{x) = lim v ^— ^[*]^(-l)V* 

■w,( r ! ? )E(;)(-iC 



i=0 



n=0 



By (2.1) and (2.2), we obtain 



/3): 

n! 



± q.w W / j n,q,: 

n=0 

= [2]q ^ [\^^J Sw ( ' 1) ' I +^ s;E )^ 

oo 

= [2],* ^(-l) m w m / m e [ml « Q *. 



with usual convention about replacing (E q °w )™ by En,q,w- 

J. 71 

Let F,\to ^(t,*) = Z)^Lo- E ™ Q 9^( x )~- Tncn wc scc tnat 



(2.1) 



We set 

F^ ] (t) = Y, E ^h- (2-2) 



(2.3) 



Since [x + y] q a = [x] q a + q ax [y] q °> , we obtain 

e£$(x)= I <t> w (y)[y + x]q»td^ q0 (y) 

Jz p 
= E [f)<I axl [^ 1 1 Mv)[v} l t>d»-Av) (2.4) 

Therefore, we obtain the following theorem. 
Theorem 1. For n e Z + and w <G T p , we have 

oo 

4?$(a0 = [V £(-ir^V m [z + r< a . 

7n— 

Furthermore, 

i—r\ V / 



F^JX^x) = [2]^ XI (-l) m w m / m e [:c+ml « Q *. (2.5) 

m=0 

In the special case, x = 0, let i 7 ^ (£, 0) = i 7 ^ (£). 
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By (2.1), we get 

E t-\ W -^-^ = (-l) n wq an E^(x). (2.6) 

From (2.3) and (2.5), we note that 

wqf>Ffoft(t, 1) + F^\t) = [2] qP . (2.7) 

By (2.7), we get the following recurrence formula: 

EfcS = YT$w> and <f wE £$W + E ti% = if « > 0. (2.8) 

By (2.8) and Theorem 1, we obtain the following theorem. 
Theorem 2. For n € Z + and w <G T p , we have 

jwifEM + i) n + e%& = { [ y ' * n = °' 

y y [0, if n > 0, 

with usual convention about replacing (E q %') n by En,q,w- 
By (2.4), Theorem 1, and Theorem 2, we obtain 

20 2 T^fa 8) /o\ W<?' 5 20 2 W'?' 5 

9 w <$< 2 > - TT^ q w " rr^ 9 w 

S^ f n \ Ql P (a,ffl I 2 ]? 13 



Z^/J 9 ^.9.™ l + g/% 9 



Therefore, we obtain the following theorem. 
Theorem 3. For n € N, we have 



E ( a ,0) (2 ) = ( 1 ^ £(«>/?) i _ 

^n,q,w\^) I Q 2 I 3 W 2 J n '1' w 1 



[2U [2] gfl / 1 



+ g^w 1 + q@w \qPw 
By (2.6), we see that 



w i [i - x] n q - a w x dn-A x ) = {-^) n q an w / [x - \] n qaW x dn-A x ) 

= (-irq an wE^(-l) = ^^-,(2). 
Therefore, we obtain the following theorem. 

Theorem 4. For n e Z+, we have 

p(«,/3) 



tu / [1 - x]»- a vfdn_ ql ,(x) = J5££{ „,-i(2). 

Let n € N. By Theorem 3 and Theorem 4, we have 

w [1 - x] q -aW x d/j,_ q fi(x) 

Jz p 

[2]gg \ . a 2 ( [2] g g 



20 2r ? (a,0) . /" I 2 ]?* 3 \ . 2 / 

q wE ^-^ +w {iT^) +qw { 



l + q?W 



(2.9) 



(2.10) 
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From (2.10), we have 

[2]„ 



[1 - z^vrdv^ix) = ^wE^fi^ + ( r f^) + q w ( r 
Therefore, we obtain the following corollary. 
Corollary 5. For n E N, we have 

[1 - x]^ a w'dfJL_ qP (x) = q 20 wEl a f_\ w _ ± + [2] qli 



qPw 



For x € Z p , the p-adic g-Bernstein polynomials with weight a of degree n are given by 



£$(*.«) = y k )K^-A n q -^ where n, fc e Z+. (2.11) 

By (2.11), we get the symmetry of g-Bcrnstein polynomials as follows: 

^(^«)=-Bi- ) fcl n(l-*.«- 1 )- ( 2 - 12 ) 

Thus, by Corollary 5, (2.11), and (2.12), we sec that 

B{ ki,{x,q)w x dn_ q0 {x)= / B { ^ k {\-x,q- x )ur c dn_ q e{x) 

J-L v 

k , 1S (2-13) 



j:Q(-ir i (^wE^ g _ ltW _ 1+ [2} q0 



Let us take the fermionic g-integral on Z p for the g-Bernstein polynomials with weight a of degree 
n as follows: 



B k ^(x,q)w*dn_ q e(x)=(fy^ [x] k qa [l - x] n q ^w x d^ q0 (x) 



-k , , 
n \ v—v in — k 



1=0 v 



(2.14) 



Therefore, by (2.13) and (2.14), we obtain the following theorem. 
Theorem 6. Let n,k € Z + with n > k. Then we have 

k 



B%(x, q ) W *d»_ q e(x) = Q y: (")(- 1 ) fe+ ' (^^1-2-^- + ra< 



/=o 

Moreover, 



E ( " 7 * ) (-!) J <tL = E (- 1 )** <^S!U«- + Pi, 



7 / V / l-\-k,q,w /_ ^ V 7 

z=o x ' i=o ^ 



Let ni,ri2, k € Z + with m + ni > 2fc. Then we get 
Bii 1 (x,9)Bit(x,q)w-dn_ q ,(x) 



2 k 

fcJUjEi , i^" ■'" / l i - j v- " "-"" " il - r ' (2.1-,) 



" A ' //l2 ) E (?) ( " 1)i+2fe / z [i-*]^"'^-^) 



2fr 



^ M ^ PV-1)^ f^t^.,,,-^ + [2], 



k ^\l 

1=0 
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Therefore, by (2.15), we obtain the following theorem. 
Theorem 7. For n\,n-2,k £ Z + with m + ri2 > 2k, we have 
Btl(x,c,)B["l_(x. q )w'd^,,(x) 

- C)(:) J (?)<-d'~ (^££.-,.-..-. + ei. 

From the binomial theorem, we can derive the following equation. 

:) (:) "' |" Vd< (- + t - 2t ) /^v*_ a » w ( , 16) 

nA /n 2 \ ™ 1+ ^T 2 /ni + n 2 - 2fc\ (Qi/3) 

k ){ k ) l, t-vy i ) E 2 k+ i, q , w - 

Thus, by (2.16) and Theorem 7, we obtain the following corollary. 

Corollary 8. Let ni,ri2, k £ Z + with rai + n 2 > 2fc. Then we have 

E 

Z=0 
2fc 



E (-iy{ ni+n r 2k ) E ^l 

= E (T)(- 1 )' +2fe (^^U,-,.- + [^ 



For i€Zp and s G N with s > 2, let m, n 2 , . . . , n s , k £ Z + with n\ + ■ ■ ■ + n s > sk. Then we 
take the fermionic p-adic g-integral on Z p for the g-Bernstein polynomials with weight a of degree 
n as follows: 

Bi a l(x,q)---Bi a l(x, q )w x d^ q ,(x) 

Zp-- v ' 

s-times 

I) - ■ ■ (;•) e (?) (-i> ,+ " (^»«». + „.-,,-.,„-. + pi, 

Therefore, by (2.17), we obtain the following theorem. 

Theorem 9. For s £ N with s > 2, let m, n 2 , . . . ,n s , k £ Z + with m + ■ ■ ■ + n s > sk. Then 
we get 

B i U ii 0' ^) ' ' ' B k% (&> q)w x dii- q p(x) 

Z„ s v ' 

.-times (218) 

:) - (";) f (?) (-D' + " (o 2 "»<f». + „.-,„-.,»-. + m. 
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By the definition of (/-Bernstein polynomials with weight a and the binomial theorem, we easily 
get 

B£l(x,q)---Bi%(x,q)w x d»_ q e(x) 

Zv- ■ v ' 

s- times 

niH \-n s — sk 

E (-i)'(" i+ -: n -- w )/ Nf + w M ^ ( ,) 



k \k ^ v ' \ I 

1=0 

n±-\ \-n s — sk 

m\ in s ' 



z„ 



xf (-i) ( ( ni+ "T s ^>^ 

Therefore, we have the following corollary. 



k \k , 

1=0 



Corollary 10. For w e T p , s <G N with s > 2, let m, ri2, . . . , n s , A: <G Z + with ni H — • + n s > sk. 
Then we have 



••-t-n s — sk / . \ 



1=0 

s k 



- E ( f ) (-D' +Sfe (f*<t - +ns -i, q -^ + K, 



1=0 



References 

[1] T. Kim, A note on g-Bernstein polynomials, Russ. J. Math, phys., 18(2011), 41-50. 

[2] T. Kim, g-Volkcnborn integration, Russ. J. Math. phys. 9(2002), 288-299. 

[3] T. Kim, J. Choi, Y. H. Kim, C. S. Ryoo, On the fcrmionic p-adic integral representation 
of Bernstein polynomials associated with Eulcr numbers and polynomials, J. Incqual. Appl., 
2010(2010), Article ID 864247, 12 pages. 

[4] T. Kim, J. Choi, Y.-H. Kim, Some identities on the g-Bcrnstein polynomials, ^-Stirling numbers 
and g-Bernoulli numbers, Adv. Stud. Contemp. Math., 20(2010), 335-341. 

[5] T. Kim, Some identities for the Bernoulli, the Eulcr and the Gcnocchi numbers and polynomials, 
Adv. Stud. Contemp. Math., 20(2010), 23-28. 

[6] H. Y. Lee, N. S. Jung, and C. S. Ryoo, Some Identities of the Twisted g-Genocchi Numbers 
and Polynomials with Weight a and g-Bcrnstcin Polynomials with Weight a, Abstract and 
Applied Analysis, 2011(2011), Article ID 123483, 9 pages 

[7] L. C. Jang, W.-J. Kim, Y. Simsck, A study on the p-adic integral representation on Z p associ- 
ated with Bernstein and Bernoulli polynomials, Advances in Difference Equations, 2010(2010), 
Article ID 163217, 6 pages. 

[8] Y. Simsck, O. Yurckli, V. Kurt, On interpolation functions of the twisted generalized 
Frobinuous-Eulcr numbers, Adv. Stud. Contemp. Math., 14(2007), 49-68. 

[9] C. S. Ryoo, On the generalized Barnes type multiple g-Euler polynomials twisted by ramified 
roots of unity, Proc. Jangjcon Math. Soc, 13(2010), 255-263. 

[10] C. S. Ryoo, A note on the weighted q-Eulcr numbers and polynomials, Adv. Stud. Contemp. 
Math., 21(2011), 47-54. 



885 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 15, NO. 5, 886-891, 2013, COPYRIGHT 2013 EUDOXUS PRESS, LLC 



Doubly-accelerated Steffensen's methods with memory and 
their applications on solving nonlinear ODEs * 

Quan Zheng} Fengxi Huang, Xiuhui Guo, Xiaoli Feng 
College of Sciences, North China University of Technology, Beijing 100 144 > China 

Abstract: In this paper, a parametric accelerated Steffensen's method and three doubly- accelerated 
Steffensen's methods with memory are designed for solving nonlinear equations efficiently Their orders 
of convergence from 2.414 up to 2.831 and 3 are proved theoretically and demonstrated numerically. Each 
of the accelerated Steffensen's methods only uses two new evaluations of the function without derivatives 
per step and is applicable on solving systems of nonlinear equations and nonlinear ODEs. 

Keywords: Nonlinear equation; Newton's method; Steffensen's method; Derivative free; Super con- 
vergence 

1 Introduction 

In scientific computation, Newton's method (NM, see [1, 2]): 

x n+ i = x n - n , n = 0,1,2,..., (1) 

J \ x n) 

is widely used for root- finding, where xo is an initial guess of the root. However, when the 
derivative /' is unavailable or is expensive to be obtained, the derivative-free method is necessary. 
If the derivative f'(x n ) is replaced by the divided difference f[x n , x n + f(x n )] = ^ Xn ^ \~ 
in (1), Steffensen's method (SM, see [1, 2]) is obtained. NM/SM converges quadratically and 
requires two function evaluations per iteration. The efficiency index of them is\/2 = 1.414. 
Moreover, a parametric Steffensen's method (PSM) was suggested in Section 8.4 in [2]: 

J\ x n) n 1 9 /o\ 

x n+l — x n 77 n 77 yj"> n — u , 1, Z, . . . , [Z) 

J [X n , X n t PnJ \ x n)\ 

where (3 n are arbitrary parameters. PSM gives SM when (3 n = 1. By defining [3 n from the 

calculation — -r, Kj t? vr at the previous iteration recursively as the iteration pro- 

ceeds, we have a self-accelerating Steffensen's method (SASM, see Section 8.6 in [2], [3]). SASM 
only uses two new evaluations of the function per step to achieve super convergence of order 
1 + \[2 « 2.414, and has efficiency index \Jl + y/2 ps 1.554. 



'Supported by Beijing Natural Science Foundation (No. 1122014). 
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Two-step self-accelerating Steffensen's methods were derived in [3-6]. Optimal Steffensen- 
type families without memory for solving nonlinear equations were introduced in [6-9] , Steffensen- 
type methods and their applications in the solution of nonlinear systems and nonlinear differ- 
ential equations were discussed in the literature (see [1, 2, 5, 10]). 

This paper is organized as follows. In Section 2, a parametric accelerated Steffensen's method 
with memory is proposed and its error equation is obtained. In Section 3, three doubly- 
accelerated Steffensen's method with memory are derived from it. In Section 4, numerical 
examples and applications are demonstrated. 

2 A parametric accelerated Steffensen's method 

By the first-order Newtonian interpolatory polynomial N±(x) = f{x n ) + f[x n , z n ](x — x n ) at 
points x n and z n = x n + (3 n f(x n ), we have 

f(x) = N 1 (x) + R 1 (x), 

where R\{x) = f(x) - Aq(x) = f[x n ,z n ,x](x - x n )(x - z n ). So, with some \i n w f[x n ,z n ,x], 

Nz(x) = f(x n ) + f[x n , z n ](x - X n ) + fj, n (x - x n ){x - z n ) 

should be better than N\(x) to approximate f(x). Therefore, we suggest x n+ \ = x n — %,,{ , 
i.e., a two-parameter Steffensen's method (TPSM): 

x n +i = x n -— — — -, n = 0,l,2,..., (3) 

J[X n , Z n \ -\- fJ, n yX n Z n ) 

where z n = x n + f3 n f(x n ), {/3 ra } and {fi n } are bounded constant sequences. This method gives 
PSM when [i n = 0. TPSM can be proved to satisfy the error equation 

e n+1 = [(1 + (3 n f(a))c 2 - finPn}e 2 n + 0(4), (4) 

where c k = {tjt^j , e n = x n - a,n = 0,1,2, . . .. 

By defining ^o = and fi n = gflxz] f[ z n-i, %n, z n ] {n > 0) recursively as the itera- 
tion proceeds without any new evaluation, the factor [(1 + (3 n f{a))c2 — fJ>n[3 n ] in (4) tends to 
zero. Thus, TPSM achieves super convergence by self-accelerating and gives a new parametric 
accelerated Steffensen's method (PASM): 

X-n+l = X n — —r : , f —rj: : ji tt, n = 1, 2, ■ • • . (5) 

f[x n ,Z n \ +{1+ n f[ Xn , Zn ] ){f[ Z n-l,Xn\ ~ f[Z n -l,Z n \) 

Theorem 2.1 Let f : D — > 5? be a sufficiently differentiable function with a simple root a € D, 
D C 3ft be an open set, xo be close enough to a, then PASM satisfies the following error equation 

e n+ i = -(1 + 0nf'(a))(l + I3n-if{a))c^ n -iel + 0(4^4), (6) 
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where ct = j^jrhx, e„ = x n — a,n = 0, 1,2, . . ., and achieves convergence of order at least l + y2. 
Proof. By the definition of divided difference and Taylor formula, we also have 

f[Zn-i,x n ,z n ] = — I — e n _i + O^e^i) ). 

1 + Pnf'ja) f"{a) (l + /3»_ 1 /(«))r(a) 2 

^ = M'{a) ( ^T + 3! e - l} + ° (e - l) - 

Plugging it into (4), we have (6). The order 1 + \/2 ~ 2.414 is from solving s 2 — 2s — 1 = 0. □ 
If one uses N 2 (x) = f(x n ) + f[x n ,z n ](x-x n ) + f[x n ,z n ,y n ](x-x n )(x-z n ) instead of N 2 (x) 
where y n comes from PSM, then an optimal fourth-order Steffensen's method in [8] is derived 
by Zheng-Li-Huang (ZLHM), and it can also be accelerated by choosing [3 n . 

3 Three doubly-accelerated Steffensen's methods 

Further, from PASM without any new evaluation, as SASM deriving from PSM, we propose 
three doubly-accelerated Steffensen's methods, i.e., compute PASM (5) with: 

(1) fa := P n = - T - T , (DASM1) (7) 

(2) (3 n := \ = — — — - (DASM2) (8) 

J [%n— 1) %n\ 

(3) fin := ^ n = - 7p ^ T , (DASM3) (9) 

respectively, for n = 1, 2, ■ ■ ■ . 

Theorem 3.1. Let f : D — > 5? be a sufficiently differentiate function with a simple root a £ D, 

D C $1 be an open set, xq be close enough to a, then DASM1 and DASM2 achieve the convergence 

of order 2.831, and DASM3 achieves third-order convergence. 

Proof. For DASMs, denoting e z n := z n — a, if z n converges to a with order p > 1 as: 

e n = ^n e n ' °\ e n)i 

and if x n converges to a with order r > 2 as: 

e n+ i = D n e r n + o(e r n ), 

then 

e z n = C n {D n ^e' n -xY + «« P -i) = CnDl^eZ, + o^), 

2 _ 2 2 

e n +l = ■Dn(A»-iej;_i) r + 0«_i) = Dn^n-ien-l + °( e n-l)- 
By Taylor formula, particularly for DASM1, we also have 

z _ }[x n ,a]e n _ /[sn-i,*n-i,ffl]e„-i+/[zn-l,:En,a](<_ 1 -en) ^ _ „ n r+1 , _/„r+l \ 

e ™ e ™ /[x„_i,2„_i] - /[x„_i,z„_i] e ™ - c 2-^n-ie„_i + o^e„_ 1 j, 

/[a; n ,a]e n 



Cn+1 ^ *U ~ U/1 /[<°n-l.*n-l]wr- .. - /[in,ale a 



/[Wn]+(1~ ' '%nZ\ )flZn-l,Xn,Z n ] 



f\> 



n—1 > z n — l\ 
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f[x n ,z n ,a](z n -a)+( f[ Xn _"' Zn _ 1 ] - f[ x ™'z n ] )f[ z n-i,x„,z n ]e n 

^ f[ 1 i / f[ x n> a ] f[ x n* a ] \ f\ 1 

J\?°n,Zn\ + { /[*„_!,*„_!]- f[ Xn ,z n })J^n-UXn,Zn\e n 

f\r , nUl j\*nM \ , / /[sn,n] /['n,»l WL , _ - 1 

/K^n] + ( /[;Cri J c ™^_ :L] - /[a; :C ri ™^ ] )/[2„-i,x n ,2; n ]e n 

2 /[x ra ,z n ,a]/[a: n ,z n ](/[a n -i,z n -i]-/[x n ,a])+/[z n -i,a: ra ,2 n ]/[a n ,a](/[x n ,2: ra ]-/[3; n -i,z n -i]) 

n /[i„,z„] 2 /[x n _ 1 ,2; n _i]+(/[x n ,2 n ]-/[a; n _i,2 n _i])/[a; n ,a]/[z n _ 1 ,a; n ,z n ]e n 

2 (/[^n,z ra ,a]/[z ra ,z n ]-/[z n _i,a n ,z n ]/[3: n ,a])/[a n ^i,z ra _i]+(/[z ra _i,a: n ,z n ]-/[3; n ,z u ,a])/[3: n ,z ra ]/[3; n ,a] 



r 



r 



n 



f{x n ,z„] 2 f[x n - 1 ,z n - 1 ]+(f[x n ,z n ]-f[x n - 1 ,z n - 1 ])f[x n ,a]f[z n ^ 1 ,x n ,z n ]t 



2 (/[2n-i,a:n,«n]/[a:nj«n,<i]e^— /[z n _i,x„,z T ,,o]/[x„,z„]e*_ 1 )/[x n _i,z„_i]+/[z n _i,Xn,«n,a]/[x„,Zn]/[x„,a]e 



/[x n ,z n ] 2 /[x n _i,z n _i]+(/[x n ,z„]-/[x n _i,z n _i])/[x n ,a]/[z n _i,x n ,z n ]e n 
2 /[ z n-i I Xn,z n ]/[x n ,z„,a]/[x„_i,z n _i]e^+(/[x„,a]-/[x n _i,z n _i])/[z„_i,x„,z 7 i,a]/[x„,z n ]e^_ 1 

n /[x„,z n ] 2 /[x„_i,z n _i] + (/[x n ,z n ]-/[a; n _i,z n _i])/[x n ,a]/[z n _i,x n ,z n ]e n 

= -C2C 3 C7„_ 1 ^ 1 et + r 1 + o(et? +1 ). 
For DASM2, we also have 

P z - e /[x„,g]e» _ D r+1 , / r+1 n 

e n — e ™ /[x n _i,x n ] — ^^"-^n-l + °V e n-lJi 

„ _ „ f[x„,a]e n 

c n+l — c n 



n-l 



/[x„,z„]+(l- j^jj )/[z n _i,x„,z„] /[x ^ i '^ 7i] e„ 

_ 2 /[zn-i,Xn,Zn]/[x n ,z„,a]/[x„_i,x„]e^+(/[x n ,o]-/[x n _i,x n ])/[z 7l _i,x n ,z„,a]/[x n ,z„]e^_ 1 
~~ n f[x„,Zn]' 2 f[x n -i,x n ]+(f[x n ,z n ]-f[x n ^i,x n ])f[x n ,a}f[z n -i,x n ,z n ]e n 

n n 2 2r+p+l . / 2r+p+U 

So, comparing the exponents of e n ~\ in expressions of e z n and e„+i for DASM1 and DASM2 
respectively, we obtain the same system of two equations: 

rp = r + 1 , 

r 2 = 2r +p+ 1. 

17 •+ + ■ ■ i i +■ v / (316+12 v / 249) 2 +40+4 v/316+12^^ ^ o qqi J ~ 1 qm 

Mom its non-trivial solution r = -^ ... =^= ~ 2.8,31 and p ps 1.353, we 

6 v/ 316+12V249 

prove that the convergence of DASM1 and DASM2 is of order 2.831. 
For DASM3, we have 

z _ /[x„,z n _i,q] z _ p n p+r n ( p P+ r \ 

n ~ /[z„_i,x„] e n-l e n — Cl^n-\LJ n -\Z n -\ + 0\Z n -\), 

,, , _ „ f[x n ,a]e n 

e„+l - e n /[«„-l,«n] w f 1 /[ Z „, ) 

/lx„,z n j+(l /[a . n]Zn] j/[Zu-i,x„,z„j /[zn _ i;i:ri] e n 



e 



/[z n _i,x n ,z n ]/[x„,z n ,a]/[z„_i,x„]e^+(/[x„,o]-/[z„_i,x„])/[z n _i,x n ,z n ,a]/[x n ,z n ]e^_ 1 



™ /[ln,Z„] 2 /[z„_l,I„] + (/[l„,Z„]-/[z„_l,x„])/[x„,a]/[z„_i,x„,Z n ]e 

2 /[zn-i,x 7 i,z n ]/[x„,z n ,a]/[z„_i,x„]e^-/[z„_i,x n ,a]/[z n _i,x n ,z„,a]/[x„,z„](e 

™ /[x n ,z n ] 2 /[z n _i,x n ]+(/[2: n ,z„]-/[z„_i,x„])/[x n ,a]/[z n _i,x n ,z n ]e n 



and then 




By its non-trivial solution p = i and r = 3, DASM3 achieves third-order convergence. □ 
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PASM and DASMs each only uses two new evaluations of the function per step. PASM has 
efficiency index y/l + \/2 « f .554. The efficiency index of DASM1 and DASM2 is 1.683, and that 
of DASM3 is v3 ~ 1.732. Whereas, two accelerated methods proposed by Petkovic-Ilic-Dzunic 
(PIDMs, see [6]) each uses three new evaluations of the function per iteration to achieve the 
super fourth-order convergence of order 2 + y6 and its efficiency index is only \/2 + y6 ~ 1.645. 
Moreover, each of DASMs uses six or seven multiplications/divisions per iteration while each of 
PIDMs uses eight or nine. ZLHM can be accelerated to have analogous properties as PIDMs. 



4 Numerical examples 

Example 1. The numerical results of NM, SM, SASM, PASM, DASM1, DASM2 and 
DASM3 in Table 1 agree with the theoretical analysis, the computational order of convergence 
is defined by COC 



logffcllfc-lV A> = A> = A) = A> = 1 ™ SASM and DASMs, and 



fi(x) 

h{x) 

fs(x) 

h{x) 



i(e- 2 -l),a = 2,x = 2.5, 



e x + sin x — 1, a = 0, xo = 0.25, 

e - x l +x+2 _ la= _ 1xq = _Q g5) 

e~ x — arctanx — I, a = 0,xq = 0.2. 



Table 1. Numerical results for solving fi(x),i = 1,2,3,4 



Results 



NM 



SM 



SASM 



PASM 



DASM1 



DASM2 



DASM3 



h 


:|eal 


.19785e-40 


,88156e-29 


.50439c-84 


.61847e-83 


.10662c-200 


.51551e-224 


.69537e-263 




COC 


2.00000 


2.00000 


2.41412 


2.41538 


2.82941 


2.82871 


3.00000 


h 


■■\ee\ 


.23328e-44 


8.8156e-30 


5.0400c-85 


.17647c- 103 


.27693e-256 


.10066c-287 


.17476c-321 




COC 


2.00000 


2.00000 


2.41400 


2.41140 


2.82789 


2.82697 


3.00000 


h 


■\ee\ 


.18813c-51 


.15758c-18 


.12013e-86 


.93815c-82 


.22874e-284 


.15797c-310 


.67793e-346 




COC 


2.00000 


2.00000 


2.41405 


2.41702 


2.82691 


2.82588 


3.00000 


h 


■■\ee\ 


.35988e-79 


.96290e-84 


.16834e-248 


.73025e-219 


.46660e-561 


.10795e-497 


.42720e-643 




COC 


2.00000 


2.00000 


2.41600 


2.41472 


2.82646 


2.82984 


3.00000 



Example 2. Consider to solve the following nonlinear ODE by finite difference method: 

| x "(t) + x 3 / 2 (t) = o,te(o,i), 

{ x(0) =x(l) = 0. 

Taking nodes ti = ih, where h = -^ and N = 10, we have a system of nine nonlinear equations: 

2xi - h 2 xl /2 - x 2 = 0, 

-Xj_i + 2xj - h?x • - Xi+i = 0, i = 2, 3, ■ ■ ■ ,8, 



,2 3/2 



0. 



— X8 + 2xg — h Xg 
SM is carried out as follows: 

%n+l — %n f J \%m tin) r \Xn)i ^ — U, 1, Z, ■ . 

J(x n , H n ) = (F(x n + Hne 1 ) - F(x n ), • • • , F(x n + H n e N ~ l ) 
H n = diag(/i(x n ), / 2 (x n ), • • • , /jv-i(x„)). 



F{xn))H-\ 
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And other methods are carried out by using similar approximations of the divided differences. 
The numerical results are in Table 2, where x = (40,80,100,120,140,130,100,80,40)', x* = 
(33.5739120483377998.. .,65.2024509236543787.. .,91.5660200355396017.. .,109.1676242966423523..., 
115.3630336377466172..., 109.1676242966423523..., 91.5660200355396017..., 65.2024509236543787..., 
33.5739120483377998...)'. 

Table 2 The finite difference method for solving x" + x 3 ' 2 = 0, x(0) = x(l) = 

Methods n 1 2 3 4 5 6 



NM 


X„ -X*\\2 


.40882c-l 


.47895c-l 


.67632c-5 


.13490e-12 


.53672e-28 


.84957e-59 




\\F(Xn)\\2 


.24453 


.23685e-2 


.33390e-6 


.6659e-14 


.26493e-29 


.41936e-60 


SM 


Xn ~ X*^2 


4.8552 


,64055e-l 


,11495e-4 


.37036e-12 


.38446c-27 


.41429c-57 




lin*n)l|2 


.37077 


,31892e-2 


.56743e-6 


.18275c-13 


.18970e-28 


.20442e-58 


SASM 


X n -X*\\2 


4.8552 


.11027e-l 


.58355e-8 


.33191c-23 


.55918c-60 


.90270c-149 




\\F(Xn)h 


.37077 


,54534e-3 


.28807e-9 


.16384e-24 


.27602e-61 


,44559c-150 


PASM 


Xn - X*\\ 2 


4.8552 


.63584e-2 


.53756e-8 


.42148e-19 


.13880e-42 


.18835e-87 


(I3n = 1) 


\\F(Xn)\\2 


.37077 


.54579e-3 


,52474e-9 


.24074e-20 


.37446e-43 


.93331c-89 


DASM1 


Xn - X*\\ 2 


4.8552 


.78674e-3 


.48628e-12 


.15823e-32 


.78586e-84 


.38375c-207 




\\F(Xn)\\2 


.37077 


,82005e-4 


.13065c-12 


.83237c-34 


.51206e-85 


.83504e-208 


DASM2 


Xn -X*\\z 


4.8552 


.29285e-3 


.11595e-12 


.26922e-34 


.82638e-88 


.14241e-216 




\\F(Xn)\\ 2 


.37077 


.46762e-4 


.26770c-13 


.16356e-35 


.64610c-89 


,21690c-217 


DASM3 


Xn - X*\\ 2 


4.8552 


.59470e-3 


.16546c-13 


.15352e-38 


.54974c-107 


.10528e-283 




\\F(Xn)h 


.37077 


.49853c-4 


.52434e-14 


.82296e-40 


.21506e-107 


.56953e-285 
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Abstract 

In this paper we prove that the modified implicit Mann iteration process can be ap- 
plied to approximate the fixed point of strictly hemicontractive mappings in certain 
Banach spaces. 

Key words: Implicit Mann type iteration method, Strictly hemicontractive 
mappings, Strongly pseudocontr active mappings, Local strongly pseudocontractive 
mappings, Continuous mappings, Lipschitz mappings, Smooth Banach spaces. 



1 INTRODUCTION and PRELIMINARIES 



Let K be a nonempty subset of an arbitrary Banach space X and X* be its 
dual space. The symbols D(T), R(T) and F(T) stand for the domain, the 
range and the set of fixed points of T (for a single- valued map T : X — > X, 
xeXis called a fixed point of T iff T(x) = re). We denote by J the normalized 
duality mapping from E to 2 E * defined by 



j(x) = {reE*:(x,n = \\x\\ 2 = \\r\\ 2 }, 

where (., .) denotes the duality pairing. In a smooth Banach space J is single- 
valued (and denoted by j). 



892 



HUSSAIN, RAFIQ: IMPLICIT MANN ITERATION METHOD 

Remark 1 1. X is called uniformly smooth if X* is uniformly convex. 

2. In a uniformly smooth Banach space, J is uniformly continuous on bounded 
subsets of X. 

Let T be a self-mapping of K. 

Definition The mapping T is called Lipshitzian if there exists L > such that 

\\Tx — Ty\\ ^ L \\x — y\\ , 

for all s, y G K. If L = 1, then T is called non-expansive and if ^ L < 1, T 
is called contraction. 

Definition 1 [ 3, 5] 

1. The mapping T is said to be pseudocontractive if the inequality 

\\x -y\\^\\x-y + t((I - T)x -{I- T)y ||, (1.1) 

holds for each x,y £ K and for all £ > 0. 

2. T is said to be strongly pseudocontractive if there exists t > 1 such that 

||x-y|| < ||(1 + r)(.x - y) -rt(Tx-Ty)\\ (1.2) 

for all x, y <E D{T) and r > 0. 

3. T is said to be local strongly pseudocontractive if for each x G -D(T") there 
exists a t x > 1 such that 

Hs -y|| < ||(1 + rXs-^-rt^Ts-Ty) || (1.3) 

for all y G D(T) and r > 0. 

4. T is said to be strictly hemicontractive if F(T) ^ and if there exists 
t > 1 such that 

||s-g|| < ||(l+r)(s-g) - rt(Tx - q) \\ (1.4) 

for all s G D(T), g G F(T) and r > 0. 

Clearly, each strongly pseudocontractive operator is local strongly pseudocon- 
tractive. 

Chidume [3] established that the Mann iteration sequence converges strongly 
to the unique fixed point of T in case T is a Lipschitz strongly pseudo- 
contractive mapping from a bounded closed convex subset of L p {or- l p ) into 
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itself. Schu [17] generalized the results in [3] to both uniformly continuous 
strongly pseudo-contractive mappings and real smooth Banach spaces. Park 
[14] extended the results in [3] to both strongly pseudocontractive mappings 
and certain smooth Banach spaces. Rhoades [15] proved that the Mann and 
Ishikawa iteration methods may exhibit different behaviors for different classes 
of nonlinear mappings. Afterwards, several generalizations have been made in 
various directions (see for example [4, 10-11, 13-14, 19]). 

In 2001, Xu and Ori [19] introduced the following implicit iteration process for 
a finite family of nonexpansive mappings {Tj : i E 1} (here I = {1, 2, ... , N}), 
with {a n } a real sequence in (0, 1), and an initial point x G K: 



x\ = (1 — ai)a;o + aiTirci, 
x 2 = (1 - 0:2)2:1 + a 2 T 2 x 2 , 

xn = (1- ajv)£jv-i + ol n T n x n , 
xn+i = (1 — &n+i)xn + ocn+iTn+iXn+i, 



which can be written in the following compact form: 

x n = (1 - a n )x n _i + a n T n x n , for all n > 1, (XO) 

where T n = T n ( modN ) (here the modN function takes values in /). Xu and Ori 
[19] proved the weak convergence of this process to a common fixed point of 
the finite family defined in a Hilbert space. They further remarked that it is 
yet unclear what assumptions on the mappings and/or the parameters {«„} 
are sufficient to guarantee the strong convergence of the sequence {x n }. 

In [13], Osilike proved the following results. 

Theorem 1 Let E be a real Banach space and K be a nonempty closed convex 
subset of E. Let {Tj : i E 1} be N strictly pseudocontractive self-mappings of 

N 

K with F = P|F(Tj) 7^ 0. Let {a n }™ =1 be a real sequence satisfying the 

conditions: 

(i) < a n < 1, 

00 

(a) ^(i-o„) = oo, 

n=l 

00 

(Hi) ^(l-o„) 2 < 00. 

n=l 

From arbitrary xq G K, define the sequence {x n } by the implicit iteration 
process (XO). Then {x n } converges strongly to a common fixed point of the 
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mappings {Tj : i G /} if and only if lim inf d(x n , F) = 0. 

Remark 2 One can easily see that for a n = 1 V, XX 1 ~ a n) 2 — oo. Hence 



I) 2 



the results of Osilike [13] are needed to be improve. 

Let K be a nonempty closed bounded convex subset of an arbitrary smooth 
Banach space X and T : K — » if be a continuous strictly hemicontractive 
mapping. Under some conditions we obtain that the modified implicit Mann 
iteration method converges strongly to a unique fixed point of T. 

The results presented in this paper extend and improve the corresponding 
results particularly in [3-4, 10-11, 13-14]. 



2 Main Results 

We need the following results. 

Lemma 1 [14] Let X be a smooth Banach space. Suppose one of the following 
holds: 

(1) J is uniformly continuous on any bounded subsets of X, 

(2) (x - y,j(x) - j(y)) < \\x - y\\ 2 , for all x, y in X, 

(3) for any bounded subset D of X , there is a c : [0, oo) — »■ [0, oo) such 
that 

Re (x — y, j(x) — j(y)) < c(\\x — y\\), for all x, y G D, where c satisfies 
lim*>=0. 

Then for any e > and any bounded subset K, there exists 5 > such 
that 

|| sx + (1 - s)y\\ 2 < (1 - 2s) ||y|| 2 + 2s Re (x, j(y)) + 2se (2.1) 

for all x, y G K and s G [0, S\. 

Remark 3 1. If X is uniformly smooth, then (1) in Lemma 1 holds. 

2. If X is a Hilbert space, then (2) in Lemma 1 holds. 

Lemma 2 [4] Let T : D(T) C X ->• X be an operator with F(T) ^ 0. Then 
T is strictly hemicontractive if and only if there exists t > 1 such that for 
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all x G D(T) and q G F(T), there exists j(x — q) G J(x — q) satisfying 



1 \ .. ,2 



Re (a: - Tx, j(x - q)) > ( 1 - - ) \\x - q\\ . (2.2) 



Lemma 3 [11] Let X be an arbitrary normed linear space and T : D(T) C 
X — »■ X be an operator. 

(1) If T is a local strongly pseudocontractive operator and F(T) ^ 0, then 
F(T) is a singleton and T is strictly hemicontractive. 

(2) If T is strictly hemicontractive, then F(T) is a singleton. 

Lemma 4 [11] Let {# ra }^ , {/3„}^ and {7„}^ be nonnegative real 
sequences and let e' > be a constant satisfying 

/3 n+1 <(l-^ n )/3 n H-e'^H- 7n , n>0, 

oo oo 

where J] 9 n = oo, ^ n < 1 for all n > and I] 7„ < oo. Then, lim sup/3 n < 

n=0 n=0 n^oo 

e'. 

We now prove our main results. 

Theorem 2 Let X be a smooth Banach space satisfying any of the Axioms 
(l)-(3) of Lemma 1. Let K be a nonempty closed bounded convex subset of X 
and T : X — ► K be a continuous strictly hemicontractive mapping. Suppose 
that {«n}^Lo be a sequence in [0, 1] satisfying conditions {%) lim a n = and 

(w) E~=o «n = oo. 

For a sequence {v n }™ =0 in X, suppose that {x„}^ is the sequence generated 
from an arbitrary xq G K by 

x n = (1 - a n )x n _i + a n Tv n , n > 1, (2.3) 

and satisfying lim ||v n — x n || =0. 

Then the sequence {i„}™ =0 converges strongly to a unique fixed point g of T. 

Proof By [5, Corollary 1], T has a unique fixed point q in K. It follows from 
Lemma 3 that F(T) is a singleton. That is, F(T) = {q} for some q G K. Now 
for fc = t, where £ satisfies (2.2). 

Set M = 1 + diamK. For all n > 0, it is easy to verify that 

M = sup ||x n — q\\ + sup ||Tf n — q\\ . (2.4) 

ra>l ra>l 
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Also 



\\v n - q\\ <\\v n -Xn\\ + \\x n -q\\ (2.5) 

+2M\\v n - x n \\ \\x n - q\\ 
^ ii n 2 i n n 2 

_ \\ v n ^n\\ < \\<^n \/|| 

+2M \\v n — x n \\ . 
Consider 

lkn-g|| 2 = ||(l -a n )x n -i + a n Tv n -q\\ 2 (2.6) 

= ||(1 - a n ) (x n -i - q) + a n (Tv n - q)\\ 2 

< (1 - a n ) ||x n _i - q\\ 2 + a n \\Tv n - q\\ 2 

< \\x n -i ~ q\\ 2 + M 2 a n , 

where the first inequality holds by the convexity of ||.|| . 
Substituting (2.6) in (2.5) to get 

IK - <l\\ 2 < \\x n -i - qf + \\v n - x n \\ 2 + 2M \\v n - x n \\ + M 2 a n . (2.7) 



Using (2.3) and Lemma 6, we infer that 



\x n - <l\\ 2 = 11(1 - a n )x„_i + a n Tv n - q\\ 2 (2.1 

= ||(1 - a n ) (x„_i - q) + a n (Tv n - q)\\ 2 

<(1 -2a n ) ||x„_i -g|| 2 + 2a n Re(Tw n -g,j(^n-i - g)) 
+2eo n 

= (1 -2a„) ||x„_i -g|| 2 + 2o„Re(Tt; n -g,j(^n-g)) 
+2o„Re(Tw n - q,j(x n -i - q) - j(v n - q)) + 2eo„ 

< (1 - 2a n ) ||x n _i - g|| 2 + 2ka n \\v n - q\\ 2 

+2a n \\Tv n - q\\ \\j(x n -i - q) - j(v n - q)\\ + 2eo n 

< (1 - 2a n ) ||x n _i - g|| + 2ka n \\v n - q\\ 



+2Ma n 5 n + 2ea 



n ■ 



where 

K = \\j(x n -l ~ 0) - j(v n - ?)|| ■ (2-9) 

Since J is uniformly continuous on any bounded subsets of X, and 
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T i — 7J 'C \\T 1 — T -I- \\T — 1) 

l^n— 1 ^^11 — 11**'^— 1 *^n|| ~ ||* iy n *^n 1 1 

*-*n ||^n— 1 -^ ^11 + H^n ^n|| 

< 2Ma n + \\x n - v n \\ 
-0, 



as n — * oo, implies 

5 n — > as n — > oo. (2.10) 

For given any e > and the bounded subset _KT, there exists a 5 > satisfying 
(2.1). Note that the condition lim \\v n — x n \\ = 0, (2.10) and (i) ensure that 



there exists an N such that 

||fn - £ra|| +2M\\v n - X n \\ < — , (2.11) 

a n < min{5, — -. — , - — }, 5 n < — — : , n > N . 

1 '2(1- ky§M 2 k S) 6M' ~ 

Now substituting (2.7) in (2.8) to obtain 



\x n - qf < (1 - 2 (1 - k) a n ) ||x n _i - gf + 2Ma n <5 n + 2ea„ (2.12) 

+2M 2 to^ + 2A;a n (||v n - x n \\ 2 + 2M ||u n - x r 

<(1 - 2(1 - k)a n ) \\x n -i - q\\ +3ea n , 



for all n 


> AT. 




Put 






0» = 


"7* i 


-?ll> 


#n = 


= 2(1- 


&)«„, 


.'- 


3e 




t 


2(1" 


fc)' 


7„ = 


: 0, 





we have from (2.12) 

/3 n+1 <(l-0 n )/3 n + e'0 n + 7n , n > 1. 

_ oo 

Observe that Y^=o®n = oo, 8 n < 1 and X 7 n < oo for all n > 1. It follows 

71=0 

from Lemma 10 that 

V II II 2 ^ I 

hm sup \\x n — o < e . 

ra^oo 

Letting e' — ► + , we obtain that lim sup \\x n — q\\ = 0, which implies that 

x n — > q as n — ► oo. 
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Corollary 1 Let X be a smooth Banach space satisfying any of the Axioms 
(l)-(3) of Lemma 1. Let K be a nonempty closed bounded convex subset of 
X and T : K — > K be a Lipschitz strictly hemicontractive mapping. Suppose 
that {onj^Lo be a sequence in [0, 1] satisfying conditions (i) lim a n = and 

From arbitrary rr G X, define the sequence {x n } by the implicit iteration 
process (2.3). Then the sequence {x„}^ converges strongly to a unique fixed 
point q of T. 

Corollary 2 Let X be a smooth Banach space satisfying any of the Axioms 
(l)-(3) of Lemma 1. Let K be a nonempty closed bounded convex subset of X 
and T : K — > K be a continuous strictly hemicontractive mapping. Suppose 
that {a n }™ be a sequence in [0, 1] satisfying conditions (i) lim a n = and 

From arbitrary xq G X, define the sequence {x n } by the implicit iteration 
process (XO). Then the sequence {x„}™ =0 converges strongly to a unique fixed 
point q of T. 

Corollary 3 Let X be a smooth Banach space satisfying any of the Axioms 
(l)-(3) of Lemma 1. Let K be a nonempty closed bounded convex subset of 
X and T : K — > K be a Lipschitz strictly hemicontractive mapping. Suppose 
that {a n }^Lo be a sequence in [0, 1] satisfying conditions {%) lim a n = and 

(**) E~=o «n = oo- 

From arbitrary rr G X, define the sequence {x n } by the implicit iteration 
process (XO). Then the sequence {i„}™ =0 converges strongly to a unique fixed 
point q of T. 

Remark 3 Similar results can be found for the iteration processes involved 
error terms, we omit the details. 

Remark 4 Theorem 2 and Corollary 2 extend and improve Theorem 1 in the 
following way: 

We do not need the assumption lim inf d(x n , F) = as in Theorem 1. 



3 Applications for multi-Step fixed point iterations 



Let K be a nonempty closed convex subset of a real normed space E and Ti , 
T 2 , ..., T p : K — > K (p > 2) be a family of selfmappings. 
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Algorithm 1 For a given xq G K , compute the sequence {x n } by the implicit 
iteration process of arbitrary fixed order p > 2, 

x n = (1 - a n )x n _i + a n Ti^, 

^ = (l-/3> n _ 1 + ^T m ^ +1 ; i = l, 2, ..., p-2, 
yr 1 = (1 - 0£->n-i + P p n -%x n , to > 1, (3.1) 

which is called the multi-step implicit iteration process, where {a„}, {j3 l n } C 
[0, 1], i = 1, 2, ...,p-l. 

For p = 3, we obtain the following three-step implicit iteration process: 

Algorithm 2 For a given rr G if, compute the sequence {x n } by the iteration 
process 

X n ^1 OL n )X n —\ ~t 0. n l \1j n i i 
V\ = i 1 ~ P l n) X n-l + P l n T 2 y 2 n , 

y 2 n = {l- p 2 n )x n ^ + p 2 n T 3 x n: n > 1, (3.2) 

where {a n } , {(3^} and {(3^} are three real sequences in [0, 1] satisfying some 
certain conditions. 

For p = 2, we obtain the following two-step implicit iteration process: 

Algorithm 3 For a given x G K, compute the sequence {x n } by the iteration 
process 

x n = (1 - o n )x n _i + a n T x y\, 

Vn^^-pD^n-l+Pl^Xn, TO > 1, (3.3) 

where {«„} and {/3^} are two real sequences in [0, 1] satisfying some certain 
conditions. 

If Ti = T, T2 = I, (3 n = in (3.3), we obtain the implicit Mann iteration 
process: 

Algorithm 4 For any given rr G K, compute the sequence {x n } by the 
iteration process 

x n = (1 - a n ).^n-i + a«Ti n , to > 1, (3.4) 

where {o n } is a real sequence in [0, 1] satisfying some certain conditions. 

Theorem 3 Let K be a nonempty closed bounded convex subset of a smooth 
Banach space X and Ti, T 2 , • • •, T p (p > 2) be selfmappings of if. Let 7\ be a 
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continuous strictly hemicontractive mapping. Let {o„}„>o, {P l n } n >o C [0,1], 
i = 1,2, ..., p—1 be real sequences in [0, 1] satisfying J2n>o a n = oo, lim a n = 

and lim /?* = 0. For arbitrary x G X, define the sequence {x n } n > by (3.1). 

p 
Then {a; n } n >o converges strongly to the common fixed point in f] -F(Tj) ^ 0. 

Proof By applying Theorem 2 under the assumption that TJs continuous 
strictly hemicontractive, we obtain Theorem 3 which proves strong conver- 
gence of the iteration process defined by (3.1). Consider by taking 7\ = T and 

Vn = y„, 



X n \\ 



Vn 



Xr 



I - /3^)x„_i + l3 l n T 2 y 2 n - x 

I I ~ Pn) (Xn-l - X n ) + fi\ fayl ~ X n ) 
< (1 - Pn) \\Xn-l ~X n \\+ P\ T 2 y 2 n ~ X 

<(l-p l n )\\x n _ l -x n \\+2Mp l n . 



Now from (3.5) and the condition lim Bi 
r II — n 



(3.5) 
0, it can be easily seen that 



lim \\v, 

n— >oo " 



Corollary 4 Let i^ be a nonempty closed bounded convex subset of a smooth 
Banach space X and Ti,T 2 , • • -,T P (p > 2) be selfmappings of K. Let 7\ be 
a Lipschitz strictly hemicontractive mapping. Let {o n }n>o, {/3^}n>o C [0,1], 



1, 2, ..., p—1 be real sequences in [0, 1] satisfying J2 



n>0 a n 



oo, lim av, 







and lim Q\ = 0. For arbitrary x G X, define the sequence {x n } n >o by (3.1). 

p 
Then {a; n } n >o converges strongly to the common fixed point in f| F(Ti) ^ 0. 
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Abstract. In this paper, we introduce the notion of normal fuzzy filters and maximal fuzzy filters in a BE- 
algebra. We prove that every maximal fuzzy filter of X is normal and if u is a maximal fuzzy filter of X, then 
X/j, = {x e X\u(x) = /i(l)} is a maximal filter of X. 

1. Introduction 

Y. Imai and K. Iseki introduced two classes of abstract algebras: .BCi^-algebras and BCI- 
algebras ([5,6]). It is known that the class of BCK- algebras is a proper subclass of the class 
of BC I- algebras. In [3,4] Q. P. Hu and X. Li introduced a wide class of abstract algebras: 
Z?C//-algebras. They have shown that the class of Z?Ci-algebras is a proper subclass of the 
class of BCH -algebras. J. Neggers and H. S. Kim ([12]) introduced the notion of <i-algebras 
which is another generalization of .BCi^-algebras, and also they introduced the notion of B- 
algebras ([13,14]), i.e., (I) x * x — 0; (II) x * = x; (III) (x * y) * z = x * (z * (0 * y)), for any 
x,y,z G X, which is equivalent in some sense to the groups. Moreover, Y. B. Jun, E. H. Roh 
and H. S. Kim ([10]) introduced a new notion, called a BH-algebra, which is a generalization of 
BC H / BC I / BC K-algebr&s, i.e., (I); (II) and (IV) x * y = and y * x = imply x = y for any 
x, y G X. A. Walendziak obtained an another equivalent axioms for 5-algebra ([15]). H. S. Kim, 
Y. H. Kim and J. Neggers ([9]) introduced the notion a (pre-) Coxeter algebra and showed that 
a Coxeter algebra is equivalent to an abelian group all of whose elements have order 2, i.e., a 
Boolean group. C. B. Kim and H. S. Kim ([7]) introduced the notion of a 5M-algebra which is 
a specialization of 5-algebras. They proved that the class of 5M-algebras is a proper subclass 
of 5-algebras and also showed that a 5M-algebra is equivalent to a 0-commutative 5-algebra. 
In [8], H.S. Kim and Y. H. Kim introduced the notion of a BE-aXgehia, as a generalization of a 
BCK-aigehia,. Using the notion of upper sets they gave an equivalent condition of the filter in 
.B-E-algebras. In [1,2], S. S. Ahn and K. S. So introduced the notion of ideals in BE-dXgehias, 
and then discussed and proved several characterizations of such ideals. Also they generalized the 
notion of upper sets in BE-dXgehras, and discussed several properties of the characterizations of 
generalized upper sets A n (u,v) while relating them to the structure of ideals in transitive and 
self distributive i?i?-algebras. 



°2010 Mathematics Subject Classification: 06F35; 03G25; 08A72. 
°Keywords: (fuzzy) filter; i?_E-algebra; normal; maximal. 
The corresponding author. 
°E-mail: sunshine@dongguk.edu; mj6653@mju.ac.kr 



Sun Shin Ahn and Young Hie Kim 

In this paper, we introduce the notion of normal fuzzy filters and maximal fuzzy filters in a 
.B-E-algebra. We prove that every maximal fuzzy filter of X is normal and if /i is a maximal fuzzy 
filter of X, then X M = {x G X\/j,(x) = fJ.(l)} is a maximal filter of X. 

2. Preliminaries 
We recall some definitions and results (See [8]). 

Definition 2.1 An algebra (X; *, 1) of type (2, 0) is called a BE -algebra if 

(BE1) x * x = 1 for all x G X; 

(BE2) x * 1 = 1 for all x G X; 

(BE3) 1 * x = x for all x G X; 

(BE4) x * (y * z) = y * (x * z) for all x,y,z G X (exchange) 

We introduce a relation "<" on X by x < y if and only if x * y — 1. A non-empty subset A of 
X is said to be a subalgebra of a JiF-algebra X if it is closed under the operation " * " . Noticing 
that x * x = 1 for all x G X, it is clear that 1 G A. 

Proposition 2.2. Jf (X; *, 1) is a BE-algebm, then x * (y * x) = 1 for any x,y G X . 

Definition 2.3. Let (X; *, 1) be a BF-algebra and let F be a non-empty subset of X. Then F 
is said to be a filter of X if 

(Fl) 1 G F; 

(F2) x * y £ F and x & F imply y £ F. 

Proposition 2.4. Let (X; *, 1) be a BE-algebra and let F be a filter of X . ff x < y and x G F 
for any y G X, then y G F. 

3. Fuzzy filters 

In what follows, let X denote a L?F-algebra unless otherwise specified. 

Definition 3.1. A fuzzy set /i in X is called a fuzzy filter of X if it satisfies: for any x, y G X, 

(UF1) /i(l) > /i(x); 

(UF2) /i(y) > mm{/j,(x*y),/j,(x)}. 

Theorem 3.2. Let J be a filter of a L?F-algebra X and let /i be a fuzzy set in X defined by 

[ t if x G J, 

/i(x) := < 

\o if x i j 

where t is a fixed number in (0, 1). Then // is a fuzzy filter of X. 

Proof. Since 1 G J, we have /z(l) = t. Hence fi(l) > fi(x) for all x G X. Let x, y G X. If x,y ^ J, 
then /i(x) = /i(y) = 0. Therefore /z(y) = min{/i(a; * y),/i(:r)}. If x, y G J, then fj,(x) = fi(y) = t. 
Therefore fj,(y) = min{ / u(x * y),fi(x)} = t. Suppose that y G J and x <£ J. Then ^(y) = t and 



Normal fuzzy filters in _B_E-algebras 

/i(x) = 0. Therefore /i(y) — t > min{/i(x * y),fj,(x)} = 0. The case that x G J, y <£ J and 
x *y G J can not happen, since J is a filter of X. This completes the proof. □ 

Example 3.3. Let X := {1, a, b, c, d, 0} be a BE-algebra with the following table: 



* 


1 


a 


b 


c 


d 





1 


1 


a 


b 


c 


d 





a 


1 


1 


a 


c 


c 


d 


b 


1 


1 


1 


c 


c 


c 


c 


1 


a 


b 


1 


a 


b 


d 


1 


1 


a 


1 


1 


a 





1 


1 


1 


1 


1 


1 



Then F\ := {l,a,b} and F% := {l,c} are filters of X, but F3 := {l,a},F4 := {1,6} are not a 
filter of X, since a*() = fl6 F 3 , b <£ F 3 and 6 * a = 1 G F 4 , a ^ F 4 . Define a map /i : X — ¥ [0, 1] 
by /i(l) > /x(c) > fi(a) = ji{b) = /i(d) = /x(0). Then it is easy to see that // is a fuzzy filter of X. 
Also if we define a map 1/ : X — ¥ [0, 1] by z/(l) = 1/(0) = v(b) = 0.7 > 0.1 = /x(c) = fi(d) = /x(0), 
then z/ is a fuzzy filter of X. 

Proposition 3.4. Let F be a non-empty subset X and let u.p be a fuzzy set in X defined by 



Hf(x) ■-- 



t ifxE F, 
ifx <£ F 



for all x G X and for any t G [0, 1]. Define a subset X^ F :={iG X\/j,f(x) 

(i) fip is a fuzzy filter of X if and only if F is a filter of X. 
F if and only if F is a filter of X. 



//f(1)}- Then 



X, 



fl F 



Proof, (i) Suppose that \xf is a fuzzy filter of X. Given x G X, by (UF1), we have //f(1) > ^f{x)- 
Since [if( x ) = t for any x & F, //f(1) should be t, i.e., //f(1) — *■ Hence 1 G F. If x *y E F and 
x & F, then fj J p(x*y) = t and u,f(x) = t. By (UF2), we have Hf(v) > min-{jUF(£*y), A*f(^)} = *, 
i.e., Hf{v) > i- Hence u>f{]j) — t and so y E F. Thus F is a filter of X. Conversely, assume 
that F is a filter of X. By (Fl), /xf(1) = t. Hence /xf(1) > fiF{x),^fx G X. It remains to prove 
(UF2). Assume that there exist x, y G X such that Hf(v) < min{/iF(^ * y),fip(x)}, Since /xf is 
a two- valued function, we have Hf(u) = 0, /Jf(^ * y) — Hf{x) = £■ This means x * y,x G F, but 
y ^ F, proving that F is not a filter of X, a contradiction, 
(ii) Straightforward. □ 



4. Normal fuzzy filters 

Definition 4.1. A fuzzy filter u, of X is said to be normal if there exists x G X such that 
u(x) = 1. 
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Example 4.2. Let X be a BE-algebra as in Example 3.2. Define a fuzzy set fi in X by 

fl iixeF 
u(x) = < 

[0.7 ifrr^F 

for all x G X. Then // is a normal fuzzy filter of X. 

Theorem 4.3. A fuzzy filter fi of X is normal if and only if /x(l) = 1. 

Proof. Straightforward. D 

Theorem 4.4. \x be a fuzzy filter of X. Then the fuzzy set fi of X defined by fi{x) := li(x) + 
1 — li(1) for all x £ X is a normal fuzzy filter of X containing fi. 

Proof. Let fi be a fuzzy filter of X and let x,y G X. Then fi(l) = /i(l) + l— fi(l) > /i(rr) + l— /x(l) = 
/}(#) for all x E X, since /x(l) > fi(x). Since 

A*(3/) = Ml/) + X ~ M 1 ) ^ min{/i(a; * y), /x(x)} + 1 - /i(l) 

= m.m{fj,(x * y) + 1 — /i(l), /x(x) + 1 — /x(l)} 
= min{/i(a:*j/),jS(a;)}, 

// is a fuzzy filter of X. On the other hand, p,(l) = /x(l) + 1 — /x(l) = 1. By Theorem 4.3, /i is 
normal. Clearly LiQfi. □ 

Theorem 4.5. A fuzzy filter \x of X is normal if and only if fi = Li. 

Proof. Suppose that li is a normal fuzzy filter of X. Then /2(x) = li(x) + 1 — /i(l) = /x(a;) for any 
x G X by Theorem 4.3, and so fi Q li. Therefore li — fi. The sufficiency part is trivial. □ 

Theorem 4.6. If li is a fuzzy filter of X , then fi = fi. 

Proof. For any x G X, we get fi(x) = fi(x) + 1 — fi(l) = fi(x). □ 

Theorem 4.7. Let fi be a fuzzy filter of X. If there exists a fuzzy filter rj of X satisfying fj C li, 
then li is normal. 

Proof. Assume that there exists a fuzzy filter n of X such that fj C li. Then 1 = 77(1) < /i(l) and 
hence /x(l) = 1. Thus fi is normal. □ 

Proposition 4.8. Let fi be a fuzzy filter of X. If there exists a fuzzy filter n of X satisfying 
fj C fi, then fi = fi. 

Proof. It follows from Theorem 4.5 and Theorem 4.7. □ 

Theorem 4.9. Let fi and rj be fuzzy filters of X. Then followings hold. 

(i) if fi G f] and fi(l) = i](l), then X^ C X v . 
(ii) if fi and i] are normal and fi C n, then X^ = X v . 
(iii) X M C AV 
(iv) if there exists x G X such that fi(x ) = 0, then fi(x ) = 0. 



Normal fuzzy filters in _B_E-algebras 

Proof, (i) Suppose that fi C 77 and /i(l) = 77(1). If x G X M , then 77(1) = /i(l) = fi(x) < 77(0;). 

Noting that i](x) < 77(1) for all x G X, we get 7/(0;) = 7/(1). This means that x G X^. 

(ii) It follows from Theorem 4.3 and Theorem 4.9-(i). 

(iii) By Theorem 4.4, p, is a normal fuzzy filter of X containing \x. Let x G X M = {x G X|/j(x) = 

/x(l)}. Since fi C //, we have /z(x) = /i(l) < /2(x) = /i(l). Hence x G X^ = {x G X|/j(x) = /i(l)}, 

which shows that X M C Xp,. 

(iv) If there exists x G X such that /2(a;o) = 0, then fl(x ) = M^o) + 1 — Ml) = and so 

fi(x ) = /x(l) — 1 < 0. Since fi(x ) > 0, it follows that /i(x ) =0. D 

Theorem 4.10. Let \x be a fuzzy filter of X and let f : [0,/z(l)] — ¥ [0,1] be an increasing 
function. Define a fuzzy set fif : X — > [0, 1] by fif{x) := f(fi(x)) for all x G X. Then fif is a fuzzy 
filter of X. In particular, if f(fi(l)) = 1, then fif is normal, and if f(t) > t for all t G [0,/i(l)], 
then fi C Hf. 

Proof. Let x G X . Then /i/(l) = /(/i(l)) > f(fi(x)) = fif{x) since / is an increasing function. 
Since fi is a fuzzy filter of X, we have /x(y) > min{/i(x * y),//(a;)} for all x,y G X. Hence 
f(u,(y)) > min{/(/i(a; * y)) , f (u,(x))} by using the fact that / is an increasing function, i.e., 
/•*/(?/) > min{/i/(a; * y),fif(x)}. Therefore fif is a fuzzy filter of X. Since /(/x(l)) = 1, we have 
/^/(l) = /(/x(l)) = 1. By applying Theorem 4.3, we show that /j/ is normal. 

Suppose that f(t) > t for all t G [0, /x(l)]. Then fJ>f(x) = f(fi(x)) for all x G X. This means 
that /i C fif. D 

Lemma 4.11. If fi and 77 are two fuzzy filters of X, then so is fi (In. Moreover, if fx and n are 
normal, then so is fi tin. 

Proof. Straightforward. □ 

Given a proper filter F of X, it is easily verified that the characteristic function xf is a normal 
fuzzy filter of X. Let E and F be two proper filters of X. Obviously, E C F if and only if 
Xe Q Xf- Let -P(X) be the set of all proper fuzzy filters of X. Let N(X) be the set of all normal 
fuzzy filters fi of X such that N(X) is a poset under the set inclusion. 

We define two functions / : P{X) -* N(X) and g : N(X) ->■ P(X) by /(F) := xf and 
g(/j) := X M , respectively. Then we have the following. 

Corollary 4.12. Two functions f and g defined above are infective and surjective respectively. 



Proof. It is straightforward from gf = lprx) and fg{fj) = /(X M ) = Xx — A* f° r all w G N(X). D 

Theorem 4.13. Let X be a BE-algebra. 

(i) If £,F G P(X), tien X ehf = Xe H Xf- 
(ii) If /j, 77 G X(X), tnen X^ = X M n X„. 
(iii) VF, F G P(X) and V/a, 77 G X(X), /(F n F) = f(E) n /(F) and <?(// n 77) = (/(/a) n 0(77). 
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Proof, (i) If x E E n F, then XsnF^) = 1- However, we also get x G E and rr G F '. Hence 
X-b(^) = 1 = Xf{x). li x ^ E C\ F, then x <£ E or x <£ F and hence X-EniK^) = 0. Therefore 
min{x s (x), xp(rr)} — 0- This means that Xedf = Xe H Xf- 
(ii) 

^nr? ={^ G X| min{/i(a;),77(:r)} = 1} 

={x G X|«(:r) = 1,7] (x) = 1} 

={x G X\]x{x) = 1} n {x G X|?7(x) = 1} 

=X M n x,,. 

(iii) By (i) and (ii), we have f(E (1 F) = xehf = Xe^Xf = f(E) H /(F) and g(p n 77) = x^ = 

Corollary 4.14. (X (X), C) is a meet-semilattice. 

Proof. Obviously, (N(X), C) is a poset having the smallest element X{i}> an d the greatest element 
1 given by l(x) :— 1 for all X G X. □ 

Theorem 4.15. Let // be a non-constant normal fuzzy filter of X such that it is a maximal 
element of (N(X), C). Tben Jm(ju) = {0, 1}. 

Proof. Note that «(1) = 1 since ]x is normal. Assume that there exists a G X such that 
< fi(a) < 1. Define a fuzzy set 77 : X — )■ [0, 1] by 7](x) := ~{fi(x) + ]i(a)} for all x G X. Then 
clearly // is well-defined. For any x G X, we have 

v(y) =2 (Ms/) + Mo)} 

>-{min{/i(a; * y), ju(x)} + ju(a)} 

= min{-{/i(a; * y) + ^(o)}, -{ju(x) + n(a)}} 

= min{?7(x * y),rf(x)}. 
Therefore 77 is a fuzzy filter of X. It follows from Theorem 4.4 that 7) G N(X) where fj(x) = 
i](x) + 1 -77(1) for all rr G X. Note that 77(0) = 77(a) + 1 -77(1) = -{M°0 + /i(a)} + l {/x(l) + 

]i(a)} = -{]i(a) + 1} > «(a) and 77(a) < 1 = 77(1). Thus 77 is a non-constant normal fuzzy filter 
and ]x is not a maximal element of (N(X), C). This is a contradiction. Thus Im(fi) = {0, 1}. □ 

Definition 4.16. Let // be a fuzzy filter of X. Then \x is said to be maximal if it is non-constant 
and fi is a maximal element of the poset (X(X), C). 

Theorem 4.17. Every maximal fuzzy filter of X is normalized and Im(fi) = {0, 1}. 



Let x,y E X. Then 



Normal fuzzy filters in _B_E-algebras 

Proof. Assume that /x is a maximal fuzzy filter of X. Then /x is a non-constant maximal element 
of the poset (X(X),C). Using Theorem 4.4 and Theorem 4.5, we have Im(fi) = {0,1}. Note 
that fi(x) = 1 if and only if fi(x) = /x(l) and p(x) = if and only if fi(x) = /x(l) — 1. By Theorem 
4.9-(iv), we get fi(x) = 0. It follows that /x(l) = 1. This shows that /x is normal and hence /x — /x 
follows from Theorem 4.15 that ira(/x) = {0, 1}. □ 

In general, if /x is a fuzzy normal filter, then xx^ Q (J>- But if /x is a fuzzy filter, then we have 
the following. 

Corollary 4.18. If /i is a maximal fuzzy filter of X, then xx^ = (J>- 

Proof. Obviously, xx M C /x and xx^ takes only and 1. If /j,(x) = 0, then x <£ X M and XxA x ) = 0. 
Thus /x C xx^- If nix) = 1, then x G X M and hence Xx^(x) = 1. This means that Xx M = /x. □ 

Definition 4.19. A filter F of X is said to be maximal if 

(i) F is a proper subset of X, 
(ii) F C G for some filter G of X, then either F = G or G = X. 

Example 4.20. Let X := {1, a, 6, c} be a .BF-algebra with the following Cayley table: 



* 


1 


a 


b 


c 


1 


1 


a 


b 


c 


a 


1 


1 


b 


c 


b 


1 


1 


1 


1 


c 


1 


a 


c 


1 



Then {1, a}, {1, a, c} are proper filters of X, and {1, a, 6} is a unique maximal filter of X. 

Theorem 4.21. If /x is a maximal fuzzy filter of X, then X^ is a maximal filter of X. 

Proof. X^ is a proper filter of X, since /x is non-constant. Assume that F is a filter of X 
containing X M . Then x x ^ Xf- Thus we get /x = x x — Xf by Corollary 4.18. Because /x and 
Xf are normal and /x = p, is a maximal element of the poset (X(X), C), it follows that fi = xf 
or xf — 1) where 1 : X — )■ [0, 1] is a fuzzy set defined by l(x) := 1 for all x G X. It means that 
F — X. If /x = xf, then X M = X XF = F by Proposition 3.4. This means that X M is a maximal 
filter of X. □ 
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Abstract. Shagholi et al. [T7] proved the Hyers-Ulam stability of ternary cubic homomorphisms in ternary 
Frechet algebras. But there are fatal errors in the proofs of the main results. In this paper, we correct the 
statements of the main results and prove the corrected results. 

1. Introduction 

The stability problem of functional equations originated from a question of Ulam |18j in 1940, concerning the 
stability of group homomorphisms. In 1941, Hyers [TU] gave a first affirmative answer to the question of Ulam 
for Banach spaces. In 1978, Th. M. Rassias [T5] provided a generalization of Hyers' Theorem which allows the 
Cauchy difference to be unbounded. 

Jun and Kim [llj introduced the following functional equation 

f(2x + y) + f(2x -y) = 2f(x + y) + 2f(x - y) + 12f(x) (1.1) 

and established the general solution and the Hyers-Ulam stability for the functional equation (1.1). The function 

f(x) — x 3 satisfies the functional equation (1.1), which is thus called a cubic functional equation. Every solution of 

the cubic functional equation is said to be a cubic mapping. The stability problems of several functional equations 

have been extensively investigated by a number of authors and there are many interesting results concerning this 

problem (see P [21 El El [TJ El [HI H31 HH EU ) - 

Definition 1.1. ([17]) A mapping H : A — > B is called a ternary cubic homomorphism in ternary algebras A, B 

if 

(1) H is a cubic mapping, 

(2) H([x,y,z}) = [H(x),H(y),H(z)], for all x,j,z€ A. 

Recently, M. Eshaghi Gordji and M. Bavand Savadkouhi [3] investigated approximate cubic homomorphisms 
in Banach algebras. 

Definition 1.2. A topological vector space A is a Frechet space if it satisfies the following three properties: 
(1) it is complete as a uniform space, 
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(2) it is locally convex, 

(3) its topology can be induced by a translation invariant metric, i.e., a metric d:XxX->l 
such that d(x, y) = d(x + a,y + a) for all a,x,y € X. 

For more detailed definitions of such terminologies, we can refer to [5] . Note that a ternary algebra is called 
ternary Frechet algebra if it is a Frechet space with a metric d. 

If we multiply both sides of the inequality (2.6) in the proof of [T7J Theorem 2.1] by ^, then we get 



ld 2 (2 /( 2x),16/(,))<^M. 



By the triangle inequality, we get 



±d 2 (2f(2x),16f(x)) < d 2 (tMj(x) 



(1.2) 



(1.3) 



The inequalities (1.2) and (1.3) do not guarantee the inequality (2.7) in the proof of [17, Theorem 2.1]. 

In [17], there are a lot of similar fatal errors in the proofs of the main results. In this paper, we correct the 
statements of the main results and prove the corrected results. 



2. Hyers-Ulam stability of ternary cubic homomorphisms in Frechet algebras 

In this section, we prove the Hyers-Ulam stability of ternary cubic homomorphisms in ternary Frechet algebras. 

Theorem 2.1. Let A be a ternary Frechet algebra with metric d and B a ternary Banach algebra with norm || • ||. 
Let f : A — > B be a mapping with /(0) = for which there exists a function <ft : A 3 — > [0, oo) such that 



oo 1 

4>(x, y, z) := Y^ ^37<M 2% > 2J V> 2JZ ) < °°> 



3=0 



\\f{2x + y) + f(2x -y)- 2f(x + y) - 2f(x - y) - I2f(x)\\ < cf>{x, y,0), 

\\f([x,y,z}) - [f(x)J(y),f(z)}\\ < <p(x,y,z) 
for all X,y, z € A. Then there exists a unique ternary cubic homomorphism H : A — > B such that 

1 7, 



\\f(x)-H(x)\\<-4>{x,0,0) 



for all x G A. 

Proof. Putting y = in (2.2), we get 

and so 



||2/(2a0 - 16/(a:)l| < ^(ar, 0,0) 



/(2a;) 



2 ;i 



m 



< 



2 4 



for all x <E A. Using the Rassias' method on (2.5) ([!]), one can use induction on n to show that 



/(2 n s) 

2 3 ™ 



m 



< 



_. n— 1 

-Y 



16 

912 



0=0 



0(2^,0,0) 

2^ 



(2.1) 

(2.2) 
(2.3) 

(2.4) 



(2.5) 



(2.6) 
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for all x G A and all nonnegative integers n. Hence 



f(2 n+m x) f(2 m x) 



23(n+m) 



2 3r, 



n-\-m— 1 



< — 

~ 16 



- E 



]=m 



<H2 J x,0,0) 
2^ 



for all nonnegative integers n and m with n> m and all x G A. It follows from (2.1) that the sequence { 2 3" } 
is Cauchy. Due to the completeness of £?, this sequence is convergent. So one can define the mapping H : A — > B 

by 

/(2"x) 



-ff(x) := lina 



2 3 ™ 



(2.7) 



for all x G A Replacing x, y by 2™x, 2™y, respectively, in (2.2) and multiplying both sides of (2.2) by gibr, we get 
||il(2x + y) + H(2x - y) - 2H(x + y) - 2H(x - y) - l2H{x)\\ 
= lim i|/(2"(2x + y)) + /(2"(2x - y)) - 2/(2"(x + y)) - 2/(2"(x - y)) - 12/(2"x)|| 

n— J-oo Z 

<lim^f^=0 

n— >oo 2 

for all i, j e 4. So 

ff (2x + y) + ff(2x - y) = 2H(x + y) + 2H(x - y) + 12H(x) 
for all x,y E A. Moreover, it follows from (2.6) and (2.7) that 

\\f(x)-H(x)\\<^4>(x,0,0) 

for all x G A. It follows from (2.3) that 

||#a*,M) "[#(*), #(y)>#0*)] II = lim ^\\f([2 n x,2 n y,2 n z))-[f(2 n x),f(2 n y),f(2 n z)}\\ 



n—>oo 2,J n 

for all x,y,z G A So 

tf([x,y,*]) = [#(x),#(y),ff(2)] 

for all x, y, z G A. 

Now, let _ff ' : A — > B be another ternary cubic homomorphism satisfying (2.4). Then we have 

\\H(x) H'(x)\\ = ^\\H(2 n x) - H'(2 n x)\\ 

< ^(\\H(Tx) - f(Tx)\\ + ||/(2"x) - H\Tx)\\) 



< 



1 



• 2 3 ' 



: </>(2"x,0,0) 



which tends to zero as n — > co for all x G A. So we can conclude that -ff(x) = H'(x) for all ieA This proves the 
uniqueness of H. Thus the mapping H : A — > B is a unique ternary cubic homomorphism satisfying (2.4). □ 

Corollary 2.2. Let A be a ternary Frechet algebra with metric d and B a ternary Banach algebra with norm 
|| • || . Let < p < 3, and let f : A — > B be a mapping such that 

||/(2a; + 2/) + /(2x -y)- 2/(x + y) - 2/(x - y) - 12/(x)|| < d(x, Of + d(y, Of, 

||/([x, y, z\) - [f(x),f(y), f(z)]\\ <d(x, Of + d(y, Of + d(z, Of 
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for all x, y, z G A. Then there exists a unique ternary cubic homomorphism H : A^r B such that 

\\j\ ) \ !\\ - 2(8 -2p) 

holds for all x G X. 

Proof. Note that d(2x, 0) < 2d(x, 0). It follows from Theorem 2.1 by putting (f>(x, y, z) = d(x, 0) p +d(y, 0) p +d(z, 0) p 
for all x,y,z £ A. □ 

Theorem 2.3. Let A be a ternary Banach algebra with norm \\ ■ \\ and B a ternary Frechet algebra with metric 
d. Let f : A — > B be a mapping for which there exists a function (f> : A 3 — > [0, oo) such that 

oo 

d(f(2x + y)+ f(2x - y),2f(x + y) + 2f(x - y) + 12f{x)) < <j>(x, y, 0), (2.9) 

d(2f([x, y, z}), [2f(x),2f(y),2f(z)}) < cj>{x, y, z) (2.10) 

for all x,y, z € A. Then there exists a unique ternary cubic homomorphism H : A — > B such that 

d(2/(x),JT(x))<0(|,O,o) (2.11) 

for all x £ A. Here 

OO 

for all x, y, z G A. 

Proof. By (2.8), (p(0, 0, 0) = 0. Putting x = y = in (2.9), we get /(0) = 0. Putting y = in (2.9), we have 

d(2/(2a),16/(a0)< 0(af,O,O) (2.12) 

for all x G A. Replacing x by | in (2.12), we get 

d(2 3 .2/(f),2/(*))<^(f,0,0) 
for all x € A. By induction on n, we have 

n-1 

d (2 3 " • 2/ (£) , 2/(x)) < £ 2«* ( -^, 0, 0) (2.13) 

j=o 

for all a; G ^4 and all nonnegative integers n. Hence 

n+m— 1 

d(l 3{n+m) • 2/ (^r), 2 3m -2/ (£))< £ 2^(-^,0,0) 

for all non-negative integers n and m with n > m and all i e i. It follows from (2.8) that the sequence 
{2 3 ™ • 2/(^-)} is Cauchy. Since i? is complete, the sequence {2 3n • 2/ (<pr)} is convergent. So one can define the 
mapping H : A — > B by 

H(x) := lim 2 3 " • 2/ (J) (2.14) 
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for all x £ A. Replacing x, y by ^-, ^, respectively, in (2.9) and multiplying both sides by 2 , we get 
d(H(2x + y) + H(2x - y),2H(x + y) + 2H(x - y) + \2H{x)) 



= lim d[ 2 3n 2/ 



2.x + y 



2/ 



2x-y 



( 2x + y 



< lim 2 3n d I 2/ , — - 

n— >-oo \ \ z 



■2/ ('^1,4/ 



2 3 ™ ( 4/ 

x + y 



2" 
•4/ 



4/ 



x — y 



x — y 



24/ 



24/ 



2" 



for all x, y G A So 

#(22; + y) + H (2x - y) = 2H(x + y) + 2H(x - y) + 12H(x) 
for all x, y G A It follows from (2.13) and (2.14) that 

d(2f(x),H(x))<4>{^,0,0) 
for all x G A. By (2.10), we have 



d(H([x,y,z]),[H(x),H(y),H(z)]) 



lim d (2 Jn ■ 2/ 



< lim 2 9n d(2f 

n— >oo 



■,'.)!! 



I 2™ y ' V 2" / ' V 2™ 



*' (£).*/ (£).*/(£ 



< 



lim 2 9 > (- 

n— J-oo V 1 



o 



"x y z " 

On ' O n ' 9 n 

"x y z ~ 

On ' 9 n ' 9 n 

x y z 

v 2 n ' 2 n ' 2 n 

for all x, y, z G A. So 

J ff([x,y,z]) = [#(x),#(y),#(z)] 

for all x, y, z G A 

To prove the uniqueness of i/, let H' : A — > B be another ternary cubic homomorphism satisfying (2.11). Then 
we have 



d(H(x),H'(x)) = d (2^H (J) , 2 3 "ff' (J 



-M2 3 "tf(|,),2 3 ".2/(^ 



'"2-'"//'[^),2»».2/(^ 



<«("(£)> 2/ (£ 



^"'""''l). 2 ^ 



< 2 



3n+l, 



:r 



XT, 0,0 , 
which tends to zero asn^tx) for all x G A. So we can conclude that H(x) = H'(x) for all x G A 



a 



Corollary 2.4. Let A be a ternary Banach algebra with norm \\ • \\ and B a ternary Frechet algebra with metric 
d. Let p, 9 be positive real numbers with p > 3 ; and let f : A — > B be a mapping such that 

d(f(2x + y) + }(2x - y), 2/(x + y) + 2/(x - y) + 12/(x)) < tf(||xf + ||yf), 

d(2f([x, y, z]), [2/(x), 2/(y), 2/(z)]) < 0(||xf + ||yf + \\z\\*) 
for all x, y, z G A TTien t/iere exists a unique ternary cubic homomorphism H : A — > B such that 



d(2f(x),H(x))< 



2p -8 



|xf 



holds /or all x G A 
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Proof. Note that d(2x,0) < 2d(x,0). It follows from Theorem 2.3 by putting <j>(x,y,z) = \\x\\ p + \\y\\ p + \\z\\ p for 
all x,y,z e A. D 
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1. Introduction 

Several identities and recurrence relations for probability density functioned!/) 
and distribution function^/) of order statistics of independent and identically 
distributed(MO?) random variables were established by numerous authors including 
Arnold et al.[l], Balasubramanian and Beg [4], David[14], and Reiss[21]. 
Furthermore, Arnold et al.[l], David[14], Gan and Bain[15], and Khatri[18] obtained 
the probability function(p/) and df of order statistics of iid random variables from 
a discrete parent. Balakrishnan[2] showed that several relations and identities that 
have been derived for order statistics from continuous distributions also hold for the 
discrete case. Nagaraja[19] explored the behavior of higher order conditional 
probabilities of order statistics in a attempt to understand the structure of discrete 
order statistics. Nagaraja[20] considered some results on order statistics of a random 
sample taken from a discrete population. Corley[12] defined a multivariate 
generalization of classical order statistics for random samples from a continuous 
multivariate distribution. Expressions for generalized joint densities of order 
statistics of iid random variables in terms of Radon-Nikodym derivatives with 
respect to product measures based on df were derived by Goldie and Mailer [16]. 
Guilbaud[17] expressed the probability of the functions of independent but not 
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necessarily identically distributed (innid) random vectors as a linear combination of 
probabilities of the functions of iid random vectors and thus also for order statistics 
of random variables. 

Recurrence relationships among the distribution functions of order statistics 
arising from innid random variables were obtained by Cao and West [10]. In 
addition, Vaughan and Venables[22] derived the joint pdf and marginal pdf of order 
statistics of innid random variables by means of permanents. Balakrishnan[3], and 
Bapat and Beg[8] obtained the joint pdf and df of order statistics of innid random 
variables by means of permanents. Using multinomial arguments, the pdf of X r:n+ i 
(1 < r < n) was obtained by Childs and Balakrishnan[ll] by adding another 
independent random variable to the original n variables X\,X2, ...,X n . Also, 
Balasubramanian et al.[7] established the identities satisfied by distributions of order 
statistics from non-independent non-identical variables through operator methods 
based on the difference and differential operators. In a paper published in 1991, 
Beg[9] obtained several recurrence relations and identities for product moments of 
order statistics of innid random variables using permanents. Recently, Cramer et 
al.[13] derived the expressions for the distribution and density functions by Ryser's 
method and the distributions of maxima and minima based on permanents. In the 
first of two papers, Balasubramanian et al.[5] obtained the distribution of single order 
statistic in terms of distribution functions of the minimum and maximum order 
statistics of some subsets of {X\,X2, ...,X n } where Xj's are innid random 
variables. Later, Balasubramanian et al.[6] generalized their previous results[5] to 
the case of the joint distribution function of several order statistics. 

In this study, the joint distributions of p order statistics of innid discrete random 
vectors are expressed in form of an integral. As far as we know, these approaches 
have not been considered in the framework of order statistics from innid discrete 
random vectors. 

From now on, the subscripts and superscripts are defined in the first place in 
which they are used and these definitions will be valid unless they are redefined. 

Consider x= [x^\ x^, . . . , x^) and y= (y^\y^ 2 \ ...,y^) (b — 1, 2, ...,n) are 
vector, then it can be written as x<y if x^ < y^ (s = 1, 2, ..., b) and 

Let £j = (,,(,,-,(, (i = 1,2, ...,n) be n innid discrete random 
vectors which components of £j are independent. The expression 

x& = z™(£\&\..,£ ) ) (i) 

is stated as the rth order statistic of the sth components of £1,^2? ••-,£«• From (1), 
the ordered values of the sth components of £1, £2, •••, £n are espressed as 

*«<X«<...<XW . (2) 
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From (2), we can write 

X r;n =(xW,X( 2 2,...,xW) (l<r<n). 

Also, x w = (xw , x { w',...,xV), (xw = 0, 1, 2, ...) (w = 1,2, ...,p; p = 1,2, ...,n). 

(s) 

Let /j and F, be p/ and df of £ 4 - , respectively. 

The pf and rf/ of X ri:n ,X r2:n , ...,X rp:n (1 < ri < r 2 < ... < r p < n) will be 
given. Let X^ = (4L,41-,4») and x« = ^S s) ,x^ s) , ...,x^). For 
notational convenience we write J^ , E ' / an d / instead of 

x O) x (») ___ x ( s ) m p ,k p ,...,mi,ki V 

(s) (s) (s) (s) , 

^i ^2 x 3 ^p n_r p r p -r p _i-l r 3 _ r2 _i r2 _ ri _i r2 _ ri _i ri _i 

E E E ... E , E E - E E E E, 

x « =0 ir (s) =x (s) x (s) =x (s) x (s) =x (s) m P =0 k P=° m2=0 fc2=0 mi=0 fcl=0 

^ n (^ s) ) F ira (xW) F irp {xi s) ) F iq (iW)F ir2 (4 s ») ^ p (4 3) ) 



J J ... J and J J ... J in the expressions below, 

respectively (x { s) =o). Also, F(x) = £/(s) = /(0) +/(1) +... + /(x) . 

2. Theorems for Probability and Distribution Functions 

In this section, the theorems related to pf and df of X ri:n ,X r2:n , ...,X r :n will 
be given. 

We will now express the following theorem for the joint pf of order statistics of 
innid discrete random vectors. 

Theorem 2.1. 



b „ / P+l r w -l \ P 

/^.....^(xi.xa,...,^) = n D E / n n Hr } -^r _i) ] n^ ( 



P+l r w -l _ \ P 

.(s.to) ^(s.tu-l)] J 77 j (s,«;) 

= 1 P " \ w=lt=r w - 1 +l ' ~ I w=l 

(3) 

where xi < x 2 < ... < x p , J^ denotes the sum over all n\ permutations (ii,^2, •••,*n) 

p 
p+i 
of (l,2,..,n), D = [I [(r w -r w _i-l)!] _1 , r = 0, r p+1 = n + 1, ^' 0) = 0, 

w=l 

v^ = 1 and v™ = [4 s r f - F tr Jx^-)]f^r + F it (x$-). 

Jir w \ x w ) 

Proof. It can be written 
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Jri,r 2 ,...,r p :n (, x l? x 2> •••) ^-p) 



Consider the event 



r ^ A rj;n — Xx, A r2;ra — X2, ..., y^-rp-.n — x pJ 

P{X( 1 )=x( 1 ),X( 2 )=x( 2 ),...,XW=x( 6 )} 
f[p{x( s )=x( s )} 

s=l 
6 

np { X (s) _ W X (s) _ {*) x (s) _ (s) 

s=l 

f[f, 



s=l 



, „0) (s) (s) 

/ri,r2,.--,fp:" I "M ' J '2 )---)- L p 



X i») = r {s) X-W =r (s) X"W = r^l 



The above event can be realized mutually exclusive as follows: r\ — 1 — k\ 
observations are less than x* , A^ + l+m^ (u> = 1, 2, . . . ,p) observations are equal to 

Xw , r^ — l — k^ — m^_i — r£_i (£ = 2, 3, ...,p) observations are in interval [xf_ v xf ) 

(s) 

and n — m p — r p observations exceed x p . The probability function of the above 
event can be written as 

f (J.*) T W r (s)\_pf X (s) _ (s) X ( S ) _ (s) X ( S ) _ (s)\ 

Jri,r2,...,r p :n I ^1 i ^2 j---j j 'jj I A ] yv n:n ^l > yl r2:n -^ ) •••) yv r p :n ^p (• 

The following expression can be written from the last identity. 



Jri,r 2 ,...,r p :n ( x li x 2, •••,X p ) — J| ^^ Cj £ y 

s=l m p ,k p ,...,mi,ki P 



where Ci 



p+l /r w -i+m w -i 

n n ^(^*-i) 

w=l \ ( 1 =r w -i+l 



Tyj 1 fZyj 

n 


^il 2 \ X w ) ^ie 2 \ X w-l) 


r«,— 1 

n w*!?) 


V 

M> = 1 



(4) 



1] [(^ - 1 - k w - m K _! - r w _i)!] 



1 ft K^ + l + mJ!]- 1 , 
m = 0, fcp+i = 0, m w _i + k w < r w - r w _i - 1, F k (x^) = 0, F k Lz^-J = 1 and 



F, x 



» 



p[x^ < x { : ] 
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11 1 



(4) can be written as 

/r 1 ,r 2 ,...,r p :n(xi,X 2 ,..,X p ) = J] ^ d ^ J] " , , T"" 

s=l m p ,k p ,...,mi,ki P \mj=1 / ,, , ,, 




'p+1 



\mj=1 



II bA"] 

-1 

n 



1 - w (s) 

1 i/TO-1 



m„_i 



v«i=i 






p+1 /r„-i+m„-i 

n n /^(^i) 

U)=l \ £ 1 =r tu _ 1 + l 



7*^ 1 K^ 



r,„-l 



n / 



<-3 — ^*iu ^n 



p. f T ( s )-l - F ( T (s \ 

1 H 2 \^w ) 1 'H 2 K^w-l 
=r-„,_l+m w _i+l 

The above identity can be expressed as 

b 
/ri,r 2 ,...,r p :n (X1,X 2 , ...,X p ) = | J ^ C ^ ^ 

s=l m p ,k p ,...,mi,ki P () () () 



*£o V^UJ 



.?: 



(^ 



n/ 

UI = 1 






1 1 1 




p+1 fr w -i+m w -i \ / r m -l-<; K 

n n (i-«£i) /*,(*£.) n 

,w=l y£i=r w -i+l J \i2=r w -i+m w -i + l 

r w — l 

II y$fi 



F- ( r ( s )-) - F- (r (s) "1 



(«)> 



««q V^UI 



il^SVi 






UI=1 



P+1 



where C = [ Yi [(r w - 1 - k w - m w _ x - r w _i) 



«i=i 



,0> W ) _ „,0) / f,v.( S ) N 



/ w=l 



.(«) 



In (5), if Uj-.' = fjw fi{x\u ) + Fj.(xto — ), the following identity is obtained. 



(5) 



(*)> 



»i 



i ri (xr) f^M") *S>D 



/, 



ri,r 2 ,...,r p 



:n (Xi,X 2 ,...,Xp 



n e c£ 

s=l m p ,kp,...,mi,ki P 



**iri \ X 1 ) i r 2 \ X 2 / ^r p V^P ) 



P+1 /r w -i+m w -i 

n n k^ 

.w=l y^i=r w _i+l 



(s) \ (s,w—l) 

' vy 



| J ^ie 2 \ X w ) **ie 2 \ X w-U 



r w — 1 



n Kr , -^,(^-)] 



-7'lM fe' 



If ™"UJ 



w=i 



(s,ui) 



(6) 
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Considering 



. . (n<) "ff g« n <> 

Vi=l / U2=£+l / £ 3 =n-T+l 



£££- 



£\(n-T-£)\T\ 



1 n 

p e=i 



where r + £ < n and using the above identity for each k w and m w -i, in (6), we get 



b 

fn,r2,...,r p :n(xi,X2,-,Xp) = Yl D ^2 



s=\ p 



P+l r w -\ 



v 
Y[dv 



(s,w) 

UI = 1 



Thus, the proof is completed. 

Moreover, if x t s < x 2 s < ... < x p s , it should be written J J ... J instead of J in 
(3), where J J ... J is to be carried out over the region: v^ < v\ s ' < ... < v\ ■ , 

v£? < F irp (x¥). 

We will now express the following theorem to obtain the joint df of order 
statistics of innid discrete random vectors. 

Theorem 2.2. 

b „ / p+1 r w -l \ p 



/I y ] -i- I w — -l » y 

n n \yt } -vt~ i] ] )u dv 



(s,«>) 



(7) 
Proof. It can be written 
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F r\,ri,...,r v :n V/VLj ^2j ■■■i ^p) J I "ri,r2,---,r p :n I 



„.(*) ~(s) ~(s) 

T2,---,r v :n I -^l > ^2 J" - )"*^ 

s=l 

6 



n e a 

S=l (a) (s) (s) 



r 1 ,r 2 ,...,r p :n I -^1 > J '2 >"-> a 'p 



The above identity can be expressed as 



P+l r„,-l _ \ p 

(s,tu) (s,io-l)l I TT i(s,w) 



n n Hr } - «Jr _l) ] n** 



!=1 i W ,i W r .,i (,) P \w=l^=r„_i+J / w=l 



Thus, the proof is completed. 

3. Results for Probability and Distribution Functions 

In this section, the results related to pf and df of X n:n , X r2 . n , ...,X r :n will be 
given. 

We will now express the following result for pf of the rth order statistic of innid 
discrete random vectors. 



Result 3.1. 



r\ — 1 



*-W-mjU? / fi«r n ,[ 



i (i.i) 



P / (1) N \€=1 / \€=ri+l 

^»ri I x l 



^ (M) . 



Proof. In (3), if 6 = 1, p = 1, (8) is obtained. 

In the following two results, the pf's of minimum and maximum order statistics 
of innid discrete random vectors are given, respectively. 



Result 3.2. 



Fi l [x± 



'-(^(^ijfE / nMl <"• w 



^»i ( x i 
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Proof. In (8), if r± — 1, (9) is obtained. 

Specially, in (9), by taking n = 2 and v. 
Fi 2 (x\ — ), the following identity is obtained. 



(1,1) _ L.(l,l) 77. /_(1) N1 ^M!j i 

- K ^ul^i JJ /ii(cc ( 1 ) ) + 



/ 1:2 (*?>) 



-Fjj ( x 1 



(l)^ 



E 



M*^- 



M, 



• '■■') _ F . fa .(l) xi /jaQPl 1 *) , F . / (1). 



M*P) 



dv. 



(i.i) 



£ 



(1,1) 1 /" (1,1) V /iaC^l ) , (1,1) 77 / (1) \fi 2 ( X l ) (1,1) 77 / (1) \ 



"'1-1 



Jh \ x l ) 



Jh \ x l ) 



Fi 1 [x 1 



(l^ 



F tl lx\ 



(i) 



E I /-^i 1} ) - o^^) k(4 x) ) + FiAz?-)} + /^^y^^-) - f h (x?)F, 



i 2 \ x i 



(i) 



= AO^) " ^h(x?) [Fi(xP) + i^-)] + f2(x?)F 1 (x?-) - fi(x?)F 2 (x?-) 

+/ 2 (a:S 1) ) - \h{x?) [f 2 (x?) + F 2 (x?-)] + fi(x^)F 2 (x^-) - f^^F^x?-) 
= fiix?) ~ \f2{x?) [F^) + F 1 {x?-)] + f 2 (x?) - \h{x?) [f 2 (x?) + F 2 (x?- 
Morever, the above identity in the iid case can be expressed as 



fa(xP) = 2f(x?)-f(x?)[F(x?) + F(x?-) 

= 2f(x?) - f(x?) [2F(x?) - fix?) 

= 2f(x?)-2f(x?)F(x?) + f 2 (x?). 

This result is obtained, if % — l,n — 2 in equation (2) in [18]. Also, the above 
identity for x\ — 1 can be written as 



/ 1:2 (1) = 2/(1) - 2/(0)/(l) - / 2 (1). 



Result 3.3. 



t'in \ x l 



-. \, In— 1 

^(^-(^ijiE / n 



€ 1} 1 *£" 



P F, n (,S'>-) V "' 



(10) 



924 



YUZBASI, GUNGOR: DISTRIBUTIONS OF ORDER STATISTICS 



Proof. In (8), if r\ = n, (10) is obtained. 

In the following result, we will give the joint pf of X 1: „, X\._l, ■ ■■, X p -.l. 
Result 3.4. If x? < x^ ] < ■ ■■ < x { p l \ 



f» r. (^uv.,^) = i^ji £//■••/ n [i-s"]) n* 



^=p+l " " / 10 = 1 

(11) 



where J J ... J is to be carried out over region: v\ < v\ < ... < v\ , 
F^?-) < < 1,1} < F h (x?), F^x?-) < ^' 2) < F i2 (x?),...,F ip (xP-) < 

<- p) <^(4 1) )- 

Proof. In (3), if b = 1, ri = 1, r 2 = 2, ..., r p = p and f f ... f instead of J, (11) 
is obtained. 

We will now give three results for the df of single order statistic of innid discrete 
random vectors. 



Result 3.5. 



<r\— 1 \ / n 



M4") = <„-!)■ (,,-,,)■ £ / (n^'unii-^ 



P \«=1 / V=ri+1 



Proof. In (7), if 6 = 1, p = 1, (12) is obtained. 
Result 3.6. 



i- r i 

(12) 



' n 



F '"K0 = (^£ / nMl <■"• («) 



P 



Proof. In (12), if n = 1, (13) is obtained. 
Result 3.7. 



'n— 1 



M^)=(^£ / (iR") *£•"■ (") 

Proof. In (12), if ri = n, (14) is obtained. 
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In the following result, we will give the joint df of XJ.„, X 2 ,l-, ■■■, X p -.l. 
Result 3.8. 

F H (x[^) F l2 (x^) F lp (4 x) ) 

F » -K ) -?',...,4") = (^e / / - / (n[i 

P (1,1) (i,p-i) W-P+ 1 

v v 

»l »p-l 

Proof. In (7), if 6 = 1, r\ — 1, r 2 = 2, ...,r p = p, (15) is obtained. 
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1 Introduction 

Let mjJ) be the set of functions which are regular in the unit disc U, 
A = {f £ H{U) : /(0) = /' (0) - 1 = 0} and S = {/ € A : f is univalent in U}. 
In [6], the subfamily T of S is introduced as following: 

oo 

(1) T = {/(z) : f(z) = z - ^ a J z ^ a 3 >0,neN*, z £ U} 

j=n+l 

Let 

OO 

(2) A n = {.f £ H(U) , f(z) = z - J2 a i z ^ a J ^ °' n e N ' •-' z e u } ' 

.7=71+1 

OO 

(3) H[a,n] = {/ £ U(U) , f(z) = a- ^ a d z\ aj > 0, n £ N, z £ U} , 

j=n+l 

for a £ C and n £ N . 

If / and g are analytic functions in U , we say that / is superordinate to 
9 j 9 "*> f ; if there is a function w analytic in [7 , where w(0) = , |w(z)| < 1 , 
for all z € U such that /(0) = .g(O) and g(U) C /(£/) . 

Let ^ : C 2 x [7 — >• C and /i analytic in U . If p and ip(p(z),zp'(z); z) are 
univalent in [/ and satisfies the first-order differential superordination 

(4) h{z)<^{p{z),zp'{z);z), forz£U, 
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then p is called a function of differential supcrordination. The analytic function 
q is called a subordination of the differential supcrordination solutions, or more 
simple a subordination, if q -< p for all p which satisfy (4) . 

An univalent subordination q that satisfies q -< g for all subordinations (4) 
is said to be the best subordination (4). The best subordination is unique up 
to a rotation of U . 

2 Preliminary results 

Let D" be the Salagean differential operator (see [5] ) D n : A — > A, n e N : 
D°f(z) = /(*), D l f{z) = Df(z) = z/'(z), D n f(z) = D{D n - l f{z)). 

OO 

Remark 2.1 If f € T, n € N* , f(z) = z - J2 o,jZ j , a, > 0, z G £/ t/ien 

j=n+l 

oo 

D n f(z)=z- £ i'V- 

OO 

Definition 2.1 /£/ 7e£ ,3, A e M, /3 > 0, A > and /(z) = z + YV-;?- 7 '. We 

J'=2 

denote by D x the linear operator defined by 



D'i-.A^A Dlf(z) = Z + J2(1 + U- m <*,* ■ 



J'=2 

Remark 2.2 In (/-//j we /lowe considered the following operator concerning the 
functions of form (1): If f g T, n € N - {0} , /3,X € R, /3 > , /(z) = 



oo 

z — £ a,jZ J , dj ~> 0, z (z U then 

.7=71+1 



(5) Df : A -+ ^ , 7^/(z) = z - J2 I 1 + U ~ W*. 

j=ra+l 



J - '' 



oo 

Definition 2.2 [4] For f e _4„ , .4 n = {/ € W(J7) , /(z) = z+ £ «M a j > 

.7=71+1 

0, neN, z e [/} , m , n e N , the operator R m is defined by R m : A n —¥ A n , 
R°f(z) = f(z) , R\f(z) = zf'(z) , 
(m + f )R m+1 f (z) = z(R m f(z))' + mR m f(z) , z&U . 

OO 

Remark 2.3 7/ / e .4 n , /(z) = z + ^ a,z J ' , neN, then R m f{z) = 

j=n+l 

oo 

j=n+l 
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Definition 2.3 [3] We denote by Q the set of functions that are analytic and 
injective on U — E{f) , where E(f) — {£ G dU : lim f(z) — 00} , and /'(C) 7^ 
for ( G dU — E{f) . The subclass of Q for which /(0) = a is denoted by Q(a) . 

Lemma 2.1 [3] Let h be a convex function with h(0) = a , and letj G C — {0} be 
a complex number with Rey > . If p G *H[a, n] DQ , p(z) + -zp'(z) is univalent 
in U and h(z) -< p(z) + -zp'(z) , for z G U , then 

q(z) <p{z), for z eU , 

z 

where q(z) — — J^ j h{t)t~ , ' n ~ 1 dt , for z G U . The function q is convex and is 


the best subordination. 

Lemma 2.2 [3] Letq be a convex function and leth(z) = q(z) + -zq'(z) , for z G 
U , where Rey > . If p G H[a, n] n Q , p(z) + -zp'(z) is univalent in U and 
<l( z ) + ^ z p'( z ) -< P( z ) + ^ Z P'{ Z ) , for z eU , then 

q(z) -< p(z) , for z G U , 

z 

where q(z) — — 1^ j h(t)t 1 ' n ~ 1 dt , for z G U . The function q is the best sub- 


ordination. 

The propose of this paper is to define the best subordination for the functions 
with negative coefficients, making use of generalized Salagean and Ruscheweyh 
operators. 

3 Main results 

Definition 3.1 The operator (5) can be also written as follows: 

Let f G T , of form (1), then 

D°J(z) = f(z), D{f(z) = (1 - X)f(z) + Xzf'(z) = D x f(z), 

. . . Dlf(z) = (1 - X)Dl\f(z) + \z(D f {f{z))> = D,(Dl\f(z)) , zGU. 

00 00 

Remark 3.1 /// G A n , f(z) = z— ^ ajZ : ',thenR^f(z) — z— ^2 C$+i-i a i^ 

j=n+l .7=71+1 

/? gM, zeU . 

Definition 3.2 Let A > and ncNJel. Denote by DR X the operator 
given by Hadamard product (the convolution product) of the Salagean operator 
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defined in (5) and the Ruscheweyh operator Rr , 

DR{ : A n -)• A„ , DR{f(z) = (D{ * R (i )f(z) . 

Remark 3.2 If A = 1 we obtain the Hadamard product DRP of the Sdldgean 
operator D^ and Ruscheweyh operator Rp introduced above. 

Theorem 3.1 Let h be a convex function, h(0) = 1 . Let A > , j3 € R , n E 
N, f e A n and consider that z{p \ +1) (/? + !)• DR p x +1 f(z) - /3(1 - A) • DR x f(z) 
is univalent and (DR x f(z))' E "H[l,n] C\Q . If 
1 



(6) h(z)< 



z(/3X + l) 



(/? + !)• DR P X +L f(z) - /3(1 - A) • DR p J(z) 



,zeU, 



then q(z) -< (DR x f(z))' , z € U , where q(z) 
function q is convex and it is the best subordinator. 



/3A+1 



. (/3-tQA+I 



- x + T Jh{t)t »> <ft. T/ie 

„A 



Proof. We take p(«) = {DR^f(z))' = 1 - £ Cf+j-il 1 + 0' - l^a?^' -1 , 



j>n+l 



p(0) = for / e T, of form (1) and we obtain p(z) — zp'(z) = 1— £ Cg,-_ x [l- 

j>n+l 

(j — l)A]*j 2 o^- 7 ' -1 , which means that 



p(z) - zp'(z) = ^±l D Ri +1 f{z) -(13-1 + ^(DRPj(z ) )' - — T-^D/^ /'( : .) 



zX 



1. 



V ^- A )n^ 



«nrfp( Z )+— Zp '(z) = l- ^ C-l+j-iIl+O-l)^ 



j>n+l 



zA 

Ajj - 1) 

/3A + 1 



a 2 ^'- 1 



which means that p(z) + ^ **/(«) = ^f^D/^" 1 /^) - ^j%DR{f(z) . 
It is obviously that p £H[l,n] . 

Further, we obtain from (6) that h(z) -< p(z) + „ x+1 zp'(z) , z E U . 

If we take -f — f3+ x in Lemma 2.1 we obtain q(z) -< p(z) , z E U i.e. q(z) -< 

(DR{f(z))' , z£U, where g(z) = /3A + 1 +1 / h{t)t i? ~^ +1 dt . The function g is 

z " " A o 
convex and it is the best subordinator. 



Theorem 3.2 Let q be a convex function in U , and let h be defined as h(z) = 

q{z) + ^ i zq'{z) , pER, neN.Iff E A n , supposing that z{p l x+1) U/3 + 1) ■ DR{ +1 f(z) - (3(1 - A) 

is univalent and (DR x f(z))' E W[l, n] l~l Q and satisfies the following differential 

superordination 

h{z) = qiz)+ ]^ zq ' {z) ^zW + -Y) 

(7) 



5/3+1 



08 + 1) • DR^\f(z) - 0(1 - A) • DR p x f(z) 



zEU . 
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then q{z) -< (DR^f(z))', zeU, where q(z) = f x +\ ± j h(t)t^~^ — dt . The 
function q is convex and it is the best subordinator. 

Proof. Wc consider p(z) = (DR^f(z))' and proceed in the same way as we done 
before. Therefore, (7) becomes q(z) + gx x +1 zq'(z) -< p(z) + gx+i z P'( z ) , z ^ U . 
If we take 7 = f3 + y in Lemma 2.2 we have q(z) -< p(z) , z G U , i.e. q(z) = 
. ^+1 / h(t)t ss dt -< (DR^f(z))' and q is the best subordinator. 

Theorem 3.3 Let h be a convex function, h(0) = 1 . Let A > , |5eR, n G 
N, / G A n and consider that (DR^f(z))' is univalent and — x G "H[l,n] fl 
Q.If 

(8) h(z)<{DRlf(z))', zeU, 

then q(z) -< A , z G U , where q(z) — —^ J h(t)t^~ 1 dt . The function q 

nz " 
is convex and it is the best subordinator. 

Proof. Let p{z) = DR ^ {z) , p g H[l,n] . We obtain p(z) + zp'(z) = 1 - 
E C p+ 3 -i\- 1 + C? - l)^^^^- 1 = [DR^f(z)}' , z eU. Then (8) becomes 

j>n+l 

h(z) -< p(z) + zp'(z) , z G U. For 7 = 1 in Lemma 2.1 we obtain q(z) -< 

p(z), z G 17, g(z) -! DR \ f{z) , z G 17, where g(z) = -^ / h(t)ti~ 1 dt . The 

™* n 
function q is convex and it is the best subordinator. 

Theorem 3.4 Let q be a convex function in U , and let h be defined as h(z) = 
q(z)+zq'(z) , f3 G K , n G N. Iff G A n , supposing that (DR^f(z))' is univalent 
and — x G W[l,n]r\Q and satisfies the following differential superordination 

(9) h(z) = g (z) + zg'(z) -< {DR l lf{z))' , z€U, 

then q(z) -< A , z G U , where q(z) — —^ J h(t)t™~ 1 dt . The function q 

z nzn q 

is convex and it is the best subordinator. 

Proof. We take the same assumption as before for p(z) and, after differen- 
tiating, the relation (9) becomes q(z) + zq'(z) -< p(z) + zp'(z) , z G U . Con- 
sidering that 7 = 1 in Lemma 2.2 we obtain q(z) -< p{z) , z G U ,i.e.q(z) = 
-^r J h(t)t™~ 1 dt -< — x f^- . z eU . Therefore, q is the best subordinator. 
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6 



Theorem 3.5 Let h = — i— z be a convex function in U , a € [0, 1) . Let 

A > 0, /3 E. M. , n EN, / € A n and suppose that (DR x f(z))' is univalent and 
DR fJW <=H[l,n]nQ. If 

(10) h{z)-<(DR?J{z)y,z€U, 

then q(z) -< DR \ f{z) , z€U, where q(z) = (2a - 1) - ^^p- J t -^-dt z e U. 

" z " o 
The function q is convex and it is the best subordinator. 

Proof. After we take the same assumption for p(z) as in Theorem 3.3, the differ- 
ential superordination (10) becomes h(z) — — \^_ — '— -< p(z) + zp'(z) , z G U . 

z 

By using Lemma 2.1 for 7 = 1 , we have q(z) -< p(z) , i.e., q(z) = nz™ J h(t)t"~ 1 dt 



nz$ft*- 1 1 - ( £- 1)t dt = p{z), z e U ,i.e.q(z) -< ^ffi ■ z € U, where 






1 „ 

DRlf{z) 



q{z) = (2cr - 1) - ^^P- j 4=T dt -< DR l f(z) z eU. The function q is convex 

nzn 
and it is the best subordinator. 

Theorem 3.6 Let h be a convex function, h(Q) = 1 . Let A > , j3 € R , n e 

rt j- 1 j ,, . f zDR l3 + 1 f(z)\' . • 7 . . DRP +1 f(z) _ 

J^ , / € -4 n and suppose that A fl ' is univalent and « , , , € 

V DR p x f{z) J DR p x f(z) 

H[l,n]nQ.If 

i/ien q(z) -< — A a , , z € U , where q(z) = — ^- f h(t)t^~ 1 dt . The function 

yV ; £>«£/(*) ' ' * W nzi J W ^ 

q is convex and it is the best subordinator. 

DR^f(z) ^ ^ ■ C|i 1 [l+0--l)A]" +1 a,V 

Proof. Let p(z) = ^ ff = J " +1 — e W l,n . 

Furthermore, p'(z) = ^^l ) - p ( z ) iE^0 and 
zDfjf +1 /(*)V 



/ \ , //■ \ f zDR l l + 1 f(z)\ 



Then the relation (11) becomes /i(^) -< p(z) + zp'(z) , z <G U . If er = 1 in 
Lemma 2.1, we obtain q(z) -< p(z) , z £ U , i.e. q(z) -< - — x (i , z <G [7 , 

z 

where q(z) = —^fh(t)t™~ 1 dt. The function q is convex and it is the best 

nzn 
subordinator. 

Theorem 3.7 Let q be a convex function in U , and let h be defined as h(z) = 



q(z) + zq'{z) , (3 e R, n e N. If f e A„ , supposing that { ^^FJ^f ) 



IS 
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DRl^f(z) 



univalent and — A g G Tt[\,n] n Q and satisfies the following differential 

\J \ z ) 

superordination 



(12) h(z) = q(z) + zq'(z) ^ - * - \' \ , z € U 



z DR{ +1 f(z ) 
DR J(z) 



then q(z) -< — x fi , z € U , where q(z) — —^j- J h(t)t" l dt . The function 

DR\f( z ) nz n q 

q is convex and it is the best subordinator. 

Proof. Let p{z) = — A g <G "H[l,n] . Differentiating, we obtain 

Considering 7 = 1 in Lemma 2.2, we obtain q{z) -< p{z) , z &U , i.e. q{z) = 
—^jr J h(t)t™~ 1 dt -< — x p , z € U , so q is convex and it is the best subor- 

nz n q DR x f(z) 

dinator. 

Theorem 3.8 Let h = — \L Z be a convex function in U , a € [0, 1) . Let 

/ zDR l3 + 1 f(z)\ ' 

A > , [3 £ M. , n € N , / € -4 n and suppose that I A I is univalent 

Md ^/^ €H[l,n]nQ. If 



0+1 



( 13 ) M*) -< *fl„ .^^ 



z DR p rf{z 

DRif{z) 



j/3 + 1 , 



tten q(z) -« °*K / ( ' } ,zel/, w/iere g(z) = (2cr - 1) - ?£^1 / *f-^dt z£[/. 

UK-\J\ Z ) nzn q 

TTie function q is convex and it is the best subordinator. 

Proof. The proof of Theorem 3.8 is similar with the one of Theorem 3.6 

and the differential superordination (13) becomes h(z) = — -A — — -< p(z) + 

zp'(z), z G U. By using Lemma 2.1 for 7 = 1 , we have q{z) -< p(z) , i.e., 

q(z) = nz™ J h(t)t^~ l dt = nz^ f fn _1 — L2_ — L<^ — p(z) , z e U ,i.e.q(z) -< 


DRlf{z) ' ^e ^, where o(z)- (2a-l)-— ^- j ~ T=¥ dt < DR * f(z) z ^ u - 

The function g is convex and it is the best subordinator. 

Remark 3.3 We obtain particular cases if A = 1 , /3 = n , n e N , where we 
use the Sdlagean operator defined in Remark 2.1. The proof is similar. 
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Abstract 

The problem of almost disturbance decoupling (ADD) for a class of inherently nonlinear systems with nonlinear parameteri- 
zation is considered. The controlled systems are beyond triangular form and possess uncontrollable linearization. The performance 
of ADD is characterized in terms of L2 — Ij2 P . By using the tool of adding a power integrator combined with the parameter 
separation technique, under a set of growth conditions a smooth one-dimensional adaptive controller is explicitly constructed to 
attenuate the influence of the disturbance on the output with an arbitrary degree of accuracy. 

I. INTRODUCTION 

When a system is subjected to an unknown disturbance, a reasonable method is to design certain feedback control law 
such that the influence of the disturbance on the output is attenuated to an arbitrary degree of accuracy. This is well-known 
as the problem of almost disturbance decoupling (ADD). The earliest papers on the problem of ADD for nonlinear systems 
may be [1] and [2] in the late 1980s. In [2] the solution is explicitly constructed by applying singular perturbation methods. 
A drawback of this result is that internal stability, which is crucial for a meaningful application or a practical implementation, 
is not taken into account. Such a problem was solved later in [3] by applying a recursive design technique. The result in [3] 
was later generalized to a larger class of nonlinear minimum systems in [4]. These two results in [3] and [4] were further 
extended to a class of nonminimum-phase nonlinear systems in [5]. The proposed approach in [5] required that the unstable 
part of the zero-dynamics was not affected by the disturbance. Such a restriction was relaxed in the results of [6] and [7]. 
The construction of controll law in [7] is based on a recursive Lyapunov-based design approach. In the above-mentioned 
literature on the ADD problem, most of the considered nonlinear systems are feedback (partial) linearizable and/or linear 
in control input. Recently, the ADD problem was addressed in [8] for a class of inherently nonlinear systems. The class of 
the systems is in the form of a chain of power integrators perturbed by a lower-triangular vector field. The controller was 
explicitly constructed by applying the so-called technique of adding a power integrator developed in [9]. 

When the ADD problem for nonlinear systems with unknown parameters is dealt with, a natural idea is to design a adaptive 
control law to solve this problem. However, only a few results on adaptive regulation with almost adaptive decoupling for 
nonlinear systems are available in the existing literature. In [10] and [11], adaptive controllers are designed to guarantee 
arbitrary disturbance attenuation on the output tracking error for smooth reference signals for uncertain systems with output 
depending nonlinearities. Very recently, in [13] the ADD problem was discussed for power integrator lower triangular nonlinear 
systems. The adaptive control law was explicitly constructed by employing the adaptive adding a power integrator technique 
proposed [14]. A common feature of [10], [11] and [13] is that the unknown parameter vector enters linearly in the state 
space equation. So far the ADD problem for nonlinearly parameterized systems has not been addressed. In this paper we 
will deal with ADD problem for a class of inherently nonlinear systems with nonlinear parameterization. With the aid of the 
parameter separation technique proposed in [15], an explicit design approach for a one-dimensional adaptive controller that 
solves the ADD problem is derived by using the adaptive adding one power integrator technique. 

For simplicity, throughout this paper we use I[m, n] to denote the set {m, m + 1, • • • , n} for two integers m < n. For a 
group of scalars Xj, i e I[l, j], we use im to denote the vector [ x\ X2 ■ ■ ■ Xj 1 . ||-|| is used to denote the Euclid 
norm of a vector. 

II. Problem Formulation 
We consider the following nonlinear system with an unknown parameter vector 9: 

ii = di(x,u,6)xi+i + 9i(x[i],0)w + <t>i(x[i],6), i e I[l,n - 1] 

i n = d n (x,u,6)u + g n (x[ n ],6)w + u 3 n (x [n] ,6) (1) 

y = h(xi) 
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where u E R, x = x\ n ] E R n , y E W. and w € R" are the control input, system state, system output and disturbance signal, 
respectively; pi, i E J[l,n], are positive integers, and gi(-), i E 7[l,n] and h(-), are smooth functions with h(Q) = 0; di(-), 
(j>ij{-), i E I[l,n], j E I[0,Pi — 1] are continuous functions. The problem of adaptive regulation with almost disturbance 
decoupling for the system (1) can be addressed as follows. 

Adaptive Regulation with Almost Disturbance Decoupling (ARADD): Consider the system (1). Given any real number 
7 > 0, find, if possible, a smooth adaptive controller 

| 6 = il>(x ln] ,§), V(0,0) = (2) 

{ u = u(x [n] ,8), u(0,0) = 

such that the closed-loop system (1) - (2) satisfies the following: 

1) when w = 0, the closed-loop system is globally stable in the sense of Lyapunov, and globally asymptotical regulation 
of the state is achieved, i.e., Hindoo x\ n ] (£) = 0. 

2) for any disturbance w E L%, the response of the closed-loop system starting from the initial state x(Q) =0 is such that 

r t rt 



' \y(s)\ 2pi ds < 7 2 / ||w(s)|| 2 ds, for any t > 0. 
o Jo 



Since the system (1) is in a nontriangular form and possesses uncontrollable linearization, the problem of ARADD is 
difficult to be dealt with. We need the following assumptions imposed on the system (1). 
Assumption Al: pi > P2 > ■ • • > p n are odd integers. 
Assumption A2: For any i E I[l,n], 

\\9i(X[i\,Q)\\ < ¥>i(%{i\,Q) 

where <fi() is nonnegative and smooth. 

Assumption A3: There exist smooth functions a^ju) > and di(x\i+i],6), such that 

a* (£[»]) < di(x,u,6) < di(x[ i+ i],9), i E I[l,n}. 

Assumption A4: For any i E /[l,n], j E I[l,Pi — 1], 

i 

\4>i,j(x[i],e)\ < ii l . J {x [i] ,e)^\x k \ p ^ 3 , 

fc=i 

where Pij(-) is a nonnegative continuous function. 

As the end of this section, we provide some useful lemmas. The first two lemmas are a slight extension of the well-known 
Young's inequality, and will be repeatedly used in the design of the adaptive controller. The proof has been given in [9] and 
[8]. 

Lemma 1: For any positive integers m,n, and any real-valued function j(x,y) > 0, the following inequality holds: 

n 



\y\- , :-: "" T " 

■■■'■' rn 



^ I \ I im+n I' —mini \ I r 

< : — l{x,y)\x\ + ■ — 7 ' {x,y)\y\ 



Lemma 2: Let x, y and z, be real variables. Assume that gi : M 2 — >• M is a smooth function. Then, for any positive integers 
to, n and real number N > 0, there exist a nonnegative smooth function hi : M 3 — >• R such that the following relation holds: 

I \tn-\-n 

\x m [{y + x 9l (x, z)) n - (x 9l (x, z)) n }\ < ^L_ + |yp+« hl{Xi y , z) . 

The following lemma provides the parameter separation principle. It is this principle that enables us to deal with nonlinear 
parameterization. A constructive proof of the result can be found in [15]. 

Lemma 3: For any real-valued continuous function f(x, y), where x E M m , y E M. n , there are smooth scalar functions 
a(x) > 1 and b(y) > 1, such that 

\f(x,y)\ <a(x)b(y). 

III. Main Results 

In this section we solve the problem of adaptive regulation with almost disturbance decoupling for the system (1). Using 
the adding a power integrator technique as the design tool, we will explicitly construct a control Lyapunov function and 
minimum-order adaptive controller that solves the problem. Before giving the main result, we gives a useful lemma, which 
is proved in [15] with the aid of the parameter separation technique provided in Lemma 3. 

Lemma 4: For nonlinear functions dj(-) and <f>ij(-) satisfying Assumptions A3 and A4, respectively, there exist a constant 
0i > 1, and smooth functions ajtej+ii) > 1, ej(#) > 1, ji(xu]) > 0, such that 

QLi{x[{]) < di(x,u,9) < a;^e + i])ej(0) < ai(x[ i+1 ])®i (3) 
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Pi-i 

Yl x l+i^A x [i\^ e ) 

3=0 



1 l 

< ^(x^) \x i+1 \ Pi +li(x[i\)Qi^2\xj\ Pi . 



(4) 



3 = 1 



Now we are in position to present the main results. 

Theorem 1: Under the condition of Assumptions Al - A4, the ARADD problem for system (1) is solvable by a one- 
dimensional smooth adaptive controller 



e = ^ w ,e),eeR,#,o) = o, (5) 

{ u = u(x[„],Q), w(0,0) = 0. 

Proof: The proof is constructive by applying the adding a power integrator technique [9], parameter separation technique 
[15] and Lemma 4. First we define a new unknown parameter 



e = ^[e 1+ ^ 2 (0)]>i, 



(6) 



where 6i is defined in 4 and uii(8) will be determined later. 

Step 1: Define = 6 — 6, where 0(£) is the estimate of 6 to be designed later. By Lemma 3, there exist smooth functions 
Wi(xi) > 1 and u>i(9) > 1 such that 

¥>i(a;i,0)<wi(a;i)wi(0). (7) 



Now we Let the following Lyapunov function for the xi-subsystem of (1) 



x Pl+1 U. 



v 1 (* 1 ,e ) = -^ I + -e 



(8) 



By Assumptions A2, A3, A4, and relations (7), (4) and (6), we have for some nonnegative smooth function po(xi) 



V 1 (x u 0) + y zp i-f3\\w\ 






Pi — 1 



di(x,u, 0)x Pl + 9i(xi,0)w + 2_^ %i<l>i,j(%i,8) 

3=0 

< x Pl x Pl d 1 {x,u 1 6) + \x Pl \Lo 1 {x 1 )uj 1 {6)\\w\\+ ll {x 1 )Q 1 x\ Pl 
+ \a l {x 1 ) \x 2 \ Pl \ Xl \ Pl + x 2p Vo(*i) -66-/3 |M| 2 

< d 1 (x,u,9)x Pl x Pl +x 2 1 Pi lo 2 1 (x 1 )-^- +e lll (x 1 )x 2 1 Pl 

+ la 1 (x 1 )\x 2 \ Pl \x 1 \ Pl +x 2 1 Pl p (x 1 )-ee 



+ V* Pl -P\\w\\' 



< d 1 (x,u,9)x Pl x Pl +x 2pi 



t^i(xi) 
4/3 



+ 7i(zi) 



6 



+^a 1 (x 1 )\x 2 \ Pl \x 1 \ Pl +x 2 ^p (x 1 )-@Q. 



By choosing smooth virtual controller 



Xn — X\ 



2n + 2p 1 (xi,@) 



a^xi) 



with 



we have 



Pi(x 1 ,Q) = p {x\) + 



^i(Xi) 

4/3 



+ 7i(»i) 



e 2 + i, 



Vi(»i,e) + y 2pi -0IMI 



< — nx^ 1 + c?i(a;, u, 9)x Pl x Pl H — a 1 (xi) |a?2 | Pl \xi\ Pl &i(xi)x Pl x 2 Pl + 



*i(xi,e)-e 



6 



where 



*i(a;i,e) = »r 



_ J>Pi 



ul{xi) 

4/3 
938 



+ 7i(»i) 



>0. 



(9) 



(10) 
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By applying (3) and the fact that — x Pl X2 Pl > 0, we have 

1 



-a 1 (xi)a;^ 1 a; 2 < —di(x,u,9)x Pl x 2 Pl — ^ai(^i) yx^x^ 



Hence, it follows from (3) that 



< 



-nxf 1 + d l {x 7 u,9)x Pl (x Pl -x* 2 Pl ) + -a 1 (x 1 )\x 1 \ Pl \x^ -x* 2 Pl \ + 



* 1 (x 1 ,0)-0 



e 



< -nx^ + lx^lx^ 1 -x* 2 Pl \ 



ei(^)ai(a;[2])+ 2«i( x i) 



*i(a;i,e)-e 



(e + »7i) 



with rji = 0. 

Step 2: Consider the (xi,a;2)-subsystem of the system (1). Let £2 = ^2 — x\. Then 



6 = d 2 (x,u,9)x p 3 2 + 
dx 



(JX* 

gi{x[i\,Q) - q—9i(xi,Q) 



P2-1 

w+^2 X 3 3 <j> 2 ,j(Xli\,6) 
3=0 



^2 

dx\ 



Pi — 1 
J'=0 






e. 



According to Lemma 4, in view of the expression (9) and the fact that 1 < e\(6) < ©i and p\ > P2, we have by applying 
Lemma 1 



P2-1 



dx 



P1-1 



Y^ x i^A x [i\^) ~ -ff 1 di(x,u,8)x Pl + Y x 3 2 4> hj (xi, 



dxi 



< 2^-2{ x [2}) M + 72(a>[2])0i Oil + 1^2 



P2\ 



dx 2 
dx\ 



ai(x\i+i])ei{e) \x Pl \ + -a^Xi) \x 2 \ P2 + 7 i(zi)©i l^p 



< ^ 2 (x m )\ X3 r +x 2 ^ m ,Q)@ 1 (\^r +\^n- 



In addition, due to Assumption A2 we have 



92(x[ 2 ],0) - Q^-gi(xi,$) 



< (fi2(x2,0) +tpi(xi,( 



OX*r, 



dx\ 



By Lemma 3, there are two smooth functions 0/2(6215 0) > 1 an d W2(#) > 1 such that 



32(x [2 ],6i)-— ^(z 



9xi' 



<W2(^2],0)W2^). 



Now we construct the following Lyapunov function 



^2(£[2],0) = ^l(Sl,0) + 



*2 



2pi-p2 + l 



2pi - pi + 1 
With the relations (11) and (12), the time derivative of V2 along the solution of (1) satisfies 

MS®, &) + y 2pi - 2/3 IHI 2 

< —nx Pl + |a;i| Pl x^ 1 — £2 



ei(6»)ai(x [2 ]) + xSifaiy 



+ 2^2(^12]) l^sT 2 



>2pi-p 2 

?2 



+^ pi - p2 xrd 2 (x, u ,0) + 



2pi-p2 



w 2 (a; [2]) e)w2(e)||«;|| )-0|M 



. 9a 



+e 2 2pi " P2 A2(e[2], e»)0i aar + I6P) - e 2 2pi " P2 ^e. 

a0 



(11) 



(12) 



*i(a:i,e)-e 







(13) 



939 
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In view of the fact that ei(0) < G and Gi < G, by applying Lemma 1 there are two nonnegative smooth functions fei&zi, G) 
and ^2(62]) G) such that 



< x 



< 



< 



\P1 1 Pi *P1 1 

1 2 2 i 


ei(^)ai(xp]) + 2^1(^1) 




|Pl 1 Pi *Pl 1 

1 2 2 i 


ai(x[ 2 ]) + 2«i(a;i) 


Q 


er 


- + e 2 2pi /5 2 (e [2] ,G) 


G 


3(l + G2)(l + ?? 2 


SI 


- + e 2 2pi /52(e [2 ],G) 


6 


_3(l + G 2 )(l + 77 2 



£ pl /32($ [2 ],e)Vi + e 2 



j2pi-p 2 



?2 pi " P2 A 2 (e[2],G)G 1 (icir + ie 2 r) 



< e 2 



< 



-' 1 ^ 2 A 2 (e [2 ],G)(|Cir + |6l P2 )G 
+ e 2 2pi P2(e[ 2 ],G)^l + G2 + 



6 



t 2 pi 
si 



t 2 Pi = 



3(l + G 2 )(l + r/ 2 ) 



+ sT 1 /5 2 (? [ 2],G) 



G. 



By the fact that w 2 (#) < G and the completion of square, it is derived that 



>2pi-p 2 

S 2 



r 
< gc 2 Pi — 



(oj 2 (x [2] )oj 2 (9) \\w\\) - (3\\w\\ 2 

2pi-2p 2 2(„ r \ 
0J 2\ X [2\) 

2 4/3 



- 2 4/3 

Substituting (14), (15) and (16) into (13) yields 

V2^i2],e) + y 2pi -2i3\\w\\ 



£2 P1 -2 P2 o( ) / — _ d Pl - 2p2 W 2 2 (xr 2l ) 

< £ 2 2pi - , , [2] V 1 + Q 2 + Q^ 2 2pi - — 2l w . 



< -nx 2pi + 



-.-^ + ^a 2 (x [2] ) \x 3 \ P2 



-& 1 



p 2 (^[ 2 ],G)+ / 5 2 (e [2] ,G) + 



-2pi-p 2 
>2 



2 pi- 2 p 2 , ,2 



*i(a;i,e)-e 



Q + d Pl ~ P2 ^ 2 rf2(x, U ,( 



w 2 0[2],G) 



4/3 



l + G 2 -C 2pi_P2 ^G 



2pi 



2^i Pl 



t 2p 



3(l + G 2 )(l + r? 2 ) 



+ C 2 P1 ft!(e[2],e) + 



^- 2 ^ 2 (* [2] ,G) 



4/3 



<9G 



P 2 (C[2],G) 



G 



Define 



*2(Z[2],G) = *!(*!, G) 



2^i Pl 



2pi 



j2p 



3(l + G 2 )(l + 77 2 ) 

m(.£[2},&) =m+^2 



+ ?2 P1 /^(fo.eH 



e 2 2pi - 2p ^2 2 (^[ 2 ],e) 

4/3 



/5 2 (?[ 2 ],G) 



2pi-p 2 (7X 2 

<9G 



n 2 u [2] ,e,e 



-* 2 (a;[2],©)€ 



2pi-p 2 ^ x 2 



<9G 



2C 2pi 



^ +e . ) (i + * + * , K- 6)+ ^ = ^ H ^ + «^*' 



(14) 



(15) 



(16) 



(17) 



(18) 



>h 



Then the relation (17) can be rewritten as 

y 2 (£ [2] ,G)+ ? y 2 ^-2/3|M| 2 
g Pl 1 



< -nx 2pi + 



-a 2 (x [2] ) \x 3 \ 



in 



+s1 pi 



3 2 

p 2 (C[ 2 ],G) + / 5 2 (e [2] ,G) + 



^2pi-p 2 

>2 



e 2 pi - p2 x p 3 2 d 2 (x,u,t 



e 2pi - 2p ^ 2 (x [2] ) 
4/? 



1 + G 2 



*2(Z[2],G)-Q 



G + %^],G) +n 2 U [2 ],G 
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It follows from (10) and (18) that there exists a nonnegative smooth function 0:2(62]; @) sucn that 

* 2 ^[ 2 ],e)<(e 1 2pi +e 2 2pi )5 2 (e[2],e). 

With this, by applying 1 it is not difficult to show that there exists a smooth nonnegative function p 2 (621 , &) such that 



n 2 ($ [2 ],e,0) < T i e i pl +e 2 pl P2{^Q) 



& P1 P2(^2],e) 



d pi " 2p2 ^ 2 (a:[2],e) 

4/? 



+ P2(e [2] ,e) Ji + 77? 



By letting 



P2(£[2],©) 



/52(C[2],e) + / 5 2 (e [2 ],e) + 



2pi-2p 2 , ,2 



w 2(^[2],0) 



4/3 



l + 9 2 + v /l + r;f 



/5 2 (C[2],©), 



we have 



v 2 (£i2],&) + y 2pi -W\H\ 2 

< -{n-l)x^ + l -a 2 {x [2] )\x z r 



2pi-p2 



G Pl P2(?[2],e) 



By choosing virtual controller 



U£[2],0) = -6 



* 2 (*[ 2 ],e)-e 

2(n-l) + 2p 2 (^2],e) 



+e 2 2pi ^ 2 4^2(x, u ,0) 
(e + r /2 (e [2] ,e)" 



"2(^12]) 



we have 



^(?[2],e) + 2/^-2/3 HI 2 

< -(«-i)(e 1 2pi + e 2 2pi ) + ^2^[2 ] )Ni 



P-2 



£2p 1 -p2 

S2 



1 



-a 2 (x [2] )a;3 P2 C2 



P2 ( ;2p 1 -p 2 



* 2 (a;f 2 ,,e)-e 



+e 2 2pi ^ 2 xrd 2 (x, u , 



Due to the fact that -x* 3 P2 £ Pl P2 > 0, it is derived that 

V 2 ^ [2] ,e) + y^-2/3\\w\ 

- -(n-i)(e 1 pi +e 2 pi ) + 
1 



* 2 (a:[2],e)-e 



e + fft(^ 2]) e) 



-a 2 (x [2] ) + e 2 (6)a 2 (x[ 3 ]) 



2pi -P2 



Inductive Step: Suppose for system (1) with dimension k, there are a set of smooth virtual controller x*,iE I[2, k + 1] 
in the form of 



Si "E» >Ej 



2(n-i+2)+2p i _i(4 [i _ 1 ],e) 
a i _ 1 (x [i _i]) 



, * e /[1, fc + 1] 



(19) 



with x\ = and Pj_i(£[j_i],0), i € /[2,fc + 1], being nonnegative smooth functions, such that 

V k (t[k],e) + y 2pi -k(3\\w\\ 2 



< -(n-k + l)^i Pl 



* fe (a; [/s] ,e)-e 



;«fe(^[fe]) + efc(0)a fe (x [fc+1 ]) 



e + r? fc (c [fe ],e) 



/■2pi-p fc 



l x fc+l x fe+ll 



(20) 



where 



fc ,2 Pl -p, + l 



2p x - p, + 1 2 
941 



\&>. 
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Moreover, there exists a smooth nonnegative function cifc(£[fc],0) such that 



**(&[*], 9) <a k (Z [k] ,e)J2g Pl . 



(21) 



A direct calculation gives 

Pfc+i-i 
Cfe+i = dfc+i(a;,u,0)arj££ + .g fc+ i(a; [fc+1] , 0)w + ^ x^, +2 fc+2 j(.T [fe+1] , 



9a;,; 



dB 



In view of the expressions (19) and (4), Assumption Al and the fact that 1 < ei(9) < 9i, we have by applying Lemma 1 

Pfc+i-i k dx* ( Pl ~ 1 

X X i+2 ( t ) k+2,j(x [ k + l], 0) - J2 -ftr 1 d i (x,U,0)x P i ' +1 + J2 Xi+l4>i,j(X[i\,( 



3=0 



2 = 1 



3=0 



, fc+1 

< ^"fe+i^Ife+i]) Nfc+2p +1 + 7fc+i(»[fe+i])©i XI 



ipfe+l 



■E 



" x fc+l 



9a;,; 



l (x [j+1] )e 4 (6»)|xf; 1 | + -a,(x [{] ) \x i+1 \ Pt + 7i(a;[i])0i ^ \xj\ Pi 



3 = 1 



-, fe+1 

< ^k+Mk+i]) \x k+ 2\ Pk+1 + Afe+i(^ + i],0)ei X |&r +1 . 



In addition, due to Assumption A2 we have 



k p\ * 

g k+ i{x [k+1] ,6) -^2-^-9i{x[i\,0) 



< fk+i(x[ k +i],0) +^2<Pi(x[i\, 



ux k+l 



dxi 



By Lemma 3 there exist smooth nonnegative functions Wfc+i(£[fc+i],9) and u>k+i(0) such that 



fk+i(x [k+ i],0) +^2<pi{x[q,i 
»=i 

Now we construct the following Lyapunov function 



g 4+i 
dxi 



< 



w fc+i(£[fc+i]> 9)wfc+i(0). 



2pi-Pfc + i + l 



Vfc+iK[fc+i],e) = v fc (e [fc ],e) + 



?fc+i 



2pi - p fe+ i + 1 
With the above relations, the time derivative of V k +\ along the solutions of the (k + 1) -dimensional system (1) satisfies 



V k+1 (t [k+lh e) + y 2 ^-(k + l)/3\\w\\ 
k 



< -(n-Hl)^e' 



* fe (a; [/s] ,e)-e 



°Lk( x [k]) + e k (9)a k (x [k+1] ) 



2pi-pfc 



\~Pk _ ~*Pk 

| X fc+l X fc+l| 



,2pi-p fc+1 



+ 



t 2 Pl-Pfc + l 
?fe+l 



*2pi-p fc + 1 



fe+i 



l^k+Mk+i]) \x k+2 \ Pk+1 + A fe+1 (^ [fe+1] ,9)e 1 X |6l Pfe+1 



i=l 



C\ +1 «fc+i(^+i].Q)w*+iWIHI -/Slkir-C 1 ! 



2 _ c 2 Pl -p k + 1 dx* k+1 



oe 



e. 



(22) 



942 
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In view of the fact that 1 < ek(0) < ©i and 81 < 0, by applying Lemma 1 there are two nonnegative smooth functions 
Pfc+i(£[fc+i],©) and p k+ i(€[k+i],9) such that 
1 



< 



< 



< 



QLk(x[k]) + e k {6)ak{x[ k+ i]) 

«fc4[fc]) + a k (x[ k+ i 

Ek ,2pi 
i=\ Si 



/■1p\-p k 
Sfc 



\„Pk _ *Pk I 
\ x k+l A fc+l| 



/■2pi-p fe 

Sfc 



3(i + e2)(i + ^(^],e)) 

Efc ,2pi 
i=\ Si 

3(1 + 2 ) (1 + ^(^,0)) 



+ 4+iPk+l(£[k+l]> ) 

+ Cfc+i/Sfc+iCsWi]'®) 



e 



(23) 



1 ^fc 



© + 6 E i=1 ^ 2P1 + ^iw+i^+i], ©) V© 2 + 1 



/■2pi-p fc+1 
Sfc+1 



fc+1 



<r « £ 2 pi-p fc+1 
- ^ s/s+i 



1 x-^fc 



i=l 

•4+1(44+1] >0) 2^ 16 



iPfc+i 



(24) 



^ 6 E !=1 C 2pi + ^ift + i(e[Hi],e)Ve 2 + i 



Efc /- 2 Pi 
i=\ Si 

3(i + e2)(i + ^( ?[fe] ,e)) 



4+1^+1(44+1] >©) 



e. 



Due to w 2 +1 (6') < 0, it is easily obtained that 

e k P ^ Pk+1 u; k+l (t [k+1] ,e)Qk + i(8)\\w\\ ~ (3\\w\\ 

,2pi-2p fc + 1 o (c (3i\ 

. f 2 Pl 4 fc +i ^fc+ilqfc+i],^) ^ 

- Sfe+1 ,,/j W 



(25) 



2pi-2p fc + , 9 



31 Sfe + 1 



fe + 1 



t 2pi-2p fe+ i 2 



Substituting (23), (24) and (25) into (22) yields 
V k+1 (t [k+lh e) + y 2 ^-(k + l)f3\\w\ 



(44+1] >0) q + 2pi 4+\ fc+1 ^fc+i(C[fc+i],Q) /^ 2 | ~ 



< -(„ - * + 1) J2 ef pi + 3 E- = i ^ 2P1 + 2^+1(^+1]) |a;fc+2|Pfc+1 l^+i 



;2pi-p fc + i 



*2pi-p fc+ 



+Ci +1 d k+1 (x 1 u,0)x p ^ + 



*fc(^[fe],B)-e 



+ r?k(44],0) 



(26) 



2/-i 



, <^Pl 
' Sfc + i 



t 2pi-2p fc + i 9 



Pfe + 1 (4[fc+l] ! Q) + Pk+l (4[fc+l] j 0) 

2Eti^ Pl 



f zpi-zp fc + i 2 ff Q\ 

6+1 ^fc+i(qfc+ !]><=>; 
4/3 



2 + 1 - cr 



Define 



3(l + e 2 )(l + r ? 2 (C [ fe ] ,0)) 

*fc+l(S[fc+l],^) = *fc(» [fc ],^) 



+ 4+1 Pk+l (44+1] , 0) + Pk+l (44+1] » 0) + 



^2p!-p fc + 1 V x k+1 A 

99 

4+1 a; fc+ilqfc+i],fc ) ) 1 
4/3 



0. 



2Etis1 Pl 



3(l + 2 )(l + 77 2 ( qfe] ,0)) 



t 2pi-2p fc+ i 9 



+4+1 Pk+l (£[fc+l] . 0) + Pk + l (44+1] . 0) + 



4fc+l Wfe+l(?[fe+l],WJ 



4/3 



(27) 



w+i^fc+i], ©) - %(e w , 0) + f k p + \~ Pk+l -^ • 



nfe+i(qfc+i],0) 

-*fc+i(»[fc+i], 0)4+V 



Ay^Pi-Pfc+i x fc+i 



_t 2 Pl 
Sfc+1 



Pfe+i(qfe+i], ©) + pfc+i(6fc+i]9<6) 



2Eti6 2pi 
ae 3(i + e 2 )(i + r ? 2 (e [ fe ] ,e)) 

f 2pi-2p fc + i 2 /-f cv\ 

4+1 w fe+ilq/s+i]. w J 



4/3 



%(£[k]>0) 

%(44]> )- 
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Then the expression (26) can be rewritten as 

V k+1 (£ [k+lh e)+y 2p i-(k + l)p\\w\\ 2 

- -(n - k + 1) £ ef 1 + J E" =1 ^ + l^+Mk+i]) W+2\ Pk+1 \e£r P " +1 1 + e k P + V Pk+1 d k+ i(x, «, *)* 

^r 2j,fc+i ^ +1 (^ + i],©) 



2=1 



fc + 1 

fc+2 



^Sfc+1 



Pfe+1 (£[fc+l] , ©) + Pk+1 (£[fc+l] , 6) + 



4^ 



2 + l 



*fe+i(^[fc+ij,0) -© 



+ %+i (^[fe+i] , 0) ) + n fe+ i (C[fe+i] , 0) 



It follows from (21) and (27) that there exists a nonnegative smooth function afc+i(&fc+i], 0) such that 

* fc+ i (x [fc+1] , 0) < & k+1 (£ [fe+1] , 0) ^. =i Ci Pl ■ 
With this in mind, it is difficult to show that there exists a smooth nonnegative function pk+i(^\k+i], 0) such that 

rifc+i(£[fc+i],0) 



+4+1 /5fc+i(C[fe+i],0) +Pfe+i(C[fe+i],0) + 



/■2pi-2p fe+1 2 / \~ 

^fc+i ^fc+iU 
4/3 



r?i(^],0) + l. 



By letting 



Pfc+i(£[fc+i]>0) 

Pfe+i (?[fe+i] , 0) + pk+i (C[/t+i] , 0) + 
+Pfc+i(£[fc+i])9). 



-2pi-2p fc+ i 2 



4+i ^ fc+ i(qfc+i]»p) 
4/3 



2 + l + V^^]' e ) + 1 



we have 



vWi(£ [fe+ i],0) + 2r pl -(fc + i)/3|MI 



< -(n-fc)E^ pi + J«*+i (*[*+!]) i**+2r +i ef+v^ 1 +^ i r p * +i dfc + i(*,«,(?)^ + + 2 i 



4+1 Pk+l (£[k+l],0) + 



* fc+ i(a;[fc + i],e)-e 



+ ?7k+l(£[fc+l],0)). 



It is easy to see that the smooth virtual controller 

x k+2 — ~~ Sfc+1 



2(n-fc) + 2/> fc+1 (g [fc+1] ,6) 
«k+l(»[k+l]) 



Pfc+i 



renders 



^+i(e [fe +i],0) + r pi -(fc + i)/3|^i 

fc+l 
< -(n- fc)^^ 1 + ^ fe+ i(z[k+i]) |x fe+2 | Pfc+1 |d+ 1 r M+1 | +d+r* +1 dfc + i(x,ti,(9)ar 

i=l 

J- / M, />.'. 1 . .-' I) 1 1)1. i -j- , ,-, , ,■ , 

* fc+ i(» [fc+ i],e)-e 



Pk+l 
fc + 2 



Pk + l c^Pl—Pk+l 



( \ "Pk+l /-^Pl— Pk+l , 

- } a k+1 (x [k+1] )x k+2 4+i + 



+ %+i(£[k+i],0)J ■ 



*p k +i jjipi-pk+i 



Due to -x™ 1 ^ Pfc+1 > 0, we have from (4) 

1 
2 



-;U + i(^+i]K+r4 2 + i r fe+i < -^+i(^"^)ef+ i r fc+i xr+ 2 +i < -L^^n) 



*Pk + l ,2pi-p fc + ] 

J 'fc+2 Sfe+1 
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Hence, it is derived from ((4) that 

v k+ i(t[k+i],e) + y 2pi -(k + i)P\\w\ 
1 



< -(n-k)J2£ Pl 

i=l 



&k+i(x[k]) + Zk+i{0)a k+ i{x [k+2] ) 



f 2p 1 -p k+ i 



r Pfc+i 
l k+2 



r *Pk+i 
y k+2 



* fc+ i(x[fc+i],e)-e 



@ + %+i(^[fe+i],@) 



The aforementioned inductive argument shows that (20) holds for k = n. In fact, in the n-th step, one can construct explicitly 
a global change of coordinates (£1,^2, ■ ■ ■ >&»)> a positive-definite and proper Lyapunov function U n (£[ n ],0) and a smooth 
controller 

F 2 + 2 Pn (e [n] ,e) 

QL„(X[n]) 



N (C[n]i©) — _ £n 



Hl/Pr, 



for some smooth functions p n (£r n ], 0) > and ^fe+i(^[fe+i], 0), such that 

V n ^ [nh e) + y^-nf3\\w\\ 2 

< -EC- pl +e i ^"K"-«* p ") + (*«(eN,e)-e] ((-) + /;„u„.o;) 

Therefore, the one-dimensional smooth adaptive controller 



I M = W* (£[„] , 0) 

n 



is such that 



Set j3 — j 2 /n, we have 



When w = 0, it is derived that 



v^N,0) + y 2pi -7 2 HI 2 <-£^ 



v n (£ [n] ,e)<-J2g*. 



(28) 



(29) 



(30) 



(31) 



According to the classical Lyapunov stability theory, it is known that the closed-loop system is global stable at the equilibrium 
(£[nb 0) = (0; 0)- Since the Lyapunov function V^,(£r n i, 0) is positive definite and proper, it follows from (31) and La Salle's 
invariance principle that all the bounded trajectories of the closed-loop system approach the largest invariant set contained 
m \ (£[n]>0) '■V n = 0>. Hence, \im t ^oo £,[ n ](t) = 0. This, combined with (19) with k = n, implies lim^oo X[ n ](t) = 0. 
Moreover, note that V n (-) is positive definite with V n (0) = 0. It follows from (30) that 

/ |y(s)| 2pi ds < 7 2 / |M| 2 ds, Vi > 0, when x(0) = 0. 
Jo Jo 

This completes the proof of the theorem. ■ 

The proof of Theorem 1 is constructive, thus the design procedure of the adaptive controller solving the ARADD problem 

is actually given. When w = 0, Theorem 1 recovers the global stabilization results obtained in [15]. In addition, by combining 

Theorem 1 with Lemma 4, the following result is easily derived. 

Corollary 1: Under Assumptions Al, A2, A3, and (4), the problem of ARADD for the system (1) is solvable by the 

one-dimensional smooth adaptive controller (5). 

IV. Conclusion 

For a class of inherently nonlinear systems with nonlinear parameterization, we have formulated the problem of adaptive 
regulation with almost disturbance decoupling. The considered system is not in triangular form, and possesses uncontrollable 
linearization. Under a set of growth conditions, an explicit design procedure for the adaptive smooth controller solving the 
ADD problem was provided with the aid of the adding a power integrator technique proposed in [9]. A significant feature of 
the obtained adaptive dynamical compensator is its minimum-property. The results of this paper exploit a new application of 
the parameter separation technique proposed recently in [15]. 945 
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Abstract 

We propose an iterative algorithm based on the fixed-point identification for 
polynomial zerofinding. With the analysis involving the generating function, 
we show under mild conditions that the algorithm yields a sequence converg- 
ing globally to the reciprocal of the zero with the smallest modulus. Also, 
we prove that this sequence can be modified to form the sequence of lower 
bounds that are asymptotically sharp for the zero moduli. In particular, 
we show that obtaining the sequence of lower bounds with our algorithm 
effectively avoids the numeric overflow that might happen in other similar 
approach. Numerical examples are provided to illustrate our work. 
Keywords: polynomial zeros, fixed-point analysis,, generating function 

1. INTRODUCTION 

Polynomial zerofinding is one of the most classical problems in the history 
of mathematics. With the significant results by Abel, Ruffini and Galois in 
the early nineteen century, it is justified that the iterative method is needed 
for the general zerofinding problem [1]. A comprehensive collection of avail- 
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able algorithms can be found in McNamee's bibliography paper [2, 3, 4]. 
Some important ideas behind these algorithms are explained in the book of 
Henrici [5] and the survey paper of Pan [6]. Currently no algorithm has 
the overwhelming superiority over others and the dominating commercial 
softwares use different algorithms (e.g., Jenkins- Traub algorithm [7, 8] by 
Mathematica, Laguerre algorithm [9] by Numerical Recipes, and balanced 
companion matrix algorithm [10] by Matlab). In this paper we pursue the 
solution with the approach of fixed-point identification. This conceptually 
intuitive and theoretically interesting approach is not widely used since the 
associated global convergence property is not clear. For example, consider 
the equation f(z) = (z — l)(z — 3) = z 2 — Az + 3 = 0. If we make use 
of the relation z — (z 2 + 3)/4, the zero of / becomes the fixed point of 
g(z) = (z 2 + 3)/4 and a natural recursive sequence to approximate this fixed 
point is 

Zi = -*-^. (1) 

where j is a nonnegative integer. However, the convergence in (1) is not 
guaranteed. A simple graphic analysis has that this sequence converges only 
locally. Specifically, as j — > oo 



(2) 





1 


if so e (-3, 3) 


J— > < 


3 


if z = — 3 or 3 




oo 


o.w. 



If instead we make use of the relation 

1 4 

z 



(3) 
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the zero of / becomes the fixed point of g{z) = 3/(4 — 2:). A natural recursive 
sequence for finding this point is 

*=i4r- (4) 

Note that 

3 3 oyZj+i — Zj) 



Zj+2 - Zj+1 



4-Zj+i 4 - Zj (4 - z j+1 ) (4 - Zj ) 

= 1334^+1 -*i) ■ (5) 

To avoid the trivial cases, suppose Zj 7^ 4. Also, Zj+i 7^ Zj, namely, Zj 7^ 1, 3. 
Define A := [5/2, 4] and A c := (-oo,oo)\A Eg. (5) implies that 

J < l^+i-^l if ^ G„4 C 
ki+2-^+i|< , • (6) 

I > \Zj+i — Zj\ if Zj G A 

Observe that A c is an invariant set, meaning that Zj G A c implies Zj+i G A c 
for any nonnegative integer j. As a result an initial condition zq in ^4 C incurs 
a sequence {zj}^ 1 convergent to 1. If z Q is in A, it is easy to see that there 
must be a finite integer k such that z^ G *4. c due to (6), and thus the induced 
sequence {zj} c *i 1 is again convergent to 1. 

Since a detailed comparison with current zerofinding algorithms is worthy 
of the separate work, this paper concentrates only on the study of the global 
convergence property of this fixed-point approach. An interesting application 
of our scheme is to resolve the overflow issue in calculating the sequence of 
asymptotically sharp bounds of zeros using Jin's algorithm [14] . The detailed 
theoretical derivations along with numerical examples are presented in the 
next section, followed by a conclusion in section 3. 
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2. MAIN RESULTS 

2.1. the algorithm 

Consider a polynomial f(z) of degree n written as 

f(z) = a n z n + a n - lZ n - 1 + ■ ■ ■ + ai z + 1 (7) 

where a^'s are complex numbers. We would like to devise an approach based 
on fixed-point identification for its zerofinding. For the convenience of further 
discussion, we target at the reciprocal of zero instead. Write y — 1/z and let 

f(y) := a n y- n + a^y-^ + ■■■ + a^ 1 + 1=0. (8) 

We then have 

V = g(y) ■= -{a n y- {n - l) + o n _iy- (n_2) + • • • + a 2 y~ l + oi) . (9) 

Clearly, the fixed point of g(y) is the reciprocal of the zero of f(z). A natural 
iterative method to find the fixed point is to use the following assignment: 

s=l 

where d <E {1, 2, • • • , (n — 1)}, j is some positive integer and yj- s ^ 0, and 
compute 

O-n-l H 



Vj-(n-l) 



Vj-3 



a 3 H 

a 2 H 

1/i = -ai -^ • (11) 
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Example 2.1. In the special case that n — 2, 



2/j-i 

We can thus write yoo in a continued fraction form 



CL2 

y- = _ 0l . (12) 



2/oc = -oi ^j- . (13) 



~ ai a 2 



a 2 

— d 

— Oi ' • 

It is well known that in this case the sequence {yj}iZi converges if the zeros 
of f(z) are repeated or have different moduli. 

Let N be the set of natural numbers and M := {1,2, ••• , n}. Define for 
k G N that 

q k (z) := b k z k + b k _ lZ k ~ l + ■ ■ ■ + b x z + 1 , (14) 

which satisfies 

n 

f(z)q k (z) = l + J2^,rZ k+r . (15) 

r=l 

We then have the following result: 

Lemma 2.1. For k G N and r G A/", c k ^ r in (15) can be written as the 
product of a r and y/s generated by (11) if the appropriate initial values are 
given and i/j ^ for each j. 

Proof. We first show that b k in (14) can be decomposed into the product 
of y/s. For integer k > n, let b k := [bi b 2 ■ ■ ■ b k ] T . Clearly b k should satisfy 



j<k) b 



'k — O-k 
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where a^ := — [oi a 2 • 
its (i,j)th component 



• • • 0] T G R k . 2< fc) is a Toeplitz matrix with 



"»j •" 



if i < j or i > j + n , 

1 if i = j , 



a 



■%-j 



otherwise 



rjik) 
3 



Note that 12^1=1. By Cramer's rule, for j G {1,2, ••• , k}, bj -■ 
where Tj is the matrix Tr- ' with the jth column replaced by a*,. Let Ij 1 
be the identity matrix with the jith column and ,72th column interchanged. 
Then we can write 



\fc-i 



(-1^ 



1)~ Ik,k-\Ik-l,k-2 - " - -^2,1 
Lk) 



(16) 



where 



M 



CL\ 1 

a 2 Oi 1 
: a 2 
a n : 

On 



1 
Oi 1 

02 ai 



(17) 



kxk 



Note that the unmarked components in (17) are O's. To find the determinant 

' 0) " O) 

of T , we can apply the column reduction operation to T to obtain a 

lower triangular matrix, say L, with the jth diagonal term lj. It is easy to 



952 



HSU: POLYNOMIAL ZEROS 



see that l\ = a± and 



a s _i + 



j-(s-l) 



a 3 



a 2 + 



■lj-3 



h = d\ + 



-u 



i-2 



—lj-i 



(18) 



where j — 2, 3, • • • , and s = min{j, n}. Let t/j = —lj for j e {1, 2, • • • n — 1}, 
then yj in (11) becomes — lj in (18) for j e {n, n + 1, • • • }. As a result, 

k k 

bk = (-l) k \T ik) \=l[(-l J ) = lly 3 . 

3=1 3=1 

To show the case for c& ir , we combine (43), (16) and (17) to obtain 



(19) 



i*+i) 



r6{l,2,-.. ,n} 



(20) 



Cfc,r = ("lj 

where T r is T with the first column replaced by 

[a r a r+ i ■ ■ ■ a n • • • 0] . 

± (fc+i) 
Applying the column reduction operation again to T r yields a triangular 

matrix I/- r ' with the jth diagonal term r r . We thus have 

fc+i 



Cfcj, (X r i i . v^ 

i=2 



In particular, for j G {n + 1, n + 2, • • • }, 



Ora-l 



j-(ra-l) 



(21) 



a 3 + 



a 2 + 



,('■) 



Oi 



l(r) 



i(r) 
tj-2 



?(r) 
"'.7-1 



(22) 
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Since the recursive form in (22) is the same as that in (18) we thus complete 
the proof. 

2.2. convergence analysis 

Before giving a formal proof on the global convergence of {yj}'jL 1 , we 
analyze its recursive scheme in (11) to gain some insight into such property. 
Note that 



f(z) = a n z n + a n _iz n 1 H \- a x z + 1 

^(-l) n (X 1 z-l)(X 2 z-l)---(X n z-l) 

where |Ai| > | A2 1 > • • • > |A„|. (11) can then be written as 



(23) 



Vi 



E- A * + 






XkXiX m + 



Vj-2 



Vj-i 



(24) 



where k ^ I ^ m means that the summation is over the indices k,l,m that 
are different from each other. Assume yj is nonzero for each j. We then have 
for u G M. 






Y^k^i ^x t + 



E 



ky^ly^m 



-XkAlXr 



Vj-2 



Vj-1 



,k+u ^ Vi x 

Y^k+i^ m +u -X k XiX m (yj- 3 - X u ) 

%-l%_2%-3 



Vj-i - X u \ Y^k^i+u ^kXi(yj~2 - Xu) 



Vj-iVj-2 

~ 1 ) n ~ 1 Ilk^u ^k(Vj-(n-l) ~ Aj 
Vj-lVj-2 ■ ■ ■ %-(n-l) 
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Namely, 



Vj - X u + 



-{Vj-i -A U )H (y j _2-A u ) 



+ ••• + 



S/j-l ' .'/y--L.'/y-2 



2/ J -_l3/ J -_2 • • • Vj-(n-2) 



iv. 



j-(n~2) 



K) 



-A 



Vi-i 



(%- 2 - A u ) 



(s/j-i - A„) + 



yj-m-2 



(-i) n A^n^^Afc 

-!■••• + (yj_( n _i) — A U J 



Vj-Wj-2 ■ ■ ■ Vj-in-l) 

where t> G {1, 2, • • • n} and v ^ u. If we write the vectors 



Vj ■= [vj Vj-i ■ ■ ■ yj-(n-2)] T 


A u := [X u X u • • ■ X u \ 


Cu,v\yj) ■ 


1 Z-,k^u,v *k 2^,k^l^u,v AfeA; 

%-l Vj-lVj-2 



:-ir 2 n 



ky^u,v 



A* 



Vj-lVj-2 ■ ■ ■ Vo-{n-2) 



and define the distance measure between y and A u as 



d v (y j: \u) ■= \c u Jy j )(y j - X u )\ , 



(25) 



then we have 



dvyVji A M ) 



A, 



Vj-i 



d v (yj_i, A t 



(26) 



where u,v G N and u ^ v. By (10) and (23), if {?/.,■ j^ converges to 
some constant A then A G {Ai,---A„}. Suppose A = X u ^ X±. By (25) 
linij^oo d v (y,, X u ) = for each v (^ u) and each initial value y 1 making y/s 
nonzero. However, for (26) we choose v — 1 and y x such that d 1 (y l , X u ) ^ 0. 
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Consequently 



lim d v (y -,A U ) = lim FT 

7^0 



11 A: 



fe=l 



-/>' 



di(l/i,A„) 



and the contradiction results. The above analysis shows that if {yj} c *L l con- 
verges, it must converge to Ai. In the following we study the sufficient condi- 
tion for the global convergence of the sequence, and in particular we confirm 
that under the condition the sequence converges to the reciprocal of the 
polynomial's zero with the smallest modulus. The proof is based on the 
combinatorial result of zeros of the polynomial (cf. [11, p. 110]). 

Lemma 2.2. Suppose 

1. in (23) | Ai| > |A 2 | > |A 3 | > > |A„| , 

2. in (11) yj is initiated with —lj defined in (18) for j E {1, 2, • • • n — 1} , 
and 

3. 2/j's are nonzero for each j. 
We then have 

lim y 3 = Ai . (27) 

Proof. Expressing a/s in (44) with A/s in (23) yields 



a :j 



■iy Yl Ai^-.-Ajr. (28) 

tl+-+t„=j,ti,- ,t n £{0,l} 



Using a combinatorial analysis we have 



h= E ^^■■■^n- (29) 

ti+-+t n =j,h,-,t„£{0,l,-j} 
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As a result, 



y.j 



E ^1^2 ■■■K n 

bj _ ti+-+t n =j,ti,-,t n €{0,l,-j} 

tl + -+tn=j-l,tl,-,tne{0,l,-j-l} 

E 

t2 + -+tn=i,*2,-,*nG{0,l,-i} 



\*2 \*n 

A 2 " ' A n 



Al + 



A1 + A1 



E A^Af-.-A^ 

tl+-+tn=j-l,tl,-,t n e{0,l,-j-l} 

E\*2 \*n 

A 2 " ' A n 

t2+-+tn=j,*2,-,t„e{0,l,-j} 



E 



A 2 " ' A n 



t2+-+tn<i-l,<2,-,<ne{0,l,-i-l} 

where A& = Xk/Xi- Since |A*| := max{|A2|, • • • , |A n |} < 1 by assumption, we 
have 



E 

t2+-+t n =j,t 2 ,-,t n e{o,i,-j} 



<- E 

t2+-+t n =j,t2,-,t n e{o,i,-j} 

< E i*t' 



\*2 \t n 

A 2 " ' A n 

A 2\ • • • A n 



t2+" •+*n=j,*2,- ,tn6{0,l,-j"} 



„-2 > |A 







as j tends to infinity. Note that bj-i is nonzero, we conclude that 

lim Uj — > Ai . 



j-5>00 



(30) 



The global convergence property of {yj}JL l is shown in the following. 

Theorem 2.3. Suppose in Lemma 2.2 only condition (1) and (3) are satis- 
fied. The conclusion holds still. 
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Proof. If {yj}^L l is a nonzero sequence generated by (11) with initial values 
yj, j G {1, 2, • • • , n — 1}, then there exist cij, j G {1, 2, • • • , n — 1} such that 
for j > n 

(-iy\f^\=y 1 y 2 ---y J (31) 

where T^ is the matrix T^ defined in (17), with the first column replaced 
by [5i 5 2 • • • a„_i a„ • • • 0] T G i? J . By Laplace expansion, 



'n-\ 



:-iy\f^\ = (-iy[Y,(-iy- 1 

\s=l 
'n-\ 

^a s b 



4J-») 



+ (-ir' 1 ^ 



Jj-n) 



j — s ~r ^rtPj—n 



where bj is defined in (16). As a result, 

(_1).|T0')| T^lasbjs + anb 



y.i 



j-n 



-iy-i\TU-D\ ^.Ziasbj-i-s + onb 



'j-l-n 



En— 1 ~ 
s=i a * 



b 

u ]—n 

' — * ° - 1 - W j — 1 — n 

2_,s=l ^s^l S + a n 
Z2s=l Us^l S + a n 



— ^ 

= Ai. 

as j tends to infinity. 

Remark 2.1. Similar results can be derived if we write 

f(z) = z n + a n _iz n_1 H V ~a x z + a 

= (^ - A\) Jl (* - A 2 ) d ' 2 •••(*- A^) 4 
Specifically, for r = 0, 1, • • • n and some integer j, let 

r-l 

^ II ~j — (n— r+s) i 

s=0 



(32) 



(33) 
(34) 

(35) 
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then we have 

Z j Z j-± ' ' ' z j-(n-l)+ttn-lZj-lZj-2 • • • 2j_( n _l) + • • • + 0,iZj-( n -i) + &o = , (36) 

and 

Oi + 



^j-(n-l) 

^n-3 H : 

Zj-3 

a n -2 H 

z,- = -o n _i — . (37) 

Suppose the sequence {zj}^ =1 is initiated with non-zero values z_i , z_2 , • • • , ^-(n-i) 
and Zj 7^ for each j. If |Ai| > | A2 1 > | A3 j > • • • > |Afc| , then the sequence 
{zj}^ =1 converges to Ai. 

2. 3. a remark on the condition for convergence 

We show in Lemma 2.1 that the global convergence of sequence {yj} c ^ 1 in 
(11) depends on the uniqueness of some zero modulus of the polynomial. In 
the following we prove that this uniqueness property can always be achieved. 

Theorem 2.4. Given a polynomial f(z), there exists a complex number c 
such that f(z + c) has a unique (repeated zeros are counted only once) zero 
with the smallest modulus. 

Proof. Suppose the zeros of f(z) are r m e 10m where ma {1,2, • • -n}, % = 
V^-T, m e [0, 2tt) and 

n > r 2 > • • • > r n > . (38) 
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Let r = minj =12 .., n Tj and X := {i\ri = r}. Let c = |c|e l61 *. Then the zeros of 
f(z + c) are r m e l6m — \c\e l6 \ Note that 

\r m e i6m - \c\e ie " \ > \r m e i9m | - | \c\e ie * | (39) 

>r-|c|. (40) 

The equality holds as r m = r, < \c\ < r, and 8* = 9 m where m G X. We 
thus conclude the proof. 

Example 2.2. Finding the nth root of a positive number r is fundamental 
in many theoretical and practical problems. Note that a direct application of 
our algorithm will not yield a convergent sequence since all zeros of z n — r are 
equimodular. However, following the proof in Theorem 2.4 we can reassign 
the locations of zeros such that the sequence defined in (11) or (37) converges 
globally. For example, the equation 

(z - c) n - r = (41) 

where c is an positive number, must have a unique zero with the maximum 
modulus. A simple choice is to assign c = 1. The sequence in (37) becomes 

(-l) B 0-r 



(-ir-Hn-iH 



Zj-(n-l) 



G) + 



■G) + 



2.7-3 



*-G) ^ (42) 

and the sequence {zj} c *L 1 converges to \/r-\-l if Zj ^ for each j. We 
illustrate the recursive calculation with r = 100 and n = 5 and show in 
Table 1 some numerical values generated from the process. Note that the 
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Table 1: Approximating 


ylOO with the sequence {zj — 


!}r=i 


3 


5 


10 


20 


30 


40 


50 


z r l 


1.7458 


2.3771 


2.5340 


2.5093 


2.5121 


2.5119 



used initial values [z , Z-±, z_ 2 ,Z-3\ are [4,3,2,1]. The table shows that it 
takes 50 steps to approximate v^lOO (~ 2.5119) with error less than 10 -4 . 

2.4- application to the zero bound problem 

Ck, r defined in (15) plays a crucial role in bounding the zero of f(z) in (7). 
Indeed, let 7^ := \ck, r \ X ■ Kalantari [12, 13] showed that Tk/'fk is a lower 

bound for the moduli of zeros of f(z) where 77 is the unique positive zero of 
t k + t — 1 and 7^ := max r6 { lj ... ra }{7fc ir ,}. Jin [14] showed that these bounds 
are asymptotically sharp, and proposed an algorithm with complexity O(kn) 
to calculate Ck, r - Namely, 

k 

(43) 



Cfc-, 



for r G A/", where bn — 1 and 



E 

j =max{0, k+r—n} 



ak+r—jOj 



min{n,s} 



s-J 



(44) 



for s G {1,2, ••• ,k}. Theoretically, Jin's elegant results promise a compu- 
tationally cheap method to obtain the zero bound with arbitrary sharpness. 
However, the derivation of Ck, r in (43) raises an overflow issue. Generally 
speaking, \ck, r \ might become very small or very large as k > 100 (see Ex- 
ample 2.3) and can not be dealt with by ordinary computer softwares in a 
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straightforward way. Fortunately, Lemma 2.1 allows one to obtain 7^ by 
first calculating log 7^ with a fashion of Kalman filter [15, p. 214]. That is, 



,(■'•) 



,('■) 



let y ) r > be -l) r) in (22). We have 



log7fc,i 



k + r 
1 

k 



log|c fcir 



+ log 



7— (log |a r | +log 

- — ( (k + r - 1) log 7 fc _i ir + log 



(r) 
S/2 



+ • • • + log 



(r) 

2/fc 



1 



log 7fc_ 



l.r 



+ 



log 



(r) 
J/fc 



(r) 
J/fc 



(45) 



k + r J '" ' A; + r 

where fceN and r e A/". Clearly, calculating log7 / t jr (and then "fk,r) with the 
above iteration scheme effectively avoids the problem of numeric overflow if 



log 



(r) 

Vk 



is bounded. 
Example 2.3. Consider the polynomial 

f(z) = 3z 5 + (1 + 5i)z 4 + Az 3 + 2z 2 + (2-i)z + l, 
where % = y/—l. The corresponding zeros are 



(46) 



Zl = -0.1504 - 2.1895i , z 2 = -0.3209 + 0.6511i , z z = 0.5693 + 0.6135i , 
z A = -0.0273 - 0.5677i ,z 5 = -0.4040 - 0.1740i . 

Note that z 5 is the unique zero with the smallest modulus. The growth of 
\ck,i\ is shown in the left part of Figure 1. Observe that as k > 10 2 , |cfc,i | 
is scaled up to the level of 10 36 . The right part of Figure 1 illustrates the 
sequences of moduli of {if } in (22) for r = 1, 2, • • • , 5. The sequences are 
properly initiated so that (21) holds. Table 2 lists the sequence of yj = —lj . 
After j = 40, yj reaches the value —2. 0878+0. 8995i, which approximates the 
reciprocal of the l/z 5 as expected by Theorem 2.3. 
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Table 2: The sequence ol 


{%} 


generated by (11) satisfyin 


?c M =a 1 ]J j=1 y j . 


3 


Vi 


3 


Vj 


3 


Vj 


1 


-1.2000+1.4000i 


15 


-2.1071+0.8783i 


29 


-2.0874+0.9001i 


2 


-1.5294+0.8824i 


16 


-2.1091+0.9054i 


30 


-2.0872+0.8994i 


3 


-1.9434+0.3019i 


17 


-2.0906+0.9161i 


31 


-2.0877+0.8990i 


4 


-2.5805+0.4244i 


18 


-2.0773+0.9073i 


32 


-2.0881+0.8993i 


5 


-2.2974+1.1534i 


19 


-2.0789+0.8949i 


33 


-2.0881+0.8996i 


6 


-2.0327+1.1969i 


20 


-2.0880+0.8916i 


34 


-2.0878+0.8997i 


7 


-1.9156+0.9666? 


21 


-2.0934+0.8969i 


35 


-2.0877+0.8996i 


8 


-1.9641+0.7842i 


22 


-2.0915+0.9025i 


36 


-2.0877+0.8994i 


9 


-2.1167+0. 7657i 


23 


-2.0870+0.9030i 


37 


-2.0878+0.8994i 


10 


-2.1922+0.8918i 


24 


-2.0851+0.90011 


38 


-2.0879+0.8995i 


11 


-2.1328+0.9673i 


25 


-2.0865+0.8978i 


39 


-2.0879+0.8995i 


12 


-2.0576+0.9491z 


26 


-2.0885+0.8980i 


40 


-2.0878+0.8995i 


13 


-2.0408+0.8964i 


27 


-2.0891+0.8995i 


41 


-2.0878+0.8995i 


14 


-2.0732+0.8664i 


28 


-2.0883+0.9004i 


42 


-2.0878+0.8995i 
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|#">|, r6 {1,2- -.,5} 























- 














-ik\ ^ 





























10 



20 



30 



2.2734 



40 



Figure 1: Illustrations of Example 2.3. The left part of the figure shows the growth \ck,i\ 
with k. The right part shows the sequences \lj\ satisfying (21) for r = 1,2, • • • ,5. All 
the sequences converge to 2.2734, which is 1 / 1 2r 5 1 . 

3. Conclusions 

A novel iterative method is proposed to find the zeros of a complex poly- 
nomial. The scheme is based on the fixed-point identification of the related 
function. Under some mild conditions the proposed algorithm is shown to 
generate a sequence convergent globally to the reciprocal of the zero with 
the smallest modulus. In addition, this sequence can be modified to form a 
sequence of lower bounds of zero moduli. Compared to its counterpart that 
might lead to numeric overflow, the new method requires only the standard 
computation resource. Numerically examples are provided to illustrate the 
results. 
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Abstract 

In this paper, we deal with the periodic nature and the form of the solutions 
of the following systems of rational difference equations 

%n—l Vn—l 

X n +l — ~, , Un+1 



±x n - 1 y n - g ±y n - 1 x n - j 

with a nonzero real numbers initial conditions and /, g are nonzero real numbers 
with f,g^l. 

Keywords: difference equations, periodic solutions, system of difference equations. 
Mathematics Subject Classification: 39A10. 



1 Introduction 

Difference equations appear naturally as discrete analogues and as numerical solutions 
of differential and delay differential equations having applications in biology, ecology, 
economy, physics, and so on. So, recently there has been an increasing interest in the 
study of qualitative analysis of rational difference equations and systems of difference 
equations. Although difference equations are very simple in form, it is extremely 
difficult to understand thoroughly the behaviors of their solutions, see [1]-[16] and 
the references cited therein. 
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Periodic solutions of a difference equations have been investigated by many re- 
searchers, and various methods have been proposed for the existence and qualitative 
properties of the solution. 

The periodicity of the positive solutions of the system of rational difference equa- 
tions 

_ m py„ 

%n+l — j Vn+1 



Vn ^n—lVn—l 

was studied by Cinar in [4]. 

The behavior of positive solutions of the following system 

•En—l Vn—1 

x n+l — Z — ; , Vn+1 



1 _l_ c?"~r± i I 

has been studied by Kurbanli et al. [11]. 

In [14] Yalgmkaya investigated the sufficient condition for the global asymptotic 
stability of the following system of difference equations 

^n^n— 1 ~r CI Z n Z n — \ ~r CI 

Z n+1 = 7 — ) tn+1 = • 

b n f ^ n — 1 "n ' "n— 1 

Also, Yalgmkaya [15] has obtained the sufficient conditions for the global asymptotic 
stability of the system of two nonlinear difference equations 

_ X n ~r Vn—1 Vn T 2-ra— 1 

X n +l — 7; Vn+1 



XnVn—1 -L Vn x n— 1 -'- 

Similar nonlinear systems of rational difference equations were investigated see [7] -[8], 
[12]-[13], [16]. ' ^ / 

Our aim in this paper is to investigate the periodic nature and get the form of the 
solutions of the following systems of rational difference equations 

%n— 1 Vn—1 

x n+l = ~j j Vn+1 



±^n-i2/n - ±y n _ia; n - / 

with a nonzero real numbers initial conditions and /, g are nonzero real numbers with 

Definition (Periodicity) 

A sequence {x n }™ = _ k is said to be periodic with period p if x n+p = x n for all 
n > —k. 

2 On the System: x n+1 = j^_ y n+1 = ^^j. 

In this section, we study the solutions of the system of two difference equations 

X n+1 = , Vn+1 = J, n = 0, 1,..., (1) 

Xn-Wn - g Vn-lXn ~ J 

with nonzero real initials conditions X-i, Xq, y_i, yo an d /, g are nonzero real numbers 
with f,g^l. 
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Theorem 1 Suppose that {x n ,y n } are solutions of system (1). Also, assume that 
X-i, Xq, y_i and y are arbitrary nonzero real numbers. Then 



M i-/V fi-fY 

X2n-1 = d , X 2 „ = C 



and 

yin-\ = b - , y 2n = a 



i-fj Vi -/ 



l-/g 
-/ 



where y_i = b, y = a, x_ x = d , xo = c, 6c = f i^ 2 ) and ad = ( -j 

Proof: For n = the result holds. Now suppose that n > and that our assumption 
holds for n — 1. That is; 

%2n-3 — & ~ i %2n-2 ~ 



1-0/ V 1 -^ 

and 

V2n-z = b - , y 2n -2 = a 



Now, it follows from Eq.(l) that 

a: 2 n-3 _ \ l -9) a \i-g 

x 2n-l — „\ ri-1 / \ n-1 



.x 2 „-32/2n- 2 - ^ rf ^"" Q ^y~ _ g da-g 



W)-9 H^ 2 feO vw 



2fcn-l 



n— 1 / \ n— 1 

2/2n-3 



>(a) ._ 6 (fef)' 



/ \ n— 1 / \ n— 1 / \ n— 1 

Kw) km) km) /w- 



and 



X2n-2 \ 1-9 / V 1-9 , 



•^2n — " — _i 

X2n-2y2n-l-9 Q ( HV' fe ( HV _ C & ( ±=f 



«(£)"" _K^r _c(£)-V/) 



w )($ )-* ^-- '--^-^ 
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Vlr. 



KfeJP 1 - 


•/) 


-cp-'Y 






1-9 




V-g) ' 






V2n-2 


a 


<%r 


«(^r 


-1 


V2n-2 x 2n-l ~ f 


&r«m n -f 


«rf (fe0 - 


-/ 


or 




"i^y" "{^y 


"'(1-9) 

-f+gf 




m (h) - 


-j 


(¥f)-f i -^- 




-o^rv 


■9) 


=„r i -»Y 







1-/ \l-fj 

The proof is complete. 

Theorem 2 77ie following statements are true: 

(a) If / 7^ g, then there exists unboundedness solution of system (1). 

(b) If /, g > 1 or f,g < 1, then all solution of system (1) are positive, and when 
/ > 1(/ < 1) and g < l(g > 1), then all solution of system (1) are oscillating. 

(c) Every solutions of system (1) are periodic with prime period two solutions if and 
only if / = g and will take the form 

X2n-i = d, x 2n = c, and y 2n -\ = b, y 2n = a. 

Proof: (a),(b) The proof in these cases follows directly from the form of the solutions 

which given in Theorem 1. 

(c) First suppose that there exists a prime period two solution of system (1) of the 

form 

{x n }t=-i = K c > d,c,...}, {y n }n=-i = i b , a, b,a,...}. 
Then we see from the form of solution of System (1) that 

d = d [ I , c = c I I , b = b [ I ,o = o 



gj ' \i-gj ' \i-fj ' \i-f 

Then 

f = g- 

Second suppose that f = g. Then we see from the solution of system (1) that 

x 2n -i = d, x 2n = c, and y 2n -i = b, y 2n = a, 
Thus we have a period two solution which completes the proof. 
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Example 1. Consider the difference system (1) with / = 1.3, g = 1.2 and the initial 
conditions X-\ = 0.3, xq = 1.1, y_i = 28/11 and yo = 56/9. (See Fig. 1). 



plotofX(n+1).X(n-1)/(X(n-1)Y(n)- 8 ),Y(n+1)=Y(n-1)/(Y(n-1)X(n)-f) 




Figure 1. 

Example 2. For the initial conditions X-\ = 7, xq = 1.3, ij-\ 
50/13 and f = 4, g = 4. when we take the system (1). (See Fig. 2). 



5/7, ?/o 



plot of X(n+1 ).X(n-1 |/(X(n-1 )Y(n)-g).Y(n+1 )=Y(n-1 )/(Y(n-1 )X(n)-l) 




Figure 2. 

3 On the System: x n+1 = ^^- g , y n+1 = _ y ^ n _ r 

In this section, we study the solutions of the system of two difference equations 



x n+l 



■En— I 



Xn-lVn ~ 9 



", Vn+1 



Vn-1 



-Vn-lXn- f' 



n = 0,1,..., 



(2) 



with a nonzero real numbers initial conditions and /, g are nonzero real numbers with 

/, g*-l. 
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Theorem 3 Suppose that {x n ,y n } are solutions of system (2) with y_i = b, y = 
a, x_ x = d , x = c and be = ( -^2- J , ad = ( ^j J . Then 

X2n-1 = (ad _ y? , X 2n = C (-I)" (be + f) H , 

and 

b(-l) n , . .„ 

2/2n-i = /, , jyn , Vin = a (ad - g) . 
(be + f) 

Proof: For n = the result holds. Now suppose that n > and that our assumption 
holds for n — 1. That is; 

^2n-3 = — ^TT, ^2n-2 = C (-I)™" 1 (&C + /)™ _1 , 

(od - fir) 



and 



J/2n-3 = t 7 ^r^r, 2/2n-2 = a (ad - g) 

(be + f) 



Now, we see from Eq.(2) that 

d d 

X2n-3 _ (ad-g) 71 - 1 _ (ad-g)"- 1 _ d_ 

Xln-1 — — A , , , n _i 



x 2 n-3y2n-2 - 9 d , a (ad - g) n - g ad - g (ad- g) 1 



,»-i b(-i)"" ' 



V2n-1 



Vln-Z (£+/)"-' _ (6C+/)"- 1 _ fo (-!) 



^-32^-2 - / -|5&(-ir- 1 (&c + /r- 1 -/ -6c-/ (6c + /)' 



and 

X 2n-2 _ cC-l)"-^;^/)"- 1 _ c(-l)"- 1 (6c+/)"- 1 

2n "7 nn-l« . nn-1 6(-l)'" -be " 

X2n-2V2n-\ ~ 9 "(- 1 ) ( 6c +-/) W+fT' 9 (fcc+TJ^ 

= C( " ir l (tC+ / ) " =e(-ir(te + /)-, 



2/2n-2 afad-qr- 1 O (ad ~ fiO 



ra-1 



2/2,1 -7/o nTn , - f aiad-g)™- 1 . , d vn -/ ad f 

y2n-2X2n-l J y "' (od-g)" J {ad-g) ~ J 

a (ad — g) r 



ad, — adf + /g 



a (ad — g) n . 



The proof is complete. 

The proof of the following Theorem is similar to the proof of Theorem 2. 

Theorem 4 The following statements are true: 
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(a) If ad — g ^ 1, be + f ^ — 1, then there exists unboundedness solution of system 

(1)- 

(b) If ad > g, be + f < 0, then all solution of system (2) are positive, and when 

ad < g and bc-\- f > o, then all solution of system (2) are oscillating. 

(c) Every solutions of system (2) are periodic with prime period two solutions if and 
only ii ad — g = 1, be + f = — 1 and will take the form 

{Xn}t=-1 = K C > d, C, ...} , {Vn}n=-1 = { 6 > a > 6, O, ...} . 

Example 3. If we consider the difference system (2) with the initial conditions 
a?_i = 0.4, x = 1.1, y_! = -16/121 2/o = 8/21 and f = 1.1, g = 1.2. (See Fig. 3). 



P lotofX(n+1)=X{n-1)/(X(n-1)Y(n)-g),Y(n+1)=Y(n-1)/(-Y(n-1)X(n)-f) 




10 20 30 40 50 60 70 



Figure 3. 
The following cases can be proved similarly. 



4 On the System: x n+ \ = 



•^n— 1 n i Vn—l 

;, 2/n+l 



-Xn-lVn-g' ^"" " Vn-lXn-f 

we study in this section, the solutions of the system of two difference equations 

X n -1 Vn-l 



x n+l 



2/n+l 



n = 0,1,..., 



'■^n—lUn g Vn—X-^n J 

with a nonzero real numbers initial conditions and f,g ^ — 1. 
Theorem 5 Suppose that {x n ,y n } are solutions of system (3). Then 



and 



X2n-1 = d(-l) 



U2n-1 



l + f 


1+9 


1 + 9 



%2r. 



V2r, 



-I) 



a (-11 



nfl + f 

1 + 9 
1 + 9 



l + f J ' "" ^ ' \l + f 

where y_i = 6, yo = a, x_ x — d , xq = c, be = ( ^z~ ) , an d ad = ( ^M 



(3) 
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Theorem 6 The following statements are true: 

(a) If / ^ g, then the system (3) has unboundedness solution. 

(b) If f,g > — 1 or f, g < — 1, then all solution of system (3) are oscillating, and 
when / > — 1(/ < —1) and g < —l(g > —1), then all solution of system (3) are 
positive. 

(c) Every solutions of system (3) are periodic with prime period four solutions if and 
only if / = g and will take the form 



X^n— 1 — Uj %4n — C, 3^4n+l — U, 3^4 



, X4n+2 



and 



Uin-i = b, y± n = a, y A , 



n+i 



■b, yAn+2 = -a. 



(d) Every solutions of system (3) are periodic with prime period two solutions if and 
only if / + g — — 2 and will take the form 

X2n-i = d, x 2n = c, and y 2n -i = b, y 2n = a- 

Example 4. Figure 4 shows the solutions of system (3) when we assume that X-\ = 
—0.3, xq = —3, y_i = —1/6, yo = 5/3 and f = 1.5, g = 1.5. 



P lotofX(n+1}.X(n-1)/(-X(n-1)Y(n)-g),Y(n+1).Y(n-1)/(Y(n-1)X(nM) 




Figure 4. 



5 On the System: x n+ i = 



x n— 1 



Vn-1 



-Xn-lVn-g' ^ n+1 ' ' -y n -l x n-f 
In this section, we study the solutions of the system of two difference equations 

%n— 1 Un—1 



x n+l 



-Xn-lVn ~ 9 



Vn+1 



Vn—\Xn J 



n = 0,1,..., 



(4) 



with nonzero real initials conditions x_i, Xq, y_i, yo and /, g are nonzero real numbers 
with f,g^l. 
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Theorem 7 Suppose that {x n ,y n } are solutions of system (4). Also, assume that 
X-i, Xq, y_i and yo are arbitrary nonzero real numbers. Then 



d 



%2n-l 



-ad 



X2r 



c(-bc-f) n 



and 



V2n-l 



(-bc-fy 



where y_i = b, y = a, x_ x = d , x = c, be = ( fd ^- 
Theorem 8 The following statements are true: 



V2n = a (-ad - g) n . 
and ad 



l±fg 
i-/ 



(a) If ad + g ^ — 1, be + f ^ —1, then there exists unboundedness solution of system 

(4). 

(b) If ad + g > 0, bc + f > 0, then all solution of system (4) are oscillating, and when 
ad + g < and be + / < 0, then all solution of system (4) are positive. 

(c) Every solutions of system (4) are periodic with prime period two solutions if and 
only if ad + g — — 1, be + f = — 1 and will take the form 



{X n } 



oo 
n=-l 



{d,c,d,c,...}, {y n } 



oo 
n=-l 



{b, a, b, a, ...} . 



(d) Every solutions of system (4) are periodic with prime period four solutions if and 
only if ad + g — 1, be + / = 1 and will take the form 



{x n } 



oo 
n=-l 



{d,c,-d,-c,d,c,...}, {y n } 



oo 
n=-l 



{b, a, —b, —a, b, a, ...} . 



Example 5. See Figure 5 to see the behavior of solutions of system (4) when we put 
x-i = 0.4, x = -7, j/_! = 6/35, ?/o = 13/4 and f = 0.2, g = 0.2. 



P lotofX(n + 1).X(n-1)/(-X(n-1)Y(n)-g),Y(n + 1)=Y(n-1)/(-Y(n-1)X(nH) 




2 4 6 



10 12 14 16 18 20 



Figure 5. 
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Abstract 

Let J 7 be a family of holomorphic functions on D, and let ai, a 2 be two distinct 
finite complex numbers and S — {0,1,0,2}, and let M be a positive number. If, for each 
/ € T , |/( fc )(z)| < M whenever / £ S for k = 1, 2, then T is normal in D. 

2010 MSC: Primary 30D45. Secondly 30D35. 

Keywords and phrases: normal family; share set; meromorphic function; 

1 Introduction and main results 

Let C denote the complex plane and f{z) be a non-constant meromorphic function in C. 
It is assumed that the reader is familiar with the standard notion used in the Nevanlinna 
value distribution theory such as the characteristic function T(r, /), the proximate function 
m(r,f), the counting function N(r,f) (see, e.g. [4, 6, 14, 15]), and S(r,f) denotes any 
quantity that satisfies the condition S(r,f) = o(T(r,f)) as r — > 00 outside of a possible 
exceptional set of finite linear measure. 

Let D be a domain in C, and J- be a family of meromorphic functions defined in D. 
Then T is said to be normal on D, in the sense of Montel, if for any sequence {f n } C T 
there exists a subsequence {fnj} such that {fnj} converges spherically locally uniformly on 
D to a meromorphic function or 00. (see. [11]) 

Let f{z) and g{z) be two nonconstant meromorphic functions in the complex plane C and 
let a be a complex number. If g{z) = a whenever f(z) = a, we write f{z) = a =^> g(z) = a. 
If f(z) = a =3- g(z) = a and g{z) = a =3- f(z) = a, we write f(z) = a 44> g(z) = a 
and say that / and g share the value a IM (ignoring multiplicity). If / — a and g — a 
have the same zeros with the same multiplicities, we write f{z) = a ^ g{z) = a and 
say that / and g share the value a CM (counting multiplicity) . (see [14]). We denote 
by Ni-\(r, tt^) (or N^\(r, -rz^) ) the counting function for zeros of / — a with multiplic- 
ity < k (ignoring multiplicities), and by Nr^^r, -f—^) (or Nn.(r, -f—^) ) the counting func- 
tion for zeros of / — a with multiplicity > k (ignoring multiplicities). Moreover we set 
N k (r, j^- a ) = N(r, ^) + N {2 (r, -fr) + N {3 (r, jL.) + • • ■ + N (k (r, ^). 
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Definition. Let / and g be two meromorphic function in a domain D, a±,a,2 be t- 
wo distinct finite complex numbers. We say that / and g share the set S = {01,02}, if 
f-i(S) = g- l (S). 

Schwick[12] was the first to draw a connection between values shared by functions in J 7 
(and their derivatives) and the normality of the family T ' . Specially, he showed that if there 
exist three distinct complex numbers 01, 02, 03 such that / and /' share aj(j = 1,2,3) in 
D for each / G J 7 , then J 7 is normal in D. Pang and Zalcman [10] extended this result as 
follows. 

Theorem A. Let J 7 be a family of meromorphic functions in a domain D, and let 
a, b, c, d be complex numbers such that c 7^ a and d ^ b. If for each f G J 7 we have 
f{z) = a 44> f'(z) = b and f{z) = c 44> f'(z) = d, then J 7 is normal in D. 

Fang [2], Liu and Pang [8] used the idea of sharing set to extend the result of Schwick 
and obtain: 

Theorem B. Let J 7 be a family of meromorphic functions in a domain D, and let oi, 

ai, 03 be three distinct finite complex numbers. If f and f share the set S = {01,02,03}, 
then T is normal in D. 

Recently, Chen[l] continued to investigate the problem and proved the following. 

Theorem C. Let J 7 be a family of meromorphic functions on D, all of whose poles 
are of multiplicity at least 3, let a\, 02, 03 be three distinct finite complex numbers and 
S = {01,02,03}, and let M be a positive number. If, for each f £ J 7 , \f'{z)\ < M whenever 
f £ S, then J 7 is normal in D. 

Chen gave an example to show the set S with three elements is the best possible. 

Example l.[3, 9] Let S = {-1,1}. Set J 7 = {/„(-?) : n = 2, 3,4, . . .}, where 

Then, for any f n £ J 7 , we have 

n 2 [f n (z)-l]=f' n \z)-l. 
Thus f n and f n share S CM, but T is not normal in D. 

Naturally, one can asked whether the condition on f'(z) can be replaced by p ■ '(z) in 
Theorem C? In the note, we proved the following two results. 

Theorem 1. Let J 7 be a family of meromorphic functions on D, and let m,q be positive 
integers with 

m(3g-4)-4>0, (1.1) 
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and all of whose poles are of multiplicity at least 3, let a±, a<i, ■ ■ ■ , a„ he three distinct finite 
complex numbers and S = {0,1,0,2,- •• ,03}, and let M be a positive number. If, for each 
f G T , \f( k >(z)\ < M whenever f G S(k = 1,2,... ,m), then T is normal in D. 

Let q = 3 and k = 1 in Theorem 1, we can get Theorem C. Let q = 2, we can get the 
following result. 

Corollary 1. Let J 7 be a family of meromorphic functions on D, and all of whose poles are 
of multiplicity at least 3, let a±, a<i be two distinct finite complex numbers and S = {01,02}, 
and let M be a positive number and m{> 3) be a positive integer. If, for each f G J- , 
1/(2)1 < M whenever f G S(k = 1,2,... ,m), then T is normal in D. 

Next, one can ask whether the multiplicity of poles of f(z) at least 3 can be reduced. 
We can obtain the following result by a slight different method. 

Theorem 2. Let J 7 be a family of meromorphic functions on D, and let m,n be positive 

integers with 

(k + l)(m + n) , 

K A — —^- < 2, 1.2 

mn 

and all of whose zeros are of multiplicity at least m and whose poles are of multiplicity at 
least n, let a\, 02, as be three distinct finite complex numbers and S = {01,02,03}, and let 
M be a positive number. If, for each f G T , \f^ k '{z)\ < M whenever f G S, then T is 
normal in D. 

Remark 2. In Theorem 1, if k = 1, m = 3, then we can take n = 2, this is, the condition 
that the poles are of multiplicity at least 3 is not necessary in Theorem C. 
In fact, we can prove the following more general result. 

Theorem 3. Let T be a family of meromorphic functions on D, and let m,n be positive 
integers with 

(fc + l)(m + n) < 

mn 
and all of whose zeros are of multiplicity at least m and whose poles are of multiplicity at 
least n, let ai, 02,- • • , a q be q distinct finite complex numbers and S = {01, 02, ■ ■ ■ , a q }, and 
let M be a positive number. If, for each f G T ' , \f^ >(z)\ < M whenever f G S, then T is 
normal in D. 

2 lemmas 

Lemma 1 ([10]). Let J 7 be a family of meromorphic functions on the unit disc A, all of 
whose zeros have the multiplicity at least k, and suppose that there exists A > 1 such that 
\f { z )\ ^ A wherever f{z) = 0, / G T. Then if T is not normal, there exist, for each 
0<a<k: 

(a) a number r, < r < 1, 

(b) points z n ,\z n \ < r, 

(c) functions f n G J- ', and 

(d) positive numbers p n — > 
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such that Pn a fn(z n + pnO = 9n(0 —> <?(£) locally uniformly with respect to the spherical 
metric, where g(£) is a non-constant meromorphic function on C, all of whose zeros have 
multiplicity at least k, such that <r(£) < <r(0) = kA + 1. In particular, if g is an entire 
function, it is of exponential type. Here, as usual, 



l + \g(z)\* 

is the spherical derivative. 

Lemma 2. Let f(z) be a non-constant meromorphic function, s,k be two positive integers. 
Then 

N s (r, J^) < kN(r, f) + N s+k (r, - f ) + S(r, f). 

This lemma can be obtained immediately from the proof of Lemma 2.3 in [5] which is 
the special case p = 2. 

Note that N\(r, -J^-) = N(r, -^y), we can get 

N(r, -L) < kN(r, f) + N 1+k (r, j) + S(r, f) 

< kN(r, f) + N(r, h + N {2 (r ,h + N {3 (r, - f ) 
+ --- + N {k+ i(r,b + S(r,f) 

< kN(r, f) + (k + l)N(r, -) + S(r, f). (2.1) 

The above equation (2.1) play an important role in the proof of Theorem 3. 

Lemma 3 ([11]). (Marty's Theorem) Let J 7 be a family of meromorphic functions on a 
domain f2 is normal if and only if for each compact subset K C $7, there exists a constant 
C = C{k) such that the spherical derivative 

fi{z) = i + \ { ftw - c > z€K ' feT > 

this is, P(z) is locally bounded. 

3 Proof of Theorem 1 

Without loss of generality, we may assume D = A = {z : \z\ < 1} . Suppose that T is not 
normal in D. By Lemma 1, there exist: 

(a) a number r, < r < 1, 

(b) points z n ,\z n \ < r, 

(c) functions f n G F, and 

(d) positive numbers p n — > 
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such that g n (0 = fn(z n + PnO —> 9(0 locally uniformly with respect to the spherical 
metric, where g(0 is a non-constant meromorphic function on C, all of whose zeros have 
multiplicity at least k and whose poles have multiplicity at least 3. 

We claim that every ai(i = 1, 2, . . . , q) points of g have multiplicity at least m + 1. 

Without loss of generality, we may assume g(£o) = a\. Clearly, g{£) ^ a\. Then by 
Hurwitz's theorem there exists £ n ,£ n — > £o> such that, for n sufficiently large, 

«1 = 9 (Co) = 9n(Cn) = fn(z n + PnCn)- 

Then \fn (z n + Pn£,n)\ < M because \fn (z)\ < M whenever f n (z) G S for k = 1, 2, . . . , m. 
It now follows that 

\9 { n k) (Cn)\ = \p k n fi k) (z n + Pn Cn)\<p k n M 

for k = 1, 2, ... ,m. 

Since g^ k '(Co) = li m 9n (Cn) = 0, (k = 1,2, ...,m). This implies that g — a\ have 

n— >oo 

multiplicity at least m + 1. 
Hence the claim holds. 
By Nevanlinna's second fundamental theorem, we have 

(q-l)T(r,g) < N(r, —*—) +N(r, —*—) + ■■■ + N(r, —*—) + N(r,g) + S(r,g) 

g-ai g - a 2 g - a q 

< -4-r [N(r, —*—) + N(r, —?—) + ■■■ + N(r, — — )] + N(r, g) + S(r, g) 
m + l L g - ai g - a 2 g - a q ' 

< -^T(r,g) + \N(r,g) + S(r,g) 
m + 1 6 

< — 7 T (r,g) + -T(r,g) + S(r,g) 

m + 1 o 

< (—XT + \)T(r,g) + S(r,g)T(r,g) + S(r,g). 

m + 1 6 



i.e, 



m(3(z-4)-4 

-r(r,flf) < 5(r,flf), 



3(m + l) 

This implies that g is a constant, a contradiction. This completes the proof of Theorem 1. 

4 Proof of Theorem 3 

Without loss of generality, we may assume D = A = {z : \z\ < 1} . Suppose that T is not 
normal in D. By Lemma 1, there exist: 
(a) a number r, < r < 1, 
(6) points z n ,\z n \ <r, 

(c) functions / n € J 7 , and 

(d) positive numbers p n — > 

such that <7 n (£) = / n (zn + PnO ~^ 9(C) locally uniformly with respect to the spherical 
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metric, where g(Q is a non-constant meromorphic function on C, all of whose zeros have 
multiplicity at least k and whose poles have multiplicity at least 2. 

Obviously, g' '(£) ^ 0, for otherwise g would be a polynomial of degree less than k, and 
so could not have the multiplicity at least k. 

We claim that g^ k '(C) = whenever g(Q = a,i(i = 1, 2, ■ ■ ■ , q). 

Without loss of generality, we may assume g(Co) = ai. Clearly, g(£) ^ a±. Then by 
Hurwitz's theorem there exists £n,Cn — > £o> such that, for n sufficiently large, 

a l = 9 (Co) = 9n(Cn) = fn(z n + RnCn)- 

Then \fi k) (z n + p n Cn)\ < M because \fi k) (z)\ < M whenever f n (z) G S. 
It now follows that 

\9 { n k) (Cn)\ = \ P k n fi h) (z n + Pn Cn)\ < P k n M. 

Since g^ k '(Co) = nm <7n (£n) = 0. This implies that </"(£) = whenever g(£) = a±. 

n— >oo 

Hence the claim holds. 

By Nevanlinna's second fundamental theorem, we have 

(q-l)T(r,g) < N(r, ) + N(r, ) + ■ ■ • + N(r, ) + N(r,g) + S(r,g) 

g-ai 9 ~ a-2 9 ~ a m 

< N(r,-^) + N(r,g) + S(r,g) 

< N 1+k (r, -) + (k + l)N(r, g) + S(r, g) 

9 

< (k + l)N(r,-) + —N(r,g) + S(r,g) 

9 n 

< k -±l N{rj \ )+ ] l±l N ^ g) + S(r 1 g) 

m g n 

(k + l)(m + n) 

< T(r, g) + S{r, g) . 

mn 

i.c, 

(q-l)mn- (k + l)(m + n) 

T(r,g) < S(r,g), 

mn 

This implies that g is a constant, a contradiction. This completes the proof of Theorem 3. 

5 Final Remark 

For the holomorphic function, using the ideas of the shared set to obtain the normal family 
have been studied by Fang, Lii and Xu, Li. 

Theorem D.([2]) Let J 7 be a family of holomorphic functions in a domain D, and let a\, 
0-2, 03 be three distinct complex numbers. If f and f share the set S = {01,02,03}, then T 
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is normal in D. 

Theorem E.([9]) Let J 7 be a family of functions holomorphic in a domain D, let a and b 
be two distinct finite complex numbers with a + b ^ 0. If for all f £ J-, f and f share 
S = {a, b} CM, then T is normal in D. 

Theorem F.([7]) Let T be a family of functions holomorphic in a domain, and let k(> 2) 
be a positive integer. Let a and b be two distinct finite complex numbers. If for all f £ T , 
all zeros of f(z) are of multiplicity at least k, and f and f( k ' share S = {a, b} CM in D , 
then T is normal in D. 

From the proof of Theorem 1, we can obtain that 

Corollary 2. Let J 7 be a family of holomorphic functions on D, and let Oi, a 2 be two 

distinct finite complex numbers and S = {01,02}, and let M be a positive number. If, for 
each f £ J- , \f^ k '{z)\ < M whenever f £ S for k = 1,2, then J- is normal in D. 

Proof. We can obtain every a,i(i = 1,2, ... ,q) points of g have multiplicity at least 3 by 
Theorem 1. 

By Nevanlinna's second fundamental theorem, we have 

T(r,g) < N(r,— l —) + N(r,— i —)+S(r,g) 
g - ax g - a 2 

< \[N(r,^—)+N(r,^—)]+S(r,g) 
3 g-ai g-a 2 

< ^T{r,g) + S{r,g). 
i.c, 

^T(r,g) < S(r,g), 

This implies that g is a constant, a contradiction. This completes the proof of Corollary 
2. □ 

Remark 3. From Example 1, we know f n £ S, then |/^| < 1. But from f£ = n 2 f n , we 
know if f n £ S, then |/"| — > 00 as n — > 00. Hence our condition \f"(z)\ < M whenever 
/ £ S is necessary in Corollary 2. 

Example 2. Let T = {f n (z) : f n (z) = n(e z — e~ z ),n = 1,2, . . . ,z £ A}, where A is a unit 
disk. Thus / and /" share every complex number in A. Therefore, if f n (z) £ S = {1, —1}, 
then \fn{z)\ < 1. But if f n (z) = ±1, we have \f n {z)\ = \2ne z =f 1| = y/4r? + 1 ->• 00 as 
n — > 00. 
While 

/„lUj- 1 + |/(0)|2 -2n^oo. 

By Marty's Theorem, we have that J- is not normal at z = 0. 

Hence our condition |/'(z)| < M whenever / £ S is necessary in Corollary 2. 
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Abstract 

In this paper, we study boundedness and the compactness of weighted superposition operators 
between weighted logarithmic Bloch and Zygmund spaces. Moreover, we characterize all entire func- 
tions that transform a weighted logarithmic Bloch-type space into another by weighted superposition 
operators. 

1 Introduction 

Let B = {zeC:|z|<l}be the open unit disk in the complex plane C and H(D) denote the class of all 
analytic functions on D. Let X and Y be two metric spaces of analytic functions on the unit disk D and 
suppose that <j) denotes a complex- valued function of the plan C. The superposition operator Sa, on X is 
denned by 

S*(f) = <t>of, fex. 

If S$f <E Y for / e X, we say that 4> acts by superposition from X into Y. We see that if X contains 
linear functions, cf> must be an entire function. For a fixed u G -ff(O), we define the operator S u ^ — uS v 
on H{p) as follows: 

SuAf) = uS v f = u{cj> o /), / e H(B). 

The operator S u .<p will be called the weighted superposition operator. This operator generalizes the 
superposition operator S^(f) and the multiplication operator M u f ~ uf. To the best of our knowledge, 
the operator Su^ is introduced in the present paper for the first time. The graph of S u ^ is usually 
closed but, since the operator is nonlinear, this is not enough to assure its boundedness. Nonetheless, 
for a number of important spaces X, Y, such as Hardy, Bergman, Dirichlct, Bloch, etc., the mere action 
S u ^ : X — > Y implies that <p must belong to a very special class of entire functions, which in turn implies 
boundedness. Our goal is to study the following questions: 

(a) Which entire functions can transform one space into another? 

(b) Are there spaces (of the type considered) which are transformed one into another by specified classes 
of entire functions.? 

(c) When does ip induces a superposition operator form one space into another? When it is bounded.? 

Such questions have been extensively studied for real valued functions (cf. [2], for example). In the 
context of analytic functions, the question was investigated for the Hardy and Bergman spaces and 
the Nevanlinna class by Alvarez, Marquez and Vukotic [1] as well as by Camera and Gimcncz [7, 8]. 
The Bergman space A p is the space of all LP functions (with respect to Lebesgue area measure) which 
are analytic in the unit disk. Camera and Gimenez prove that S<j,(A p ) c A q if and only if is a 

AMS: Primary 47B33 , Secondary 46 E 15. 

Key words and phrases: Weighted Bloch-type space, superposition operator, entire function. 
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polynomial of degree at most p/q; note that our notation is different from theirs. Next, they show that 
such operators are necessarily continuous, bounded and locally Lipschitz. They also consider similar 
problems for superposition operators acting from Bergman spaces into the Nevanlinna area class, etc. 
Their method is based on choosing certain A p "test functions" with the largest possible range and applying 
suitable Cauchy estimates. Later, Buckley and Vukotic considered superposition operators from Besov 
spaces into Bergman spaces in [5] , univalent interpolation in Besov spaces and superposition into Bergman 
spaces in [6] and those between the conformally invariant Q p spaces and Bloch-type spaces in [15]. Wen 
Xu studied superposition operators on Bloch-type spaces in [16]. Very recently in [12], for any pair of 
numbers (s,p) with ^ s < oo and < p sj oo, the authors characterized superposition operators which 
map the conformally invariant Q s space into the Hardy space H p , and also those which map H p into Q s . 

In this paper we study boundedness and compactness of weighted superpositions on weighted logarithmic 
Bloch-type spaces and on Zygmund space too. 

Recall that the well known Bloch space (cf. [4]) is defined as follows: 

B = {/ : / is analytic in D and sup(l — \z\ )\f'(z)\ < oo}; 

the little Bloch space 6 (cf. [4]) is a subspace of B consisting of all / <G B such that 

Jim (l-|z| 2 )|.f'(z)| = 0. 

|z|->l- 

For < a < oo, the space of all analytic functions / € D such that 

I'd -U-TMn,-- 
ze 



/Us-. - sup (1 - \z\ 2 ) a flog -^— 2 ) \f(z)\ < x . 



is called weighted logarithmic a-Bloch space B" (see [3]). If a = 1 the space Bf is just the weighted 
Bloch space B\ og . The little weighted Bloch space Bf is a subspace of Bf consisting of all / <G B" ot7 
such that 

,1^(1- \ z \r (log I -^ F ) \m\ =o. 

From a theorem of Zygmund [11] and the closed graph theorem, we have an analytic function / belongs 
to the Zygmund space Z if and only if 

sup(l-|z| 2 )|/"(z)|<oo. 

zeo 

It is easy to see that the Zygmund space Z is a Banach space under the norm \\-\\z, where 

||/IU = 1/(0)1 + |/'(0)| + sup(l-|z| 2 )|.f(z)|. (1) 

zeB 

We call the Zygmund space of D, denoted by Zq, is the closed subspace of Z consisting of functions / 
with 

lim(l-|z| 2 )|/"(z)| = 0. 

|z|-»l 

From (1) it is easy to obtain 

l/ , (*)-/'(o)|<q|/||zbgj--^p ( 2 ) 

Conformally invariant spaces of the disk. It is a standard fact that the set of all disk automorphisms (i.e., 
of all one-to-one analytic maps <p of D onto itself), denoted Aut(D), coincides with the set of all Mobius 
transformations of D onto itself: 

Aut(B) = {Xip a : |A| = 1; a G D}, 
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where <p a (z) = ?~- are the automorphisms: <p a (ip a (z)) = z. 

The space X of analytic functions in D, equipped with a semi-norm p, is said to be conformally invari- 
ant or Mobius invariant if whenever / G X, then also / o <p g X for any ip G Aut(D) and, moreover, 
p(f ° f) < Cp(f) for some positive constant C and all / G X. 

Definition 1.1 In topology, a geometrical object or space is called simply connected (or 1-connected) if 
it is path- connected and every path between two points can be continuously transformed into every other 
while preserving the two endpoints in question. 

Definition 1.2 A path from a point x to a point y in a topological space X is a continuous function f 
from the unit interval [0, 1] to X with /(0) = x and /(l) = y. A path-component of X is an equivalence 
class of X under the equivalence relation defined by x is equivalent to y if there is a path from x to y. 
The space X is said to be path-connected (or pathwise connected or 0-connected) if there is only one 
path- component, i.e. if there is a path joining any two points in X. 

Remark 1.1 Every path- connected space is connected, but the reverse is not always true. 

Recall that a linear operator T : X — > Y is said to be compact if it takes bounded sets in X to sets in 
Y which have compact closure. For Banach spaces X and Y of the space of all analytic functions H(D), 
we call that T is compact from X to Y if and only if for each bounded sequence (x n ) in X, the sequence 
(Tx n ) G Y contains a subsequence converging to some limit in Y. 

2 Weighted logarithmic Bloch space 

Let the letter f2 denote a planar domain and dfl its boundary.A univalent function in D is an analytic 
function which is one-to-one in the disk. By the Ricmann mapping theorem [13], for any given simply 
connected domain fi (other than the plane itself) there is such a function / (called a Ricmann map) that 
takes D onto fi and the origin to a prescribed point. Denoting by dist(w, d£l) the Euclidean distance of 
the point w to the boundary of the domain J7, the Ricmann map / has the following property: 

\{\ |z| 2 )«|/(z)|(lo gr ^)< dist(f(z),dQ) < (1 - | z | 2 n/ '(z)|(lo gr ^), (3) 

for all z G D. This estimate plays an important role in the geometric theory of functions. In particular, 
(3) tells us that a function / univalent in D belongs to B{* if and only if the image domain /(D) does 
not contain arbitrarily large disks. 

The auxiliary construction of a conformal map onto a specific weighted Bloch domain with the maximal 
(logarithmic) growth along a certain polygonal line displayed below might be of some independent interest. 
Thus, we state it separately as a lemma. Loosely speaking, such a domain can be imagined as a "highway 
from the origin to infinity" of width 25. Somewhat similar constructions of simply connected domains as 
the images of functions in various function spaces can be found in the recent papers [5] and [10]. 

Now, we give some auxiliary results which are incorporated in the following lemmas. 

Lemma 2.1 For each positive number S and for every sequence w n of complex number such that wq — 
0, \wi\ > 56, | argwi - 9 \ < J, argw„ \ do, or argw„ / 9 and 



n \ > max 3|w„_i| , ^ |wfc - Wk-i\ > for all n>2, 
^ fe=i ' 



(4) 



there exists a domain f2 with the following properties: 
(i) fl is simply connected; 

oo 

(ii) f2 contains the infinite polygonal line L = (J [w„_i,w n ], where [w n _i,w n ] denotes the line segment 
from Wn-i to w n ; 
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(Hi) there exists a conformal mapping f of D onto fl which takes the origin to a prescribed point belongs 

to B£ g ; 

(iv)dist(w, dD) = S for each point w on L, 

where f f denotes the increasing functions and f \ denotes the decreasing functions. 

Proof: It is clear from (4) that \w n \ /* oo, as in oo. We construct the domain fi as follows. First 
connect the points w n by a polygonal line L as indicated in the statement. Let D(z, S) = {w : \z — w\ < 6} 
and define 

n = \J{D(z,5) :z£L}, 

i.e. let O be a (5-thickcning of L. In other words, f2 is the union of simply connected cigar-shaped domains 



Cn = \^){ D ( z i s ) ■■ z e [w n -i,w n ]}. 



By our choice of w n , it is easy to check inductively that \w n — u>k\ > 5<5 whenever n > k. Since our 
construction implies that 

C n C {w : \w n -i\ - S < \w\ < \w n \ + 5}, 

we sec immediately that 

(a) for all m and n, C m n C n ^ 0, if and only if \m — n\ < I; 

(b) for all n, C n n C„+i is either D(w n , <5) or the interior of the convex hull of D(w ni 5) U {a n } for some 

N 

point a n outside of D(w n , 5), where D(w n , S) is the closure of D(w n , 5). Thus, each fijv = U C« i s Si ^ so 

71=1 

simply connected. Since 

oo 

fl = M Qn and fl^ C Qn+i for all N, 

N=l 

we conclude that fi is also simply connected (see [10]). By construction, dist(w,d£l) < S for all w in 51, 
hence any Ricmann map onto fl will belong to B u . It is also clear that (iv) holds. 
The following lemma was proved by Tjani in [14]: 

Lemma 2.2 [14] Let X, Y be two Banach spaces of analytic functions on D. Suppose that 

(i) the point evaluation functionals on X are continuous. 

(ii) the closed unit ball of X is a compact subset of X in the topology of uniform convergence on compact 
sets. 

(Hi) T : X — > Y is continuous when X and Y are given the topology of uniform convergence on compact 

sets. 

Then T is a compact operator if and only if given a bounded sequence (/„) in X such that f n — » 

uniformly on compact sets, then the sequence (Tf n ) converges to zero in the norm ofY. 

Now, we prove the following results. 

Lemma 2.3 Let X = Bg g . Then 

(i) Every bounded sequence (/„) G X is uniformly bounded on compact sets. 

(ii) For any sequence (/„) on X such that ||/n||x ~^ 0, /„ — / n (0) — > uniformly on compact sets. 

Proof: If z £ D(0, r), < r < 1, then we have 

l l 

\fn(z)-fn(0)\= j f' n {zt)zdt < ||/ n || B g ' lZl<,t 



< C ||/ n || B£g < C \\f n \\ X 

Hence the result follows. 
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Lemma 2.4 Let < a < oo, u G H(D) and <f> be an analytic self-map of Hi. Let X, Y = B\ og or Bf . 
Then S u< j, : X —t Y is a compact operator if and only if S u _,p : X — > Y is bounded and any bounded 
sequence (/ n )„£N € -^ wzi/i /„ — > uniformly on compact sets as n — ► oo, we Ziaue ||S'ti,0/n|jy — ► as 

n — > oo. 

Proof: We will show that (i), (ii), and (iii) of Lemma 2.2 hold for our spaces. By Lemma 2.3 it is easy 
to see that (i) and (iii) hold. To show that (ii) holds, let (/ n ) be a sequence in the closed unit ball of X. 
Then by Lemma 2.3, (/„) is a uniformly bounded on compact sets. Therefore, by Montel's theorem (see 
[9]), there is a subsequence (/«,.), where (ni < n 2 < n 3 < . . .) such that f nk — ► h uniformly bounded on 
compact sets, for some h G H(D). Thus we only need to show that h E X. 

If X = B? , we have that 

l^)l(l-M 2 r(lo gr ^) = fe lim |/; fc (s)|(i-|*|2)^ log _Lp 

< , lim 11/nJlfi? < OO, 

where we used Fatou's theorem [13] and our hypothesis. Therefore, Lemma 2.2 yields that S u ^ : X — > V 
is a compact operator if and only if for any bounded sequence (/„) G X with /„ — > uniformly on com- 
pact sets as n — > oo, |/ n (/(0))| + H^u^/nlly — > as n — > oo, which is clearly equivalent to the statement 
of this lemma. This completes the proof of the lemma. 

Theorem 2.1 Assume that a > 0. Then, the closed set r\ in Bf is compact if and only if it is bounded 
and satisfies 

lim sup(l-|z| 2 n/'(z)|(log-^-^U0. (5) 

Proof. Suppose r/ is compact. If e > 0, then the balls centered at the elements of r\ with radii | cover 77, 
so by compactness there exist /i, ..., /„£!) such that for every / <G 77, we have ||/ — /j||r<* < § for some 
1 < J < ti, and consequently 



(1 - |z| 2 ) Q |/'(z)| log — — < (1 - |*| 2 ) a |/<(*)l ( log 



£ 



i-l«lv J V 1 -ui 2 / 2' 

for all zeD. For each j, there exists an rj G (0, 1) such that 



^~/i\ ■ °i_U|2 1 ^ 2 



(l-|z|^ Q |/ J '(z)|^log r -^j.. 

whenever r^ < |z| < 1. Setting r = max{r!, ..., r„}, we have 

2 \ £ 
1-I«I 2 J 2 



(i-izi 2 n.f(z)i(iog^^^)< 



whenever r < \z\ < 1 and f € rj. This proves that (5) holds. 

Now suppose that 77 c Bf is closed, bounded and satisfies (5). Then 77 is a normal family. If (/„) is 
a sequence in 77, by passing to a subsequence (which we do not relabel) we may assume that /„ — ► / 
uniformly on compact subsets of D. We are done once we show that /„ — -> / in Bf . Let e > be given. 

By (5) there exists an r G (0, 1) such that (1 - |z| 2 )"|g'(z)| ( log 1 _ 2 z i 2 ) < f , for all r < \z\ < 1 and all 

g G 77. Since /^ — ► /' uniformly on compact subsets of D, it follows that f' n —> /' pointwise on D, and thus 

also (1 - \z\ 2 T\f{z)\(\og j^\ < §, for all r < \z\ < 1. Hence (1 - |z| 2 )« flog ^\ \f' n (z) - f'(z)\ < 

e, for all r < \z\ < 1. Since f' n — > f uniformly on rO, there exists an IN such that \f' n {z) — f'(z)\ < £ for 
all Izl < r and n > TV. It follows that 



(i-M 2 r(iog r ^)i/;w-/Mi< £ 
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for all z E D and all n > N. Thus /„ — ► / in Bf . Since r\ is closed, it follows that / E r\. This proves 
that the set r\ is compact. 

3 Superposition operators on Zygmund space 

Now we are ready to state and prove the main results in this section. 

Theorem 3.1 Let < a < oo, u, f € H(D) and <f> be an analytic self-map o/D. Then S u ^ : Z — > Bf oa 
is bounded if and only if 

L:=^(l-N»)> W |(log^)(log irT ^ F ) <oo. (6) 

Proof: Suppose that (6) holds. Then for arbitrary z E D and / E Z, we have 

(i - \z\y\ (Su,4,f)\z)\ (^g y^w) = {1 ~ w 2 )x*)ii^(/(*))i ( lo S f 

< CU\\ Z (1 |z| 2 )>(z)| flog ^r^) flog ■ 



l-MVV "i-l/WI 2 

From this, (6) and since S u ^f(0) = 0, it follows that S u ^ : Z — ► B? is bounded. 
Conversely, assume that «S M ,0 : 2 — ► BJL is bounded. Let 



h(z) = (z-l) 
and put 



1 \ 2 
l+lo gT — +1 



h(az) ( 1 

T" log T^Tar 



*«(*) = ^(log^M*) (7) 



for any a E D such that -4= < \a\ < 1. Then we have 



V2 



i \V. i 



^' a (z)= logT— " Hog 



1 — az J V 1 — \o\ 
and 



which implies that 



1 — az \ 1 — azJ \ 1 — \a\ z J 



K(z) = T 1 T- i (c + log-\ n ) 2 (log-^ T -,) '< ' 



i-\z\\~ ' ""°i-|a|; \'~°i-\ a \ 2 j "i-N 

for -4= < |a| < 1 and sup ||<Aa||.H < oo. Therefore, we have 

\\S u ^U(a)h" =SUP(1- \z\ 2 ) a \(S Ut4> f Ha) )'(z)\[\0g- pr^ 

-sup(l-|z| 2 ) Q Kz)||0' /(a) (/(z))|flog-^-^ 

zGD \ J- — \Z\ 

= sup (l-|z| 2 )"K^)| flog =L— ) flog / ) flogp^ 

z eD V l-f(a)f(z)J V ! — !/(«)]/ V 1-N 

> (! " l«| 2 )"l-(«)l (log 1 _ | ) (fl)|2 ) (log ^^) , (where z = a) 

This together with the maximum modulus principle imply (6), completing the proof of the theorem. 
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Theorem 3.2 Let < a < oo, u, f E H(D) and (f> be an analytic self-map o/D. Then S u ^ : Z — > B" oty 
is compact if and only if S u ^ : Z — > Bf is bounded and 

^Ji-lfl-LHI^)^) =o. ( 8 ) 

Proof: First assume that S u .^, : Z — > B" is bounded and (8) holds. From the boundedness of S u ^ with 
4>(z) = z, we see that 

Let (</>fc)feeN be a sequence in iJ such that sup ||0fe||z < Af and </>& —>■ uniformly on compact subset of 

fceN 
ID as k — ► oo. By (8) we have that for every e > 0, there is a constant (5 e (0, 1), such that 6 < \f(z)\ < 1, 
implies 

a - Mr k^ios ^) (log j^kp) < s- 

Let i)={ioeB: |w| < <5}. By (2), we have 

||S U) */fc||B £g - sup (l-\z\ 2 ) a \<t/ k (f(z))u(z)\ flog — ^ 

8 z£B \ J- — I z | 

|2\a| j./ ' "' ^" ' >''■ ^ 



< sup (i - NT W(/(*))IK«) Hog , 

/(z)<<5 V L - \ z \ 

+ sup (1-M 2 ) a |$b(/(*))| |«(«)|flog ~ 



«</(z)<l \ 1 - M 



1 



< Lavv\<f/ k (w)\+C\\<f> k \\ z sup (l-^TK*) log- -—^ 

wer, S<f(z)<l V l-l/l 2 )! 

< Lsup|0' fe (w)| +£ C. 

By the Cauchy estimate, if (4>k)keN is a sequence converges to zero on compact subset of D, then the 
sequence (0' fe )fegN also convergence to zero on compact subset of D as k — > oo. In particular, since 77 is 
compact it follows that lim sup |<^4(w)| = 0. Using these facts and letting k — > 00 in the last inequality, 

k »oo w£ri 

we obtain that lim sup ||S'?/fc||e° < eC. Since e is an arbitrary positive number it follows that the last 

limit is equal to zero. Employing Lemma 2.2, the implication follows. 

Conversely, suppose that S u ^ : Z — > B™ is compact. Note that <j) a defined by (7) converges to zero 

uniformly on compact subset of D as \a\ — ► 1~ and 

0' o (a) = log --2 for each a e D\{0}. 

1 — \a\ 

Let (zfc)fcGN be a sequence in D such that |/(-?fc)| — > 1 as fc — > 00. We choose test functions (4>k)keN 
defined by 



4>k(z) = 



f(z k )z- 1 



2 



1 + log =- j + 1 

1 - f(z k )z ' 



-1 



v *t=ijm? ) 



From the proof Theorem 3.1, we see that sup ||<^fc||.g < C. Moreover, cj> k converges to zero uniformly on 

fceN 
compact subset of D. Hence, in view of Lemma 2.3 it follows that HS'ti.^/fcHe ~ * 0, as k — > 00. Since 



'log 



HSWfcb?, = sup (1 — |^ fc | 2 )"|0' fe (/(^))u(^ fc )| (log j— jj) 

z fc £D V 1 - |2fc| / 

> (1 - |*k| 2 ) a |&(/(*fe))| |u(**)| (log j—^p 

> (l-|^|TK^)|flog-4-T2Vlog 



i-klVV "i-l/foOl 2 
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Therefore, 



ikd-l^-Wl^^) ( log T^)F,) = °- 



from which the result follows. 

Theorem 3.3 Let < a < oo, u, f G H(D) and <fi be an analytic self-map o/D. TTien S u ^ : -E — » B" 
zs bounded if and only if 

Jim_ (1 - |z| 2 )>(z)| (log ^p) = 0. (10) 

and 

|/ ^ 1 JiH^)1^)l(iog I ^)(iog r ^ yF ) =0. (11) 

Proof: Assume that (10) and (11) hold. By (11), we have that for every s > there exists r € (0,1) 
such that 

<i-w ! ri»wi(iog I ^ j5 )(iog I ^ w )< £ 

when r < |/(z)| < 1. From (11), there exists p G (0, 1) such that 

(l-|z| 2 )>(z)|flog-4-^< 



1-MV logf^ 



when p < \z\ < 1. 

Therefore, when p < \z\ < 1 and r < \f(z)\ < 1, we have that 



11 -|--l a )"l"(---)l(los rZ q^ja)(log 1 _ J (g)|a ) -- :• (12) 



If p < \z\ < 1 and |/(2)| < r, then 



(1 - \z\YHz)\ < (1 - |«| 2 )>(*)l (log r -^p) log ^ < e. (13) 

Combining (12) and (13), we obtain 

|/ ^ 1 JlH^)1^)l(log I ^)(log I ^ F ) =0. (14) 

From this, by the maximum modulus theorem and Theorem 3.1 the boundedness of S u ^ : Z — ► Bf 
follows. For any (f> G Z, in view of (2), we have 

(1 - \z\ 2 r\{S u ^)'{z)\ (log y^) ^ C W<I>W \z\ 2 r\u{z)\(\og y^) ( lo S 1-J(z)|2 

By (14), it follows that S Uyl p G Biog.oi f° r cac h <= 2. Since B£ g 1S a closed subset of Bf , we obtain 
S U ,4>{Z) Q S&g.o- Therefore, S„^ : Z -> Bg, g0 is bounded. 

Conversely, suppose that 5 U; : Z — ► Bg is bounded, then 0(z) = z we obtain that (10) holds. 
Now assume that condition (11) does not hold. If it were, then it would exist £0 > and a sequence 
(zk)keti G D, such that lim |/(.Zfc)| = 1 and 

k — >oo 

(, - | 3l f )>(«„ (l« g T -l Ip ) lOg j-^j, > E „ > 



for sufficiently large k. We may also assume that 

l-|/(^-i)l 



>l-|/(z fe )|, keN. 
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Then, for every nonncgative integer s there is at most one z k such that 1 — ^ < f(z k ) < 1 — tttt- Hence, 
there is m <G N such that for any Carleson window S — {re 10 : < 1 — r < l(S), \9 — 9 \ < l(S)} and 
s e N, there are at most m elements in {f{z k ) £ S : 2- (s+1 '>l(S) < 1 - \.f(z k )\ < 2- s l(S)}. Therefore, 
(/(zfc))fe S N is an interpolating sequence for B\ og . Now, suppose that <f> e B\ og such that 

ff( z a) 1 

<f>(z) = j o log — — d£, fceN. 

Then from the definition of weighted logarithmic Bloch functions and Zygmund functions, we see that 
<fi € Z. Then, we obtain 

(i - \z k \ 2 r\{s u ^y{z k )\ (bg r3 ^p) = a - i*fci 2 ) Q i«(*fc)ii^(/(**))i (log r^^p) 
= (i - \z k \ 2 r\u{ Zk )\ Lg -4-1?) fiog ■ ' 



IsfclVV "i-l/(«fc)l s 

> e > 0. 

Since lim |/(zfc)| = 1 implies that lim j^j = 1. from the above inequality we obtain that S*„ (/ , BjJL , 

which is a contradiction. 

In the next result, we consider the following operator: 

S' u ,4.f) = u'S v f = u'^of), feH(D) 

Theorem 3.4 Let < a < oo, u,f€ H(B) and <j> be an analytic self-map o/D. TTien <S^ j : £>j" — ► Bj" 
is a compact operator if and only if 

\\S'u,4, Va\\Bf og ^0 as |a|-»l~. 

Proof: First, we suppose that S' u , : Bf — ► B" is a compact operator. Then, we have {<fi a ( z ) ■ a € D} 
is a bounded set in B" and c^ a — a — > uniformly on compact sets as |a| — > 1 _ . Thus by Lemma 2.4, 

lim \\S Uy(j> <Pa\\B? =°- ( 15 ) 

|a|-»l- log 

Conversely, suppose that (15) holds and let (<j> n ) be a bounded sequence in Bf such that (/>„ — ► 
uniformly on compact sets, as n — > oo. We will show that lim n ^ 1 1 <$«,</>/« 1 1 e° — 0. Let A > be given 
and fix < 5 < 1 such that if \a\ > 6, then \\S' U . <p a ||B£ < A. Then, we have ||<S^j, V/(«o)IIBio < ^' 
Hence, for any n € N and zo€D such that |/(2o)| > 8, we have 

\KM\bz, = sup|0'(/ n (z o ))||u'(z o )|(l-ko| 2 ) Q flog-^-^) 

g z£D \ 1 - \Zo\ J 

< e K(zo)|(l-No| 2 ) a flog 2 



< e||u||e° < s const. (16) 

Since the set A — {w : |w| < 5} is a compact subset of D and <p' n — > uniformly on compact sets and 
sup^g^ 1 0^ (if) | -^Ofls n — ► oo. Therefore we may choose no large enough so that \(4>'(f n ))\ < £, for any 
n > n and any z£D such that \f{z)\ < S. Then, for n > n , we have 

11^,0 fn II s» og . <e const. (17) 

Thus (16) and (17) yield 

ll'S'u^ /™lle° g < £ consi. Vn>n . (18) 

Thus (18) yield that \\S' U ^ / n || B « g -> as n -» oo. Hence by Lemma 2.2, ||£^ /„|| B£g -» Bf og is a 
compact operator. 
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FUZZY FIXED POINTS OF CONTRACTIVE FUZZY 

MAPPINGS 

AKBAR AZAM 1 AND MUHAMMAD ARSHAD 2 

Abstract. We prove the existence of fuzzy fixed points of a gen- 
eral class of fuzzy mappings satisfying a contractive condition on a 
metric space with the Hausdorff metric on the family of fuzzy sets 
and apply it to obtain fuzzy fixed points of fuzzy locally contractive 
mappings. 



1. Introduction and Preliminaries 

Heilpern [16] first introduced the concept of fuzzy mappings and 
established a fixed point theorem for fuzzy contraction mappings. Af- 
terwards many researcher (e.g., see [1, 2, 3, 4, 9, 10, 21, 22, 23, 24] and 
reference therein) extended the result of Heilpern and studied fixed 
point theorems for fuzzy generalized contractive mappings. Recently 
in ( [1 , 2] ) , the authors obtained Heilpern fixed points of fuzzy contrac- 
tive and fuzzy locally contractive mappings on a compact metric space 
with the doo -metric for fuzzy sets. In [4] the authors studied fixed 
point theorems of a wider class of fuzzy mappings and obtained some 
doo -metric fixed point results of the literature as corollaries. 

In the present paper we prove theorems concerning common fixed 
points of the same wider class [4] of fuzzy contractive and fuzzy locally 
contractive mappings and obtain some d^ -metric fixed point results 
of [2] as corollaries. Our results also generalize/fuzzify several other 
known results (e.g., see [7, 13, 16, 18, 25]). 

Let (X, d) be a metric space and CB(X) = {A : A is nonempty 
closed and bounded subset of X}, C(X) = {A : A is nonempty compact 
subset of X}. For A, B G CB{X) and e > the sets N d {e, A) and 
B d AB are defined as follows: N d (e, A) = {x G X : d(x,a) < e for 
some a G A}, E d AB = {e G A C: N d {e,B),B C: N d {e,A)}, where 
d(x, A) = mi{d(x,y) : y G A}. The Hausdorff metric du on CB(X) 
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induced by d is denned as du(A,B) = inf E d AB . For x,y & X, an e- 
chain from x to y is a finite set of points £0,^1,^2, ' ' 'j^n such that 
x = xo, x n = y and d(xj,Xj + i) < e for all j = 0, 1, 2, • • -,n — 1. A 
fuzzy set in X is a function with domain X and values in [0, 1]. If A 
is a fuzzy set and re G X, then the function values A(x) is called the 
membership grade of x in A. The a- level set of A, denoted by a A, and 
is defined by 

a A = {x: A(x) >a}iiae (0,1], 

°A = {x: A(x) > 0}. 

Here I? denotes the closure of the set B. A fuzzy set A in a metric 
linear space X is said to be an approximate quantity if and only if 

a A is compact and convex in X for each a G [0, 1] and supA(x) = 1. 

xex 
The family of all approximate quantities in a metric linear space X is 
denoted by W(X). We denote the fuzzy set X{ x } by {x} unless and 
until it is stated, where Xa is the characteristic function of the crisp 
set A. Let F(X) be the collection of all fuzzy sets in a metric space X 
and 

E{X) = {A e F{X)} : a AeCB{X),Vae [0,1]}. 

E C {X) = {Ae F(X)} : a A e C(X), Va G [0, 1]}. 
For A, B G -F(A) , A C 5 means A(x) < .B(x) for each x G X. If there 
exists an a G [0, 1] such that a A, a B G CB(X) then define 

P Q (A,B)= inf d(x,y), 

D Q (A, J B) = d H ( a A, Q S). 

If a A, a B G CS(X) for each a G [0, 1] then define P(A, B) = supP a (A, B), 

a 

D(A, B) = supD a (A, B). If d* is another metric on X then 

a 

Now define rfoo : -E(X) x E{X) — > M (induced by the Hausdorff metric 
dij ) as 

d OQ (A,B) = d H ( a A, a B). 

We note that doc is a metric on E(X ) and the completeness of (X, d) 
implies that (CB(X),dii) and (E(X),d oa ) are complete. Moreover 

(X,d) hh. (CS(X),d H ) ^ (^W,doo), 

are isometrics embeddings by means a; — >■ {x} (crisp set) and A — > 
Xa respectively. Let X be an arbitrary set, Y be a metric space. A 
mapping T is called fuzzy mapping if T is a mapping from X into 
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F{Y). A fuzzy mapping T is a fuzzy subset onlxF with membership 
function T(x)(y). The function T(x)(y) is the grade of membership of 
y in T(x). A point x G X is said to be fuzzy fixed point of a fuzzy 
mapping T if {x} C T(x). 

Lemma 1. [25] Let (X, d) be a metric space and A,B G CB{X) with 
dn(A, B) < e, then for each a G A there exists an element b G B such 
that d(a, b) < e. 

Lemma 2. [25] Let (X,d) be a metric space and A,B<E CB(X),then 
for each a G A, d(a, B) < d(A, B). 

In section 2 we extend Edelstein fixed point theorem to fuzzy map- 
pings. Section 3 deals with the study of fuzzy fixed point theorems for 
locally contractive mappings. We extend the concept of locally con- 
tractive mappings of Edelstein [12, 13] (see also [1, 3, 6, 7, 18, 20, 25]) 
to locally contractive fuzzy mappings and obtained a fuzzy fixed points 
for such mappings. 

2. FIXED POINTS OF FUZZY CONTRACTIVE MAPS 

One very pretty and significant fixed point theorem, originally due 
to Edelstein [13] is that if (X, d) is a compact metric space and T : 
X — > X is a contractive mapping ( i.e d(Tx, Ty) < d(x, y) for each 
x, y G X). Then there exists a unique fixed point of T. Edelstein fixed 
point theorem was further studied/extended by Daffer and Kanekofll], 
Hu and Rosen [18]. Beg [5] proved random analogue of this result 
and obtained random fixed points of contractive random mappings. 
Recently Grabiec [15] and Mihet [24] extended this result to fuzzy 
metric spaces. In the following theorem, we extend the above result to 
a general class of fuzzy mappings. 

Theorem 1. Let (X, d) is a compact metric space and T : X — *■ X is 
a fuzzy mapping such that for each x G X there exists a(x) G (0, 1] 
such that a ^T(x) is nonempty, compact and x,yE X, x ^ y, 

d H ( a ^T(x), a(y) ny)<d(x,y). 

Then there exists x* G X such that x* e a( - z *^ T(x*). 

Proof. For each x G X, pick a(x) G (0, 1] such that a ^T(x) is non- 
empty, compact and define a real valued function g : X — > R by 
g(x) = d(x, a ^ T(x)). It follows that, 

g(x) = d{x, a(x) T(x)) < d(x, y) + d{y, a{x) T(x)) 

< d(x, y) + d(y, aiy) T{y)) + d H ( a ^T(x), a(y) T(y)). 
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That is, 

g(x) - g(y) < d(x,y) + d H ( a ^T(x), a{y) T(y)). 
By symmetry, we obtained, 

\g(x) - g(y)\ < d(x,y) + d H ( a ^T(x)^T(y)). 

It follows that g(x) = d(x, a ^ T(x)) is continuous. By compactness, 
this function attains a minimum, say at x*. Now, by compactness of 

a(x *)T(:r*), we can choose X\ G Q ^*' T(x*) such that, 

d(x*, Xl ) = d{x*, a{xt) T{x*)) = g(x*). 

Then x* e a(z,) T(x*), otherwise, 

g( Xl ) = d(x 1 , a ^T(x 1 ))<d H ( a ^T(x*)^T(x 1 )) 
< d(x*, Xl ) = d(x*, a{x * } T(x*)) = g(x*). 

Which is a contradiction to the minimality of g(x) at x*. It completes 
the proof. 

Example 1. Let X = [0, oo), d(x,y) = \x — y\, whenever x, y G X and 
A : (0, oo) — >■ F(X) be defined as follows: 

D 



A(x)(t) 



1 if < t < | 
- if - < t < - 

2 8 — — 4 

| if | < t < x 

if x < t < oo 



Now, define T : X -> F(X) as follows: 

T(x)-i W if ' x = 
[X) ~ \ A(x) iix^O 

Then, if x ^ 0, 1 T(x) = [0, |], which is not compact and ^T{x) = 
{t G X : T(x)(t) = |} = [0, |]. Thus all conditions of Theorem 1 are 

satisfied to obtain 6^ T(0) while previously known result [4, Theorem 
2.1] is not applicable to obtain it. 

Corollary 1. Let (X, d) is a compact metric space andT : X — > E C {X 
) is a fuzzy mapping such that for each x, y G X, x ^ y 

d(T(x),T(y))<d(x,y). 

Then there exists x* G X such that x* G T(x*). 
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Proof. Let xG X, by hypothesis l T{x) is nonempty compact subset of 
X for each x. Thus 

d H ( 1 T(x), 1 T(y)) < D(T(x)T(y)) 

< d 0O (T( a ;)r(j/))<d(x,j/). 

Apply theorem 1 to obtain x* G X such that x* G x T(a;*), hence{x} C 
T(x*). D 

3. FUZZY LOCALLY CONTRACTIVE MAPS 

In this section we established fuzzy fixed point theorem for locally 
contractive fuzzy mappings. The following lemma is recorded from [27]. 

Lemma 3. [27] Let (X, d) is a compact conected metric space. Then 
for each e > and x, y G X there exists an e-chain from x to y and 

n— 1 

the mapping d e : X x X — > R defined by d e (x,y) = inf{^> d(xj,Xj+i) : 

x , Xi, x 2 , ■ ■ •, x n is an e- chain from x to y} is a metric on X equivalent 
to d. Furthermore, for x, y G X and e > there exists an e-chain 

n—l 

x = xo, x\, X2, ■ ■ •, x n = y such that d e (x, y) = } d{xj, Xj+i). 

Theorem 2. Let (X, d) is a compact conected metric space and T : 
X — > F(X) is a fuzzy mapping such that the following conditions are 
satisfied: 

(i) For each x G X there exists a(x) G (0, 1] such that a ^T(x) is 

nonempty, compact and 

(ii) each x of X belongs to an open set U such that for each y, z G U, 

d H ( a ^T(y), a{z) T(z))<d(y,z). 

Then there is a new metric d* for X equivalent to d such that for each 
x,y G X 

d* H ( a{x) T(x), a{y) T(y))<d(x,y) 
and there exists x* G X such that x* G a ^*^ T(x*). 

Proof. First, by Lemma 3 for each e > and each pair of points p,g6 
X there exists an e-chain p — xo, %i, x%, ■ • •, x n = q from p to q. Next 
use compactness of X to find S > such that if x ^ y and d(x, y) < 5, 
then d H l a ^T(x), a ^ T(y)) < d(x, y). □ 



1010 



6 A. AZAM AND M. ARSHAD 

Now let d* = dz that is for p,q G X 

n—l c 

dip, q) = inf{y^d(xj, Xj+i) : x , x\, x 2 , ■■■, x n is an — chain from p to q}. 
3=0 



By lemma 3, d* is a metric on X equivalent to d and there exists an 
^— chain p = xq, x\, x 2 , • • -,x n — q from p to q such that 

71— 1 

d*ip,q) = J2d(xj,x j+1 ). 

3=0 

Now, d(xj,Xj + i) < | < 5 implies that 

d H { a{xj) T{x j ), a{Xi+l) T{x j+1 )) < d(xj,x j+1 ) < 5. 

It follows that 

d( Xj ,x j+1 ) - d H i a ^T( Xj )^ +l) T(x J+1 )) > 0. 

Assume that Mj = d{xj,x j+1 ) - d H ( a{xj) T(xj), a ^+^ T{x j+1 )) for j = 
0, 1, 2, , n — 1. It further implies that Mj > and 

(2) 

d H ( a ^T(x j ), a{xj+l) T(x j+1 )) < d(xj,x j+1 )-^foij = 0,1,2,, n-1. 

Consider an arbitrary element yo e"^ ) T{xo).In the view of inequality 
(2) along with Lemma 2 we may choose y\ G ' 11 ' T(xi) such that 
d(yo,yi) < d(xo,Xi) — ^. Similarly, we may choose y 2 E a ( X2 ^ T(x 2 ) 
such that d(j/i, 3/2) < d{x\,x 2 ) — ^f 1 . Continuing in this fashion we 
produce a set of points y ,y 1 ,y 2 ,- ■ -,y n where yj e a ( x J') T(xj) such 

that d(yj_i,yj) < d(xj-i,Xj) ^ for j = 0, 1,2, ,n — 1. Obviously 

y , 2/i, Z/2, • • •, 2/n is an | -chain iormy to y n . Thus 

71 — 1 r 

d*iyo, Vn) = inf{y^d(xj, Xj+i) : x , xi, x 2 , • • •, x„ is an - - chain from y to y n }. 
3=0 

rc-1 

i=o 
3=0 
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Since 

n— 1 



d*(p,q) = ^2d(xj,x j+l ). 

3=0 



n—l 



Therefore, d*(y ,y n ) < d*(p,q) — Y^-^)- Assume that k = d*(p,q) — 

3=0 

n—l 

5^(^), then k > and y G N d *{k, a ^ T{x n )). Hence 
i=o 

(3) Q(:Co) T(xo) C iV d * (&, a(Xw) T(x„)). 

Now consider an arbitrary element z n G a( - Xn ^T(x n ). Again in the view of 
inequality (2) along with Lemma 2, we may choose z n -\ G a ( Xn ~ 1 ) r [ '(a; n _i) 
such that d(z n -i, z n ) < d(xo, xi) — ( ^~ 1 ). Then by the same procedure 
we obtain an f — chain z j z\, zi-, • ■ ■, z n from z to z n where, 



2 
2 W1CM11 ^U) ^1? "'A-, j ' 

n—l 



cT(«b,^)<cT(p,( / )-^(^) = *- 

i=o 

Thus z„ G A^ d *(A;, a(a:o) r(a;o)). Hence 

(4) a ^T(a; n ) C JV d * (A;, a(zo) T(x )). 

In the view of inequalities (3) and (4), it follows that k G E^ {xq)t , . a(xn)T(x y 
Thus 

d* H ( a ^T(x ), a{Xn) T(x n ))<k. 

It further implies that 

n - 1 M 
d* H ( a(p) T(p), a{q) T(q)) < d*(p,q) - £(-^) < cf (p,g). 

i=o 

Hence for all x, y, 

d* H ( a ^T(x), a{q) T(y)) < d*(x,y). 

Now by lemma 3 there exists x* G X such that x* e a(z *' ) T(x*). 

Corollary 2. Let (X, d) is a compact conected metric space and T : 
X — >■ Eq{X) is a fuzzy mapping such that the following condition 
is satisfied: each x G X belongs to an open set U such that for each 

V Z G U V ^F z 

d OQ (T(y),T(z))<d(y,z). 

Then there exists x* G X such that {x*} C Tx*. Here by providing 
following theorem, we achieve set-valued version of Edelstein Theorems. 
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Theorem 3. Let (X,d) is a compact metric space and S : X — >• C(X) 
be a set valued mapping such that either for each x, y G X, x ^ y 

d H (S(x),S(y)) < d(x,y). 

Then there exists x* G X such that x* G S(x*). 

Proof. Consider a fuzzy mapping T : X — > F(X) defined by as follows: 

T[x)[t) = { I «w 

Then wT(x) = S(x) hence by Theorem 1 and Theorem 2 there exists 
x* G X such that x* G^> T(.x*) = 5(x*). □ 
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On explicit solutions to a polynomial equation 
and its applications to constructing wavelets* 



D. H. Yuan 1 - 2 , Y. Feng 3 , Y. F. Shen 2 , S. Z. Yang 2 ^ 

Abstract 

In this paper, we address the problem of finding appropriate polyno- 
mial solution for a polynomial equation, which is corresponding to con- 
struct an orthonormalscaling filter ulm{(,) with the dilation factor 4 and 
proposed in [J.Math.Anal.Appl. 317(l):364-379]. By constructing meth- 
ods, we present explicitly solutions for this system. As application, we 
obtain orthonormal scaling function with dilation factor 4. In particular, 
we give some examples of constructing real and complex scaling function. 
Keywords: polynomial equation, orthonormal wavelet bases, scaling 
function, binomial theorem 



1 Introduction 

The usual method of constructing a compactly supported orthonormal wavelet 
bases of L 2 (R), with dilation factor 4, is the construction of a mother scaling 
function $(•). This scaling function is an L 2 -solution of the following refinement 
equation: 

N 

$(A) = Yl a nH^X - n), X g R, {a n } n C R. (1) 

re=0 

Note that the orthonormality of the translates of $(•) implies that the trigono- 
metric polynomial 

1 N 

n=0 
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satisfies the orthogonality condition 

K(£)l 2 + K(£ + ir/2)\ 2 + K(£ + ^)l 2 + K(£ + 3tt/2)| 2 = i, V£ g [0, 24 

(2) 
It is well known that in order $(•) € L 2 (R), it is necessary that 

for some positive integers M, where L(e 1 ^) is some the trigonometric polynomial. 
By using (3), one concludes that 

\m M (0\ 2 ■ = K(£)| 2 

= cos 2M (0(1 + cos(0) M Qm(cos(0),Qm(-) = |L(e f )| 2 /2 M (4) 

Let X = cos(£), then by substituting (4) into (2), one concludes that the poly- 
nomial Qm has to satisfy the following equation: 



X 



2M [(1 + X) M Q M {X) + (1 - X) M Q M (-X)} + (1 - X 2 ) M 



x (1 + y/l-X*) M Q M (y/l-X*) + (1 - a/I-^Qm^VI-X 2 ) 

= i,vxe[-i,i]. (5) 

Note that function (1 +X) M Q M {X) + (1 - X) M Q M {-X) is even with respect 
to X, we can denote it by the symbol Hm(X 2 ). Therefore, the equation (5) can 
be rewrite as 

X 2M H M (X 2 ) + (1 - X 2 ) M H M (1 - X 2 ) = 1,VI€ [-1, 1]. (6) 



X M H M {X) + (1 - X) M H M (1 -I) = l,VXe [0, 1]. (7) 

By Bezout lemma, Equation (7) has a unique solution of degree M — 1 Hm{X), 

H M (X) := P M (X) := £ ( 2M fc " * ) X k {l X) M ~ 1 -". (8) 

The problem of solving (2) is converted to the problem of finding an appropriate 
polynomial Qm satisfying 

(1 + X) M Q M {X) + (1 - X) M Q M (-X) = P M {X 2 ),X g [-1, 1], (9) 
Q M (X) >0,X €[-1,1] (10) 

where Pm(X) is the solution of degree M — 1 of Equation 

X M P M (X) + (1 - X) M P M (1 -X) = 1,VX€ [0, 1]. 
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Karoui [1] proposed that the above system Eqs (9) and (10) can be solved 
numerically by converting it to a system of quadratic equations. However, he 
pointed out that this methods are feasible for small enough M but large M. 
Moreover, the numerical method can not provide us with an explicit solution 
that depends on M . 

In this paper, we address the problem of finding appropriate polynomial 
solution for the system Eqs (9)and (10). We present some explicit solutions for 
this system by constructing methods in section 2. As application, we obtain 
orthonormal scaling function with dilation factor 4 in section 3. In particular, 
some real or complex scaling functions are given in section 4. 



2 Main results 

In this section, we solve the system Eqs (9), (10) and provide some explicitly 
solutions for this system. To this purpose, we need the following lemma, which 
is Theorem 2.4 in [2]. 

Lemma 1 For given nonnegative integers N and I with I < N, let Pn^(X) : 

-ELo( N t l ) xk ^- x y^- Then 

(i)p N Ax) = ELo( N ~l + k )x k , 

(II) Pn^(X) > for all x £ R if and only if I is an even number. 

Remark 1 Note that Pm{X) defined in (8) is Pm,m-i{X) defined in Lemma 
1. Therefore, Pm{X) > if and only if M is an even number. 

Firstly, we give a solution of the system Eqs (9) , (10) of degree M — 1. Define 



><*> = { (i-x)(i-2xr ) (11) 

and let Tm(X) be the (M — l)th-degree Taylor polynomial of the function / at 
X = 0. We have the following theorem. 

Theorem 1 For any integer M ^ 1, let f{X) be the function defined in (11) 
and Tm{X) be the (M — l)th-degree Taylor polynomial of f at X = 0. Then 
Tm ( 2 ) /2 M is the unique solution of the system Eqs (9), (10) of degree M—l. 

Proof. By the definition of Tm{X) in (11), it is evident that Tm(0) = 1 and all 
the coefficients of Tm(X) arc nonnegative. Therefore, it is straightforward to 
see that T M (X) ^ 1 for all X ^ 0. 
Note that 

(1 + X) M T M f 1 —^-) /2 M + (1 - X) M T M f 1 -^) /2 M 
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is an even function with respect to X on [— 1, 1] and denote it by Pm(X 2 ). It 
is easy to deduce that deg(P M {-)) < M - 1. To prove T M ( k Y L ) /2 M is the 
unique solution of the system Eqs (9), (10) of degree M — 1, we have to show 
Pm{X 2 ) ^ for all X e [-1, 1] and 

Pm(X 2 ) = Pm(X 2 ). 

In fact, since 

and T M (X) ^ 1 for all X ^ 0, one obtains P M (X 2 ) ^ for all X E [-1, 1]. 
Now we are ready to prove Pm(X 2 ) = Pm(X 2 ). Denote 

A(0 := cos 2M (£/2)cos 2M (£)T M (sin 2 (£/2)). 

Han and Ji [3] proved that 

MO + Mt + *r/2) + Aft + tt) + A(£ + 3tt/2) = 1. (12) 

By the definition A and Pm, we have 

B(0 : = A(£) + A{£ + tt) = cos 2M (£) (cos 2M (£/2)T M (sin 2 (£/2)) 



- sin' 



■2M 



(£/2)T M (cos 2 (£/2))) 



= cos 2M (£)P M (l - cos 2M (0) = X 2M P M (X 2 ) 

A(£ + tt/2) + A(f + 3tt/2) = P(£ + tt/2) 

= cos 2M (£ + tt/2)P m (1 - cos 2M (£ + tt/2)) = (1 - X 2 ) M P M (1 - X 2 ) 

with X = cos(£). 

Now by Eq. (12) and the above two identities, wc conclude that 

X 2M P M (1 - X 2 ) + (X 2 ) M P M (1 - x 2 ) =l,VIe [0, 1]. (13) 

Taking Y = X 2 in (13), we get 

y m p m (y) + (i - r) M P M (i - Y) = i,vy e [o, i]. 

Recall deg(PM(:)) ^ M — 1, the above relation implies that Pm^) must be 
the polynomial Pm(^). Thus, we prove 

Pm{X 2 ) = P m (X 2 ). 

Since there is a unique solution of (9) with degree M — 1, we claim that 
Tm (^-5^") /2 M is the unique solution of the system Eqs (9) and (10) of degree 
M-l. D 

The following Theorem 2 and 3 provide solutions Qm of the system Eqs (9), 
(10) with deg(Q M ) > M for fixed M. 
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Theorem 2 For any odd integer M Js 1, denote 

2M-1 / „„, -, \ /-, , tr\l-M /, ,.\ 2M-1-I 



2mP0 - 77a? / , 



2M- L \ fi + xy fi-x 

2™ 



l=M 

Then, 

Q M (X) = Q° M {X)P M (X 2 ). (14) 

is a solution of the system Eqs (9), (10) and the degree of Qm{X) is 3M — 3. 
Proof. Note that 

2M - 1 ' 2M-\ \ fl + X\ l ~ M fl-X^ ls ' ] ' 



^ aivi — 



2 M ^ i \ 2 \ 2 

M 






and 



2M - 1 \ _ / 2M-1 
I ) ~\ 2M-1-1 



1 ^/2M-1 \ /l + XN'/l-JC^- 1 -' 



we have 

1=0 v 7 v 7 v 

Thus, we conclude from (15) that 

(1 + X) M Q° M (X) + (1 - X) M q° m (-x) = 1- 
Multiplying the above equation by Pm(^ 2 ), we obtain 

(1 + X) M Q° M (X)P M (X 2 ) + (1 - X) M Q° M (-X)P M (X 2 ) = P M {X 2 ). 
Therefore 

Qm(-X) = Q° M (-X)P M ((-X) 2 ) = Q° M (-X)P M (X 2 ). 

Thus Qm(X) is a solution of Eq (9). 

Let N = M and I = M — 1. Since M is an odd integer, then from Lemma 1 
Pn,i( X ) = Pm(X) > for all X e P. Hence 

2 M Q° M (X) = P M f^-^1 > 0,P M (X 2 ) > 
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Qm(X) = Q° M (X)P M (X 2 ) > 

Therefore, Qm(X) is a explicit solution for this system Eqs (9), (10). Note that 
the degree of Q° M (X) is M — 1 and the degree of Pm{X 2 ) is 2M — 2, we obtain 
the desired result. □ 



Theorem 3 For any even integer M Js 1, denote 

, 2M+ 

Qm(X) = -^mTi Yl 
Then, 



2M+1 / o»r , 1 \ /1 i Y \l-(M+1) /1 yX 2M+l-I 
J=M+1 



x ( 2M + 1 \/l + X\ n T 71-^ 

2 M+ 



Qm(X) = (1 + X)Q a M (X)P M {X 2 ). (16) 

is a solution of the system Eqs (9), (10) and the degree of Qm{X) is equal to 
3M-1. 

Proof. Note that 

( i + x i-x\ 2M+1 = 2 ^ f 2M + 1 \ /i + n' /i_- jr 2M+1 -' 

= (! + *) ^mTT 2. ^ l [^ [—2- 

l=M+l v / \ / \ 



Denote 

Q'm(X) := — g^ ^ 



1 + X 2 ^ / 2M + 1 \ (1+X\ l - {M+1) f\-X^ ,+i ~' 
2 M+: 



n /2M + 1\ / 2M+1 \ r , A1 

By I l = l 2M+1-/ j = °' '"' ' ' we obtam 

Thus, we conclude from (17) that 

(1 + X) M Q' M {X) + (1 - X) M Q' M (-X) = 1. 
Multiplying the above equation by Pm(X 2 ), we obtain 

(1 + X) M Q' M (X)P M (X 2 ) + (1 - X) M Q' M {-X)P M {X 2 ) = P M {X 2 ), 
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and 

Qm(-X) = Q' M (-X)P M ({-Xf) = Q' M (-X)P M (X 2 ). 

Thus Qm(X) is a solution of Eq (9). 

Let N — M + 1 and I = M. Since Mis a even integer, then from Lemma 1 
P N ,i{ X ) = Pm+i(X) > for all X g R. Hence 

Q M {X)P M (X 2 ) = ^Pm+i (^Y^j P m(X 2 ) > 0,VX g R. (18) 

Note that 1 + X > for X g [-1, 1], we obtain 

Qm(X) = (1 + X)Q M (X)P M {X 2 ) )0,Xe[-l, 1] 

Therefore, Qm(X) is a explicit solution for this system Eqs (9), (10). Note that 
the degree of Q° M (X) is M and the degree of Pm{X 2 ) is 2M — 2, we obtain the 
desired result. □ 

3 Applications 

To proceed further, we need the following version of Cohen's condition for 
wavelet filters with dilation factor 4, see [4]. Note that this condition ensures 
the orthogonality of the translates for the scaling function and consequently the 
stability of the associated wavelet basis of L 2 (R). 

Cohen's condition. Let mo(-) be a scaling filter with dilation factor 4. Assume 
that there exists a compact set k such that 

(I) k contains a neighborhood of the orign; 

(II) |k| = 2-7T, and V£ e [—n, n], 3k e Z, satisfies £ + 2irk E k; 

(III) inf fe >i inf CGK |m (jr) | > 0. 

Theorem 4 For any odd integers M ^ 1, let Qm be the polynomial given by 
(H). Then any scaling filter 171m(£) given by 

|m M (£)| 2 = cos 2M (C) (1 + cos(0) M Qm(cos(0) 

generates orthonormal scaling junction with dilation factor 4- 

Proof. Let M ^ 1 be an odd integer, from Theorem 2, then Qm(X) is continuous 
and positive for all X E R. Therefore there exists Xq e [— 1, 1] such that 
Q M {X Q ) > and 

Qm(X)>Q m (X ),VXg [-1,1]. 

Consequently, the only roots of S M (X) := X 2M (1 + X) M Q M {X) inside [-1,1] 
are —1, or equivalently, tom(£) vanishes only at n, tt/2. Let k = [— 7r, 7r], then 

£/4 fe g [-7r/4,7r/4] and |m M (€/4 fe )| 2 > ^<2m(*o) > 0. 

So that TOm(£) satisfies Cohen's condition. Thus we can obtain the desired 
result. □ 
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Theorem 5 For any even integers M Js 1, let Qm be the polynomial given by 
(16). Then any scaling filter rriM{C) given by 

\m M (0\ 2 = cos 2M (£) (1 + cos(0) M Qm(cos(0) 

generates orthonormal scaling function with dilation factor 4- 

Proof. Since Q Q M (X)Pm(X 2 ) is continuous and positive for all X £ R from 
(18), then there exists Xq € [—1, f] such that Qm(Xo) > and 

Qm(X) ^ Q M (X ),y X e [-1,1]. 

Consequently, the only roots of 

S M (X) := X 2M {1 + X) M Q M {X) = X 2M {1 + X) M+1 Q° M (X)P M (X 2 ) 

inside [—1,1] are —1, or equivalently rriM{£,) vanishes only at n, 7r/2. Let 
k = [— 7r,7r], then for any even integers M ^ 1, 

e/4 fe e [-7r/4,7r/4] and \m M (C/4 fc )| 2 ^ ^Qm^o) > 0. 
Therefore, TOm(C) satisfies Cohen's condition. □ 

4 Examples 

4.1 Construction of real scaling functions 

When the scaling filter rriM(£,) is obtained, one can obtain high-pass filters by 
the algorithm given in [5]. Therefore, we present here only the expression of 
scaling filter tom(£)- With the notation Z = e 1 *, we give the following explicit 
expressions of tom(C) f° r M = 3, 4, 5 by using the Riesz Lemma [6]. 

m 3 (0 =0.055356 + 0.13423Z + 0.210734Z 2 + 0.303099Z 3 + 0.247787Z 4 
+ 0.136913Z 5 + 0.0487845Z 6 - 0.0713197Z 7 - 0.064884Z 8 

- 0.0172573Z 9 - 0.00801157Z 10 + 0.017604Z 11 + 0.0117441Z 12 

- 0.0038828Z 13 - 0.00150388Z 14 + 0.000620209Z 15 

m 4 (0 =0.026537 + 0.0823424Z + 0.155013Z 2 + 0.252279Z 3 

+ 0.276618Z 4 + 0.219042Z 5 + 0.132719Z 6 - 0.00902654Z 7 

- 0.0776167Z 8 - 0.0605182Z 9 - 0.0424561Z 10 

+ 0.00986602Z 11 + 0.0305473Z 12 + 0.0085857Z 13 
+ 0.00319259Z 14 - 0.00278122Z 15 - 0.0059109Z 16 
+ 0.000491937Z 17 + 0.00153169Z 18 - 0.000337657Z 19 

- 0.000174237Z 20 + 0.0000561525Z 21 
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m 5 (0 =0.0128164+ 0.0483373Z + 0.106319Z 2 + 0.193386Z 3 

+ 0.257265Z 4 + 0.257891Z 5 + 0.20645Z 6 + 0.081691Z 7 

- 0.0345989Z 8 - 0.0768662Z 9 - 0.082805Z 10 - 0.0299905Z 11 
+ 0.0246983Z 12 + 0.0258706Z 13 + 0.0212312Z 14 

+ 0.00499153Z 15 - 0.0123916Z 16 - 0.00578444Z 17 

- 0.000321503Z 18 - 0.0000588937Z 19 + 0.00200214Z 20 
+ 0.000582568Z 21 - 0.000852807Z 22 - 0.0000249286Z 23 
+ 0.000208516Z 24 - 0.0000313929Z 25 - 0.000020983Z 26 
+ 0.0000055653Z 27 






Figure 1: (Left 1) Graph of real scaling function $3(5), (Left 2) Graph of real scaling 
function 3?4(£), (Left 3) Graph of real scaling function 3?s(£). 



4.2 Construction of complex scaling functions 

Han and Ji [3] pointed out that constructing compactly supported symmetric or- 
thonormal real- valued wavelets with a dilation factor greater than two such that 
these wavelets have high vanishing moments is a challenging task. However, by 
considering complex wavelets, one can construct compactly supported symmet- 
ric orthonormal complex wavelets with dilation 4 with arbitrarily high vanishing 
moments. For any odd positive integer M, Basing on a positive polynomial of 
degree M — 1, Han and Ji provided a family of compactly supported symmetric 
orthonormal complex wavelets with dilation 4 with M vanishing moments. For 
any odd positive integer M, note that our polynomial Qm{X) defined by (14) 
is positive for all X € R, we can also construct symmetric orthonormal complex 
wavelets with dilation 4. Once the scaling filter m c M (£ t ) is obtained, one can get 
the symmetric orthonormal complex wavelets with dilation 4 using Theorem 1 
and Algorithm 1 in [3]. Hence, we present the scaling filters m c M (£) for M = 3, 5. 
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mUO = (-0.000691392 + 0.00581844i)Z ( - 7) 

- (0.0108436 + 0.00128853i)Z ( ~ 6) 

- (0.0184532 + 0.0370257i)Z ( ~ 5) - (0.0129805 + 0.0441327i)Z ( ~ 4) 
+ (0.0196523 - 0.0557696i)^ ( ~ 3) + (0.0969841 - 0.0344487i)^ ( ~ 2) 
+ (0.182313 + 0.0727629i)Z ( ~ 1) + (0.24402 + 0.0940838i) 

+ (0.24402 + 0.0940838i)Z 1 + (0.182313 + 0.0727629i)Z 2 
+ (0.0969841 - 0.0344487i)Z 3 + (0.0196523 - 0.0557696i)Z 4 

- (0.0129805 + 0.0441327i)Z 5 - (0.0184532 + 0.0370257i)Z 6 

- (0.0108436 + 0.00128853i)^ 7 - (0.000691392 - 0.00581844i)Z 8 

m s(C) = (-0.000153418- 0.0002185575)Z ( ~ 13) 
+ (0.000694473 - 0.000487492i)Z ( ~ 12) 

+ (0.00272565 + 0.00162133i)Z ( " n) - (0.000244253 - 0.0052159H)Z ( ~ 10) 
+ (-0.00780018 + 0.00739194i)Z ( ~ 9) - (0.0180613 - 0.00705253i)^ ( ~ 8) 
+ (-0.0313129 - 0.011940H)Z ( ~ 7) - (0.0208646 + 0.046018i)Z ( ~ 6) 
+ (0.0166215 - 0.0749529i)Z ( ~ 5) + (0.0594812 - 0.0956152i)Z ( ~ 4) 
+ (0.111141 - 0.0639564i)Z ( ~ 3) + (0.136773 + 0.0155634i)Z ( ~ 2) 
+ (0.125668 + 0.0930182i)Z ( " 1) + (0.125332 + 0.163325i) 
+ (0.125332 + 0.163325i)^ 1 + (0.125668 + 0.0930182i)Z 2 
+ (0.136773 + 0.0155634i)Z 3 + (0.111141 - 0.0639564i)Z 4 
+ (0.0594812 - 0.0956152i)Z 5 + (0.0166215 - 0.0749529i)^ 6 

- (0.0208646 + 0.046018i)^ 7 - (0.0313129 + 0.011940K)Z 8 

- (0.0180613 - 0.00705253i)Z 9 - (0.00780018 - 0.00739194i)Z 10 

- (0.000244253 - 0.00521591)Z n + (0.00272565 + 0.00162133i)Z 12 

+ (0.000694473 - 0.000487492i)Z 13 - (0.000153418 + 0.000218557i)Z 14 
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1.5 2 2.5 



Figure 2: (Left)Graph of complex scaling function &s(£), (Right) Graph of complex 
scaling function <£>§ (£) . 
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Abstract In this paper, we investigate the numerical solution of fully fuzzy linear matrix equations 
AX = B. The fuzzy solution to the fully fuzzy matrix equations are expressed by the location index 
solution and the left and right fuzziness index function of this location index solution. The necessary and 
sufficient conditions for the existence of fuzzy solution and the solvability to fully fuzzy matrix equations 
are also discussed. Some numerical examples are given to illustrate the efficiency of the proposed method. 
Keywords: Fuzzy numbers; Fuzzy arithmetic; Parametric form; Fully fuzzy linear matrix equations; 
Fuzzy solution. 

1. Introduction 

The concept of fuzzy numbers and fuzzy arithmetic operations with these fuzzy numbers were first 
introduced and investigated by Zadeh [17, 42], Dubois and Prade [21]. One major application of the fuzzy 
number is treating linear systems whose parameters are all or partially represented by fuzzy numbers. 
Fuzzy systems are used to study a variety of problems ranging from fuzzy topological spaces [15] to 
control chaotic systems (for example, in [22,38]), fuzzy metric spaces [32], fuzzy linear systems (see 
[2, 4 - 7, 11, 12, 18, 36, 37]), fuzzy differential equations (see [1, 8, 9, 14, 16, 27, 28, 34]), particle physics [35] 
and so on. 

One field of applied mathematics that has many applications in various areas of science is solving a 
system of linear equations. In many problems in various areas of science, which can be solved by solving a 
system of linear equations. Some of the system parameters are vague or imprecise, and fuzzy mathematics 
is better than crisp mathematics for mathematical modeling of these problems. It is immensely important 
to develop numerical procedures that would appropriately treat a system of linear equations where some 
elements of the system are fuzzy, is called fuzzy system. 

A general model for solving a fuzzy linear system whose coefficient matrix is crisp and its right 
column is an arbitrary fuzzy vector was first proposed by Friedman et al. [23] and his colleagues used the 
embedding method and replaced the original fuzzy linear system by a crisp linear system and then they 
solved it. And studied duality in fuzzy linear systems Ax = Bx + y, where A, B are real n x n matrices, 
both the unknown vector x and the constant y are vectors consisting of n fuzzy numbers in [29]. A 
large number of researches have been produced about how to solve numerically fuzzy linear systems (see 
[5 — 7, 18]) and so on. Asady et al. [13], who merely considered the full row rank system, used the same 
method to solve the mxn fuzzy linear system for m < n. Later, Zheng and Wang in [39, 43] discussed the 
m x n general fuzzy linear system and the inconsistent fuzzy linear system by using generalized inverses 
of the coefficient matrix. Also, Wang et al. [40] presented an iterative algorithm for solving dual linear 
system of the form x = Ax + u, where A is real n x n matrix, the unknown vector x and the constant u 
are all vectors consisting of fuzzy numbers and Abbasbandy [3] investigated the existence of a minimal 
solution of general dual fuzzy linear equation system by means of matrix generalized inverse theory. At 
the same time, Muzziloi et al. [31] considered fully fuzzy linear systems of the form A\x + b\ = A^x + 62 
where A\ , A 2 are coefficient matrices consisting of fuzzy numbers and b\ , 62 are vectors consisting of fuzzy 
numbers, respectively. And Dehghan et al. [19, 20] considered fully fuzzy linear systems Ax = b where A 
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and b are a square matrix of fuzzy coefficient and a fuzzy vector, respectively. They also discussed the 
iterative solution of fully fuzzy linear systems. 

It is well known that the fuzzy linear matrix equations (shown as FLME) has widely used in the control 
theory and control engineering. However, few works have been done over the past decades. Allahviranloo 
et al. [10] studied fuzzy linear matrix equations of the form AXB = C where A G R mxn , B G R rxe and 
A, B and C are given matrices where C is a fuzzy matrix, and X is the unknown matrix by applying 
the Kronecker product to transform this system to nonsquare system. Gong et al. [25] investigated the 
m x n inconsistent fuzzy matrix equation of the form AX = B where A is a crisp real matrix and B, X 
are matrices consisting of fuzzy numbers by using generalized inverse of the matrix. 

In this paper, we attempt to find a fuzzy solution of fully fuzzy linear matrix equations of the form 
AX = B based on a new arithmetic calculation in [30], where A and B are matrices consisting of 
fuzzy numbers. To this end, we split the general fuzzy linear matrix equations into a location index 
linear matrix equations and two fuzziness matrix functions. First, we obtain a location index solution 
by solving a location index linear matrix equations AqX = Bq. Second, we select two fuzziness matrix 
functions maxjyl*, B if },imix{A* ,B*} as the left fuzziness index function and the right fuzziness index 
function of this location index solution. Thus, a fuzzy solution is expressed by means of a location index 
number and two fuzziness index function. Using this new fuzzy number arithmetic the solution of fully 
fuzzy linear matrix equations is not only obtained easily, but also some restrictions, which assumed the 
solution is positive fuzzy matrix in the existing literature, are overcame. 

The outline of the paper is as follows: In Section 2, we recall some important fundamental results. 
In Section 3, the numerical solution of fully fuzzy linear matrix equations AX = B are discussed. The 
necessary and sufficient conditions for the existence of fuzzy solution and the solvability to fully fuzzy 
matrix equations are also discussed. In Section 4, some numerical examples are given to illustrate our 
proposed method. The conclusion is drawn in Section 5. 

2. Preliminaries 

In this section, we give some definitions and introduce the notation which will be used throughout 
the paper. 

Let us denote by Mf the class of fuzzy subsets of the real axis (i.e., it : R — > [0, 1]) (see [21]) satisfying 
the following properties: 

(1) u is normal, i.e., there exists so G R such that u(so) = 1, 

(2) it is a convex fuzzy set (i.e., u(ts + (1 — t)r) > mm{u(s) , u(r)} , Vt G [0,1], r,s G M), 

(3) u is upper semicontinuous on R, 

(4) cl{s G M | u(s) > 0} is compact where cl denotes the closure of a subset. 

Then Mp is called the space of fuzzy numbers. Obviously M G Mf- For < a < 1, set [u] a = {s G M | 
u(s) > a} and [u]° = cl{s G M | u(s) > 0}. Then from (l)-(4) it follows that if u belongs to M^ then the 
a— level set [u] a is a non-empty compact interval for all < a < 1. 

An equivalent parametric form of an arbitrary fuzzy number is also given in Goetschel and Voxman 
[24] as follows: 

Definition 2.1. A fuzzy number u in parametric form is a pair (u,u) of functions u(r), u(r), < r < 1, 
which satisfies the requirements: 

(1) lk{ r ) is a bounded monotonic increasing left continuous function, 

(2) u{r) is a bounded monotonic decreasing left continuous function, 

(3) u(r) <u(r), < r < 1. 

A crisp number x is simply represented by (u(r),u(r)) = x, < r < 1 and called singleton. 

For arbitrary two fuzzy numbers x = (x(r),x(r)),y = (y(r),y(r)) and k, the addition, subtraction 
and scalar multiplication are defined by the extension principle [41] and can be equivalently represented 
as follows: 
Definition 2.2. Let x = (x(r),x(r)), y = {y(r),y(r)) G Mf> < r < 1 and real number k. 

(1) x = y iff x{r) = y(r) and x(r) = y(r), 

(2) x + y = (x(r) +y(r),x(r) +y(r)), 

(3) x - y = (x(r) - y(r),x(r) - y(r)), 
(kx(r),kx(r)), k>0, 
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The collection of all the fuzzy numbers with addition and scalar multiplication as defined above is a 
convex cone. 
Definition 2.3. For arbitrary fuzzy numbers u = (u(r),u(r)), v = (v(r),v(r)) G Rp, the quantity 

D(u,v) = sup {max[| u(r) — v(r) |, | u(r) — v(r) |]} 

0<r<l 

is called the distance between u and v. 

This metric is equivalent to the one by Puri and Ralescu [33] and Kaleva [26]. 

For later use, we introduce a lattice L and fuzzy number (uq , ti* , u* ) , with a parametric form and a 
new fuzzy arithmetic (see [30]). 
Definition 2.4. A lattice L as 

L = {h | h : [0, 1] — > [0, oo) is nondecreasing and left continuous}. 

The order in L is the natural order defined by h < g if and only if h(r) < g(r) for all r G [0, 1]. It is 
easy to show that 

[h V g] = max{h(r),g(r)}, 

[hAg] = mm{h(r),g(r)}, 
where hV g and hAg are supremum and infimum of h and g. 
Definition 2.5. For arbitrary fuzzy number u = (u(r),u(r)), the number 

«o = |(u(l)+«(l)) 
is said to be a location index number of u, and two nondecreasing left continuous functions 

-u* = Uo — u, 

U* =U — Uq 

are called the left fuzziness index function and the right fuzziness index function, respectively. 

According to Def. 2.5, every fuzzy number can be represented by (uo,u*,u*). 
Definition 2.6. For arbitrary fuzzy numbers u = (uo,u*,u*) and v = (vo,v*,v*), the four arithmetical 
operations are defined by 

u\3v = (uoOvo, u»Vh„m'V v*), 
where uOv is either of u + v, u — v, u ■ v, -. 

The arithmetic is determined by the operations on both location index and fuzziness index functions. 
The location index number is taken in the ordinary arithmetic, whereas the fuzziness index functions are 
considered to follow the lattice rule which is least upper bound in the lattice L. Here and after this, we 
operate all fuzzy arithmetic calculation using the above definition. 

Definition 2.7. A matrix A = (ajj), i,j = 1, 2, • • • n, is called a fuzzy matrix, if each element of A is a 
fuzzy number with a parametric form as Def. 2.5, we represent A = (a^) that 

aij = {(aij)o,(aij)*,(aij)*) 
where (ajj)o is location index matrix of a^ and (ay)*, (aij)* are left fuzziness index matrix function and 
right fuzziness index matrix function, respectively. 

Definition 2.8. A vector b = (bi) is called a fuzzy vector, if each element of b is a fuzzy number, with 
new notation 

b=({bi)o,(bi)*,(bi)*) i = l,2,---n, 
where (6j)o is location index vector of bi and (6j)*, (bi)* are left fuzziness index vector function and right 
fuzziness index vector function, respectively. 

3. Fully Fuzzy linear matrix equations 

In this section, we will investigate the fuzzy solution of fully fuzzy linear matrix equations of the form 
AX = B based on a new arithmetic calculation in [30]. We give the necessary and sufficient conditions 
for the existence of a fuzzy solution of fully fuzzy linear matrix equations and analyze the solvability of 
fully fuzzy linear matrix equations AX = B. 
Definition 3.1. The model equations 



I an a i2 a ln ^ ( x n x\ 2 " x\n \ ( &n &12 ■ ■ ■ h n \ 

621 622 • • • &2n 



«21 G22 • • • 0-2n 

\ o- n i a n 2 • • • a nn J 



X 2 1 X 2 2 • • • X 2n 

y x n i x n 2 • ■ • x nn J 



\ b n i b n 2 ■ ■ ■ b nn J 
where the left coefficient matrix A = (aij) (1 < LA < n), and the right-hand matrix B 



j ijj 
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[I < 
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hj < n) are all fuzzy number matrices which be defined as Def 2.7, is called a fully fuzzy linear matrix 
equations (FFLME). 

Using matrix notation, we have 

AX = B. (3.2) 

Let A be a nonsingular fuzzy matrix. Then a fuzzy number matrix X = (Xo,X*,X*) is called a 
unique fuzzy solution of FFLME (3.1) if 

A X = B , i«vi,=5 t ,i*vr=5*. 

Actually, X = ( Xq , X* , X* ) is also equivalent to X = (xi, X2 ■ ■ ■ , x ra ) if 

Ac, = 6,,l = l,2,---,n, (3.3) 

where x; = (((xu)o, (xi/)*, (»«)*), ((#2j)o, (^2/)*, (^2/)*), ■ ■ ■ , {(x n i)o, {x n l)*, (^ni)*)) T > ' = 1, 2, ■ ■ ■ ,n, 
is the /th column of unknown matrix X, and B = (6i, 62 ■ ■ ■ , 6n), given by 

bj = (((611)0, (&n)*, (611)*), ((621)0, (621)., (M*), • • • , ((Mo, (M*, (M*)) T , / = 1, 2, • ■ ■ , n, is the /th 
column of the right-hand fuzzy matrix Z?. 

For the Eq. (3.3), we also can write as the following form: 

n 

^ ciijXi = b h i, I = 1, 2, • • • , n. (3.4) 

i=i 

Theorem 3.1. If X = (X ,X*,X*) is a fuzzy solution of FFLME (3.1), then X = (A y 1 B ,X^ = 

max{A*,B*},X* = max{A*,B*}. 

Proof. By virtue of Def 2.7, FFLME AX = B can write 

(Aq, A*, A*)(Xq,X*,X*) = (Bq,B*,B*). 
By Def 2.6, we have 

(i 4ivi„#vr) = (B ,B*,B*). 
It follows 

AqXq = Bo, 

i*vr = s*. 

This implies 

X = (A))" 1 ^,^* =max{A,^},X* = max{^*, J B*}. 
The proof is completed. □ 

Theorem 3.2. If the fuzzy linear matrix equations (3.1) has a fuzzy solution, then the following condi- 
tions hold: 

n 

(i). ^2 (dij)oXi = (bu)o, i, I = 1, 2, ■ ■ ■ , n, has a solution as a crisp linear equation system; 

i=i 
(ii). max {(%)*} < (bu)*,i,l = 1,2, ■■■ ,n, where 6j/ G 5; 

l<jf<n 

(hi), max {((%•)*} < (bu)*,i,l = 1,2, ••■ ,n, where 6# € -B. 

l<j'<n 

Proof. Let x\ (I = 1, 2, ■ ■ ■ , n) be a fuzzy solution of Eq. (3.4). That is 

j=i 
Therefore, 

n 

I] ((Oy)o, (Oij)*, («ij)*) • (( x i0o, (Xj7)*, (Xji)*) 
3=1 

= ((bu)o,(bii)*,{ b ii)*)- 
This implies 

n 

(12( a ij)o(xjl)o, max {(ojj)*, (Xjj)*}, max {(a^)*, (x^)*}) 
j=i i<i<« i<i<« 

= ((Mo,(M*,(^)*)- 
It follows 

^(ay)o(^)o = (Mo, 

i=i 
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max {(oy)*, (xji)*} = (bo)*, 

l<j<n 

max{(a ij )*,(x j i)*} = (hi)*- 

±<j<n 

By the Def. 2.6, we easily get (i)-(iii). 

The proof is completed. □ 

Corollary 3.1. If the fully fuzzy linear matrix equations (3.1) has a fuzzy solution, then the following 

conditions hold: 

(i). AqXq = Bq has a solution as a crisp linear equation system; 

(ii). (xu)* < max{ max {((Hj)*}, (hi)*}, i, I = 1, 2, ■ ■ ■ , n; 

l<j<n 

(hi), (xu)* < max{ max {((%■)*}, (bu)*}, i, I = 1, 2, ■ ■ ■ ,n. 

l<j'<n 

Proof. By virtue of the proof of Th. 3.2, it is obviously. □ 

n 

Theorem 3.3. If Yl (a>ij)oXi = (fy)oj ^ = 1) 2, • • • , n has a crisp solution (xi)q, I = 1, 2, ■ ■ ■ , n, and 
i=i 
max {((%■)*} = (6^)*, max {((%)*} = (6^)*. 

Then 

/ ((xn)o, (xii)*,(xii)*) ((£12)0, (#12)*, (^12)*) ••• ((xi n )o,(a;iri)*,(xi 7 j)*) \ 

x= ((X2l)0,(x2l)*,(x2l)*) ((^22)0, (^22)*, (Z22)*) ••• ((x2n)o,(x2n)*,(x2n)*) 

\ ((ar n l)o, (Xnl)*,(Xnl)*) ((»ra2)o, (Xn2)*, (^2)*) ■■■ ((x n n)o,(x n n)*,(x n n)*) J 

with 

(xj). < (6j)., (ari)* < (6|)*,i = 1,2,--- ,n, 

is a solution of Eq. (3.3). 

Proof. Let (xi)q, I = 1, 2, ■ ■ ■ , n be a crisp solution of the equation 

n 

52(aij)oXi = (k) . 

Then, for any 

Xji = ((xji)o, (xji)*, (xji)*) with 

(xi)*<(k)*, (x,)* <(&,)*,/ = 1,2,--- ,n, 
we easily get 

n 

l-i a ij x jl 
3=1 

n 

= Yl ((<Hj)o, (dij)*, (<Hj)*) ■ ((Xjl) , (Xji)*, (Xji)*) 

i=i 

n 

= (12( a ij)o( x ji)o, m ax {(dij)*, (xji)*}, max {(<%■)*), (xji)*}) 

j=l l<j<n l<j<n 

= ((bi) 0l max {(a,ij)*, (xji)*}, max{(aij)*),(xji)*}). 

By virtue of the requirements 
max {(ajj)*, (x^)*} 

l<j<n 

= maxj max (an)*, max (x,-/)*) 

= max{ (&#)*, max (x,/)*} 
i<j'<n 

= (6i0*- 
Similarly, 

max {( aij )* , (xji)*} = (bu)*. 

l<j<n 

Hence, we complete the proof. □ 

Theorem 3.4. The fully fuzzy linear matrix equations AX = B has a fuzzy solution if and only if 

Rank(Ao) = Rank(A , B ). 
Proof. Let X = (x\,X2 • • • , x n ), B = (bi, 62 ■ ■ ■ , b n ), where 

xi = (((xu)o, (xu)*, (xu)*), ((x 2 i)o, (X21)*, (X21)*), ■■■ , ((x n i)o, (x n i)*, (x n i)*)) J ', / = 1, 2, • • • , n, 
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k = (((6i,)o, (hi)*, (hi)*), ((621)0, (621)., (621)*), ■ ■ ■ , ((Mo, (b n i)*, (b n i)*)) T , I = 1, 2, • ■ ■ , n. 
The fully fuzzy linear matrix equations AX = I? is equivalent to the following fully fuzzy linear equations 

Axi = bi,l = 1,2, ••• ,n. 
Take A = (A , A*,A*),b t = ((6,)o, (60*, (&i)*)- 
If 

Rank( J 4o) = Rank (Ao, -Bo), 
we have 

Rank(,4o) = Rank(A , (pi)). 
Since 

Rank(^o) < Rank(A , (fy)o) < Rank(A), -B ), 
we know all fully fuzzy linear equations Ax\ = b\ have fuzzy solution, that is, the fully fuzzy linear matrix 
equations AX = B has a fuzzy solution. 

Conversely, suppose that the fully fuzzy linear matrix equations AX = B is solvable, this mean each 
fully fuzzy linear equations Axi = bi, I = 1, 2, ■ ■ ■ , n has a fuzzy solution. 
Take 

XI = (((Xlj)o, (Xlj)*, (Xlj)*), ((X 2 j)0, (x 2 j)*, (^2/)*), • • • , ((Snz)o, (#ru)*> (x n l)*)) T , 

and A = (01, 02, ■ • • , a n ) T , where 

a j = ((( a lj)o, ( a lj)*, ( a lj)*), (( a 2j)o, ( a 2j)*, ( a 2j)*), • • • , ((a„j)o, (Onj)*, (Gtjj)*))- 

Using the fully fuzzy linear equation Axi = b[. we get 

(aij)o(xu)o + (a 2 j)o(a;2z)o H 1- (a„j) (x n /) = (6^)0, i, I = 1, 2, • • • , n. 

It shows that (6^7)0 c & n be expressed by the linear combination of (01)0, (02)0, ■ • • , («n)o, i-e., 

Rank( J 4o) = Rank(Ao, (6;)o), ^ = 1, 2, • • • , n. 
Thus 

Rank(,4o) = Rank(A , B ). 
The proof is completed. □ 

Theorem 3.5. If X = (Xq, X*, X*) is a fuzzy solution of the fully fuzzy linear matrix equations AX = B, 
then the fuzzy matrix X = (X(r),X(r)) obtained by 

X(r) = X - (X)*, X(r) = X + (X)*, (0 < r < 1) 
is a fuzzy solution of the fully fuzzy linear matrix equations AX = B. 
Proof. By Def. 2.5, it is clear. □ 

Theorem 3.6. That the fully fuzzy linear matrix equations AX = B has fuzzy solution is equivalent to 
the following condition, i.e., 

Aqxi = (k)o 
for all I = 1, 2, • • • , n has solution. 

Theorem 3.7. That the fully fuzzy linear matrix equations AX = B has a fuzzy solution is equivalent 
to that rows (columns) (6/)o of matrix Bq has the same linear relation as rows (columns) (oj)o of the 
matrix Aq. 

Theorem 3.8. If the matrix equation Aqxi = (6;)o f° r all I = 1,2, • • • ,n does not have the solution, 
then the fully fuzzy linear matrix equations AX = B must do not have any one either. 
Corollary 3.2. Under the condition of Rank(Ao) = Rank(ylo, -Bo), if Rank(^o) = n , then the fully fuzzy 
linear matrix equations AX = B has a unique fuzzy solution, else the fully fuzzy linear matrix equations 
AX = B has an infinite fuzzy solutions. 

Corollary 3.3. The fully fuzzy linear matrix equations AX = B has a unique fuzzy solution is equivalent 
to that the matrix equation Aqxi = (6;)o for alH = 1, 2, ■ ■ ■ , n has a unique solution. 

Moreover, we could express a fuzzy solution for the fully fuzzy linear matrix equations AX = B by 
algorithm as follows: 
Algorithm: 

• By means of Def. 2.5, we will transform AX = B into (A , A*, A*)X = (B ,B*,B*), where A = 
(A(r),A(r)),B = (B(r),B(r),0 < r < 1. 

• By applying the block forms of matrix, we rewrite (Aq, A*,A*)X = (Bq,B*,B*) as 

(Aq, A*,A*)((xi)q, (rr,)., (xif) = ((k)o, (6,)., (6;)*), I = 1, 2, ■ ■ ■ , n, 
where xi, bi denote the Ith column of unknown X and right-hand fuzzy number matrix B, respectively. 

• By simple calculations of Aq(xi)q = (bi)o,l = 1,2, ••• ,n, we first find location index vector (x\)q of 
xi,l = 1,2, ••• ,n. 

• Using max{ max {(a^)*}, (bu)*} = (x/)*, max{ max {(chj)*}, (hi)*} = (xi)*,l = 1,2, ••• ,n, then we 

l<7<n Kj<n 
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obtain left fuzziness index and right fuzziness index vector function (x;)*, (xj)* of xi, I = 1, 2, ■ ■ ■ , n. 

• The fuzzy solution X = (((x;) , (x/)*, (xj)*), ((x 2 )o, (x 2 )*, (x 2 )*), ■ ■ ■ , (Wo, (x„)*, (x n )*)) T are derived. 

4. Numerical examples 

In this section, we employ some examples to illustrate the utility of algorithm. 
Example 4.1. Consider the following fully fuzzy linear matrix equations 

(3 + r, 5 — r) (2 + r, 4 — r) \ / x\\ X\2 \ _ ( (1 + r, 3 — r) (— 1 + r, 1 — r) 
(1 + r, 3 — r) (r, 2-r) / \ x 2 i x 22 / \ (r, 2 - r) (2 + r, 4-r) 

The coefficient matrix and right-hand matrix respectively are 

. _/(3 + r,5-r) (2 + r,4-r)\ f(l + r,3-r) (-1+r, 1-r) 



(1 + r, 3 - r) (r, 2 - r) / ' ' ^ (r, 2 - r) (2 + r, 4 - r 

So we easily get 

Furthermore, we may calculate 

4 3 \ / x n \ _ / 2 \ / 4 3 \( x 12 \ = ( 

2 1 y V «2i y ~ v 1 J ' V 2 x / V ^22 y ~ V 3 

thus we obtain location index number of xn,x 2 i, xi 2 ,x 22 as follows: 

(xn)o = 5, (x 2 i)o = 0, (xi 2 ) = §, (x 22 ) = -6. 
At the same time, we can calculate 

, ... _/^l — r 1 — r \ . . _ ( ^ ~ r 1 — r 

(Aj *~Vl-r 1-rJ' W *"^l-r 1-r 

,.^_/l — r 1-r \ , .„, _ / 1 — r 1 — r 

K A ) - y l _ r 1 _ r J > (#) - ^ 1 _ r i_ r 

thus we obtain left fuzziness index and right fuzziness index of xn,x 2 i, xi 2 ,x 22 as follows: 

(xn)* = 1 - r, (x 2 i)* = 1 - r, (xi 2 )* = 1 - r, (x 22 )* = 1 - r, 

(xn)* = 1 - r, (x 2 i)* = 1 - r, (x i2 )* = 1 - r, (x 22 )* = 1 - r. 
Thus the fuzzy solution is 

x = ( Xn Xl2 \ = ( (i 1-7 *' 1 _r ) (l, 1 -^ !-r) 

V Z21 x 22 y \ (0, 1 - r, 1 - r) (-6, 1 - r, 1 - r) 
The parametric forms of Xn, X21, X12, x 22 are the following form: 

x u (r) = -\+r, x 21 (r) = -l + r, x 12 (r) = 5 + r, x 22 (r) = -7 + r, 
xn(r) = I — r, x 2 i(r) = 1 — r, X12 = 4r — r, xn(r) = — 5 — r. 
So the fuzzy solution can also write 

x = ( H + r >!-0 (I+^t-0 

I (— 1 + r, 1 — r) (— 7 + r, — 5 — r) 
Example 4.2. Consider the following fully fuzzy linear matrix equations 

(1,2,3) (4,6,9) (1,3,4) Wxn x 12 x 13 \ / (3,5,8) (2,4,5) (6,7,9) 
(0,1,3) (5,6,8) (3,5,6) x 21 x 22 x 23 = (0,7,8) (2,5,6) (1,3,7) 

(4,5,6) (1,7,9) (2,3,4) J \ x 31 x 32 x 33 / \( 4 ' 6 > 7 ) t 1 ' 3 ' 5 ) ( 2 > 4 > 7 ) 

The coefficient matrix and right-hand matrix respectively are 

/ (1,2,3) (4,6,9) (1,3,4) \ / (3,5,8) (2,4,5) (6,7,9) 

A=\ (0,1,3) (5,6,8) (3,5,6) , B=\ (0,7,8) (2,5,6) (1,3,7) 

\ (4,5,6) (1,7,9) (2,3,4)/ ^ \( 4 ' 6 ' 7 ) ( 1 ' 3 > 5 ) ( 2 > 4 > 7 ) 

By simple calculations of the new arithmetic, we have following linear matrix equations for finding location 
index number of xn, Xi 2 ,Xi 3 ,x 2 i, x 22 ,x 23 , x 3 i,x 32 , x 33 : 

£11)0 (212)0 (213)0 

(x 2 l)o (^22)o (^23)0 
(£3l)o (^32)o (^33)0 
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therefore, we have 

(Xll)o = 59, (^12)0 = —29, (^13)o = — 29 , (^2l)o = 29' ( x 22)o = 29' 
(^23)0 = 29' ( x 3l)o = 29' ( x 32)o = 29' ( x 33)o = ~ 29- 

At the same time, we can calculate 



(4)* = 1 - r \-r 2 - 2r , (B) 





(A)* = I 2-2r 2-2r 1 - r , (B)' 
\ 1 - r 2-2r l-r J 
thus we obtain location left fuzziness index and right fuzziness index of Xn,X2i, £31, £12, #22, ^32,^13, 
X23,X33 as follows: 

(xn)* = 1 -It, (x 2 i)* = 3 - 3r, (x 3i )* = 2 - 2r, 

(xn)* = 3 - 3r, (x 2 i)* = 2 - 2r, (x 3 i)* = 4 - 4r, 

(xi 2 )* = 1 -It, (X22)* = 6 - 6r, (x 32 )* = 6 - 6r, 

(xi 2 )* = 3 - 3r, (x 22 )* = 3 - 3r, (x 32 )* = 4 - 4r, 

(xi 3 )* = 1 -It, (x 23 )* = 3 - 3r, (x 33 )* = 2 - 2r, 

(xi 3 )* = 3 - 3r, (x 23 )* = 2 - 2r, (x 33 )* = 4 - 4r. 
Thus the fuzzy solution is 

Xn X12 x i3 

»2i ^22 a:23 
■T31 2:32 2:33 




-7r,3 


-3r) 


6r, 3 - 


-3r) 


6r,4- 


-4r) 





,7-7r,3-3r) (-g,7 
,3-3r,2-2r) (|,6- 
,2-2r,4-4r) (|,6- 
The parametric forms of xn, X21, x 3 i, X12, X22, x 3 2, x i3 , X2 3 , x 33 are the following form: 
x u (r) = -6.7241 + 7r, x 21 (r) = -2.8279 + 3r, x 31 (r) = -1.8966 + 2r, 
xn(r) = 3.2759 - 3r, x 2 i(r) = 2.1724 - 2r, x 3 i(r) = 4.1035 - 4r, 
x 12 (r) = -7.5862 + 7r, x 22 (r) = -5.2414 + 6r, x 32 (r) = -5.7931 + 6r, 
X 12 (r) = 2.4138 - 3r, x 22 (r) = 3.7586 - 3r, x 32 (r) = 4.2069 - 4r, 
x 13 (r) = -9.1380 + 7r, x 23 (r) = 0.4138 + 3r, x 33 (r) = -5.0690 + 2r, 
x 13 (r) = 0.8621 - 3r, x 23 (r) = 5.4138 - 2r, x 33 (r) = 0.9310 - 4r. 
So the fuzzy solution can also write 

-6.7241 + 7r, 3.2759 - 3r) (-7.5862 + 7r, 2.4138 - 3r) (-9.1380 + 7r, 0.8621 
X- I (-2.8279 + 3r, 2.1724 - 2r) (-5.2414 + 6r, 3.7586 - 3r) (0.4138 + 3r, 5.4138 - 
-1.8966 + 2r, 4.1035 -4r) (-5.7931 + 6r, 4.2069 - 4r) (-5.0690 + 2r, 0.9310 

5. Conclusion 

In this paper, the solution of fully fuzzy linear matrix equations of the form AX = B based on a 
new arithmetic calculation in [30] is given, where A, B are all matrices consisting of fuzzy numbers. By 
splitting the general fully fuzzy linear matrix equations into a location index linear matrix equations and 
two fuzziness matrix functions, a fuzzy solution is expressed by means of a location index number and 
two fuzziness index function. At the same time, necessary and sufficient conditions for the existence of 
a fuzzy solution are derived. Also, we analyzed the solvability of FFLME AX = B. Using this new 
fuzzy number arithmetic the solution of fully fuzzy linear matrix equations is not only obtained easily, 
but also some restrictions, which assumed the solution is positive fuzzy matrix in the existing literature, 
are overcame. 
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Abstract. In this paper, we prove a Korovkin type approximation theorem for a function of two 
variables by using the notion of statistical yl-summability. We also construct an example by Meyer- 
Konig and Zcller operators to show that our result is stronger than those of previously proved by 
other authors. 

Keywords and phrases: Double sequence; density; statistical convergence; A-statistical convergence; 
statistical A-summability; positive linear operator; Korovkin type approximation theorem. 

AMS subject classification (2000): 41A10, 41A25, 41A36, 40A30, 40G15. 

1. Introduction and preliminaries 

The concept of statistical convergence for sequences of real numbers was introduced 
by Fast [8] and further studied many others. 

Let ii'CN and K n = {k < n : k e K} .Then the natural density of K is defined 
by S(K) = lim n n _1 |ii"„| if the limit exists, where \K n \ denotes the cardinality of K n . 

A sequence x = (xk) of real numbers is said to be statistically convergent to L 
provided that for every e > the set K e := {k e N : \xk — L\ > e} has natural density 
zero, i.e. for each e > 0, 

lim — 1{? < n : \xj — L\ > e}| =0. 

By the convergence of a double sequence we mean the convergence in the Pring- 
sheim's sense [18]. A double sequence x = (xjk) is said to be Pringsheim's convergent 
(or P-convergent) if for given e > there exists an integer A^ such that \xjk — £\ < e 
whenever j, k > N. In this case, £ is called the Pringsheim limit of x — (xjk) and it is 
written as P — lim x = £. 

A double sequence x = (xjk) is said to be bounded if there exists a positive number 
M such that \xjk\ < M for all j, k. 

Note that, in contrast to the case for single sequences, a convergent double se- 
quence need not be bounded. 

The idea of statistical convergence for double sequences was introduced and studied 
by Moricz [13] and Mursaleen and Edely [17], independently in the same year. 

Let K C N x N be a two-dimensional set of positive integers and let K m ^ n = 
{(j, k) : j < m,k < n}. Then the two-dimensional analogue of natural density can be 
defined as follows. 
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In case the sequence (K(m,n)/mn) has a limit in Pringsheim's sense, then we say 
that K has a double natural density and is defined as 

p _ lim K(m,n) ^ (2) 

m,n rnn 

For example, let K = {(i 2 ,j 2 ) : i,j E N}. Then 

^>{K } = P - lim ^ (m ' n) < P - lim ^^ = 0, 
m,n mn m,n mn 

i.e. the set K has double natural density zero, while the set {(i,2j) : i,j e N} has 
double natural density |. 

A real double sequence x = (xjk) is said to be statistically convergent to the 
number L if for each e > 0, the set 

{{ji k),j < m an d k < n :\ Xjk — L |> e} 
has double natural density zero. In this case we write sr 2 '- lim Xjk = L. 

Remark 1.1. Note that if x = (xjk) is P-convergent then it is statistically convergent 
but not conversely. See the following example. 

Example 1.1. The double sequence x = (xjk) defined by 

J 1 , if j and k are squares; , > 

3 \ , otherwise . 

Then x is statistically convergent to zero but not P-convergent. 

Let C[a, b] be the space of all functions / continuous on [a, b]. We know that C[a, b] 
is a Banach space with norm 

\\f\\c[a,b] ■= sup |/(x)|, feC[a,b]. 

xd[a,b\ 

The classical Korovkin approximation theorem states as follows (see [10]): 
Let (T„) be a sequence of positive linear operators from C[a,b] into C[a,b]. Then 
lim n ||T„(/,x) - f(x)\\ C [a,b] = 0, for all / G C[a,b] if and only if lim n \\T n (fi,x) - 
fi(x)\\c[a,b] = 0, for i = 0, 1, 2, where f (x) = 1, fi(x) = x and f 2 (x) = x 2 . 

Recently, such type of approximation theorems have been proved by many authors 
by using the concept of statistical convergence and its variants, e.g. [2]-[6], [12], [14]- 
[16] and [20]. In [1] and [11] authors have used the concept of almost convergence. In 
[21] the Korovkin theorem was proved by using the test function 1, j£— , y^-, (jz^:) 2 + 
(tz - ) 2 - I n this paper, we extend the result of [21] by using the notion of statistical 
A-summability of double sequences and show that our result is stronger. 
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2. Statistical A— summability 

Let A = (a^ n ) ,m,n,i,j G N, be a four dimensional matrix and x = (xij) be a 
double sequence. Then the double (transformed) sequence, Ax := (y mn ), is denoted by 

00,00 
v ■= \^ a mn r- 

ymn ■ / "jj ^tji 

where it is assumed that the summation exists as a Pringsheim limit (of the partial 
sums) for each (m, n) G N 2 = N x N. Also the sums y mn are called A— means of the 
double sequence x. We say that a sequence x is A— summable to the limit £ if the 
A— means exist for all m, n G N in the sense of Pringsheim convergence, 

p.q 



lim \ 1 



mn 
p,q— >oo ^ ' 



i„3 

and 

lim y mn = L 

m,n—> 00 

A two dimensional matrix transformation is said to be regular if it maps every 
convergent sequence into a convergent sequence with the same limit. The well-known 
conditions for two dimensional matrix to be regular are known as Silverman- Toeplitz 
conditions. 

In 1926, Robinson [19] presented a four dimensional analogue of the regularity by 
considering an additional assumption of boundedness. This assumption was made be- 
cause a double P— convergent sequence is not necessarily bounded. The definition and 
the characterization of regularity for four dimensional matrices is known as Robinson- 
Hamilton regularity, or briefly, RH— regularity (see Robinson [19], Hamilton [9]). 

Recall that a four dimensional matrix A is said to be RH— regular or bounded- 
regular (see Robinson [19], Hamilton [9]) if it maps every bounded P— convergent se- 
quence into a P— convergent sequence with the same P— limit. The Robinson-Hamilton 
conditions state that a four dimensional matrix A = (a^ n ) is RH— regular if and only if 

(RHi) P - \im m:n a% n = for each (i,j) G N 2 , 

(it>tf 2 )P-lim m , n £ (M . )6N2 a™" = l 

(RH 3 ) P - lim m , n £ iGN J a™ 1 1 = for each % G N, 

(RH 4 ) P - lim m ,„ £. GN \a% n \ = for each j G N, 

(RH 5 ) E(ij) 6 N2 \ a Yj n \ is P-convergent, 

(RHq) there exist finite positive integers A and B such that ^- >B | ct^^ | < A 
holds for every (m,n) G N 2 . 

Now, let A = (a^" n ) be a nonnegative RH— regular summability matrix, and let 
K C N 2 . Then the A— density of K is given by 

5f{K}:=P -lim Y, a T 

m,n < ' J 

(i,3)&K 
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provided that the limit on the right-hand side exists in Pringsheim's sense. A real 
double sequence x = (x„) is said to be A— statistically convergent to a number L if 
for every e > 0, 

5f{(i,j)eN 2 :\x l3 -L\>e} = 

(2) 

In this case, we write st A — lima; mn = L. Clearly, a P— convergent double sequence 

m,n 

is A— statistically convergent to the same limit but the converse need not be true. For 
example, take A = C (1,1), which is the double Cesaro matrix, and the double sequence 
w = (wij) be defined as in Example 1.1. Then this sequence is statistically convergent 
(that is, C(l, l)-statistically convergent) to but not P-convergent, since A-density 
coincides with double natural density and (7(1, l)-statistical convergence coincides with 
the notion of statistical convergence for double sequences (see Mursaleen and Edely 
[17]), i.e., the double natural density of K is given by 

5^1 U {K} := 5 2 {K} := P - lim — I Um,n) G N 2 : (m,n) E K}\ , 
\ ' ' m,n mn 

and x is statistically convergent to L if for each e > 

P - lim \{(i,j) e N 2 ,i < m, j < n : |x i7 - - L\ > e}\ = 0. 

m,n mn ' ' 

In this case we will write st c L ^ — lima; = L or briefly st^ — lima; = L. 

If A = I, the four dimensional identity matrix, then A— statistical convergence 
coincides with Pringsheim's convergence. 

Statistical A— summability of a double sequence for a nonnegative RH— regular 
summability matrix has recently been defined in [2] and proved that it is stronger than 
A-statistical convergence for bounded double sequences. In [7], Edely and Mursaleen 
have given the notion of statistical A— summability for single sequences. 

Let A = (a^ ra ) be a nonnegative RH— regular summability matrix and x = (xij) 
be a double sequence. We say that x is statistically A— summable to L if for every 
e >0, 

5 (2) ({(m,n)GN 2 : \y mn - L\ > e}) =0. 

So, if x is statistically A-summable to L then for every e > 0, 

P-lim \{(i,j),i < m,j < n : \y tj - L\ > e}\ = 0. 

m,n mn 

Note that if a double sequence is bounded and A— statistically convergent to L, 
then it is A— summable to L; hence it is statistically A— summable to L but not con- 
versely (see [2]). 

3. Main result 

Let i" = [0, A], J = [0, B], A, B e (0, 1) and K = I x J. We denote by C(K) the 
space of all continuous real valued functions on K. This space is a equipped with norm 

c(K)-= sup \f(x,y)\, fe C(K). 

(x,y)eK 
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Let H W (K) denote the space of all real valued functions f on K such that 



f(s,t)-f(x,y)\<u(f;J( 



x 



1 — s 1 — x 1 — t 1 — y 

where u is the modulus of continuity, i.e. 

io(f;5)= sup {\f(s, t) - f(x, y)\ : y/{ 8 - xf + (t - yf < 5}. 

(s,t),(x,y)eK 

It is to be noted that any function / G H^K) is continuous and bounded on K. 
The following result was given by Tasdelen and Erengin [21]. 

Theorem A. Let (Tj^) be a double sequence of positive linear operators from H^K) 
into C{K). Then for all / G H U (K) 



p- 

3, 


lim 


Tj, k (f; x >y) 


- f(x,y) 


= 0. 

C(K) 


if and only if 


P- lim 

j,k— >oo 


Tj,k(fi;x,y) - fi 


= (i = 0, 1,2,3) 

C(K) 


where 


fo(x,y) - 1, fi(x,y) - , f 2 (x,y) - 

1 — x 1 — y 


and 


h(x,y) = (-^-) 2 + (-^) 2 . 
1 — x 1 — y 


We prove the following 


rest 


lit: 







(2) 



Theorem 3.1. Let A = (a"^, n ) be nonnegative RH -regular summability matrix method. 
Let (Tj t k) be a double sequence of positive linear operators from H^(K) into C(K). 
Then for all / G H U {K) 



st {2) - lim 



m,n— >oo 



]T af k n T j , k (f;x,y)-f(x,y) 

3,k=l,l 



0. 



C(X) 



if and only if 



st {2) - lim 

m,n— >oo 



J2 a™ k n T jtk (l;x,y)-l 



3,k=l,l 



st {2) - lim 



mm— ¥oo 



oo,oo 



E sT^( r ^;x,y)- r 



C(X) 



s£ {2) - lim 



m,,ra-—>oo 



00,00 



X 



E sT^(— ;*,?/) — 



s£ (2) - lim 



m,n— >oo 



3,k=l,l 
S 



0, 



C(K) 



C(K) 



0, 



E ST^((t^) 2 + (r^ *' V) - ((^) 2 + (r^~) 
^^ ^ J 1 — s 1 — £ 1 — x l—u 



j",fc=i,i 



(3.1.0) 



(3. 


1.1) 


(3. 


1.2) 


(3. 


1.3) 


C(K) 

(3. 


= 0. 
1.4) 
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Proof. Since each 1,t=^,t=^,(t^) 2 + (i^) 2 belongs to H U (K), conditions (3.1.1)- 
(3.1.4) follow immediately from (3.1.0). Let / G H^K) and (x,y) G K be fixed. Then 
after using the properties of /, a simple calculation gives that 

I T jtk (f;x,y)-f(x,y) |< T i)fc (| f(s,t)-f(x,y) \;x,y)+ \ f(x,y) \\ T jik (f ;x : y)-f (x,y) 

2N AN 

<e + (e + N+ — ) | T j)fc (/o; x, y) - / (x, y) \ +-^- | Tj^fcx, y) - /i(x, y) | 



4iV 



2iV 



+7^ I T j,k(h;x,y) - / 2 (x,y) | H--^- | T j>k (f 3 ;x,y) - f 3 (x,y) 
<e + M{\ T jtk (f ;x,y) - f (x,y) | + | T^ k (f\;x,y) - fi(x,y) \ 

+ | T j>k (f 2 ;x,y) - f 2 (x,y) | + | T jik (f 3 ;x,y) - f 3 (x,y) | }, 



where N —\\ f 



\C(K) 



and 



2N A 
M = max{e + N + -==-((; r ) z - 



2 5 2 4iV A 4iV 5 2iV 



}• 



Now replacing T jik (f;x,y) by Ej^i^jT^f/; 1 .!/) and taking sup ( ^ )6X , we get 



J2 af k n T^ k {f-x,y)-f{x,y) 

j,k=l,l 



<e+M 



C(K) 



+ 



J2 a^T^h-x^-Mx.y) 



j,k=l,l 



C{K) 



E af k n T J!k (f ;x,y)-f (x,y) 

3,k=l,l 

oo,oo 



C(K) 



3,k=l,l 



+ 



J2 aJ k n T hk {f 3 -x )y )-f 3 {x )y ) 
3,k=l,l 



C(K) 



C(K) 

(3.1.5) 



For a given r > choose e > such that £ < r . Define the following sets 



D := {(j, k), j < m and k < n : 
D\ := {(j, k),j<m and k < n : 



D 2 '■= {{j, k),j < m and k < n : 



-^3 := {(i? k),j<m and k < n : 



-D 4 := {(j, fc), j < m and k < n : 



£ af k n T 3 , k (f;x,y)-f(x,y) 

j,k=l,l 

X),0O 

]T cg?T s M;x,y)-Mx,y) 

fc=l,l 

X),0O 

£ a5TO >fc (/i;x,y)-/i(x,y) 

fc=i,i 

x>,oo 

£ af k n T 3 , k (f 2 ;x,y)-f 2 (x,y) 



>r}, 



C(K) 



C(K) 



r — e. 



r — £, 
> "— }, 



CW 



4K 



i,fc=i,i 

oo,oo 



r — e, 

> — }, 



C(X) 



4if 



r — £ 
> — ^}- 



4K 



j,k=i,i C ( K ) 

Then from (2.1.5), we see that L> C D t U D 2 U D 3 U D 4 and therefore 5 (2) {D} < 
<5 (2) {£>i} + «J( 2 ){D 2 } + 5 (2) {£> 3 } + ^{A}- Hence conditions (3.1.1)-(3.1.4) imply the 
condition (3.1.0). 
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This completes the proof of the theorem. 

If we replace the matrix A by identity double matrix in Theorem 3.1, then we 
immediately get the following result: 

Corollary 3.2 [6]. Let (Tj^) be a double sequence of positive linear operators from 
H U (K) into C(K). Then for all / G H U (K) 



st {2) - lim 

j,k— >oo 



Tj,k(f',x,y) - f(x,y) 



0. 



C(K) 



if and only if 



st {2) - lim 

j,k— »oo 



st {2) - lim 

j,k— >oo 

st {2) - lim 

j,k— »oo 



T i)fc (l;a;,j/) - 1 



x 

X 



T ^(f— ^ x >^)- Y^ 



o, 



C(K) 



C(K) 



st (2) - lim 

j,k— >oo 



^«r^) 2+ (^^)-«r^) 2+ <r^;) 2 ) 



1 — x 1 — y' 



(3.2.0) 

(3.2.1) 

(3.2.2) 

(3.2.3) 

0. (3.2.4) 



C(K) 



4. Example and the concluding remark 

We show that the following double sequence of positive linear operators satisfies 
the conditions of Theorem 3.1 but does not satisfy the conditions of Corollary 3.2 and 
Theorem A. 



Example 4.1. Consider the following Meyer-Konig and Zeller operators: 



oo oo 



B m , n (f,x,y) ■= (l-xr +1 (l-yT +1 J2J2f 



j=0 k=0 



k 



j + m + l' k + n + lj\ j 



m + j\ fn + k 



■3„i k 



x J y 



where / G H U (K), and K = [0, A] x [0, B], A, B G (0, 1). 
Since, for x e[0,A], Ae (0, 1), 



(4.1.1) 



— E 



m + i\ x j 



it is easy to see that 
Also, we obtain 



(1 -x) m +i <—* \ j 



B m>n (f ;x,y) = fo(x,y). 



B m Mux,y) = (i-x) m+1 (i-yT +1 J2J2^Y 



j=0 k=0 



j fm + j\ fn + k 
+1\ j ){ k 



,j 0l k 



x J y 
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oo oo 



i-^ni-yr^r 1 ( " +J U w t*V-y 

i v yj £^£^ m + lm Uj-i) \\ k J y 



(l-x) m+1 (l-y) n+1 x 



x 



and similarly 



B mtn (f 2 ;x,y) 



(1 - x) m + 2 (1 - y) n+i (1-x) 



;i-y)' 



Finally, we get 

oo oo 

B m ,M:z,v) = (i-^)"' +1 (i-!/)" +1 EE{(^Ti: 



j=0 fc=0 



ary 



oo oo 



j=0 fc=0 V 7 \ 



-■— n z — n \ J / 



k fm + j\ (n + k)\ ■ k _ 1 

x y 



(k-iy. 



j=0 k=0 

oo oo 

(i-x) m+i (i-y) n+i ^—{xyy , 

V ; V yJ m + l 1 ^^ (m + 1 ! 7-1 ) V fe 

j=0 fc=0 v 



m + j + 1)! (n + k\ ■ , , 



v-^ \—. (m + j + 1\ /n + fc\ ; , . 



j=0 k=0 



J 



\m+li 



+ (i-xni-r 1 ^{i/ff / (B+ !' 1)! J m+J Vv- 1 

v ; v y; n + l xy ^^ (n + 1 ! (fc-1 I 1 ' 



n + k + l\ (m + j \ , ,. 



(/C-JS!\ J 

x 3 y k ] 



j=0 fe=0 



->• 



m + I 1 — x m+11 -i n + 1 1 — y n+11 — y 

X \2 , / y x2 



1 — X 1 — y 

Therefore the conditions of Theorem A are satisfied and we get for all / G H U (K) that 



P- lim 

j,k—>oo 



T jt k(f',x,y) - f(x,y) 



0. 



C(K) 



Now, take A = C(l, 1) and define u> = (tu mn ) by w mn = (— l) m for all n. Then this 
sequence is neither P-convergent nor ^-statistically convergent but st^- lim Aw = 
(since P-limAu; = 0). 

Let L m>n : H U (K) ->■ C(X) be defined by 

L m , n {f; x, y) = (1 + w mn )B m ^ n (f; x, y). 
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It is easy to see that the sequence (L m>n ) satisfies the conditions (3.1.1), (3.2.2), 
(3.1.3) and (3.1.4). Hence by Theorem 3.1, we have 

st C?iir llm \\ L m,n(f> X >V) -f( x ,V)\\ = °- 

On the other hand, the sequence (L m ^ n ) does not satisfy the conditions of Theorem A 
and Corollary 3.2, since (L m ,n) is neither P-convergent nor ^-statistically convergent. 
That is, Theorem A and Corollary 3.2 do not work for our operators L m<n . Hence our 
Theorem 3.1 is stronger than Theorem A and Corollary 3.2. 
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applications to neural network approximation* 
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Abstract 

This paper discusses some analytic properties of logistic function and estimates some ap- 
proximation errors by operators with logistic function. Firstly, an equation of partitions of 
unity for the logistic function is given. Then, two kinds of quasi-interpolation type neural net- 
work operators are constructed to approximate univariate and bivariate functions, respectively. 
Also, the errors of the approximation are estimated by means of the modulus of continuity of 
function. Moreover, for approximated functions with high order derivatives, the approximation 
errors by the constructed operator are estimated. 

Keywords: logistic function, approximation, modulus of continuity, neural network op- 
erators 

MSC: 41A25, 41A63 

1 Introduction 

A function a defined on M. is called a sigmoid function if the following conditions are satisfied: 

Km cr(x) = a, lim d(x) — b, a =/= b. 

x— >+oo x— > — oo 

Sigmoid function is a kind of important function, which usually is taken as activation function of 
neural networks. A familiar example of sigmoid function is the logistic function defined by 

1 + e x 
Feed-forward neural networks (FNNs) with one hidden layer are mathematically expressed as 

n 

N n {x) =^2c j a((a j ■ x) + bj), x e K s , (1.2) 

i=i 

where a is the activation function of the networks, for 1 < j < n, bj G M. arc the thresholds, 
cij e t s ,Cj € R are input and output weights, respectively, and (a,j ■ x) is the inner product of aj 
and x. 

It is well-known that FNNs arc universal approximators. Theoretically, any continuous function 
defined on a compact set can be approximated to any desired degree of accuracy by increasing 
the number of hidden neurons (see [l]-[7]), which is called density problem. Yet, a related and 
important problem is that of complexity: determining the number of neurons required to guarantee 
that all functions (belonging to a certain class) can be approximated to the prescribed degree of 
accuracy. We refer the reader to the related literature, for example, [8]- [12]. 

*This research was supported by the National Natural Science Foundation of China(Nos. 61179041, 61272023) 
' Corresponding author. Email: feilongcao@gmail.com 
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Recently, in [13] we discussed some properties of logistic function (1.1), and obtained an equa- 
tion of partition of unity for the function. Also, we constructed quasi-interpolation type neural 
network operators, and gave the estimates error of approximation. The further properties on 
the logistic function were studied in [14] where a class of rational quasi-interpolation type neural 
network operators was constructed by using the logistic function. To approximate multivariate 
functions, a class of rational function type quasi-interpolation neural network operators with hy- 
perbolic tangent activation function was constructed in [15] and [16]. In this paper, motivated by 
inspiring articles [14]- [16], we further investigate the properties of logistic function, and give some 
applications to neural network approximation. 

2 Analytic properties of logistic function and applications 
to neural networks 



It is easy to see that 



and 



1 _ e x 1 11 2 

r + 1 ~~ e x + 1 ~~ e x + 1 ' e x + 1 ~~ e x - 1 e 2x - 1 ' 



lim 



x-MD\e x -l e 2x -l/ 2 e x + 1 

Applying expansion (see P. 97 of [17]): e x _ x = J^^Lo "If x ™> wnere B„ is Bernoulli number, we 
have 

x 2x _ _ ^ (1 - 2 n )B n n 

1 2s n! X ' 



e x — 1 e 2 

which leads to 

_J 2 ^ (J -2»)B„ „_, 

e x — 1 e 2x 

From the above arguments, we get 



T = £ 



, x , , (2 2 - l)B 2 (2 3 - 1)B 3 , (2™ - 1)B„ „ , 

a(x) = 1 + BO + ^r L ^ x + ^^ x +■■■ + S r^x"- 1 + ■■■■ 

2! 3! n\ 

Considering B3 = B5 = • • • = B2fe+i =0, fc = 1, 2, . . . , and (see Section 23.1.15 of [18]) 



1 ,0 ,. ^_ fc ) ! 

(27T) 



Bi = --, |B 2fc |> 7 ^-^^0, fc=l,2, 



wc therefore have 

1 00 

<?(x)=2+J2 b2k -^ 2k ~ 1 > & 2fe-i^ ' k = l,2,.... (2.3) 

fe=i 

Thus, we have proved that 

Theorem 1. Logistic function a defined by (1.1) has property: cr(0) 7^ 0, a( 2k ~ 1 )(0) 7^ for 
fc = l,2,.... 

We denote the space of continuous functions defined on [a, b] by C([a, 6]), which is endowed 
with the uniform norm. By Muntz Theorem (see Example 13 in P. 192 of [19]), we know that 

span{l,x,a; , . . . , x ~ , . . .} 

is dense in C([0, 1]). Let A„ := span{l,x,a; 3 , . . . ,x 2,l_1 },n e N, and E n (f,A n ) := inf sG A„ ||/ — g\\ 
be the best approximation to / e C([0, 1]) from A n . 
Now we give a approximation theorem by FNNs: 



1047 



M. Li, F. L. Cao, & Z. X. Chen: Jackson-type Operators on Spherical Cap 



Theorem 2. Let / € C([0, l]),n € N. Then for any e > 0, there exist FNNs: 

W„(x) = y^a fc cr(b fc x) 

fc=0 

where afc, 6fe € R, such that 

|/(x)-AA„(a;)|<80 W (/,— J +s, a; e[0,l], 



where w(/, •) is modulus of continuity defined by uj(f,t) = swp xye i 01 ]i x _ y i <t \f(x) — f(y)\- 

Proof. For / € C([0, 1]), there exists p € A„, such that \\'f - p\\ < E n (f,A n ). From [20], it 
follows that 

S„(/,A„)<80w (/,— ), 



which implies 



||/-p||<80w /, 



From Proposition 1 of [21], it follows that for any e > 0, there exist real numbers (ai)o<i<n and 
(bi)a<i<n such that 



p(x) -y^Q fc cr(bfc3 



fe=0 



<£, zG [0,1]. 



Therefore, for any / <G C([0, 1]), there exist FNNs form as Af n (x) — X)fe=o a k&{bk x ), such that 



/(#) - E a k a(b k x) 



k=0 



(-2 



<80w /,— +e, x €[0,1]. 



This completes the proof of Theorem 2. □ 

The following theorem called Miintz denseness Theorem on [—1,1] can be found in [19] (see 
Example 21 in P. 205 of [19]). 

Theorem M. Suppose A := (Aj)?^ is a sequence of distinct nonnegative integers. Then 
span{l,a; Al ,a; A2 , . . .} is dense in C([— 1, 1]) if and only if 



E Y = °° and E Y. 



is even 



Ay is odd 



From Theorem M, we know that the condition C([0, 1]) in Theorem 2 can not be altered to 
C([-l,l]). 

Now we consider the derivatives of c: <r(a;) := (ct(x))' = / e f +1 ) 2 ■ Obviously, &{x) satisfies 



lim <J(x) = lim <j{x) = 0, 

x— > — oo :c— > +00 

and the function <j{x) := u(x) + <j{x) has expansion: 
a(x 



3 (2 2 - 1)B 2 3 2 4 - 1)B 4 2 
- + r L ^x + — , x 2 

4 2 4 



and satisfies: 

(i) lim <j{x) = 1, lim <r(a;) = 0; 



x— > +00 



a:— > —00 



(ii) 5-^^(0) 7^ 0, k = 0,1,2,... . 

Hence, combining Proposition 1 of [21] and the above deduction, we get 
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Proposition 1. Let / e C([— 1, l]),n e N. Then for any e > 0, there exist FNNs: 

n 

A/"„(x) = ^a k a{b k x), 

fc=0 

such that 

| f(x)-Af n (x) | <£„(/) + £, 

where E n (f) denotes the best approximation to / from the space of polynomials with degree at 
most n. 

Remark 1. Proposition 1 can be generalized to the case of / € C([— 1, l] d ), d € N. 

3 Partitions of unity of logistic function and applications to 
neural networks 

Set 

ip(x) := -(cr(x + 1) - a(x - 1)), x € R. 

Then, VK^) has properties (see [13], [14]): 
(i)#c)>0; 

0i) £?=-«, #*-*) = !> VxeM; 
(iii) Efc-oo ^(na - fc) = 1, VxeR, neN; 
(iv) VK^O is a density function; 
(v) ip(x) is even: $(— x) = Q(x); 
(vi) V'C^) is decreasing on R + . 
For n G N, we set 

(p{x) := a(nx) 



e nx _|_ 2 

and 

$(cc) :=(^(a;+ -) - £(z - -), 

then, $(a;) has properties as follows. 

Theorem 3. $(x) is even function. Moreover, for x > 0, $ is positive and strictly decreasing 
Proof. Since 

I e n(a;+i) -^ £ n(x- ^) 

by straightforward calculations, we have 

^(-^+ 2 )-^(- a; - 2 ) = e n(-» + |) + l - e n(-,-J) + l 

1 1 

~~ e n(x-l)+l e n(x+i)+l 
e n(x+|) gn(x-j) 



e ™(z+j) _|_ i e «(^-j)-|-i 

^ -/ In 

= ( P( X + i^-VKX- -). 

So <£(— #) = $(x). That is to say that $(x) is even function. 
From 

^(»+o)-^(*-o)- 



2 2 e n(x+5) _|_ x e «(z-|)-|-i (e^i^+j) + l)( e ™( :E -5) + 1)' 

we get $(x) > 0. 
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Finally, we will prove that when x > 0, $(x) is strictly decreasing. In fact, from standard 
calculations, it follows that 

/ ~n(x+i) \ 

' ' " ' =n{e n{x+1 ^ +l)-V(*+i) =: A 1; 



e n(x+i) _|_ ^ 
e n(x-|) 



e n(x- 5 ) _|_ ^ 



l ( e ™(^-2) + l)-2 e ™(^-|) = . A 2 



Then 



e 2 e 2 

Ai-A 2 



(- e n(x+|) +1 )2 (e™^-!) + 1)2 

= nc nx (e 2 --l)(e-f-et) <Q 

r e n(x+i) + 1 \2/ e n(x-i) + 1 \2 

which shows that $(x) is strictly decreasing for x > 0. This finishes the proof of Theorem 3. □ 
In addition, from 

1 N ., 1 N e na: (e5 — e _ 3) 

^+o)"V( a; -o)- 



2 y rv 2' ( e ™(*+5) + l)( e "( a: -5) + 1) : 
we can obtain 



*(*) < ^- ( 3 - 4 ) 



Theorem 4. For x € K, there holds X^-oo $( x -*) = !• 
Proof. Obviously, for a; € M, 



^ $(x-i) = Yl [¥>( x + 2^^^^^ 2~^J 

1 — — CO i — — oo ^ ' 

+ Yl \ ( P( X+ o -*) -^( x - 9 -*) 



Since 






1 .x -, 1 -x 

+ </>(» + g -J)-V(»- 2 - J) 

1, _, 1 ., 
= WE + 2)-^- 2 - -?)' 



we have 

-1 



Y ( ^( x + 9 ~ *) ~ ^' T ~ 9 ~ *) ) = X ( ^ + 9 + *) ~ ^ x ~ 9 + *) 



3 15 3 

= <P( X + 2) -<£(« + 2-)+^(- T + 2) -£(» + 2) + 

1 N -/ 1 -X 

1 ., _, 1, 

= ¥>( X + 2 +■?) -^1^+ 2)- 
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From 



lim <p(x - - - j) = 0, lim (p{x + - + j) = 1, 

j— >oo Z 3—^00 Z 



we get Y^L-00 ®( x ~ = 1- Thus, the proof of Theorem 4 is completed. □ 

Particularly, for any n € N, we have 5Z i= _ 00 ^K^ - i) = 1> i£i- Therefore, we can construct 
operator for / e C([— 1, 1]): 

F n (/,x):= X! /(-)*(na;-fc). 

fc=-n ^ n ^ 

Now we prove the the following estimates of approximation error by the operator. 
Theorem 5. Let < a < 1, n € N, and 2n 1_Q - 3 > 0. Then for any / € C([-l, 1]), there 
holds 

,l-a_31 \ 



1 \ / _ e ~n(n 

|/(x) - F n (f,x)\ < w I /, — + 4 [e-* + - 



I./1I 



Proof. Obviously, we have 



\f(x)-F n (f,x)\ = 



< 



/(x) V^ $(nx-fc)- V^ / ( - ) $(nx - fc) 



fc=— 00 



fc— — n 



* E 



k 



J2 \f(x)Mnx-k) 

|fc|>n+l 



f{x) - f 



$(nx-k) + 11/11 £ $(nx-fc) 

|fc|>n+l 



Ai + ||/||A 2 , 



where the fact $(x) > proved in Theorem 3 is used. 

Next we estimate Ai and A2, respectively. For < a < 1, we have 



A! = E 

fc:|z-£|< i 



m - f 



$(ra - k) + V] 

fc:|x-£|> i 



/(*) - / 



$(ra — k) 



^ w (/'^) E *(na:-*)+ 2H/II £ $(nx - fc) 

'/.-^) +211/II £ *(«*-*). 



< w 

k:\nx— k\ >n 1- 

From (4) and the fact that $(x) is strictly decreasing proved by Theorem 3, we obtain 



p+00 r+00 

V $(nx - k) < 2 / $(x)dx < 2 / 

M^ 1 ^--l -'« 1 - a - 



C2 



-<ix 



„(„!-«_ |) 



k: \ x ~n\>n 

Since —n < nx < n, \k\ > n + 1, then \nx — k\ > 1, and 



n i-o_i e 



A 2 < 2 (*(!)+ / *( 



(x)dx < 2 I e~5 + 



dx < 4e 2 . 



Above arguments lead to 



|/(.r)-. F„(/..r)| < ,_,(/,i^)+V"(" 1 -°-i)||/||+4 e -f 11/11 

1 n Q / n 



1 \ / e -n(n 



l/ll- 



1051 



M. Li, F. L. Cao, & Z. X. Chen: Jackson-type Operators on Spherical Cap 



The proof of Theorem 5 is completed. □ 

Let / € (7b (1R) be the set of continuous and bounded functions on R. We construct operator 

foi/eC B (l): 

k 



F n (f,x):= J2 f(-)*(nx-k) 



k— — oo 



Then 



\F n (f,x)-f(x)\ 



< E 

k— — oo 



/ - -/(*) 



V] / I - ) $(na; - A;) - V^ f(x)<&(nx - fc) 

k 



fc=-c 



E 

fc:|a:-^|>^r 



4>(nx — fc) = V^ /(#) - / I - I &(nx — k) 

k:\x- g\<^ 

f(x)-f(^) $(nx-k)< u(f,^) + 2 II/II E *("*"*) 



|nx — fc|>n 1_ 



< w 



( / ,^ + M^.--„. 



Hence, we get 

Theorem 6. Let < a < 1, n £ N, and 2n 1_Q - 3 > 0. Then for any / e C S (R), we have 



|F,,(/..r)-/(.r)|< W (/,-U+-e 

n a I n 



-n(V " — §) II f II. 



Let 



Then 



and 



*(x) := $(x 1 ,x 2 ) ■■= $(xi)$(x 2 ), x = {x 1 ,X 2 ) e M 2 . 

OO OO OO 

^ #(x-/c):= ^ ^ *(a;i-fci,a; 2 -fc2) = 1, 



(3.5) 



A; — -co 



&!=— co ^2 — — oo 



CO CO 



y ty(nx — k) := \ y ^{nxi — k\,nX2 — k 2 ) = 1- 

k— — 00 fei = — 00 k2 — — oo 

For f(xi,x 2 ) £ C([— 1, l] 2 ), we introduce operator: 



n n 



G n (f;x u x 2 ):= ^ ^ / ( -i, -^ W(nan - fci,nx 2 - fc 2 ) =: J^ / ( - J *(na- fc). 

fci — — n k2 — — n k=—n 

We are interesting in the error f(xi, x 2 ) — G n {f; x\, x 2 ) and will prove the following estimates. 
Theorem 7. Let / e C([-1,1] 2 ),0 < a < l,n € N, and 2n 1 ~ a - 3 > 0. Then 



|Gn(/;xi,x 2 ) ~ /(zi.a*)! < w (/; ^, ^) +24 (Vt + i ( 
where w (/; <5 1; <5 2 ) is the modulus of continuity of / defined by 



to(f;S u S 2 )= sup !/(«)- /(y)|. 

a;,yG[— l,l] 2 ,|xi— j/i|<<5i 



-" i " 1 ""I) 1 II f|| 



Proof. It is easy to see that 



fc— — r 



G n (f;x 1 ,x 2 )-f(x 1 ,x 2 )= J2 f(-)^{nx-k)-f(x) J2 *("»-*;) 



/c— — C 
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n n 



E E (/ 

ki——n k 2 — — n 



k\ k 2 



n n 



- f(xi,x 2 ) ) &(nx-L - k 1 ,nx 2 - k 2 



-f(%) E E ^( nx - k ) + E E *( nx ~ fc ) + E E ^( nx - fc ) 

\|fei|<n |fc 2 |>™ |fei|>n|fe 2 |<n |ki|>n |fc 2 |>n 

=:A 3 -/(a;)(A4 + A 5 + A 6 ). 
From the deductive process of Theorem 5, we can obtain that 

A 4 = ^2 E *( nx i -h,nx 2 -k 2 ) = ^2 E ${n%i ~ ki)$(nx 2 - h 2 ) 

\ki\<n \k2\>n \ki\<n \k2\>n 

< Y^ ${nx 2 -k 2 ) <4e~t : 

\k 2 \>n 

A 5 = ^ E *( nx i -h,nx 2 -k 2 ) < 4e~T ; 

|fei|>n |fc 2 |<n 

and 
A 6 = V^ V^ ^"(nxi - ki,nx 2 - k 2 ) = V] $(nxi - fci) V] $(nx 2 - fc 2 ) < 16e _n . 

|fei|>n|fc 2 |>n |fei|>n |fc 2 |>n 



So, we have 

On the other hand 
|A 3 | = 



A 4 + A 5 + A 6 < 24e~2 



E E (/(^I'^a) -/ [ — , — J J &{nxi -k 1 ,nx 2 -k 2 ) 



ki——n k2 — — n 

* E E 

+ E E 

+ E E 

fci:ki-^l<^fc2:|a;2-^|>^ 

+ E E 

fei:|xi-^|> s Wfe 2: |x 2 -^|> s W 
< W 



f(xi,x 2 ) - f 



f(xi,x 2 ) - f 



f(xi,x 2 ) - f 



f(xi,x 2 ) - f 



k\ k\ 



k\ k\ 



k\ fcj 



^{nx — k) 
^{nx — k) 
^{nx — k) 
f (ni — k) 

>-3) 



Collecting the above estimates, we have 

\G n (f;x u x 2 ) - f(x u x 2 )\ < uj (f; -1 \) +24 fe"* + le""^" '-&) \\f\\. 

This completes the proof of Theorem 7. D 

Finally, we will discuss the high order of approximation by means of the smoothness of /. That 
is, we will prove the following Theorem 8. 






< „|/i4.rU!5!fl.-<"--*' 
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Theorem 8. Let < a < 1 and 2n 1_a - 3 > 0. Then for any / E C N {[-1, 1]), TV E N, we have 

3 16 



\F n (f,x)-f(x)\ < 4e"* II/H+ — + -e 

v n a n 



-nin 1 -"-^) 



l/ll 



A ! 



+ «(/<">, 



1 



1 2(^)||/W|L _ B(ml - n _. ) 



i aiV iV! 



niV! 



where H/ll J v = max{||/'||,||/"||,...,||/ (JV) ||} ; 

Proof. Applying Taylor's formula with integral remainder: 



A'\ ^f U) {x) ( k 



E 

3=0 



we have 



k——r 



j\ \n 



N 



-■<■) +/ (f'W-f'M) 1 ^.!), d*. 



2J / ( - ) $(m - fc) = 2J -i E $ ( nx ~ fc ) ' ~ ~ x 



3=0 



fc— — r 



J2 *(nz-fc)P(/W(t)-/W( 



k--—n 



fk_ t - ) N-l 



/(a;) ^ $ ( na; - fc ) + E -i E $ ( n ' T -k)(--x 



k— — n 



j=i 



J! 



fc— — n 



/fc _ JL\iV-l 

^ $(nx - fc) / " (/^(*) - /<">(*)) l "„ ^. dt. 



fc— — r 



(JV-l)! 



Therefore, 



AT 



/«(*) 



2 / ( - ) $(™*; - fc) - /(») = -/(») ^ $(na; - fc) + ^ J , f W ^ $(na; - fc) 

fc=-n ^ ' |fc|>n J=l - 1 ' k=-n 

+ J2 *(™ ^ /" (/ W W - / W (^ { 4^X^ dt =: S! + ~ 2 + S 3 . 



k— — n 



(N-iy. 



The estimate of A 2 implies immediately |Si| < 4e 2 1|/||- Moreover, 

|- 2 |<E^X>(-- fc ) 



j=i 



.?! 



k— — n 



Noting the fact - — a? < 2 and using the estimate of Ai proved in Theorem 5, we obtain that 



y^ $(nx - k) 

fc — — n 

1 2(J +1 ) 
< 



< V^ <&(nx - fc) 



y^ $(nx - fc) 



-n(n 



n aj n 



Thus, 



H.i4^(^ + ^-'"'- '>) 



From the expansion of e 2 



e x = 1 + x - 



2! 



fc[ 
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and the inequality (see Section 3.6.6 of [22]): 

x 2 



e*<l + * +y + 2(3 -^ (0<*<3), 



it follows that 



Therefore, 



A 1 . 3_ y,2<^) 
0=1 J 3=1 J 



|S 9 |<(^ + ^e-<- 1 - a -i)]||/||.v. 
\n a n ' 

To estimate S3, we use the result (see P. 72-73 of [23]): 



(/'^-/""MI Vd! dt 



(N-iy. 

and deduce that 



< 



ll/ W ll^ l*"*l>£ 



/ 1 \ 1 9(^+1) 

< W f /W M _J_ + 2 (Af+2 >ll/ W H e -n(^-- i ) 

Combining the estimates of Si, S2 and S3 leads to 

\F n (f,x)-m\ < ^-tii/ii + ^A + ^e-™^ 1 -"-!)^!/!^ 

w M 1 , 2(^)||/W|L _ nfBl -_, ) 



V 'n a )n aN N\ nJV! 

This finishes the proof of Theorem 8. □ 

Remark 2. For / e C([— 1, l] 2 ), we can establish the same result as Theorem 6. 

Remark 3. For / <G C N ([— 1, l] 2 ), a similar result to Theorem 8 can be established. 

Remark 4. In fact, we can establish corresponding results in C([— 1, l] d ) and C Ar ([— 1, l] d )(d > 
2,deN). 
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ORTHOGONAL STABILITY OF AN ADDITIVE FUNCTIONAL 
EQUATION IN BANACH MODULES OVER A C*-ALGEBRA 

HASSAN AZADI KENARY, CHOONKIL PARK, AND DONG YUN SHIN* 

Abstract. Using fixed point method, we prove the Hyers-Ulam stability of the following 
additive functional equation 

m / m \ / m \ / m \ 

1=1 \ j = l,jyii / \i=l J \i = l / 

in Banach modules over a unital C*-algebra and in non- Archimedean Banach modules over 
a unital C*-algebra. 



1. Introduction and preliminaries 

Assume that X is a real inner product space and / : X — > M is a solution of the orthogonal 
Cauchy functional equation f{x + y) = f(x) + f(y), (x, y) = 0. By the Pythagorean theorem 
f(x) = ||x|| 2 is a solution of the conditional equation. Of course, this function does not satisfy 
the additivity equation everywhere. Thus orthogonal Cauchy equation is not equivalent to 
the classic Cauchy equation on the whole inner product space. 

G. Pinsker [53] characterized orthogonally additive functionals on an inner product space 
when the orthogonality is the ordinary one in such spaces. K. Sundaresan [65] generalized 
this result to arbitrary Banach spaces equipped with the Birkhoff-James orthogonality. The 
orthogonal Cauchy functional equation f(x+y) = f(x)+f(y), x _L y, in which _L is an abstract 
orthogonality relation, was first investigated by S. Gudder and D. Strawther [30]. They defined 
1 by a system consisting of five axioms and described the general semi-continuous real- 
valued solution of conditional Cauchy functional equation. In 1985, J. Ratz [60] introduced 
a new definition of orthogonality by using more restrictive axioms than of S. Gudder and D. 
Strawther. Moreover, he investigated the structure of orthogonally additive mappings. J. 
Ratz and Gy. Szabo [61] investigated the problem in a rather more general framework. 

Let us recall the orthogonality in the sense of J. Ratz; cf. [60]. 

Suppose X is a real vector space (algebraic module) with dimX > 2 and _L is a binary 
relation on X with the following properties: 
(Oi) totality of _L for zero: x _l_ 0, _L x for all x £ X; 

(02) independence: if x, y £ X — {0}, x _L y, then x, y are linearly independent; 

(03) homogeneity: if x, y G X, x _L y, then ax _L (3y for all a, (3 £ R; 

(04) the Thalesian property: if P is a 2-dimensional subspace of X,x G P and A £ M+, 
which is the set of nonnegative real numbers, then there exists yo £ P such that x _L yo an d 
x + y -L Ax-y - 

The pair (X, _L) is called an orthogonality space (module). By an orthogonality normed 
space (normed module) we mean an orthogonality space (module) having a normed (normed 



2010 Mathematics Subject Classification. Primary 39B55, 46S10, 47H10, 39B52, 47S10, 30G06, 46H25, 
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module) structure. Assume that if A is a C*-algebra and X is a module over A and if 
x, y £ X, x _L y, then ax _l_ by for all a,b £ A. 

Some interesting examples are 
(i) The trivial orthogonality on a vector space X defined by (0±), and for non-zero elements 
x, y £ X, x _L y if and only if x, y are linearly independent. 

(ii) The ordinary orthogonality on an inner product space (X, (.,.)) given by x _L y if and 
only if (x, y) = 0. 

(iii) The Birkhoff- James orthogonality on a normed space (X, ||.||) defined by x _L y if and 
only if ||x + Ay|| > ||x|| for all A £ R. 

The relation _L is called symmetric if x _L y implies that y _L x for all x,y S X. Clearly 
examples (i) and (ii) are symmetric but example (iii) is not. It is remarkable to note, however, 
that a real normed space of dimension greater than 2 is an inner product space if and only 
if the Birkhoff-James orthogonality is symmetric. There are several orthogonality notions on 
a real normed space such as Birkhoff-James, Boussouis, Singer, Carlsson, unitary-Boussouis, 
Roberts, Phythagorean, isosceles and Diminnie (see [1]— [3], [5, 14, 35, 36, 44]). 

The stability problem of functional equations originated from the following question of Ulam 
[67]: Under what condition does there is an additive mapping near an approximately additive 
mapping? In 1941, Hyers [32] gave a partial affirmative answer to the question of Ulam in 
the context of Banach spaces. In 1978, Th.M. Rassias [55] extended the theorem of Hyers by 
considering the unbounded Cauchy difference \\f(x + y) — f(x) — f(y)\\ < e(||x|| p + ||y|| p ), (e > 
0,p£ [0, 1)). During the last decades several stability problems of functional equations have 
been investigated in the spirit of Hyers-Ulam- Rassias. The reader is referred to [11, 33, 37, 59] 
and references therein for detailed information on stability of functional equations. 

R. Ger and J. Sikorska [29] investigated the orthogonal stability of the Cauchy functional 
equation f(x + y) = f(x) + f(y), namely, they showed that if / is a mapping from an 
orthogonality space X into a real Banach space Y and \\f(x + y) — f(x) — f(y)\\ < £ for all 
x, y £ X with x _L y and some e > 0, then there exists exactly one orthogonally additive 
mapping g : X — > Y such that ||/(x) — g(x)|| < ^e for all x £ X. 

The first author treating the stability of the quadratic equation was F. Skof [64] by proving 
that if / is a mapping from a normed space X into a Banach space Y satisfying \\f(x + y) + 
f(x — y) — 2/(x) — 2/(y)|| < e for some e > 0, then there is a unique quadratic mapping 
g : X — > Y such that ||/(x) — ff(x)|| < |. P.W. Cholewa [8] extended the Skof's theorem by 
replacing X by an abelian group G. The Skof's result was later generalized by S. Czerwik [9] 
in the spirit of Hyers-Ulam- Rassias. The stability problem of functional equations has been 
extensively investigated by some mathematicians (see [6, 7, 10, 51], [16]-[18], [40], [56]-[58], 
[63]). 

The orthogonally quadratic equation 

fix + y) + f{x -y) = 2f(x) + 2f(y), x±y 

was first investigated by F. Vajzovic [68] when X is a Hilbert space, Y is the scalar field, / 
is continuous and _L means the Hilbert space orthogonality. Later, H. Drljevic [15], M. Fochi 
[28], and Gy. Szabo [66] generalized this result. 

In 1897, Hensel [31] introduced a normed space which does not have the Archimedean 
property. It turned out that non-Archimedean spaces have many nice applications (see [12, 
39, 41, 43]). 

Definition 1.1. By a non- Archimedean field we mean a field K equipped with a function 
(valuation) | • | : EC — > [0, oo) such that for all r, s £ K, the following conditions hold: 
(1) |r| = if and only if r = 0; (2) \rs\ = \r\\s\; (3) \r + s\ < max{|r|, |s|}. 

Definition 1.2. Let X be a vector space over a scalar field K with a non- Archimedean non- 
trivial valuation | • | . A function 1 1 • 1 1 : X — > R is a non-Archimedean norm (valuation) if it 
satisfies the following conditions: 
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(1) ||x|| = if and only if x = 0; (2) \\rx\\ = \r\\\x\\ (r £ K, x £ X); (3) The strong triangle 
inequality (ultrametric) ; namely, ||x + y|| < max{||x||, ||y||}, x,y £ X. Then (X, ||.||) is 
called a non- Archimedean space. 

Assume that if A is a C*-algebra and X is a module over A, which is a non- Archimedean 
space, and if x,y £ X, x _L y, then ax _L by for all a,b £ A. Then (X, ||.||) is called an 
orthogonality non-Archimedean module. 

Due to the fact that 

\\x n — x m \\ < max{ | |xj+i — Xj|| : m < j < n — 1} (n > m). 

Definition 1.3. A sequence {x n } is Cauchy if and only if {x n +i — x n } converges to zero in a 
non- Archimedean space. By a complete non- Archimedean space we mean one in which every 
Cauchy sequence is convergent. 

Let A be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x,y) = if and only if x = y; (2) d(x,y) = d(y,x) for all x, y £ X; (3) d(x,z) < 
d(x, y) + d(y, z) for all x,y, z £ X. 

We recall a fundamental result in fixed point theory. 

Theorem 1.4. [13] Let (X,d) be a complete generalized metric space and let J : X — > X be 
a strictly contractive mapping with Lipschitz constant a < 1. Then for each given element 
x £ X, either d(J n x, J n+1 x) = oo for all nonnegative integers n or there exists a positive 
integer uq such that 

(1) d(J n x, J n+1 x) < oo, Vn > no; (2) the sequence { J n x} converges to a fixed point 

y* of J; (3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x,y) < oo}; (4) 
d(y, y*) < j^d(y, Jy) for all y£Y. 

In 1996, G. Isac and Th.M. Rassias [34] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [4],[19]-[27],[45]-[52], [54]). 

This paper is organized as follows: In Section 2, we prove the Hyers-Ulam stability of the 
orthogonally additive functional equation in Banach modules over a unital C*-algebra. In 
Section 3, we prove the Hyers-Ulam stability of the orthogonally additive functional equation 
in non- Archimedean Banach modules over a unital C*-algebra. 

2. Stability of the orthogonally additive functional equation in Banach modules 

over a C* -algebra 

Throughout this section, assume that A is a unital C*-algebra with unit e and unitary 
group U(A) := {u £ A \ u*u = uu* = e}, (X, _L) is an orthogonality normed module over A 
and (Y, ||.||y) is a Banach module over A. 

In this section, applying some ideas from [29, 33], we deal with the stability problem for 
the orthogonally additive functional equation 



ml m 




i=l \ j=l,jfr J \i=l / 

for all Xi, ■ ■ ■ , x m £ X with Xi _L Xj for all i ^ j. 
Theorem 2.1. Let ip : X m — > [0,oo) be a function such that there exists an a < 1 with 

<p(xi,x 2 , ■■■ , x m ) < maip (—,—,■■■ , — ) (2- 1 ) 

\m m ml 
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for all Xi, ■ ■ ■ , x m £ X with X{ _L Xj for all i 7^ j. Let f : X — >■ Y be a mapping satisfying 



m \ / m \ 

Y^ f I muxi + Y UX J + / E UXi 
i=l \ j=l,j^« / Vi=l / 



(m N 



<^(xi,--- ,x„) (2.2) 



Y 



for all u £ U(A) and all x±, • • • ,x m £ X with Xi _L Xj for all i / j. If for each x G X the 
mapping f{tx) is continuous in t G R, i/ien i/iere exists a unique orthogonally additive and 
A-linear mapping L : X — > Y suc/i i/iai 



\\f(x)-L(x) 



Y 



< 



1 



-■0 (x) 



m — ma 

for all x £ X , where ip(x) = <p(x, 0, • • • ,0). 
Proof. Putting x\ = x and xi = ■ ■ ■ = x m = and u = e in (2.2), since x _L 0, we get 



(2.3) 



/(x) 



f{mx) 



111 



< jKg) 

y ~ m 



(2.4) 



for all i£l. Consider the set S := {h : X — > Y} and introduce the generalized metric on S: 

d(g, h) = inf {[i £ R + : \\g(x) - h(x)\\ Y < flip (x) , \/x £ X} , 

where, as usual, ini (p = +00. It is easy to show that (S, d) is complete (see [42]). Now we 
consider the linear mapping J : S — > S such that 

Jg(x) := — g (mx) 
m 

for all x £ X. Let g, h £ S be given such that d(g, h) = e. Then \\g(x) — Ii(x)\\y < sip (x) for 
all x £ X. Hence 



\\Jg(x)-Jh(x) 



Y 



g (mx) h (mx) 



in 



in 



ib (mx) maib (x) , . 

< — < < aip (x) 



Y 



m 



m 



for all x £ X . So d(g, h) = e implies that d(Jg, Jh) < ae. This means that d(Jg, Jh) < 
ad(g, h) for all g,h £ S. It follows from (2.4) that 

d(f,Jf)<-. 

m 

By Theorem 1.4, there exists a mapping L : X — > Y satisfying the following: 
(1) L is a fixed point of J, i.e., 



L (mx) = mL(x) 



(2.5) 



for all x £ X. The mapping L is a unique fixed point of J in the set M = {g £ S : d(h, g) < 
00}. This implies that L is a unique mapping satisfying (2.5) such that there exists a \i £ (0, 00) 
satisfying \\f(x) — L(x)\\y < (Xip (x) for all x £ X; 

(2) d(J f, L) — > as k — > 00. This implies the equality 



lim —rf (m k x) = L( 



for all x £ X; 

(3) d(f, L) < iz^.d(f, Jf), which implies the inequality 

d(f,L)< 



m — ma 



1060 



ORTHOGONAL STABILITY OF ADDITIVE FUNCTIONAL EQUATION 

This implies that (2.3) holds true. Let u = e in (2.2). It follows from (2.1) and (2.2) that 



E L [mxi + J2 X J + L E 



.!■■; 



*> E 



• ' 7 



\i=l 



lim — J 

fc->-oo TO* 



E/ 



m 



TO TOX-, 



+ E *; +/ E 



TO Xj 



v E 



TO X,- 



< lim 

A;— >oo 

< lim 

fc— >oo 



« =1 \ \ J=1Jt^ 

ip(m k xi, m k X2, ■ ■ ■ , m k x m ) 



\i=l 



\i=l 



Y 



m" 



m k a n (p(xi,--- ,x m ) 



try 



for all x±, ■ ■ ■ , x m G X with Xj _L Xj for all vi / j. So 



E^(mx i + e x i )+ L E x - 2L (E 



i=l 



j=l 



for all xi, • • • , x n G X with xi _L Xj for all i ^ j. Hence L : X — ?■ Y is an orthogonally 
additive mapping. Let X2 = • • • = x n = in (2.2). It follows from (2.1) and (2.2) that 

\\L{mux)-muL{x)\\ Y ^ \\f(m k+1 ux) - mf(m k ux) 



lim 

k— ¥oo 



Y 



to lim 



TO' 1 

f(m k+l ux) f(m k ux) 



m 



fc+i 



TO" 
,k^,n„ 



Y 



tp(m k x) m k a n tp(x) 
< hm ; — < hm ; 



fe^oo TO K 



fc— >oo 



TO" 



lim a n ip(x) = 

k— >oo 



for all x G X and all u G £7(A). So 



.?• 



(2.6) 



touL I — I — L(ux) = 
\mj 

for all x G X and all it G U(A). Hence 

L(ux) = muL I — I = uL(x) 

for all u G U(A) and all x G X. 

By the same reasoning as in the proof of [55, Theorem], we can show that L : X — >■ Y is 
M-linear, since the mapping /(ix) is continuous in t G M for each x G X and L : X — > Y is 
additive. 

Since L is M-linear and each a £ A is a finite linear combination of unitary elements (see 
[38, Theorem 4.1.7]), i.e., a = £jli XjUj (Xj G C, Uj G 17(A)), it follows from (2.6) that 



L(ax) = L E ^j" 1 



Eia. 



A 



Vi=i |A ^ 

m 



EN L 



A, 



i=i 



•j I ' i \ i % 



' " L{x) = E ^j u jL(x) = aL(x) 

3=1 
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for all x G X. It is obvious that ufiUj G £7(^4). Thus L : X — > Y is a unique orthogonally 
additive and A-linear mapping satisfying (2.3). □ 

Corollary 2.2. Let 9 be a positive real number and p a real number with < p < 1. Let 
f : X —)■ Y be a mapping satisfying 



(m \ 

J2 UXi 
i=l J 



(m N 
E x * 



<* E 



^?' 



(2.7) 



y 



vi=l 



ml m 

/or a// it G U(A) and all Xi, ■ ■ ■ ,x m £ X with x\ _L Xj /or all i ^ j. If for each x £ X the 
mapping f{tx) is continuous in t G R, then there exists a unique orthogonally additive and 
A-linear mapping L : X — >■ Y such that 

\\f(x)-L(x)\\y<^ X ^ p 
m — mP 

for all x £ X . 

Proof. The proof follows from Theorem 2.1 by taking 



(f(xi,X 2 ,--- ,%n) = E 



\i=l 



for all Xi, • • • , x m G X with x» _L Xj for all i ^ j. Then we can choose a = m p 1 and we get 



the desired result. 



□ 



Theorem 2.3. Let f : X ^ Y be a mapping satisfying (2.2) for which there exists a function 
ip : X m — > [0, oo) such that 

a<p(x 1 ,x 2 ,--- ,Xm) 



X\ X2 %m 

VI —,—,■■■ , — 

mm m 



< 



in 



for all x\, • • • , x m G X with xi _L Xj for all i / j. If for each x G X the mapping f(tx) is 
continuous in t G R, £/ten i/tere exists a unique orthogonally additive and A-linear mapping 
L : X — > Y such that 

aip(x) 



\\f(x) - L(x)\\ Y < 



m — ma 



(2.8) 



for all x G X . 

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.1. Now 
we consider the linear mapping J : S — > S such that 

Jg(x) :=mg ( — 

for all x £ X . Let g,h £ S be given such that d(g, h) = e. Then \\g(x) — /i(x)||y < eip (x) for 
all x G X. Hence 

x \ ma^i (x) 



||J 5 (x)-J/t(x) 



V 



X \ / X 

mg — I — mn I — 
m/ \m 



< mi\) — < 
Y \m, 



in 



< aip (x) 



for all x G X. So d(g, h) = e implies that d(Jg, Jh) < as. This means that d(Jg, Jh) < 
ad(g, h) for all g,h £ S. It follows from (2.4) that 



W — - /0*0 
m 



y 



, / x \ a , , . 
<ip( — ) < —ipix). 
\mj m 



Therefore 



d(f,Jf)< 



a 



m 
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By Theorem 1.4, there exists a mapping L : X — > Y satisfying the following: 

(1) L is a fixed point of J, i.e., 

L (-) = -L(x) (2.9) 

for all x £ X. The mapping L is a unique fixed point of J in the set M = {g G S : d(h, g) < 
oo}. This implies that L is a unique mapping satisfying (2.9) such that there exists a \i G (0, oo) 
satisfying \\f(x) — L(x)||y < [Aip (x) for all x £ X; 

(2) d(J k f, L) —7- as k — )■ oo. This implies the equality 



lim m k f [— j- = L(x 



— k f(~ k 

for all x G X; 

(3) d(/, L) < jz^d(f, Jf), which implies the inequality 

m — ma 

This implies that (2.8) holds true. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Corollary 2.4. Let 6 be a positive real number andp a real number withp > 1. Let f : X — >■ Y 
be a mapping satisfying (2.7). If for each x £ X the mapping f(tx) is continuous in t £l, 
then there exists a unique orthogonally additive and A-linear mapping L : X — >■ Y such that 

ll/(s)-L(*)||y <-*!!!- 

mP — m 
for all x € X . 

Proof. The proof follows from Theorem 2.3 by taking 

(p(xi,x 2 , ■■■ ,x n ) = 9 1^2 \\ x i\\ P ) 

for all x±, ■ ■ ■ , x m G X with xi _L Xj for all i 7^ j. Then we can choose a = m 1 ~ p and we get 
the desired result. □ 

3. Stability of the orthogonally additive functional equation in non- Archimedean 

Banach modules over a C*-algebra 

Throughout this section, assume that A is a unital C*-algebra with unit e and unitary 
group U(A) := {u G A \ u*u = uu* = e}, (X, _L) is an orthogonality non-Archimedean 
normed module over A and (Y, ||.||y) is a non- Archimedean Banach module over A. Assume 
that \m\ 7^ 1. 

In this section, applying some ideas from [29, 33], we deal with the stability problem for 
the orthogonally Jensen functional equation. 

Theorem 3.1. Let ip : X m — > [0, 00) be a function such that there exists an a < 1 with 

f{xi,X2,- ■■ ,x m ) <\m\aip[—, — ,■■■, — ) (3.1) 

\m m m J 

for all Xi,- ■ ■ ,x m G X with Xi _L Xj for all i 7^ j. Let f : X — >■ Y be a mapping satisfying 
(2.2). If for each x G X the mapping f(tx) is continuous in t £f, then there exists a unique 
orthogonally additive and A-linear mapping L : X — >■ Y such that 

\\f(x)-L(x)\\ Y < p?L (3.2) 

\m\ — \m\a 
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for all x G X . 

Proof. It follows from (2.4) that 



m 



f(mx) 



m 



< H x ) 
Y ~ \ m \ 



(3.3) 



for all x G X. Let (S 1 , d) be the generalized metric space defined in the proof of Theorem 2.1. 
Now we consider the linear mapping J : S — > S 1 such that 

g{mx) 



Jg(x) :-- 



in 



for all x G X. It follows from (3.3) that d(f,Jf) < \m\. By Theorem 1.4, there exists a 
mapping L : X — > Y satisfying the following: 

(1) d(J k f, L) — > as k — > oo. This implies the equality 



lim 

fc-»oo m 



y ( mkx ) 



L(x) 



for all x G X; 

(2) d(f, L) < j^-d(f, Jf), which implies the inequality 

d(f,L)< \ . 

\m\ — \m\a 

This implies that (3.2) holds true. It follows from (3.1) and (2.2) that 




+ME 



iir, 



2uL £ 



•''/ 



\i=l 



\i=l 



m mux. 



+ E 



UXj 



j=l,j¥=i 



m Xj 



+ f{J2m k ux i \-2uf[J2 
ip(m k xi,m k X2, • • • , m k x m ) 



Y 



< lim 



m 



< lim 



m| fe a n v9(xi,--- ,x m ) 



m\ 



for all n G U(A) and all xi, • • • , x m G X with x« _L Xj for all i ^ j. So 



Y 



\] L rnuxi + 2_\ 



IIX ; 



+ME 



MX; 



2uL 2 



•' 7 



1 = 1 



vi=l 



\i=l 



for all u G C/(>1) and all xi, ■ ■ ■ , x n G X with x% _L x^ for all i ^ j. Hence L : X — > Y is an 
orthogonally additive mapping. 

The rest of the proof is similar to the proof of Theorem 2.1. □ 

Corollary 3.2. Let 6 be a positive real number andp a real number withp > 1. Let f : X — >■ Y 
be a mapping satisfying (2.7). If for each x G X the mapping f{tx) is continuous in t £l, 
then there exists a unique orthogonally additive and A-linear mapping L : X — >■ Y such that 



||/(x)-L(x) 



Y 



< 



\m\ — \m 



P+i 
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for all x £ X . 

Proof. The proof follows from Theorem 3.1 by taking 

(p(xi,x 2 , ■■■ ,x„) = 9 I ^2 W x i\\ P ) 

for all Xi, ■ ■ ■ , x m £ X with xi _L Xj for all i ^ j. Then we can choose a = \m\ p ~ 1 and we get 
the desired result. □ 

Theorem 3.3. Let f : X — > Y be a mapping satisfying (2.2) and for which there exists a 
function (p : X m — > [0, oo) such that 

'x\ x 2 x m \ a<p(x 1 ,x 2 ,--- ,Xm) 



\m m m J \m\ 

for all xi, ■ ■ ■ , x m £ X with Xi _L Xj for all i ^ j. If for each x £ X the mapping f(tx) is 
continuous in t £ R, then there exists a unique orthogonally additive and A-linear mapping 
L : X —)■ Y such that 

\\f(x)-L(x)\\ Y < ^ (3.4) 

\m\ — \m\a 

for all x € X . 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Now we consider the linear mapping J : S — > S such that 

Jg{x) :=mg ( — 

for all x £ X. It follows from (2.4) that d(f, Jf) < t^t. The rest of the proof is similar to the 
proofs of Theorems 2.1 and 3.1. □ 

Corollary 3.4. Let 9 be a positive real number and p a real number with < p < 1. Let 
f : X -^ Y be a mapping satisfying (2.7). If for each x £ X the mapping f(tx) is continuous 
in t £ R, then there exists a unique orthogonally Jensen and A-linear mapping L : X — >■ Y 
such that 

\\f(x)-L(x)\\y< ™ X \ 

l m l — \ m \ 

for all x £ X. 

Proof. The proof follows from Theorem 3.3 by taking 



<p{xi,x 2 ,--- ,x n ) = 9 1^1 



\i=l 



for all xi, ■ ■ ■ , x m £ X with xi _L Xj for all i ^ j. Then we can choose a = \m\ l p and we get 
the desired result. □ 
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SOME CHARACTERIZATIONS AND CONVERGENCE 
PROPERTIES OF THE CHOQUET INTEGRAL 

WITH RESPECT TO A FUZZY MEASURE 
OF FUZZY COMPLEX VALUED FUNCTIONS 

Lee-Chae Jang 

Department of Computer Engineering, 

Konkuk University, Chungju 380-701, Korea 

e-mail: leechae.jang@kku.ac.kr 

Abstract. In this paper, we consider Choquet integrals with respect to a fuzzy mea- 
sure and fuzzy complex valued functions. We define the Choquet integral with respect 
to a fuzzy measure of a fuzzy complex valued functions and investigate their character- 
izations. Furthermore, we discuss some convergence properties of the Choquet integral 
with respect to a fuzzy measure of an integrably bounded fuzzy complex valued mea- 
surable function. 



§1. Introduction 

Choquet integrals, introduced in [8,9,10], has emerged as an interesting extension of 
the Lebesgue integral. Puri and Ralescu [11] have been studied Lebesgue integral with 
respect to a classical measure of closed set- valued measurable functions. In the papers 
[4-7], we defined interval- valued Choquet integrals and have studied some convergence 
theorems for Choquet integrals with respect to a fuzzy measure of interval-valued 
measurable functions under some sufficient conditions. Zhang, Guo and Liu [14] 
restudied Choquet integrals with respect to a fuzzy measure of closed set-valued 
measurable functions. 

Burkley [1-3] introduced the concept of fuzzy complex numbers, the differentiability 
and integr ability of fuzzy complex valued functions on a complex plane C. Wang and 
Li [11] have researched generalized Lebesgue integrals with respect to a complex 
valued fuzzy measure of fuzzy complex valued functions. 



2000 AMS Subject Classification: 28E10, 03E72, 26E50 

keywords and phrases : Choquet integrals, fuzzy measures, fuzzy complex numbers, fuzzy complex 

valued functions 
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In this paper, we define the Choquet integral with respect to a fuzzy measure of a 
fuzzy complex valued function and discuss their properties. In particular, we prove 
some convergence theorems for the Choquet integrals of a fuzzy complex valued func- 
tion. In section 2, we list the definitions and various properties of fuzzy measures and 
Choquet integrals. In section 3, we introduce fuzzy complex numbers and fuzzy com- 
plex valued functions. We define Choquet integrals with respect to a fuzzy measure 
of a fuzzy complex valued functions and discuss some of their some characterizations. 
In section 4, we discuss some convergence properties of the Choquet integrals of inte- 
grably bounded fuzzy complex valued functions. In section 5, we give a brief summery 
results and some conclusions. 



52. Definitions and Preliminaries 



Throughout this paper, we assume that (X, Q(X)) is a measurable space and denote 
M + = [0, oo) and M. + = [0, oo]. We list the definitions of fuzzy measures and Choquet 
integrals(see [4-12]). 

Definition 2.1. (1) A set function \i : $$(X) — > M. + is called a fuzzy measure if (i) 
/i(0) = and (ii) fi(A) < fj,(B) whenever A,B G ^s(X) and Ac B. 

(2) If /j,(X) < oo, |U is said to be finite. 

(3) A set function \i is said to be lower semi- continuous if for each increasing 
sequence {A n } in ^s(X), 

n(U^ =1 A n ) = lim fx(A n ). 

n— >od 

(4) A set function [i is said to be lower semi- continuous if for each decreasing 
sequence{A n } in $$(X) with fJ,(Ai) < oo, 

fi(n^ =1 An) = lim n(An). 

n— >oo 

(5) If fx is both lower semi- continuous and upper semi- continuous, it is said to be 
semi- continuous. 

We remark that fuzzy measures are known to be the generalization of classical mea- 
sures where additivity is replaced by the weaker condition of monotonicity and that 
fuzzy measures are not assumed to be semi-continuous. We introduce the Choquet 
integral proposed by M. Sugeno(see [8]) as follows. 

Definition 2.2. (1) The Choquet integral with respect to a fuzzy measure \x of a 
measurable function f : X — > M. + on A G $${X) is defined by 

(C) f fdfi= [ v{{x\f{x) >r}n A)dr 

J A JO 

where the integral on the right-hand side is the Lebesgue integral. 

2 
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(2) A measurable function f is said to be C-integrable if the Choquet integral of f 
on X can be defined and its value is finite. 

Instead of (C) f x fd/j,, we will write (C) J fd\i. We consider the (decreasing) dis- 
tribution function Gf(r) = fx({x\f(x) > r}) of a measurable function / for any 
reR + = [0, oo). 

Definition 2.3. Let n be a fuzzy measure on ^(X) and f a measurable function. We 
say that f and g are comonotonic, in symbol, f ~ g if f(x) < f(x') =>- g(x) < g(x') 
for all x,x' G X . 

Now we introduce the following basic properties of the comonotonicity and the 
Choquet integral. 

Theorem 2.4. [8-10, 12]) Let f,g, and h be measurable functions. Then we have 

(2) / ~ g^ g ~ /, 

(3) / ~ a for all a G R+ , 

(4) f ~ g and g ~ h =^ f ~ g + h. 

Theorem 2.5. [8-10, 12]) Let f and g be C-integrable functions. Then we have 

(1) iff<9, then (C) J fdfi < (C) J gdfi, 

(2) if E 1 C E 2 and E u E 2 e %(X), then (C) f Ei fdfi < (C) f Ea fdfi, 

(3) if f ~ g and a,b E M. + , then 

(C) / \af + bg)dfi = a{C) j fdfi + b{C) f gdfi, 

(4) if we define (f\/g)(x) = f(x) V g(x) and (/ Ag)(x) = f(x) Ag(x) for all x G X , 
then 



(C)JfV gdfi > (C) J fdfi V (C) J gdfi 

and 

(C)JfA gdfi < (C) J fdfi A (C) J gdfi 

Throughout this paper, J(IR + ) is the class of all closed intervals in M + , that is, 

I(R+) = {[a",a + ]|a",a+ G M + and a~<a + }. 
For any a G 1R + , we define a = [a, a]. Obviously, a G I(lR + )(see[4-7]). 

3 
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Definition 2.6. If a = [a~,a + ],6 = [b~ 7 b + ] G J(IR + ) and c G R + , then we define the 
following operations: 

(1) a + b= [a~ +b~,a+ + b + ] . 

(2) ka = [ca~ , ca + ]. 

(3) ab=[a-b-,a+b+]. 

(4) a A b - [a~ A b~ , a+ A b + ] . 

(5) a V 6 = [a~ V6",a+V b+] . 

(6) a <b if and only if a~ < b~ and a + < b + . 

(7) a <b if and only if a <b and a^b. 

(8) a db if and only if b~ < a~ and a + < b + . 

Definition 2.7. If a = [a^ 7 a~l] G I(IR + ) for k = 1,2, ••• , then we define the 
following operations: 

(l)A% =1 a k = [A% sl at,A% =1 a+]. 

(2)V% sl a k = [V% =1 ai,V% =1 a+]. 

Theorem 2.8. For a,b,c G I(IR + ), we have 

(1) idempotent law: a A a = a,a\/ a = a, 

(2) commutative law: a Ab = b Aa, aV6 = 6V a, 

(3) associative law: (a A b) A c = a A (b A c) , 

(4) absorption law: a A (a V b) = a V (a A b) = a, 

(5) distributive law: a A (b V c) = (a A b) V (a A c), a V (b A c) = (a V b) A (a V c) . 

W note that (I(WL + ),cIh) is a metric space, where a mapping du '■ /(M + ) x 
J(]R + ) — > ]R + is the Hausdorff metric defined by 

dn(A, B) = max{sup inf \x — y\, sup inf \x — y\} 
xeAv^ B y eB x ^ A 

for all A,Be I(R + ). By the definition of the Hausdorff metric, it is easy to see that 
for any a = [a~ , a + ], b = [b~ , b + ] G 7(IR + ), we have 

dnia^b) = max{|a~ — b~\, \a + — b + \}. 

Note that for a sequence of closed intervals {a n } converges to a, in symbols du — 
lim n ^. 0O a n = a if lim n ^. 00 dH(a n , a) = and that du — hnin^oo d n = a if and only 
if lim n ^oo a~ = a~ and lim r n. 0O a+ = a + . In the following definition, we introduce 
fuzzy numbers and some operations on them which are used in the next sections. 

Definition 2.9. A fuzzy set u on 1R + is called a fuzzy number if it satisfies the 
following conditions; 

(i) (normality) u(x) = 1 for some x G M + , 

4 
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(ii) (fuzzy convexity) for every A G (0, 1], 

tt A = {jGt + | u(x) >\}e /(M + ), 
where u\ is the level set of u. 

Let FN(R + ) denote the class of all fuzzy numbers. We define the following basic 
operations on FJV(R+)(see[8,9,12]); for every u,v G FN(R+) and k G R+, 
(u + v)\ = u\ +v\, 
(ku)\ = ku\, 
(5v)a = u\v x , 

u < v if and only if u\ <v\, for all A G (0, 1], 
u < v if and only if u < v and u ^ v , 
u C v if and only if u\ Gv\, for all A G (0, 1]. 

§3. Choquet integrals of fuzzy complex fuzzy functions 

In this section, we consider a fuzzy number and fuzzy complex numbers(see[l-3,13]). 

Definition 3.1. Let a, b G FN(R + ). We define a double ordered fuzzy numbers (a, b) 
as follows: 

(a,6):C+— >[0,1] 

z = x + yi i — > (a, b)(z) = a(x) A y(y), 

where C + = {x + yi\x, y G 1R + }. Then the mapping (a, b) determines a fuzzy complex 
number, where a and b is called a real part and an imaginary part of (a, b) , respectively. 

We note that if we put C = (a,b), then a = ReC and b = ImC. Let FCN(C + ) 
be the class of all fuzzy complex numbers on C + , writing 

C = a + bi. 

Note that if c = a+bi is a nonnegative complex number, then its membership function 

is 

f 1 if x = a, y = b 
c{z) = < 

{ otherwise 

where z = x+yi G C + . Clearly, c G FCN(C + ), that is, a fuzzy complex number is also 
a generalization of an ordinary complex number. We recall that if Ci, Ci G FCN(C + ) 
and we define 

d * C 2 = (Red * ReC 2 , ImCi * ImC 2 ) 

for an operation * G {+, — , x, A, V}, then clearly we have C\ * C 2 G FCN(C + ). 
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Definition 3.2. Let Ci,C 2 G FCN(C + ). Then we define the following order and 
equality operations: 

(1) C\ < C 2 if and only if ReC\ < ReC 2 and ImC\ < ImC 2 ■ 

(2) C\ < C 2 if and only if C\ < C 2 and C\ ^ C 2 ■ 

(3) d = C 2 if and only if C x < C 2 and C 2 <C 1 . 

(4) C\ C C 2 if and only if ReC\ C ReC 2 and ImC\ C ImC 2 . 

From Definition 3.2, it is easy to see that if we define A-cut set C\ = {z = x + yi G 
C + \(ReC)(x) > X and (ImC)(y) > A}, then it is a closed rectangle region in C + . 
Now, we consider fuzzy complex valued functions as follows(see [13]). 

Definition 3.3. If a mapping f : C + — > FCN(C + ) is defined by 

z = x + yi\ — ► f(z) = (Ref, ImJ){z) = Ref(x) A Imf(y), 
then f is called a fuzzy complex valued function on C + . 

We note that for any A G (0, 1], let 

f x (z) = (f(z)) x = ((Ref(x)) x , (Imf(y)) x ), for all z = x + yi G C+, 

where (Re[) x = [(Refc, (Ref)+] and (Imf) x = [(Imf) x , (Imf)+] for all A G (0, 1] 
and that / is said to be measurable if for any A G (0,1], (Ref) x and (Imf) x are 
measurable. We introduce Choqeut integral of interval-valued measurable functions 
as follows(see [4-7,14]). 

Definition 3.4. ([4-7, 14]) Let (IR + , S(]R + )) be a measurable space. A closed set- 
valued function F : X — > J(]R + ) is said to be measurable if for any open set O C M. + , 



F-\0) = {xe M+\F(x) D O # 0} G 3(1 



,-M 



Definition 3.5. ([4-7, 14]) (1) Let F be a closed set-valued function and A G $5(IR + ) 
The Choquet integral of F on A is defined by 



(C) 



J Fdn=Uc) J fdfi\f eS c (F)\ 



where S C (F) is the family of measurable selections of F. 

(2) A closed set-valued functions F is said to be integrable if (C) J Fdfx 7^ 0. 

(3) A closed set-valued function F is said to be integrably bounded if there exists a 
integrable function g such that 



F(x) ||= sup re F(x)\ r \ < g(x) for all x G 



> + 
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Theorem 3.6. ([14 Theorem 3.16(iii)]) Let \x be a semi- continuous fuzzy measure. 
If F = [/~,/ + ] : M + — > I(M. + ) is an integrably bounded interval-valued measurable 
function, then 

(C) ! Fd^i= \(C) ff-dn,(C) ff+dfi . 



Theorem 3.7. ([13])Iff± and f 2 are fuzzy complex valued measurable functions, then 
/i ± f 2 and /i • fi are fuzzy complex valued measurable functions, where /i ± f 2 = 
(Refi ± Ref 2 , Imfi ± Imf 2 ) and f\- f 2 = (Refi ■ Ref 2 , Imfi ■ Imf 2 ). 

Now, we define the Choquet integral with respect to a fuzzy measure of a fuzzy 
complex valued function as follows. 

Definition 3.8. Let \x be a semi- continuous fuzzy measure on (R + , Q : (1R + )) and f = 
(.Re/, Imf) a fuzzy complex valued measurable function. 

(1) For every A,B G S(1R + ), the Choquet integral with respect to fi to f on A x B 
is defined by 



(C) / fdfM = (C) / (Ref)xdfM, (C) / (Imf)xdfi 

JAxB J \ \ J a Jb 

for all Xe (0,1]. 

(%) // t/iere exists u G FCN(C + ) such that (u)\ = ((C) J AxB fdfij for all A G 

(0, 1], then f is said to be integrable on Ax B. 

(3) f is said to be integrably bounded if for any A G (0, 1], (Ref)x and (Imf)x are 
integrably bounded. 

Instead of (C) J K + xR + fdfi, we will write (C) / fdfi. If we set A x B = R + x R + , 
then we denote 

(C) J fdfj) = ((C) J(Ref)xd^ (C) J(Imf) x df?j . 

In order to prove the existence of the Choquet integral of /, we need the Choquet 
integral of a fuzzy complex valued measurable function to satisfy the following lemma. 

Lemma 3.9 ([7,10]). Let {[ax,bx]\X G (0,1]} be a family of nonempty closed in- 
tervals in J(]R + ). If (i) for all < Ai < A2, [ax 1 ,bx 1 ] D [ax 2 ,bx 2 ] an d (H) f or an V 
increasing sequence {Xk} in (0,1] converging to X, [a\,b\] = n^L-Ja^, 6,\ fc ]. Then 
there exists a unique fuzzy number u G FN(M. + ) such that the family [ax,bx] repre- 
sents the X-level sets of a fuzzy number u. 

7 



1075 



JANG: CHOQUET INTEGRAL 



Conversely, if [a\, b\] are the X-level sets of a fuzzy number u G FN(M. + ), then the 
conditions (i) and (ii) are satisfied. 

From Theorem 3.6 and Definition 3.8, we obtain the following theorem. 

Theorem 3.10. Let \i be a semi- continuous fuzzy measure on S(1R + ) . If an integrably 
bounded fuzzy complex valued measurable function f = (-Re/, Imf) is measurable, then 
for any X G (0, 1] ; 



(C) / (Ref)xdfi 



(C) l(Ref)- x d^(C) l(Ref)td» 



and 



(C) / (Imf) x dn 



(C) l(Imf)- x d^(C) l(Imf)+dfM 



Lemma 3.11. If {Xk} is an increasing sequence in (0, f] converging to X and [i is 
lower semi- continuous, then we have 

lim fi({x\(Ref)7(x) > a}) = fi({x\(Ref) x (x) > a}), 

n— ^oo ™ 

lim ^({x\(Ref)+ (x) > a}) = fi({x\(Ref) + (x) > a}), 

n— ^oo " 

lim n({x\(Imf)7(x) > a}) = fi({x\(Imf)~(x) > a}), 



and 



lim n({x\(Imf)t (x) > a}) = n({x\(Imf)t(x) > a}. 



Under same condition for {Xk} in Lemma 3.11, we have 

lim (i({x\(Ref)i(x) > a}) = fi(n^ =1 {x\(Ref)- (x) > a}), 

lim /i({x|(ite/)+ (x) > a}) = v(n™ =1 {x\(Ref)+Jx) > «}), 

lim fi({x\(Imf)y (x) > a}) = fi((l^ =1 {x\(Imf)^(x) > a}), 

and 

lim n({x\(Imf)+ Jx) > a}) = /j(n™ =1 {x\(Imf)+ (x) > a}. 

Thus, by Lemma 3.11, we can obtain the following theorem. 

8 
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Theorem 3.12. Let n be a semi- continuous fuzzy measure. If a fuzzy complex valued 
function f is integrably bounded and {Xk} is an increasing sequence in (0, 1] converging 
to X, then we have 

(i) for any < Ai < A2 < 1, 



(C) J fd^j D ((C) J f dp 
and (ii) for any increasing sequence {Xk} in (0, 1] converging to X, 



(C) / RefdfjL = n£° =1 (C) / Refdfi 



and 



(C) / Imfdfi = n£° =1 (C) / Imfdn 



^k 



Proof, (i) Note that (Ref) Xl = [(Ref)^ (ite/)+J C (Ref)x 2 = [(ife/)* 2 , (ite/)+ | 
implies 



\+ 



(ite/)^ < (ite/)^, and (ite/)+ < (ife/) 
and that (Imf)\ 1 = [(Jra/)^, (Imf)^] C (Imf)\ 2 = [(Jra/)7 2 , (Imf)^] implies 



* + 



( /to /)a! ^ ( Im f)x 2 and ( Im f)\ 1 < ( Ir nf) 

Thus, by Theorem 2.4(1) and Definition 2.5 (8) and Theorem 3.10, we obtain the 
followings: 



(C) / ite/d^) =(C)l(Ref) Xl dfi 



D 



(C) y (Ref)^d^(C) j (Ref)ldfi 
(C) f(Ref)7d^(C) f(Ref)+dfi 



(C) / (Ref) X2 dfi = (C) / ite/d/x 



Similarly, we obtain the followings. 



(C) / Imfd/A d ((C) f Imfdfi 

/ Ai V i / A 2 

9 
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(ii) Let {Afc} be an increasing sequence in (0, 1] converging to A. Then, by Definition 
2.5 (4) and the monotone convergence theorem for Lebesgue integral, we can obtain 
the followings. 

(C) (Ref)7dfj,= / fi({x\(Eef)7(x) > a})da 



lim n({x\(Ref) x (x) > a})da 



lim / n({x\(Ref) x (x) > a})da 



= lim (C) / (Ref) Xn dv = n~ x(C) / {Ref)- x J». 
Similarly, we obtain the following three equalities. 

(C) f(Ref)+du, = n^ 1 (C) l(Ref)Uu„ 



and 



Thus we have 



(C) j{ImfT x dn = n~ x(C7) J (Imf) Xn d», 
(C) [(Imf)+dp = r£ =1 (C) f(Imf)tdfM. 



(C) J Refd/j 



(C)J(Ref) x dfi,(C)J(Ref)+dv 

n~ =1 (C) [(Ref^d^n^iC) URefrtdvL 



1 'n=l 



(C) / (ite/)7>, I (Ref)+dfM 



n~ i(C) / (Ref) Xn d^ = n~ ! (C) / ite/dA* 



By the same method of the above equality's proof for -Re/, we can obtain 
(C)Jlmfdv) = ^ ((C) J Refdt^ . 



From Theorem 3.12, we can obtain the following Remark which is the existence of 
the Choquet integral with respect to a fuzzy measure of an integrably bounded fuzzy 
complex valued measurable function. 

10 
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Remark 3.13. By Theorem 3.12 and Lemma 3.11, there exists a fuzzy number u,v G 
FN(C+) such that 



(u) x = I (C) / Refdjl) and (v) x = I (C) / Jm/d/I 

/or a// A G (0, 1]. // we p«i C = (u,u), t/ien C G FCW(C+) and 

C x = («a, «a) = ( ((C) I ite/d?) , ((C) y /m/dpA ) = ((C) J fdfi\ . 

T/ioi is, if a fuzzy complex valued function f is integrably bounded, then f is integrable. 

Thus, we have the following basic properties of Choquet integrals of fuzzy complex 
valued measurable functions. 

Theorem 3.14. Let \i be a semi- continuous fuzzy measure. The Choquet of integrably 
bounded fuzzy complex valued measurable functions has the following properties: for 
any two fuzzy complex valued measurable functions widetildef and widetildeg , then 

(1) iff<g, thenJC) f fdfi ^ (C) / gdfj,, 

(2) if we define (fVg)(z) = f(z)Vg(z) and (f Ag)(z) = f(z)Ag(z) for all z G C+, 
then 

(C)Jfy gdfi > (C) I fdfi V (C) J gdfx 
and 



(C) J f AgdfM<(C) J fdfiA(C) Jgdfi 



}4. Some convergence properties of the fuzzy complex valued Choquet integral 

In this section, we introduce some convergence properties of the Choquet integral, 
for examples, Denneberg's convergence theorem and monotone convergence theorem 
for Choquet integrals with respect to a fuzzy measure of real- valued measurable func- 
tions(see [11,12]). 

Definition 4.1 ([10]). A sequence {f n } of measurable functions is said to converge 
to f in distribution, in symbols G — lim n ^oo f n = f , if 

lim G /„(r) =G f (r), e.c., 

n— >-oo 

where "e.c." stands for "except at most countably many values of r". 

11 
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Theorem 4.2 ([10]). If {f n } is a sequence of measurable functions that converges 
to f in distribution and if g and h are integrable functions such that 

G h <G f „ <G n e.c.,n= 1,2, 

then f is integrable and 



lim(C) ff n dfi=(C) ffdfi. 



Theorem 4.3 ([9]). (1) If a fuzzy measure [i is semi- continuous and {f n } is an 
increasing sequence of measurable functions which converges to f , fi — a.e., then we 
have 

lim(C) f f n dn={C) f fdfi, 

n-HX J J 

where "P is n — a.e." means fJ,({x G M + |P(x) is not true }) = 0. 

(2) If a fuzzy measure \i is upper semi- continuous and {f n } is an decreasing se- 
quence of measurable functions which converges to f , \x — a.e., and if there exists an 
integrable function g such that /i < g, then we have 



lim(C) f f n d/j=(C) [fdfi. 

a^oo J J 



We discuss some convergence theorems for Choquet integrals with respect to a fuzzy 
measure of fuzzy complex valued measurable functions and define the new metric on 

FCN(C+). 

Definition 4.4. A mapping D : FCN(C+) x FCN(C+) — ► R+ is defined by 

D(C U C 2 ) = max{A(ReC 1 ,ReC 2 ), A(ImC 1 ,ImC 2 )}, 
where A(u,v) = sup A6 ( 01 i dif(u\,v\) for all u,v<E FN(R + ). 

Note that (FCN(C + ,D) is a metric space. By using this metric D, we define the 
concept of convergence of a sequence in (FCN(C + , D). 

Definition 4.5. A sequence {C n } of fuzzy complex numbers in FCN(C + ) is said to 
converge to a fuzzy complex number C in the metric D, in symbols D — lim n ^oo C n = 
C, if ' 

lim ri ^ 00 D{C ri ,C) = 0. 

From the definition of metric D on FCN(C + ), we can define the following defini- 
tions. 

12 



1080 



JANG: CHOQUET INTEGRAL 

Definition 4.6. A sequence {f n } of integrably bounded fuzzy complex valued mea- 
surable functions on FCN(C + ) is said to converges to f in distribution, in sym- 
bols G- lim^oo f n = f if four sequences {(Ref n ) x J, {{Ref n )\}, {(Imf n )^}, and 

{{Imf n )l} converge to {{Ref) x }, {{Ref) + }, {(Imf)^}, and {(/to/) J} in distribu- 
tion, respectively. 

By using Definition 4.6 and Theorem 2.5 and the definition of the metric D, we can 
obtain the following theorem under some sufficient conditions which is Denneberg- 
type convergence theorem for Choquet integral with respect to a fuzzy measure of 
integrably bounded fuzzy complex valued functions. 

Theorem 4.7. Assume that a fuzzy complex valued function f is integrably bounded 
and [i is a semi- continuous fuzzy measure. If {f n } is a sequence of fuzzy complex 
valued measurable functions that converges to f in distribution, and if g and h are 
integrable functions such that 

h < (Ref n )x < ( Re fn)t < 9 and h < (Imf n )~ < (Jm/ n )+ < g 

for all A G (0, 1] and a.c. for n — 1, 2, • • • , then f is integrably bounded and 

D- lim(C) ff n d/j,= (C) ffdfi. 

n->0O J J 

Proof. Clearly, if we take z = x + iy G C + , then we have 

\\(Ref) x (x)\\ < (Ref)+ < g(x) and \\(Imf) x (x)\\ < (Imf)+ < g(x), 

for all A G (0, 1]. Thus, / is integrably bounded. Since h < (Ref n ) x < (Ref n )\ < g 
and h < (Imf n ) x < (Imf n )\ < g, G h < G^ Re j n) - < G {Re j n) + < G g and G h < 
G n r s- < G n j x+ < G g . Then, by Definition 4.6 and Theorem 4.2, we obtain 



and 



lim (C) f(Ref n )- x dn=(C) I ' (Ref)^dfi, 
lim (C) f(Ref n )+d f x=(C) f(Ref)+dfjL, 

7WOO J J 

lim (C) f(Im] n )- x dn=(C) [(Imf^dfi, 
lim (C) f(Imf n )tdn = (C) f(Imf)+d^ 

n->0o J • J 



13 
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for all A G (0, 1]. Thus, by the definition of the metric A, we have 

A ((C) J Refndu, (C) J Rejd^j 
= sup d H ((C) f(Ref n ) x dfi, (C) f (ReJ) x d^\ 

A€(0,1] V J J J 

= sup max < |(C) / (Ref n ) x d^ - (C) / (Ref) x d/j,\ 
Ae(o,i] I J J 

|(C) J(Ref n )+d^ - (C) J(Ref)+dfi\ 



for all A G (0, 1] as n — > oo and 

A ((C) flmf n d^(C) flmfdfi 



sup d H ( (C) / (Imf n )\dfM, (C) / (Imf)\dfji 

A€(0,1] 



= sup max < \(C) (Imf n ) x dfi -(C) (Imf) x dfj>\, 
Ae(o,i] I •/ ./ 

|(C) J(Imf n )+dii - (C) J (Imf)+dfJL\ 

— >0. 

Therefore, by Definition 4.4, we obtain 

D- lim(C) ff n dfi=(C) [fd/JL 

= lim max < A I (C) / Refndu, (C) / Refd\i 

A ((C) J Ref n dfi, (C) J Rejd^j 
= 0. 



Finally, we can obtain monotone convergence theorems for Choquet integrals with 
respect to a fuzzy measure of integrably bounded fuzzy complex valued functions as 
follows. 

14 
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Theorem 4.8. Assume that f is integrably bounded and that a fuzzy measure ft is 
semi- continuous. 

(1) If {f n } is an increasing sequence of integrably bounded fuzzy complex valued 
measurable functions that converges to f in the metric D ,then we have 



D- lim(C) f f n dft = (C) ffdfi. 

n->-0O J J 



(2) If {fn} is a decreasing sequence of integrably bounded fuzzy complex valued mea- 
surable functions that converges to f in the metric D and if there exists an integrabe 
function g such that 

(Ref n )x < ( Re fn)t < 9 and (Imf n ) x < {Imj n )\ < g, ft - a.e., 

for all A G (0, 1] and for all n = 1, 2, • • • „ then we have 

D- lim(C) ff n dfi=(C) ffdfi. 



Proof. Note that if {f n } is an increasing sequence of fuzzy complex valued 
measurable functions that converges to / in the metric D, then four increasing se- 
quences {(Ref n )^}, {(Ref n )^}, {(im/ n )^}, and {{ImJ n )\} converge to {{Ref) x }, 
{(Ref)^}, {{Imf) x }, and {(Imf)^}, ft — a.e., respectively for all A G (0,1]. By 
Theorem 4.3 (1), we have 

lim (C) f(Re] n )- x dfi=(C) f(Ref)^dfi, 

n^oo J J 

lim (C) f(Ref n )+dfi=(C) f(ReJ) + x d^ 
lim (C) f(Imf n )-dft=(C) f(Imf)-dfi, 

n^oo J J 

and 



lim (C) f(Imf n )+dfi = (C) f(Imf)tdfi, 

n->0O J " J 



for all A G (0, 1]. Thus, by Definition 4.4 and the same method of the proof of Theorem 
4.7, we have 



Jim D ((C) J f n dfi, (C) J fdfj\ = 0. 
(2) The proof is similar to the proof of (1). 



}5. Conclusions 
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JANG: CHOQUET INTEGRAL 



In this paper, by using, we use the Choquet integral with respect to a fuzzy mea- 
sure instead of the Lebesgue integral with respect to a classical measure, we define 
the new concept of the Choquet integral with respect to a fuzzy measure of fuzzy 
complex valued functions in Definition 3.8 and Theorems 3.10, 3.12. In Definitions 
4.4, 4.5, 4.6, and Theorems 4.7, 4.8, we investigate the existence of the fuzzy complex 
valued Choquet integral and some convergence properties of the Choquet integrals of 
integrably bounded fuzzy complex valued functions. 

In the future, we will study a probability measure approach to rank fuzzy complex 
numbers and the theoretical fundamentals of leaning theory based on fuzzy complex 
random samples, etc. 



Acknowledgement: This paper was supported by Konkuk University in 2013. 
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INTUITIONISTIC FUZZY STABILITY OF EULER-LAGRANGE 
TYPE QUARTIC MAPPINGS 

HEEJEONG KOH 1 , DONGSEUNG KANG 1 AND IN GOO CHO 2 * 



Abstract. We investigate some stability results and intuitionistic fuzzy con- 
tinuities concerning the following Euler-Lagrangc type quartic functional equa- 
tion 

f(ax + y) + f(x + ay) + -a(a - l) 2 f(x ~ y) 

= \(a + l) 2 f(x + y) + (a 2 - l) 2 (/(:r) + f(y)) 



in intuitionistic fuzzy normed spaces. 



1. Introduction 

In 1965, Zadeh [19] introduced the theory of fuzzy sets. After the pioneering 
work of Zadeh, there has been a great effort to obtain fuzzy analogues of classical 
theories. It has useful applications in various fields such as population dynam- 
ics, chaos control, computer programming, nonlinear dynamical systems, nonlinear 
operators, etc. Also, many mathematicians considered the fuzzy metric spaces in 
different view. In particular, In 1984, Katsaras [8] defined a fuzzy norm on a linear 
space to construct a fuzzy vector topological structure on the space. 

Stability problem of a functional equation was first originated by S.M. Ulam [18] 
concerning the stability of group homomorphisms. It was answered by Hyers [5] on 
the assumption that the spaces are Banach spaces and generalized by T. Aoki [1] 
for the stability of the additive mapping involving a sum of powers of p-norms and 
Th.M. Rassias [16] for the stability of the linear mapping by considering the Cauchy 
difference to be unbounded. 

During the last three decades, several stability problems of a large variety of 
functional equations have been extensively studied and generalized by a number 
of authors [3], [4], [6], [16], and [2] and various fuzzy stability results have been 
studied in [9], [10], [11], and [12]. 

In particular, J. M. Rassias [15] introduced the Eulcr-Lagrange type quadratic 
functional equation 

(1.1) f(rx + ay) + f(sx - ry) = (r 2 + s 2 )[f(x) + f(y)} , 

for fixed reals r, s with r^0,s^0. Also, K-W. Jun and H-M. Kim [7] proved the 
Hyers- Ulam-Rassias stability of a Euler-Lagrange type cubic mapping as follows: 

(1.2) f(ax + y) + f(x + ay) 

= (a+ l)(a - l) 2 [f(x) + f(y)} + a(a + l)f(x + y) , 



2000 Mathematics Subject Classification. 39B52. 

Key words and phrases, stability problem, Eulcr-Lagrange functional equation, quartic func- 
tional equation, intuitionistic fuzzy stability, intuitionistic fuzzy continuity. 
* Corresponding author. 
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2 HEEJEONG KOH, DONGSEUNG KANG, IN GOO CHO 

where a^0,±l, for all x, y € X . 

In this paper, we investigate the stability problem for the Eulcr-Lagrange type 
quartic functional equation as follows: 

(1.3) f(ax + y) + f(x + ay) + l -a{a - lff(x - y) 

= l -a{a + If f{x + y) + (a 2 - l) 2 (f(x) + f(y)) , 

for fixed integer a with a^O, ±1. 

In fact, f{x) = x A is a solution of (1.3) by virtue of the identity 

{ax + y) 4 + (x + ay) 4 + -a(a - l) 2 (x - y) 4 

= l -a{a + l) 2 (x + y) 4 + (a 2 - l) 2 (x 4 + y 4 ) . 

In this paper, we investigate some stability results and intuitionistic fuzzy con- 
tinuities concerning the equation (1.3) in intuitionistic fuzzy normed spaces. 

Definition 1.1. A binary operation * : [0, 1] x [0, 1] — ► [0, 1] is said to be a contin- 
uous i-norm if it satisfies the following conditions: 

(1) * is associative and commutative, (2) * is continuous, (3) a * 1 = a for all 
a £ [0, 1] , (4) a* b < c* d whenever a < c and b < d , for each a, b,c,d£ [0, 1] . 

Definition 1.2. A binary operation ^> : [0, 1] x [0, 1] — > [0, 1] is said to be a 
continuous i-conorm if it satisfies the following conditions: 

(1) ^> is associative and commutative, (2) ^> is continuous, (3) a^0 = a for all 
a £ [0, 1] , (4) a§b < c(}d whenever a < c and b < d , for each a, b,c,d£ [0, 1] . 

Saadati and Park introduced the concept of intuitionistic fuzzy normed 
space; [17]. 

Definition 1.3. The five-tuple (X,fi,i/,*,Q) is called an intuitionistic fuzzy 
normed space (for short, IFNS) if A is a vector space, * is a continuous t-norm, 
^> is continuous i-conorm, and /i and v arc fuzzy sets on X x (0, 1) satisfying the 
following conditions. For all x, y E X and s, t > , 



(1 
(2 
(3 
(4 
(5 
(6 
(7 

(8 

(9 

(10 

(11 
(12 
(13 



fj,(x,t) + i/(x,y) < 1, 

/j,(x,t) > , 

n{x, t) = 1 if and only if x = , 

jj,(ax, t) = n(x, rjy ) for each a^0, 

/j,(x, t) * /j,(y, s) < n{x + y, t + s) , 

fi(x, ■) : (0,oo) — ► [0.1] is continuous, 

linif^oo n(x, t) = 1 and lining ^{ x i t) = > 

v(x,t) < 1, 

v(x, t) = if and only if x = , 

v(ax, t) — v(x, A-) for each q^0, 

v(x, t)<)v(y, s) > v(x + y,t+ s) , 

v(x, ■) : (0, oo) — > [0.1] is continuous, 

limf^oo v(x, t) = and lining v{x, t) — 1 . 



In this case (/x, v) is said to be an intuitionistic fuzzy norm. 

Also, they investigated the concepts of convergence and Cauchy sequences in an 
intuittionistic fuzzy normed space as follows: 
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Let (A, /i, v, *, <^>) be an IFNS. A sequence (x&) is said to be intuittionistic fuzzy 
convergent to L G A if lim^oo /i(xj. — L,t) = 1 and lim^oo ^(x^ — L,t) = 0, 
for all £ > . A sequence (x&) is said to be intuittionistic fuzzy Cauchy sequence 
if linifc^oo [i{xk+ p — Xfc, £) = 1 and lini/j^oo v(xk+ p — Xk,t) = , for all £ > and 
p = 1, 2, • • • . Also, (X, jU, v, *, <C>) is said to be complete if every intuitionistic fuzzy 
Cauchy sequence in {X, /i, i/, *, <0>) is intuitionistic fuzzy convergent in {X, fj,, i>, *, <C>) . 

2. Intuitionistic Fuzzy Stability 

Throughout this section, let A be a linear space and let Y be a intuitionistic 
fuzzy Banach space. Let a be a fixed integer with a^O, ±1 , For convenience, we 
use the following abbreviation: 

(2.1) D a f(x, y) := f(ax + y) + f(x + ay) + l -a{a - l) 2 /(x - y) 



l -a{a + l) 2 /(x + y) - (a 2 - l) 2 (/(x) + f(y)) 



for all x, y € X . 



Theorem 2.1. Let a be an integer with a^O, ±1 , and let X be a linear space and 
let (Z, \j! , i/) be an intuitionistic fuzzy normed space(IFNS). Let <p : X x X — > Z be 
a function such that for some < a < a 4 

(2.2) fi'(<j>(ax, 0), t) > (J,'(a</>(x, 0), t) and i/(<j>(ax, 0), t) < i/(a<j>(x, 0), i) , 

and linin^oo /u'(</>(a"x, a n y), a in t) = 1 and \iTa n ^ 00 v'{(f)(a n x 1 a n y) 1 a An t) = 0, for 
all x, y G A and £ > . Suppose (Y, /i, z/) is an intuitionistic fuzzy Banach space 
and f : A — > Y is a (^-approximately mapping such that /(0) = and 

(2.3) n(p a f(x,y),t) > u'((i>(x,y),t) 
and 

(2.4) y(p a f{x,y),t) <i/(<f>(x,y),t) 

for all t > and all x,y G A . T/ien £/iere exists a unique Euler- Lagrange type 
quartic mapping Q : X —t Y such that 

(2.5) »(Q(x) - /(x),£) > n'(<f>(x,0), \{a A - a)t) , 
and 

(2.6) u(Q(x) - /(x),£) < u'i^x, 0), ^(a 4 - a)*) , 
for all x G A and all t > . 

Proof. By letting y = in inequalities (2.3) and (2.4), we have 

(2.7) n(f(ax)-a 4 f(x),t) > p'(0(x,O),£) and u(f(ax)-a 4 f{x),t) < i/((f>(x,0),t) , 
that is, 

(2-8) M (^ -/(x),-^) >//(#*, 0),£), 

and 

(2.9) K^-/M,^)<^(<K*,0),£), 

a 4 a 4 
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for all x £ X and t > . For each n £ N , letting x — a n x in inequalities (2.8) and 
(2.9), we get 

/ a„, f (a n+1 x) f(d n x). t\ ,,,. _ „. . 

^ v ( r+y -^).4) < "W*.°)>*)- 

V v a 4 (" +1 ) a 4 " a 4 / ~ v v ' ' 

By using the inequality (2.2), these previous inequalities imply that 

ff(a n+1 x) f(a n x) t \ .,,,„ x , „ ,, N t, 

//(a" +1 a;) /(o"x) i \ ,, ,. „. t . 

for all x £ X , t > , and n > . Now, switching i by a n t in the previous inequali- 
ties, we have 

/ f (a n+1 x) f(a n x) 1 . a ._ \ ,.,, . , 

//(a" +1 a;) /(a"x) 1 , a ,„ \ ,,,, „, . 

for all x e X , £ > , and n > . Then 

fc=0 fc=0 fe=0 

* ^(®-^, ?(?)'•) >^(x,0), t ) 

fe=0 

and 

fe=0 fe=0 fc=0 

< 

k=0 

for all a; £ X , £ > , and n > 1 , where Jl?=i a j — <ii * ■ ■ ■ * On an d 117=1 °j = 
ffliO ■ ■ ■ Offln ■ F° r an y integer s > , replacing x with a s x in the previous inequali- 
ties, we have 

fc=0 

and 

4sr /(a"+ s x) f(a'x), n ^l ( a 



H^-^-^i'')^*»i^) 



!|X;,(^)'l)<»'(*'i»l), 
that is, 



a 4(n+s) a 4s 

fe=0 



V a 4 ("+ s ) a 4s 'a 4a -^a 4 V / ~ ^ m ''a 8 ' 



fc=0 
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and 



n-1 



'V nMri+s) n is ' „4s Z_^< „4 V „4 ' / — f* VVV, i /; 8 '' 



a 4(n+ s ) a 4s ' a 4s Z^ a 4 V fl 4 

fc=0 



for allxEX,£>0,n>0, and s > . Now, switching £ by a s i , we get 

<f{a n+s x) f(a s x) 1 ^a s 



M V a 4 ("+ s ) a 4s 'a 4sZ -a 4 V j J 

fe=0 

P V a 4 ("+ s ) a 4s ^ a 4 V ; J - f* ^\ , h /, 



and 

/ /(q"+^) /(q'ar) J*_^cf_ a k 

V a 4 («+ s ) a 4s 'a 4s ^ a i[ a i! 

fe=0 

/( „n + , } _ fja^^ lax 

a 4(n+s) a 4 s ' Z^ 4 V ; - ^ ' V) ;. 

for alla;GX,t>0,n>0, and s > . By putting i with +s _!* x a , we have 



(2.10) 


H a 4(n+s) 


a 4s 


and 






(2.11) 


//(a"+ s x) 


/(a s z) 
a 4s 



t") > u'(6(x, 0), r — i— , ) , 



t) < l/(6(x,0), t — r- x 

A: 



for allxeX,£>0,n>0, and s > . Since < a < a 4 , X)a~o ( ^ ) < °° • Hence 

lim^oo n'(<f>(x, 0), „ +s -i*j,_g,J = 1 , and lim^oo v'((j>(x, 0), „„ +s -i*^ L , J ^. fc ) = 

. Let e > and <5 > . Then there exists a io > such that 
M ; (^(g,0) , V n +s -i°i ,„>» ) > 1 -e, and ^(0(x,O) +s _ 1 *° 1 ) < e. Since 

E^o I* (^) < °° . thcrc exists a no e N such that £1'=^ £ (^) < <5 , for 
all n + s > s > no ■ Hence the sequence I ° 4 „ ) is a Cauchy sequence in (Y, fx, v) . 

Since (Y, /x, v) is a Banach space, the sequence I ^ 4 „ J converges. Hence we can 
define a function Q : X — ► Y by 

n , s ,. /(«"x) 
Q(x) = hm — ^- , 

for all x G X . Letting s = in the inequalities (2.10) and (2.11), we have 

K^ - /(x) ' *) ^ ^ (x < 0) ' V n-il^^ ) ' 



En— i J_j a_ 
fc=0 a 4 U 4 



and 



J/ 



(^gr 4 ~ /(^^) < ^(^o) ; ^ ) 
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for all i > and n > . Hence we have 

,^, s n, x n /^/ n f(a n x) f(a n x) „, . t t. 



/^/ n f(a n x) t\ ( f(a n x) ,, , t\ 



> 



/(^,o),l * ), 

\ / -^n-1 J_( a_\ ' 

l^k=0 a 4 \a 4 J 



and 



/^/ n f(a n x) t\ /f(a n x) ., , t\ 

Z^fc=0 a 4 I a 4 J 



that is, 



and 



M (Q(x) - /(*), i) > //(</>(z, 0), i(a 4 - a)t) : 



is(Q(x) - f(x),t) < i/(<f>(x,0), i(a 4 - a)i) : 



as n — > oo . Respectively, replacing x , y , and £ by a n x , a n y , and a 4 "i in inequalities 
(2.3) and (2.4), we have 

M^ ^ ,t) >n((f>(a x,a y),a t) , 



and 

fDJ(a n x,a n y) 



n 



,i) <^'(0Kx,a"y),a 4 "£), 



for all x E X , t > , and n e N. Since linin^oo /i'(0(a n x,a"y),a 4 ™£) = 1 and 
linin^oo v'(4>(a n x 1 a n y),a An t) = , the mapping Q : X — ► y satisfies the equation 
(1.3), that is, it is the Eulcr-Lagrange type quartic mapping. It only remains to 
show that the mapping Q : X — ► Y is unique. Assume Q' : X — ► Y is another 
Eulcr-Lagrange type quartic mapping satisfying the inequalities (2.5) and (2.6). It 
is easy to show that Q(a n x) = a in Q(x) and Q'{a n x) = a 4n Q'(x) , for all n e N . 

/^/ s „,, s \ (Q(a n x) Q'(a n x) \ 

M (Q(x) - Q'Or),*) - ^(^i^ ~ ^Sr^.*) 

Q(a n a;) /(a"x) i\ //(a"z) Q'(a n a;) i 



and 



> ^(^(a-x ) 0),^^t) >m'(^,0),^(^)"*) 
i/(g(a:)-Q , (x),*) <^'(0(x,O), a ^(^)"i) 



a 4 ™ 27 P V a 4n a in 2 

a 4 "(a 4 -a) 

' | •■' /( i oi.r ill. ; i 

a 
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for all x e X and all i > . Since linin^oo I ^ J 



= oo , 



/ / , / s a 4 — a / a 4 \ ™ \ , , , / , . , a 4 — a / a 4 \ n \ 
lim //U(x,0), ( — ) t = 1 and lim z/U(a;,0), ( — ) t =0. 

Hence 

fJ,(Q(x) -Q'(x),t) = 1 andi/(Q(x)-Q'(x),i) =0, 

for all x <G X and all t > . We may conclude that Q(x) = Q'(x) , for all x £ X , 
that is, the mapping Q : X — > Y is unique, as desired. □ 

Theorem 2.2. Lei a be an integer with a^O, ±1 , and let X be a linear space and 
let (Z, fj! , i/) be an intuitionistic fuzzy normed space(IFNS). Let cp : X x X — ► Z be 
a function such that for some a > a 4 

(2.12) //(<£(-, 0),*) >//(0(a:,O),a£) and i/(0(-,O),i) < i/'(^(x,0),ai) , 

a a 

and finin^oo /j,'(<fi(a~ n x, a~ n y),a~ 4n t) = 1 and lim„^oo v'((f>(a~ n x, a~ n y), a~ 4n t) = 
, /or a// x,y *E X and t > . Suppose (Y, /i, i/) is an intuitionistic fuzzy Banach 
space and f : X ^ Y is a (^-approximately mapping with /(0) = satisfying the 
inequalities (2.3) and (2.4)- Then there exists a unique Euler- Lagrange type quartic 
mapping Q : X —> Y such that 

(a - a 4 ) 

(2.13) „(Q(s) - /(a), t) > m'M*, 0), ^-^t) , 

and 

(2.14) V (Q(x) - f(x),t) < «/(#*, 0), i^—^lt) , 
/or all x ^ X and all t > . 

Proof. Letting x — - in inequalities (2.7) of proof of Theorem 2.1, we have 

(2.15) 

At(/(x) - a 4 / (-), t) > //'(0(a;, 0), at) and v(f(x) - a 4 f(-),t) < v'U(x, 0), at) , 
a ' a 

for all x G X and t > . Similar to the proof of Theorem 2.1, we can deduce 

(2.16) M (a 4 ("+ s )/(a-(" +s M - o 4 '/(a-*), t) > „'(#*, 0), ^ ) , 

and 

(2.17) I /(o 4 (" + ')/(o-( n+ ') i c) -a 4 V(a-x),*) < i/(#c,0), ^ ) , 

for all x € X , t > , and s > and n > . Since a > a 4 and X^fcLo ( 77 ) < °°i 



the Cauchy criterion for convergence in IFNS implies that ( a 4n f(-^k) ) is a Cauchy 
sequence in the Banach space (Y, /j,, v) . A function Q : X — > F by 



;r 



Q(x) = lim a 4 "/( — ) , 

n—*oo a 

for all x <G X . Also, letting s — and taking n — > 00 in the inequalities (2.16) and 
(2.17), we have the inequalities (2.13) and (2.14). The remains follows from the 
proof of Theorem 2.1. □ 
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3. INTUTIONISTIC FUZZY CONTINUITY 

Throughout this section, let (X, || • ||) be a normed space. In [13], they defined 
and studied the intuitionistic fuzzy continuity. In this section, we will investigate 
interesting results of continuous approximately Euler-Lagrange type quartic map- 
pings. Before proceeding the proof, we will state the definition of intuitionistic 
fuzzy continuity as follows. 

Definition 3.1. [ [14, Definition 3.1]] Let / : R — ► X be a function, where R is 
endowed with the Euclidean topology and X is an intuitionistic fuzzy normed space 
equipped with intuitionistic fuzzy norm (/! , v) . Them / is called intuitionistic fuzzy 
continuous at a point sq G R if for all e > and all < a < 1 there exists 6 > 
such that for each s with < \s — Sq\ < S 

/i(/(sa;) — f(sox),e) > a and v(f{sx) — f(sox),e) < 1 — a . 

Theorem 3.2. Let a be an integer with a ^ 0, ±1 ,and let X be a normed space 
and (Z, \i! ', v') be an IFNS. Let (Y, /i, v) be an intuitionistic fuzzy Banach space and 
f : X — > Y be a (p, q)- approximately mapping with /(0) — in the sense that for 
some p, q and some zq G Z 

(3.1) n(D a f{x,y),t) >^((\\x\\P+\\ y \\")z ,t) 



an, 



d 



(3.2) u(DJ{x,y), t) < v'((\\x\\ p + \\y\\ q )z ,t) 

for allt > and all x, y G X . Lfp, q < 4 , then there exists a unique Euler-Lagrange 
type quartic mapping Q : X — > Y such that 

(3.3) n{C{x) - f(x),t) > n'(\\*\\ P *o, \W - \a\ p )t) , 
and 

(3.4) V (C(x) - f(x),t) < vHWxW'zo, ^(a 4 - \a\ p )t) , 

for all x G X and all t > 0. Furthermore, if for some x G X and all n € N , the 
mapping g : R — ► Y defined by g{s) — f{a n sx) is intuitionistic fuzzy continuous, 
then the mappings s h^ Q(sx) from R to Y is intuitionistic fuzzy continuous. 

Proof. For x, y G X and for some z G Z , we define the function <j) : X x X —> Z 
by 4>(x, y) = (||a;|| p -|- ||j/|| 9 )zo in Theorem 2.1. Since p < 4 , we have a — \a\ p < a 4 . 
Hence Theorem 2.1 implies the existence and uniqueness of the Euler-Lagrange 
type quartic mapping Q : X —> Y satisfying inequalities (3.3) and (3.4). Now, we 
will show the intuitionistic fuzzy continuity. For each i6l,igl and n G N , we 
have 

H(Q(X) - Ii ^,t) = M^g^ - f ^ 1 ,t) ^ K(Q(a n x) - f{a n x),a^t) 

a 4n „ a 4n (a 4 - \a\ p ) 

> »\\an\x\\>Zo, ^(a 4 - |o|")t) - n'(\\x\\ p z , \ , , ' ' > t) , 



and 



2 v 11// r vm n u, 2 | a |„ p 
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Let x G X and so G M. be fixed and e > and < (3 < 1 be given. For all s G 
with |s — s | < 1 , by replacing x with sx in the previous inequalities, 

a 4 ™^ 4 - \a\ p ) 



and 



KQM - /(a " sx) ,t) < ,'(||x|rz , - a , 4 " (a '- 'f > t) . 

V^v v fl4 „ , ; _ vii II u ' 2- | a |"P(l + |s |) p 



Since a v < a 4 , we have 



a 4 "(a 4 - \a\P) 

hm — ■ ; , — = CO . 



n^oo 2- |a|"P(l+ \so\) p 
Hence there exists no G N such that 

/^/ n f(a n °sx) e\ „ , /_, , f(a n °sx) e\ 

for all |s — so | < 1 and s G R . The intuitionistic fuzzy continuity of the mapping 
t h^ f(a n °tx) implies that there exists S < 1 such that for each s with < |s — s | < 
5 , we get 

/(^JKMe fj^_f(ayx) e 

^ a 4n a 4« '3'-' y a 4 " a 4 "" 3 ; _ 

Thus 

f(a n °sx) e 
n{Q{sx) - Q(s x),e) > ^{Q{sx) -^ — , -) * 

Ml i i , -) * U,{Q(SnX) i , -)> O 

and 

v(Q(sx) - Q{sqx),s) < 1 - /? , 

for all s G M with < \s — So| < 5 , that is, the mapping s ^ Q{sx) is intuitionistic 
fuzzy continuous. □ 

Theorem 3.3. Let a be an integer with o^O, ±1 , and let X be a normed space 
and (Z, n',v') be an IFNS. Let (Y,/j,,i>) be an intuitionistic fuzzy Banach space 
and f : X — > Y be a (p,q)- approximately mapping with /(0) = satisfying (3.1) 
and (3.2) for some p, q and some z G Z . Lf p, q > 4 , then there exists a unique 
Euler- Lagrange type quartic mapping Q : X — > Y such that 

(3.5) fx{Q{x) - f(x),t) > n'(\\x\\ p z , \(\ay - a 4 )t) , 
and 

(3.6) v{Q{x) - f(x),t) < v'(\\x\\ p Z , i(|a| p - a 4 )t) , 

for all x G X and all t > 0. Furthermore, if for some x G X and all n G N , the 
mapping g : R — > Y defined by g(s) — f{a n sx) is intuitionistic fuzzy continuous, 
then the mappings s i— ► Q(sx) from K to Y is intuitionistic fuzzy continuous. 
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Proof. Similar to the proof of Theorem 3.2, we may define the function (f> : X x X ^ 
Zby 4>{x,y) = (\\x\\ p + \\y\\ q )z . Then we have 

M '(0(|,O),t) = vH\\x\\*zo, \a\H) and i/(#|,0),t) - v'(\\x\\ p z , |a| p t) , 

for all x G X and all i > . Since p > 4 , we have a = \a\ p > a 4 . Hence Theorem 2.2 
implies the existence and uniqueness of the Euler-Lagrange type quartic mapping 
Q : X — > Y satisfying inequalities (3.5) and (3.6). The remains follow from the 
proof of Theorem 3.2. □ 
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STABILITY FOR AN n-DIMENSIONAL FUNCTIONAL EQUATION OF 
QUADRATIC-ADDITIVE TYPE WITH THE FIXED POINT APPROACH 



ICK-SOON CHANG AND YANG-HI LEE 



Abstract. In this paper, we investigate the stability of a functional equation 

]T [f(x t + x 3 ) + f( Xi - Xj)] - (n - 1) J2 /(2^) = 

l<i,j<n,i^j j = l 

by using the fixed point mcthd in the sense of Cadariu and Radu. 



1. Introduction and peliminaries 

It is of interest to consider the concept of stability for a functional equation arising when we replace 
the functional equation by an inequality which acts as a perturbation of the equation. The study of 
stability problems had been formulated by Ulam [17] during a talk : under what condition does there exists 
a homomorphism near an approximate homomorphism ? In the following year, Hyers [6] was answered 
affirmatively the question of Ulam for Banach spaces, which states that if e > and f : X — > y is a 
mapping with X a normed space, y a Banach space such that 

\\f(x + y)-f(x)-f(y)\\<e (1.1) 

for all x, y £ X, then there exists a unique additive mapping T : X — > y such that 

\\f(x)-T(x)\\<e 

for all x £ X. A generalized version of the theorem of Hyers for approximately additive mappings was given 
by Aoki [1] and for the theorem of Hyers for approximately linear mappings it was presented by Rassias 
[15] by considering the case when the inequality (1.1) is unbounded. Since then, more generalizations and 
applications of the stability to a number of functional equations and mappings have been investigated (for 
example, [5], [7], [8]- [14]). 

In this very active area, almost all subsequent proofs have used the method of Hyers [6] . On the other 
hand, Cadariu and Radu [2] observed that the existence of the solution for a functional equation and the 
estimation of the difference with the given mapping can be obtained from the fixed point alternative. This 
method is called a fixed point method. In particular, they [3, 4] applied this method to prove the stability 
theorems of the additive functional equation 

f(x + y)-f(x)-f(y) = 0. (1.2) 

and the quadratic functional equation 

f(x + y) + f(x -y)- 2f(x) - 2/(2,) = 0. (1.3) 

Note that the additive mapping fi(x) — ax and quadratic mapping /2(a) = ax 2 are solution of the functional 
equations (1.2) and (1.3). 

We now take account of the functional equation : 

n 

J2 [f(x i +x j ) + f(xi-x i )]-(n-l)^2f(2x i ) = 0. (1.4) 

1 < i , j ' < n , i 7^ j j = 1 



2000 Mathematics Subject Classification: 39B52. 

Keywords and phrases : stability : fixed point method : n-dimcnsional quadratic-additive type functional equation. The 
first author was supported by Basic Science Research Program through the National Research Foundation of Korea (NRF) 
funded by the Ministry of Education, Science and Technology (No. 2012-0002410). 
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2 I.-S. CHANG AND Y.-H. LEE 

Hence, throughout this paper, we promise that the equation (1.4) is said to be an quadratic- additive type 
functional equation and every solution of the equation (1.4) is called a quadratic- additive mapping. 

In this paper, we will deal with the stability of the functional equation (1.4) by using the fixed point 
method: The stability of (1.4) can be obtained by handling the odd part and the even part of the given 
mapping. But, in violation of this processing, we can take the desired solution at once instead of splitting 
the given mapping into two parts. 

Here and now, we recall the following result of the fixed point theory by Margolis and Diaz : 

Theorem 1.1. (The alternative of fixed point) ([14] or [16]) Suppose that a complete generalized metric 
space (X, d), which means that the metric d may assume infinite values, and a strictly contractive mapping 
J : X — > X with the Lipschitz constant < L < 1 are given. Then, for each given element x G X, either 

d(.J n x, J n+1 x) = +00, VneNU {0}, 

or there exists a nonnegative integer k such that : 

(1) d(J n x, J n+1 x) < +oo for alln>k; 

(2) the sequence {J n x} is convergent to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in Y := {y G X, d(J k x, y) < +00} ; 

(4) d(y, y*) < (1/(1 -L))d(y,Jy) for all y e Y. 

2. A general fixed point method 

Throughout this paper, let V be a real or complex linear space and Y a Banach space. For a given 
mapping / : V — > Y, we use the following abbreviation 

n 
f(Xi,X2,--- ,X„) := Y^ lf(Xi+Xj) + f{Xi-Xj)]-(n-l)^2f(2xj) 

for all Xi, X2, • • ■ ,x n £ V. Now we can prove some stability results of the functional equation (1.4). 

Theorem 2.1. Let ip : V n — > [0, 00) be a given function with (p(x,0, ■ ■ ■ , 0) = (p(— x,0, ■ ■ ■ ,0) for all x G V. 
Suppose that the mapping f : V — ► Y satisfies 

\\Df(xi,X2,--- ,x„)\\ < ip(xi,X2,--- ,x„) (2.1) 

for all xi, X2, ■ ■ ■ , x n G V with /(0) = 0. If there exists a constant < L < 1 such that tp has the property 

(p(2xi,2x2,- ■ ■ ,2x n ) < 2Lip(xi,x 2 ,- ■ ■ ,x„) (2.2) 

for all xi, X2, • • • , x n € V, then there exists a unique quadratic-additive mapping F : V — > Y such that 

for all x G V. In particular, F is given by 

F(x) = hm (7(2"*) + /(-2"*) + m-x)-f(-2-x)\ 
y ' m^oo ^ 2 • 2 2m 2-2 m J y ' 

for all x £ V. 

Proof. Consider the set 

S := {g : g : V -> Y, g(0) = 0} 
and introduce a generalized metric on S by 

d{g,h) = w£ {KsR\\\g{x)-h{x)\\ <K<p(x,0,--- ,0) for all xeV). 

It is easy to see that (S, d) is a generalized complete metric space. 
Now we define a mapping J : S — > S by 



for all x G V. Note that 



:= g(2x) - g(-2x) + g(2x)+g(-2x) 



_ g(2Tx) - g(-2"x) g(2 m x) + g(-2 m x) 

J y^- 1 ) 2 m+i 2 • 4 m 
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for all m G N and x G V. Let g,h G S and let K G [0, oo] be an arbitrary constant with d(g, h) < K. From 
the definition of d, we have 



||j0(aO-Jft(x)||< 



3(g(2x) - h(2x)) 



+ 



g(-2x) - h{-2x) 



8 



Kip(2x,0,--- ,0) 
- 2 

<KLcp(x,0,--- ,0) 

for all x G V, which implies that d(Jg, Jh) < Ld(g, h) for any g,h £ S. That is, J is a strictly contractive 
self-mapping of S with the Lipschitz constant L. Moreover, by (2.1), we see that 

11/(0!) -J/( a! )|| = ^|||D/(x,o,...,o)-lj?/(- a; ,o,---,0)||< ^'°^ 1 ,0) 

for all a; € V. It means that d(f, Jf) < 2(n 1 _- n < °° by the definition of d. Therefore, according to 
Theorem 1.1, the sequence {J m /} converges to the unique fixed point F : V — > Y of J in the set 
T = {3 G S : d(f, g) < 00}, which is given by (2.4) for all x G V. 
Observe that 

which implies (2.3). 

By the definition of F, together with (2.1) and (2.4) that 

||DF(cci,a;2,- ■ ■ ,x n )\\ 

_ = Um II Df{2 m x u 2 m x 2 , ■■■ , 2 m x n ) - Df(-2 m x 1 ,-2 m x 2 , ■■■ , -2 m x n ) 

Df (2 m Xl ,2 m x 2 , ■■■ , 2 m x n ) + Df(-2 m x 1 , -2 m x 2 , ■ ■ ■ , -2 m x n ) II 

2-4 m II 

2 m -4- 1 

< lim ^W2™ Il ,...,2'" In ) + ^-2™ Il ,...,-2"' I „)) 

=0 
for all #1, X2, ■ ■ ■ , x n G V, which completes the proof. □ 

We continue our investigation with the following result. 

Theorem 2.2. Let tp : V n — > [0, 00) with ip(x, 0, • • • ,0) = ip(— x, 0, • ■ • ,0) for all x, y G V. Suppose that 
f : V — > Y satisfies the inequality (2.1) for all xi, X2, ••• , x n G V with /(0) = 0. If there exists < L < 1 
such that the mapping ip has the property 

tp(2xi,2x 2 ,- ■ ■ ,2x„) > 4:ifi(xi,X2,- ■ ■ ,x n ) (2.5) 

for all xi, X2, • • ■ , x n G V, then there exists a unique quadratic-additive mapping F : V — » Y such that 

for all x G V. In particular, F is represented by 

F ^ = J- (^ (/ (£) - / (-£)) + £ (/ (|r) + / (-£))) (2-7) 

for all x £ V. 

Proof. Let the set (S,d) be as in the proof of Theorem 2.1. Now we consider the mapping J : S — > S 
defined by 

for all <; G S 1 and x £ V. We remark that 

J m g(x) = 2— 1 ( S (£) - g (-£)) + i- («, (£) + <?(-£)) 
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and J°g(x) — g{x) for all x € V. Let g,h £ S and let K £ [0, oo] be an arbitrary constant with d(g, h) < K. 
From the definition of d, we have 

|| Jg(x) - Jh(x)\\ < 3Jg (|) - h (|) J + \\g (-|) - h (-f ) I 

<4KV>(|, (),••• ,o) < Lifyj (a;, 0, • • • ,0) 

for all a; £ V. So we find that J is a strictly contractive self-mapping of S with the Lipschitz constant L. 
Also, we see that 

1 II „„(x 



11/(0:)- J/( a; )||=-i-||-0/(f,O,...,o) 
rx — 111 V 2 / 



^Kf'°'-'°)^4(^1)^*' '-' ) 

for all x £ V, which implies that d(f,Jf) < 4 , 7 ^_ 1] < oo. Therefore, according to Theorem 1.1, the 
sequence {J m f} converges to the unique fixed point F of J in the set T :— {g £ S : d(f,g) < oo}, which 
is represented by (2.7). 
Since 

^ F ^r^^^^ 4(n-l)(l-L) 
the inequality (2.6) holds. 

From the definition of F, (2.1), and (2.5), we have 

\\DF(x!,x 2 ,-- ■ ,x„)\\ 

- lim \\^( D f(*,™,...,^)-Df(-^,-?*-,...,-^ 

i V V 2 m 2 m 2 m / V 2 m 2 m 2" 



T?l— >-'DC | 



2 V • / \2 m '2 m ' '2 m / '\ 2 m ' 2 m ' ' 2 m // II 

for all Xi, Xi, • • • , x n £ V. This completes the proof. □ 

3. Applications 

For the sake of convenience, given a mapping / : V — > Y, we set 

Af(x,y):=f(x + y)-f(x)-f(y) 

for all x, y £ V. 

Corollary 3.1. Let f k : V —¥ Y, k — 1, 2, be mappings for which there exist functions <f>k '■ V 2 — > [0, oo), k = 
1, 2, such that 

\\Af k {x,y)\\<4> k {x,y) (3.1) 

for all x, y £ V. If fk(0) — 0, 4>k(0) = 0, 4>k(x,y) = 4>k(—x, —y), k — 1, 2, /or a// x, y £ V and i/iere exists 
< L < 1 suc/i i/iai 

cj ) i(2x,2y)<2Lcj ) i{x,y), (3.2) 

Acj> 2 {x,y) < L<j> 2 {2x,2y) (3.3) 

/or all x,y £ V, then there exist unique additive mappings F k : V — f Y, fe = 1, 2, smc/i i/iai 

||/ 2 (x) - F 2 (x)|| < ^(^(^^) + y,^)) (3 . 5) 
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for all x £ V. In particular, the mappings i*\ , F 2 are represented by 

F l{ x) = lim l±(pl, 
F 2 (x) = lim 2 m / 2 (^ 



(3.6) 
(3.7) 



\Xi -\- Xj , Xi Xj 



for all x £ V. 

Proof. Now we note that 

Df k (xi,X2,-- • ,x n ) — ^2 A k (a 

for all xi,X2,- • • ,x n €.V and k = 1, 2. Put 

^fc(xi,X2, ••• ,Xn) := ^ (j>k(Xi+Xj,Xi- Xj) 

for all x\,X2, • • • ,x n £ V and fc = 1, 2, then 

||D/fe(xi,X2,- • • ,a:„)|| < ¥Jfc(xi,X2, ••■ .^n) 

and (pi and <^2 satisfies (2.2) and (2.5), respectively. According to Theorem 2.1, there exists a unique 
mapping Fi : V — ► Y satisfying (3.4), which is represented by (2.4). 
Observe that, by (3.1) and (3.2), 



lim 

m— >oo 



fi(2 m x) + fi(-2 m x) 



2m + l 



= lim — 

m— )-oo 2' 

< lim — 

< lim — 

m — Yoo 2 



^ T ||A/ 1 (2 m x,-2 m : 
^1(2*"*, -2™*) 
■i(a;, -x) - 



as well as 



lim 

m—¥oo 



f 1 (2 m x) + f 1 (-2 m x) 



2-4" 



r\m t m 

< lim — — - — cf>i(x,—x) — 

m— >oo 2 • 4 m 



for all x £ V. From these and (2.4), we get (3.6). 
Moreover, we have 

Af 1 (2 m x,2 m y) 



- 2^ - ^ x ' v > 

for all x, y £ V. Taking the limit as m — > 00 in the above inequality, we get AFi(x, y) — for all x,y £ V. 
On the other hand, according to Theorem 2.4, there exists a unique mapping F2 : V — ► y satisfying (3.5), 
which is represented by (2.7). 

Observe that, by (3.1) and (3.3), 



lim 2" 

m — ► OO 



V 2 \2™) +f: 



X \ 1- r,2m — 1 Ar I X X 

2 I = lim 2 \\A f2 — , 

~ 2 m / II m^oo II ^ V2 m 2 m 

< lim 2 2m -V2f — ,- — 

~~ m^oo \2 m 2 m 



< lim — - 02 (a;, — x) — 



as well as 

lim 2 m " 1 ||/ 2 ( — ) + h ( — ) II < lim J^- ( h 2 ( x -x) = 

m-»oo \V \2 m ) \2 m ) \\ - m^oc 2 m + 1 ' 

for all x £ V. From these and (2.5), we get (3.10). Moreover, we have 

x y 



2 m Af 2 



• 2"V> (—,—") < — 2 (a;,t/) 
- ' 2"i. 2 m / — 2 m 



,2 m 2 
for all x, y £ V. Taking the limit as m — > 00 in the above inequality, we get 

AF 2 (x,y) = 

for all x, y £ V. This completes the proof. 



□ 
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Corollary 3.2. Let fk : V — ¥ Y, k — 1, 2, be mappings for which there exist functions <f>k '■ V 2 — > [0, oo), k = 
1, 2, such that 

\\Qfk(x,y)\\ < <f>k(x,y) 
for all x,y € V. If fk{0) — 0, 0^(0) — 0, (f>k(x,y) = 0i(— x, —y),k = 1, 2, for all x,y £ V, and there exists 
< L < 1 such that the mapping 0i satisfies (3.2) and 2 satisfies (3.3) for all x,y € V, then there exist 
unique quadratic mappings Fk : V — > Y, k — 1, 2, sttc/i i/iai 

01 (x, x) + 0i (x, — x) + 30i (x, 0) + 0i (0, -x) 



|| /i(*)-Fi (£)!!< 



||/ 2 (x)-F 3 (x)||< 



L(0 2 (x, x) + fo(x, -x) + 30 2 (x, 0) + 2 (O, -x)) 



8(1 -L) 
/or all x G V. In particular, the mappings Fk,k — 1,2, are represented 

F l( x) = lim A&l, 

v ' . _ _ Am. ' 



F 2 (x)= lim 4 m / 2 

m — >oc \ z 



/or oZ/ x £ V. 
Proof. Notice that 



Df k (xi 



Cn) =- ^ (Q k {Xi,Xj) +Qk(Xi,~Xj)) 



n-1 



., ^{Qk{xi,Xi) + Q k (xi,-Xi)) 

for all xi,x 2 , ■ ■ ■ ,x n £ 1/ and k — 1,2. Put 

¥>k(a:i,--- ,x„) =- ^ (4>k{xi,Xj) +4>k(xi,-Xj)) 



l<i,j<.n,i^j 



1 



(3.8) 
(3.9) 

(3.10) 
(3.11) 



for all Xi, X2, • • • , x n £ V and fc = 1,2, then i^i satisfies (2.2) and ys 2 satisfies (2.5). Moreover, 

||-D/ fe (xi,x 2 ,- • • , x n )|] < <fik(xi,X2, ■ ■ ■ ,x n ) 

for all xi, x 2 , ■ ■ ■ ,x n £ V and ft = 1, 2. According to Theorem 2.1, there exists a unique mapping F\ :V 
Y satisfying (3.8) which is represented by (2.4). 
Observe that 



lim 



| /i(2-x)-/i(-2 m x) | 
2 m + 1 i 



= lim — 

in—too z?' 



Vl \\Qh%-2 m - x x)\ 



< lim — 

m—too 2 r ' 



- f 0i(O,-2 m - i x) 



< lim — (0iO,-- 

m— »-oo Z \ Z 



as well as 



lim 



/i(2 m x)-/i(-2 m x) 



2-4" 



L m / x\ 



for all x eV. From these and (2.4), we get (3.10) for all x £ V. 
Moreover, we have 

Q/i(2 m x,2 m y) 



< M2Vy )< L 1 

— 4m — 2 m 

for all x, j/ £ V. Taking the limit as m —> oo in the above inequality, we get QF± (x, j/) = for all x, y £ V. 
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On the other hand, according to Theorem 2.2, there exists a unique mapping F2 : V — > Y satisfying 
(3.9) which is represented by (2.7). 



Observe that 



n\f*[£)-h(-£)\\=* m \\Qh(o,- ■'■ 



2m J J£ \ 2 m / II V ' 2 m- *" 1 

x 



<4 7 > 2 



<L m fo[0,-- 



2m + l 
X 



for all a; € V. It leads us to get 



a; 

2™ 

for all x €V. From these and (2.7), we obtain (3.11). 
Moreover, we have 



= 



*Qh (£, £) I < 4"> 2 (£, £) < L m Mx,v) 



for all x, y G V. Taking the limit as m — > 00 in the above inequality, we get QF^(x, y) — for all x, y G V, 
which completes the proof. D 

Corollary 3.3. Let X be a normed space and Y a Banach space. Suppose that the mapping f : X —¥Y 
satisfies the inequality 

\\Df( Xl ,x 2 ,--- ,x n )\\ < \\xi\\ p + \\x2\\ p + --- + \\x n \\ p 

for all X\,X2, ■ ■ ■ , x n G X, where p G (0, 1) U (2, 00). Then there exists a unique quadratic- additive mapping 
F : X — > Y such that 

f Mf ifv>2 

11/00 --f(*)ii< (w il^- 4) i p y: 

[ (n-l)(2-2P) V P < J- 

for all x £ X. 

Proof. This follows from Theorem 2.1 and Theorem 2.2, by putting 

<p(xi,X2,- ■ ■ ,X n ) ■■= \\xi\\ p + \\x 2 \\ p H + ||a.-, l || p 

for all xi, X2,--- ,x n G X with L = 2 P ~ 1 < 1 if < p < 1 and L = 2 2 ~ p < 1 ifp> 2. D 

Corollary 3.4. iei X be a normd space and Y a Banach space. Suppose that the mapping f : X — > Y 
satisfies the inequality 

\\Df(x U X2, ■ ■ ■ ,Xn)\\ < 0\\Xl\\ P1 \\X2\\ P2 ■ ■ ■ \\Xn\\ Pn 

for all xi,X2,- ■ ■ ,x n G X, where 9 > and pi,p2, ■ • • ,p n , Pi + P2 + • • • + p n G (0, 1) U (2, 00). Then f is 
itself a quadratic additive mapping. 

Proof. This follows from Theorem 2.1 and Theorem 2.2, by letting 

(fi(x!,x 2 ,- ■ ■ ,x„) := ||a;i|| pl ||a;2|| P2 ■ ■ ■ ||£„|| p " 
foralla;i,X2,--- ,x n G X with L = 2 P ' 1 < 1 if < p < 1 and L = 2 2 ~ p < 1 ifp> 2. □ 
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An identity of the g-Euler polynomials associated with the 

j9-adic (/-integrals on Z p 

C. S. Ryoo 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract : We introduce the g-Euler numbers and polynomials. By using these numbers and 
polynomials, we investigate the alternating sums of powers of consecutive integers. By applying 
the symmetry of the fermionic p-adic g-integral on Z p , we give recurrence identities the g-Eulcr 
polynomials and g-analoguc of alternating sums of powers of consecutive integers. 

2000 Mathematics Subject Classification - 11B68, 11S40, 11S80. 

Key words : Eulcr numbers and polynomials, g-Eulcr numbers and polynomials, alternating sums. 

1. Introduction 

Throughout this paper, we always make use of the following notations: C denotes the set of 
complex numbers, Z p denotes the ring of p-adic rational integers, Q p denotes the field of p-adic 
rational numbers, and C p denotes the completion of algebraic closure of Q p . 

Let v p be the normalized exponential valuation of C p with \p\ p = p~ v v\P> = p _1 . When one 
talks of g-extension, q is considered in many ways such as an indeterminate, a complex number 
q € C, or p-adic number q G C p . If q G C one normally assume that \q\ < 1. If q G C p , we normally 
assume that \q — l\ p < jT 1 ^ 1 so that q x = exp(xlogg) for \x\ p < 1. For 

g G UD(Z, p ) = {g\g : Z p — > C p is uniformly diffcrcntiablc function}, 

the fermionic p-adic g-integral on Z p is defined by Kim as follows: 

p"-i 



I-M = / g(x)d»- q (x) = lim -^ Yl 9(x)(-q) x , see [1-10] . 



(l.i) 



If we take g\(x) = g(x + 1) in (1.1), then we easily see that 

ql- g ( gi ) + l- q (g) = [2} q g(0). (1.2) 

For q G C p with |1 — q\ p < 1, the g-Euler polynomials E n ^ q (x) are defined by 

F q (x,t) = f:E n , q ( X )^ = -^e*t. (1.3) 

n— 

The g-Eulcr numbers E n ^ q are defined by the generating function: 



n=0 



The following elementary properties of the g-Euler numbers E nq and polynomials E nq {x) are readily 
derived form (1.1), (1-2), (1.3) and (1.4). We, therefore, choose to omit details involved. 
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Theorem l(Witt formula). For q e C p with |1 — q\ p < 1, we have 

E n , q = / x n d^^ q (x), 



E n , q (x) = / (a; + 3/) d/j,- q (y). 

JZp 

Theorem 2. For any positive integer n, we have 



E n,q( X ) =^ [k) Ek ' qa 



i—k 



2. The alternating sums of powers of consecutive g-integers 

Let q be a complex number with \q\ < 1. By using (1.3), we give the alternating sums of powers 
of consecutive g-integers as follows: 

From the above, we obtain 

oo 

- ^{-l) n q n e {n+k)t + ^(-l) n - k q n - k e nt = ^(-l)™" V~ fc e™'. 

n— n— n— 

Thus, we have 



n! oe* + 

n— 



fe-1 



[2], £(-1) Ve("+ fc )' + [2],(-l)- V* £(-!)> 



n nt 



n=0 n=0 

fe-1 

= [2] g (-l)- fc g - fe ^(-l)>"e nt . 

n=0 

By using (1.3)and (1.4), and (2.1), we obtain 

OO j OO j 00/ fe — 1 \ j 

- E ^( fc ) 7, + (- 1 )" V* E 4 A = Pi, E (- 1 )" V fe £(-i)W 77- 

V 
By comparing coefficients of — in the above equation, we obtain 



(2.1) 



j! 



E(-i 



. _ (-l) k +\ k E hq (k)+E^ 

9 [2], 



By using the above equation we arrive at the following theorem: 

Theorem 3. Let fc be a positive integer and q E C with |g| < 1. Then we obtain 

frf-D-W- '- 1 ^^ . 

n=0 W « 

Remark 4. Let fe be a positive integer and q <G C with |g| < 1. Then we have 



n=0 
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where Ej(x) and Ej denote the Eulcr polynomials and Eulcr numbers, respectively. 

Next, we assume that q € C p . We obtain recurrence identities the q-Euler polynomials and the 
q-analoguc of alternating sums of powers of consecutive integers. 
By using (1.1), we have 

71-1 

q n I- q (9n) + (-l)"" 1 /-^) = [2], ^(-lr^-Wgil), 

1=0 

where g n {x) = g(x + n). If n is odd from the above, we obtain 

n-l 

q n I- q (g n ) + I-M = [2], J2(- 1 F~ 1 ~ l '?9® ( c£ t 1 " 5 ])' ( 2 ' 2 ) 

1=0 

It will be more convenient to write (2.2) as the equivalent integral form 

n-l 



q n g(x + n)du- q (x)+ g(x)d^ q (x) = [2} q J2(-l) k <l k 9(k)- (2.3) 

Jz p J7L V 

Substituting g(x) = e xt into the above, we obtain 

q n I e< x+n >*d/i_,(a;) + I e xt d^ q (x) = [2} q |j(-l)VV*. (2.4) 

After some elementary calculations, we have 



x I 



e xt dn- q {x) - ■ 2l 



qe* + 1 ' 



e^+ n ^d^ q (x) = e nt [2]q 



qe f + 1 
By using (2.4) and (2.5), we have 

Jz p Jz p qe + i 

From the above, we get 

[2] g (l + g n e nt ) _ [ 2 }gk p e xt d^- q (x) 
qe l + 1 ~ / z q( n - 1 ) x e ntx d^ q (x) ' 

By substituting Taylor series of e xt into (2.4), we obtain 



V (V / (x + n) m dv- q (x)+ f x m dn- q {x)) - 

m =o \ Jl -p J %p J n ' 



m=0 \ j=0 



a- in 

By comparing coefficients — - in the above equation, we obtain 

ml 



(2.5) 



(2.6) 



« n E ( k r" / ^-^ + / * m <fc-,(aO - [2], £(-i)V'r. 

k=0 ^ ' Z ? Z p 3=0 

By using Theorem 3, we have 

<7 n E fTV m_fe / X k dn- q {x) + / X ro dM-g(z) - [2],T m , g (n - 1). (2.7) 

fe=0 V fc / ^Zp Jz p 
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By using (2.6) and (2.7), we arrive at the following theorem: 
Theorem 5. Let n be odd positive integer. Then we have 

k p e xt dy- q (x) 

^ q {n-l)x e nt Xdlx _ q{x) ^^ 



Let w\ and w 2 be odd positive integers. By (2.5), Theorem 5, and after some elementary 
calculations, we obtain the following theorem. 



= E(Wn-l))£ 



Theorem 6. Let W\ and w 2 be odd positive integers. Then we have 

J^ q (^2-l)x e W lW2 t Xd ^_ q{x) [21 m _ () 



E r^( w -K -. (2.8) 



By (1.1), we obtain 

k v k v e^^^+^^dn-^i ( Xl )dn_ q v> 2 (x 2 ) 

e WlW2Xt J Zp e WlXlt dn- q «>i (an) J Zp e w ' x ' t dn- q w 3 (x 2 ) 
J z q( w i w 2- 1 ) x e WlW2Xt d[j,- q (x) 

By using (2.8) and (2.9), after elementary calculations, we obtain 
a=[ e^ lXl+ "' lU ' 2a:)t rfM- g »i (»i) 



OO \ / r , OO 

,771=0 '/ \ L J9 m=C 






(°° ira \ / rol °° 

Ew^*)^ 12T S 



f z q^ w '- l ) x e WlWiXt dH- q {x) 



to! 

=0 



Thus we obtain 

[2J g »i y^ / m \ t? /„„ „\„Jm /-„„ ii„., m -J I *' 



DC 

a = 

m=0 \ 1 J| J j=0 



(2.9) 



(2.10) 



T m ,,» 2 (wi - l)w 

By using Cauchy product in the above, we have 

a = E (^E(7)%^(^Kr m _^ 2 ( Wl -i) W rM S (2.H) 

m=0 Y !■ J? j=0 ^ ' y 

By using the symmetry in (2.10), we obtain 

\ / k e XlWlt dn- q ^ (»i) \ 



E f EQ^i^^^w^^-i)^ ^. (2.i2) 



4-Tll 

By comparing coefficients — - in the both sides of (2.11) and (2.12), we arrive at the following 

'to! 
theorem. 
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Theorem 7. Let w\ and wi be odd positive integers. Then we obtain 



i=0 ^ 



[2] g » 2 J^ I . ^^MwjTm-j^K - 1)^ 



m-3 



= [ 2 ]g ro i J! ( ■ )^,9"' 2 ( W l X ) W 2 r m-.j\<2' i,1 ( U; 2 - 1)^ 



m-j 



j=0 xJ 

where Ek, q (x) and T m ^ q (k) denote the g-Euler polynomials and the ^-analogue of alternating sums 
of powers of consecutive integers, respectively. 

By using Theorem 2, we have the following corollary. 

Corollary 8. Let w\ and w 2 be odd positive integers. Then we obtain 

ivEE (7) (^<~ k ^- k E k , q ^f m ^, q ^w 2 i) 
= [2],- 2 EE ( m ) ( 3 j)^2~ k ^~ k ^,^f m _ ji ^(w 1 - 1). 

j=o fe=o \3 / \ ' 



By using (2.9), we have 

W 1 W 2 Xt I XlWlt • . . 1 . ■■'-•,, 



o= e Wl "' 2Xt / e XlWlt dn- q ^ (xi) 



J z qi^^-^e^^^dfi-qix) 



[2l„„ 2 '^U 1 . r [x 1 +w 2 x+j — )(w lt ) 

= -&T S (- 1 ) J ^ / eV wJ d/i-^^i) (2.13) 

By using the symmetry property in (2.13), we also have 

l 7z, / Wz q (wiW2 ~ 1)x e w ^ xt dfi. q (x) 



[2] g « 



W2 ] /■ ' X2+UJ1X+J I (W 2 t) 



[2], z: 



- ^ (-l)V lj / eV «W ' d M _ g » 2 (a; 2 ) ( 2 .14) 

j=0 "^ Z p 



E I ^gW^Ssr. (-.«+£) «*K 



rol / ^ v */ y ~n,q~* \ -"i." • j I M 2 \ I ' 



t n 
By comparing coefficients — ■ in the both sides of (2.13) and (2.14), we have the following theorem. 

Theorem 9. Let W\ and w 2 be odd positive integers. Then we have 



W\ — \ 



2,„ a V -1 yq W23 E n , qW1 ( W2X + j^) < 

(2.15) 

= [2],^ V (-i)V lj £n, g »2 («, ia; + jH!l) w j. 
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Remark 10. Let w± and W2 be odd positive integers. If q — > 1, we have 

Substituting wi = 1 into (2.15), we arrive at the following corollary. 
Corollary 11. Let W2 be odd positive integer. Then we obtain 



^(z) = T^T" E (-1)VX, 9 » 2 I ! >r:> 



3=0 
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Abstract In this paper, we achieve the general solution of the septic and octic functional equations. Moreover, we prove 
the stability of the septic and octic functional equations in quasi-/3-normed spaces. 

Keywords Quasi- /3-normed spaces; Septic mapping; Octic mapping; (/3,p)-Banach spaces; Hyers-Ulam stability. 
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1. Introduction and preliminaries 

The concept of stability for a functional equation arises when one replaces a functional equation by an inequali- 
ty which acts as a perturbation of the equation. The first stability problem concerning group homomorphisms was 
raised by Ulam [1] in 1940 and affirmatively solved by Hyers [2]. The result of Hyers was generalized by Rassias [3] 
for approximate linear mappings by allowing the Cauchy difference operator CDf(x, y) = ,f(x + y) — [f{x) + f(y)} 
to be controlled by e(||a;|| p + ||j/|| p )- In 1994, a generalization of Rassias' theorem was obtained by Gavru^a [4], 
who replaced e(||x|| p + ||y|| p ) by a general control function ip(x,y) in the spirit of Rassias' approach. The reader 
is referred to [5-20] and references therein for more information on stability of functional equations. 

In this paper, we achieve the general solutions of the septic functional equation 

f{x + 4y)-7f(x + 3y) + 21f(x + 2y)-35f{x + y) + 35f(x)-21f(x-y) + 7f(x-2y)-f(x-3y) = 5040f(y) (1.1) 
and the octic functional equation 

f(x + Ay) - 8f(x + 3y) + 28f(x + 2y) - 56f(x + y) + 70f(x) - 56f(x - y) + 28f(x - 2y) 
-8f(x - 3y) + f(x - Ay) = 40320/(y). 

Moreover, we prove the stability of the septic and octic functional equations in quasi-/3-normed spaces. Since 
f(x) — x 7 is a solutions of (1.1), we say it quintic functional equation. Similarly, f(x) = x s is a solutions of 
(1.2), we say it septic functional equation. Every solution of the septic or octic functional equation is said to be 
a septic or an octic mapping, respectively. 

Let us recall some basic concepts concerning quasi- /3-normed spaces (see [9, 16]). Let /3 be a fix real number 
with < /3 < 1 and let K denote either R or C. Let X be a linear space over K. A quasi- /3-norm || • || is a 
real- valued function on X satisfying the following: 

(1) ||a;|| > for all x e X and ||a;|| = if and only if x = 0. 

(2) jJAxll = |A|"||a:|| for all A e K and all xeX. 

(3) There is a constant K > 1 such that \\x + y\\ < K(\\x\\ + \\y\\) for all x,y E X. 

A quasi- /3-normed space is a pair (X, || • ||), where || • || is a quasi- /3- norm on X. The smallest possible K is 
called the modulus of concavity of || • ||. A quasi- /3-Banach space is a complete quasi-/3-normcd space. 

A quasi-/3-norm || • || is called a (/3,p)-norm (0 < p < 1) if ||a; + y\\ p < ||a;|| p + \\y\\ p for all x,y E X. In this 
case, a quasi-/3-Banach space is called a (/3,p)-Banach space. We can refer to [13] for the concept of quasi-normed 
spaces and p-Banach spaces. 

Given a p-norm, the formula d(x, y) := \\x — y\\ p gives us a translation invariant metric on X. By the Aoki- 
Rolewicz theorem, each quasi-norm is equivalent to some p-norm. Since it is much easier to work with p-norms 
than quasi-norms, henceforth we restrict our attention mainly to p-norms. 
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2. General solutions to the septic and octic functional equations 

In this section, let X and Y be vector spaces. Some basic facts on n-additive symmetric mappings can be 
found in [11, 17, 20]. 

Theorem 2.1. A function / : X —} Y is a solution of the functional equation (1.1) if and only if f is of the 
form f(x) = A 7 (x) for all x € X , where A 7 (x) is the diagonal of the 1 -additive symmetric map A7 : X 1 — > Y . 

Proof. Assume that / satisfies the functional equation (1.1). Replacing x = y = in equation (1.1), one finds 
/(0) = 0. Replacing (x,y) with (0,2;) and (x, — x) in (1.1), respectively, and adding the two resulting equations, 
we obtain f(—x) = —f(x). Replacing (x,y) with (4a;, x) and (0,2a;) in (1.1), respectively, and subtracting the 
two resulting equations, we get 

7/(7x) - 27/(6:e) + 35/(52;) - 21/(42;) + 21/(3.t) - 5061/(22;) + 5041/(x) = (2.1) 

Replacing (x,y) with (3a;, a;) in (1.1), and multiplying the resulting equation by 7, one obtains 

7/(72;) - 49/(62;) + 147/(52;) - 245/(42;) + 245/(3x) - 147/(22;) - 35231/(x) = (2.2) 

for all x e X. Subtracting equations (2.1) and (2.1), we get 

22/(62;) - 112/(5x) + 224/(42;) - 224/(3x) - 4914/(22;) + 40272/(a;) = (2.3) 

Replacing (x,y) with (2a;, x) in (1.1), and multiplying the resulting equation by 22, one finds 

22/(62;) - 154/(5x) + 462/(42;) - 770/(3x) + 770/(22;) - 111320/(x) = (2.4) 

for all x e X. Subtracting equations (2.3) and (2.4), we arrive at 

42/(52;) - 238/(42;) + 546/(32;) - 5684/(22;) + 151592/(2;) = (2.5) 

for all x G X. Replacing (x,y) with (x,x) in (1.1), and multiplying the resulting equation by 42, one finds 

42/(52;) - 294/(4x) + 882/(32;) - 1428/(22;) - 210504/(x) = (2.6) 

for all x e X. Subtracting equations (2.5) and (2.6), one gets 

56/(42;) - 336/(32;) - 4256/(22;) + 362096/(2;) = (2.7) 

for all x € X. Replacing (x, y) with (0,x) in (1.1), and multiplying the resulting equation by 56, one finds 

56/(4a;) - 336/(3x) + 784/(2x) - 283024/(x) = (2.8) 

for all x e X. Subtracting equations (2.7) and (2.8), we arrive at 

/(2s) = 2 7 f(x) (2.9) 

for all x e X. 

On the other hand, one can rewrite the functional equation (1.1) in the form 



/(*) + lJ{x + Ay) - \f{x + 3y) + |/(x + 2y) - f(x + y) - \f(x - y) + \f(x - 2y) 
= £sf{x-3y) + lUf{y) 



(2.10) 



for all x G X. By Theorems 3.5 and 3.6 in [11], / is a generalized polynomial function of degree at most 6, that 
is, / is of the form 

f{x) = A 7 (x) + A 6 (x) + A 5 (x) + A A {x) + ^(2;) + A 2 (x) + A l (x) + A°(x), Viel, (2.11) 

where A°(x) = A is an arbitrary clement of Y, and A l (x) is the diagonal of the i-additive symmetric map 
A, : X 1 -> Y for i = 1, 2, 3, 4, 5. By /(0) = and f(-x) = -f(x) for all i£l,wc get A°(x) = A° = and the 
function / is odd. Thus we have A 6 (x) = A 4 (x) = A 2 (x) = 0. It follows that f{x) = A 7 (x)+A 5 (x)+A 3 (x)+A 1 (x). 
By (2.9) and ,4™(r2;) = r n A n (x) whenever x e X and r e Q, we obtain 2 7 (A 7 (x) + A 5 (x) + A 3 (x) + A l (x)) = 
2 7 A 7 {x) + 2 5 A 5 (x) + 2 3 A 3 (x) + 2A 1 (x). It follows that A 5 (x) = A 3 (x) = A l {x) = for all x e X. Hence 
f(x) = A 7 (x). 
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Conversely, assume that f(x) = A 7 (x) for all x G X , where A 7 (x) is the diagonal of the 7-additive symmetric 
map A 7 : X 7 ->• Y. From A 7 (x + y) = A 7 (x) + A 7 (y) + 7A e ' 1 (x, y) + 2lA 5 ' 2 (x, y) + 35A 4 ' 3 (x, y) + 35A 3 ' 4 (x, y) + 
21A 2 ' 5 {x,y) + 7A 1 - 6 (x,y), A 7 (rx) = r 7 A 5 (x),A 6 ' 1 (x,ry) =rA 6 > 1 (x,y), A 5 > 2 (x,ry) = r 2 A 5 < 2 (x,y), A 4 ' 3 (x,ry) = 
r 3A 4 < 3 (x,y), A 3A (x,ry) = r i A 3A (x,y), A 2 < 5 (x,ry) = r 5 A 2 < 5 (x, y), and A 1 ' 6 (x,ry) = r 6 A 1 ' 6 (x,y) (x,y G X,r G 
Q), we see that / satisfies (1.1), which completes the proof of Theorem 2.1. □ 

Theorem 2.2. A function f : X — > Y is a solution of the functional equation (1.2) if and only if f is of the 
form f(x) = A s (x) for all x G X , where A s (x) is the diagonal of the 8-additive symmetric map A% : X 8 — > Y . 

Proof. Assume that / satisfies the functional equation (1.2). Replacing x = y = in equation (1.2), one gets 
/(0) = 0. Substituting y by — y in (1.2) and subtracting the resulting equation from equation (1.2) and then y 
by x, we obtain f(—x) = f{x). Replacing (x,y) with (0,2a;) and (4a;, x) in (1.2), respectively, we get 

/(8a;) - 8/(6x) + 28/(4or) - 20216/(a;) = (2.12) 

and 

/(8a;) - 8f(7x) + 28/(6x) - 56/(5x) + 70/(4x) - 56/(3a;) + 28/(2a;) - 40328/(a;) = (2.13) 

for all x € X. Subtracting equations (2.12) and (2.13), we find 

8f(7x) - 36/(6x) + 56/(5x) - 42/(4a;) + 56/ (3a;) - 20244/(2x) + 40328/(x) = (2.14) 

for all x G X. Replacing (x,y) with (3a;, x) in (1.2), and multiplying the resulting equation by 8, one obtains 

8f(7x) - 64/(6x) + 224/(5x) - 448/(4x) + 560/(3x) - 448/(2x) - 322328/(a;) = (2.15) 

for all x e X. Subtracting equations (2.14) and (2.15), one gets 

28/(6x) - 168/(5a;) + 406/(4a;) - 504/(3a;) - 19796/(2a;) + 362656/(x) = (2.16) 

for all x G X. Replacing (x,y) with (2a;, x) in (1.2), and multiplying the resulting equation by 28, one finds 

28/(6*) - 224/(5a;) + 784/(4a;) - 1568/(3x) + 1988/(2x) - 1130752/(.t) = (2.17) 

for all x € X. Subtracting equations (2.16) and (2.17), one gets 

56/(5x) - 378/(4a;) + 1064/(3x) - 21784/(2x) + 1493408/(x) = (2.18) 

for all x G X. Replacing (x,y) with (x,x), and multiplying the resulting equation by 56, one finds 

56/(5x) - 448/(4x) + 1624/(3x) - 3584/(2a;) - 2252432/(a;) = (2.19) 

for all x G X. Subtracting equations (2.18) and (2.19), we arrive at 

70/(4x) - 560/(3a;) - 18200/(2x) + 3745840/(a;) = (2.20) 

for all x G X. Replacing (x,y) with (0, x), and multiplying the resulting equation by 70, one finds 

70/(42;) - 560/ (3a;) + 1960/(2x) - 1415120/ (a;) = (2.21) 

for all x G X. Subtracting equations (2.20) and (2.21), we arrive at 

/(2a;) = 2 8 /(.x) (2.22) 

for all x G X. 

On the other hand, one can rewrite the functional equation (1.2) in the form 

f(x) + y(x + 4y) - y{x + 3y) + |/(x + 2y) - |/(a; + y) - |/(x - y) + |/(.t - 2y) 
- ±f(x - 3y) - ±f(x - Ay) + ^f(y) 

for all x G X. By Theorems 3.5 and 3.6 in [11], / is a generalized polynomial function of degree at most 6, that 
is / is of the form 

f(x)=A s (x) + A 7 (x) + --- + A 1 (x) + A (x), VxeX, (2.24) 

where A°(x) = A is an arbitrary clement of Y, and A l (x) is the diagonal of the i-additive symmetric map 
Ai : X i -)• Y for i = 1,2,..., 8. By /(0) = and f(-x) = f(x) for all x G X, we get A°(x) = A = 
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and the function / is even. Thus we have A 7 (x) = A 5 (x) = A 3 (x) = A 1 (x) = 0. It follows that f(x) = 
A 8 (x) + A 6 (x) + A 4 (x) + A 2 (x). By (2.22) and A n (rx) = r n A n (x) whenever x G X and r G Q, we obtain 
2 8 (,4 8 (x) + A 6 (a;) + A 4 (x) + A 2 (x)) = 2 8 A 8 (x) + 2 6 A 6 (x) + 2 4 A 4 (x) + 2 2 A 2 (x). It follows that A 6 (x) = A 4 (x) = 
A 2 (x) = 0, x G X. Therefore, f(x) = A s (x). The rest of the proof is similar to the proof of Theorem 2.1. □ 

3. Stability of the septic and octic functional equations 

Throughout this section, we assume that X is a linear space and Y is a (/3,p)-Banach space with (/3,p)-norm 
|| • || y For a given mapping / : X — > Y, we define the difference operators 

D 8 /(a;,y):=/(a;+4y)-7/(x+3y)+21/(x+2y)-35/(a:+i/)+35/(a;)-21/(a;-y)+7/(x-2|/)-/(a;-3y)-5040/(y) 

and 

D /(x, y) := /(x + Ay) - 8f(x + 3y) + 28/(x + 2y) - 56/(x + y) + 70/(x) - 56/ (x - y) 

+28/(x - 2y) - 8f(x - 3y) + f(x - Ay) - 40320/(y) 
for all x,y E X. 

Lemma 3.1 (see [16]). Let j £ {—1,1} be fixed, s,a € N with a > 2, and ^ : -^ ~~ ^ [0, oo) be a function such 
that there exists an L < 1 toztft. ?/>(a J x) < a^ s ^ Lijj(x) for all x G X . Let f : X — > Y be a mapping satisfying 

\\f(ax)-a s f(x)\\ Y <i;(x) (3.1) 

for all x G X , then there exists a uniquely determined mapping F : X — > Y such that F(ax) = a s F(x) and 



\\f(x) - F(x)\\ Y < - fj]1 _ L jM x) (3.2) 



for all x G X . 



Theorem 3.2. Let j G { — 1, 1} be fixed, ip : X x X — > [0, oo) be a function such that there exists an L < 1 with 
ip(2?x, 2-?y) < 12&P Ltp(x, y) for all x,y G X. Let f : X — > Y" be a mapping satisfying 

\\D s f(x,y)\\ Y <<p(x,y) (3.3) 

for all x,y G X. Then there exists a unique septic mapping S : X — > Y such that 

\\m - S( X )\\r < j^^jj-^x) (3.4) 

for all x G X , where 

Vs {x) = 5^ [K 5 <p(Ax, x) + K 6 ip(0, 2x) + 7 fj K 5 ip(3x, x) + 22 fi K i ip{2x, x) + A2 /3 K 3 i P (x, x) 

+(t& + w 1 + m? + 4? + 7 4fMQ, o) + ^Mo, 6x) + <p(6x, -6*)) 

+ |^(0,4x) + ^(4x, -4a:)) + (^ + w + ^)(<p(0, 2s) + p(2s, -2s)) 

+56^V(0, a:) + (^ + w + w^GM *) + ¥>(*> "*)) + W^ ' 3a + ^ - 3a; ))]- 

Proof. Replacing x = y = in (3.3), we get 

||/(0)||y< 5^^(0,0). (3.5) 

Replacing x and y by and x in (3.3), respectively, we get 

|| f(Ax) - 7/(3x) + 21/(2x) - 5075/ (x) + 35/(0) - 21/(-x) + 7f(-2x) - /(-3x)|| y < p(0,x) (3.6) 

for all x G X. Replacing x and y by x and — x in (3.3), respectively, we have 

j|/(-3x) - 7/(-2x) - 35/(0) + 35/(x) - 21/(2x) + 7/(3x) - f(Ax) - 5019/(-x)|| y < ip(x, -x) (3.7) 

for all x G X. By (3.6) and (3.7), we obtain 

||/(x) + /(-x)|| y <^(^(0,x)+^(x,-x)) (3.8) 
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for all x G X. Replacing x and y by and 2x in (3.3), respectively, we find 

||/(8:e) - 7/(62;) + 21/(42;) - 5075/(2x) + 35/(0) - 21f(-2x) + 7/(-4x) - /(-6x)|| y < <^(0,2x) (3.9) 

for all x G X. By (3.5), (3.8) and (3.9), one obtains 

||/(82;) - 6/(62;) + 14/(42;) - 5054/(2x)|| y 

< K<p(0,2x) + if^(0,0) + 2^(^(0,22;) + <p(2x,-2x)) (3.10) 

+ ^ w (<p(0,4x) + <p(4x, -Ax)) + b&(^(0, 6x) + <p(6x, -6a;)) 

for all x G X. Replacing x and y by 4a; and x in (3.3), respectively, we get 

||/(82;) - 7f(7x) + 21/(62;) - 35/(52;) + 35/(42;) - 21/(32;) + 7/(2x) - 5041/(x)|| y < <p(4x,x) (3.11) 

for all x G X. By (3.10) and (3.11), we obtain 

||7/(7x) - 27/(62;) + 35/(52;) - 21/(42;) + 21/(32;) - 5061/(22;) + 5041/(x)|| y 

< K<p(4x, x) + ffV(0, 2x) + jgr¥>(0, 0) + £&(<p{0, 2x) + <p(2x, -2a;)) (3.12) 

+ Y&{v{QAx) + cp(4x, -4a;)) + ^(^(0, 6x) + ip(6x, -6a;)) 

for all x G X. Replacing a; and y by 3a; and x in (3.3), respectively, we get 

||/(72;) - 7/(62;) + 21/(5x) - 35/(42;) + 35/(32;) - 21/(22;) - /(0) - 5033/(x)|| y < <p(3x,x) (3.13) 

for all x G X. Using (3.5), we have 

||7/(7x) - 49/(62;) + 147/(52;) - 245/(4x) + 245/(3x) + 147/(2x) - 35231/(x)|| y 
<70K<p{3x,x) + ^^0,0) 

for all x G X. By (3.12) and (3.14), one obtains 



|42/(5x) - 238/(42;) + 546/(3x) - 5684/(2x) + 151592/(x)|| y 

< K 3 <p(4x, x) + K*<p(0, 2x) + XrV(°. °) + &(^(0. 2x ) + <P( 2x > ~ 2x )) 

+ 7^(^(0, 4c) + <p(4x, -4x)) + gi^(<p(0, 6a;) + <^(6x, -6a;)) + 7^V(3x, x) + ^<p(0, 0) 
ll"K 3 ,„/ n n\ , ll^ 4 



(3.14) 



||22/(6x) - 112/(52;) + 224/(4x) - 224/(3x) - 4914/(2x) + 40272/(x)|| y 

< K*<p(4x, x) + X 3 ^(0, 2x) + ^<p(0, 0) + ^(^(0, 2x) + <p(2x, -2a;)) (3.15) 

+^(*>(0, 4x) + <^(4x, -4s)) + gi^^(0, 6a;) + <^(6x, -6a;)) + 7*tf V(3s, x) + -f^O, 0) 

for all x (z X. Replacing x and y by 2x and x in (3.3), respectively, we get 

||/(6x) - 7/(5x) + 21/(4x) - 35/(3x) + 35/(2x) - 5061/(x) + 7/(0) - f{-x)\\ Y < f(2x, x) (3.16) 

for all x G X. Using (3.5), (3.8) and (3.16), we have 

||/(6x) - 7/(5x) + 21/(4x) - 35/(3*) + 35/(2x) - 5060/(x)|| y 
< Kcp(2x, x) + ^(^(0, 0) + B^r(v(0, x) + if(x, -x)) 

for all x G X. Hence 

||22/(6x) - 154/(5x) + 462/(4x) - 770/(3x) + 770/(2x) - 111320/(x)|| y 
< 22^(2x,x) + ±0^(0,0) + ^g-(<p(0,x)+<p(x,-x)) 

for all x G X. By (3.15) and (3.18), one obtains 



(3.17) 



(3.18) 



(3.19) 



+22^V(2x, x) + ^-p(0, 0) + %^- (p(0, x) + <p(x, -x)) 
for all x G X. Replacing x and y by x and x in (3.3), respectively, we have 

||/(5x) - 7/(4x) + 21/(3x) - 35/(2x) - 5005/(x) - 21/(0) + 7/(-x) - /(-2x)|| y < <p(x,x) (3.20) 
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for all x E X. By (3.5), (3.8), and (3.20), we have 

||/(5x) - 7/ {Ax) + 21/(3x) - 34/(2a;) - 5012/(a;)||y 

< K<p(x, x) + 2^(^(0, 0) + £^(<p{0, x) + <^(a;, -a;)) + ^(^(0, 2a;) + p(2ar, -2a;)) 

for all a; € X. Hence 

||42/(5x) - 294/(4x) + 882/(3x) - 1428/(2x) - 210504/(x)|| y 

< 42^(x, a;) + ^<p(0, 0) + §£(?((), x) + V {x, -x)) + ^{<p{0, 2x) + <fi{2x, -2a;)) 

for all x E X. By (3.19) and (3.22), we obtain 

||56/(4a;) - 336/ (3a;) - 4256/(2x) + 362096/(x)|| y 
< K*<p{4x, x) + K 5 <p{0, 2x) + ^ip{0, 0) + £&(<p{0, 2x) + v{2x, -2x)) 
+ ^grfa(0, Ax) + <^(4x, -Ax)) + ^w (<p(0, 6a;) + <p{6x, -6a;)) + 7^V(3x, x) (3.23) 

+ 7§^(0, 0) + 22^K^{2x, x) + ±0^(0, 0) + ^£g-{<p{0, x) + <p(x, -x)) 
+A2PK 2 y{x,x) + 4f^(0,0) + 7 -^-{<p{0, x) +<p{x, -x)) + ^{<p{0,2x) + ?{2x,-2x)) 

for all x E X. Replacing x and y by and x in (3.3), respectively, one gets 

\\f{Ax) - 7/(3x) + 21f{2x) - 5075/(x) + 35/(0) - 21/(-x) + 7f{-2x) - /(-3x)|| y < ip(0, x) (3.24) 

for all x E X. By (3.5), (3.8) and (3.24), we obtain 

\\f{Ax) - 6/(3x) + 14/(2x) - 5054/(a;)||y 

< K<p(0, x) + ^<p{0, 0) + 2^,(^(0, x) + <p{x, -x)) + t§^(0, 2x) + y{2x, -2a;)) (3.25) 

for all a; e X. Thus 

||56/(4x) - 336/(3x) + 784/(2x) - 283024/(x)|| r 

< 56^(0, x) + ^£-<p(0, 0) + 4f^(0, x) + p{x, -x)) + 7 4£t (<P(0, 2x) + <p{2x, -2a;)) (3.26) 

+ 5§w?(f(°^ x ) + f{3x,-3x)) 

for all x E X. By (3.23) and (3.26), we obtain ||/(2x) — 2 7 /(x)||y < <p s {x) for all x <G X. By Lemma 3.1, there 
exists a unique mapping S : X — > Y such that S{2x) = 2 7 S{x) and 

\\m-s(x)\\ Y < 128fi \ 1 _ LJ \ <p,(*) 

for all x E X. It remains to show that 5 is a septic map. By (3.3), we have 

\\D s f{y n x 7 y n y)/12& n \\ Y < 128- ]n Ptp{2 jn x,2 jn y) < 128^ n/3 (128 i/3 L)"^(x, y) = L n <p{x, y) 

for all x, y E X and neN. So \\D s S{x, y)\\y = for all x,y E X. Thus the mapping S : X — >• V is septic. D 

Corollary 3.3. Lei X fc a quasi-a-normed space with quasi-a-norm \\ ■ \\x, Y be a {fi,p)-Banach space with 
{f3,p)-norm || • ||y. Let S, A be positive numbers with A ^ — , and f : X — > Y be a mapping satisfying 

\\D s f{x,y)\\ Y <S{\\x\\ x + \\y\\ x ) 

for all x, y € X. Then there exists a unique septic mapping S : X — > y such that 

\\f(r\ 9lVllk, < J 128<*-V*H x IIa-> Ag(0, — ); 

I 128' 3 (2 A °-128' 3 )II X IIX' A ^ \ a >°°)> 

/or all x E X , where 



e x = ^ r [i^ 5 (4 QA + 1) + X 6 2 aA + 7^X 5 (3 ttA + 1) + 22^L: 4 (2 qA + 1) + 2 • 42^ K 3 + 3 f 04Q 6 ; 

I 3--K~ 10 4° A i o oaA/ K 9 , AT 6 , 7f^\ , r K /3 7^2 , o/ ll^JC 8 , T^JC 6 , 7f^\ , 3K 6 3° A - 
"I" 720 3 +0-Z ^ 240 ^ -I- 120 f) "I" 90? J+ ao A "T°V 252C 3 + 120^ + 30* 3 - 1 + 5040^ - 
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The following example shows that the assumption A ^ — cannot be omitted in Corollary 3.3. This example 
is a modification of the example of Gajda [21] for the additive functional inequality (see also [12] and [16]). 

Example 3.4. Let 4> : R ->• R be defined by 

4>(x) = 

[ 1, for |x| > 1. 

Consider the function / : R — >• R be defined by 

oo 

f(x) = Y J ^ 7n ^ n x) 

n=Q 

for all x E R. Then / satisfies the functional inequality 

,„ ,, N , 5168 • 16384 3 ,, , 7 , , 7 , 

\DJ(x,y)\< ^^ (M 7 + |y| 7 ) ( 3 - 27 ) 

for all x,y ER, but there do not exist a septic mapping S : R — > R and a constant d > such that \f(x) — S(x) \ < 

d \x\ 7 for all x ER. 

Proof. It is clear that / is bounded by 16384/16383 on R. If |x| 7 + |y| 7 = or |x| 7 + |y| 7 > 1/16384, then 

.„ ,. ,, 5168-16384 5168-163842, , 7 l7 , 
\DJ(x,y)\ < -^^- < 16383 (H 7 + M 7 )- 

Now suppose that < |x| 5 + \y\ 5 < 1/1024. Then there exists a non-negative integer k such that 

' ^N 7 + H 7 <T7^n- ( 3 - 28 ) 



16384 fc + 2 - ' ' IWI 16384 fc + 

Hence 16384 fe |x| 7 < 1/16384, 16384 & |y| 7 < 1/16384, and 4™(x + 3y), 4™(x + 2y),4 n (x - 2y),4 n (x + y),4 n (x - 
y),4 n x,4: n y E (-1,1) for all n = 0, 1, . . . , fc - 1. Hence, for n = 0, 1, . . . ,k - 1, D s (/)(4 n x,4"y) = 0. From the 
definition of / and the inequality (3.28), we obtain that 

ln „ ., ^V ,„ „.,„„ 5168 • 4 7 < 1 - fc ) 5168-163843, , 7 l7 . 
|^/(x, y )| < £ 4- 7 « - 5168 = 16383 < 16383 (N 7 + l^l 7 )- 

n— A; 

Therefore, / satisfies (3.27) for all i,i;el. Now, we claim that the functional equation (1.1) is not stable for 
A = 7 in Corollary 3.3 (a = f3 = p = 1). Suppose on the contrary that there exists a septic mapping S : R — *■ R 
and constant d > such that |/(x) — 5(x)| < d \x\ 7 for all x E R. Then there exists a constant c£M such that 
S(x) = ex 7 for all rational numbers x. So we obtain that 

\f(x)\<(d+\c\)\x\ 5 (3.29) 

for all x E Q. Let m E N with m + 1 > rf + |c|. If a; is a rational number in (0,4~ m ), then A n x E (0, 1) for all 
n = 0, 1, . . . , m, and for this x we get 

,/ n V 2 - </>(4™x) v^ (4™x) 7 , ,. 7 , , , ,. 7 



£7n — Z_/ 47r; 
n=0 n=0 



which contradicts (3.29). 



Theorem 3.5. Let j E { — 1, 1} be fixed, ip : X x X — > [0, oo) 6e a function such that there exists an L < 1 uwift 
ip{2? x,2?y) < 256^ L(p(x,y) for all x,y E X. Let f : X — > Y &e a mapping satisfying 

\\D f(x,y)\\ Y <<p{x,y) (3.30) 

/or all x,y E X. Then there exists a unique octic mapping O : X — > Y" swc/i i/iai 

||/(x)-0(x)|| y < * y Q (x) (3.31) 
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for all x G X , where 

V>o{x) = 20160* 3 IW^y®' 2x ) + ( 11523 + 40320** + "3603" + "go?"" + 576^ + 6303")^(0' ^) 

+35 /3 .fr 2 ^(0, x) + 56^if 3 <^(x, a;) + #<V(4a;, x) + 8 /3 ii' 4 < y 9(3a;, a;) + 28 f3 K 4 ip{2x, x) 

+(lSo? + §w + ^sfr + iag?)(^(2x, 2x) + ^(2a;, -2a;)) + ^^ (^(6x, 6x) + <p{6x, -6a;)) 

+ scii^(^( 8x ' 8x ) + ^( 8:z: '~ 8x )) + (il^ + 5W + W" + T^H^O^ + ^O^-^)) 
+(tW + wX^ 3 ^ 3x) + <p(3x, -3a;)) + (^r + 2w)(^(4x, 4a;) + <^(4x, -4a;))]. 

Proof. Replacing a; = y = in (3.30), we have 

ll/(0)l|y<^p^(0,0). (3.32) 

Replacing y by — y in (3.30), we get 

\\f(x - Ay) - 8f(x - 3y) + 28f(x - 2y) - 56f(x - y) + 70/(x) - 56/(x + y) 
+28/(a; + 2y) - 8f(x + 3y) + f(x + Ay) - 40320/(-y)|| y < <p(x, -y) 

for all x,y € X. By (3.30) and (3.33), one gets 



(3.33) 



\\f( x )-f(- x )\\ Y < ^^(V(x,x) + <p(x,-x)) (3.34) 



for all x G X. Replacing x and y by and 2x in (3.30), respectively, one obtains 

||/(8a:) - 8/(62:) + 28/(4x) - 56/(2x) + 70/(0) - 56f(-2x) + 28f(-Ax) - 8/(-6x) 
+/(-8x) -40320/(2x)|| y < <p(0,2x) 

for all x G X. By (3.32), (3.34), and (3.35), we have 



(3.35) 



|/(8a;) - 8/(6x) + 28/(42;) - 20216/(2a;)|| 



Y 



if 6 /■,„/■«„. c„-\ 1 ,„cc™ c,u 1 k 6 



< $<p(0, 2x) + ^(^(0, 0) + ^ w {i P {2x, 2x) + <p(2x, -2a:)) + ^(^x, 4a;) + <^(4x, -4a;)) (3.36) 



"^Tooso?^ 6 ^ 6:E ) + ^( 6a; ' _6a; )) + 80640? (f(8x,8x) + ip(8x, -8x)) 
for all x G X. Replacing x and y by 42: and x in (3.30), respectively, we get 

||/(8.2:) - 8/(7x) + 28/(62;) - 56/(52;) + 70/(42;) - 56/(3x) + 28/(2x) + /(0) - 40328/(x)||y- < ip(4x,x) (3.37) 
for all x G X. Using (3.32), one gets 

||/(8x) - 8/(72;) + 28/(6x) - 56/(5x) + 70/(4x) - 56/(3x) + 28/(2x) - 40328/(x)|| y 
<i^(4x,x) + 5^^(0,0) 

for all x G X. By (3.36) and (3.38), we have 

||8/(7x) - 36/(6x) + 56/(5x) - 70/(4x) + 56/(3x) - 28/(2x) + 40328/(x)||y- 
< f^(0, 2x) + jfg^O, 0) + ^{<p(2x, 2x) + <p(2x, -2a;)) + ^(<p(4x, Ax) + <p(Ax, -Ax)) (3.39) 

+ Tow(^( 6a; ' 6x ) + ^( 6a: > ~ 6x )) + 8ow(^( 8a; ' 8a; ) + ^( 8:E ' ~ 8x )) + ^V(4a;, a;) + j^mW<f{0, 0) 
for all x G X. Replacing x and y by 3x and x in (3.30), respectively, and then using (3.32) and (3.34), one 
obtains 

||8/(7x) - 64/(6x) + 224/(5x) - 448/(4x) + 560/(3x) - 448/(2x) - 322328/(x)||y- 

< 8^(3x,x) + g§^(0,0) + ^Wx.x) + ip{x,-x)) 
for all x G X. Subtracting (3.39) — (3.40), we obtain 



||28/(6x) - 168/(5x) + 406/(4x) - 504/(3x) - 19796/(2x) + 362656/(a;)|| 



Y 



< 



%r<p(0, 2a;) + ^^(0, 0) + ^(^(22;, 2x) + <^(2x, -2s)) + ^O^, 4x) + <^(4x, -4a;)) 4 

+ Tow(^( 6a; ' 6a; ) + ^( 6a: ' _6x )) + so^o? (</>( 8a; : 8a + ^( 8a: > ~ 8x )) + K 3 tp(Ax, x) + 4o§oF<^(0, 0) 
+8' 9 i^(3x, x) + J^^(0, 0) + ^{(p(x, x) + cp(x, -x)) 
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for all x G X. Replacing x and y by 2x and x in (3.30), respectively, and then using (3.32) and (3.34), we have 

||28/(6x) - 224/(5x) + 784/(4x) - 1568/(3a;) + 1988/(2a;) - 1130752/(x)||y 

< 28 l3 Kcp(2x, x) + g§£p(0, 0) + ^(<p{x, x) + <p(x, -x)) + ^(<p(2x, 2x) + <p(2x, -2a;)) 

for all x G X. Subtracting (3.41) - (3.42), one gets 

||56/(5x) - 378/(4x) + 1064/(3x) - 21784/(2x) + 1493408/(x)||y 



< 



%r<p(0, 2x) + ^§2^(0, 0) + ^(<p(2x, 2x) + <p(2x, -2x)) + ^(<p(4x, Ax) + <^(4x, -4.x)) 



■uSorMto;, 6x) + <p(6x, -6a;)) + gJ^^Sx, 8x) + ip(8x, -8a;)) + K*<p(4x, x) + ^MO, 0) (3.43) 
+&K 2 <p(3x, x) + gi^(0, 0) + ^(<p{x, a;) + <p(x, -x)) + 2&K 2 <p{2x, x) + &£<p(0, 0) 
+ mp(v>( x > x ) + <p{x, ~x)) + I ^ w (f{2x, 2x) + <p(2x, -2a;)) 
for all x G X. Replacing x and y by x and x in (3.30), respectively, and then using (3.32) and (3.34), we have 

||/(5ar) - 8/(4x) + 29/(3x) - 64/(2*) - 40222/(x)|| y 

< Kip(x, x) + t|^(0, 0) + ^ (<p(x, x) + v (x, -a;)) (3.44) 

+ 5Mof r ( i P( 2x ^ 2x ) +¥>(2x,-2x)) + A0 ^ wi3 (lp(3x,3x) + <p(3x, -3.x)) 
for all x E X. Multiply each side of (3.44) by 56", one gets 

||56/(5a;) - 448/(4x) + 1624/ (3a;) - 3584/(2x) - 2252432/(a;)||y 
< ffiPKtp(x,x) + ^^(0,0) + 7 -^-(<p(x,x) + <p(x,-x)) (3.45) 

+ ^(cp{2x, 2x) + <p(2x, -2a;)) + j£p{<p(3x, 3x) + </?(3x, -3a;)) 

for all x G X. By (3.43) and (3.45), we have 

||70/(4x) - 560/(3x) - 18200/(2x) + 3745840/(x)||y 
< f^(0, 2x) + yfg^O, 0) + ^(cp(2x, 2x) + ip(2x, -2a;)) + ^(<p(4x, Ax) + <^(4x, -4a;)) 

+ i§mM 6x > 6a; ) + ^( 6 ' T ' ~ 6x )) + 8(l40?(^( 8a; ' 8a; ) + ^( 8 ' T > ~ 8x )) + ^'V(4a:, a;) + jo^o?^ ' 0) ^ 

+8"tf V(3x, x) + J^(0, 0) + ^(<p{x, x) + if(x, -x)) + 2&K\{2x, x) + ^^(0, 0) 

+ w(y(*. ») + V>(»> -*)) + ot(^( 2x ' 2x ) + ^( 2a; > - 2x )) + 56^V(z, a;) + w^(0, 0) 
+ : W^(^( X ' X ) + </?(#, -a;)) 4- |J(^(2x,2x) + <^(2x, -2a;)) + ^(ip(3x, 3x) + <p(3x, -3a;)) 

for all x G X. Replacing x and y by and x in (3.30), respectively, and then using (3.32) and (3.34), we have 

||2/(4x) - 16/(3x) + 56/(2x) - 40432/(x)|| y 
< K<p(0, x) + ggr^O, 0) + £^(<p(x, x) + <p{x, -x)) + T ig F (^(2x, 2a;) + <p(2x, -2s)) (3.47) 

+ 5§wp(<f(3 x , 3x) + ¥>(3x, -3a;)) + 3n ^ g?r (^(4x, 4x) + p(4a;, -4a;)) 

for all x E X. Multiply each side of (3.47) by 35^, one gets 

||70/(4x) - 560/(3x) + 1960/(2x) - 1415120/(x)|| y 

< 35^(0, x) + 2§^(0, 0) + %&{<p(x, x) + <p(x, -x)) + ^f?(^(2x, 2x) + <p(2x, -2a;)) (3.48) 

+ w(^( 3x ' 3x ) + V(3a;, -3a;)) + ^^{(p{Ax,Ax) +<p(4x,-4x)) 

for all x G X. By (3.46) and (3.48), we obtain ||/(2x) - 2 8 /(x)||y < ip (x) for all x G X. By Lemma 3.1, there 
exists a unique mapping O : X — >• Y such that 0(2x) = 2 s O(x) and 

II fix) - 0(x)\\y < tJ 1 ^(x) 

ii./ v i v )\\y _ 256/311-^1^ ' 

for all x G X. It remains to show that O is an octic mapping. By (3.30), we have 

||L» /(2 J '"x,2 J '™ 2 ;)/256 J ' Tl ||y < 256^' r ^^(2 J "x, 2 jn y) < 256^™ /3 (256^L)Xx,y) = L n tp(x,y) 
for all x, y G X and n G N. So ||D o 0(x, y)||y = for all ijel. Thus the mapping O : X — >• F is octic. D 
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Corollary 3.6. Let X be a quasi-a-normed space with quasi-a-norm \\ ■ \\x, Y be a (f3,p)-Banach space 
with (f3,p)-norm \\ ■ \\y- Let <5, A be positive numbers with A 7^ — , and f : X — > Y be a mapping satisfying 
\\D f(x,y)\\Y < ^(IMIx + llyllx) f or a ^ X 'V ^ X. Then there exists a unique octic mapping O : X — > Y such 



that 



||/(a0-O0c)||y< J " b: - 2iA 
for all x G X , where 



<k+ IUIIA \ c (n M 



x 



h A€(0,f); 

2 A °fe A ||„||A \ c (&P nn] . 

256fi(2^°-256' 3 )ll X IIX' Afc U'°°J' 



e >- = 2olW[ ; 2?2 aA + 35^is: 2 + 2-56 /3 J ft: 3 +ii' 6 (4 aA + l) + 8 /3 J ft: 4 (3 aA + l) + 28' 3 ii' 4 (2 aA + l) 

^^ Z ^1440<3 + 90- 3 + 288^ + 1440/3 > ^ ^ 18C 3 ^ 5040*3 + 180/ 3 + 144* 3 J 
I 4-if 11 6° A , 4-K 11 8 aX , 4 . oaA/JfL , Jf^N , 4 , .gA/ if 7 , X 10 \] 
' 10080<3 ^ 80640' 3 ^^ ° V 720- 3 ^ 144I 3 ^ ^ ^ ^ V 1152* 3 ' 2880* 3 >\ ■ 

Remark 3.7. The Hyers-Ulam stability for the case of A = — was excluded in Corollary 3.6 (see Example 3.4). 
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Abstract 

The power average (PA) operator, power geometric (PG) operator, 
power ordered weighted average (POWA) operator and power ordered 
weighted geometric (POWG) operator are the nonlinear weighted aggre- 
gation tools whose weighting vectors depend on input arguments. In this 
paper, we develop a power harmonic (PH) operator and a power ordered 
weighted harmonic (POWH) operator, and study some properties of these 
operators. Then we extends the PH and POWH operators to uncertain en- 
vironments, i.e, develop an uncertain PH (UPH) operator and its weighted 
form, and uncertain POWH (UPOWH) operator to aggregate the input 
arguments taking the form of interval numbers. Moreover, we utilize the 
weighted PH and POWH operators, respectively, to develop an approach 
to group decision making based on preference relations and utilize the 
weighted UPH and UPOWH operators, respectively, to develop an ap- 
proach to group decision making based on uncertain preference relations. 
Finally, an example is used to illustrate the applicability of both the de- 
veloped approaches. 

Keywords: Group decision making, power harmonic (PH) opera- 
tor, power ordered weighted harmonic (POWH) operator, uncertain PH 
(UPH) operator, uncertain POWH (UPOWH) operator. 

2000 AMS Subject Classifications: 90B50, 91B06, 90C29 

1 Introduction 

Information aggregation is an essential process of gathering relevant informa- 
tion from multiple sources by using a proper aggregation technique. Many 
techniques, such as the weighted average operator [1], the weighted geomet- 
ric mean operator [2], harmonic mean operator [3], weighted harmonic mean 
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(WHM) operator [3], ordered weighted average (OWA) operator [4], ordered 
weighted geometric operator [5, 6], weighted OWA operator [7], induced OWA 
operator 8], induced ordered weighted geometric operator [9], uncertain OWA 
operator [10], hybrid aggregation operator [11], linguistic aggregation operators 
[12, 14, 15, 16, 17, 18] and so on have been developed to aggregate data in- 
formation. However, yet most of existing aggregation operators do not take 
into account the information about the relationship between the values being 
fused. Yager [19] introduced a tool to provide more versatility in the informa- 
tion aggregation process, i.e., developed a power average (PA) operator and a 
power OWA (POWA) operator. In some situations, however, these two opera- 
tors are unsuitable to deal with the arguments taking the forms of multiplicative 
variables because of lack of knowledge, or data, and decision makers' limited ex- 
pertise related to the problem domain. So, based on this tool, Xu and Yager [20] 
developed additional new geometric aggregation operators, including the power 
geometric (PG) operator, weighted PG operator and power ordered weighted 
geometric (POWG) operator, whose weighting vectors depend upon the input 
arguments and allow values being aggregated to support and reinforce each 
other. In this paper, we will develop some new harmonic aggregation opera- 
tors, including the power-harmonic (PH) operator, weighted PH operator, and 
power-ordered weighted harmonic (POWH) operator, and apply them to group 
decision making. In order to do this, the remainder of this paper is arranged 
in following sections. In Section 2, we first review some aggregation operators, 
including the PA, PG, POWA and POWG operators. Then, we develop a PH 
operator and its weighted form based on the PA (or PG) operator and the har- 
monic mean, and a POWH operator based on the POWA (POWG) operator 
and the harmonic mean, and investigate some of their properties, such as com- 
mutativity, idempotency and boundedness. The relationship among the PA, PG 
and PH operators and the relationship the POWA, POWG and POWH oper- 
ators are also discussed. In Section 3, we utilize the weighted PH and POWH 
operators, respectively, to develop an approach to group decision making. In 
Section 4, we develop an uncertain PH (UPH) operator and its weighted form 
and uncertain POWH (UPOWH) operator to aggregate the input arguments, 
which are expressed in interval numbers, and also study the properties of these 
operators. In Section 5, we utilize the weighted UPH and UPOWH operators, 
respectively, to develop an approach to group decision making based on uncer- 
tain preference relations. Section 6 illustrates the presented approach with a 
practical example. Section 7 ends the paper with some concluding remarks. 

2 Power harmonic operators 

Yager [19] introduced a nonlinear weighted average aggregation operation tool, 
which is called PA operator, and can be defined as follows: 

PA(Ol,02,---,O w ) = ^ n 7- _, -- (1) 



EIUa + ^K)) 



where 



T(a,i) = ^2 Sup(a i ,a J ) (2) 

and Sup(a, b) is the support for a from b, which satisfies the following three prop- 
erties: 1) Sup(a, b) <E [0,1], 2) Sup(a,6) = Sup(6, a), 3) Sup(a, b) > Sup(a;,y) if 
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\a-b\ < \x-y\. 

Yager [19], based on the OWA operator [4] and PA operator, also defined a 
POWA operator as follows: 

n 
POWA(ai, 02, ■ • ■ , O n ) = ^ u i a index(i) (3) 

i=l 

where index is an indexing function such that index(i) is the index of the ith 
largest of the arguments a,j (j = 1, 2, . . . , n), and thus ai n dcx(i) IS the *th largest 
argument of aj (j — 1,2, ...,n), and m (i — 1,2, ... ,n) are a collection of 
weights such that 

Ul = 9 \ TV ) ~ 9 \ ~fV~ ) ' Ri = ^ ^ ndex ^)' TV = 51 ^ndex(i), 

V / V / j =1 i=1 

^indcx(i) = 1 + TX a indcx(i)) (4) 

where o : [0, 1] — ► [0, 1] is a basic unit-interval monotone (BUM) function having 
the following properties: 1) o(0) = 0, 2) 5(1) = 1, 3) g(x) > g(y) if x > y, and 
T(a; n( j ex (j)) denotes the support of the ith largest argument by all the other 
arguments, i.e., 

n 
r(Oindox(i)) = 2^ Sup(ai n dex(i))Oi n dex(j)) (5) 

where Sup(ai n( jcx(i)j a indox(j)) indicates the support of the jth largest argument 
for the ith largest argument. 

Based on the PA operator and the geometric mean, in the following, Xu and 
Yager [20] defined the PG operator: 

1— T > (1 + T(a,-)) 

PG(a 1 ,a 2 ,...,a„)-[]a^= 1 (6) 

j=i 

where aj (j = 1,2, . . . , n) are a collection of arguments, and T(oj) satisfies the 
condition (2). Based on the POWA operator and the geometric mean, Xu and 
Yager [20] also defined the power ordered weighted geometric (POWG) operator 
as follows: 

n 

POWG(a 1 ,a 2 ,...,o„) = n<dex W (?) 

which satisfies the conditions (4) and (5), and a; n( jcx(i) is the ith largest argument 
of aj (j = l,2,...,n). 

Based on PA operator and the harmonic mean, in the following, we define a 
PH operator: 

PH(oi,o 2 ,...,o n )= 1+r(a<) (8) 

1 Er=i( i+T ( a -» a - 
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where aj (j = 1,2, ...,n) are a collection of arguments, and T(a{) satisfies 
the condition (2). Clearly, the PH operator is a nonlinear weighted harmonic 

aggregation operator, and the weight ^^5 — mtv — v^ °^ ^ e ar g umen t a i depends 

on all the input arguments a 3 (j = 1.2, ... . n) and allows the argument values 
to support each other in the harmonic aggregation process. 

Lemma 2.1 [22, 23, 24] Letting Xi > 0, a» > 0, i = 1, 2, . . . ,n, and Y^ii=i ai ~ 
1, then 

1 n n 

l^i=\ Xi j = i j = i 

wzi/i equality if and only if Xi = X% = • ■ • = X n . 

By Lemma 2.1, we have the following theorem. 

Theorem 2.2 Assuming that aj (j = 1,2, . . . , n) ore a collection of arguments, 
then we have 

PH(ai,a 2 ,...,a„) < PG(a 1: a 2 , . . . , a n ) < PA(a 1 ,a 2 , ■ ■ ■ ,a n ). (10) 

Now, we discuss some properties of the PH operator. 

Theorem 2.3 Letting Sup(ai, aj) = k, for all i ^ j , then 

n 
PH(ai,a 2 ,...,a„) = — — j- (11) 

which indicates that when all supports are the same, the PG operator is simply 
the harmonic mean. 

Especially, if Sup(a i7 aj) — for all i =/= j, i.e., all the supports are zero, then 
there is no support in the harmonic aggregation process, and in this case, by 
the condition (2), we have T(ai) = 0, i = 1, 2, . . . , n, then 

I + Tjoj) 1 

^n ,-, , rr,, ^ = ~, a= l,2,...,n 12 

and thus, by (8) and (12), it is clear that the PH operator reduces to the 
harmonic mean. 

Theorem 2.4 Let aj (j — 1,2, ...,n) 6e a collection of arguments, then we 
have the following properties. 

1) (Commutativity) : Lf^a^a^, ■ ■ ■ ,a' n ) is any permutation o/(ai,a 2 , . . . ,a n ), 
then 

PH(oi,02,...,o„) =PH(o / 1 ,a / 2 ,...,oJ l ). (13) 

£,) (Ldempotency) : Lf aj = a /or a?Z j, i/ien 

PH(oi,02,...,o n ) = a. (14) 

3) (Boundedness): 

rnina^ < PH(ai, a 2 , . . . , a n ) < maxa^. (15) 
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In (8), all the objects that are being aggregated are of equal importance. In 
many situations, the weights of the objects should be taken into account, for 
example, in group decision making, the decision makers usually have different 
importance and thus, need to be assigned different weights. Suppose that each 
object that is being aggregated has a weight indicating its importance, then we 
define the weighted form of (8) as follows: 

PH tu (0i,0 2 ,...,Q n ) = — Wt{1+ T>(a t )) — ( 16 ) 

^ l=1 £)" tu 4 (l+T'(oi))oi 

where 

n 

T'{ai)= J^ w j Sup(a l ,a j ) (17) 

with the condition 

n 

Wl e [0,1], i=l,2,...,n, Y^Wi = l. (18) 

Obviously, the weighted PH operator has the properties, as described in 
Theorem 2.2, as well as 2) and 3) of Theorem 2.4. However, Theorem 2.3 and 
1) of Theorem 2.4 do not hold for the weighted PH operator. 

Based on the POWA operator and the harmonic mean, we define a power 
ordered weighted harmonic (POWH) operator as follows: 

POWH(Q 1 ,Q 2 ,...,Q n ) = = B — j-^— (19) 

?-^i=l a in dex(i) 

which satisfies the conditions (4) and (5) , and a; n( j ox (j) is the ith largest argument 
of dj (j = 1,2,..., n). 

Especially, if g(x) = x, then the POWH operator reduces to the PH operator, 
In fact, by (4), we have 

POWH(ai,a 2 ,...,o„) 



E™ u * ~ " ^_R5_\ ( R i-1 ' 

1=1 ai„dox(.) y^« 9 \tv) 9{ TV 



«i "i-l "indox(i) 

E" tv~ TV y^n tv 

1 

_ v^n 1+T(a~) 

1=1 £r=i( i+T ( a *» a * 

= PH(oi,02,...,o„). (20) 

By Lemma 2.1, we the following theorem. 

Theorem 2.5 Assuming that a,j (j = 1,2, . . . , n) are a collection of arguments, 
then we have 

P0WH(0l, 02, • ■ • , On) < POWG(oi, 02, ■ • • , O < POWA(oi, o 2) • • • , o„). (21) 
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From Theorem 2.3 and (20), we have the following corollary. 

Corollary 2.6 Letting Sup(ai,<2j) = k for all i =/= j, and g(x) — x, then we 
have 

POWH(oi,02,...,o n )= ± (22) 

L-ii=\ a,i 

which indicates that when all supports are the same, the POWH operator is 
simply the harmonic mean. 

Similar to Theorem 2.4, we have the following theorem. 

Theorem 2.7 Let a,j (j — 1,2, ... ,n) be a collection of arguments, then we 
have the following properties. 

1) (Commutativity) : Lf{a' 1 ,a' 2 , ■ ■ ■ ,a' n ) is any permutation of(a\,a 2 , ■ ■ ■ ,a n ), 
then 

POWH(ai, a 2 , . . . , a n ) = POWH(a' 1 , a 2 , ..., a' n ). (23) 

2) (Ldempotency) : Lf aj = a for all j, then 

POWH(ai,a 2 ,...,a„) = a. (24) 

3) (Boundedness): 

minai < POWH(ai, a-i, . . . , a n ) < maxa^. (25) 

i i 

From the above-mentioned theoretical analysis, the difference between the 
weighted PH and POWH operators is that the weighted PH operator empha- 
sizes the importance of each argument, while the POWH operator weights the 
importance of the ordered position of each argument. 



3 Approach to group decision making 

Let us consider a group decision making problem. Let X = {xi, Xi, . . . , x n } be a 
finite set of alternatives and let D = {d\,d 2 , . . . , d m } be a set of decision makers, 
whose weight vector is w = (w 1 ,W2, ■ ■ ■ , w m ) T , with w^ > 0, k = 1,2, ... ,m, 
and X)fe=i w k = 1- The decision maker dk compare each pair of alternatives 
(xi, Xj) and provides his/her preference value a\ ■ over them and constructs the 

preference relation Ak on the set X , which is defined as a matrix Ak = (a,; )„ X n 
under the following condition: 

4 fc) >0, c$+af = \, «i fe) = ^, for all »,.; = 1,2,..., n. (26) 

Then, we utilize the weighted PH operator to develop an approach to group 
decision making based on preference relations, which involves the following 
steps. 
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Approach I. 

Step 1: Calculate the supports 

I (fe) _ (Oi 
Sup^Wflj?) = !- „„' ij , «' m , , J = l,2,...,m (27) 



Em 
J=l. 



ia (fe) -a (i) l 



which satisfy the support condition l)-3) in Section 2. 

Especially, if Y^T=i,i^k \ a ij ~%\ — 0' tncn we stipulate Sup(a^- ,a\j) = 1- 
S^ep 2: Utilize the weights w^ (A = 1,2, . . . , to) of the decision makers dk 
(k = 1,2, ... , m) to calculate the weighted support T'{a\: ) of the preference 
value a\j by the other preference values a\- (I = 1, 2, . . . , to, and Z 7^ fc) 

7>g } ) = E ^Sup(ag ) ,ag ) ) (28) 

i=i,ijtk 

and calculate the weights «];- (A; = 1,2,..., to) associated with the preference 
values a\ A (k — 1, 2, . . . , to) 



u*(l + !*(<#>)) 



^f= m V 7 V(^' fc=l,2,...,TO (29) 



''3 



where v\a > 0, k = 1, 2, . . . , m, and X^feLi v ij = 1- 

S'iep 5: Utilize the weighted PH operator to aggregate all the individual pref- 
erence relations A^ = {ci\a ) n xn {k = 1,2, . . . , to) into the collective preference 
relation A = (a,ij) nxn , where 

ciij = PR w (a\f,a\f,...,a^ l) ) = ^-, i,j = l,2,...,n. (30) 

Em ^ij 
fc=l (*) 

S'iep ^; Utilize the normalizing rank aggregation method (NRAM) [25] given 



by 



Vi = T-^n °^n , i = l,2,...,n (31) 



to derive the priority vector v = (v\, V2, • • • , v n ) T of A — (a,ij) nxn , where m > 0, 
i = 1, 2, . . . , n, and X)"=i v i = 1- 

S'iep 5: Rank all alternatives x, (z = 1,2, ...,n) in accordance with the 
priority weights Vi (i = 1,2, ...,n). The more the wight Wj, the better the 
alternative Xj will be. 

In the case where the information about the weights of decision makers is 
unknown, then we utilize the POWH operator to develop an approach to group 
decision making based on preference relations, which can be described as follows. 
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Approach II. 

Step 1: Calculate the supports 



I indcxf/c) indcx(Z) l 

»„■„■ a- 



Sup(ar« W . %n = 1 - '" lin dcx^ inexm, * = L 2, • ■ • ,* (32) 



? J ' ? J / ^-\m I indcx(/c) indcx(Z) 



1 = 1 J^k \ a ij a ij 

which indicates the support of the Ith largest preference value aj" for the 

feth largest preference value a™ cx ^ of a\j (s = 1,2,...,™). Especially, if 

r ra i index(fc) indox(i)i _ n ,v q+innla+P Snnfn" 1 ' 10 *^ „ indox (0\_i 

lsi=i,tyk \ a ij a ij I ~~ u ' rnen we stipulate oupia^- , a^ ; — i. 

It is necessary to point out that the support measure is a similarity measure, 
which can be used to measure the degree that a preference value provided by 
a decision maker is close to another one provided by other decision maker in 

a group decision making problem. Thus, Sup (a™ , a™ ) denotes the 

similarity degree between the fcth largest preference value aj" and the Ith 

largest preference value o™ cxu . 

Step 2: Calculate the support T(a™ ) of the fcth largest preference value 

m cx( j^ ^ e other preference values a\- (I = 1,2,...,™, and I =^ k) 

m 
m/ indcx(fc)\ \ ^ / indcx(fc) indcx(H\ / or) \ 

T ( a ij )= 2^ Su p(%- '%• ) ( 33 ) 

i=i,ijtk 

and by (4), calculate the weight u\a associated with the fcth largest preference 

i indcx(fc) i 

value a i ■ , wncrc 

/R (k) \ //? (fe_1) \ k 

(k) / -""ij \ / n ij \ n (k) \T^ rrindexm 

TV tj = g U^ dox(0 , U^ dox(0 - 1 + T^jf cx(0 ) (34) 

i=i 

where u\ ■' > 0, k = 1 , 2, . . . , m, and J^fcLi ^L = 1 , and g is the BUM function 
described in Section 2. 

S'tep 3: Utilize the POWH operator to aggregate all the individual preference 

relations Ak — (a^ ■ ) n xn (k = 1,2,..., m) into the collective preference relation 
A = {aij) nxn , where 

a ij = POWH(ag ) ,ag ) ,...,a^ ro) )= ^-^j-, i, j = 1,2, . . . ,n. (35) 

Era u ij 

k=l Q indcx(fc) 
ij 

5tep ^: For this step, see Approach I. 
Step 5: For this step, see Approach I. 

In the above-mentioned two approaches, Approach I considers the situations 
where the weighted PH operator to aggregate all the individual preference re- 
lations into the collective preference relation and then the NRAM method to 
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derive its priority vector, and using this, we can rank and select the given al- 
ternatives. While Approach II considers the situations where the information 
about the weights of decision makers is unknown and utilizes the POWH opera- 
tor to aggregate all the individual preference relations into collective preference 
relation, then it also uses the NRAM method to find the final decision result. 

4 Uncertain power harmonic operators 

In this section, we consider the situations where the input arguments cannot 
be expressed in exact numerical values, but value range (i.e., interval numbers) 
can be obtained. We first review some operational laws, which are related to 
interval numbers [26, 27]. 

Let a = [a L , a u ] and b — [b L , b u ] be two interval numbers, where a u > a L > 
and b u > b L > 0, then we have the following operational laws. 

1) 5 + b= [a L ,a u ] + [b L ,b u ] = [a L + b L ,a u + b u }. 

2) ab= [a L ,a u ] ■ [b L ,b u ] = [a l b L ,a u ,b u ]. 

3) Xa = \[a L , a u ] = [\a L , \a u ], where A > 0. 

4 ) S = [a L .a u ] = \-W' HFV 

r) a _ [a L ,a U ] _ \a^_ o^l 
°> b ~ [b L ,b u ] ~ \-b u ' b L r 

In order to rank interval numbers, we now introduce a possibility degree 
formula [28] for the comparison between the interval numbers a = [a L , a u ] and 
b=[b L 1 b u ] 

p(a >b) = min jmax ^ _ ° L - ^ _ &L , j , 1 1 (36) 

where p(a > b) is called the possibility degree of a > b, which satisfies 

< p(a > b) < 1, p(a >b)+p(b>a) = l, p{a > a) = 0.5. (37) 

Let a,j = [dj 1 , a¥] (j — 1,2, ... ,n) be a collection of interval numbers, then 
based on the previous operational laws of interval numbers, we extend the PH 
operator to uncertain environments and define an UPH operator as follows: 

UPH(oi,Q2,...,On) = — 1+r(a . } (38) 



^ =i (l+T(a i ))a i 



where 



T(a,i) = J^ Sup(a,i,aj) (39) 

and Sup(a, b) is the support for a from b, which satisfies the following three prop- 
erties: 1) Sup(a, b) G [0,1], 2) Sup(a, b) — Sup(6, a), 3) Sup(a, b) > Sup(x,y) if 
d(a, b) < d(x, y), where d is a distance measure. 

Similar to the PH operator, the UPH operator has the following properties. 
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Theorem 4.1 Letting Sup(ai, dj) = k for all i =/= j , then 

n 
UPH(5 1 ,a 2 ,...,5„)= j- (40) 

which indicates that when all the supports are the same, the UPH operator is 
simply the uncertain harmonic mean. 

Theorem 4.2 Let dj (j = 1, 2, . . . , n) be a collection of interval numbers, then 
we have the following properties. 

1) (Commutativity): If(d' 1 , a 2 , . . . , a' n ) is any permutation of (di, <Z2, ... , a„), 
then 

UPH(oi, 02, • • • , o„) = UPH(oi, o' 2 , . . . , o n ). (41) 

2) (Ldempotency) : Lf dj = a /or aZZ j, then 

UPH(ai,a 2 ,...,a n ) = a. (42) 

3) (Boundedness): 

minfii < UPH(ai, 02, ... , d„) < maxa,. (43) 

i i 

If the weights of the objects are taken into account, then we define the 
weighted form of (38) as follows: 

UPH^oi, 02, ■ ■ ■ , On) = — ^(i+r'cao) ( 44 ) 

^ i=1 Y^- Wi{l+T'(ai))ai 

where 

n 

T'(p,i) = J^ WjSup(ai,aj) (45) 

with the condition 

n 

i^,e [0,1], t = l,2,...,n, ^w 4 = l. (46) 

Obviously, the weighted UPH operator has the properties of 2) and 3) in 
Theorem 4.2. However, Theorem 4.1 and 1) of Theorem 4.2 do not hold for the 
weighted UPH operator. 

Based on the POWH operator and the possibility degree formula, we define 
a UPOWH operator as follows: 

UPOWH(oi,o 2 ,...,a w )= 1 Ui (47) 

^»=1 5index(i) 

where 0; n( j ex (j) is the zth largest interval number of dj (j = 1, 2, . . . , n), and 






V TU I * \ TV I ' "' x / ' indox 0)' 
\ / \ / j =1 

n 

TV = 2_^ ^index(i), Vindeic(j) = 1 + T(a in dcx(j)) (48) 

»=1 
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and T(a; ndox (j)) denotes the support of the ith largest interval number by all 
the other interval numbers, i.e., 

n 
r(aindox(i) ) = 2^ Sup(a indcx (i) , Oi n dex(j) ) ( 4 ^) 

where Sup(ai ndcx (i),ai ndcx( j)) indicates the support of the jth largest interval 
number for the ith largest interval number (here, we can use the possibility 
degree formula (36) to rank interval numbers). 

Especially, if g(x) = x, then the UPOWH operator reduces to the UPH 
operator. 

From Theorem 4.1, we have the following corollary. 

Corollary 4.3 Letting Sup(a indcx(l ), a indox( j)) = k for all i ^ j, and g(x) = x, 
then 

Tl 

UPOWH(oi,52,...,S n )= n x (50) 

which indicates that when the supports are the same, the UPOWH operator is 
simply the uncertain harmonic mean. 

Similar to Theorem 4.2, we have the following theorem. 

Theorem 4.4 Let clj (j = 1,2, . . . , n) be a collection of interval numbers, then 
we have the following properties. 

1) (Commutativity): If(a'i,a'2, ■ ■ ■ ,a' n ) is any permutation of (0,1,0,2,- ■■ ,a n ), 
then 

UPOWH(ai,a 2 , . . . ,a n ) = UPOWH(a' 1; a' 2 , ..., a! n ). (51) 

2) (Ldempotency) : Lf a,j = a for all j, then 

UPOWH(oi,o 2 ,...,o„) = o. (52) 

3) (Boundedness): 

minai < UPOWH(5,i, 0,2, . . . , a n ) < maxo,. (53) 

i i 

5 Approach to group decision making based on 
uncertain preference relations 

As mentioned in Section 3, in this section, we will apply the weighted UPH 
and UPOWH operators to group decision making based on uncertain prefer- 
ence relations. Let X = {xi,x 2 , ■ ■ ■ ,x n } be a finite set of alternatives and 
let D = {d\, d 2 , ■ ■ ■ , d m } be a set of decision makers, whose weight vector is 
w = (w 1 ,w 2 , . . . ,w m ) T , with Wk > 0, k = 1,2,...,™, and X)a~i w fc = 1- 
The decision maker dk compare each pair of alternatives (xi,Xj) and provides 

his/her preference value range a^ = [a { , a i? - ] over them and constructs 
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the uncertain preference relation Ak on the set X, which is defined as a matrix 
Ak = (a-.- )„xn under the following condition: 

4 (fc) > 4 W > 0, ajj< fc > + (#*> = 1, ajf > + ag<*> = 1, 

afW=a^ = i, i,; = l,2,...,n. (54) 

Then, we utilize the weighted UPH operator to develop an approach to 
group decision making based on uncertain preference relations, which involves 
the following steps. 

Approach III. 

Step 1: Calculate the supports 

j/~(fc) ~{i)\ 
Sup(ajJ\ $) = 1 - '^ffi.^ , * = 1, 2, . . . ,m (55) 

2^,l=l,ljtk a V a ij > a ij ) 

which satisfy the support condition l)-3) in Section 4. Here, without loss of 
generality, we let 

d(^\s§) = \(\4^-4^\ + \^-4^\). ( 56 ) 

Especially, if YlT=i,i^k d{a\j ,%') = 0, then we stipulate Sup(a^- , a\-) = 1. 

Step 2: Utilize the weights Wk {k — 1,2,...,™) of the decision makers 
dk (k — l,2,...,m) to calculate the weighted support T'(a\-') of the uncer- 
tain preference value d^ by the other uncertain preference values a\- (I = 
1, 2, . . . , m, and / ^ k) 

m 

T\af)= £ Wi Sup(aJ»a«) (57) 

and calculate the weights v\j (k — 1,2, . .. ,m) associated with the uncertain 
preference values a^ ■ (fc = 1,2,..., to) 

^(l + T'idf)) 

4? = — s — ^4^=1,2,...,™ ( 58 ) 



Er=i^(l + T'( 

where t^ > 0, fc = 1, 2, . . . , m, and X^li % — 1- 

S'tep 5: Utilize the weighted UPH operator to aggregate all the individual 
uncertain preference relations Ak = (a\ .■ )„ xn (fc = 1,2,..., m) into the collec- 
tive uncertain preference relation A = (dij) nxn , where 

a-ij = [<4> a «l = UPH U) (4 1) , ag\ . . . , 4 m) ) 

= ^-, i,j = l,2,...,n. (59) 



fe=l rpo 
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Step 4: Utilize the uncertain NRAM (UNRAM) given by 

En 
3 = l °*-?' ■ 1 r, /rn\ 

Vi=^n v^n — —, 1 = 1,2,..., n (60) 

to derive the uncertain priority vector v = (v\, v 2 , ■ ■ ■ , v n ) T of A = (aij) nxn . 

Step 5: Compare each pair of the uncertain priority weights Vi (i = 1, 2, . . . , n) 
by using the possibility degree formula (36) and construct a possibility degree 
matrix P = (pij) n xn, where pij = p(vi > Vj), i,j — 1,2, ... , n, which satisfy 
Pij > pij + pji = 1, pa = 0.5, i, j = 1, 2, . . . , n. Summing all the elements in 
each line of the matrix P, we get 

n 

Pi = ^Pij, i = l,2,...,n. (61) 

.3=1 

Then we rank the uncertain priority weights Vi (i = 1, 2, . . . , n) in descending 
order in accordance with p^ (i = 1, 2, . . . , n). 

Step 6: Rank all alternatives Xi {i — 1,2, ...,n) in accordance with the 
descending order of the uncertain priority weights Vi (i = 1, 2, . . . , n). 

In the case where the information about the weights of decision makers is 
unknown, then we utilize the UPOWH operator to develop an approach to group 
decision making based on uncertain preference relations, which can be described 
as follows. 

Approach IV. 

Step 1: Calculate the supports 



f~indcx(£:) ~indcx(/)\ 
'-index(fc) ~indcx(Z)\ -, ""V ^' ' a ij 



&up(a^. ,a tj )-i . n . n i-i,z,...,m[bZ) 

which indicates the support of Zth largest uncertain preference value a™ 

for the fcth largest uncertain preference value a™ of a\j (s = 1,2, .. . , m) 

(here, we can use Step 5 of Approach III to rank uncertain preference values) . 

-inc 



-n • n *r x-^in 7 /~indcx(fc) -indcxfH \ ^ , i , . i , o /~indcx(/c) 

Especially, it 2^ =1 L ^ k «(«■ • , a - - v J = U, then we stipulate Sup(a^ 

-index(0 ) = L 

Step 2: Calculate the support T{a™ ) of the kth. largest uncertain prefer- 

ence value a^: by the other uncertain preference values a\- (I — 1, 2, . . . , m, 

and I ^ k) 

m 

T(a£ dcx(fc) ) = ]T Sup(^ dcx(fe) ,a;f° x( ' ) ) (63) 

and by (48), calculate the weight u\- associated with the kth largest uncertain 

r -, ~indcx(/c) -i 

prclercnce value a i - , wncrc 



■ i.j 



ft(k)\ /R( fe -!)\ k 



W = 9 [^rj - 9 (^J - W = E C^ 
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TV' = V^ T/ indcx W T/' 



i + T(a;" dcxW ) 



(64) 



1=1 



where ii\ ■ > 0, k = 1 , 2, . . . , m, and X^fcLi ^L — 1 i an d 9 is the BUM function 
described in Section 2. 

S'tep 5: Utilize the UPOWH operator to aggregate all the individual uncer- 
tain preference relations A k = [a\- ) nxn {k = 1,2, ...,m) into the collective 
uncertain preference relation A — (dij) nX n, where 



a {j = [o£., og] = UPOWH(4 1) , off, . . . , oJ7°) 



Em u jj 

k = l -indox(fc) 



i,3 = l,2,...,n. 



(65) 



S'tep ^: For this step, see Approach III. 
5iep 5: For this step, see Approach III. 
Step 6: For this step, see Approach III. 



6 Illustrative example 

Four university students share a house, where they intend to have broadband 
Internet connection installed (adapted from [20, 29]). There are four options 
available to choose from, which are provided by three Internet service providers. 



1) Option 1 (xi): 

2) Option 2 (x 2 ): 

3) Option 3 (xz): 

4) Option 4 (x 4 ): 



): 1 Mbps broadband; 

): 2 Mbps broadband; 

): 3 Mbps broadband; 

): 8 Mbps broadband. 
Since the Internet service and its monthly bill will be shared among the four 
students dk (k — 1,2,3,4) (whose weight vector w = (0.3, 0.3,0.2, 0.2) T ), they 
decide to perform a group decision analysis. Suppose that the students reveal 
their preference relations for the options independently and anonymously and 
construct the following preference relations, respectively: 



Ai 



M = 



/0.5 


0.4 


0.5 


0.8 


0.6 


0.5 


0.8 


0.9 


0.5 


0.2 


0.5 


0.6 


\0.2 


0.1 


0.4 


0.5 


/0.5 


0.4 


0.7 


0.6 


0.6 


0.5 


0.3 


0.7 


0.3 


0.7 


0.5 


0.6 


\0.4 


0.3 


0.4 


0.5 



A, 



A 4 = 



0.5 0.8 0.7 0.4' 

0.2 0.5 0.6 0.6 

0.3 0.4 0.5 0.8 

^0.6 0.4 0.2 0.5. 

'0.5 0.7 0.7 0.5' 

0.3 0.5 0.4 0.4 

0.3 0.6 0.5 0.9 

0.5 0.6 0.1 0.5 



Since the weights of students are given, we then utilize Approach I to find 
the decision result. 

We first utilize (27) to calculate the supports Sup(a^ ,aL) (i,j,k,l = 



1,2,3,4, A; ^ I), which are contained in the matrices S — (S (a 



ikitjk) Ji) 



)) 



4x4 
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(k = 1, 2, 3, 4), respectively 



12 



s 



s 14 = 



s z 



1 0.429 
0.429 1 

0.667 0.818 

0.556 0.700 



0.667 
0.818 

1 
0.600 

0.667 
0.636 

1 
0.400 



S~ 



31 



s- 



:S4 



^42 




0.556 \ 

0.700 

0.600 

0.667" 

0.500 

0.400 

0.714 \ 

0.833 
0.600 



13 




0.800 \ 

0.500 

0.400 

0.800' 

0.800 

0.857 



S 



s 21 = 



s 2 



S 32 = 



s 4 



1 1 0.667 0.778" 

1 1 0.545 0.800 

0.667 0.545 1 1 

0.778 0.800 1 1 

1 0.556 0.429 ' 

0.556 1 0.714 0.500 

0.714 1 0.600 
0.429 0.500 0.600 1 

1 0.889 1 0.857 x 
0.889 1 0.714 0.667 

1 0.714 1 0.800 

0.857 0.667 0.800 1 

1 0.429 1 0.600' 

0.429 1 0.667 0.833 

1 0.667 1 0.600 

0.600 0.833 0.600 1 



S 



43 



Then, we utilize the weight vector w = (0.3,0.3,0.2,0.2) 



/ 1 

0.571 


\ 0.400 


0.571 0.400 
1 0.429 0.500 
0.429 1 0.571 
0.500 0.571 1 


/ 1 
0.571 
1 
V 0.800 


0.571 1 0.800" 
1 0.857 0.700 
0.857 1 0.571 
0.70 0.571 1 


0.3,0.2, 


0.2) r of the students 



S k )^ 



dk (k = 1,2,3,4) and (28) to calculate the weighted supports T'{a\, ) (i,j, k — 
1,2,3,4) of the preference values a\, (i, j, k 
the matrices T' k 



1,2,3,4), which are contained in 



(T'(a^ ) )) 4x4 (k = 1,2,3,4), respectively 



T[ 



rpl 



0.700 0.443 

0.443 0.700 

0.467 0.482 

0.456 0.470 

'0.800 0.543 

0.543 0.800 

0.500 0.511 

0.520 0.550 



0.467 
0.482 
0.700 
0.460 

0.500 
0.511 
0.800 
0.560 



0.456 \ 
0.470 
0.460 
0.700/ 

0.520 * 
0.550 
0.560 
0.800 



rpl 



rpl 



0.700 0.456 0.400 0.443" 

0.456 0.700 0.471 0.450 

0.400 0.471 0.700 0.460 

0.443 0.450 0.460 0.700 

'0.800 0.543 0.500 0.520" 

0.543 0.800 0.514 0.530 

0.500 0.514 0.800 0.543 

0.520 0.530 0.543 0.800 



and then utilize (29) to calculate the weights v\a (i,j, k 



with the preference values a- (i,j,k 



matrices Vu = (v. 



ij 



)4x4 



1, 2, 3, 4) associated 
1,2,3,4), which are contained in the 
(k = 1, 2, 3,4), respectively 



Vi = 



0.293 
0.291 
0.301 
0.295 



0.291 
0.293 
0.298 
0.295 



0.301 
0.298 
0.293 
0.293 



0.296 \ 
0.295 
0.293 
0.293/ 



Vo = 



0.293 
0.293 
0.287 
0.293 



0.294 
0.293 
0.296 
0.292 



0.288 
0.296 
0.293 
0.293 



0.293 
0.292 
0.293 
0.293 
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'0.207 0.207 0.205 0.206 \ 

, I 0.208 0.207 0.203 0.208 v _ 

1 ; ~ I 0.206 0.203 0.207 0.208 ' Vi ~ 

0.206 0.208 0.208 0.207/ 



/ 0.207 0.208 0.206 0.206 * 

0.208 0.207 0.203 0.205 

0.206 0.203 0.207 0.206 

\ 0.206 0.205 0.206 0.207 , 



Based on this, we utilize the weighted PH operator (30) to aggregate all the 

(fe) 



individual preference relations Ak — {a\j)ixA {k — 1,2,3,4) into the collective 
preference relation 



A = 



'0.5000 0.5237 0.6248 0.5383 \ 

0.3344 0.5000 0.4878 0.6157 

0.3411 0.3499 0.5000 0.6992 

0.3460 0.2121 0.2093 0.5000/ 



After this, we utilize the NRAM (31) to derive the priority vector of A 
v = (0.3003, 0.2661, 0.2596, 0.1740) T . 
Using this, we get the ranking of the options as follows: 

xi >~ x 2 >- x 3 y x&. 

7 Conclusions 

In this paper, based on the PA operator, we have developed several new non- 
linear weighted harmonic aggregation operators including the PH operator, 
weighted PH operator, POWH operator, UPH operator, weighted UPH operator 
and UPOWH operator. We have studied some desired properties of the devel- 
oped operators, such as commutativity, idempotency and boundedness. The 
fundamental idea of these operators is that the weight of each input argument 
depends on the other input arguments and allows argument values to support 
each other in the harmonic aggregation process. Moreover, we have applied the 
developed operators to aggregate all individual preference (or uncertain prefer- 
ence) relations into collective preference (or uncertain preference) under various 
group decision making environment and then developed some group decision 
making approaches. The merit of the developed approaches is that they can 
take all the decision arguments and their relationships into account. In the 
future, we will develop several applications of the developed aggregation opera- 
tors in other fields, such as pattern recognition, supply chain management and 
image processing. 
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MULTIPLICATIONAL COMBINATIONS AND A GENERAL SCHEME OF 
SINGLE-STEP ITERATIVE METHODS FOR MULTIPLE ROOTS 

SIYUL LEE 1 * AND HYEONGMIN CHOE 1 

Seoul Science High School, Seoul 110-530, Republic of Korea 



ABSTRACT. In this paper, a general form of single-step iterative methods for multiple roots of 
nonlinear equations is derived under a number of assumptions of optimization. Definition of multi- 
plicational combinations and their properties are used upon the optimization procedure. Among all, 
we construct a family of iterative methods with nine parameters and simplest terms, and we obtain 
23 simplest iterative methods within the family, those including all existing methods of single-step 
scheme. Numerical comparisons between the methods also present interesting and noteworthy re- 
sults. 



1. Introduction 

Solving nonlinear equations is one of the most basic problems of mathematics, yet it is often 
greatly complicated. Therefore, to develop methods to obtain roots of a nonlinear equation f(x) = 
has become crucial, especially with advance of computational technology. 

Newton's method, defined by 

f{x n ) m 

f (Xn) 

makes use of an approximated root to obtain a new approximation with less error. This classical 
method, however, ceases to be efficient when a multiple root of / is to be obtained. In such cases, 
one may solve a nonlinear equation u(x) = where u(x) = f(x)/f'(x) instead of f(x) = 0, 
since u(x) has multiple roots of f(x) as its simple roots, see [1, p. 126]. When multiplicity m of 
the desired root of / is known, one may use the modified Newton's method, 

x n +i = x n -mj F (2) 

in 

where /„ denotes f^'(x n ) instead of the original Newton's method (1). 

The modified Newton's method for multiple roots is quadratically convergent. More advanced 
iterative algorithms with cubic or higher order of convergence are actively being developed, in 
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roots. 
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order to improve the computational efficiency. One widely known cubically convergent example is 
Hallev's method(HM). namelv. 



Halley's method(HM), namely. 



" n+1 ~ Xn m+1 j, urr {i) 

2m J n 2/4 



see [2], 

The Euler-Chebyshev method(ECM), 

m(3 - m) fn m 2 tfft 

X n +1 — %n 2 ,, 2 f 1 3 W 

is also of cubic convergence, see [1]. 

Osada in [3] and Chun and Neta in [4], developed other cubically convergent iterative methods, 

x n+1 = x n - -m(m + l)^ + -(m-l) 2 -^, (5) 

1 In Z In 

and 

2m 2 / n 2 ^ 

m(?,-m)f n f'J'n'+(m-lYf' n " 

OM and CNM in short, respectively. 

Biazar and Ghanbari in [5] assumed a form of Newton-like methods with four parameters as 
follows: 

_ _ Af n f n j n + Bj n + Cj n J n 

n +l n f 1 3 r ii _i_ /-) f fi fii2 ^ ' 

Jn Jn ' -LsJnJnJn 

From the error equation of the assumed method, parameters are controlled to make the method 
cubically convergent. A new method thereby introduced is 



" J ii Jn / r\ 

Xn+] ~ X n — - - - — " i\2f/3' ^ ' 



f 

Jn 

m+6 fii _ m(iu-t-L) j nJ7} 
2(rn-l)Jn 2(m-l) 2 ~J^~ 



Xn+1 — X n . . t j.,,2 ) \") 

m+3_ fn _ m(m+l) f n f^ 



which is to be referred to as Biazar and Ghanbari's method(BGM). 

In Section 2.1, we start with basic but essential definitions. We also define multiplicational 
combinations with restricted derivatives of /, and write a general expression for them. Then, 
a Newton-like method with nine parameters is constructed under a number of assumptions. In 
Section 2.2, we derive the error equation of the method and solve for parameters to obtain a cubic 
convergence. In such a way, we derive a number of Newton-like methods, some of which are 
introduced previously. Section 3 contains numerical comparisons between the methods introduced 
or derived. 



2. Development of methods 

2.1. Construction of the scheme. Before we begin, the order of convergence and multiple roots 
must be defined clearly. 



1139 



SINGLE-STEP ITERATIVE METHODS FOR MULTIPLE ROOTS 

Definition 1. (See [6]) With a a real number, and n a non-negative integer, if a real sequence {x n } 
converges to a and for n large enough there exist constants c > and p > that satisfy 

| x n+ i - a \< c | x n - a \ p , (9) 

then the maximum ofp is said to be an order of convergence of{x n } to a. 

Definition 2. (See [7, p. 79]) A root a of an equation f(x) = is said to have the multiplicity m if 
and only if f(a) = 0, f(a) = 0, f"(a) = 0, . . . , /fa" 1 ) (a) = and f {m) {a) / 0. In this case, 
f can be written as 

f(x) = (x-a) m g(x), (10) 

with g(a) / 0. 

Now, as a preparation for the rest of the section, we define a new concept of multiplicational 
combinations. 

Definition 3. Let f be a two times differentiable function. With any integers a,b, and c such that 
a + b + c=0, 

F k ,- C = f a f b f" c (11) 

is a multiplicational combination of f, /', and f", with differential order k=b+2c. 

Multiplicational combinations acquire an important property that will be used importantly for 
the discussion followed. 

Theorem 1. IfFk~ c is a multiplicational combination of f, f, and f", with differential order k, 

F k ,- C = F Ks = (j) k {j^Y, (12) 

for some integer s = — c. The converse is also true. 

Proof. Let F k: _ c = f a f' b f" c for integers a, b, and c. By Definition 3, a + b+c = and b+2c = k. 
Solving the system gives a = —k + c and b = k — 2c. Thus 

F k ,- C = f-k+c f/ k-2c f// c = ( Afc ( /!_ r c (13) 

Letting s = — c, we have 

Fk, s = (j) k (j^y- ( 14 ) 

\fu = (t) k (f^y, 

U = f-ks f >k + 2s f „-s = Ffcjgj (15) 

and thus is a multiplicational combination of /, /', and /", with differential order k. This completes 
the proof. □ 
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Single-step iterative methods are generally expressed as x n+ \ = x n — g(x n ), where g(x n ) 
denotes an iteration function of x n . For computational efficiency, we only consider g(x ra )'s that 
consist of fn, fn, fn and a finite number of fundamental arithmetic operations between them. With 
the assumption, g(x n ) can be written as follows: 

. , J2 a , b ,cfn a fL b n: C 0(a,b,c) 

Q\X n ) = 1 , (lo) 

T, aAc fn a fL b fii C 4>(a,b,cy 

where 9 and <p symbolize the linear combination of f n a f' n /n°' s m tne numerator and the denomi- 
nator, respectively. It is reasonable to assume that all terms included in the sum are required to have 
the same arithmetic order, namely, a + b + c. Thus, by an appropriate division, both the numerator 
and the denominator each reduces to a linear combination of multiplicational combinations. Then 
by Theorem 1 , 

9{Xn) = ^ ThkfjhsAn. v (17) 

Here, for optimization(see Remark 1), we assume that the numerator and the denominator each 
consists of multiplicational combinations of uniform differential order. That is, for integers k\ and 
k 2 , 



ii 



Theorem 2. For an iteration function defined by ( 18), ifx n+ \ = x n —g(x n ) is cubically convergent 
to a, the root of fix) = with multiplicity m, it is required that k\ — k 2 = — 1. 

Proof. Taylor's expansion for / about a multiple root a of f(x) = with multiplicity m gives 

f(x n ) = / (m) (a)(c e™ + Cl C +1 + c 2 e™ +2 + ■••). (19) 

f'(xn) = / (m) (a){m Co e-- 1 + (m + l)c ie ™ + (m + 2)c 2 e™ +1 + •••}, (20) 

and 

f"( Xn ) = f( m \ a ){m{m - l^e™" 2 + (m + ljmcie™" 1 + (m + 2)(ro + l)c 2 e™, (21) 
where c n 's and e n are defined as follows: 

(m+n) i 



1 /( r "~ r "-'(a) 

(m + n)! /( m )(a) 



) wi 



a. (22) 



Then, 



In _ \_ l_Cl 2 f m+l cj 2^C2 

j„ m m z co V m° Cq m cq 



e n „ e n + I „ „ 2 ) e n "r ' ' ' > (2->) 



/; 2 m 2 ci / 3m 2 + 1 c 2 6 



/n/n m— 1 (m — l) 2 cq ' \m(m — l) 3 Cq (m — l) 2 cq 



^2 



e n+l / i\Q9 / i\9 ) e n ' ' ' ' i (24) 



and thus 



S^nJ 



e n + 0(e 2 )) fe2 " fel (l + 0(e„)) =e^- fcl +0(e^- fel+1 ). (25) 
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For cubic convergence, we require e n +i = 0(e\) and thus, 

g(x n ) = e n + 0(e 3 n ). (26) 

From (25) and (26), ki — k\ = 1, which completes the proof. □ 

Thereby the iteration function g(x n ) reduces to its final form, 

^) = (#) fr#4n - (27) 

There are infinitely many Fo ;S 's, however, writing from the simplest terms, five examples of 
multiplicational combinations of zeroth differential order can be written as 

ill j-12 W2 r/2 

1 ' J! til ' \ t r// 1 il/pJ ' VTmJ J - "" • (^°) 

Therefore, we construct a Newton-like method with nine parameters as follows: 

x n+l — x n \ ) I 2 i,i f ,2 f ,i j \ z - y > 



v /n V 1 + F( -& ) + G( 4^ )- X + ff ( ^ ) 2 + K f "- Z ^ 2 



v JnJn 



2.2. Solving for parameters. During the last section, (29) was derived to be the simplest possible 
form for the cubic order methods. Now we will find which among the form actually acquire the 
desired order. 

Theorem 3. Let a be an exact root of f and its multiplicity be m. Let n be an integer with n > 0, 
x n an approximation after n iterations. Then the Newton-like method defined by (29) is cubically 
convergent if and only if 

X(A B C D E F G H I) T = ( ] ) (30) 



with 



(1_ 1 m-1 m (m-1) 2 m m-1 m 2 (m-1) 2 

m m—1 m 2 (m— l) 2 rrfi m—1 m (m—1) 2 m 2 

1 m+1 m-3 m+3 (m-l)(m-5) 2 2 4m 4(m-l) 

m 2 m(m—l) 2 m, 3 (m—1) 3 m? (m—1) 2 m 2 (m—1) 3 



(31) 



is satisfied. 
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Proof. We use the Taylor's expansion (19) through (21) of / about a and definition (22) to obtain 
expressions for the nine terms included in (29). 

~JT = e ™ o e n + [ s 2 2 ) e n + ' ' ' '32) 

/ n m to/ co V to,' 3 Cq m z cq / 

/n = 1 Cw m + 1 cf c2 / (to + 1) 2 cf 2(m + 2) c 2 x c 3 | (3J) 

/" m—1 '' to(to — l) 2 Cq n \m(m — l) 3 Cq to(to — l) 2 cq) n 

fnfn _™-l m-3 ci^ 2 ,- to 2 -3to-6 c 2 2(m-4) c 2 ^ 3 

" e n q e n ~r I 4 9 q I e n ~r ' ' ' w v 



/^ 3 to 2 to 3 Co n V m 4 Cq to 3 Co 

/; 3 m m + 3 a 2 / (to + 2)(to + 3) c 2 2(to + 5) c 2 ' 



/ 2 /£ (m - l) 2 n (to - l) 3 co " " V (to - l) 4 c 2 (m - l) 3 c 

/n 3 /f _ (m-l) 2 „ (m-l)(m-5) ci„ 2 _ 

j n ° to j to 4 Co 

/to 3 — 7m 2 — 5m + 15 cf 2(to — l)(m — 7) c 2 \ 3 
V to 5 eg m 4 c / n 

/? - '" 2 C '-e„+f^^4-^-^^k + -- (37) 



fnfn m — 1 (to — l) 2 Co \m(m — l) 3 eg (to — l) 2 Co 

fnf« m — 1 2 ci / 3to + 1 c? 6 c 2 \ 9 



f' 2 to m 2 Co ' V to 3 eg m 2 co 

f'n m 2 4m ci /6(to 2 + 1)c 2 12m, c 2 \ 2 



/ 2 /4' 2 (m-1) 2 (m-l) 3 c 6n+ V (m-1) 4 c 2 (m - l) 3 c / e ™ + " ' (39) 

/ 2 /4' 2 _ (m - l) 2 4(m - 1) ci / 2(3to 2 - 5) c 2 12(m - 1) c 2 



„ 4 2 + 3 - ~en + ~ ~ 1 -^ 3 -)< + ••• ( 4 °) 

/„ m z to, 13 co V to 4 Cg m," 3 co/ 

From these equations, an error equation of (29) is easily derived: 

e„+i = e n - K x e n - K 2 e n 2 + 0(e 3 ) (41) 



where 



K x = (—4 + -B + =-C + -. -77 £> + - ^E 

m m—1 m z (m — l) z m A 

m m — 1 m? (m — l) 2 ^ 



2 



and 



771—1 m (to — 1) TO 

/I , , m + 1 p , m ~ 3 ^ , m + 3 n , (™-l)(m-5) 

A 2 = l^ A H 1 1^2^ H 3~ C + 7 1^3^ H 4 ^ 

to z m\m—iy to" 3 (to — 1)° to* 

2 F | 2 4to 4(to-1) 

(to — 1) L m^ (to — 1)° m 3 ' 



(42) 



(43) 



The condition for (29) to be cubically convergent is K\ = 1 and K 2 = 0, which is equivalent to 
(30). This completes the proof. 



1143 



SINGLE-STEP ITERATIVE METHODS FOR MULTIPLE ROOTS 



□ 



Any combinations of parameters satisfying (30) would yield a cubic order Newton-like iterative 
method. However, a combination with all parameters activated will lead to a very complicated 
method, resulting in a relatively high computational cost. For this reason, it would be the best to let 
as many parameters as possible be zero, leaving only two of them non-zero. Noting that A, B, C, 
D, E cannot be all zero at the same time, there are 30 combinations in each of which all parameters 
except for two of them are zero. Nevertheless, it can be observed that 7 pairs are equivalent, by 

ell 

multiplying an appropriate power of +p to both the numerator and the denominator. Thereby we 
obtain 23 unique cubic order methods among the family of (29). 
Letting all parameters but A and B be zero, and solving (30) gives 



A 



m(m + 1) 



,B 



(m- if 



(44) 



yielding a method 



x n +i 



m(m + 1) f n , (m- l) 2 f n 



f 

■In 



+ 



fir 

J n 



(45) 



Similarly, 22 other methods obtained are displayed in Table 1. In the left column are combina- 
tions of non-zero parameters, and by solving (30) for the parameters, we obtain iterative methods 
displayed in the right column. 



parameters 



iterative method obtained 



m(3 - m) f n m* ffj" 

2 f'n 

m(m + 3) f n 

4 f 

J n 

m(m - 5) f n 



A,C 
A,D 
A,E 
A,F 
A,G 
A,H 
A,I 



X n +l 
X n +l 



X 



n+l 



X n +l 



Xn 
X n T" 
Xn ~r 



Xn+l — X r , 



Xn+l — X n ~r 



X 



n+l 



+ 



2 f' 3 

J n 
1)3 f/3 



(I'll 



Jn 



Am 
m 



f fll2 
JnJn 
f3 rill 

J nJ n 



4 /; 4(m-l) /« 

m(m-3)/ n M-(m-l) 2 /; 3 

2mfnf n 

(m + l)/«-m/ n /A' 

4m 3 / 3 /f 

m 2 (m-5)/2/;/^_( m _ 1)3^5 

4m(m - l)f n fS 

( m _l)( m + 3 ) / A4_ m 2 / 2 / /72 



(46) 
(47) 
(48) 
(49) 
(50) 
(51) 
(52) 



Table 1 . Non-zero parameters and corresponding iterative methods. 
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parameters 



iterative method obtained 



JTJTT 

i n 



B,C 

B,D 

B,E 

B,G 

B,H 

B,I 

C,D 

C,E 

C,F 

C,H 

D,E 

D,G 

D,I 

E,F 

E,H 



x n +i 
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Table 1. (continued) 



Method (45) is Osada's method(OM) introduced in (5), (46) is Euler-Chebyshev method(ECM) 
introduced in (4), (48) is Chun and Neta's method(CNM) introduced in (6), (49) is Halley's 
method(HM) introduced in (3), and (56) is Biazar and Ghanbari's method(BGM) introduced in 
(8). Moreover, since these methods are constructed by allowing only two of nine parameters to be 
non-zero, more can be constructed from (29) by setting various combinations of non-zero parame- 
ters, though an excess of non-zero terms would corrupt the computational efficiency. 

An efficiency index of an iterative method is defined by p l / d where p denotes the order of 
convergence of an iterative method, and d denotes the number of function evaluations required per 
each iteration, which is very reasonable considering the definition of the order of convergence. The 
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efficiency index of methods (45) through (67) is 3 1 ' 3 = 1.442, which is higher than the Newton's 
method (2) or optimal fourth-order iterative methods, with efficiency index 2 1 / 2 = 4 1 / 4 = 1.414. 
Note that the third-ordered methods (45) through (67) require one functional and two derivative 
evaluations per iteration. 

Remark 1. Summing multiplicational combinations of uniform differential order k preserves the 

2 

expansion form ofe^ipi + P2 7 L e n + (p3% + pi^r)e 2 + 0(e 3 )), where pi's are constants. While 
the error equation must be an identity of Ci 's and e n , it is optimal to reduce as many terms of Ci 's 
and e n as possible in order to keep the method simple. In fact, all existing single-step methods of 
cubic convergence are included within (27), or in fact, within (29). 

Remark 2. The condition for (29) to converge with fourth order, simultaneously derived, is equiv- 
alent to an impossible system of equations. Therefore we consider it to be impossible to construct 
a fourth-order iterative method of single-step scheme, with three or less function evaluations. This 
limits the efficiency of single-step iterative methods for multiple roots. 



3. Numerical Comparisons 

In this Section, numerical comparisons between cubically convergent methods of family (29) are 
presented. Test functions used for root-finding are displayed in Table 2, along with each of their 
approximate root and their multiplicity, and values used as initial points for each test function. 



test function 


approximate root 


multiplicity 


initial 


value 


/i(x) = (x 3 + 4x 2 - 10) 3 


1.36523 


m=3 


2 


1 


f2(x) = (sin 2 x - x 2 + l) 2 


1.40449 


m=2 


2.3 


2 


/ 3 ( s ) = (x 2 - e x - 3x + 2) 5 


0.25753 


m=5 


-1 


1 


fi(x) = (cosx — x) 3 


0.73909 


m=3 


1.7 


1 


/ 5 (x) = ((x-l) 3 -l) 6 


2 


m=6 


3 


2.3 


fe(x) = (xe x — sin 2 x + 3 cos x + 5) 4 


-1.20765 


m=4 


-2 


-1 


f 7 (x) = (sinx - x/2) 2 


1.89549 


m=2 


1.7 


2 



Table 2. Test functions, approximate roots, their multiplicity, and initial values used. 

Displayed in Table 3 are the number of iterations required to reach | f(x n ) |< 10~ 128 for each 
method and for each test function and an initial value. In the parentheses are the absolute value 
of f(x n ) after such iterations. Average numbers of iterations required for these cases are also 
displayed for each method. All computations were done using Mathematica, inserting inputs with 
significant figures large enough. Here * denotes where the approximation does not converge into 
the exact root. 

From the result, we consider (52) to be the most powerful iterative method among the family, and 
(50), (56), or (63) are also of considerable quality. It is interesting that though (64)and (65) often 
fail to converge into the root either temporarily or permanently, other methods have similar speed 
of convergence, differing by no more than 1 in average number of iterations. In fact, all methods 
in the comparison required the same number of iterations in two cases, namely, fs(x), xq = 1 and 
h(x),x = 1. 
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4. Conclusion 



Reduced from the most primitive form of iteration functions, a general single-step iterative 
scheme is constructed under a number of assumptions while maintaining simplicity. Considering 
only a finite number of multiplicational combinations, 23 cubically convergent iterative methods, 
those we consider to be the simplest among the scheme, are derived by the method of undetermined 
coefficients in the error equation. They include all existing single-step iterative methods. The mul- 
tiplicational combination-based approach allows construction of more methods with consistency, 
within the same scheme. The numerical comparisons show the quality of the derived methods, and 
it can be observed from the comparisons that few of these methods have higher quality than the 
others, though not of significant difference. 



methods 


h{x) 

Xq = 2 Xq = 1 


h{x) 

Xq = 2.3 Xo = 2 


h{x) 

Xq = -1 X = 1 


h(x) 

Xq = 1.7 


(45)(OM) 

(46)(ECM) 

(47) 

(48)(CNM) 

(49)(HM) 


5(8e-322) 5(2e-258) 
5(5e-371) 5(7e-374) 
5(3e-304) 5(7e-210) 
4(2e-133) 4(le-149) 
5(5e-371) 5(7e-374) 


6(3e-343) 5(7e-153) 
5(2e-142) 5(le-190) 
6(9e-317) 5(3e-141) 
5(2e-169) 5(le-227) 
6(4e-377) 5(6e-168) 


4(le-267) 4(7e-286) 
4(2e-278) 4(2e-279) 
4(2e-264) 4(3e-289) 
4(8e-287) 4(2e-276) 
4(5e-300) 4(2e-273) 


5(2e-364) 
5(5e-378) 
5(9e-359) 
5(4e-386) 
5(5e-378) 


(50) 
(51) 
(52) 
(53) 
(54) 


4(le-154) 4(le-179) 
5(6e-342) 5(le-321) 
4(7e-195) 4(7e-294) 
5(5e-371) 5(7e-374) 
5(7e-262) 6(3e-324) 


5(8e-172) 5(3e-231) 
6(3e-341) 5(5e-152) 
5(2e-266) 5(le-335) 
5(7e-166) 5(le-222) 
6(5e-225) 6(3e-302) 


4(le-358) 4(le-267) 
4(8e-287) 4(2e-276) 
3(8e-180) 4(8e-265) 
4(3e-275) 4(5e-281) 
4(6e-261) 4(le-296) 


4(5e-131) 
5(7e-371) 
4(le-134) 
5(5e-378) 
5(5e-344) 


(55) 

(56)(BGM) 

(57) 

(58) 

(59) 


4(4e-149) 4(3e-268) 
4(3e-146) 4(le-131) 
5(5e-371) 5(7e-374) 
5(7e-323) 5(3e-325) 
5(5e-371) 5(7e-374) 


5(7e-173) 5(3e-253) 
5(3e-240) 5(2e-144) 
6(3e-336) 5(2e-149) 
5(5e-131) 6(2e-143) 
5(3e-208) 5(le-289) 


4(8e-287) 4(2e-276) 
4(3e-309) 4(2e-259) 
4(2e-309) 4(6e-272) 
4(2e-272) 4(le-255) 
4(le-272) 4(le-282) 


4(6e-131) 
4(5e-156) 
5(5e-378) 
4(3e-169) 

5(5e-378) 


(60) 
(61) 
(62) 
(63) 
(64) 


5(5e-371) 5(7e-374) 
5(5e-371) 5(7e-374) 
5(5e-371) 5(7e-374) 
4(le-174) 4(5e-164) 
5(le-194) 5(3e-228) 


6(8e-333) 5(le-147) 
5(le-164) 5(9e-221) 
5(4e-205) 5(6e-283) 
5(le-157) 4(5e-147) 
17(4e-357) 74(3e-164) 


4(8e-287) 4(2e-276) 
4(8e-287) 4(2e-276) 
4(6e-282) 4(6e-278) 
4(8e-287) 4(2e-276) 
4(3e-236) 4(le-249) 


5(5e-378) 
5(5e-378) 
5(5e-378) 
4(2e-134) 
4(6e-135) 


(65) 
(66) 
(67) 


6(2e-370) 5(3e-185) 
4(2e-147) 4(2e-160) 
4(le-171) 5(8e-390) 


* 6(2e-187) 
5(le-152) 5(le-268) 
5(9e-153) 5(4e-299) 


4(4e-215) 4(6e-245) 
4(8e-287) 4(2e-276) 
4(8e-287) 4(2e-276) 


5(6e-383) 
4(7e-131) 
4(2e-134) 


Table 3. Num 


bers of iterations for tes 


t functions and initial point 


s given in Table 1 , with 


f{Xn) | 



after such iterations. 
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U(x) 
xo = 1 


h(x) 

xq = 3 xo = 2.3 


h(x) 

x = -2 x = -1 


h(x) 

xo = 1.7 xo = 2 


average 


(45) 
(46) 
(47) 
(48) 
(49) 


4(le-237) 
4(6e-247) 
4(le-233) 
4(2e-252) 
4(6e-247) 


5(4e-258) 4(9e-238) 
5(3e-286) 4(le-253) 
5(3e-246) 4(5e-231) 
5(2e-303) 4(3e-263) 
5(5e-351) 4(2e-288) 


6(le-141) 5(3e-317) 
6(5e-200) 4(4e-150) 
7(4e-375) 5(le-261) 
6(5e-248) 4(le-184) 
6(8e-255) 4(3e-181) 


5(3e-227) 4(2e-157) 
5(2e-333) 4(6e-177) 
5(2e-187) 4(4e-151) 
4(2e-146) 4(7e-195) 
5(3e-276) 4(le-165) 


4.79 
4.64 
4.86 
4.43 
4.71 


(50) 
(51) 
(52) 
(53) 
(54) 


4(4e-259) 
4(6e-242) 
4(8e-267) 
4(6e-247) 
4(2e-223) 


4(7e-140) 4(4e-326) 
5(2e-324) 4(le-274) 
4(6e-158) 4(6e-354) 
5(2e-277) 4(le-248) 
5(6e-227) 4(6e-220) 


5(6e-196) 4(5e-361) 
6(7e-196) 4(le-152) 
5(2e-289) 4(5e-259) 
6(8e-189) 4(7e-140) 
7(2e-268) 5(5e-167) 


4(le-139) 4(le-195) 
5(8e-236) 4(3e-157) 
4(4e-192) 4(2e-243) 
4(le-178) 4(le-193) 
6(2e-221) 4(5e-130) 


4.21 
4.71 
4.14 

4.57 
5.07 


(55) 
(56) 
(57) 
(58) 
(59) 


4(9e-259) 
4(2e-308) 
4(6e-247) 
4(2e-315) 
4(6e-247) 


5(5e-300) 4(3e-261) 
4(4e-215) 3(6e-146) 
5(2e-370) 4(3e-298) 
4(le-252) 3(7e-175) 
5(3e-269) 4(6e-244) 


6(7e-265) 4(8e-205) 
7(6e-354) 4(4e-160) 
6(3e-286) 4(3e-192) 
7(4e-180) 4(6e-132) 
6(2e-179) 4(le-129) 


5(3e-280) 4(le-198) 
5(le-228) 4(le-152) 
5(3e-245) 4(8e-157) 
5(le-185) 4(3e-134) 
5(3e-378) 4(9e-230) 


4.43 
4.36 
4.71 
4.57 
4.64 


(60) 
(61) 
(62) 
(63) 
(64) 


4(6e-247) 
4(6e-247) 
4(6e-247) 
4(5e-266) 
4(le-372) 


5(5e-307) 4(3e-265) 
5(le-319) 4(5e-272) 
5(le-306) 4(4e-265) 
5(9e-297) 4(2e-259) 
4(le-310) 4(9e-389) 


6(le-230) 4(4e-171) 
6(3e-213) 4(8e-161) 
6(6e-199) 4(4e-151) 
6(le-281) 4(4e-242) 
* 5(9e-297) 


5(5e-248) 4(2e-156) 
4(le-135) 4(4e-193) 
5(2e-331) 4(3e-228) 
5(7e-186) 4(le-159) 
6(4e-354) 5(3e-328) 


4.71 
4.57 
4.64 
4.36 
10.85 


(65) 
(66) 
(67) 


4(7e-285) 
4(le-258) 
4(8e-266) 


4(2e-201) 4(le-319) 
5(8e-311) 4(2e-267) 
5(7e-307) 4(3e-265) 


* 5(le-242) 
6(le-246) 4(le-186) 
6(6e-263) 4(2e-211) 


6(3e-270) 5(7e-294) 
6(le-381) 4(3e-163) 
5(3e-292) 4(5e-145) 


4.83 

4.5 

4.5 






Tab 


e 3. (continued) 
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COMPACT DIFFERENCES OF VOLTERRA COMPOSITION 

OPERATORS FROM BERGMAN-TYPE SPACES TO 

BLOCH-TYPE SPACES 

ZHI JIE JIANG 



Abstract. This paper characterizes the metrically compactness of differences 
of Voltcrra composition operators from the weighted Bergman-type space AZ, 
< p < oo, to the Bloch-typc space BJ° of analytic functions on the unit disk 
D in terms of inducing symbols ipi , ip2 : D — > B> and ipi, ip2 '■ D — * C 



1. Introduction 

Let D be the open unit disk in the complex plane, H(W) the space of all analytic 
functions on D, and H°° (D) = H°° the space of all bounded analytic functions on 
D with the supremum norm ||/||oo = sup zeD |/(z)|. 

Let dA(z) = —dxdy be the normalized Lebesgue measure on D. A positive 
continuous function u on [0, 1) is normal, if there exist positive numbers s and t, 
< s < t, such that w(r)/(l— r) s is decreasing on [0, 1) and lim r ^i /i(r)/(l— r) s = 0; 
u(r)/(l — r)' is increasing on [0, 1) and liirv^i w(r)/(l — r)' = oo. For < p < oo 
and the normal function u, the Bergman-type space A£(D) = A 1 ^ consists of all 
/ e H(B) such that 

UWlu = [\.f(z)\ p p^\dA(z)<^. 
Jd J- — \ z \ 

When p > 1, the Bergman-type space with the norm || • || P]M becomes a Banach 
space. If p € (0, 1), it is a Frcchet space with the translation invariant metric 

d(f,9) = \\f-g\\ p p , u . 

Let v be a positive continuous function on D (weight). The weighted- type space 
#~(B) = H%° consists of all / e H(B) such that 

\\f\\H°° = supv(^)|/(^)| < oo. 

It is known that H£° is a Banach space. The Bloch-type space B^°(D) = B%° 
consists of all / e H(D) such that 

||/||„ = sup v(z)\f(z)\ < oo. 

zeo 

Various kinds of weights and related weighted-type spaces and Bloch-type spaces 
have been studied, e.g., in [1, 2, 4, 10, 11, 12]. 



2000 Mathematics Subject Classification. Primary 47B38; Secondary 47B33, 47B37. 
Key words and phrases. Volterra composition operator, Bergman-type space, weighted-type 
space, Bloch-type space, metrically bounded operator, metrically compact operator. 

1 
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Let ip be an analytic self-map of D and ip be an analytic function on D. For 
/ e H(D) the Volterra composition operator V v j> is defined by 

V v ,i,f{z) = f (/ o p)(£)ty o V )'(Ode, « G D. 

Jo 

As a kind of integral-type operator, the Volterra composition operators have been 
studied in [7, 14, 17]. 

Let X and Y be topological vector spaces whose topologies arc given by translation- 
invariant metrics dx and dy, respectively, and L : X — > Y be a linear operator. It 
is said that L is metrically bounded if there exists a positive constant K such that 

d Y (Lf,0)<Kd x (f,0) 

for all / € X. When X and Y are Banach spaces, the metrically boundedness 
coincides with the usual definition of bounded operators between Banach spaces. 
Recall that L : X — > Y is metrically compact if it maps bounded sets into relatively 
compact sets. If X and Y are Banach spaces then metrically compactness becomes 
usual compactness. For some results in this topic see [3, 5, 9, 16, 18, 19]. 

Let <pi,(fi2 be nonconstant analytic self-maps of D and ^x^^ G H(D). Differ- 
ences of Voterra composition operators on H(U>) are defined as follows 

(*W-V^ 2 )(/)M = f ((/o^i)(0(^io^i) / (0-(/o^2)(0(^o^i) / (0)^^GD 

Jo 

Differences of composition operators was studied first on the Hardy space H 2 (D) 
in [3]. Recently Nieminen [13] has characterized the compactness of difference 
of weighted composition operators W ipi ^ 1 — W V2 ^ 2 on weighted-type space given 
by standard weights. Lindstrom and wolf [9] have generalized Nieminen's result 
to more general weights v and u and found an expression for the essential norm 
||W V i,tfi - VF^^Je^oo^ffoo, where max{||(^i|| 00 , ||<^ 2 ||oo} = 1- 

Here we continue this line of research and investigate the metrically compactness 
of differences of Volterra composition operators acting from the weighted Bergman- 
type space A? u to the Bloch-type space B^ on the open unit disk. These results 
extend the corresponding results on the single Volterra composition operators (see, 
for example, [7, 14, 17]). 

For w E D, let cr w be the Mobius transformation of D defined by a w (z) = 
(w — z)/(l — wz). Note that the pseudo-hyperbolic metric p(z, w) — \cr w (z)\. 

Throughout this paper, constants are denoted by C, they are positive and may 
differ from one occurrence to the other. The notation oxd means that there is a 
positive constant C such that a/C < b < Ca. 



2. Auxiliary results 

The proof of the following lemma is standard, so it will be omitted (see, e.g., 
Lemma 3 in [15]). 

Lemma 1. Assume that p > 0, u is a normal function on [0, 1), v is a weight 
on D, ipi, (f2 are analytic self-maps ofD, ipi, i\)i are analytic functions on D and 
the operator V ipi .^ 1 — V V2 ,^ 2 : A 7 ^ — > _B^° is metrically bounded. Then the operator 
V<pi,il>i ~ V<P2,u 2 '■ ^-u ~ * -^j° * s metrically compact if and only if for every bounded 
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sequence (f n )nefi * n A v u such that f n — ► uniformly on every compact subset o/D 
as n — > oo it follows that 

lim \\(V lpui j )1 -V V2 ^ 2 )f n \\ v = 0. 

n — >oo 

The following lemma was proved in [8]. 

Lemma 2. There exists a constant C > independent of f £ A? such that 

I ff z )| < CII/Hp," (-n 

1/1 n ~ u{\z\){i~\ z \iy/p- () 

Lemma 3. Let p > 0, u is a normal function on [0, 1), v is a weight on D, ip is 
an analytic self-map o/D and tp is an analytic function on D. Then the operator 
V v .tp : A v u — ► jB£° is metrically bounded if and only if 

v(z)W(z)M(z)\ 

TluMz)\){i-\v{z)\*y/v <co - {2) 

Proof. Suppose that V v ^ : A p u — ► B%° is metrically bounded. For a fixed w € D, 
setting 

U z) = (J-kMQ^ , 

then it is easy to show f w E A v u and ||/u,|| P)U < C. Thus 

C||VW|| > l|V r ^/ u ,||„ = supt;(«)| ¥ /(«)||^ , («)||/ w ( V j(«))| 

> «H|^H||^HII/-(^H)I 
u (|^HI)(i-|^H|2)i/p- 

So, we prove that (2) holds. 

If (2) holds, by Lemma 2, then we have 

||tW||„ - sup W (z)|^(z)||^(z)||/(^(z))| 

< ccu P ^MMM^ll |i f |i 
- c ^u{Mz)\){i-Mzwy/v m ^- 

It follows that V v ^ : A? a — > 5£° is metrically bounded. D 

The next lemma shows that H°° C A£. 
Lemma 4. Assume that p > and u is a normal function on [0, 1). TTien _ff°° C 

Proof. For / e iJ°°, we assume that \f(z)\ < M for all z e D. Then by the 
definition of the normal function and the Beta function, 

WfWU = I '\m\Pp^\dA(z)<M I 'pM\dA{z) 

Jo 1 ~ \ z \ Jo L ~ \ z \ 

- M l™^ (1 - wr "^ (3) 
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< 2Mu p {0)B(2,ps), 

where B(2,ps) is the Beta function. Thus we prove that / £ A?. □ 

The following lemma is very useful in the proof of the main result. 

Lemma 5. Assume that u is a normal function on [0, 1) such that u is continuously 
differentiable. Then there exists a constant C > such that 

u{\z\){\ - \z\ 2 y/Pf{z) - «(M)(1 - M 2 ) 1/p /M| < C\\f\\ p , u p{z,w) (3) 

for all f £ A? and for all z, w in D. 

Proof. By Lemma 3 we have that if / £ A%, then / <E H°°,, ,s (1 _, , 2 s 1/p and 
moreover ||/|| u (| z |)ci_ui2)i/p < C||/|| p . u . By the definition of normal function, it 
follows that 

M (|z|)(l-|*| 2 ) 1/p 

(i - \z\y/p+* 

is increasing on [0,1), where t is the positive number in the definition of normal 
function. Then by the proof in [9], we obtain that u(|z|)(l — |z| 2 ) 1 ' p satisfies the 
following so-called Lusky condition (which is due to Lusky [11]) 

M (l-2-"- 1 )(l-(l-2-"- 1 ) 2 )V" 
nen u (l -2" n )(l -(1 -2-") 2 )Vp 

Therefore, by the Lemma 1 in [9], for each / <G ^"fi ivi_i pu/t an d z,V £V) there 
exists a C > such that 

«(|*|)(i - \z\ 2 ) 1/p f(z) «(H)(i - M 2 ) 1/p /M| < c-||/L (W)(1 _ wa)1/ pp(*,uO 

< C||/|| p ,uP(z,m>). 
From this inequality estimate (3) follows. D 

3. Main results 

In this section we formulate and prove the main result of this paper. 

Theorem 1. Assume that p > 0, u is a normal function on [0, 1) such that u 
is continuously differentiable, v is a weight on D, ipi, ip 2 are nonconstant analytic 
self-maps ofD, tpi, ^2 are analytic functions on D and V ipi ^ 1 , V V2 ^ 2 : A? — > i?^° 
are metrically bounded operators. Then the operator V Vl .^ 1 — V V2 ^ 2 : A v u — ► i?^° zs 
metrically compact if and only if the following conditions hold: 

(a) 

hm r p^z,i/)2Z =0; 

\<piM\^u(\M^\)^-\M^\ 2 )' 



0>) 



(c) 



v{z)\ V ' 2 {z)U' 2 {z)\ ... ... n 

hm " 2V 2V ; p (yi (z ),y 2 z )) = 0; 

l^( 2 )Hi u (|^ 2 ( z )|)(l-|^ 2 ( z )|2), 



lim v(z) 

min{| ¥ Ji(z)|,|v 2 (z)|}^l 



<A(zWi(z) A(zWi(z) 



u{Wx{z)\){\ - Wi{z)\^ u{\ V2 {z)\){l M*)| 2 )* 
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Proof. Suppose that the operator V tpi .^ 11 — V V2 _^, 2 : A p u — > B^ is metrically 
compact. If 1 1 ipi | |oo < 1, then (a) vacuously holds. Hence assume that ||yi||oo — 1- 
Suppose to the contrary that (a) is not true. Then there exists a sequence (z n )neN 
such that Iv'i(-Zn)! -^ 1 as n -^ oo and 

v(z n )\if' 1 {z n )\\'4>' 1 (z n )\ 
s -= llm -71 — / ni Ui j — 7-^7^177; WiW.W ><)■ ( 4 

n^oo u{\ipi{z n )\)(l - |<pl(^n)r) VP 

Since |</?i(z n )| — ► 1 as n — > 00, we can use the proof of Theorem 3.1 in [6] to find 
functions /„ <G H°° , neN, such that 

DC 

J2\fn(z)\<l, forallzeD, (5) 

n=l 

and 

f n (<p 1 (z n ))>l-^ n , neN. (6) 

Since f n <G iJ°°, by Lemma 4 we have that /„ e A^ and ||/ n || PjU < C for all n <G N. 
Note that form (6) it follows that lim \f n (ipi(z n ))\ = 1. Now, we define 

n — >oo 

»(| V (z„)|)(l- V fe)i)Vp+e+i' 

By the proof of Theorem 3.1 in [8], we obtain that that sup neN ||fc n ||p )t( < C. Put 

9n{z) = /„(z)cr ¥ , 2 (^ ii )(z)fc n (z),n e N. Then clearly #„ e A p u with sup„ eN Hsvjp.u < 
C and g„ — > uniformly on compact subsets of D as n — > 00. Since V Vl .^ 1 — V V2 ^ 2 : 
A v u — > J3£° is metrically compact, by Lemma 1 we get 

lim || (V^,^ - V V2 ^ 2 )g n \\ v = 0. (7) 

On the other hand, from the definition of the space BJ° , the definition of functions 
g n and by using (6), we have that 

HC^i.V! ~ V V2 ^ 2 )g n \\ v >v(z„)|<// 1 ( z ")V'i(2«)gn(>i(>n)) - ip' 2 (z n )ip 2 (z n )g n (if 2 (z n ))\ 

=v(z n )\ip' 1 (z n )ip' 1 (z n )f n (ip 1 (z n ))a ip2 ^ Zn )(ipi(z„))k n (ipi(z n ))\ 

> v( z nWl(z n )\\^' 1 (z n )\p(ip 1 (z n ),tp 2 (z n )) , 1 s 

u(\^(z n )\)(l-\ Vl (z n )\^ ' 2^' 

Letting n — > 00 in (8) and using (4), we obtain 

hm K^,^ -T^ 2 ^ 2 ) 5 „||„ > lim — — — — : — ! = <5>0, 

w(MO|)(l-M;j„)| 2 P 

which contradicts (7). This shows that 

w(z„)|( y 9' 1 (2;„)||-0i(z„)| , , . , .. 

hm — — — — 1 ———Tp{(pi{z n ),<p 2 {z n ))=0, 

™ u(M*„)|)(l-M^)| 2 )* 
for every sequence (z„) n gN such that |</?i(z„)| — * 1 as n — » 00, which implies (ah 

Condition f&J is proved similarly. Hence we omit it. 

Now, we prove (c). Suppose to the contrary that (c) does not hold. Then there 
is a sequence (z n ) ne m such that min{|(/?i(z„)|, |^2(-Zn)|} -^ 1 as n ^ 00 and 

"^°° ^M^ixi-bi^n)! 2 ) 1 u(M^)l)(i-M*»)l 2 )* " 
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We may also assume that there is the following limit 

I := lim p(ipi(z n ),Lp 2 {z n )) > 0. (10) 

n — >oo 

Assume that I > 0. Then we have that for sufficiently large n, say n > no 



<| < v(z n ) 



p[{Zn)i>l{Zn 



<4>'l{ZnWl{ z n) 



"(klWDl 1 ~ |¥>l(Zn)| 2 )" U(|(p 2 (^n)|)(l - |^2(Zn)| 2 ) p 

w(z„)|^(2;„)||V' 2 (z„)| 



< 2/ «(z„)|^ 1 (z»)||^ 1 (z»)| | 

" I V u (|^(z„)|)(l - |^(z„)P)l M (|^ 2 (z n )|)(l - Mz„)| 2 p 



r)p(¥ , i(z„),^2(z™))- 

(11) 

Letting n —> oo in (11) and using (a,) and f&), we arrive at a contradiction. Thus, 
we can assume that I = 0. Let the sequences of functions (/ n ) n eN and (fc n ) n gN be 
defined as above. Set 

h n {z) = f„(z)k„(z), n e N. 



Then sup 



ii£M ||"n||p,M 



< C and /i r , 



uniformly on compact subsets of 



as 



n — ► oo. Hence by Lemma 1 

lim ||(^ 1 > 1 -^ 2iV , 2 )/i„||„ = 0. (12) 

n — >-oo 

Since V^ 2) ^, 2 : A^ — ► _B^° is metrically bounded, then by Lemma 3 we have that 

<z)|^ 2 (z)||^(z)| 



M 



sup 



< oo. 



(13) 



» eD u(M*0l)(i-M*0l 2 ) 1 /i' 

We have 

||(^l,V-i - V<P2,il> 2 )hn\\v > ^n^i^riM^rOM^l^n)) ~ P 2 ( Z «) V4 ( z n)^ (<£2 0?n)) | 
=v(z„)\<p' 1 (z n )lp' 1 (z n )f n (ipi(z n ))k n (ipi(z n )) ~ (p' 2 {z n )^' 2 {z n )f n (ip 2 (z n ))k n (Lp 2 (z n ))\ 

93i(z„)V'i(2n)/n('y ; 'l(Zn)) V 2 (Zn) ^{Zn) fn{Vl ( z n)) 



>v(z n ) 

- v(z n ) 
>v(z„) 



u(\ Vl (z n )\)(l - M*„)| 2 )V*> u(\ V2 (z n )\)(l \^(ZnWy/P 

f2( z n)lp 2 ( z n)fn(<fil(Zn)) 



u(|^ 2 (^)|)(1-|^ 2 (z„)P)i/p 



<f>2{ Z nW2{ Z n)fn{W2{ z n))k n {(p2{z n )) 



<p 2 (z n )ip' 2 (z n ) 



u(\ Vl (Zn)\)(l ~ \M^)\ 2 ) 1/P «(M*0I)(1 - I^(«n)| 2 ) 1/P 



(1-i) 



w(z„)|<£> 2 (z„) ||-0 2 (^n)l 



U (|^ 2 (z„)|)(l-|^ 2 (z„)P)i/ P 

U (| V2 («n)|)(l - M^)| 2 ) 1/P M^(z„)) 



M (|^(z„)|)(l - MO| 2 ) 1/p M^i(^)) 



(14) 



From (13), applying Lemma 5 to the functions h n with the points z = <fi(z n ) and 
w = (/? 2 (z„), and by using the fact sup„ eN ||/i n ||p,M < C, we get 

n:;iii " !: " i:!, ' iUi,)i u(\ Vl (z n )\)(l-\ Vl (z n )\Y /P h n (^(z n ))- u(\M z n)\) 



u(\ V2 (z n )\)(l-\ V2 (z n )\*y/r 

(1 - \M z n)\ 2 ) 1/P h n (V2(Zn)) < CMp{^{z n )^ 2 {z n )) 



(15) 



Using (15) in (14), then letting n — > oo is such obtained inequality and using (12) 
we obtain that (3 — 0, which is a contradiction. This proves (c). 

Now we assume that conditions (a)-(c) hold. Assume (/„) ne n is a bounded 
sequence in A v u such that /„ — > uniformly on compact subsets of D. To prove 
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that K 



yiiV'i 



•K 



¥>2,l/>2 



^ — > _B£° is a metrically compact operator, in view of Lemma 
1, it is enough to show that IKV^n ^ — Vip 2 ,4> 2 )fn\\v -> as rn oo. Suppose to the 
contrary that this is not true. Then for some e > there is a subsequence (/ nfc )feeN 
of (/n)neN such that IKV^i^i - V<p 2 ,i>2)fn k \\v > 2e > for every k £ N. We may 
assume that (fn k )kefi IS (/n)ngN- Then there is a sequence (z n ) n£ fj in D such that 

viZn^tp'iiZnWxiZn) f„(<pi (z„)) - ip' 2 {z n )^' 2 (z n ) f n (ip 2 (z n ))\ > £ > 0, U G N. (16) 

We may also assume that the sequences (</?i(Zn))neN & n d {<P2{z n ))neN converge. 
If it were max{|<^i(^„)|, |<^2(^n)|} —> Q < 1, then from (16), since for the test 
function f(z) = 1 € A^ (by Lemma 4), from the boundedness of the operators 
V^, 4) ^, 4 : A^ — » B£°, i = 1,2, we have that Vi ° <Pi>ip2 otp 2 £ B^ 2 and since 
/ n ((/?i(z„)) — > as n — > oo, i = 1,2, we would obtain a contradiction. Hence 
max{|< / 5i(z„)|, |</?2(zn)|} — > 1 as n ~* °°- We can suppose that |<£i(z n )| — > 1 and 
^(-^n) -^ ^o as n ^ oo. Also, we can suppose that limit in (10) exists. Assume 
that I > 0. Then by fa) and f&J, we get 

v{Zn)Wl{Zn)\W\{Zn)\ 



|Vi(™| — 1 U(|(y9l(2; n )|)(l - |(^ 1 (Z„)| 2 ) 1 /P 



PCVlCzJiV^n)) = 



and 



lim 



w(z„)|v?' 2 (z„)||V'2(2n)| 



|¥> 2 (*»)|-1 u(|y> 2 (j8„)|)(l ~ \tp 2 (z n )\ 2 ) 1/p 

From (16) and Lemma 2, it follows that 



p{<Pi(z n ),ip2{z„)) = 0. 



(17) 
(18) 



<e < 



u(\ Vl (z n )\)(l - \^(z n W)- P 
v(z n )\if' 2 (z n )\\ip' 2 (z n )\ 



u{\yi{z n )\){l - \yi{z n )\ )pf n (ip 1 (z n )) 



<C 



u(\ V2 (z n )\)(l - \v 2 (z n W)- P 

v(z n )\Lp[(z n ) | IV'i(^n)! 



2^ 



U{\if 2 {z n )\){l - |^2(«n)| ) p /™(^2(z„)) 



«(Zn) 1^2(^)11^2(^)1 



l/n| 



p.u- 



(19) 



^u(|<Pl(z„)|)(l - |^i(z„)| 2 )p U(|(/52(«n)|)(l - |<£2(^)| 2 ) p 

Letting n — > 00 in (19) and using (18) we obtain a contradiction. Thus, we conclude 
that I — which implies that | ^2 C-^tx) | -^ 1 as n -> 00. From (16), Lemmas 2, 3 
and 5, and using (a) and (b) we have 

< s < v{z n )\ip' 1 {z n )^' 1 {z n )f{ip 1 {z n )) - (p 2 (z n )tp 2 (z n )f(<p 2 (z n ))\ 

v(z n )\ip' 1 (z n )\\^' 1 (z n )\ 



< 



u{\<pi{z n )\){l - \ipi(z n )\ )»f(<fi(z n )) 



U (|^(z rl )|)(l-|^(z„)|2)? 

- u(\ip 2 (z n )\)(l - \ip 2 (z n )\ 2 )p f(ip 2 (z n )) + v(z n ) 

<P 2 (z n )lp 2 (z n ) 



ip'liZrJlpiiZr, 



u(\ip 2 (z n )\)(l - \(p 2 (z n )\ 2 )p 
v{z n )\ip l 1 {z n )\\tp' 1 {z n )\ 
U (|^(z„)|)(l-|^(z„)P)^ 

^{ZnWliZn) 



utM^IXi-biOOl 2 )* 

U (|^ 2 (Z„)|)(1-|^ 2 (^)| 2 )-|/(^2(^))| 



<C- 



r\\fn\\p.uP(^i(z n ),(p 2 (z n )) + v(z n ) 
<fi' 2 (z n )ip' 2 (z n ) 



«(|¥>l(^)|)(l - M*„)| 2 )* u(\M*n)\)(l ~ M*„)| 2 )* 



Jn lip,'. 
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as n — ► oo, which is a contradiction. The proof is complete. □ 
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SOME NEW ERROR INEQUALITIES FOR A TAYLOR-LIKE FORMULA 

WENJUN LIU AND QILIN ZHANG 

Abstract. Some new error inequalities for a Taylor-like formula are established. Sharp 
bounds are given when n is an odd and even integer, respectively. 



1. Introduction 

Error analysis for the Taylor and generalized Taylor formulas has been extensively studied 
in recent years. The approach from an inequalities point of view to estimate the error 
terms has been used in these studies (see [1]-[18] and the references therein). In [19], by 
appropriately choosing the Peano kernel 

ra-l 



G n (x) 



1 / 3a + t 



1 



a + 3t 



n-l 



X + 



x + 



(n-3)o- (n + l)t 



(n-3)i- (n + l)a 



, x G 


a + t 

a, 

2 


, xG 


(^■«] 



(1) 



a Taylor-like formula was derived as follows. 

Lemma 1. ([19]) Let f : [a, t] — > R be a function such that f( n ' is absolutely continuous. 
Then 

fit) =f(a) - JT { ~ l)k A l; ^ (1 + k) \f k (t) - (~l) k f k (a) 



k=l 



A k k\ 



E 

fc=2 



i-i) k {t- a y 



fcl rk 



A k k\ 



(l-fc)[l-(-l)*]/ 



a + t 



+ R(f). 



(2) 



By introducing the notations 



F n (t,a) =/(o) - J2 ' ^t., "'" t 1 + fc ) f/*W " (-l)V'('') 



E 

fc=2 



A k k\ 
i-l) k {t-a) k 



fc=i 



4 fe /c! 



(1 - fc)[l - (-1)*]/ 



ki ,* / a + 1 



the following error inequalities were derived in [19]. 

Theorem 1. Let f : [a,t] — > M be a function such that f( n > is absolutely continuous. 
Lf there exist real numbers 7 n ,Tn such that 7„ < /( n+1 )(x) < T n , x G [a,t], then 



\f(t)-F n (t,a)\< 



T n - 7„ 2n + 2 
(ra + 1)! 4™ +1 



t — a 



,71+1 



i/ n is odd 



(3) 



2010 Mathematics Subject Classification. 26D10, 41A58, 41A80. 

ifey words and phrases. Taylor-like formula, approximation error, inequality, sharp bound. 
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and 



\f(t) - F n (t,a)\ < J_ H/^+Dll^ - a )" +1 , if; 



n is even. 
If there exists a real number j n such that 7 n < f^ n+1 \x), x £ [a, t], then 



(4) 



\f(t)-F n (t,a)\< 



/(«)(*)-/(») (a) 



t — a 



In 



n + 1 

n!4 r 



(t-a) n+L , if n is odd. (5) 



If there exists a real number F n such that f( n+1 '(x) < T n , x G [a, t], then 



\f(t)-F n (t,a)\< 



/(«) {t )_/(n)( ) 



t — a 



n + 1 
n!4 r 



(t-a)" +i , if n is odd. (6) 



The purpose of this paper is to establish some new error inequalities for the above Taylor- 
like formula. Especially, sharp bounds will be given when n is an odd and even integer, 
respectively. 

2. Main results 
The following lemma is needed in the proof of our main results. 
Lemma 2. The Peano kernels G n (t), satisfy 

t ( 0, n odd, 

-it — a) n+ , n even, 



G n (x)dx 



(n + l)!4 r ' 



\G„(x)\dx 



1 



n!4 n 



(t-a) 



n+1 



n + 1 
max |G„(s)| = -r— (t-a) n , 
x<=\a,t] n!4 n 



G n (x)dx 



2n 3 + n 2 + 2n - 1 
(2n + l)(2n-l)(n!) 2 4 2n 



(t-o) 



2n+l 



max 

x£[a,t] 



G 2m {x) 



t — a 



G 2m (x)dx 



4m 2 + 4m — 1 
(2m + l)!4 2m 



(t-a) 



2)» 



(7) 

(8) 
(9) 

(10) 
(11) 



Proof. The proof of (7)-(9) were given in [19]. (10) can be obtained by a direct calculation. 
From (7), we have 



max 

xd[a,t\ 



Go m (x) 



■■ max < max 



max 

(t - a) 2m 

"(2m-l)!4 2m 

4m 2 + 4m — 1 

"(2m + l)!4 2m 



1 
t — a 

1 



(2m)! 
1 



G 2m (x)dx 



3a + t 



max 

xd[a,t\ 



G 2rn (x) 



(2m)! 



a + 3t 



2m- 1 



2m- 1 



max 



(t - a y m . 



JL + i 2 

2m 2m + 1 



x + 

x + 

1 
2m 



2(t - a) 2m 
(2m + l)!4 2m 

(2m - 3)o - (2m + l)i 



2(t-a 



,2m 



(2m-3)t- (2m + l)a 



(2m +1) 


42m 


2(i-a) 


2m 


(2m + 1)! 


42m 



2m + 1 
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Thus, (11) is obtained. 



□ 



We first establish two new error inequalities for /( n+1 ) g L l [a,b] and /( n+1 ) g L 2 [a,b], 
respectively. 

Theorem 2. Let f : [a,t] — >■ R be a function such that f( n ' is absolutely continuous on 
[a,t]. 7//( n+1 ) G L l [a,t], then we have 



m-F^a^K^Wf^Ut-ar, 

n\A n 

where \\f^ n+1 '\\i '■= f \f^ n+1 >{x)\dx is the usual Lebesgue norm on L 1 ^, i]. 
Proof. By using the identity (2), we have 



(12) 



\f(t)-F n (t,a)\ 



G n {x)f^ n+l \x)dx 



< max |G n (x)| / \f< n+1 \x)\dx. 

xe[a,t] J a 



Consequently, the inequality (12) follows from (13) and (9). 



(13) 



□ 



Theorem 3. Let f : [a, t] — > M. be a function such that f^ n > is absolutely continuous on 
[a,t\. /// (n+1) G L 2 [a,t], then we have 



|/(«)-F.(t,.)| < _^'+"" + a "- 1 H^)^-.)^, 

y/(2n + l)(2n- l)n!4 n 

i 
where ||/' n+1 '||2 : = (/ \f^ n+1 '{x)\ 2 dx\ is the usual Lebesgue norm on L 2 [a,t\. 

Proof. By using the identity (2), we have 



(14) 



\f(t)-F n (t,a)\ 



G n (x)f( n+1 \x)dx 



< ||/ (n+1) || 2 ||G n | 



Consequently, the inequality (14) follows from (15) and (10). 



(15) 

□ 



Then, if f( n+1 > is integrable and bounded and n is an even integer, we prove two perturbed 
error inequalities. 

Theorem 4. Let f : [a, b] — >■ R be such that /( n+1 ) is integrable with j n < f l - n+l \x) < T n 
for all x G [a, t], where j n , T n G R are constants. If n is an even integer (n = 2m), we have 



f{t)-F 2m (t,a) 



2{t-a) 2m+l /( 2m )(t)-/( 2m )(a) 



(2m + l)!4 2r ' 



t — a 



< 



f( 2m \t)-f 2m \a) 
t — a 



72r, 



Am + Am — 1 
(2m + l)!4 2m 



it -a) 



2m+l 



(16) 



f(t)-F 2m (t,a) 



2(t-a) 2m+1 /(2™)(t)_/(2m)( a ) 



(2m + l)!4 2r ' 



t — a 



< 



2m 



/( 2m )(t)-/( 2m )(a) 



t — a 



Am 2 + Am — 1 
(2m + l)!4 2m 



(t-a) 



2m+l 



(17) 
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Proof. By (7) and (2), we can obtain 

2(t - a) 2m+1 f^ 2m \t) - /( 2m )(a) 



f(t)-F 2m (t,a) 



f 

■J a 



G 2m {x) 



'2m + l)U 2m 

1 /"* 

G 2m (x)dx 



t — a 



t — a 
[f( 2m + 1 \x)-C]dx 



(18) 



where C G R is a constant. 

If we choose C = 72m, we have 



f(t)-F 2m (t,a) 



2(t - a) 2m+1 /( 2m )(t) - /( 2m )(a) 



(2m + l)!4 2r 



t — a 



< max 

xS[a,t] 



GWz) 



t — a 



G 2m (x)dx 



\f (2m+1 \x)- l2m \dx, 



(19) 



and hence the inequality (16) follows from (19) and (11). 

Similarly we can prove that the inequality (17) holds. □ 

Next, we derive two sharp bounds when n is an odd and even integer, respectively. 

Theorem 5. Let f : [a, t] — > M be a function such that f( n ' is absolutely continuous on 
[a,t] and /( n+1 ) £ L 2 [a,t], where n is an odd integer. Then we have 



\f(t)-F n (t,a)\ < V2n3 + n2 + 2 IL- i —Jo-(f<»+^ )(/ _ (l y l+ $ 
IW K n ~ v / (2n + l)(2n-l)n!4" V 



(20) 



where a() is defined by <r(/) = H/H2 — +z~~ (/ f(x)dx) . Inequality (20) is sharp in the 

sense that the constant , n ' +n + n ~ cannot be replaced by a smaller one. 

v /(2n+l)(2n-l)n!4™ 



Proof. Prom (2), (7) and (10), we can easily get 



\f(t)-F n (t,a)\ 

< ( f G 2 n {x)dx 

2ra 3 + n 2 + 2n - 1 



G n {x) 



f(n+l) l 



(2n + l)(2n-l)(n!) 2 4 2 
\/2n 3 + n 2 + 2ra - 1 



f {n+l \x) 
(t-a) 



x) 



1 



t — a 



f n+1 \x)dx 



dx 



f (n+1) (x)dx 
t — a ' 

■2>i-l \ 2 ( || f (n+l)||2 



2 y 

dx 



ll/ ( 



t — a 



1 
2 \ 2 



<r(/("+i))(t-a) n+ 5. 



v / (2n + l)(2n-l)n!4 
To prove the sharpness of (20), we suppose that (20) holds with a constant C > as 

\f(t) - F n (t, a) I < CyJ<r(f("+V)(t - a) n+ l (21) 
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We may find a function / : [a, t] — > M such that f( n > is absolutely continuous on [a, t] as 



f (n) (x) = { 



1 



(n + 1)! 
1 



3a + t 



a + 3t 



x + 



x + 



(n - 


-2)a- (n + 2)t 


(n - 


4 

-2)t- (n + 2)a 



(n + 1)! V" 4 

It follows that 

f (n+l \x) = G n (x). 
It's easy to find that the left-hand side of the inequality (21) becomes 

2ra 3 + n 2 + 2ra - 1 



x e 



x e 



a, 



a + t 



2 
a + t 



L.H.S.(21) ( 2n + 1 )(2n-l)(n!) 2 4 2 
and the right-hand side of the inequality (21) is 

R.H.SJ21) V2^ + n 2 + 2n-l 



-(<-o) 



2n+l 



v / (2n + l)(2n-l)n!4™ 
It follows from (21), (23) and (24) that 

V2n 3 + n 2 + 2n - 1 



C(t - a) 



2n+l 



(22) 
(23) 

(24) 



C> 



v / (2n + l)(2n-l)n! 4 n ' 



which prove that the constant 



V2n 3 +n 2 +2n-l 



is the best possible in (20). 



□ 



v /(2n+l)(2n-l)n!4™ 

Theorem 6. Ze£ / : [a, i] — >■ R be a function such that f( n ' is absolutely continuous on 
[a,t] and /( n+1 ) g L 2 [a,t], where n is an even integer (n = 2m). Then we have 



f{t)-F 2m (t,a) 



2{t-a) 2m+l /( 2m )( f )_/(2m)( a ) 
(2m + l)!4 2m ~ t-a 



1 / 1 4m 2 4 

~(2m)\4 2m \ 4m + 1 4m - 1 (2m + 



^ (/ (2 m+ l) )(t _ a) 



2m+i 



(25) 



(26) 



Inequality (25) is s/iarp m the sense that the constant (2m) 1 , 42m J^+i + ^z\ ~ ( 2m +i) 2 
cannot be replaced by a smaller one. 

Proof. Prom (2), (7) and (10), we can easily obtain 

2{t-a) 2m+l f (2m) (t)- /( 2m )(o) 



f(t)-F 2m (t,a) 



t — a 



;2m + l)!4 2 ™ 
G 2m (x)f^ 2m+1 \x)dx--^- [ t G 2m (x)dx f f( 2m+1 \x)dx 



t — a 



1 



< 



2(t - a) 

1 
: 2(t-a) 



t r t 



[G 2m (x) - G 2m {y)][f^ 2m+1 \x) - f^ m+1 \y)]dxdy 



a J a 

t ft 



t r t 



[G 2m {x)-G 2m (y)] 2 dxdy) / / [f (2m+1 Hx) - f^ 2m+1 \y)} 2 dxdy 



G 2m (x)dx 



t — a 



G 2m {y)dy 



2 \?/rt 



[f^){ x )] 2 dx--^— 
t — a 



f {2m) (y)dy 



i 

2\ 2 
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1 4m 2 

+ 



J a{fi 2m + l )){t _ a) 2m + l 



(2m)!4 2m V 4m + 1 4m - 1 (2m + 
To prove the sharpness of (25), we suppose that (25) holds with a constant C > as 

2(t - a) 2m+1 f 2m \t) - f (2m \a) 



f(t)-F 2m (t,a) 



t — a 



(2m + l)!4 2m 

<Cy / (r(/( 2 ™+ 1 ))(£ - a) 2m+ 5 . (27) 

We may find a function / : [a, b] — > R such that fy 2m > is absolutely continuous on [a, t] as 

/(")(*) 



1 



(2m + 1)! 
1 



3a + 1 



a + 3t 



2m 



2m 



Z + 



X + 



(2m- 


-2)a-(2m + 2)t 


(2m- 


4 
-2)t- (2m + 2)a 



2(t-a 



,2m+l 



L (2m + 1)! 

It follows that 

f i2m+l \x) = G 2m (x). 
It's easy to find that the left-hand side of the inequality (27) becomes 



2(2m + l)!4 2mt 

2(t - a) 2m+1 
+ 2(2m + l)U 2m ' 



x £ 


a + t" 

a, 

' 2 


x e 


(T><] 



L.H.S.{27) 



1 



((2m)!) 2 4 4 " 
and the right-hand side of the inequality (27) is 

1 




(t-a) 



4m+l 



R.H.S. {27) 



1 4m 2 

+ 



(2m)!4 2m y 4m + 1 4m - 1 (2m + l) 2 
It follows from (27), (29) and (30) that 



C(t-a 



Am+l 



(28) 



(29) 



(30) 



C> 



1 4m 2 

+ 



(2m)!4 2m y 4m + 1 4m - 1 (2m + 1) 2 ' 



which prove that the constant (2m)!4 2m J ^+i + 4^31 - (2m+1) 2 is the best possible in 

(25). ' □ 

Remark 1. We note that some applications of the classical or perturbed Taylor's formula 
with the integral remainder in numerical analysis, for special means and some usual map- 
pings have been given in [7]. The interested reader can also apply the results we obtained 
here in these mentioned fields. 
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ADDITIVE FUNCTIONAL INEQUALITIES IN GENERALIZED 

QUASI-BANACH SPACES 

LEXIN LI, GANG LU, CHOONKIL PARK, AND DONG YUN SHIN* 



Abstract. In this paper, we investigate the Hyers-Ulam stability of the following function 
inequalities 

ax + by + cz 



\\af(x) + bf(y) + cf(z)\\ < 

\\af(x) + bf(y) + Kf(z)\\ < 
in generalized quasi-Banach spaces. 



Kf 



K 



M(^ +2 



(0< \K\ < | a + 6 + c|), 
(0< K < \a + b + K\) 



1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [1] in 1940, 
concerning the stability of group homomorphisms. Let (Gi, .) be a group and let (G2, *) be a 
metric group with the metric d(., .). Given e > 0, does there exist a 50, such that if a mapping 
h : G\ — > G2 satisfies the inequality d(h(x.y), h(x) * h(y)) < 5 for all x, y G G\, then there exists 
a homomorphism H : G\ — > Gi with d(h(x),H(x)) < e for all x G G\l In the other words, 
Under what condition does there exists a homomorphism near an approximate homomorphism? 
The concept of stability for functional equation arises when we replace the functional equation 
by an inequality which acts as a perturbation of the equation. In 1941, Hyers [2] gave the first 
affirmative answer to the question of Ulam for Banach spaces. Let / : E — > E' be a mapping 
between Banach spaces such that 

\\f(x + y)-f(x)-f(y)\\<6 

for all x,y G E, and for some 5 > 0. Then there exists a unique additive mapping T : E — >■ E' 
such that 

\\f(x)-T(x)\\<5 

for all x €. E. Moreover, if f(tx) is continuous in t G M for each fixed x G E, then T is M-linear. 
In 1978, Th.M. Rassias [3] proved the following theorem. 

Theorem 1.1. Let f : E — >■ E' be a mapping from a normed vector space E into a Banach 
space E' subject to the inequality 



\\f( x + y)-f( x )-f(y)\\<e(\\x\\" + \\y\\n 



XI) 



2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25. 

Key words and phrases. Hyers-Ulam stability; additive functional inequality; generalized quasi-Banach space; 
additive mapping. 
* Corresponding author. 
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for all x,y £ E, where e and p are constants with e > and p < 1. Then there exists a unique 
additive mapping T : E — >■ E' such that 

2e , „„ 



||/(x)-T(x)||< 



x 



1.2 



2-2P 

for all x £ E. If p < then inequality (1.1) /joWs /or a// x,y ^ 0, and (1.2) /or x/0. ^4/so, i/ 
i/ie function t h-> /(tx) /rom R into £" is continuous in t £ M /or eac/i /ixed x £ E, then T is 
W-linear. 

In 1991, Gajda [4] answered the question for the case p > 1, which was raised by Th.M. 
Rassias. On the other hand, J.M. Rassias [5] generalized the Hyers-Ulam stability result by 
presenting a weaker condition controlled by a product of different powers of norms. 

Theorem 1.2. ([6, 7]) If it is assumed that there exist constants > and pi,P2 G K suc/i 
t/iai p = pi + j»2 7^ 1) flri ^ f : E —$■ E' is a mapping from a norm space E into a Banach space 
E' such that the inequality 

\\f(x + y)-f(x)-f(y)\\<e\\x\n\y\r 
for all x,y £ E, then there exists a unique additive mapping T : E — >■ E' such that 

\\f(x)-T(x)\\<^\\xr, 

for all x £ E. If, in addition, f{tx) is continuous in t £ R for each fixed x £ E, then T is 
M.-linear 

More generalizations and applications of the Hyers-Ulam stability to a number of functional 
equations and mappings can be found in [8]-[22]. 

In [23], Park et al. investigated the following inequalities 

\\f(x) + f(y) + f(z)\\<\\2f< X + y + Z 
\\f(x) + f(y) + f(z)\\<\\f(x + u+z 

\\f(x) + f(y) + 2f(z)\\< 



2f[ X -^ + z 



in Banach spaces. Recently, Cho et al. [24] investigated the following functional inequality 

' x + y + z s 



\\f(x) + f(y) + f(z)< 



Kf 



K 



(0< \K\ < |3|) 



in non-Archimedean Banach spaces. Lu and Park [25] investigated the following functional 
inequality 



N 






X.j , 



< 



/^N 



Kf (L^ 



(0 < \K\ < N) 



in Frechet spaces. 

In [26], we investigated the following functional inequalities 

' x + y + z 



\\f{x) + f{y) + f{z)\\< 



Kf 



K 



(0< \K\ <3), 



(1.3) 
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||/(i) + /(») + Kf(z)\\ < 



m x -¥+* 



(0 < A / 2) 



(1.4) 



and proved the Hyers-Ulam stability of the functional inequalities (1.3) and (1.4) in Banach 
spaces. 

We consider the following functional inequalities 

' ax + by + cz N 



\af(x) + bf(y) + cf(z)\\ < 



\af(x) + bf(y) + Kf(z)\\ < 



Kf 



K 



/v/[2^ + 2 



(0< \K\ < \a + b + c\), (1.5) 
(0<A< |a + 6 + A|), (1.6) 



where a, b, c are nonzero real numbers. 

Now, we recall some basic facts concerning quasi-Banach spaces and some preliminary results. 

Definition 1.3. ([27, 28]) Let A be a linear space. A quasi-norm is a real-valued function on 
A satisfying the following: 

(1) \\x\\ > for all x G X and ||x|| = if and only if x = 0. 

(2) j|Aar|| = |A|||x|| for all A G R and all x G X. 

(3) There is a constant C > 1 such that ||x + y|| < C(||x|| + ||y||) for all x,y £ X. 

The pair (X, || • ||) is called a quasi-normed space if || ■ || is a quasi-norm on X. 
A quasi-Banach space is a complete quasi-normed space. 
Baak [29] generalized the concept of quasi-normed spaces. 

Definition 1.4. ([29]) Let X be a linear space. A generalized quasi-norm is a real- valued 
function on X satisfying the following: 

(1) \\x\\ > for all x G X and ||x|| = if and only if x = 0. 

(2) j|Aar|| = |A| • ||x|| for all A G R and all x G X. 

(3) There is a constant C > 1 such that || X^i x j\\ — YITLi C\\ x j\\ f° r an ^1)^2, • • • G A 
with ^" 



:°°=i **■ g x - 



The pair (A, || • ||) is called a generalized quasi-normed space if || • || is a generalized quasi-norm 
on A. The smallest possible C is called the modulus of concavity of || • ||. 

A generalized quasi-Banach space is a complete generalized quasi-normed space. 

In this paper, we show that the Hyers-Ulam stability of the functional inequalities (1.5) and 
(1.6) in generalized quasi-Banach spaces. 

Throughout this paper, assume that A is a generalized quasi-normed vector space with 
generalized quasi-norm || • || and that (Y, \\ ■ ||) is a generalized quasi-Banach space. Let C be 
the modulus of concavity of || • ||. 

2. HYERS-ULAM STABILITY OF THE FUNCTIONAL INEQUALITY (1.5) 

Throughout this section, assume that A is a real number with < \K\ < \a + b + c\. 

Proposition 2.1. Let f : X — > Y be a mapping such that 

' ax + by + cz N 



\af{x) + bf(y) + cf{z)\\< 



Kf 



K 



(2.1) 



for all x,y,z G A. Then the mapping f : X — >■ Y is additive. 
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Proof. Letting x = y = z = Om (2.1), we get 

||(a + 6 + c)/(0)||<||^/(0)||. 

So /(0) = 0. 

Letting z = and y = — -x in (2.1), we get 



af(x) + bf 



-x 



< 11^/(0)11=0 



for all x £ X. So /(x) = -^/(-g x ) for all i£l 

Replacing x by — x and letting y = and z = -x in (2.1), we get 

|a/(-x) + c/("x)|<||K/(0)||=0 

for all x £ X. So /(-x) = —% /(^x) for all i£l Then we get 



||/(x) + /(-x)|| = 


a \ b J a \c J 








1 

a 


a/(0) + 6/(-^x)+c/("x) 


< - 


1 

a 


/a-0-&fx + cfx\ 


= 



Thus /(x) = -f(-x). 

\\f(x) + f(y)-f(x + 



\\f(x) + f(y) + f(-x-y)\\ 

a ,, a b , . a . c ..ax + ay 

— /( — a?) - -f(-rV) ~ -/( 

a a a o a c 



1 

a 

1 

lal 



,, a a ax + ay, 

a/( — &) + bf{—ry) + c/( , 

a o c 



*7 



' a .(_^ ) + 6 . ( _| x) + c .^ 



A' 



Thus 



f(x + y) = f(x) + f(y) 
for all x, y G X, as desired. 

Theorem 2.2. Assume that a mapping f : X — >■ Y satisfies the inequality 

' ax + by + cz" 



\af(x) + bf(y) + cf(z)\\< 



Kf 



K 



+ 9{x,y,z), 



where (j) : X 3 — > [0, oo) satisfies (p(0, 0, 0) = and 



a,/ 



a\J /ay fa\3 

-) y> {-) z > {-) * i < * 



4>{x,y,z) := ^2 
for all x,y,z € X . Then there exists a unique additive mapping A : X — >■ Y such that 



0. 



□ 



(2.2) 



\\A(x)-f(x)\\< 



C 2 



(p (x,--x,0) + 



0. 



a a 
-x, -x 
o c 



(2.3) 



/or aH i£l. 
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Proof. Lettingx = y = z = 0in(2.2),weget||(a+6+c)/(0)|| < ||iT/(O)||+0(O,O,O) = \\Kf(0)\\. 
So /(0) = 0. 

Letting y = and z = — ^x in (2.2), we get 



a/(x) + cf [--xj 



< cj) ( x,0, — x 



for all x eX. So ||/(x) + f/(-fx)|| < ^(x,0,-fx) for all x e X. 
Letting y = —\x and z = in (2.2), we obtain 



m + b -f{-r 



1 / a 

< —-(p x, — -x, 

a V o 



for all x £ X. So 



'<*> -;'&)! = A«) + ;/(-") -;/(-") 



<c 
c 



m + -i 

a 



ax\ 



< 



a l 



4>(x, 



ox 



+ 



,0 )+</> o, 



6 

a 
ax ax 

T'T 



5/(2.) 

a \c J 




o / a 


fr) 



(2.4) 



for all x € X. 

It follows from (2.4) that 



(-) l f((-) l x)-(-) m f((-) m x) 

a \ c / a Vc / 



m— 1 



< 



„ 2 m -J 



.a,, \ ,c j+l ( a j+1> 



z — ' II n \ c / a Vc 



E 



C\J 

a- 



a\J a /a\J 

-) x,- s (-) x,0] + 



^ew* 



for all nonnegative integers m and / with m > I and all i £ I". It means that the se- 
quence {(f ) n /((^) n x)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
{(f)"/((f) n x)} converges. We define the mapping A : X ->• Yby.4(x) = Iimn-^oo{(f) n /((f) n ^)} 
for all x € X. Moreover, letting I = and passing the limit m —> oo, we get (2.3). 
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Next, we show that A : X — > Y is an additive mapping. 



\\A(x)+A(-x) 



= lim 

n— >oo ' a' 

< C lim (-)' 

n— >oo a 



/ 



+ / 



ax 



a 



a a n x 
b ' IF 



+ 



+ 



< 



/ 



a 



a ax 
b ' ~c"~ 



a \ c 



a ax 



C— lim 
\a\ n->oo"a 



6 & 



,0 + 



a n x „ a n+1 x 



,0, 



r.n+1 



+ 0(0, 
= 



a a n x a n+1 x 



6 c" 



„n+l 



and so vl(— x) = — A(x) for all x £ X. 



\\A{x) + A{y)-A{x + y)\\\= lim (-)' 

?1— >00 Q, 



ax 



+ / 



a j/ 



a n (x + y) 



C lim (-)" 



/ 



+ 6 / 

a 



+ 



+ 



/ 



a"y 



a 



a n+1 y 

r n+l 



a"(x + j/) \ b 
' l c n / a J 



b c n 



b c r ' 



+ c -f 

a 



< C^ lim (-) n 
a n— s>oo a 



ax a .a x. , ■ 



a n+1 y 

r-n+l 



ay a, ax 

c n c c n 



fa n {x + y) a a n x a a n x. 

= 

for all x, y £ X. Thus the mapping A : X — >■ Y is additive. 
Now, we prove the uniqueness of A. Assume that T : X 
satisfying (2.3). Then we obtain 



Y is another additive mapping 



P(x)-T(x)|| = (^|^((^x)-T((^rx) 



< C- 



a 



/((» 



+ 

< 2C 



a, 



c 
C 2 



/ 



a 



( x, --x, 0J + 0(0, --x, -x) 



which tends to zero as n — > oo for all x € X. Then we can conclude that A{x) = T{x) for all 
x G X. This complete the proof. □ 
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Corollary 2.3. Let p and 9 be positive real numbers with p > 1. Let f : X — > Y be a mapping 
satisfying 

' ax + by + cz N 



\af(x) + bf(y) + cf(z)\\< 



Kf 



K 



+ e{\\x\\ p + \\y\\ p + \\zf) 



for all x,y,z G X . Then there exists a unique additive mapping A : X — >■ Y such that 



\\f(x)-A(x)\\< 



c p + a p 



C 



\a\ cP — c(a + b) 



^0\\x\ 



for all x G X . 



3. HYERS-ULAM STABILITY OF THE FUNCTIONAL INEQUALITY (1.6) 

Throughout this section, assume that K, a, b are nonzero real numbers with < K ^ 2 and 
\a + b + K\ > K. 



Kfl^ + z 



Proposition 3.1. Let f : X — > Y be a mapping such that 

\\af(x) + bf(y)+Kf(z)\\< 

for all x,y,z G X . Then the mapping f : X — >■ Y is additive. 

Proof. Letting x = y = z = 0in (3.1), we get 

\\(K + a + b)f(0)\\<\\Kf(0)\\. 

So /(0) = 0. 

Letting y = — | x and z = in (3.1), we get 

< ||^/(0)||=0 



(3.1) 



af(x) + bf [-~rx 

for all x G X. So /(x) = -j|/(-§s) for all x € X. 

Replacing x by — x and letting y = and z = -^x in (3.1), we get 



a f(-x) + Kf ^x)\\< \\Kf(0)\\ =0 



for all x G X. So /(-x) = -f /(f x) for all i£l 
Thus we get 



w(-i*) + ^(r*)INGi»« >»- 



for all x £ X. So /(-x) = -/(x) for all x £ X. 

; get 

' ax + fry " 



Letting z = ^ - in (3.1), we get 



a/(x) + bf(y) - Kf 



K 



af(x) + bf(y) + Kf 



-ax — by 
~~K 



for all x, y G X. Thus 



Kf( 



ax + 6y 



< ll^/(o)||=o 



af(x) + bf(y) 



(3.2) 
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for all x, y £ X. Letting y = in (3.2), we get f(x) = j^f (—) for all x £ X. Letting x = in 



(3.2), we get f(y) = ±f (**) . So 



/( — 1+4/ (¥■ ]+/(-•«■-/;) 



Jfcc\ 



1 

LK1 



«/(— ) +?'/( ^)+#/(-x- y) 







ll/(x) + /(y)-/(x + 

for all x, y G X, as desired. 

Theorem 3.2. Assume that a mapping f : X — >■ 1" satisfies the inequality 



Ky 
b 



\af{x) + bf{y) + Kf{z)\\< 



Kfl^ + z 



+ (/>(x,y,z) 



□ 



(3.3) 



where (f> : X 3 — > [0, oo) satisfies <fi(0, 0, 0) = and 



a y 



4>{x,y,z) := ^2 
/or a// x,y,z £ X . Then there exists a unique additive mapping A : X — >■ Y suc/i £/ia£ 



— x, — y, [ — | z | < x. 
a / \ a / \ a 



||A(x)-/(x)||< 



l-Kl 



if 

0, x,x) | + 

a 



X K 

— x, ——x,0 
a b 



(3.4) 



for all x £ X . 



Proof. Letting x = y = z = in (3.3), we get \\(K + a + b)f(0)\\ < \\Kf(0)\\ + 0(0,0,0) 
||tf/(0)||.So/(0) = 0. 



Letting x = 0, y 



Kx 



, z = x in (3.3), we obtain 



K 



af(0) + bf[--x)+Kf(x) 



< 



K 

0, ——x,x 



for all x £ X. 

Letting y = 0, z = — ^in (3.3), we obtain 



af(x) + 6/(0) + Kf 



-ax 
~K~ 



<(f>[x,0 



a/x 
'~K 



for all x £ X. 
Letting x = ^f- . 



y = -^,z = 0in(3.3),weget 



af 
for all x £ X. So 

< C 

c 

W\ 



Kx 



+ bf 



Kx 



+ Kf(0) 



< 



Kx Kx 



a (K \ 






- K f W) 






m + y ( 


Kx\ 


+ 



K" 



j x ) + i f (^ x 



(3.5) 



< 



K 

0, — -x,x i + 



K 



K 
x, — z-x,0 
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for all x £ X. It follows from (3.5) that 



*)''(?'■ 



m— 1 

m— 1 



(1)/ 






< 



+ 



c2 H ( 



i=J 



if' 



* (!)'-K' -I (!)'• ' 



A' 



/ 



K //iA 



K / /K\ 



j* + *'i«li»J* 



< 



„ 2 m ~ ] 



E |(^> J 



K (K\> (K\ 3 \ K (K\ 3 K (K\ 3 ' 

— - s, - x +<£ - - x,- T - £,0 
a \ a J \ a J I \ a \ a J b \ a J 



for all nonnegative integers m and I with m > I and all x € X. It means that the se- 
quence {(jf) n f((—) n x)} is a Cauchy sequence for all x £ X. Since Y is complete, the se- 
quence {{j^) n f {{ ) n x)} converges. So we may define the mapping A : X — > Y by A(x) = 
lim n ^ 00 ((f ) n /((f ) n x)) for all x£l 

Moreover, by letting / = and passing the limit m — >■ oo, we get (3.4). 

Now, we show that A is additive. 



\\A(x)+A(y) -A(x + 



lim 

n— >oo 



K 



f(( K rx) + fi{ K ry) _ m K r{x + y)) 
a a a 



< C lim 



/ 



+ 



+ 



K 

K_\ n 
a J 

K (K^ " 



r ]+ ±f (-«(«)\ 



, , a l K (K 



a \ a 



V 



K" 



a \ a 



»>4'(-T®"«>+' 



< C lim 



</ 



+ 



+ 



K 

K(K\ n 
a \ a J 

a \ a 



0, 



K (K 



K 

n a 

y.o.(f)"» 

K(K\ n (K^ n 

x, 



x + y) 



(x + y) 



for all x,y £ X. So the mapping ^4 : X — > Y is an additive mapping. 
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Now, we show that the uniqueness of A. Assume that T : X — > Y is another additive mapping 
satisfying (3.4). Then we get 



\A(x)-T 


(x) 


1 = 


lim 

n— >oo 


a 
K 


n 


A 


(- 

\ a 


< C lim 

71— >00 


a 
K 


n 


'(( 


'K 

K a 


)' 


X 


-/ 



T 



// 


in 


n \ 




— X 


vv 


a/ / 


X J 


+ 


r (( 



r 2 

< 2C— lim 

l/v n— »oo 

= 



K(K S " 

a \ a 



X, I I X 



+ 



A" 
a 

if /K x " 

— — I ' 
a V a 



-/ 
K (K 

T l^T 



x,0 



for all x G X. Thus we may conclude that A(x) = T(x) for all x £ X. This proves the 
uniqueness of A. So the mapping A : X — > Y is a unique additive mapping satisfying (3.4). □ 

Corollary 3.3. Ze£ p, 9 and K be positive real numbers with p > 1 and \a + b + K\ > K . Let 
f : X —)■ Y be a mapping satisfying 



\af(x) + bf(y) + Kf(z)\\< 



Kfl^+z 



+ e(\\x\\ p + \\y\\ p + \\z\\ p ) 



for all x,y,z € X . Then there exists a unique additive mapping A : X — >■ Y such that 



||/(x)-A(a;)||< 



i_ (SL )P 
K \Kl 



+ 



■3a 



a \P 



(f) 



K 



for all x £ X . 
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COMPOSITION OPERATORS FROM HARDY SPACE TO n-TH 
WEIGHTED-TYPE SPACE OF ANALYTIC FUNCTIONS ON THE 

UPPER HALF-PLANE 

ZHI-JIE JIANG AND ZUO-AN LI 



Abstract. Motivated by some recent results on composition operators, the 
boundedness of composition operator from the Hardy space to the n-th weighted- 
type space on the half plane EI = {z £ C : Imz > 0} is characterized. 



1. Introduction 

Let H = {z <G C : Imz > 0} be the upper half plane in the complex plane C and 
H(M) the space of all analytic functions in H. For p > 0, the Hardy space H P (M) 
consists of all / e H(M) such that 

/+oo 
\f(x + iy)\ p dx < oo. 
-oo 

When p > 1 , the Hardy space with the norm 1 1 • 1 1 jjp (h) becomes a B anach space (even 
a Hilbert space when p = 2) , and when < p < 1 , 



d(f,g) = \\f-g\ 



p 



Hp(M) 



defines a Frcchet space distance on H P (H.). For some details of this space and some 
operators on it see, e.g. [2], [3], [10] and [12]. 

Let /i(z) be a positive continuous function on a domain X C C, and n £ No 

be fixed. The n-th weighted-type space on X, denoted by WJT (X) consists of all 
/ G H(X) such that 

b w M (x) (f) := sup/i(z)|/ (n) (z)| < oo. 
"v„ (A) zeX 

For n — the space is called the weighted- type space A^X), for n = 1 the Bloch- 
type Bfj,{X), and for n = 2 the Zygmund-type space Z^{X). Some information of 
these spaces on the unit disc and some operators on them can be found, e.g., in [5], 
[8], [9], [11], [14] and [16]. This considerable interest in Zygmund-type spaces, as 
well as a necessity for unification of weighted-type, Bloch-type and Zygmund-type 
spaces, motivated us to define the n-th weighted- type space. 

The quantity b...{ n ) , „■. (/) is a seminorm on the n-th weighted-type space Wi™ (X) 

and a norm on WjT (X)/¥ n _i, where P n _i is the set of all polynomials whose de- 
grees are less than or equal to n — 1 . A natural norm on the n-th weighted-type 



2000 Mathematics Subject Classification. Primary 47B38; Secondary 47B33, 47B37. 
Key words and phrases. Hardy space, upper half plane, n-th weighted-type space, composition 
operator, boundedness. 
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,(«) 



space Wjj, (X) is defined as follows 



ra-l 

I/IIwW W = EI/ (J ' ) («)I + 6 wW(x)(/)' 

3=0 



where a is an clement in X. Under this norm this space becomes a Banach space. 
For X = H, v 
introduced by 



For X = H, we obtain the space W^i (H) on which the following norm can be 



ll/llwJ»>(H) : = E l/^WI +8U P M«)l/ (n) (*)|, 

and for X = D, the unit disc we get the space Wj? (D), and a norm on it is 
introduced by 

ra-l 

n/iU{»)(D) : =Ei/ (n) ( )i +su pM*)i/ (n) wi- 

Let ip be an analytic self-map of X. The composition operator induced by tp is 
defined on H(X) by 

C^/(z) = /(^(z)),zeX 

A natural problem is to characterize the bounded or compact composition opera- 
tor between two given spaces of analytic functions in terms of function theoretic 
properties of the induced symbol if. 

During the past few decades, composition operators have been studied exten- 
sively on spaces of analytic functions on the unit disc or the unit ball. One can 
consult [1] and [13] for the general theory of these operators. As a consequence of 
the Littlewood's subordination theorem, it is well known that every composition 
operator is bounded on Hardy spaces and weighted Bergman spaces of the unit 
disc. However, when people consider the Hardy space or the Bergman space on 
the upper half plane, they find that the situation is entirely different. There do 
exist unbounded composition operators on these spaces. Matache [10] proved that 
there didn't exist compact composition operators on Hardy spaces of the upper 
half plane. Shapiro and Smith [12] also showed that there were no compact com- 
position operators on Bergman spaces of the upper half plane. Because of these 
facts of composition operators, many authors recently have begun to investigate 
them on spaces of analytic functions on the upper half plane. The present author 
in [5] characterized the boundedness of composition operators from the weighted 
Bergman spaces to the weighted-type, Bloch-type and Zymund-type spaces with 
the weight /i(z) = Imz on the upper half plane. In [16], Stevic generalized the 
result of [14]. 

In [6], the present author characterized the boundedness of composition operator 
from the weighted Bergman space to n-th weighted-type space with /z(z) = Imz and 
n = 4. Motivated by [5], [6], [14] and [16], here we characterize the boundedness of 
composition operator from the Hardy space to the n-th weighted-type space on the 
upper half plane. On the one hand, this paper can be regarded as a generalization of 
results in [14] and [16]; on the other hand, it also can be regarded as a continuation 
of investigations of composition operators see, e.g. [4]-[12],[14]-[16]. 
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Let Y be a Banach space. Recall that the norm of the composition operator is 
defined by 

\\C%\\ H p(m)^y ■= ^ sup ||C v /||r. 

I/IIhp(h)<1 

It is easy to see that this quantity is finite if and only if the operator C v : 
H P (W) -> Y is bounded. 

Throughout this paper, constants are denoted by C, they are positive and may 
differ from one occurrence to the other. The notation oxd means that there is a 
positive constant C such that a/C < b < Ca. 

2. Main results 

In this section, we first quote and prove several auxiliary lemmas. The first 
lemma was proved in [16]. 

Lemma 2.1. Suppose that p > 1, neN and i»£l, then the function 

Jw,n(Z) — —. — \ 

(z — w) n 

belongs to H P (M) and sup weH ||/„,,„|| ff p( H ) < ^ ■ 

Lemma 2.2. Suppose that p > 1, then there exists a positive constant C indepen- 
dent of f such that 

|f(")(z)|<C ll/lj? ' (8) 
(Iniz) p . 

Proof. For each / £ H P (M), it follows from Cauchy's integral formula that 

(W-ifl* (i) 

Differentiating in (1) under the integral sign n times , we have 

f ^( Z )=^r m dt 

Then 

^" H '^*C Kt-v + Uw* *- (2) 

By using the change t — x = sy, we have 

r+0 ° f_ _ f + °° ds 

[ (i _ a; )2 + y 2](n+l)/2 0!i - t /_ oo ( 1 + a 2)(n+l)/2 ^ C ™ < °°- (o) 

From (3) and applying Jensen's inequality in (2), we get 

1/ (Z)\ S«„^ ynp [{t _ x)2 + y 2 ]{ n + l)/2 at 

r+co \m\ p , 

-x y n 

\f\\ p 



< d n / rrdt 



, - ■■AP(U) 
dn y np+l ■ 
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where d n = (c n n\/2i:) p , from which the desired result is obtained. 

The following lemma was proved in [15]. 
Lemma 2.3. Suppose that a > and 





1 


i 


i 




D n (a) = 


a 


a+ 1 


a + n + 1 






n"=o(o+i) 


n"=o(«+i+i) • 


• n7=n 2 ( a + .7 + ra - 


-1) 


then D n (a) = 


nSi! 









Before we formulate and prove the main result of this paper, we will need the 
following classical Faadi Bruno's formula 

<^> ( "><^E^/^))n(^M 

where k = k\ + &2 + ■ ■ ■ + k n , and the sum is over all non-negative integers k\, 
k^, ..., k n satisfying k\ + 2&2 + • • • + nk n = n. For the information related to this 
formula see [7]. 



Theorem 2.4. Suppose that p > 1 and ip is an analytic self-map of H, then the 
operator C v : 1 
it follows that 



operator C v : H P (M) — ► YVj (H) is bounded if and only if for each k E {1,2, ...,n} 



4 := sup — J 

zeH (Im<p(z)) + p 



< oo, (4) 



where the sum is over all non-negative integers k\, ki, ■■■, k n satisfying k\ + 2ki + 
• • • + nk n = n. 

Moreover, if the operator C' v : H P (W) -► w£ n) (H)/P„_i is bounded, then 

n 

\\^<p\\ HP (H)-»w£ n) (H)/P„_i X Z^ fe- V^) 

fe=l 

Proof. First assume that the operator C v : _ff p (EI) — » W^™ (M) is bounded. For 
a fixed w € H and constants Ci, C2, ..., c„, set the function 

Cj (2iImw) n - 2+:J+ p 



UZ) -^n-2 + j+ l {z . w] 



n-2+j+\ 



Then by Lemma 2.1 we know that f w E H P (M) for every w E H, and 

sup ||/J|ijP(H) < C. (6) 

toGH 

Now we prove that for each k E {1, ..., n}, there are constants c\, c<i, •••, c n such 
that 

fl k) M = - 1 ^7r, /i°M = 0, iG{l,...,n}\{*}. (7) 

(2»Imw)J p 
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In fact, by differentiating function f w for each k € {l,...,n}, the system in (7) 
becomes 



C\ + c 2 + • • • + c„ = 
(n + -) ci + (n + 1 + -) c 2 H h (2n - 1 + -) c„ = 



fc-2 _ fc-2 _ fc-2 

n(^+.?+-)ci+n("+.?+ i +-) c 2+---+n( 2 "- 1 

J=0 ^ j=0 ^ j=0 



c„ = 1 



n— 2 ,-. n — 2 ~ n— 2 ~ 

n(n+. ? +-) C i+n ("+.?+ i +-) c 2+---+n( 2 "- i +-) c «=°- ^ 

Applying Lemma 2.3 with a = n + 2/p > 0, we see that the determinant of system 
(8) is different from zero, from which the claim holds. 

For each k € {1, ...,n}, we choose the corresponding function which satisfy (7), 
and write it by f Wt k- For each k G {l,...,n}, the boundedness of the operator 
C v : HP (II) -► yy^ n) (H), Faadi Bruno's formula and (6) imply that 

/*(*) e fcr& n"=i ' 



in / <£> {J> (z) 



(Im<p(z)) 



k+i 



< 



sup \\C v f v ( w ^ k \\ 



w; n; (H) 



< ^11 ^V II «*(]!)_» VV< n) (H)' 



(9) 



"(H)-tWJ T,; (H)' 

where the sum is over all non-negative integers fci, fe, ••■, fc n satisfying fci + 2&2 + 
• • • + nk n = n. 

Now assume that the condition in (4) holds. By Faadi Bruno's formula and 
Lemma 2.2, we have 



n-l 



\^<pj\\wl n) (M) 



J2\f °¥>(0)| + sup M*)l(<V) (n) (*)l 



j=0 

n-l 



EE 



h! ■■■*,•! 



/ (0 (^(0))fl 



Menu* 



yjW(O) 



j=0 J s=l 

m //I v. 1 1 \ 

fci! ■■■*„! 



sup^o) E 



n-l j 

< EE i/ (0 (^(o))i|E 

j=0 1=0 



/ (fc) (^))II v 



y,C?) ( 2 ) \ /, , 



W.---IA 



n 



( s )cnKi 



^ (s, (0) 



c||/IIhp(h)E sup 



Mw|E^bn;.i(^ xi ' 



fc=i 



zGH 



(Im^(z))* + ? 



(10) 



From this, Lemma 2.2 with z = y(0) and the condition in (4), we prove that 



C L „ : H P (W) — ► Wju (H) is bounded. Moreover, if we consider the bounded operator 
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C v : HP(U) -> W^ n) (H)/P n _i, then 



M«|E^ri;u(^)' £3 



, ,S (W^rT+i ' (U) 



fc=i 



Combining (9) and (11), we obtain the desired asymptotic relation in (5). 
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Abstract 

Recently, some generalizations of the generalized Gamma, Beta, Gauss hypergeometric and Con- 
fluent hypergeometric functions has been introduced in [11]. In this paper we obtain some integral 
representations of the above mentioned functions and Mellin transform representation of the gener- 
alized Gamma function. Furthermore, some recurrence relations of these functions arc given. 

Key words : Gamma Function, Beta Function, Hypergeometric Function, Confluent Hypergeometric 
Function, Mellin transform. 

2000 Mathematics Subject Classification. 33C45, 33C50. 

1 Introduction 

In recent years, some extensions of the well known special functions have been considered by several 
authors [1], [2], [4], [5], [6], [9]. In 1994, Chaudhry and Zubair [1] have introduced the following extension 
of gamma function 

oo 

T p (x) := ft"- 1 exp (-t - pT 1 ) dt, (1) 

o 
Re (p) > 0. 

In 1997, Chaudhry et al. [2] has presented the following extension of Euler's beta function 



B p (x,y):= f i"- 1 (1 - if" 1 exp 
Jo 



1> 



t(l-t) 
(Re(p) > 0,Re(x) > 0,Re(y) > 0) 



dt, (2) 



and they proved that this extension has connection with the Macdonald, error and Whittakcrs function. 
It is clearly seen that r (:r) = T (x) and B (x, y) — B {x, y). 

Afterwards, Chaudhry et al. [3] used B p (x,y) to extend the hypergeometric functions (and confluent 
hypergeometric functions) as follows: 



B p (b + n, c - b) ( ^ z % 
B(b,c- b) 

p > ; Re (c) > Re (b) > 0, 



F p (a, 6; c; z) = ^ B{b h) («)» n , 

n=0 V ' ; 
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P (b; c; z) 



EB p (b + n, c — b) z 
BVb.c- b) n 

n=0 y ' ' 



p > ; Re (c) > Re (b) > 0, 
where (A)„ denotes the Pochhammcr symbol defined by 

r(A + i/) 



(A) = 1 and (A)„ 



r(A) 



and gave the Euler type integral representation 



F p (a, 6; c; z) 



1 



B(b,c-b)J 



.6-1 



(l-«) c - b - 1 (l-^)- a exp 



t(l-t) 



d1 



p > ; p = and |arg (1 - z)\ < % < p; Re (c) > Re (b) > 0. 



They called these functions as extended Gauss hypcrgeometric function (EGHF) and extended confluent 
hypergeometric function (ECHF), respectively. They have discussed the differentiation properties and 
Mcllin transforms of F p (a, 6; c; z) and obtained transformation formulas, recurrence relations, summation 
and asymptotic formulas for this function. Note that Fq (a, 6; c; z) — 2-Fi (a, 6; c; z) . 

Note that, very recently, the second auithor obtained some representations of these extended func- 
tions in terms of a finite number of well known higher transcendental functions, specially, as an infinite 
series containing hypergeometric, confluent hypergeometric, Whittaker's, Lagrange functions, Laguerre 
polynomials, and products of them [10]. 

We consider the following generalizations of gamma and Euler's beta functions 



rw\x) 



t j 



iFi(a;#-t-|) 



(II 



(3) 



Re(a) > 0,Re(/3) > 0,Re(p) > 0,Re(x) > 0, 



BfM (x, y) := J t*- 1 (1 - t) w_1 1F1 (a; /?; t ^ ) ) *> 
(Re(p) > 0,Re(x) > 0,Re(y) > 0,Re(a) > 0,Re(/3) > 0). 



(4) 



respectively. It is obvious by (1), (3) and (2), (4) that, T p a - a) (x) = T p (x), T ( a - a) (x) = T (x) , B p a ' a) (x, y) = 

B p (x,y) and Bq ' (x,y) — B(x,y). We call the functions T p (x) and Bp (x,y) as generalized 
Euler's gamma function (GEGF) and generalized Euler's beta function (GEBF), respectively. 

On the other hand using the new generalization (4) of beta function the generalized Gauss hypergeo- 
metric (GGHF) and generalized confluent hypergeometric functions (GCHF) is defined by 



F^> (o, 6; c; *):=£>) 



n=0 



Bp°' 0) (b + n,c-b) z n 
B (b, c - b) nT 



and 



ifr ;p) ft^):=E 



B { p a ' 0) (b + n,c-b) z n 



n=0 



B(b,c- b) 



respectively (see [11]). The following integral representations were obtained in [11]: 



F^(a,b;c;z) 



t"-' (1 - t) 



c-6-l 



1^1 



(a;P;^)(l-zt)-"dt, 



B(b,c-b) J0 
Re (p) > 0; p — and |arg (1 - z)\ < 7r; Re (c) > Re (6) > 
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r(a,P;p) 



1 



'*}""»«") --m^i t- 1 v-*r*- 1 <:n (oiftijft),!"'- 



Observe that [3], 



p > 0; and Re(c) > Re(6) > 0. 



F^ (a, b; c; z) = F p (a, 6; c; z) , F^> (a, 6; c; z) = 2 ^ (a, 6; c; z) 



and 



r.(a,";p) 



r(p) r*,. „. 



i JT' ,w (6; c; z) = i^ w (6; c; «) = P (6; c; z) , 1 F^ a ' p ' u ' (b; c; z) = ^ (6; c; z) 



(°,P;0) fh . . 



(6) 



In section 2, we obtain some integral representations of generalized beta, Gauss hypergeometric and 
Confluent hypergeometric functions. Mcllin transform representation of the generalized Gamma function 
is also be given. Furthermore, some recurrence relations of the above mentioned functions are presented. 

2 New integral representations of GEBF, GGHF and GCHF 

It is important and useful to obtain different integral representations of the new generalized beta function, 
for later use. Also it is useful to discuss the relationships between classical gamma functions and new 
generalizations. We start with the following integral representation for B p ° (x) by means of Chaudhry's 
extended beta function. 

Theorem 1 For the new generalized beta function, we have 

l 



Proof. Using the integral representation of confluent hypergeometric function, we have 

l l 

e-^i-tf-^dtdu. 



r(/3) 



o o 



Pt 

u{\ — u) 



From the uniform convergence of the integrals, the order of integration can be interchanged to yield that 

i ( l 



B^(x,y) = 



r(/3) 



T(a)T(f3-a) 



^l-u)"- 1 



exp 



pt 



u(l — u) 



du\t a - 1 {l-t) - a - 1 dt. 



In view of (2), we get 



B^ (x, y) = T{a ™ j Bpt (*, y) t^(l - tY-^dt. 

o 



Whence the result. 



Theorem 2 For the following representation holds true for the GGHF: 

l 
FfM (a, 6; c; z) = ^J^ _ q) J F pt (a, 6; c; z) ^(l - t)^— 1 *. 

o 
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Proof. Since 

we have from the above theorem that 

F^ (a, 6; c; z) = - ™ £ ^ /*„ (6 + n, c - 6) f~\l - tf-^dt^. 

r(a)r(/3 - a) ^ B (b, c - b) J n! 

n-U 

From the uniform convergence of the series involved and the absolute convergence of the integral, inter- 
changing the order of series and the integral, we get 

Whence the result. ■ 

In a similar manner, we are led fairly easily to the theorem below: 

Theorem 3 For the GGCF, we have the foolowing integral representation: 

l 

lF [ a ^ P) (6; c; z) := r(Q)r ( ff_ a) /^ (6; c 5 *) * a_1 ( 1 - i)' 3 ""- 1 ^- 

o 

3 Mellin Transform Representation of the GEGF 

In this section, we obtain the Mellin transform representations of the GEGF. 

Theorem 4 For the GEGF, we have the following Mellin transform representation: 



an 



{r^(y):s} 



T(f3)T(s)T(s + y)B{a -2s-y,(3-a) 



T(a)T(0-a) 
Proof. Using the integral representation of confluent hypergeometric function, we have 

oo 1 

r ^'« - rwrfb)/ 7«^.— 9^'d - O^'^. (r) 



Multiplying both sides of (7) by p s_1 and integrate with respect to p over the interval [0, oo), we get 

oo oo 1 
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Since the integrals involved are absolutely convergent, we get by interchanging the order of integrals that 

oo 1 ( oo "\ 

«w{r(-»(3) : s} = r(a) r ( ff_ a) // /^ e" • * ^"V^l - ty—V* dtdu 

o o lo J 



oo 1 

r(/3) 





1 



u s r s r(s)w a - 1 e- ut t a - 1 (i - tf- a - 1 dtdu 

oo 

i"- s - 1 (l-£)' 3 - a - 1 / u fl+ »- 1 e- u 'dudt 



T(a)r(/3 - a) 

r(/?)r( g ) 

r(a)r(/?-a) 



1 oo 

ffff , [ t ^s-V-U 1 _ t) 0-a-l f v s+y-l e -v dvdt 

T(a)T(/3-a)J J 

o o 

rggffi + y) L- W(1 _ t)g - a - 1(ft = rgw + y) g _ 2s _ _ 
T(a)r(/3-a) y v ' r(a)r(p-a) v y ; 





Corollary 5 By Mellin inversion formula, we have the following complex integral representation for 
r («,/3) . 

p 2ttz y_ loo r(a)r(/3 - a) 

Corollary 6 Taking s = 1 in the above theorem, we get 

r(/3)T(y + l)T(a-2-y) 



T ( - a ^(s)dr> = 
lo P [)P T(a)T(P-2-y) 

4 Recurrence Relations for GEBF, GGHF and GCHF 

In this section we obtain new recurrence relations for GEBF, GEGF, GGHF and GCHF by using their 
Mellin transform representation. We start with the following theorem. 

Theorem 7 We have the following difference formula for B p a (x, y) : 
xBJ°-» (x, y + 1) - yB^ (x + l,y) = -J B f+W ( x -l,y + l) + jBf+W (x + l,y-l). 

(Re(p) > 0) 
Proof. Recalling that the Mellin transform operator is defined by 

oo 

m{f(t):s}:=J^'- 1 f{t)dt, 

o 

we observe that B p a (x,y) is the Mellin transform of the function 

f(t : y; a, ftp) = H(l - t) (1 - t)"" 1 1 F 1 (a; ft ^^) dt, 

where 

'lift>0 



H(t) ~ ^0ift<0 
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is the Heaviside unit function. Hence B p (x,y) has the Mellin transform representation 

B p a ^(x,y)=dJl{f(t:y;a,[3;p):x}. 
Taking derivative of f(t : y;a,(3;p), we get 

| (f(t : y;a,(3;p)) = - [s(l - t) (1 - t) v ~ x + (y - 1)H(1 - t) (1 - t)^ 2 ] ^ [a;t3; ^^ ) dl 



ap 

T 



H(l-t)(l-t) 



1/-1 



-1 1 



t 2 {l-tf 



where 



1F1 a + l;/3 + l; 



oo if t = to 



-p 



t(l-t) 



6(t-t ) = { ZYt^tl 



is the Dirac delta function. Since 

<m{f'(t):x} = (l-x)<m{f(t):x-l} 
we have 

?(a,/3) ^ _ 1 „>i _ fro J r^n _ rtn _ v-va- 1 ir„_iui _ +\y- 2 



(x - l)B p ^> (x - 1, y) = OT I [<J(1 - t) (1 - i)'^ 1 + (y - 1) (1 - *)»"'] 1 f 1 \a; /3; ^f^ 



^9Jt^fr(i-*)(i-t) ,/ - 1 



i i 



t 2 (i-t) 2 



1F1 a + l;/3 + l; 



t(l-t) 



= (y- l)S(-« (x, y - 1) - |^+ W) (» - 2, y) + |^+ ^) (sBj y _ 2) . 

27ns completes the proof. ■ 

Remark 8 For a — (3, we get the recurrence obtained in [[12], pp.222, Eq(5.65)] 

xB p (x,y+ 1) - yB p (x + l,y) = p[B p (x + l,y - 1) - B p (x- l,y + l)} . 
(Re(p) > 0) 

Theorem 9 We have the following difference formula for T p (s) : 

(s - l)T p a ^(s - 1) = ^r p a+1 >P +1 \s) - P^T p a+1 ^ +1 \ S - 2). 
P P 

Proof. By (3), T p (s) is the Mellin transform of the function 



f(t:a,[3;p)= iFi(o;/3; -t-pt' 1 ). 



Hence 



T p a ^(s)=Tl{f(t:a,f3;p): S } 
Taking derivative of f(t : a,/3;p), we get 

d 



P\ 



Since 
we get 



, H (f(t : a, [3;p)) = (-1 + P r 2 ) - 1 F 1 (a + 1; /3 + 1; -t - |) 



2Jt{/'(£): S } = (l- S )9Jt{/(i): S -l} 



(l-s)T p ^{s-l) = ~Y v 



'(*) + ji? 



This completes the proof. 
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Remark 10 When p — and a — (3, we have the well known identity 

r(«) = (s - i)T( s - 1). 

Theorem 11 We have the following difference formula for Fp' a (a, 6; c; z) : 

(6 - l)B(b -l,c-b- l)F^ (a, b - 1; c; z) 



= (c-b- l)B(b, c-b- l)F( a 'ft (a, 6; c - 1; x) + azB{b, c - b)F { p a ^ (a + 1, b; c; x) 



ap 



5(6 - 2, c - b)FJ ) a + 1 ' f3+ ^ (a, 6 - 2; c - 2; z) + -fB(b, c-b- 2)FJ } a + 1 > f3 + 1 '> (a, 6; c - 2; z) . 

P P 

Proof. Observe from (5) that 5(6, c — b)Fp (a, 6; c; z) is the Mellin transform of the function 



c-b-l 



f aAc (t:z;a,f3;p) = H(l-t)(l-t) c X F, 



( a; # 4(^1)) (1 " Ztr ° 



Hence B{b 1 c — b)Fp' (a, b; c; z) has the Mellin transform representation 

B(b,c-b)F^ {a,b]c;z)=tm{fa,b,c(* : z;<*,0;p) ■ H ■ 
Taking derivative of f a ^(t : y;a,ftp), we get 
0_ 

di 



(f a , b (t : z; a, ftp)) = - 6(1 - t) (1 - t) c - b - 1 (1 - zty a +(c-b- 1)H(1 - t) (1 - t^ 2 (1 - zty a 



+az5(l - t) (1 - t) c_b_1 (1 - zty 11 - 1 



Fi[a;(3; 



-p 



ap 

~J 

Since 



H(l-t){l-tf- b -"{l-zty a 



t(l-t) 
-1 1 

1^ + [i-ty 



<u 



1F1 a + l;/3 + l; 



t(l-i) 



art{/'(i):6} = (l-6)OT{/(£):6-l} 



we gei 



(6 - 1)5(6 - 1, c - 6 - 1)5^ (a, & - 1; c; z) = (c - 6 - 1)5(6, c - 6 - 1)5^ (a, 6; c - 1; x) 
+ azB(b, c - b)F$ a M (a + 1, 6; c; cc) - ^5(6 - 2, c - b)F^ a+1 ' f3+ ^ (a, 6 - 2; c - 2; z) 

+ ^5(6, c - 6 - 2)^ +1 ^ +1 ) (a, 6; c - 2; z) . 

T/izs completes the proof. ■ 

Similarly, using (6), we get: 

Theorem 12 We have the following difference formula for 1 F^ p> (6; c; z) : 

(6 - 1)5(6 - 1, c - 6 - l) 1 F 1 (a, " ip) (6 - 1; c; z) 

= (c - 6 - 1)5(6, c - 6 - l)^"^ (6; c-l;z) + zB(b, c - 6) 1 5 1 (a ' /3;p) (6; c; z) 
_ <^_ B {b -2,c- &)li f*+ W;p) (6 _ 2; c - 2; z) + ^5(6, c-b- 2) 1 FJ : a+1 ' p+1 ^ (6; c-2;z). 

Proof. Observe from (6) that B(b, c — 6)ii^\ ,p (b; c; z) is the Mellin transform of the function 
f aAc (t : z; a, ftp) = 5(1 - t) (1 - i) " 6 " 1 e*< i J\ (a; ft wf^y) ■ 
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Hence B(b,c — b)\F^ p ' (b; c; z) has the Mellin transform representation 

B(b, c - b^F^M (b; c;z)=Wl {f aAc (t : z; a, ftp) : b} . 
Taking derivative of f a ,b{t '■ y>0(,f3;p), we get 

^ (/ 0i6 (t : z- a, ftp)) = - [6(1 - t) (1 - t) c - b - x e zt + (c - b - 1)H(1 - t) (1 - i) " 6 " 2 e zt 
+zH(l - t) (1 - ^r 6 - 1 e zt ] xFx (a; /?; T^^y) rf * 



-^H(l-t)(l-i) c ^ 1 e^ 



-1 1 



t? {i-ty 



1F1 a + l;/3 + l; 



t(l-t) 



Since 



Wl{f'(t):b} = (l-b)Wl{f(t):b-l} 
we get 

(b - l)B(b -l, c -b- l) 1 F 1 (a,/3;p) (6 - 1; c; «) = (c - 6 - 1)B(6, c - 6 - l)iF 1 (a,/Jip) (6; c - 1; z) 

+ «B(6, c - fe) 1 F 1 (Q ' /3;p) (6; c; «) - ^B(6 - 2, c - & ) lFl (a+1 ' 0+1;p) (6 - 2; c - 2; z) 

+ ^B( 6> c-6-2) 1 ^^ +1 ")(6 5 c-2 5 z). 
T/izs completes the proof. ■ 
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A modified AOR iterative method for new 
preconditioned linear systems for L— matrices* 

Guang Zengf Li Lei* 
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Abstract 

In this paper, a preconditioned AOR iterative method is presented with 
a new preconditioner, and the corresponding convergence and comparison 
results are given. The optimum parameters and spectral radius for strictly 
diagonally dominant L-matrices are found. Numerical examples are given to 
illustrate the efficiency of our method. 

Keywords: AOR— iteration method; L— matrix; Spectral radius; Opti- 
mum parameters; Preconditioner. 

AMS subject classification: 65F10 

1 Introduction 

Consider the following linear system 

Ax = b, (1.1) 

where A e R nxn , b, x e R n . For any splitting, A = M - N with det(M) ^ 0, the 
basic iterative scheme for solving (1.1) is as follows 

x k+l = M~ l Nx k + M~ l b, k = 0, 1, • • •. 
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For simplicity, without loss of generality, we assume throughout this paper that 

A = I-L-U, 

where I is the identity matrix, L and U are strictly lower and upper triangular 
matrices obtained from A, respectively. Thereby the iterative matrix of the classical 
AOR iterative method in [1] is defined as 



LJ > 



(I - rL)~ L [(l - u)I + (u- r)L + uU], 



;i.2) 



where u and r are real parameters with u ^ 0. 

The spectral radius of the iterative matrix determines the convergence and sta- 
bility of the method, and the smaller it is, the faster the method converges when 
the spectral radius is smaller than 1. In order to accelerate the convergence of the 
iterative method solving (1.1), preconditioned methods are often utilized, which is, 
which is, 

PAx = Pb, (1.3) 

where P is the nonsingular preconditioner. 
Construct P = (I + S) with 

■ \ 
• 



s 



( 

-a 2 G2,i 
-o 3 a 3 ,i 







and ctj G R, i — 2, 



n. 



\ -a n a n> i • • • y 

The Equation (1.3) transform to 

Ax = b, (1.4) 

where A = (I + S)A and b = (I + S)b. The coefficient matrix of (1.4) is splited as 

A = D-L-U, (1.5) 

where D = diag(A), L and U are strictly lower and upper triangular matrices 
obtained from A, respectively. Through some trivial calculation, we obtain that 



and 



L = - 



D = diag(l, 1 — 0:202,101,2, • • • , 1 — o„a n ,iai, n ), 



/ 

«2,1 — «202,1 

a 3,l — 0303,1 03,2 — 0303,101,2 



\ 






\ o„,i — o ra a n ,i a n ,2 — o n o n ,iOi,2 o n ,3 — o n a n ,iOi,3 ... J 
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and 



U 



/0 






«1,2 «1,3 

02,3 _ a202,lOl,3 













a>i,n \ 

0>2,n — Ot20>2,lO'l,n 
&3,n — <^303,l°l,n 







y u u u j 

Applying the AOR method to the preconditioned linear system (1.4), the corre- 
sponding preconditioned AOR iterative method is obtained with iterative matrix 



(D - rL)~ L [(l - uj)D + (u - r)L + uU], 



;i.6) 



where u and r are real parameters with w^O. 

The rest of the article is organized as follows. In Section 2, we briefly explain 
some notation and some Lemma which are used to state and to prove our results. 
In Section 3, we sate our result with its proof. Examples are given to illustrate our 
main theorem in Section 4. 

2 Preliminaries 

Some notation and Lemmas as follows are needed in this article. 

A matrix A is nonnegative (positive) if each entry of A is nonnegative (positive), 
respectively, which is denoted by A > 0, (A > 0). Let p(A) be the spectral radius 
of A. In addition, A matrix A is irreducible if the directed graph associated to A is 
strongly connected. Lastly, A matrix A is an L— matrix if a iti > 0, % = 1, 2, • • • , n 
and Ojj < 0, for all i, j = 1, 2, • • • , n such that % ^ j. 

The following Lemma will be useful to prove the main results. 

Lemma 2.1a([5]). Let A e R mxn , A = M - N is a splitting of A. Then 

(a). If M~ x > and N > 0, then A = M — N is a regular splitting; 

(b). If M^ 1 > and M~ X N > 0, then A = M — N is a weak regular splitting. 

Lemma 2.1b([5]). Let A = M\ — N\ = M2 — A*2 are two regular splitting for 
matrix A and suppose that A~ l and N2 > N\ > 0. Then 

< p{M^ l N x ) < p(M^N 2 ) < 1. 

Lemma 2.2a([6]). Let A e C nxn be a non-negative and irreducible nxn matrix. 
Then 

(a). A has a positive real eigenvalue equal to its spectral radius p(A); 
(b). There exists an eigenvector x > corresponding to p(A), 
(c). p(A) is a simple eigenvalue of A; 
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(d). p(A) increases when any entry of A increases. 

Lemma 2.2b([6]). Let A be a non-negative matrix. Then 

(a). If ax < Ax for some non-negative vector x, x ^ 0, then a < p(A). 

(b). If Ax < j3x for some positive vector x, then p{A) < f3. Moreover, if A is 

irreducible and if 7^ ax < Ax < fix, ax 7^ Ax, Ax 7^ (3x for non-negative vector 

x, then a < p{A) < (3 and x is a positive vector. 

3 Main results 

Our main goal in this section is to establish the following results with proof. 

Lemma 3.1. Let A and A be the coefficient matrices of the linear systems (1.1) 
and (1-4), where A is an L— matrix for which there exists i such that 0^1 7^ 0, i = 
2, ■ ■ ■ ,n, with aj+i^a^j+i 7^ 0, i — 1, • • • ,n — 1. If Q < r < ui < 1 (cj 7^ 0, r^l) 
and one of the following conditions is also satisfied simultaneously 

(a). < ai < 1 if < a^a^i < 1, or 0^1 7^ and a\^ = 0; 

(b). < a { < 1 if 'a lti a itl = 1; 

(c). < ati < — A — ifa lti a i:1 > 1; 

(d). ttj > i/0^1 = 0, i = 1, 2, ■ ■ ■ ,n. 
Then the iterative matrices L r ^ and L T ^ are nonnegative and irreducible. 

Proof. From (1.2) we have 

L r ^ = (l-Lu)I + cu(l-r)L + uU + T, (3.1) 

where 

T = rL[LU-r)L + LuU] + (r 2 L 2 + --- + r n - 1 L n ~ 1 )[(l-Lu)I + (LU-r)L + LuU] > 0. (3.2) 
Then L r ^ and L ryLU are nonnegative and irreducible according to lemma 1 of [4] . □ 

Theorem 3.2. Under the assumptions of Lemma 3.1, and let L rjW and L r ^ be 
the iterative matrices of the AOR method obtained from (1.1) and (1-4), respectively. 
Then we have 

(a) p[L r J) < p(L r>U} ) < 1, ifp(L rjU ) < 1; 

(b) p{Lr,u) = p{L r ,u?j = 1, if p(L r ,uj) = 1; 

(c) p{L T)UJ ) > p(L r ^) > 1, if p(L riUI ) > 1. 

Proof. From Lemma 3.1 it is obvious that L r>UJ and L r .^ are nonnegative and 
irreducible. Therefore, according to Lemma 2.2a there is a positive vector x, such 
that 

L r ,u>x = Ax, (3.3) 
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where A = p(L rjU1 ), (3.3) can equivalently to 

[(1 - to)I + (u- r)L + uU]x = X(I - rL)x. (3.4) 

Now consider 

L ru) x - \x = (D - rL) _1 [(l - uo)t) + (u - r)L + uoU]x - Xx 

= (D- rL) _1 [(l - uo)D + (lu- r)L + uoU - X(D - rL)]x 

= (D- rL) _1 [(l -uj- \)D 1 +ujU 1 -(uj-t + \r)Ln\x 

= (A - 1)(D - rl)-\0, m , m, ■■■ , , Vnf, (3.5) 



where rji = a^a^ifr ^ 1<7<i a ld Xj + a u Xi + (r - l)xi] > 0, i = 2, 



n. 



In the following, we give the comparison results based on the three cases of A. 

(a) If < A < 1, then L ru! x — Xx < without the equality holding constantly. 
Therefore, L ru) x < \x. Furthermore, we get p(L ru ) < A = p(L ru! ) by Lemma 2.2b. 

(b) If A = 1, then L ruJ x — Xx = 0, we get p{L ruj ) = X = p(L ru} ) still by Lemma 
2.2b. 

(c) If A > 1, then L rw x — Xx > without the equality holding constantly. There- 
fore, L r0J x > Xx. Furthermore, we get p(L ruJ ) > A = p(L ru! ) by Lemma 2.2b again. 
The proof of Theorem 3.2 is completed. □ 

According to our main result, we have the following corollary. 

Corollary 3.3. Let L r ^ and L r<u) be the iterative matrices of the AOR method 
obtained from (1.1) and (1-4), respectively. Under the same conditions in Theorem 
3.2 except for the ones for «j, i — 2, • • • , n, we have 

(a) p{L r ,u) < p{L r ,J) < 1, if p{L r J) < 1; 

(b) p{L r ,u,) = p{L r ,u) = 1, if p{L r ,J) = 1; 

(c) p{L r jJ) > p(L r>UJ ) > 1, if p{L r J) > 1. 

Now we show how the Modified AOR optimum parameters and spectral radius 
are found. For convenience, let A = SA = I§ — L§ — U§. We redefine (1.5), 
D = I + I S , L = L + L § , U = U + U g . 

Lemma 3.4 Under the assumptions of Lemma 3.1, and A is a strictly diagonally 
dominant L— matrix. Then A is a strictly diagonally dominant L— matrix. 
Proof. We first prove A is an L— matrix. 

A = (I + S)A = D-L-U 
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/ 1 Ol,2 Ol,3 • • • ai,n \ 

a 2,l ~~ a 2 a 2,l 1 ~~ a 2°l,2 a 2,l a 2,3 — Q; 2 a 2,l a l,3 ' ' ' a 2,n ~ a 2 a 2,l a l,n 

a 3,l — «303,1 Cb3,2 — Ct303,lOl,2 1 — Ct3 a l,303,l ' ' ' «3,n — Ct3«3,lOl,n 



\ Qn,l — OL n a n ± a„ : 2 — Ol n a nj lCll y 2 Cln,3 — Ctn«ra,l«l,3 : 1 — OL n a\^ n a n ^ ) 

Since A is a strictly diagonally dominant L— matrix, the non-diagonal elements of 
the first line of A are non-positive. For all the lines from the second line for A, we 
have 

Oj,j - ajOj,iaij <0,if i^j 

1 - aiOj,iOij > 0,if i = j 

Thus A is an L-matrix. 

Below we prove A is a strictly diagonally dominant matrix. 
For the first line of A, |oi2 + Oi 3 + • • • + Oi n | < 1| holds, and for the i— th line 



a *,i 



|(o»,i - aia^i) + (oi,i_i - aiO^iOi^-i) + (a^+i - 0^,101^+1) H h (a i)TV - aia i:1 a hn )\ 

— —\ a i,l + ' " " + Qj,i-1 + Oj,j+l + • • • + Oi, n ) + Q^i,l(l + ' ' ' + Ol,i-l + Ol,j+l + ' ' ' + Ol, 

< 1 - aia i:1 a 1:i 

holds too. Then, A is a strictly diagonally dominant L— matrix. □ 

Theorem 3.5. Under the assumptions of Lemma 3.4, p(L rj0J ) < 1, < r < a; < 
1 and c<j > 0. T/ien 

p(£i,i) < P(^) < 1. (3.6) 

If r = 1, uj = 1 and a = [1, 1, • • • , 1], then equality holds in (3.6). 
Proof. From Equation (1.6), we get 

£,,.=[(/ + /s)-r(L + Ls)]~ 1 

x [(1 - u)(I + I S ) + (uj-r)(L + L S ) + u(U + U s )], 

let s denote 

M 2 = [(I + I s )-r(L + L s )l 

N 2 = [(1 -u)(I + I § ) + (co-r)(L + Ls) + u(U + U s )], 

according to Lemma 3.4, we known that A = (I + S)A is a strictly diagonally 
dominant L— matrix. Hence, 

(/ + Is)' 1 > and p[(I + Is)~\L + Ls)] < 1. 
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Moreover, 

M, 1 = {I+ [r(I + I § )-\L + L S )] + [r{I + I S )~\L + L s )f + • • • } x (/ + I^ 1 > 0, 

(3.7) 

N 2 = [(1 -u)(I + I s ) + (cu - r)(L + L s ) + u(U + U s )} > 0, (3.8) 

and 

M 2 - N 2 =[(/ + I s ) - r{L + L s )}- 

[(1 -«)(/ + J*) + (w - r)(L + L d ) + w(tf + ^)] 
=*;[(/ + Jj)-(L + L d )-(tf + tfj)] 
=uA. (3.9) 

Therefore, u;A = M 2 — N 2 is a regular splitting. 
On the other hand, 

L hl =[{I + I s ) - {L + L S )]-\U + U S ) 

= [u(I + I s )-uj(L + L s )}- 1 uj(U + U s ). 

Let 

Mi=u;(I + J§)-u;(L + L d ), N 1 = u(U + U s ), 

since (7 + J^) -1 > and p[(I + /g) -1 ^ + L s )} < 1, we have 

Mr l =-{/+[(/+/<,r 1 (£ + ^)] 

+ [(/ + i s y\L + l^)] 2 + • • ■ } x (/ + i s y l > o, (3.io) 

N 1 =u(U + U s )>0, (3.11) 

and 

Mi - JVi =uj(I + I s ) - u(L + L§) - u{U + C/g) 

=ujA. (3.12) 

According to (3.7-12), uoA = M 2 — N 2 = M\ — N\ are two different regular splitting 
ofuA, andN 2 = (l-u)(I+I s ) + (w-r)(L+L s )+u(U+U s ) >u>(U+U s ) = N x > 0, 
we can obtain p(Mf 1 A" 1 ) < p(M 2 1 N 2 ) < 1 by Lemma 2.1b. Hence, 

p{Li,i) < p(L r ,u) < 1- 
In particular, if r = 1, cj = 1 and a = [1, 1, • • • , 1], then p(L r ^) = p(I/ 11 ) hold. □ 
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4 Numerical experiments 

In this section we give some numerical examples to illustrate the results obtained in 
Section 3. 

Example 4.1. Consider the matrix A of (1.1), and given by 
/ 



A 



\ 

For the modified AOR iterative method, we have the following results. The dij 
ital of following table is formed by Matlab R2010a program. 



1 


-0.01 


-0.5 


-0.3 


-0.05 


-0.3 \ 


-0.2 


1 


-0.1 


-0.15 


-0.12 


-0.14 


-0.1 


-0.14 


1 


-0.05 


-0.4 


-0.2 


-0.2 


-0.05 


-0.11 


1 


-0.2 


-0.1 


-0.4 


-0.03 


-0.05 


-0.15 


1 


-0.2 


0.08 


-0.3 


-0.1 


-0.1 


-0.3 


1 ) 



Table 1. Numerical illustration of our main results 



(a 2 ,a 3 ,--- ,a 6 ) 


LO 


r 


P( L r,uj) 


p(L r ,w) 


(0.5,0.5,0.5,0.5,0.5) 


0.8 


0.2 


0.8890 


0.8745 


(0.6,0.6,0.6,0.6,0.6) 


0.75 


0.65 


0.8674 


0.8462 


(0.8,0.8,0.8,0.8,0.8) 


0.8 


0.6 


0.8629 


0.8317 


(0.9,0.9,0.9,0.9,0.9) 


0.95 


0.9 


0.7999 


0.7471 


(1,1,1,1,1) 


1 


1 


0.7710 


0.7009 



Remark 4.1. From the above table, we know p(L r)LU ) < p(L r 
In particular, if r = 1, oo — 1 and a — [1, 1, • • • , 1], then p(L ri 
the results are in concord with our main results. 



when p(L r:U) ) < 1. 
= p(Lii) hold. So 



Example 4.2. Consider the matrix A of (1.1), and given by 



/ 



A 



1 


-0.01 


-0.5 


-0.3 


-0.05 


-0.3 \ 


0.4 


1 


-0.2 


-0.15 


-0.12 


-0.3 


0.5 


-0.14 


1 


-0.5 


-0.6 


-0.2 


0.2 


-0.05 


-0.11 


1 


-0.2 


-0.1 


0.6 


-0.05 


-0.06 


-0.15 


1 


-0.2 


0.7 


-0.3 


-0.1 


-0.1 


-0.3 


1 I 



V 

For the modified AOR iterative method, we have the following results. 
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Table 2. Numerical illustration of Theorem 3.2 



(«2,«3, • • • ,016) 


LO 


r 


P{ L r,u) 


p(L r ,w) 


(0.9,0.1,0.5,0.2,0.8) 


0.05 


0.05 


1.0121 


1.0151 


(0.4,0.7,0.8,0.3,0.6) 


0.7 


0.3 


1.1970 


1.2686 


(0.7,0.2,0.8,0.3,0.3) 


0.75 


0.65 


1.2706 


1.3252 


(0.2,0.4,0.6,0.7,0.3) 


0.8 


0.6 


1.2778 


1.3568 


(0.2,0.4,0.6,0.7,0.3) 


0.95 


0.9 


1.4209 


1.5515 



Remark 4.2. From the above table, it is easy to know that p(L rLU ) > p(L rul ) when 
p{L r ,J) > 1- The results are also in concord with Theorem 3.2 and Corollary 3.3. 
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Abstract In order to carry out the simulation, we need a source of ran- 
dom numbers distributed according to the desired probability distribution. 
In this paper we have constructed algorithms for generating both continu- 
ous and discrete random variables. One simulates a discrete random variable 
having a geometric distribution, which is used in reliability. We also create 
some algorithms for generating: a normal continuous variable, other contin- 
uous variables having exponential distribution, Weibull distribution, gamma 
distribution. The aim of this paper is to see that if we have random numbers 
generated according to some distribution, we may perform a transformation 
to generate the desired distribution. 

Key "words generalized test likelihood ratio - parametric classification 
criterion - maximum likelihood estimates likelihood function 



1 Inverse Transform Method 

We shall describe a method of simulating a discrete random variable that 
take a finite number of values, called inverse transform method. According 
to this method, we can simulate any random variable X if we know its 
distribution function F and we can calculate the inverse function F _1 . 

Using this method, we build a Matlab program to simulate the discrete 
variable X, whose distribution is 
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X 



where 



ffll ■ ■ ■ CLk ■ ■ ■ O-n 
Pi ■ ■ ■ Pk ■ ■ ■ Pn 



fc=i 



Its distribution function is: 



Fx (x) = { 



o, 


X < a\ 


Pi, 


x e (01,02 


Pi +P2, 


a: e (a 2 ,a 3 



Pi + P2 H 1- Pk, x e (ofe, a fc+ i 



x > o„ 



and the inverse function will be: 



F x (u) = a k , x e (F x (afc_i) , Fx (a fe )] , (V) fc = 1, m, 



where 



(1) 



a = -oo, F x (oo) = 0. 
The algorithm for simulating the random variable X consists of: 

generating a value u uniformly distributed in [0, 1]; 
finding the index k for which 

F x (ofe-i) <u< F x (ak) ■ 
The relation (2) results from the fact that the relation: 



(2) 



involves 



and using that 



a k -i < X < a k 



F x (ofc_i) < F x («) < Fx (o fc ) 



Fx (a;) = u. 
We shall construct the corresponding Matlab program: 
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function x=simdiscrv(F,a,m) 

u=rand; 

k=l; 

while (u>F(k)) 

k=k+l; 

end 

x=a(k); 

end 



We shall apply the previous Matlab function to generate a discrete ran- 
dom variable that gives the number of points obtained in the experience 
when we roll a die and the possible outcomes are 1, 2, 3, 4, 5, 6 correspond- 
ing to the side that turns up. 

Thereby 



X 



where 



12 3 4 5 6 
111111 

6 6 6 6 6 6 



fc=l 



and 



Fx{x) 



0, x<\ 
1/6, x € (1,2] 

2/6, x € (2,3] 
3/6, x e (3,4] 
4/6, x e (4,5] 
5/6, x € (5,6] 

1, x > 6. 



In the command line of Matlab we shall write: 

>> a = 1 : 7; 

>> F = : 1=6 : 1; 

>> x = simdiscrv(F; a; 7) 

It will display: 

u = 

0.6557 

x = 

5 
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2 Simulation of a random variable having a geometric 
distribution 



Let AT be a random variable signifying the number of failures until 
a certain success in a number of independent Bernoulli samples. So, 
X has the distribution: 



(0 1 2 ■■■ k ■■■ n 

-All 9 u r 

\ppq pq ■ ■ ■ pq ■ ■ ■ pq 
and with the mean and respectively the variance: 



M (X) = 2 
Var(X) = P ±, 

where p is the probability the probability of having a success, i.e the prob- 
ability that a random event observable A to occur in a random experience 
and q = 1 — p is the probability to achieve a failure, i.e the probability that 
the event contrary A to occur. 

The distribution function of X is: 



F{x)=P{X<x)=Y.P ( l k = l - ( f +1 i 3 = 0,1,2.--- ,< 

fe=0 

namely it is a discrete distribution function. 

The name of geometric distribution comes from the fact that 



P (X = x) = pq x 

is thew term of a geometric progression. 

The simulation the random variable X, which has a geometric distribu- 
tion can be also achieved by means of the inverse transform method, using 
the formula: 



X 

where: 



log (U) 



log (q) 



(3) 



— [a] is the integer part of a, 

— U is a random variable, uniformly distributed in [0, 1]. 
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3 Simulation of a random variable with a exponential and a 
Weibull distribution 



A exponential variable X ~ Exp(X) has the probability density function: 

\e- Xx , x>0 



* ( X '~ > 0, x < 
(V) AeR, the distribution function: 

F x (x)= J f{t)dt = l-e- Xx ,x>0 

J — OO 

and 

M(X) = { 
Var(X) = ^. 

To simulate a random variable X, which has an exponential distribu- 
tion we shall use the inverse transform method, hence the algorithm for 
simulating the random variable X consists in: 

— generating a value u uniformly distributed in [0, 1], 

— finding of 

X =F~ 1 (u) = --ln(l-u). 
A 

A Weibull variable (denoted W(a,X,'y)) is a random variable, closely 
related to the exponential random variable and which has the probability 
density function: 

/(X) = { 0, x<a 

(V) a e R, 7, A > 0. 

If X ~ Exp(l) then the Weibull variable is generated using the formula 

W = a+(j ; y. (4) 

Indeed, we have: 

/\(w — ay f 
e- f dt 
-OO 

and further, using the change of variable 



u = a + , 

A 
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it will result: 

/w 
jXiu-ay^e-^-^du. 
-oo 

The Weibull variable is used in reliability, it representing the service life 
without failures of a equipment or a industrial product. 

4 Simulation of a random variable with a x 2 distribution 

Let Z iy 1 < i < 7 independent normal variables N(0, 1). A random variable 
X with 7 degrees of freedom is a variable of the form 

7 

x x2 = j2 z ?> ^ eN *- ( 5 ) 

i=l 

A random variable x 2 is continuous and admits the probability density 
function: 

1 Ti _x 

/ ( x ) = — — 7^x- x2 -e 2 , x > 0, 
where 



r( 7 )= / sT-^-'da: (6) 

Jo 

signifies the Euler Gamma function, _T : (0, 1) — ► R, which has the proper- 
ties: 



r(i) = i 

r {a + 1) = ar (a) , (V) a > 
r(n + l) =n!, (V) neN 



and 



M ( x 2 ) - 7 
Var (x 2 ) - 2 7 . 

For the simulation in Matlab of a random variable x 2 we shall use the 
formula (5): 

function x=hip(n) 
z=randn(n,l); 
x=sum(z.~2); 
end 
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5 Simulation of a random variable with a Gamma distribution 

A random variable X has has the distribution G(a, A, 7) if it has the prob- 
ability density function: 

I 0, x < a 

where (V) a G R, 7, A > are respectively the parameters of location, 
scale and form of the variable. 

We can notice that an exponential variable is a gamma variable G(0, A, 1) 
and x 2 is a gamma variable G(0, 5, 3r). 

If Y ~ G(a, A, I) and Z ~ G(0, \, |) then we have: 

The relation (7) can be justified as follows: 

F z {z) = P (Z < z) = P (2A (Y - a) < z) = P (y < a + ^) 

and further, using the change of variable 

w = 2A (t - a) 
we shall achieve: 



Fz {z) = L ^u fe) e ^ - L r(i) • w5 ~ e ~^- 

For the simulation in Matlab of a random variable Y , whose distribution 
is G (a, A, ^) we proceed as follows: 

— one generates Z = x 2 ', 

— one determines Y using (7). 

Hence, we have: 

function y =gam(al,la,n) 

z=hip(n); 

y=al+z/(2*la); 

end 
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6 Validation of the Generators 

The validation of the generators one refers both to the formal correctness of 
the programs and to the checking of the statistical hypothesis of concordance 



H : X ~ F(x) 



(8) 



with regard to distribution function F{x) of the random variable X, over 
which the simulated selection X\, X 2 , • • • , X n , of volume n big enough has 
been made. 

The validation of the generators involves the following two steps: 

A) Building the graphical histogram and comparing it with the probability 
density of X. 

B) Application of the concordance test x 2 to verify the hypothesis (8). 

The histogram construction is done using the following algorithm: 

Step l.We simulate a number n\ << n of selection values X\, X2, • • • , A" ni and 

we store them. 

Step 2. We choose a number k, which means the number of the histogram 

intervals: I\, I2, ■ ■ ■ ,Ik- 



J 


1 r 
















h 


/(*) 






.■ 


/I 




ft 


\ 






'l 


i 2 




* 





Fig. 1. Histogram 

The dashed line suggests the probability density form of the variable X. 
Step 3. We determine on the basis of the selection, the following limits 
of the histogram intervals: 

a 2 = mm{X 1 ,X 2 ,--- ,X ni } 
a k = max{Xi, X 2 , ■ ■ ■ , X ni } . 



Then we form the intervals /, = (aj, fl»+i], (V) % — 2,k — 1, where 
a>i — a-2 + (i — 2)h, h — — — - , (V) i = 3, k — 1. 

K — 2 



Step 4- We compute the relative frequencies fi = ^, (V) i = 2,k — 1, 
where rn represents the absolute frequencies, namely the number of selection 
values that belong to the interval Ii. One makes the initializations: 
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h = .fk = 
a\ = a 2 

a k+l = a k- 

Step 5. We simulate every one of the other n — ri\ selection values and for 
each X such simulated we shall achieve the following operations: 

a) if X < al then then we set: a\ = min {01, X} and /i = /i + 1; 

b) if X > a k then then we set: a k +i — maxja^i, X} and fk = /fc + 1; 

c) if al < X < a k then we set: p = [ x ^ a2 ] + 2 and f p+1 = / p+i + 1. 

5tep 6. We represent graphically the selection histogram Xi,X 2 ,- ■ ■ , X n , 
as follows: we take on the abscissa the intervals Ii, then we build some 
rectangles having these intervals as their bases and the relative frequencies 
fi as their heights. 

Remark 1 For a discrete random variable X, which takes the values ai , a 2 , ■ ■ ■ , a r} 
with the probabilities pi,p 2 , • • • ,Pm, the probability density function f(x) 
is defined by: 



•^ ' ~ \ 0, otherwise ^ ' 

and the and distribution function is given in (1). 

With the built histogram, we can apply the test x 2 to verify the hypoth- 
esis (8). Therefore, we have to compute the statistics 

k i n2 

2 _ x^ {Jij - npj) 

which has a distribution x 2 , with k— 1 degrees of freedom (sec Karl Pearson's 
theorem), where: 

— k is the number of intervals in the histogram, 

— m (V) i — l,k represent the absolute frequencies, 

— pi (V) i = 1, k are the probabilities that an observation to belong to the 
interval Ii and they are expressed by: 



Pl =P( ai <X <a 2 ) = F(a 2 ), 

Pi = P(a t <X < oi+i) = F (oi+i) - F (oi) , (V) $ = 2, fc - 1, (10) 
Pk = P {ak < X < ak+i) =l-F (a k ) . 

Hypothesis H is accepted if 

2 <- 2 
A — Afc— s— 1, a 
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and is reject otherwise, a being the probability of type I error(it is also called 
level of significance or risk or probability of transgression) and s meaning 
the number of estimated parameters. 

The next figures show the graphic representation of the histogram and 
respectively of the probability density function, in the case of validation of 
the algorithm for the simulation of a random variable, which has a normal 
distribution (see Fig. 2) or an exponential distribution (see Fig. 3) and 
respectively a geometric distribution (see Fig. 4). 
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Fig. 3. An exponential distribution 
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If 
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Fig. 4. A geometric distribution 



7 Conclusion 

We have built some algorithms for generating both continuous and discrete 
random variables. 

We performed the the implementation of the Inverse Transform Method, 
according to which we can simulate any random variable X if we know its 
distribution function F and we can calculate the inverse function F^ 1 . 

One simulates a discrete random variable having a geometric distribu- 
tion, which is used in reliability. We also create some algorithms for gen- 
erating: a normal continuous variable, other continuous variables having 
exponential distribution, Weibull distribution, gamma distribution. 

Our goal is to see that if we have random numbers generated according to 
some distribution, we may perform a transformation to generate the desired 
distribution. 
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Second order Mond-Weir type duality for multiobjective 
programming involving Second order (C, a, p, <i)-convexity 
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Abstract 

In this paper, we introduce a class of second order (C, a, p, (i)-convexity. Under the (C, a, p, d)- 
convexity assumptions on the functions involved, weak, strong and strict converse duality 
theorems are established for a second order Mond-Weir type multiobjective dual. Our re- 
sults generalize these existing dual results which were discussed by Ahmad et al [Second- 
order (F, a, p, (i)-convexity and duality in multiobjective programming, Information Science, 
176(2006)3094-3103]. 

Keywords. Multiobjective programming; Second order duality; Efficient; (C, a, p, d)-convexity 
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1. Introduction 

It is well known that the convex functions are very important in optimization theory. But for many 
mathematical models in desision sciences, economics, management sciences, stochastics, applied 
mathematics and engineering, the notion of convexity does no longer suffice. So it is necessary 
to generalize the notion of convexity and to extend the corresponding results to larger classes 
of optimization problems. In the last decades, various generalization of convex functions have 
been introduced in the literature. Preda [16] introduced the concept of (F, p)-convexity, which 
is an extension of F-convexity defined by Hanson and Mond [8] and p-convexity given by Vial 
[17]. Gulati and Islam [7] and Ahmad [2] established optimality conditions and duality results for 
multiobjective programming involving F-convexity and (F, p)-convexity assumptions, respectively. 
Mangasarian [13] introduced the notation of second-order duality for nonlinear programs. He 
has indicated a possible computational advantage of the second-order dual over the first order dual. 
Mond [14] reproved second order duality theorems under simpler assumptions than those previously 



*Project supported by the National Social Science Foundation of China (12BJY055), the Social Science Foundation 
of Hunan province (No.09ZDB080) in China, Humanity and Social Science foundation of Ministry of Education of 
China(12YJAZH142) and the Construct Program of the Key Discipline in Hunan Province. 

'Corresponding author. Permanent Address: School of Computer and Information Engineering, Hunan University 
of Commerce, Changsha, 410205, China. Tel: +86 731 88686641, Fax: +86 731 88689104. 

* E-mail address: wscabcbank@sina.com.cn 



1223 



S. C. Wang, Second order duality for multiobjective programming 



given by [13]. Yang et al. [18] proposed several second order duals for nonlinear programming 
problem and discussed duality results under generalized F-convexity. 

In [20], Zhang and Mond extended the class of (F, p)-convex functions to second order (F, p)- 
convex functions and obtained duality results for three types of multiobjective dual problems. 
Aghezzaf [1] formulated a mixed type dual for multiobjective programming problem and discussed 
various duality results by defining new classes of generalized second order (F, /j)-convexity. Liang 
et al. [10, 11] introduced (F, a, p, d)-convexity and obtained some optimality conditions and duality 
results for the single objective fractional problems and multiobjective problems. Ahmad and Hu- 
sian [5] introduced a class of second order (F, a, p, cf)-convex functions, and established some duality 
theorems for a second order Mond- Weir type multiobjective dual by using the assumptions on the 
functions involved (F, a, p, d)-convexity. Recently, Yuan et al.[19] introduced a class of functions, 
which called (C, a, p, <i)-convex functions. They obtained sufficient optimality conditions for nondif- 
ferentiable minimax fractional problems. Chinchuluun et ai. [6] studied nonsmooth multiobjective 
fractional programming problems in the framework of (C, a, p, (i)-convexity. Long [12] derive some 
sufficient optimality conditions and duality results for weakly efficient solutions of nondifferentiable 
multiobjective fractional programming problems under the assumptions of (C, a, p, (i)-convexity. 

In this paper, we introduce a class of second order (C, a, p, d)-convexity. Under the (C, a, p, d)- 
convexity assumptions on the functions involved, weak, strong and strict converse duality theorems 
are established for a second order Mond- Weir type multiobjective dual. Our results generalize these 
existing dual results which were discussed by Ahmad et al. in [5]. 

2. Preliminaries 

Throughout the paper, the following convention for vectors in R n will be necessary: x ^ y if and 
only if Xi ^ m, i = 1,2, ■ ■ ■ ,n, x < y if and only if x ^ y and x ^ y, x > y if and only if 
Xi> yi, i = 1,2, ••• ,n. 

In this paper, we consider the following multiobjective programming problem: 

(P) Minimize f(x) 

s.t. g(x) ^0, x £ X, 

where / = (/i,/2, ■ ■ ■ ,fk) ■ X -)• R k , g = (gi,g2, ■■■ ,g m ) ■ X ->■ R m are assumed to be twice 
differentiable functions over X, an open subset of R n . 

Definition 2.1 A feasible point x is said to be an efficient solution of the vector minimum problem 
(P) if there exists no other feasible point x such that fix) < f(x). 

Assume that a : X x X — > R + \ {0}, p € R and d : X x X — > R + satisfies d(x, xq) = 44> x = xq. 
Let C : X x X x R n — > R be a function which satisfies Ci x )Xo )(0) = for any (x, xq) G X x X. 

Definition 2.2 [19]A function C : X x X x R n — > R is said to be convex on R n iff for any fixed 
(x, xq) £ X x X and for any yi,y2 £ R n , one has 

C( X) xo)(^i + (1 - x )vi) < ^C (x , Xi) )(yi) + (1 - X)C {XjXo) (y 2 ), VA G (0, 1). 
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Definition 2.3 [19]A differentiable function h : X — >■ R is said to be (C, a, p, d)-convex at xq iff 
for any x G X 

h(x)-h(x ) . , .. d(x,x ) 

7 v— > C {x ^. o) (Vh(xo)) + p— r. 

a(x, xq) v ; a(x, xoj 

The function h is said to be (C, a, p, (i)-convex on X iff /i is (C, a, p, <i)-convex at every point in X. 

In the sequel, we introduce a class of second order (C, a, p, d)-convexity. 

Definition 2.4 A twice differentiable function fi over X is said to be (strict) second order (C, a, p, d)- 
convex at xq if for all x G X and for all p £ R n , 

-, v (>) > C, XXo) {Vfi{xo) + V fi(xo)p) + p—, r. 

a(x,xo) y ' a(x,xo) 

A twice differentiable vector function f : X — > R is said to be second order (C,a, p,d)-convex at 
xq if each of its components fi is second order (C, a, p, d)-convex at x$. 

Remark 2.1 From the above definition, second order (F,a, p,d)- convexity [5] is a special case of 
(C, a, p, d) -convexity, since any linear function is also a convex function. 

The following convention will be followed. If / is an k-dimensional vector function, then f(u) — 
Vf(u)r—^p T 'V 2 f(u)p denotes the vector of components fi(u) — V/i(u)r— \p T ^J 2 fi{u)p, ■ ■ ■ ,fk(u) — 
Vf k (u)r-\p T V 2 f k {u)p. 

In order to prove the strong duality theorem, we need the following Kuhn- Tucker type necessary 
conditions [9]. 

Theorem 2.1 (Kuhn-Tucker type necessary conditions) Assume that x* is an efficient solution for 
(P) at which Kuhn-Tucker constraint qualification is satisfied. Then there exist A* G R k and 
y* e R m such that 

\* T Vf(x*) + y* T Vg(x*) = 0, 

y* T g(x*) = 0, 

y* ^ 0, A* > 0. 

3. Second order Mond-Weir type duality 

In this section, we consider the following Mond-Weir type second order dual associated with multi- 
objective problem (P) and establish weak, strong and strict converse duality theorems under second 
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order (C, a, p, <i)-convexity. 

(MD) Maximize f(u) - Vf(u) T r - \p T S7 2 f(u)p, 

k k mm 

s.t. £ AiV/i(w) + £ AiV 2 /i(«)P + £ yiV^(n) + £ vN 2 gi{u) P = 0, 

i=l i=l i=l i=l 

m m m 

E Vi9i(u) - E yN9i{ufr - E yi\p T ^ 2 9i{u)p > o, 

i=l i=l i=l 

£ Wfiiufr > 0, 

1=1 

m 

E ^V 5i (n) T r > 0, 

i=i 

y ^ 0, A Z 0, 

r G i? n , y £ R m , AG i? fc . 

Remark 3.1 lfr = 0, then (MD) becomes the dual considered in [5]. 

Theorem 3.1 (Weak duality) Suppose that for all feasible x in (P) and all feasible (u,y,X,r,p) 
in (MD). If gi(-)(i = 1, 2, ■ ■ ■ ,m) is second order (C, a±, pi, d\)-convex and fi(-)(i = 1, 2, ■ ■ ■ , k) is 
second order (C, a2, P2> d2)-convex, and 

m k 

Pi££*/i + P2^£Ai>0, (3.1) 

i=l i=l 



£/ten i/je following cannot hold: 



f(x) < f(u) - Vf(u) T r - l -p T V 2 f{u)p. 
Proof. Suppose the conclusion is not true, i.e., 

f{x) < f(u) - Vf(u) T r - l -p T V 2 f(u)p. 
In view of (C, 0.2 ■, P2> ^-convexity of fi(-) at u, we obtain 

i=l i=l 

> £ AiC ( x,«)(V/*(iO + V 2 f l (u)p) + P2 ^ 2 £ A,. 
i=l i=l 



(3.2) 



Let x be any feasible solution in (P) and (u,y, \,r,p) be any feasible solution in (MD). Then we 
have 

m m 1 m m 

^2 Vi9i{x) < < ^2 yigi(u) — - ^ yiP T ^ 2 9i(u)p - ^ y,jVgi{u) T r. 

i=l i=l i=l i=l 

Using second order (C, ai,pi,c?i)-convexity of pj(-) at u and the above inequality, we get 



t^9i{u) T r > gy- gWzgW+^gg^ 

i=l 1=1 



m 
2„ /„,\^ i „ <*1 



> E ^CW^V&H + v 2 gi (u) P ) + pit 1 H Vi- 
i=i i=i 



(3.3) 
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Taking into account convexity of C7 XjU )(-), (3.2) and (3.3), one gets 

k 



^V/,(ufr 
i=i i=i 



E^V/,(nfr - Yl%-Vm(u) T r 



k 

km /. ^i 

> (E ^ + E i/i)<W t i=1 ro (v/<(tO + v 2 /,(n) P ) 

1=1 l=1 (3.4) 

+ k '^l (V gi (u) + V 2 g t (u)p)} 

»=1 1=1 

+ /> 2 gEA, + pi^Eyi- 
i=i «=i 



From the first, third, fourth dual constraint in (MD) and C7 XU )(0) = 0, we obtain 

j k , m 

U2 v~~v «1 v~~v 

> P2— > Ai + pi— > y;, 

«2 f-f «i f-f 

i=i i=i 

which contradicts the condition (3.1). Hence the following cannot hold: 

/(*) < /(«) - V/(u) T r - ^ T V 2 /(«)P- 

Theorem 3.2 (Strong duality) Let x be an efficient solution of (P) at which the Kuhn-Tucker 
constraint qualification is satisfied. Then there exist y G R m and A G R k , such that (x,y,X,f = 
0,p = 0) is feasible for (MD) and the objective values of (P) and (D) are equal. Furthermore, if 
the assumptions of Weak duality hold for all feasible solutions of (P) and (MD), then (x, y, A, f = 
0,p = 0) is an efficient solution of (MD). 

Proof. Since x is an efficient solution of (P) at which the Kuhn-Tucker constraint qualification is 
satisfied, then by Theorem 2.1, there exist y G R m and A G R such that 

A T V/(x) + y T Vy(x) = 0, 

y T g{x) = o, 

y ^ 0, A> 0. 

Therefore (x, y, X,f = 0,p = 0) is feasible for (MD) and the objective values of (P) and (MD) are 
equal. The efficiency of this feasible solution for (MD) follows from the weak duality theorem. 

Theorem 3.3 (Strict Converse duality) Letx and (u,y,X,f,p) be the efficient solution of (P) and 
(MD), respectively, such that 

f(x) = f(u) - Vf(xfr - \p T V 2 J{u)p. (3.5) 

If gi(-)(i = 1,2,- ■ ■ ,m) is strict second order (C,ai, pi,di) -convex and fi(-)(i = 1,2, ••-,&) is 
second order (C, cti-, pi-, d^-convex, and 

m k 

Pi^E^ + ^^EA^O. (3.6) 

i=l i=l 

Then x = u; that is, u is an efficient solution of (P). 
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Proof. Suppose the conclusion is not true, i.e., a: 7^ u. In view of (C, Q2, P2,t?2)-convexity of fi(-) 
at u and (3.5), we obtain 

- E ^v/i(w) r = E \ sf 

i=1 '** fc ( 3 - 7 ) 

> E Ai%«)(V/i(«) + v 2 /»(«)p) + P2^ E Ai- 
1=1 1=1 

Let x be any feasible solution in (P) and (u,y,X,f,p) be any feasible solution in (MD). Then we 
have 

m m .. m m 

^ViQiix) < < ^Vigiiu) - -' S ^ j y i p T y 2 9i{u)p - ^ViVgiiuff. 

i=l i=l i=l i=l 



Using strict second order (C, ai, pi, (ii)-convexity of gi(-) at u and the above inequality, we get 

(3.8) 



£&V ft («) T r > p. «^v^ 



i=l i=l 

m m 

72^ /7T7\^ 1 „ d 



(3.9) 



> E yi%a)(v«/i(«) + v 2 ^(«)p) + pi^- e y*- 

i=l i=l 

Taking into account convexity of CW^v.), (3.7) and (3.8), one gets 

k — m _ 

"E^V/,(u) r r - Z^m(u) T f 

i=l i=\ 

k _ 
k m E Aj 

> (E a, + e i/i)%u){ fc l - m (ym + v 2 / 4 (^) 

m 

+ feT^l (Vg,(n)+V 2 ff t (iZ)p)} 

i=l i=l 

fc m 

+ p 2 gEA, + pijE%- 
j=i i=i 

From the first, third, fourth dual constraint in (MD) and CW S )(0) = 0, we obtain 

1 k , m 

«2 v-^v — «1 v-^v _ 

> p 2 — > Xi + pi — > y t , 

1=1 1=1 

which contradicts the condition (3.6). Hence x = u. 

4. Conclusions 

In this paper, we introduce a class of second order (C, a, p, d)-convexity, which includes many 
other generalized convexity concepts in mathematical programming as special cases. Using the 
(C, a, p, (i)-convexity assumptions on the functions involved, weak, strong and strict converse duality 
theorems are established for a second order Mond-Weir type multiobjective dual. Our results 
generalize these existing dual results which were discussed by Ahmad et al. in [5], These results 
can be further generalized to a class of nondifferentiable multiobjective programming. 



1228 



S. C. Wang, Second order duality for multiobjective programming 



References 

[1] B.Aghczzaf, Second order mixed type duality in multiobjective programming problems, Journal of 
Mathematical Analysis and Applications 285(2003) 97-106. 

[2] I.Ahmad, Sufficiency and duality in multiobjective programming with generalized (F, p) -convexity, 
Journal of Applied Analysis 11(2005) 19-33. 

[3] I.Ahmad, Second order symmetric duality in nondiffcrentiablc mnltiobjcctive programming, Informa- 
tion Science 173(2005) 23-34. 

[4] I.Ahmad, Symmetric duality for multiobjective fractional variational problems with generalized invex- 
ity, Information Science 176(2006) 2192-2207. 

[5] I.Ahmad, Z.Husian, Second order (F, a, p, d)-convexity and duality in multiobjective programming, 
Information Science 176(2006) 3094-3103. 

[6] A.Chinchuluun, D.H.Yuan, P.M.Pardalos, Optimality conditions and duality for nondiffercntiable 
multiobjective fractional programming with generalized convexity, Annals of Operations Research 
154(2007) 133-147. 

[7] T.R.Gulati, M. A. Islam, Sufficiency and duality in multiobjective programming involving generalized 
F-convex functions, Journal of Mathematical Analysis and Applications 183(1994) 181-195. 

[8] M.A.Hanson, B.Mond, Further generalizations of convexity in mathematical programming, Journal of 
Information and Optimization Sciences 3(1982) 25-32. 

[9] R.N.Kaul, S.K.Suneja, M.K.Srivastava, Optimality criteria and duality in multiobjective optimization 
involving generalized invexity, Journal of Optimization Theory and Applications 80(1994) 465-482. 

[10] Z.A.Liang, H.X.Huang, P.M.Pardalos, Optimality conditions and duality for a class of nonlinear frac- 
tional programming problems, Journal of Optimization Theory and Applications 110(2001) 611-619. 

[11] Z.A.Liang, H.X.Huang, P.M.Pardalos, Efficiency conditions and duality for a class of multiobjective 
programming problems, Journal of Global Optimization 27(2003) 1-25. 

[12] X.J.Long, Optimality conditions and duality for nondiffercntiable multiobjective fractional program- 
ming problems with (C, a, p, <f)-convexity, Journal of Optimization Theory and Applications 148(2011) 
197-208. 

[13] O.L.Mangassrian, Second and higher order duality in nonliear programming, Journal of Mathematical 
Analysis and Applications 51(1975) 607-620. 

[14] B.Mond, Second order duality for nonlinear programs, Opsearch 11(1974) 90-99. 

[15] B.Mond, J.Zhang, Duality for multiobjective programming involving second order V-invex functions, 
In: B.M. Glower, V.Jeyakumar(Eds.), Proceedings of the Optimization Miniconfcrence, University of 
New South Wales, Sydney, Australia, 1995, pp. 89-100. 

[16] V.Preda, On efficiency and duality for multiobjective programs, Journal of Mathematical Analysis and 
Applications 166(1992) 365-377. 

[17] J. P. Vial, Strong and weak convexity of sets and functions, Mathematics of Operations Research 8(1983) 
231-259. 



1229 



S. C. Wang, Second order duality for multiobjective programming 



[18] X.M.Yang, X.Q.Yang, K.L.Tco, S.H.Hou, Second order duality for nonlinear programming, Indian 
Journal of Pure and Applied Mathematics 35(2004) 699-708. 

[19] D.HYuan, X.L.Liu, A.Chinchuluun, P.M.Pardalos, Nondiffcrcntiablc minimax fractional programming 
problems with (C, a, p, <i)-convexity, Journal of Optimization Theory and Applications 129(2006) 185- 
199. 

[20] J.Zhang, B.Mond, Second order duality for multiobjective nonlinear programming involving generalized 
convexity, in: B.M. Glower, B.D.Craven, D.Ralph(Eds.), Proceedings of the Optimization Miniconfcr- 
ence III, University of Ballarat, 1997, pp. 79-95. 



1230 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 15, NO.7, 1231-1239, 2013, COPYRIGHT 2013 EUDOXUS PRESS, LLC 



Fractional Voronovskaya type asymptotic 

expansions for bell and squashing type neural 

network operators 

George A. Anastassiou 

Department of Mathematical Sciences 

University of Memphis 

Memphis, TN 38152, U.S.A. 

ganastss@memphis.edu 

Abstract 

Here we introduce the normalized bell and squashing type neural net- 
work operators of one hidden layer. Based on fractional calculus theory we 
derive fractional Voronovskaya type asymptotic expansions for the error 
of approximation of these operators to the unit operator. 
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41A60. 

Keywords and Phrases: Neural Network Fractional Approximation, Voro- 
novskaya Asymptotic Expansion, fractional derivative. 

1 Background 

We need 

Definition 1 Let f : R — > R, v > 0, n = \v\ (\-~\ is the ceiling of the num- 
ber), such that f € AC n ([a, b]) (space of functions f with /(™ _1 ) g AC ([a, b]), 
absolutely continuous functions), V [a, b] C R. We call left Caputo fractional 
derivative (see [8], pp. 4-9-52) the function 

d:j (x) = T{ ^_ v) [ (x t)"-"- 1 f {n) w dt, (i) 

V x > a, where T is the gamma function T (V) = L e~ t t l/ ~ 1 dt, v > 0. Notice 
D" a f € L\ ([a, b]) and D" a f exists a.e.on [a, b], V b > a. 
We set DlJ (x) = f (x), V x e [a, +oo). 
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We also need 

Definition 2 (see also [2], [9], [10]). Let f : R -*■ R, swc/i tfia* / G ^C m ([a, 6]), 

V [a, b] C R, 7n = [a], a > 0. XTie rig/i/; Caputo fractional derivative of order 
a > is given by 

DU (x) = ) } / (J - x)" 1 — 1 /(-) (J) dJ, (2) 

r (m - a) Jj. 

Vs<6. W^e set L>°_/ (x) = / (a;), Vie (-co, b]. Notice that D*_f G L x ([a, 6]) 
and D^_f exists a.e.on [a, b], V a < 6. 

We mention the left Caputo fractional Taylor formula with integral remain- 
der. 

Theorem 3 ([8], p. 54) Let f G AC m {[a,b]), V [a,b] C R, m = \a] , a > 0. 
Then 

f (*) = E T^ (* - *o) fc + rhs[ X (*- J ^ 1 D **of(J) dJ, (3) 

V x > xo- 

Also we mention the right Caputo fractional Taylor formula. 
Theorem 4 ([2]) Let f G AC m {[a, b}), V [a, b] C R, m = [a] , a > 0. Then 

V i < io- 

Convention 5 VFe assume that 

D" x J(x) = 0, forx<x , 

and 

D^_f(x) = 0,forx>x , 

for all x, xo G R. 

We mention 

Proposition 6 (by [3]) i) Let f G C n (R), w/iere n = |V|, y > 0. T/ien 
^*a/ ( s ) * s continuous in x G [a, oo). 

iij -Let / G C m (R), 777, = [a], a > 0. Then D"_f (x) is continuous in 
x G (—00, b]. 
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We also mention 

Theorem 7 ([5]) Let f G C m (R), /< m ) G L^ (R), m = M, a > 0, a <£ N, 
x, xq G R. T/ien D" x f (x), D"_f (x) are jointly continuous in (x, xq) from R 2 
into R. 

For more see [4], [6]. 

We need the following (see [7]). 

Definition 8 A function b : R — > R is said to be bell-shaped if b belongs to L 1 
and its integral is nonzero, if it is nondecreasing on (—00, a) and nonincreasing 
on [a, +oo), where a belongs to R. /n particular b(x) is a nonnegative number 
and at a b takes a global maximum; it is the center of the bell-shaped function. 
A bell-shaped function is said to be centered if its center is zero. The function 
b (x) may have jump discontinuities. In this work we consider only centered 
bell- shaped functions of compact support [—T,T], T > 0. 

Example 9 (1) b (x) can be the characteristic function over [— 1, 1] . 
(2) b (x) can be the hat function over [— 1, 1], i.e., 

{1 + x, - 1 < x < 0, 
1 -x, < x < 1 
0, elsewhere. 

Here we consider functions / € C (R) . 

We study the following " normalized bell type neural network operators" (see 
also related [1], [7]) 

{H n (/)) (x) := ——5 — — , (5) 

£*=_„' H* 1 " 01 (*-£)) 

where < a < 1 and x <E R, n G N. 

We find a fractional Voronovskaya type asymptotic expansion for H n (/) (x) . 
The terms in H n (/) (x) are nonzero iff 

k 



l-a ' "■ 

n 

n 



< T, i.e. 



n 



T 
< — — 



iff 

nx-Tn a <k<nx + Tn a . (6) 

In order to have the desired order of numbers 

-n 2 <nx~Tn a < nx + Tn a < n 2 , (7) 

it is sufficient enough to assume that 

n>T+\x\. (8) 

When x G [—T,T] it is enough to assume n > 2T which implies (7). 
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Proposition 10 (see [1]) Let a < b, a, b <G R. Let card (k) (> 0) be the 
maximum number of integers contained in [a, b] . Then 

max (0, (b - a) - 1) < card (k) <(b-a) + l. (9) 

Remark 11 We would like to establish a lower bound on card (k) over the 
interval [nx — Tn a ,nx + Tn a \. From Proposition 10 we get that 

card (k) > max (2Tn a -1,0). 

We obtain card{k) > 1, if 

2Tn a - 1 > 1 iffn>T~«. 

So to have the desired order (7) and card{k) > 1 ewer [nx — Tn a ,nx + Tn a ], 
we need to consider 

n> max(T+ \x\,T~i) . (10) 



Also notice that card(k) — ► +oo ; asm +oo. 
Denote by [•] t/ie integral part of a number. 

Remark 12 Clearly we have that 

nx-Tn a <nx<nx + Tn a . (11) 

W^e prove in general that 

nx - Tn a < [nx] < nx < \nx~] < nx + Tn a . (12) 

Indeed we have that, if [nx] < nx — Tn a , then [nx] + Tn a < nx, and [nx] + 
[Tn a ] < [nx], resulting into [Tn a ] — 0, which for large enough n is not true. 
Therefore nx — Tn a < [nx] . Similarly, if \nx] > nx + Tn a , then nx + Tn a > 
nx + [7Yi a ], and [nx~\ — [Tn a ] > nx, thus [nx~\ — [Tn a ] > [nx~\, resulting into 
[Tn a ] = 0, which again for large enough n is not true. 

Therefore without loss of generality we may assume that 

nx - Tn a < [nx] < nx < [nx] < nx + Tn a . (13) 

Hence [nx — Tn a ~\ < [nx] and \nx~\ < [nx + Tn a ] . Also if [nx] ^ \nx~\ , then 
\nx] — [nx] + 1. If [nx] — [nx~\, then nx G Z; and by assuming n > T~*, we 
get Tn a > 1 and nx + Tn a > nx + I, so that [nx + Tn a ] > nx + 1 = [nx] + 1. 

We need also 

Definition 13 Let the nonnegative function S : R — > R, S has compact support 
[—T,T], T > 0, and is nondecreasing there and it can be continuous only on 
either (— oo,T] or [—T,T], S can have jump discontinuites. We call S the 
"squashing function", see [1], [7]. 
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Let / <G C(R). For x G K we define the following "normalized squashing 
type neural network operators" (see also related [1]) 



(K„ (/)) (x) 



< a < 1 and n G N : n > max ( T + \x\ , T~ 
It is clear that 






(#„ (/)) (*) := 



E^i^C*)^ 1 -" (*-*)) 



(14) 



(15) 



We find a fractional Voronovskaya type asymptotic expansion for (K n (/)) (x) . 



2 Main Results 

We present our first main result. 

Theorem 14 Let (3 > 0, iV G N, TV = \(3~\ , / G /IC" ([a, t]), V [a. 6] C 



with 



^x a -J j lJ*x J 



< M, M > 0, x eR. LetT > 0, n eN : n > 



max I T + IxqI , T 



Then 

^ f& (xn) 
(H n (f))(x )-f(x )=J2 L -^ i 



H n ((.-x ) j )(xo) + o( : ^ z ± 



-a)(/3-e) 



(16) 



where < e < j3. 

If N — 1, the sum in (16) disappears. 
The last (16) implies that 



,(l-a)(/3-e) 



(H n (/)) (x ) - / (x ) J2 ^f^Hn ((' - xoY) (x ) 

3 = 1 J ' 



-o, 

(17) 



as n ^ oo, < e < /3. 

When N = 1, or fv> (xo) — 0, j — 1, ..., N — 1, then we derive 

n (1 - aW - £ M(#n(/))(zo)-/(zo)]->0 

as n — >oo, 0<£</3. 0/ grarf interest is the case of j3 = 2 • 

Proof. From [8], p. 54; (3), we get by the left Caputo fractional Taylor 



formula that 



JV-l 

£ 



/ W) (»o) A 



Xo 



r(/3) 



-J 



0-1 



Dtj(J)dJ, 



(18) 
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for all x < f < x + Tn a -\ iff \nx ] <k< [nx + Tn% where k E Z. 

Also from [2] ; (4) , using the right Caputo fractional Taylor formula we get 

(19) 
for all x - Tn a - X <\< x , iff \nx - Tn a ~\ <k< [nx ], where k eZ. Notice 
that [nxo] < [nxo] + 1. 
Call 

fc=[rax -Tn»l ^ ^ ' ' 

Hence we have 

f^)b(n^(x -^)) _^ fU) { x ) fk y 6(^-«(x -|)) 
V(x ) fy j\ U V F(z ) 

f20l 

^(" 1 - a (»°-^)) /V*_ J V-V /(J)rfJ 

^(xo)r(ffl /,„ U J ) 2 WW* / > 



and 



F(x ) ^ j! U V V(*o) 

Therefore we obtain 

V(x ) 
y /W fro) f gjggg (I - ^o) J fc (n 1 - (so - *)) 



+ 

(21) 



J=0 
[raxo+Tra a ] 



i! I V(x ) 



(22) 



and 



V(x ) 
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^ /b> (xo) E&Ui (j - !^ & (^ (*° - 5)) , .... 



3=0 



V(x ) 



El nx o] u l^l-a. („_ k 

k—\nxo^Tn 



0-1 






Wc notice here that 



(fin (/)) 0*0 



EJ=-„, /(*) 6 (n 1 - (*-*)) 



££=_„> ftfn 1 - (*-*)) 



(24) 



Vie 



Adding the two equalities (22), (23) and rewriting it, we obtain 
T (so) := (#„ (/)) (so) - / (*„) - E ^f^ H n ((" " *o) J ) (*o) - K (s ) . 



i=i 



J! 



where 



sSL,-^ h* 1 -" (*° - 1)) r 

^(x )r(/3) 
2^ 



n ' 



(25) 



Di_f(J)dJ 



k— [nxo]-\-l 

We observe that 



[nxo] 

E *K 

fc— \uxq — Tn a ~\ 



V(x )T((3) ,,, 
K(*o)|< 



0-1 



-J DZ x J{J)dJ. (26) 



1 



V(xo)T(0) 



k 



x 



J 



[nx +Tn a ] 

E b ( nl ~ a ( x ° 

fc— [nxo] + l 



/3-1 



/3— 1 



£>£„_/ (J) dJ (27) 



M 



^(x )T(/3) 



e * k- 



fc— [n^o- Tn Q ] 



■/) |i5^ /(J)|dJ^5 



So 



/? 



E & ( » 1_Q i ■'■<. 

fc— [nxo] + l 






< 
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M 



V{x )T{p + l) 

k— [nxo]-\-l 

So we have proved that 



k=\nxQ — Tn a ~\ 



x 



J2 bL^lxo- 



T 



T 



M T? 

r^ + i)^ 1 -")^' 



resulting to 



and 



\T(x )\ = \e* n (x )\< 



\T(x )\ = O 



1 



1 

>(l-«)/3 



|r(so)| = o(i). 

And, lotting < e < /3, we derive 

|T(z )| < MT^ 3 



( w (r4(^y )-r(/3 + l)Vn( 1 -") 



as n — > oo. 
I.e. 



|r(a:o)|=o 



1 



(l- Q )(/3-£) 



proving the claim. ■ 

Our second main result follows 

Theorem 15 Same assumptions as in Theorem 14- Then 

^ f& (x n ) 
(Kn(f))(X0)-f(X0)=J2—p l 



K n ((--x o y)(x ) + o(- ( ^- ) 



(28) 

(29) 

(30) 
(31) 

(32) 
(33) 



- a )(/3-e) 



(34) 



where < e < j3. 

If N = 1, the sum in (34) disappears. 
The last (34) implies that 



(l- a )(0-e) 



JV-1 



f U) (*o) 



(K n (/)) (x ) - / (so) - E M^" ((' - so) J ) (so) 



J'=l 



as n — > oo, < e < /3. 

When N — 1, or /w (xq) — 0, j = 1, ..., A — 1, t/ien we derive 

np-°W- e )[(K n {f))(xo)-f(x )]^0 

as n — > oo, < e < /3. 0/ greai interest is the case of (3 = |. 
Proof. As in Theorem 14. ■ 



-0, 

(35) 

(36) 
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ITERATES OF MULTIVARIATE CHENEY-SHARMA 

OPERATORS 

TEODORA CATINAS, AND DIANA OTROCOL 



Abstract. Using the weakly Picard operators technique, we study the convergence 
of the iterates of some bivariate and trivariate Cheney-Sharma operators. Also, we 
generalize the procedure for the multivariate case. 

Keywords: Cheney-Sharma operators, contraction principle, weakly Picard oper- 
ators. 

2000 Mathematics Subject Classification: 41A36, 41A05, 41A25, 39B12, 
47H10. 

1. Preliminaries 

We recall some results regarding weakly Picard operators that will 
be used in the sequel (see, e.g., [17], [20]). 

Let (X, d) be a metric space and A : X — > X an operator. We denote 

by 

Fa '■— {x G X | A(x) = rcj-the fixed point set of A; 
1(A) := {Y C X | A(Y) C Y, Y ^ 0}-the family of the nonempty invariant 
subset of A 
A := l x , A 1 := A, ..., A n+1 :=AoA n , n G N. 

Definition 1.1. The operator A : X — > X is a Picard operator if there 
exists x* £ X such that: 

(i) F A = {x*}; 

(ii) the sequence (A n (xo)) n £~N converges to x* for all xq G X . 

Definition 1.2. The operator A is a weakly Picard operator if the 
sequence (A n (x)) neN converges, for all x G X, and the limit (which 
may depend on x) is a fixed point of A. 

Definition 1.3. We define the operator A°°, A°° : X — ► X , by 

A°°{x) := UmA n {x). 

Theorem 1.4. [17] An operator A is a weakly Picard operator if and 

only if there exists a partition of X, X = [J X\, such that 

AeA 
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(a) X x G 1(A), VA G A; 

(b) A\ x : X\ — > X A zs a Picard operator, VA G A. 

2. Cheney-Sharma operator 

In [21] there was given an extension to two variables of the second 
univariate operator of Cheney-Sharma introduced in [5] . 

Let / be a real- valued function defined on D = [0, 1] x [0, 1]. The 
bivariate Cheney-Sharma operator is defined by 

m n 

(S m , n f) (x, y; (3, b) = £ £ JW fo ^ <h»(V> h )f (£»£)» (*) 

i=0 j=0 

with 

, a . (™)x(x + i(3) i - 1 (l-x)[l-x + (m-i)P] m - i - 1 
p m ,i (x; (3) = 



and 

G)v(v + jb) j -\i -y)[i-y + (n- fib]"-'- 1 



Qn,j (y; b) 



(1 + nfe)"- 1 

where f3 and b are nonnegative parameters. 

For a function / defined on D\ = [0, 1] x [0, 1] x [0, 1], the trivariate 
operator Cheney-Sharma is defined by [22] 

m n I 

(S m ,n,if)(x,y,z; (3,7,$) = ^2^2^2p m ,i (x; (3) q n ,j(y;7)ri, k (z; 5)f (^, t, *-) , 

i=0 j=0 fc=0 

(2) 
with 

(7)x(x + z/?)*- 1 (l - x) [1 - x + (m - i)/3] m_i_1 



Pm,« (z; /?) 



(l + ra/?)™- 1 



, , ©2/(2/ + 3lY-\l -y)[l-y + (n- j)7] n_j_1 

9 - (2/; 7) = (l + n 7 )-i ' 

and 

^ (*; *) = (TTwp 

where j3, 7 and S are nonnegative parameters. This operator represents 
an extension to three variables of the second univariate operator of 
Cheney-Sharma [5]. 
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Theorem 2.1. [21] If f is a real-valued function defined on D then we 
have 

(S m ,neij) (x,y) = x l y J , i,j = 0, 1, 

and therefore, span{e o, eio, eoi, en} C Fs mn , where Fs mn denotes the 
fixed points set of S mjn . 

Theorem 2.2. [22] If f is a real-valued function defined on Di then 
we have 

(S m ,n,iei jk )(x,y,z) = x l y J z k , i,j,k G {0,1}, 

and therefore, span{e 00 o,eioo, e oi, e oi, e 110 , e 011 , e lQ1 , e m } C F Smnl , 
where F Sm n t denotes the fixed points set of S mjn j. 

3. Iterates of Cheney-Sharma operator 

Using the weakly Picard operators technique and the contraction 
principle, we study the convergence of the iterates of the bivariate 
Cheney-Sharma operator given in (1). 

A similar approach for the univariate case was given in [4]. Some 
other linear and positive operators lead to similar results in [1], [2], 
[7], [18] and [19]. The limit behavior for the iterates of some classes of 
positive linear operators were also studied, for example, in [3], [8]- [16]. 

Let / be a real- valued function defined on D. 

Theorem 3.1. The operator S m ^ n is a weakly Picard operator and 

(S™J) (x, y- (3, b) =(1 - x)(l - y)f (0, 0) + (1 - x)yf(l, 0) (3) 
+ x(l -y)f (0,1) +xyf (1,1). 

Proof. Taking into account the interpolation properties (Theorem 2.1), 
of S m<n , consider 

X ai ,a 2 , a3 ,a 4 = {/ € C(D) | / (0, 0) = a 1} /(l, 0) = a 2 , /(0, 1) = a 3 , /(l, 1) = a A }, 

(4) 
and denote by 

/ai,a a) a3 ) a 4 ( a: > v) := ( l ~ x )0- ~ v) a ^ + i 1 ~ x )v a 2 + x(l - y)cx 3 + xya 4 , 

with ai, ot2, «3, 0:4 G M. 

We have the following properties: 

(i) -^ai, 02,03,0:4 is closed subset of C(D); 

(ii) ^01,02,03,04 is an invariant subset of 5 m>n , for 01,02,0:3,04 G 
R, m,n G N + ; 

(iii) C(D) = U -^Q 1 ,a2,03,a 4 is a partition of C(D); 

01,02,03,04618 

[W) y^a 1 ,a 2 ,a 3 ,a i I I ^ S m>n — 1/01,02,03,04 J ■ 
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The statements (i) and (Hi) are obvious. 

(ii) By interpolation properties of S m>n we have that X QljQ , 2ia3)Q , 4 is 
an invariant subset of S m ^ n , for any on, «2, «3, «4 G M, m,n G N+; 
(ii>) We prove that 

c| . y v Y 

a m,n\X ai: a 2ta3tCti ■ ^-01,02,03,04 ^-01,02,03,04 

is a contraction for oi\, a 2 , CK3, 0:4 G M, m,n E N+. 
Let /, (? G -^oj, 02,03,04- From (1) and (4) we obtain 

I £„»,„(/) (s,y) -£„,,„ (0) (a;, y)| = 

= !£„»,„(/ -0)(s, J/) | < 

<|Pm,o(a:;/3)g„ ) o(y;6)[/(0,0)-^(0,0)]| 



+ 



^^Pm,,(x;/3)g„ J (i/;6)[/(^4)-( ? (^,i)] 



J2 ^2Pm,i fa (3) q nJ (y; b) \f (i i) - 5 (i i) | 



m 



if 



< 5^Pm,i(a:;/5)5^gnj(y;6) 11/ -g 

m 

^2p m ,i (x; (3) - p m ,o (x; (3) 



< 



j=0 



1-1 5_ 

1 l+m/3 



' l+m/3 



n 



m— 1 



m—l 



^(ln,j(y,b) -q n , (y;b) 

3=0 

i-(i-T^) n in/-^iioo 



\\f-g\ 



where ||-|| denotes the Chebyshev norm. 
From [2, Lemma 8] it follows that 

\S m , n (f)(x,y) - S m , n (g)(x,y)\ = 

m—l 



< 



1-1- 



1 



l+m/3 



\ 1+nb) 



n—1 



\\f-g\ 



So, 
\S m , n (f)(x : y) - S rn . a (g)(x, 



< 



i.e., O n 



m—l 



)m— 1 
I ~~ 1+nb) 



n—1 



\\f-g\L, Vf,gex ai 



02,03,045 



"l' a 2i a 3' t "4 



is a contraction for «i, a 2 , «3, «4 G R. 
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On the other hand, we have that 
fa u a 2 ,a 3 ,a 4 ( x 'y) := ( l ~ x )( l ~ y)ai + (1 - x)ya 2 + x(l - y)a 3 + xya± 
and 

S m ,n ((1 -x)(l- y)a x + (1 - x)ya 2 + x{l - y)a 3 + xya 4 ) = 
= (1 — x)(l — y)a 1 + (1 — x)ya 2 + x(l — y)a 3 + xya^. 



From the contraction principle we have that fa 1)a2)CtZ) a A is the unique 
fixed point of S m n in X a , ao a ., a , and S mn \ v is a Picard oper- 

ator, so (3) holds. Consequently, taking into account (ii), by Theorem 
1.4 it follows that the operator S m ^ n is a weakly Picard operator. We 
remark that F Sm >n = span{e 00 , e w , e i, e n }. D 

Next, we study the convergence of the iterates of the trivariate 
Cheney-Sharma operator given in (2). 

Let / be a real- valued function defined on D\. 

Theorem 3.2. The operator S m>rij i is a weakly Picard operator and 

(5~ B>J /) (x, y, z- P, 7, S) = (5) 

= (I - x)(l - y)(l-z)f (0,0,0) +x(l-y)(l-z)f (1,0,0) 

+ (1 - x)y(l - z)f(0, 1, 0) + (1 - x)(l - y)zf(0, 0, 1) + xy(l - z)f(l, 1, 0) 
+ x(l - y)zf(l, 0, 1) + (1 - x)yzf(0, 1, 1) + xyzf(l, 1, 1). 

Proof. The proof follows the same steps as in Theorem 3.1. Using the 
following inequality 



\S m . rh i(f)(x,y,z) - S m ,n,i(g)(x,y,z)\ < 

m—1 



< 



1 



1 



1 



l+m/3 J ' \ ■"■ l+«7 

and further [2, Lemma 8] 

\\S m , n ,i(f) {x,y,z)~ S m , n ,i (g)(x,y,z 



n—l 



(i-i^r wf-g 



oo ' 



< 



1-1 



1 



m—1 



1 - 



1 



n—l 



< 



y 1 i+i8 



,y 



l+mfi I \^ 1+wy 

■>.a 3 ,a4,, we prove that S rn;n ^ is a contraction. 



\\f-g\ 



oo ' 



\/f,g E X aua 

We generalize these results to multivariate case. 



□ 



Theorem 3.3. Consider a function f G C(D P ), with D p = [0, 1] x 
... x [0, 1]. The p-variate Cheney-Sharma operator, denoted by S^ i 

p times ' ' > p 
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is a weakly Picard operator and 

[S^...,iJ)(xi,...,x p )= J2 s h,-,i P ( x ^ -> x p) /(«!> -."p). 

a t e{0,l},i=hP 

(6) 
where «j e {0, 1}, i — 1, ...,p and 



C...,<. (^i. -. *p) = a? 1 • - • < P (! " ^) (1 " ai) • - • t 1 - ^) (1_ap) - 



Proof. The proof follows the same steps as in Theorem 3.1. D 
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with Errors for Generalized Nonlinear Random Operator Equations 1 
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Abstract. The purpose of this paper is to introduce and study the 
over-relaxed proximal point algorithms with errors for generalized nonlinear 
random operator equations with ii-maximal monotonicity framework. 
Further, by using the generalized proximal operator technique associated 
with the ff-maximal monotone operators, we discuss the approximation 
solvability of generalized nonlinear random operator equations in Hilbert 
spaces and the convergence analysis of iterative sequences generated by 
the over-relaxed proximal point algorithms with errors under some suit 
conditions, which generalize and improve the the over-relaxed proximal 
point algorithms due to Verma [R.U. Verma, The over-relaxed proximal 
point algorithm based on .ff-maximal monotonicity design and applications, 
Computers and Mathematics with Applications 55 (2008) 2673-2679]. 

Key words and phrases: .ff-maximal monotonicity, generalized proximal 
operator technique, over-relaxed proximal point algorithms with errors, 
generalized nonlinear random operator equation, convergence analysis. 

2000 Mathematics Subject classification: 49J40, 47H05 



1 Introduction 

In 2008, Verma [1] developed the general framework for a generalized over-relaxed prox- 
imal point algorithm using the notion of //-maximal monotonicity (also referred to as 
H- monotonicity) , and examined the convergence analysis for this algorithm in the con- 
text of solving the following general class of nonlinear inclusion problems along with some 
auxiliary results on the resolvent operators corresponding to .ff-maximal monotonicity: 

0eM(x), (1.1) 

where M : X —> 2 X is a multi- valued mapping on a real Hilbert space X. 



lr This work was supported by the Opening Project of Shanghai Key Laboratory of Complex Prescrip- 
tion (Shanghai University of Traditional Chinese Medicine) (10DZ2270900), Sichuan Province Youth 
Fund project (2011JTD0031), the Scientific Research Fund of Sichuan Provincial Education Department 
(10ZA136) and the Cultivation Project of Sichuan University of Science and Engineering (2011PY01). 

2 The corresponding author. E-mail: clc@suse.edu. cn(L.C. Cai), hengyoulan@163.com (H.Y. Lan) 
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However, in [2], Huang illustrated that the conditions and the main proof of two 
main theorems of [1] concerning the strong convergence of the over-relaxed proximal 
point algorithm for i?-maximal monotone mappings in Hilbert spaces are incorrect. 
Furthermore, Huang [2] provided the following open question: 

Does the strong convergence hold for the sequence {x n } generated by the over-relaxed 
proximal point algorithm for i^-maximal monotone mappings in the setting of Hilbert 
spaces? 

Very recently, Verma [3] also pointed out "the over-relaxed proximal point algorithm 
is of interest in the sense that it is quite application-oriented, but nontrivial in nature". 
Agarwal and Verma [4] explored the approximation solvability of a general class of varia- 
tional inclusion problems (1.1) based on the relative maximal monotonicity frameworks, 
while generalizing most of the investigations on weak convergence using the proximal 
point algorithm in a real Hilbert space setting. Furthermore, it seems that the obtained 
results can be used to generalize the Yosida approximation, which, in turn, can be ap- 
plied to first-order evolution inclusions, and the obtained results can further be applied 
to the Douglas-Rachford splitting method for finding the zero of the sum of two relatively 
monotone mappings as well. 

On the other hand, it is well known that the random equations involving the random 
operators in view of their need in dealing with probabilistic models in applied sciences is 
very important. In recent years, many researchers introduced and studied the research 
works in these fascinating areas, the random variational inequality problems, random 
quasi- variational inequality problems, random variational inclusion problems and ran- 
dom quasi-complementarity problems, respectively. For more literature, we recommend 
to the reader [5-11] and the references therein. 

Motivated and inspired by the above works, we shall introduce and study the over- 
relaxed proximal point algorithms with errors for the following generalized nonlinear 
random operator equations: find a solution x : 0, — ► X to 

fM-J^ Ht {H t {x)) = Q, (1.2) 

where (Q, A, fJ,) is a complete cr-finite measure spaces, X is a real Hilbert space, ft(x) = 
f(t,x(t)) for (t,x) enxX, jf ( l lHt = (Ht+ptyMt)- 1 , M : SlxX -> 2 X is a multi-valued 
mapping. 

We remark that the determinate form of the problem (1.2) includes the problem (1.1) 
by using the generalized proximal operator technique associated with the .ff-maximal 
monotone operators. Indeed, based on the definition of the generalized resolvent operator 
associated with the iJ-maximal monotone operators, Eqn. (1.2) can be written as 

e H t (f t (x)) - H t (x) + p(t)M t (f t (x)), 

which is reduced to (1.1) when ft(x) = x and Mf(x) = M(x) for all (t, x) £ 0, x X. 

Further, the problem (1.2) provide us a general and unified framework for studying 
a wide range of interesting and important problems arising in mathematics, physics, 
engineering sciences and economics finance, etc. For more details, see [1, 3-12] and the 
following determinate example. 

Example 1.1. ([13]) Let V : M n — ► R be a local Lipschitz continuous function, and 
let K be a closed convex set in W 1 . If x* £ M n is a solution to the following problem: 

mmV(x), 
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then 

0£dV(x*)+Ar K (x*), 

where dV{x*) denotes the subdifferential of K at i*, and Nk(x*) the normal cone of K 
at x*. 

Moreover, by using the generalized proximal operator technique associated with the 
H- maximal monotone operators, we will discuss the approximation solvability of gen- 
eralized nonlinear random operator equations in Hilbert spaces and the convergence 
analysis of iterative sequences generated by the over-relaxed proximal point algorithms 
with errors under some suit conditions. 

2 Preliminaries 

Throughout this paper, we suppose that (SI,A,/jl) is a complete cr-finite measure space 
and X is a separable real Hilbert space endowed with the norm || • || and an inner product 
(•, •). We denote by B(X) the class of Borel c-fields in X. Let 2 X denote the family of 
all the nonempty subsets of X. 

In this paper, we will use the following definitions and lemmas. 

Definition 2.1. An operator x : S7 — > Af is said to be measurable if for any X G 
B(X), {(Gfi: x(t) g X} g A. 

Definition 2.2. An operator / : SI x X — > X is called a random operator if for 
any x G X, f(t, x) = h(t) is measurable. A random operator / is said to be continuous 
(resp. linear, bounded) if for any t G SI, the operator f(t, •) : X — > X is continuous 
(resp. linear, bounded). 

It is well known that a measurable operator is necessarily a random operator. 

Definition 2.3. A multi- valued operator G : S7 — > 2"^ is said to be measurable if for 
any X G B(X), G~ l (X) = {t G SI : G(t) n X ^ 0} G A. 

Definition 2.4. A operator u : SI —> X is called a measurable selection of a multi- 
valued measurable operator T : Si —> 2 X if u is measurable and for any t G SI, u(i) G T(t). 

Definition 2.5. Let X be a separable real Hilbert space. Then a random operator 
g : Si x X — > X is said to be 

(i) s-cocoercive in the second argument, if there exists a real- valued random variable 
s{t) > such that 

(9t(x) - gt(y),x(t) - y(t)} > s(t)\\g t (x) - g t (y)f, Vz(t), y(t) €X,t€il; 

(ii) 7-relaxed cocoercive in the second argument, if there exists a positive real- valued 
random variable 7(f) such that 

(g t (x) - g t (y),x(t) - y(t)} > - 7 (t)|| 5t ( x ) - g t (y)f, Vx(t), y(t) &X,t€Sl; 

(hi) (/3, e)-relaxed cocoercive in the second argument, if there exist positive real- valued 
random variables ot(t) and e(t) such that 

(9t(x) - gt(y),x(t) ~ V(t)) > -m\\9t(x) - g t (y)\\ 2 + e(t)\\x(t) - y(t)\\ 2 , 
for all x(i), y(t) G X,teSl; 



1249 



L.C. CaiandH.Y. Lan 

(iv) /i-Lipschitz continuous in the second argument if there exists a real- valued random 
variable fi(t) > such that 

\\9t(x) - gt(y)\\ < tit)Mt) ~ v(t)l V ^)> v(f) £X,t€Sl. 

Definition 2.6. Let H : fl x X — > X be a nonlinear (in general) operators. A 
multi-valued operator M : Cl x X — ► 2 is said to be 
(i) monotone in the second argument if 

(u{t)-v{t),x{t)-y{t)) > 0, \/{x{t),u{t)),{y{t),v{t)) G Graph{M t ), 

where Graph(M t ) = {(z(t),w(t)) G X x X : w(t) G M(t,x(t)),t G ft}; 

(ii) r-strongly monotone in the second argument if there exists a measurable function 
r : ri — > (0, +oo) such that for any t G ft, 

(u(t) - v(t),x(t) - y(t)) > r(t)\\x(t) - y(t)\\ 2 , \f(x(t),u(t)), (y(t),v(t)) G Graph(M t ); 

(iii) m-relaxed monotone in the second argument if, there exists a real-valued random 
variable m(t) > such that for any t G ft, 

(u(t)-v(t),x(t)-y(t)) > -m(t)\\x(t) - y{t)\\ 2 , \/{x{t),u{t)),{y{t),v{t)) G Graph{M t ); 

(iv) i^-maximal monotone if M is monotone in the second argument and R{Ht + 
p{t)M t ) = X for every t G ft and p(t) > 0. 

Lemma 2.1. ([1]) Let X be a separable real Hilbert space, H : ft x X — ► <Y be 
r-strongly monotone in the second argument, and M : ft x X — ► 2 be H- maximal 
monotone. Then the generalized resolvent operator associated with M is defined by 

j %1),hS x ) = ( H t + p{t)M t )- l {x), VxeX,ten 

and is -Try-Lipschitz continuous for any tGfi. Moreover, 



r{t) 



1 

r(t)~p(t) 



\ J %),H t ( H t(*)) ~ J %),H t ( H t(y))\\ < "Try— ttv \\H t (x) - H t (y)\\, Vx,y G ^tefi, 



where r(t) — p(t) > 1 for all t G ft. 

Lemma 2.2. Let H,f,M and <Y be the same as in the problem (1.2). If It{x) = 
H t (f t (x)) - H t {jf { l )Ht {H t {x))) for x G X, and for all x 1 (t),x 2 (t) G A', p(t) > and 

7 (t) > \, t g ft, 

<^(J^ ))H( (^(xi)))-^(J^ ))fl . t (fl- t (a;2))),fl- t (/ t (xi))-fl- t (/ t (x2))) 
> 7(t)ll^(jJJ )>fft (^t(^i))) -^(jJf )A (^(*2)))|| 2 , 
then 

(2 7 (i) - l)\\H t (J^ Ht (H t ( Xl ))) - H t {J%} )Ht {H t {x 2 
+ \\h{x 1 ) - I t {x 2 )\\ 2 < \\H t {ft{xi)) - H t {f t {x 2 ))\\ 2 
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Proof. By the assumption, now we know 

||I t (xi)-I t (z 2 )|| 2 

< \\H t (J* tHt (H t ( Xl ))) - H t (J% )tHt (H t (x 2 )))\\ 2 + \\H t (f t ( Xl )) - H t (f t (x 2 ))\f 

-2(H t (J^ Ht (H t ( Xl ))) - H t {J$ )Ht (H t (x 2 ))), H t (f t ( Xl )) - H t (f t (x 2 ))} 

< -(2 7 (t) - l)\\H t (J% )tHt {H t ( Xl ))) - H t (J^ Ht (H t (x 2 )))f 

+ \\H t (f t ( Xl ))-H t (f t (x 2 ))\\ 2 . 

This completes the proof. □ 



3 Main Results 

In this section, we shall introduce a new class of the over-relaxed proximal point al- 
gorithms with errors to approximate solvability of the generalized nonlinear random 
operator equation (1.2) with ff-maximal monotonicity framework. 

Definition 3.1. An operator M _1 , the inverse of M : X —> 2 X , is (s, c)-Lipschitz 
continuous at if for any c > 0, there exist a constant s > and a solution x* of 
G M(x) (equivalently x* G M _1 (0)) such that 

||x-x*|| < s||u;-0||, \/xeM' 1 (w), 

where w G B t = {w : \\w\\ < c, w G X, c > 0}. 

Algorithm 3.1. Step 1. For all t G £1, choose an arbitrary initial point xo(t) G X. 

Step 2. Choose sequences {a n }, {8 n (t)} and {p n (t)} such that for n > and ie fi, 
sequence real-value {a n } C [0, oo) and real-value random sequences {S n (t}} and {p n (t)} 
are in [0, oo) satisfying 



J2 Sn(t) < oo, /> n (t) t pit), vt g n. 



n=0 

Siep 3. Let {x n (t)} C X be generated by the following iterative procedure 

iJ t (/ t (x n+ i)) = (l-a n )iJ t (/ t (x n )) + a n y n (t) + e n (t), Vn > 0, (3.1) 

where {e„(t)} is a random error sequence in X to take into account a possible inexact 
computation of the operator point, which satisfies X^^Lo ll e «(^)ll < °°5 anc ^ !/n(t) satisfies 

IMf) - fl- t (^ t) ,^(^(x„)))|| < S n (t)\\y n (t) - H t (f t (x n ))\\, Vt G n. 

5iep 4. If x n (t) and y n (t) satisfy (3.1) to sufficient accuracy, stop; otherwise, set 
n := n + 1 and return to S'tep 2. 

Algorithm 3.2. For any t G O and an arbitrary initial point Xo(t) G X, sequence 
{ x n(t)} C A? is generated by the following iterative procedure 

Ht{x n +i) = (1 - a„)ff t (a; n ) + a n y n (t) + e n (i), Vn > 0, 
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where {e„(t)} is a random error sequence in X to take into account a possible inexact 
computation of the operator point, which satisfies X^^=o ll e n(^)ll < °°j an d Un(t) satisfies 



\\y n (t) - H t (J™l t)tHt (H t (x n )))\\ < 8 n (t)\\y n (t) - H t (x n )\\, 

and Jpn\ Ht = (Ht + p n (t)M t )~ 1 , {a n }, {5 n (t)} and {p n (t)} are three sequences in [0, oo) 
satisfying 

oo 

^<5„<oo, Pn {t)] P {t),Vten. 

n=0 

Remark 3.1 If e n (t) = for all t € fi, then the determinate form of Algorithm 3.2 
is reduced to the generalized proximal point algorithm in Theorem 3.2 of [1]. 

Next, we apply the over- relaxed proximal point algorithm 3.1 to approximate the 
solution of the problems (1.1) and (1.2), and as a result, we end up showing linear 
convergence. 

Theorem 3.1. Let X be a separable real Hilbert space, H : 0, x X —> X be r- 
strongly monotone and K-Lipschitz continuous in the second argument, / : 0, x X — > X 
is u-Lipschitz continuous and (/?, e)-relaxed cocoercive in the second argument with the 
inverse / _1 is /[/-expanding and M : Q x X — ► 2 be //-maximal monotone. If, in 
addition, 

(i) (Ht o f t — Ht + p(t)Mf) -1 is (s, c)-Lipschitz continuous in the second argument at 
0, where H t o f t is defined by H t o /t(x) = #(£, /(£, x(t))) for (£, x) G S7 x A'; 

(ii) for any t € £1 and x± (t) , x<i (t) £ X, there exists a real- value random variable 
7(i) > 2 such that 

(H t (J^ Ht (H t ( Xl ))) - HtiJ^^HtixiMHtiftix!)) - H t (ft(x 2 ))} 
> ^t)\\Ht(J^ Ht (H t ( Xl ))) - Ht(J% )Ht (Ht(x 2 )))\\ 2 ; 

(iii) there exists a real-value random variable p(t) > such that 



f r(t)^l - 2e(t) + /3(t)a 2 (t) + a 2 (t) + n(t) < r(t), 

2/3(t) K (t)a(t)#(t) < r(t)(y/l + 4/3(t)e(t) - 1), 

0(t) = V(l - a) 2 + K 2 (t)e 2 (t)[a 2 - 2 1 {t)a{a - 1)] < 1, ( 3 - 2 ) 

£ (t) = iW < 1 

V ' v / M 2 (*)P 2 W+s 2 (*)r 2 W(2 7 (t)-l) 

then (1) the generalized nonlinear random operator equation (1.2) has a unique solution 
x*(t) in X. 

(2) the sequence {x n (t)} generated by Algorithm 3.1 converges linearly to the solution 
x*(t) with convergence rate 

20(t)K(t)*(t)0(t) < x 



r(t)(y/l + 4/3(t)e(t)-l) 



where $(t) = y/(l — a) 2 + K 2 (t)e 2 (t)[a 2 — 2j(t)a(a — 1)], a = lim sup^^^ a n > 1, 
e(t) = P p„(i) T P(t) for all t G Q. 
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Proof. Firstly, for any given positive real- valued random variable p(t), define F : 
Q x X -► X by 

F t (x) = x(t) - f t (x) + J^ Ht (H t (x)), Vx G W. 
By the assumptions of the theorem and Lemma 2.1, for all x(t),y(t) £ X we have 
ll*i(s) - F t ( 



< \\x(t) - y(t) - [f t (x) - f t (y)}\\ + \\J^ Ht (H t (x)) - J% )fHt (H t (y))\\ 
<e(t)\\x(t)-y( 



where 8(t) = y/l - 2e(i) + P{t)a 2 {t) + a 2 {t) + f[|. It follows from condition (3.2) that 
< 9(t) < 1 and so F(t, ■) is a contractive mapping for any t G fi, which shows that 
F(t,-) has a unique fixed point in Af. 

Now, we prove the conclusion (2). Let x*{t) be a solution of Eqn. (1.2). Then for 
any given positive real-valued random variable p n (t) and n > 0, we have 

H t (f t (x*)) = (1 - o„)fl- t (/ t (x*)) + a n H t (J^ (t) tHt (H t (x*))). (3.3) 

For It = Ht o f t — Ht(J /A ^ ) and under the assumptions, it follows that It(x n ) — ► 

0(n - oo). Since p-\t)l t {xj G (fT, o f t - H t + p n {t)M t ){fr\jf { l )Ht {H t {x n )))), this 

implies f^{jf^ Ht {H t {x n ))) G (IW*-#t + Pn(W)~Vn Wt(<))- Then, applying 
Lemma 2.2, the strong monotonicity of iJ, and the Lipschitz continuity of iJ (and hence, 
H being expanding), and the Lipschitz continuity at of (H t o f t — H t + p„(t)M t ) _1 by 
setting io = p~ 1 (t)/ t (a; n ) and x(t) = Hf 1 (J^ Ht (H t (x n ))), we know 

/* 2 ii^kH«(^(^))-^5*) A (^(^))ii 2 

r-1/ rMf fO"/™ -\\N TT-lf T M t (ITf„*\\\\\2 



<s\t)\\p-\t)I t {x n )-p-\t)I t {x*)\\ 2 

<s\t)p-\t){\\Ht{f t {x n ))-H t {ft{x*))\\ 2 

-r 2 (t)(2 7 (t) - 1)|| J^ )iHt (^.(x B )) - J^ )A (F t (x*))|| 2 }, 

which implies 

where e n (t) = , = = == < 1- 

For n > 0, let 

H t {f t {z n+1 )) = (1 - a n )H t {f t {x n )) + a n H t (J^ {t)Ht (H t (x n ))). 
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Thus, by the assumptions of the theorem, (3.3) and and (3.4), now we find the estimate 

\\H t (f t (z n+1 ))-H t (f t (x*))\\ 2 

= \\(1 - a n )(H t (f t (x n )) - H t (f t (x*)))f 

+2{a n [H t (J^ it)Ht (H t (x n ))) - H t (J^ {t)Ht (H t (x*)))}, 

(1 - a n )(H t (f t (x n )) - H t (f t (x*)))) 
< (1 - a n ) 2 \\H t (f t (x n )) - H t (f t (x*))\\ 2 

+[a 2 n + 2 7 (t)a n (l - a n )]K 2 (t)\\J^ {tlHt (H t (x n )) - jf^ Ht {H t {x*))\\ 2 

<V 2 n (t)\\H t (f t (x n ))-H t (f t (x*))\\ 2 , (3.5) 



where n (t) = y/(l - a n ) 2 + K 2 (t)e 2 n (t)[a 2 - 2 7 (t)a„(a n - 1)]. 
Since 

Ht(ft(x n +i)) = (1 - ctn)Ht(ft(x n )) + a n y n + e n (t), 

we have H t (f t (x n+ i)) - H t (f t (x„)) = a n [y n - H t (f t (x n ))} + e n (t) and 

||tf t (/ t (x„+i)) - H t (f t (z n+1 ))\\ = a n \\y n - H t (J^ Ht (H t (x n )))\\ + \\e n (t)\\ 
< a n S n (t)\\y n - H t (f t (x n ))\\ + \\e n {t)\\ 
<S n (t)\\H t (f t (x n+1 ))-H t (f t (x*))\\ 

+S n (t)\\H t (f t (x n )) - H t (f t (x*))\\ + ||e„(t)||. (3.6) 

In the sequel, we estimate using (3.5) and (3.6) that 

\\H t (f t (x n+1 ))-H t (f t (x*))\\ 

< \\H t (f t (x n+1 )) - H t {f t {z n+1 ))\\ + \\H t {f t {z n+1 )) - H t (f t (x*))\\ 

< 6 n (t)\\H t (f t (x n+1 )) - H t (f t (x*))\\ + ||e n (i)|| 
+(6 n (t) + # n (t))\\Ht(ft(xn))-H t (f t (x*))\\, 

which implies 

\\H t (f t (x n+ i))-H t (f t (x*))\\ 

< ^f )+ x 5 ^ t) \\H t (Mx n )) - H t (f t (x*))\\ + r 4m KWII- < 3 - 7 ) 

1 - d n (t) 1 - d„(t) 

It follows from (3.7), the strong monotonicity and the Lipschitz continuity of H and 
/ that for any t € fi and all x(t),y(t) £ X, 



and 



r(t)( v / l + 4/3(t)e(t)-l) „ \\TT, f ,K TT( f( ^\\ 
^7^ \\x(t) - y(t)\\ < \\H t (ft(x)) - H t (ft(y))\\ 

< K(t)a(t)\\x(t) - y(t)\\, 



I _ .„ 2p(t)K(t)a(t) Mt) + Sn(t) n _ „.. 

~ r(t)(^/l+4p(t)e(t)-l) l-8 n (t) 

2Ptt) ' KWI. (3.8) 



r(t)( v / l+4/3(t)e(t)-l) 1 - <*„(*) 
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By (3.8), we know that the {x n } converges linearly to a solution x* for 

2/3(t)K(t)<T(t)0 n 

r(t)(Vl + 4/?(t)e(t)-l)' 
Hence, we have 

2/3(t)K(t)a(t) K + K 20(t)K(t)<T(t)0(t) 



lim sup 



n^oo K r(t)(^l+4/3(t)e(t)-l) 1 - <$„ r(t)( v / l + 4/3(t)e(t) - 1) ' 
where tGO, 

<?(*) = limsuptf n (t) = V(l - «) 2 + « 2 (i)£ 2 (t)[a 2 - 2 7 (t)a(a - 1)], 

n— »oo 

e(t) = hmsup„_ £ „(t) = -^—— -j|— — _ , Pn (t) J p(t), a = limsup„_a n . 

This completes the proof. □ 

Remark 3.2. The conditions (3.2) in Theorem 3.1 hold for some suitable value of 

constant or real-valued random variable, for example, a = 1.35, and r(i) = 1.25, e(t) = 

0.4, p(t) = 0.15, a{t) = 0.025, s(t) = 0.25, n(t) = 0.98, j(t) = 1.5262, p(t) = 0.6, p(i) = 

0.7348 and the convergence rate 0(i) = 0.0220 < 1 for all t £ fi. 

From Theorem 3.1, we have the following results as an application of Theorem 3.1. 
Theorem 3.2. Let H,M and X be the same as in Theorem 3.1. If, in addition, 
(i) M[~ is (s, c)-Lipschitz continuous in the second argument at 0; 
(ii) for any t £ 0, and xi(t),X2(t) £ X, there exists a real- value random variable 

7(i) > 2 such that 

(H t (J^ )Ht (H t ( Xl ))) - H t (J^ Ht (H t (x 2 ))),H t ( Xl ) - H t (x 2 )) 

> y(t)m(J^ )tHt (Ht(xi))) - H t (J^ Ht (H t (x 2 )))f; 

(iii) there exists a real-value random variable p{t) > such that 

f n(t)d(t) < r(t), 

■&(t) = ^(1 - a) 2 + K 2 {t)e 2 (t)[a 2 - 2 7 (t)a(a - 1)] < 1, 

£ (t) = s ffl < 1 

then the sequence {x n (t)} generated by Algorithm 3.2 converges linearly to the solution 
x*(t) of the problem (1.1) with convergence rate 



r(t) 



^1 _ Q { 2 (1 - 7 (t)«2(t) e 2( t )) _ a [l _ (2 7 ( t ) _ l)K 2 (t) £ 2(t)]} < 1, 



where a = limsu PrW(X) a„ > 1, e(t) = ^ p , {t)+s ^ mm) ^y M*) T p(*) for all t G 17. 
Theorem 3.3. Let H,M and <Y be the same as in Theorem 3.1. If, in addition, 
condition (ii) of Theorem 3.2 holds and there exists a real-value random variable p(t) £ 
(0, r(t) - 1) such that 



««>i/(i - «») 2 + K2(t) °tw^t)) ( °" ~ '" < r(()> 
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then the sequence {x n (t)} generated by Algorithm 3.2 converges linearly to the solution 
x*(t) of the problem (1.1) with convergence rate 

^| Vl " «{2(1 - 7 (t)K 2 (*)e 2 (*)) - a[l - (2 7 (i) - l) K 2(t)e2( t )]} < l, 

where a = limsup„^ 00 a n > 1, e(i) = r(f ^ p(f) with r(i) - p(i) > 1, p n (t) | p(i) for all 

ten. 

Remark 3.3. In Theorem 3.3, we apply Lemma 2.1, the Lipschitz continuity of the 
generalized resolvent operator associated with M instead, it seems that the conditions in 
Theorem 3.3 is less than that in Theorem 3.2. Further, if real-valued random variables 
7(i) = 1 or e n {t) = 1 or n{t) = 1 (that is, H is nonexpansive) for all f £ fl, then we 
can obtain corresponding results of Theorems 3.1-3.3. Therefore, the results presented 
in this paper improve, generalize and unify the corresponding results of recent works. 
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Abstract. A fixed point theorem in generalized quasi-metric spaces is proved. The 
obtained result extends in generalized quasi-metric spaces the Ciric's fixed point theorem 
on quasi-contraction mapping. An example shows that the main theorem of this paper 
provides a larger class of mappings than the Ciric's fixed point theorem. 

Keywords: Cauchy sequence, fixed point, generalized quasi-metric space, quasi-contraction. 
Mathematics Subject Classification: 47H10, 54H25 

1. Introduction and Preliminaries 

The concept of metric space, as an ambient space in fixed point theory, has been 
generalized in several directions. Some of such generalizations are: the quasi-metric 
spaces, the generalized metric spaces and the generalized quasi-metric spaces. 

The concept of quasi-metric space is treated differently by many authors. In [2], [8], 
[14], [15], [18], [19], etc the quasi-metric space is in line of metric space in which the 
triangular inequality d(x, y) < d(x, z) + d(z, y) is replaced by quasi- triangular inequality 
d(x, y) < k[d(x, z) + d(z, y)],k > 1 . 

In 2000 Branciari [3] introduced the concept of generalized metric spaces (gms) (The 
triangular inequality d(x,y)<d(x,z) + d(z,y) is replaced by tetrahedral 
inequality d (x, y) < d(x, z) + d(z, w) + d(w, y) ). Starting with the paper of Branciari, some 
classical metric fixed point theorems have been transferred to gms (see [1], [4], [5], [6], 
[7], [10], [11], [12], [16], [17]) 

Recently L. Kikina and K. Kikina [9] introduced the concept of generalized quasi- 
metric space (gqms) replacing the tetrahedral inequality 
d(x, y) < d(x, z) + d(z,w) + d(w, y) with the quasi-tetrahedral inequality 
d(x, y) < k[d(x, z) + d(z,w) + d(w, y)]. The metric spaces are a special case of 
generalized metric spaces and generalized metric spaces are a special case of generalized 
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quasi-metric spaces (fork - 1 ). Also, every qms is a gqms, while the converse is not true 
[9]. 

Firstly, we will give some known definitions and notations. 

Let (X,d) be a metric space. A mapping T : X — > X is said to be a quasi-contraction if 
there exists < h < 1 such that 

d(Tx,Ty) < hmax{d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)} 
for all x, ye X . In 1974, Ciric [4] introduced these mappings and proved the following 
fixed point result: 

Theorem 1.1 (Ciric [4]) Let Tbe a quasi-contraction on a metric space (X,d) and let 
X be T-orbitally complete metric space. Then 

(a) T has a unique fixed point a in X , 

(b) limT n x = a,md 

(c) d(T n x,a)<(h n /(l-h))d(x,Tx) for every xe X 

In this paper we extend in generalized quasi-metric spaces the above theorem. 

Definition 1.1 [3] Let X be a set and d:X 2 ^R + a mapping such that for all 
x,y& X and for all distinct points z,w& X , each of them different from x and y, one has 

(a) d(x, y) = if and only if x = y , 

(b) d(x,y) = d(y,x), 

(c) d(x, y) < d(x, z) + d(z, w) + d(w, y) (Tetrahedral inequality) 

Then d is called a generalized metric and (X,d) is a generalized metric space (or 
shortly gms). 

Definition 1.2 [9] Let X be a set. A nonnegative symmetric function d defined on 
Ixl is called a generalized quasi- distance on X if and only if there exists a constant 
k > 1 such that for all x,yeX and for all distinct points z,w& X , each of them different 
from x and y the following conditions hold: 
(i) d(x, y) = <=> x = y; 
(ii) d(x,y) = d(y,x); 

(Hi) d(x, y) < k[d(x, z) + d(z, w) + d(w, y)] . 
Inequality (3) is often called quasi-tetrahedral inequality and k is often called the 
coefficient of d . A pair (X,d)is called a generalized quasi-metric space (or shortly 
gqms) if X is a set and d is a generalized quasi-distance on X. 

The set B(a, r)={xe X : d(x,a) < r} is called "open" ball with center a& X and 

radius r > . 

The family T = {Q cz X : \/ae Q,3r >0,B(a,r) czQ} is a topology on X and it is 
called induced topology by the generalized quasi-distance d . 

The following example illustrates the existence of the generalized quasi-metric 
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space for an arbitrary constant k > 1 : 

Example 1.3 [9] LetX=il — :n = l,2,.. ju{l, 2}, Define d : X x X -> R as follow: 

for x = y 

— for xg {1,2} and y = 1 or ve {1, 2} and x = l ,x^ y 

d(x,y) = <n n n 

3k for x, y e {1,2}, x ■£ y 

1 otherwise 

Then it is easy to see that (X,d) is a generalized quasi-metric space and is not a 
generalized metric space (for k > 1 ) . 

Note that the sequence {x n } = {1 } converges to both 1 and 2 and it is not a Cauchy 

n 

sequence: d(x n ,x m ) = d(l — ,1 ) = 1, Vn, m& N 

n m 

Since 5(l,r)n5(2, r) £ for all r>0, the (X,d) is non a Hausdorff generalized 
quasi-metric space. 

The function d is not continuous: 1 = lim d(l — ,— ) # d(l, — ) = — . 

«^~ H 2 2 2 

The above example shows that: in a gqms (and for k = 1 in a gms) , contrary to the 
case of a metric space, the "open" balls B(a,r) = {xe X :d(x,a) <r} are not always 
open sets and, moreover, the generalized quasi-metric d is not always necessarily 
continuous with respect to its variables. Also, the generalized quasi-metric space is not 
always a Hausdorff space and a convergent sequence {x n } in gqms is not always a 

Cauchy sequence. Under these circumstances, not every theorem of fixed points for 
metric spaces, can be extended in gqms as well. Even in the cases it may be done, the 
proof of theorem is more complicated and it may requires additional conditions. 

In [9] is proved: 

Proposition 1.4 If (X,d) is a quasi-metric space, then (Z,J)is a generalized quasi- 
metric space. The converse proposition doesn't hold true. 
Definition 1.5 A sequence {xj in a generalized quasi-metric space (X,d) is called 

Cauchy sequence if lim d(x n , x m ) = . 

n,m— >oo 

Definition 1.6 Let (X,d) be a generalized quasi-metric space. Then: 

(1) A sequence {x n } in X is said to be convergent to a point xe X (denoted 
bylimx„=x) if lim<i(x n ,x) = 0. 

(2) It is called compact if every sequence contains a convergent subsequence. 

Definition 1.7 A generalized quasi-metric space (X,d) is called complete, if every 
Cauchy sequence is convergent. 
Definition 1.8 Let (X,d) be a gqms and the coefficient of J is k. 
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A map T : X — > X is called contraction if there exists < c < — such that 

k 

d(Tx,Ty)<cd(x,y) for all x, y e X . 

Definition 1.9 Let T : X — > X be a mapping where X is a gqms. For eachxe X , let 

0(x)={x,Tx,T 2 jc,...} 

which will be called the orbit of T at x. The space X is said to be T-orbitally complete if 

and only if every Cauchy sequence which is contained in O(x) converges to a point in X. 

2. MAIN RESULTS 

Similarly to Ciric definition of quasi-contraction on metric spaces [4], we introduce the 
concept of quasi-contraction in generalized quasi-metric spaces. 

Definition 2.1. Let (X,d) be a generalized quasi-metric space and the coefficient of J is 
k > 1 . The mapping T : X — > X is said to be quasi-contraction if there exists a number 
h, h e [0, j) such that 

d(7Xry)</zmax{<i(.x;, v), J(x,r^),rf(y, rv),(i(x,ry), d(y,Tx)} (1) 
holds for all x,ye X . 

Before stating the main fixed point theorem for quasi-contractions in gqms, we give 
three lemmas for these mappings. 

First, let T as in the above definition. For each xe X , let 

O(x) = {x,Tx,T x,...} 
the orbit of Tat x and 0(x,n) = {x,Tx,T 2 x,...,T n x} . We denote by S(0(x)) the diameter 
of the set O(x) : 

S(0(x)) = sup{d(T n x,T m x):n,me N} (2) 

and by S(0(x,n)) the diameter of the set 0(x,n). 
To obtain the main theorem, we require the following lemmas. 

Lemma 2.2. Let T : X — > X be a quasi-contraction on generalized quasi-metric 
space(Z,J) . Then for eachxe X , n> 1 and i,je {l,2,...,n} implies 

d(rx,T j x)<hS(0(x,n)) (3) 

and for each n, there exists 1 < p < n such that 

d(x,T p x) = S(0(x,n)) (4) 

The proof is the same as in case of metric spaces (see [4]). 

Lemma 2.3 If T : X — > X is a quasi-contraction on generalized metric space (X,d) and 
the coefficient ofd is £:., then \/n& N and VxgI, 

^(0(x,n))<^max{JUrx),J(^,r 2 x)} (5) 

holds for all xe X . 
Moreover, 

£(0(jc)) < ^msLx{d(x,Tx), d(x,T 2 x)} (6) 

holds for all x& X 

Proof. From the Lemma 2.2, we have d(x,T p x) = S(0(x,n)) for some p withl < p <n . 
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If p = 1 or p = 2 , then 

(l-kh 2 )S(0(x,n)) = (l-kh 2 )d(x,T p x) 

<d(x,T p x)<k(l + h)max{d(x,Tx),d(x,T 2 x)} 
Therefore, 

S(0(x,n))<^j-max{d(x,Tx),d(x,T 2 x)} 

l—kh 

Let p such that 3<p<n.lfx = Tx, x = T 2 x or Tx = T 2 x , then the result follows trivially. 
So we can assume that x,Tx and T 2 x are all distinct. Let T p x a point other than 
Tx and T x . Then from quasi-tetrahedral inequality and lemma 2.2 we have: 
S(0(x,n)) = d(x,T"x)<k[d(x,Tx) + d(Tx,T 2 x) + d(T 2 x,T p x)] 

< kd(x, Tx) + khS(0(x, 2)) + kd(TTx,T p ~ l Tx)] 

<kd(x, Tx) + kh max [d (x, Tx), d (x,T 2 x) } + khS(0(Tx, p - 1)) 

< k(\ + h) max{ d(x, Tx), d(x, T 2 x) } + khd(Tx, T m Tx), (1 < m < p - 1) 
<k(l + h)max{d(x,Tx),d(x,T 2 x)} + kh 2 S(0(x,m + l)) 

<k(l + h)max{d(x,Tx),d(x,T 2 x)} + kh 2 S(0(x,n)) 

Therefore, 

(l-kh 2 )S(0(x,n))<k(l + h)max{d(x,Tx),d(x,T 2 x)} 
Hence, since (1 - kh 2 ) > 0, 



k(l+h) 

Moreover, since 



S(0(x,n)) <^max{d(x,Tx),d(x,T 2 x)} 

l—kh 



S(0(x,l)) < S(0(x,2)) < ... < S(0(x,n)) < ... 
we can write 

S(0(x))<^max{d(x,Tx),d(x,T 2 x)} 

l—kh 

This completes the proof of the Lemma. 

Remark 2.4 If Tis a quasi-contraction, note that, in view of Lemma 2.3, O(x) is 
bounded set: S(0(x)) <°°,\/xe X 

Lemma 2.5 Let Tbe a quasi-contraction on generalized quasi-metric space (X, d) . Then, 
for any n>\, one has 

S(0(T"x)) < h n S(0(x)) 
where h is the constant associated with the quasi-contraction definition of T. Moreover, 
we have 

d(T n x,T n+m x))<h n ^max{d(x,Tx),d(x,T 2 x)} 

l—kh 

for any n > 1 and me N . 

Proof. Let n and m (n<m) be any positive integers. Since T is a quasi-contraction, by 

condition (1), we have 
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d(T n x,T m y)< 
<hmax{d(T n - l xJ m - l y),d(T n - l xJ"x),d(T m - 1 yJ m y)J(T n - 1 x,T m y),d(T m - l y,T n x)} 

From the remark to previous lemma we have S(0(x)) <°°,\/xe X . Then it follows from 
(*) and (2) that 

S(0(T n x)) < hS(0(T n - ] x)),n& N 
Inductively we get 

S(0(T"x)) < h n S(0(x)) 
Moreover, for any n > 1 and m e TV , we have 

d(T"x,T n+m x)) < S(0(T n x)) < h"S(0(x)) 
And so, by (6), we get 

d(T n x,T n+m x))<h n ^-m^{d(x,Tx),d(x,T 2 x)} 

l—kh 

This completes the proof of the Lemma. 

Now we can state our main theorem. 

Theorem 2.6 Let (X,d) be an T-orbitally complete gqms with the coefficient k > 1 and 

T : X — > X a quasi-contraction with constant h. on a generalized quasi-metric space 

(X,d) with the coefficient k and (X,d) be T-orbitally complete. Then 

(a) T has a unique fixed point a in X, 

(b) lim T" x - a , for every x e X and 

n—>oo 

(c) d(T n x,a))<h n ^j^msix{d(x,Tx),d(x,T 2 x)}Jora\\ n^N 

l—kh 

Proof. Define the sequence {x n } as follows: x n =T n x,ne N . 
We divide the proof into two cases: 
Case I: Suppose x p = x for some p,q& N,p ? q. Let p > q. Then 

T"x = T p ~ q T q x = T q x i.e. T n a = a where n = p - q and T q x = a . Now, if n > 1 , then we 
have a = T n a = T m a, re N and by Lemma 2.5, we get 

d(a,Ta) = d(T n a,T" +l a) = d(T rn a,T rn+l a) = d(T rn+q x,T rn+q+l x) < 
< S(0(T m+q x)) < h m+q S(0(x))yr& N 
Since lim h m+q = , d(a,Ta) = . So Ta = a and hence a is a fixed point of T. 

r— >oo 

Case II: Assume that x n ^ x m for all n^m . Then {x n } = {T n x} is a sequence of distinct 
point. By lemma 2.5, we have 

d(x„,x n+m ) = d(T n x,T" +m x) < h" ^^-msix{d(x,Tx),d(x,T 2 x)} 

Therefore, 

l }md(x n ,x n+ J = (7) 

It implies that {xj is a Cauchy sequence in X. Since (X,d)is T-orbitally complete, 
there exists affeX such that 

lim x n = a (8) 

We now prove that the limit a is unique. Suppose to the contrary, that is a ^ a is 
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also lim jc . 

n 

Since x n ^x m for alln^m, there exists a subsequence { x n } of {x n } such that 
x n ^ a and x n ^ a' for all pe N . Without loss of generality, assume that {x n } is this 

subsequence. Then, by quasi-tetrahedral inequality, we obtain 

d(a, a ') < k[d(a, x n ) + d(x n , x n+1 ) + d(x n+l ,a')] 
Letting n tend to infinity, by (7) and (8), we get d(a,a') = and so a = a' . 
Let we prove now that a is a fixed point of T . In contrary, if a ^ Ta , then there exists 
a subsequence { x n } such that x n ^ Ta and x„ ^ a for all ps N . 

By quasi-tetrahedral inequality, we obtain 

d(a,Ta)<k[d(a,x n ) + d(x n ,x n ) + d(x n ,Ta)] 

n p-\ n p-\ n p n p 

Then, if p — > oo ; we get 

J(a,ra)<A:limJ(x ,Ta) (9) 

From (1), 

d(x n ,Ta) = d(Tx n _ l ,Ta)< 

<hmax{(d(x n _ v a),d(x n _ l ,Tx n _ l ),d(a,Ta),d(x n _ l ,Ta),d(a,Tx n _ l )} = 

= hrmx{(d(x n _ l ,a),d(x n _ l ,x n ),d(a,Ta),d(x n _ l ,Ta),d(a,x n )} 

Letting n tend to infinity, by lim d{x n ,Ta) = \imd(x n ^,Ta) , we get 

hmd(x n ,Ta)<hmax{(0,0,d(a,Ta),]imd(x n _ 1 ,Ta),0}<hd(a,Ta) (10) 

From (9) and (10), 

d(a,Ta) < k lim J(x n ,Ta) < A: lim d(x n ,Ta) < khd(a,Ta) 

p—>oo p n— >»o 

Since < fc/z < 1 , we have d(a,Ta) = . So a is a fixed point of T. 

Let we prove now the uniqueness (for case I and II in the same time). Assume that 

a' V a is also a fixed point of T . From (1) we get 

d(a,a') = d(Ta,Ta') < hmax{(d(a,a'),0,0,d(a,a'),d(a',a)}< hd(a,a') 
Since 0</z<l, we have a = a' . So we have proved (a) and (b). By quasi-tetrahedral 
inequality and by Lemma 2.5 we obtain 

d (x n ,a)<k[d (x n , x n+m ) + d (x n+m , x n+m+l ) + d (x n+m+l , a)] < 

^ hn ^gr max {d(x,Tx),d(x,T 2 x)} + kd(x n+m ,x n+m+l ) + kd(x n+m+[ ,a) 

Letting m tend to infinity, by (7) and (8), we obtain the inequality (c).This completes the 
proof of the theorem. 

Corollary 2.7 By the theorem 2.6, in special case k = 1 , we obtain an extension of the 
Cirich's quasi-contraction principle in a generalized metric space presented by B. K. 
Lahiri and P. Das [12]. We note that in [12] the proof of the main theorem is not correct 
since it relies in the continuity of the generalized distance d, that it is not true always. 

We end this paper with an example: 
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Example 2.8 LetX ={0,i/,|,l} and T : X — >X be a mapping such that 
T{\) = 1 and T(x) = for xe X -{{} . 

In the ordinary metric space, the inequality (1) is not satisfied for x = \ and y = : 

\ = d{T \,TQ)<hma^{d{\,Q),d{\,T \),d(Q,TQ),d{\,TQ),d(Q,T \)} = 

-hm3ix{\,\,0,\,l} = h 

While for the mapping T, it can not be applied the Theorem Ciric [5], although there is 

unique fixed point, the Theorem 2.7 can be applied in gqms (X,d) with generalized 

quasi-distance as follows: 

for x = y 

d(x,y) = <6 for x,y<a{\,\},x*y 

1 otherwise 

Then it is easy to see that (X,d) is a generalized quasi-metric space and is not a 
metric space because it lacks the triangular inequality: 
6 = d{\,\) > d(±,0) + d(0,l) = 1 + 1 = 2. 

In this generalized quasi-metric with the coefficient k-2, the inequality (1) is 
satisfied for all x, y e X : 

If x = y or x, y& X -{^} , the left side of the inequality (1') is zero and consequently 
it is true for any h& [0,y) . 

If x = \ and y ^ \ , inequality (1') takes the form 

\ = d{T\,Ty)<hm^{d{\,y),d{\,T\),d{y,Ty),d{\,Ty),d{y,T\)} = 
= hmax{d(\,y),6,d(y,Ty),d(±,Ty),d(y,T\)} = h6 
which is true for h e [-£■ , | = j) . 

If x ^ \ and y = \, inequality (1') takes the form of above case. 
All the conditions of Theorem 2.7 are satisfied with h = [ \ , j = \) . The mapping T has 
unique fixed point: FixiT) = {0} and, for any xe X , the Picard iteration {x n } defined by 
x n =T n x,n = l,2,..., converges to 0. 

The example given above, show that the Theorem 2.7 provides a larger class 
of mappings than the Theorem 1.1 (Ciric's Theorem [4]). 
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1. Introduction 

Throughout this paper, we always make use of the following notations: N = {1, 2, 3, • • • } denotes 
the set of natural numbers, W. denotes the set of real numbers, C denotes the set of complex numbers, 
Z p denotes the ring of p-adic rational integers, Q p denotes the field of p-adic rational numbers, and 
C p denotes the completion of algebraic closure of Q p . 

Let v p be the normalized exponential valuation of C p with \p\ p = p~ v vyP) = p _1 . When one 
talks of g-extension, q is considered in many ways such as an indeterminate, a complex number 
q G C, or p-adic number q G C p . If q G C one normally assume that \q\ < 1. If q G C p , we normally 
assume that \q — l\ p < p - ^ 1 so that q x = cxp(a: log q) for \x\ p < 1. Throughout this paper we use 
the notation: 

[x) q = ^f-, cf. [1,2,3,4,5] . 

Hence, lim^^i^] = x for any x with \x\ p < 1 in the present p-adic case. 
For 

g G £/D(Zp) = {g\g : Z p — ► C p is uniformly diffcrcntiablc function}, 

Kim[l] defined the p-adic integral on Z p as follows: 

h(g)= [ g(x)dn- 1 (x)= lim ]T g{x){-lf. (1.1) 

£ p 0<x<p N 

From (1.1), we obtain 

n-1 

/_!(«?„) = (-l)"/_i( ff ) + 2 ^(-l)"" 1 -'^), (see [1-3]). (1.2) 

1=0 

where g n (x) — g(x + n). 

First, we introduce the second kind Euler numbers E n and polynomials E n (x) (see [4]). The 
second kind Euler numbers E n are defined by the generating function: 

9 t °° 4-n 

n=0 

We introduce the second kind Euler polynomials E n (x) as follows: 

F ^t) = -^—e* = ^£n(*)V (1-4) 

n=0 
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In this paper, we give some interesting identities of the second kind g-Euler numbers and 
polynomials. By using the fermionic p-adic integral on Z p , we give recurrence identities the second 
kind g-Eulcr numbers and polynomials. 

2. The second kind g-Euler numbers and polynomials 

In this section, we introduce the second kind q-Euler numbers E n>q and polynomials E n>q (x) 
and investigate their properties. Let Z + = N U {0}. In [3], we introduced the second kind q-Eulcr 
numbers E n , q and polynomials E n ^ q (x). 

For q £ C p with |1 — q\ p < 1, the second kind q-Euler numbers E n ^ q are defined by 



E n . q = / [2x + l]Jd/i_i(a;). (2.1) 

Jz p 

We consider the second kind g-Euler polynomials E ns (x) as follows: 

E ntg (x)= f [x + 2y+l]Jd/i_i(»). (2.2) 

Jz p 

The following elementary properties of the second kind q-Eulcr numbers E nq and polynomials 
E ntq (x) are readily derived from (2.1) and (2.2). We, therefore, choose to omit the details involved. 
More studies and results in this subject we may see references [3], [4]. 

Proposition 1. For q £ C p with \q — l\ p < 1, we have 

= 2^(-ir[2m+l]J. 

m=0 

Proposition 2. For q £ C p with \q — l\ p < 1 and n £ Z + , we have 

E n>q (x)= I [a; + 2tf + l]Jd/i_i(y) 

= ([x] g +^^r 

DC- 

Proposition 3(Propcrty of complement). 

E n ^(-x) = (-l) n q n E n . q (x) 

Proposition 4. For n £ Z + , we have 

B ni ,-i(2) = (-l) n g"f; ni ,(-2) 



1267 



RYOO: 2ND KIND q-EULER NUMBERS 



Proposition 5. For n <G Z + , we have 

E n ,qC2) + En^q = 2. 

Proposition 6. For n <G Z + , we have 

(q 2 E q + [2] q ) n + E n . q = 2, 
with the usual convention of replacing (E q ) n by E n ^ q . 

3. Explicit formulas on the second kind g-Euler numbers and polynomials 

In this section, we give some interesting identities of the second kind g-Euler numbers E n _ q and 
polynomials E n ^ q (x). 

From (2.1) and (1.1), we have 



[l-2 iC ]" 1 dM-i(a : ) = (-l)V / \2x-l] n q dn-i{x) 



(3.1) 



= {-l) n q n E n , q {-2). 
Therefore, by (3.1) and Proposition 4, we obtain the following theorem. 

Theorem 7. For n <G Z+, we get 

[l-2x]^ 1 dn- 1 (x)=E niq - 1 (2). 

Let n£N. Then, by Proposition 5 and Theorem 7, we obtain the following corollary. 
Corollary 8. For n E N, we have 

I [l-2s£_id/u-i(a0 =£„,,-i (2) 

= 2 - E nq -i. 



By Corollary 8, we get 



[2x+l] k q [l-2x] n - 1 k d f ,. 1 (x) 



k 



= E (;)(-l)^'[2]U^' / [1 - 2«]jr 1 'd/x_ 1 ( a; ) ( 3. 2) 

2=0 ^ ' z ? 



E(J)(-l) fc -'[2]i«*-'(2-^,„ 

z=o ^ ' 



Let n, k G Z + with n > k. Then, by (3.2) and Corollary 8, we have 
[2x+l] k q [l-2x] r ^d^ l (x) 



E (" i k )(-l) n - k - l [t-^ k+l ~ n I [2x + l]r l dl*-i(x) (3.3) 



n—k 



E( n , fc j(-i) n - fc - , [2]^-i« fc+, - n s n -«,, 



/=() 
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Therefore, by comparing the coefficients on the both sides of (3.2) and (3.3), we obtain the following 
theorem. 

Theorem 9. For n,k € Z + with n > k, we have 

E(J)(-l) fc - , [2]ifl*-'(2-£U«^-0 

1=0 ^ ' 
n—k 



^h- k \ ir - k -l [2] l q _ iqk+ l-n En _ iq 
1=0 ^ ' 



By Theorem 9, we have the following corollary. 
Corollary 10. For n,k E Z + with n > k, we have 

«"E (iV 1 )'^- ( 2 -^-^-0 = E ( n 7 fc )(-i)" + '[2]^ n -u- 

;=0 ^ ' 1=0 ^ ^ 

By Corollary 8, we have 

f [2x + l] q fe [l - 2x]^7 fc [2x + 1]J[1 - 2x] n q l- k d^ 1 {x) 

= f [2x+ l]f [1 - 2a;]^+" 2 - 2fc d M _ 1 (x) 

2fe /2A , (3.4) 

E ( , . )(-i) 2fc - , [2]^ fc - , y z [i-2x]-+--^-i(*) 



2 A- 



= E (?) (-1)W _I ( 2 - ^n 1+ „ a -«.,-i) 



Let ni, n 2 , fc € Z + with rii + «2 > 2fc. Then we see that 
/ [2x + l] g fe [l - 2x] n q l7 k [2x + l] q fe [l - 2 2 ;]^7' £ d M _ 1 (x) 

= f [2x + l] 2 q k [l-2x]^i n *- 2k d f i- 1 (x) 

J Zip 

n 1 +n 2 -2fc , _ , v ,...„,., /■ , ( 3 - 5 ) 



V ni + n2 iS ")(-l)»i+»»-'[2]' ^k+l-m-n, / [ 2a; + l]™ 1 +^-'d M _ 1 ( a; ) 

, =0 V « / Jz. 

E 2 7 ni + n r 2fc )(-ir— [2]^, 2 



[n\-tn<l— &K\, T,m+no-l^U _2k+l-m-rf, i, 

-'ni+n2 — l,q 



\ni+n2— (fOl' r ,2k+l—n 1 —ri2p 



By comparing the coefficients on the both sides of (3.4) and (3.5), we obtain the following 
theorem. 



Theorem 11. Let ni,n 2 ,k <G Z + with ni + n 2 > 2k. Then we have 



, z 



rii+n 2 -2fe / „, N 

- E f ni + n r 2fc )(-ir + " 2+ '[2]^ 1+ « 2 -^ 



z=o 
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Let s € N with s > 2. For m, ri2, . . . , n s , k G Z + with m + • • • + n s > sfc, we have 

[2x + l] g fe [l - 2x] n q l- k ■ ■ ■ [2x + l] g fe [l - 2^17^-1 (z) 

v * ' 

s-times 

ni-\ hn 3 -sfe , j_ JA 

,_„ I * r ] []q - iq 

x / [2x+l]" 1+ - +n °- l dn- 1 {x) 

niH hw 3 -sfc , _i_ 2A 

= ^ ni+"'+n s -SK „ H ^n s -sk-lt2]l sk+l-rn n s 

1=0 ^ ' 

x -C'niH \-n s -l,q- 

From the binomial theorem, we note that 

/ [2x + l] g fe [l - 2x] n l- k ■ ■ ■ [2x + 1]*[1 - 2^ir fc rfM-i(x) 

s-times 
= [ [2x+l} s q k [l-2x]^t- +ns - sk du- 1 (x) 

= i;ff N )(-l) sfc -'[2] g g sfe - i / [l-2x]Jl+- +n «-'dM-i(a:) 

- E ff) (-l) s ^[2]^ sfc - ; (2 - £ Bl+ ... +B ._ l „-0 . 



(3.6) 



(3.7) 



/=o 
Therefore, by (3.6) and (3.7), we obtain the following theorem. 

Theorem 12. Let seN with s > 2. For m, n2, • • • , n s , k € Z + with rii + ■ ■ ■ + n s > sfc, we 
have 

= ^+...+«. £ W (-i)^., (2 - E ni+ ... +na _ hq -,) . 
i=o ^ ' 
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Second order a-univexity and duality for nondifferentiable minimax 

fractional programming * 
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Abstract 

In this paper, we introduce the concept of second order a-univexity by generalizing a- 
univexity and present a second-order dual for a nondifferentiable minimax fractional program- 
ming. Under the assumptions on the functions involving second order a-univexity, weak, strong 
and strict converse duality theorems are obtained in order to establish a connection between the 
primal problems and dual problems. Our results extend some existing dual results which were 
discussed previously in the literature [11, 12, 14, 15, 16]. 

Keywords. Nondifferentiable minimax fractional programming; Second order duality; sec- 
ond order a-univcxity 
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1. Introduction 

In this paper, we consider the following nondifferentiable minimax fractional programming problem: 

T ( T Hi ~\- IT* /_> T* ) 2 

(P) Minimize sup ' r 

yeY h(x,y) - (x T Dx)2 

s.t. g{x) < 0, x e R n , 

where Y is a compact subset of R m , f, h : R n x R m — >■ R, g : R n — > R p are twice continuously 
differentiable. B and D are n x n symmetric positive semidefinite matrices. It is assumed that for 
each (x,y) in R n x R m , f(x,y) + (x T Bx)? > and h(x,y) — (x T Dx)z > 0. 
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Since Schmitendorf [1] introduced necessary and sufficient optimality conditions for generalized 
minimax programming, much attention has been paid to optimality conditions and duality theo- 
rems for the minimax fractional programming problems in recent years. Yadav and Mukherjee [2] 
formulated two dual models for (P) and derived duality theorems for the case of convex differen- 
tiable minimax fractional programming. Chandra and Kumar [3] pointed out some omissions in 
the dual formulation of Yadav and Mukherjee and constructed two modified dual problems for min- 
imax fractional programming problem and proved duality results. Liu and Wu [12, 4], and Ahmad 
[5] obtained sufficient optimality conditions and duality theorems for (P) assuming the functions 
involved to be generalized convex. Yang and Hou [6] discussed optimality conditions and duality 
results for (P) involving generalized convexity assumptions. Bector et al [7] discussed second order 
duality results for minimax programming problems under generalized binvexity. Later on, Liu [8] 
extended these results involving second order generalized B-invexity. Husain et al [9] formulated 
two types of second order dual models for minimax fractional programming problems, and derived 
weak, strong and strict converse duality theorems under 77-bonvexity assumptions. Lai and Lee 
[10] obtained duality theorems for two parameter-free dual models of nondifferentiable minimax 
fractional programming problem which involve pseudo-quasi convex functions by using optimality 
conditions given in [11]. Noor,M.A.[17], Noor,M.A. and Noor,K.I. [18], Mishra and Noor,M.A.[13] 
introduced some classes of a-invex function by relaxing the definition of an invex function. Mishra, 
Pant and Rautela [14] introduced the concept of strict pseudo a-invex and quasi a-invex functions. 
Pant and Rautela [19], and Rautela and Pant [20] introduced various generalizations of a-invex and 
a-univex functions. Recently, Mishra, Pant and Rautela [16] introduced the concepts of a-univex, 
pseudo a-univex, strict pseudo a-univex and quasi a-univex functions respectively by unifying 
the notions of a-invex and univex functions, and derived the sufficient optimality conditions and 
established duality theorems for three different dual models of problem (P). 

In this paper, a new concept of second order a-univexity is introduced by generalizing a- 
univexity. Under the assumptions on the functions involving second order a-univexity, weak, strong 
and strict converse duality theorems about a second-order dual for a nondifferentiable minimax 
fractional programming are established. Our results extend some existing dual results which were 
discussed previously in the literature [11, 12, 14, 15, 16]. 

2. Preliminaries 

Let 5 = {i£ R n : g(x) < 0} denote the set of all feasible solutions of (P). For each (x,y) £ R n xR m , 
we define 

J(x) = {j E M = {1, 2, • • • , m} : 9j {x) = 0}, 

Y(x) = {yEY: f ^ y) + {XTBX) \ = sup /(X ' Z) + {XTBX) \ }, 
h(x,y) — (x T Dx)2 zeY h(x,z) — (x T Dx)2 

and 

K(x) = {(s,t,y) G N xR s + x R ms : 1 < s<n + l,t= (t u t 2 , • • • ,t 3 ) G R s + , 
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Y^ti = l,y= {y 1 ,y 2 , ■■■, y s ),Vi G Y(x),i = 1, 2, ■ ■ ■ , s}. 

t=l 

In our discussion we shall need the following generalized Schwartz inequality 

(x,Av) < (x, Ax)2 (v, Av)z, for x,vGR n , (2.1) 

the equality holds when Ax = XAv, for some A > 0. 

Let X(a-invex set) be a subset of R n , r/ : X x X — > R n be an n-dimensional vector-valued 
function and a(x,a) : X x X — > R+ \ {0} be a bifunction. Assume that (fro,(fri ■ R —> R, bo,b± : 
X x X x [0, 1] —)■ i?+ \ {0}, b(x, a) = lim b(x, a, A) > 0, and b does not depend on A if the function 

A— >0 

is differentiable. 

In the sequel, we introduce a class of second order a-univexity 

Definition 2.1 A twice differentiable function f : X — >■ R is said to be second order a-univex at 
a with respect to bo, 0o, a and r/ if there exist functions bo, 4>o, ol and r\ such that, for every x € X , 
p G R n , we have 

b (x, a)Mf(x) ~ /(a) + l -p T V 2 f\a)p] > (a(x, o)(V/(o) + V 2 f(a)p), r,(x, a)). 

Definition 2.2 A twice differentiable function f : R n — > R over X is said to be second order 
(strictly) pseudo a-univex at a with respect to bo, (fro, a and r\ if there exist functions bo,<fro> a an d 
r] such that, for all x € X , p £ R n , 

(a(x, o)(V/(a) + V 2 f(a)p), V (x, a)) > =* b (x, a)<fro[f{x) - /(a) + l -p T V 2 f{a)p] > (>)0. 

Definition 2.3 ^4 twice differentiable function f : R n — > R over X is said to be second order quasi 
a-univex at xo with respect to bo,(froi a an d f] if there exist functions bo, (fro, a and rj such that, for 
all x G X, p£ R n , 

b Q (x, a)<fr Q [f{x) - /(a) + l -p T V 2 f(a)p] > => (a(x, a)(Vf(a) + V 2 f(a)p), n{x, a)) > 0. 

Remark 2.1 It is obvious that the second order a-univexity generalizes the a-univexity in [16]. 

The following theorem will be needed in the proofs of strong duality theorems: 

Theorem 2.1 (Necessary conditions) [1 1] Let x* be a solution of (P) satisfying x Bx* > 0, x Dx* > 
0, and let Vgj(x*),j £ J{x*) be linearly independent. There exist (s*,t*,y*) £ K(x*),Xo G 
R + , w, v G R n and fi* G R p + such that 

s* m 

J>*{V/(x*,y*) + Bw - X (Vh(x*,y*i) ~ Dv)} + V J>*^(x*) = 0, 

i=l j=l 



f(x*,y*) + (x* T Bx*)2 ~ MKx*,y*) ~ (x* T Dx*)i) = 0,i = 1,2, 
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^2fi* gj (x*) =0, 



s* 

i=l 

w T Bw < 1, v T Dv < 1, 
(x* T Bx*)^ =x* T Bw, (x* T Dx*)^ =x* T Dv. 

3. Second order duality 

By utilizing the optimality conditions of the previous section, we formulate the second order dual 
to (P)as follows: 

(D) max sup A, 

(s,t,y)eK(z) ( z , M ,A,w,i),p)6fl"i(s,t,j/) 

where Hi(s, t, y) denotes the set of all (z, n, A, w, v,p) G R n x i?+ x R + x R n x R n x R n satisfying 
tu\yf(z,Vi) + Bw-X(Vh(z,y i )-Dv)} + V 2 YU(f(z,y i )-Xh(z,y i ))p 

i=\ i=\ (o i\ 

m m V'- ,- - L / 

+ V Y Vj9j(z) + V 2 Y Vj9j(z)p = 0, 

3=1 3=1 

Y U[f{z, Vi) + z T Bw - X(h(z, yi) - z T Dv)] - \p T V 2 t U(f(z, y t ) - \h(z, y t ))p > 0, (3.2) 
i=i i=i 

m m 

Y H9j{z) - \p T V 2 Y Vj9j(z)p > 0, (3.3) 

3=1 3=1 

w T Bw < 1, v T Dv < 1, (z T Bz)\ = z T Bw, {z T Dz)\ = z T Dv. (3.4) 

If, for a triplet (s,t,y) G K(z), the set H\(s,t,y) = 0, then we define the supremum over 
it to be — oo. Let Z denote the set of all feasible solutions of (D). In this section, we denote 

V>(0 = t ti\f(;Vi) + U T Bw ~ Hh(., Vl ) - (.fDv)]. 

i=l 

Theorem 3.1 (Weak Duality)Let x and (z, fi,X,s,t,w,v,p) be feasible solutions of (P) and (D), 

respectively. If, for each (z, fi,X,s,t,w,v,p) £ Z, one of the following conditions holds: 

(i)/j, g(-) is second order a-univex at z with respect to bi,(f>i,cx,r] and tp(.) is second order a-univex 

at z with respect to bo, <fo, ct, n with (j>o(V) > => V > and <j>i(V) < V, 

(ii)fi T g(.) is second order quasi a-univex at z with respect to bi,(f>i,a,7] and ip(.) is second order 

pseudo a-univex at z with respect to bo, (f>o, a, n with V < => <j>o(V) < and V < =4> <f>i(V) < 0, 

(iii)fi g(.) is second order strictly pseudo a-univex at z with respect to bi,<pi,a,r] and ip(.) is second 

order quasi a-univex at z with respect to bo, <f>o, a, n with V < => 4>o(V) < and V < =4> <fii(V) < 

0, 

then 



f(x,y) + (x 1 Bx) 



sup j- > A. 

y&Y h(x,y) — (x T Dx) 1 i 
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Proof. Suppose the conclusion is not true, i.e., 



f(x,y) + {x T Bx)2 

sup j- < A. 

yeY h(x, y) — (x T Dx)2 



Then, we have 

f(x,y) + (x J v Bx)i -\{h(x,y)- {x 1 Dx)i} < 0, Vy G Y. 



JD„\i \ (uf„ „.\ (JT-r ! 



That is 

t t [f(x,y t ) + (x T Bxf2-\{h(x,y i )-(x T Dxf2}}<0, * = 1,2, ••-,«. 

From (2.1), (3. 4) and the above inequality, we obtain 
E U\f{x,Vi) + x T Bw - \{h{x,Vi) - x T Dv}] < £ U{f{x,Vi) + (x T Bx)-2 - \{h(x,Vi) - {x T Dx)l}] 

i=l i=l 

< 

< E U[f(z,Vi) + z T Bw - \{h(z,yi) - z T Dv}} 

i=l 

i=i 



That is 

If condition (i) holds, then 



ij){x) < ij){z) - \p T V 2 i){z)p. (3.5) 



b (x, z)(f> [ip(x) - ip(z) + \p T V 2 ip{z)p] > (a(x, z)(Vip(z) + V 2 ip(z)p), rj(x, z)) 

= (a(x, z)(-V/j T g(z) - V 2 /j T g(z)p),7](x, z)) 

> -h(x, z)(j)i[ii T g{x) - ^ T g{z) + \p T \I 2 [i T g{z)p\ 

> n T g(z) - fJ, T g(x) - \p T V 2 [i T g(z)p > 

(3.6) 
Since 4>o(V) > => V > and b > 0, we have 

ip(x) > ip(z) - -p T V 2 ifj(z)p, 

which contradicts with (3.5). Hence, the assertion is true. 

If condition (ii) holds, by the positivity of &o and V < =4> <fto(V) < 0, then from (3.5), we get 

b {x,z)M^(x) - il>{z) + -p T ^ 2 Tp{z)p] < 0. 
Using the second order pseudo a-univexity, we can deduce the following inequality 

{a(x, z)(Vij{z) + VV(z)p), ri(x, z)) < 0. (3.7) 

Taking into account (3.1), (3.7) and the positivity of a(x, z), we have 

((Vn T g(z) + V 2 n T g(z)p), V (x, z)) > 0. (3.8) 
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According to /jrg(x) < 0, (3.3), the positivity of bi(x, z) and V < =4> (fri(V) < 0, we have 

h(x, z)(fri[^ 'g(x) - iu T g(z) + \p T V 2 ii T g(z)p\ < 0. (3.9) 

By the second order quasi a-univexity of ^ T g(.) and the above inequality, we get 

(a(x, z){V^ T g{z) + V 2 f J T g(z)p), V {x, z)) < 0. 

That is, 

((Vfi T g(z) + V 2 fJ T g(z)p),7 ] (x, z)) < 0, 

which contradicts with(3.8). 

For condition (iii), the proof is similar to that of condition (ii). 

Remark 3.1 If we take (fro, (fri as identity maps, bo = b\ = 1, cyq = a\ = 1, p = and r)(xi, xq) = 
x\ — xq in the above theorem, we get Theorem 4-1 in [H]- If we take (fro, (fri as identity maps, 
bo = bi = 1, ao = (Xi = 1, p = and remove the quadratic terms from the numerator and 
denominator of objective function and from the constraints in the above theorem, we get Theorem 
3.1 in [12]. If we take (fro, (fri as identity maps, bo = b\ = 1, p = 0, we get Theorem 4-1 in [M]- If 
we take ao = ct\ = 1, p = in the above theorem, we get Theorem 2 in [15]. If we take p = in 
the above theorem, we get Theorem 4-1 in [16]. 

Theorem 3.2 (Strong Duality)Let x* be an optimal solution of (P) and ^gj{x*),j £ J{x*) be lin- 
early independent, then there exist (s* ,t* ,y*) £ K(x*) and (x*,u*, X*,w*,v*,p* = 0) G Hi(s*,t*,y*) 
such that (x*,u*, X* , s* , t*,w*,v*,p* = 0) is feasible for (D), and the corresponding objective values 
of (P) and (D) are equal. If, in addition, the assumptions of Weak Duality hold for all feasible 
solutions of (P) and (D), then {x*,u*, A*, s* , t* , w* , v* , p* = 0) is an optimal solution of (D). 

Proof. By Theorem 2.1, there exist (s*,t*,y*) <E if (2;*) and (x* , u* , A* , w* , v * , p* = 0) G Hi(s*,t*,y*) 
such that (x*, u* , X* , s* , t* , w*,v*,p* = 0) is feasible for (D) and 



A* 



/(x*,y*) + (x* J Sx*)2 



1 ■ 

|2 



g(x*,y*) — (x* T Dx*) 
The optimality of the feasible solution for (D)can be derived from Theorem 3.1. 

Remark 3.2 If we take (fro, (fri as identity maps, bo = 61 = 1, ao = oci = 1, p* = and 
n(xi,Xo) = xi — Xo in the above theorem, we get Theorem 4-2 in [11]. If we take (fro, (fri as identity 
maps, bo = bi = 1, ao = ai = 1, p* = and remove the quadratic terms from the numerator and 
denominator of objective function and from the constraints in the above theorem, we get Theorem 
3.2 in [12]. If we take (fro, (fri as identity maps, bo = 61 = 1, p* = 0, we get Theorem 4-2 in [14]- 
If we take ao = ai = 1, p* = in the above theorem, we get Theorem 3 in [15]. If we take p* = 
in the above theorem, we get Theorem 4-2 in [16]. 
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Theorem 3.3 (Strict Converse Duality) Let x* and (z, ~p, X, s, t, w, v, p) be optimal solutions of (P) 
and (D), respectively. Assume that the hypothesis of Theorem 3.2 is fulfilled, if one of the following 
conditions holds: 

s 

(i))jL T g{.) is second order strictly a-univex at ~z with respect to bi,<pi,oc,r] and ^£j[/(-,yj) + 

{.,Bw) — A(/i(.,yJ + (.,Dv))] is second order strictly a-univex at z with respect to bo, (fro, a, n with 
M v ) > => V > and 0i(y) < V; 

s 

(ii)jI T g(.) is second order quasi a-univex atz with respect tob\,(fr\,a,r] and ^ ti[f(.,y i ) + (., Bw) — 

_ i=\ 

A(/i(.,|7j) + {.,Dv))] is second order strictly pseudo a-univex at z with respect to bo^Oi®! 7 ] with 

V < => (fr (V) < and V < => (fr^V) < 0. 

Then x* = z, that is, z is an optimal solution for (P) and 

f(z,y) + (z T Bz)l 

sup r = A. 

yeY h(z,y) - (z T Dz)2 

Proof. Suppose that x* ^ z. From Theorem 3.2, we know that there exist (s*,t*,y*) £ K{x*) and 
{x* , u* , X*,w*, v*,p* = 0) € H\(s* , t*,y*) such that (x* ,u* ,X* , s* ,t* ,w* ,v* ,p* = 0) is optimal for 
(D) and 

A . = sup /(^) + (*- T s*-)l =x (3 . 10) 

yeY g(x*, y) — (x* T Dx*)2 
The remaining part of the proof is similar to that of Theorem 3.1 in which x is replaced by x* and 
(z, a, X,s,t,w,v,p) by (z,JI,X,s,t,w,v,p), and we get 

f(x*,y) + (x* T Bx*)^ - 

SUp T > X, 

y^y g(x*,y) — {x* T Dx*)^ 
which contradicts with (3.10). Therefore, we conclude that x* = z. 

Remark 3.3 If we take (fro, (fri as identity maps, bo = b\ = 1, ao = a\ = 1, p = and n{xi, xq) = 
x\ — xq in the above theorem, we get Theorem 4-3 in [11]. If we take (fro, (fr\ as identity maps, 
bo = b\ = 1, ao = a\ = 1, p = and remove the quadratic terms from the numerator and 
denominator of objective function and from the constraints in the above theorem, we get Theorem 
3.3 in [12]. If we take (fro, (fri as identity maps, bo = b\ = 1, p = 0, we get Theorem 4-3 in [14]- If 
we take ao = a± = 1, p = in the above theorem, we get Theorem 4 in [15]. If we take p = in 
the above theorem, we get Theorem 4-3 in [16]. 
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SOME PROPERTIES OF THE INTERVAL- VALUED GENERALIZED 

FUZZY INTEGRAL WITH RESPECT TO A FUZZY MEASURE BY 

MEANS OF AN INTERVAL-REPRESENTABLE GENERALIZED 

TRIANGULAR NORM 

LEE-CHAE JANG 



Abstract. We consider the generalized fuzzy integral introduced by Fang[4] and use the 
concept of interval-valued functions which is used for representing uncertain functions. 
In this paper, we define the interval-valued generalized fuzzy integral with respect to a 
fuzzy measure by means of an interval-representable generalized triangular norm of mea- 
surable interval-valued functions and investigate some characterizations and convergence 
properties of them. 



1. Introduction 

Fang [4], Wu-Wang-Ma[22], and Wu-Ma-Song-Zhang[23] introduced the theory of the gen- 
eralized fuzzy integral(for short, the (G) fuzzy integral) by means of a generalized triangular 
norm. Many researchers [5, 16, 17,20,22-26] have been studying fuzzy measure and fuzzy inte- 
gral theory used in the decision making and information theory 

The main idea of this study is the concept of interval-valued functions which is used for 
representing uncertain functions. Aubin[l], Aumann[2], Bcliakov et al.[3], Jang et al.[6-12], 
Schjear-Jacoben[18], Weichselberger[21], and Zhang et al. [24-26] have been researching various 
integrals of uncertain functions, for examples, the Lebesgue integral, the fuzzy integral, and 
the Choquct integral of interval-valued functions, the calculation of economic uncertain, and 
the theory of interval-probability, etc. 

In this paper, we define the interval-valued generalized fuzzy integral (for short, (IG) fuzzy 
integral) with respect to a fuzzy measure by means of an interval-representable generalized tri- 
angular norm of measurable interval-valued functions and investigate some characterizations 
and convergence properties of them. 

In section 2, we list definitions and basic properties of a fuzzy measure, a generalized tri- 
angular norm, and the (G) fuzzy integral with respect to a fuzzy measure by means of a 
generalized triangular norm of measurable functions. In section 3, we define the (IG) fuzzy 
integral of interval-valued functions by means of an interval-representable generalized trian- 
gular norm of measurable interval- valued functions and investigate some characterizations of 
them. In section 4, we investigate some convergence properties of the (IG) fuzzy integral with 
respect to a fuzzy measure by means of an interval-representable generalized triangular norm 
of measurable interval-valued functions. In section 5, we give a brief summary results and 
some conclusions. 



1991 Mathematics Subject Classification. 28E10, 28E20, 03E72, 26E50 11B68. 

Key words and phrases, fuzzy measure, interval-representable generalized triangular norm, generalized 
fuzzy integral, interval-valued function, convergence theorem. 
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2. Definitions and Preliminaries 



In this section, we first introduce some definitions and basic properties of a fuzzy measure, 
the (G) fuzzy integral with respect to a fuzzy measure by means of a generalized triangular 
norm of measurable functions. Let X be a set, B be a a— algebra of subsets of X, and (X, B) 
be a measurable space. Denote F(X) by the set of all nonnegative measurable functions on 
(X,B) andN={l,2,3,---}. 

Definition 2.1. ([3-26]) (1) A set function /i : B — > [0, oo] is called a fuzzy measure if 
(i) pt(0) = and 
(ii) A,B eB and Ac B implies /j,(A) < /j,(B). 

It is easy to see that if m is the Lebesgue measure on X and we define /i — m 2 , then \x is 
a fuzzy measure which satisfies the two conditions of Definition 2.1. Since /i is not additive, 
we can see that this fuzzy measure is not a classical measure. 

Definition 2.2. ([22,23]) Let D = [0, oo] 2 \ {(0, oo), (oo, 0)}. The mapping T : D ->• [0, oo] is 
said to be a generalized triangular norm if it satisfies the following conditions 

(i) T[0, a;] = for all x £ [0, oo) and exists an e e (0, oo] such that T[x,e] = x for each 
x[0, oo]. In this case, e is said to be the unit element of T, 

{ii) T[x,y]=T[y,x] for all {x,y)€D, 

(hi) T[a, b] < T[c, d] whenever a < c, b < d, and 

(iv) if {(x n ,y n )} E D, (x,y) £ D, x n \ x, and y n /■ y, then T[x n ,y n ] — > T[x,y]. 



Remark 2.1. T\\x, y] = min{a;,y} and T2[x, j/] = kxy(k > 0) are generalized triangular 
norms and the identities of T\ and T 2 are oo and 4, respectively (see [4]). 



Definition 2.3. ([22,23]) Let (X,B,/j.) be a fuzzy measure space and T be a generalized 
triangular norm. If A £ B and / £ J-(X), then the (G) fuzzy integral with respect to /z by 
means of T of / on A is defined by 

(G) / fd/j, = supT[a,/j,Aj{a)}, (1) 

J A a>0 

where haj{oc) = /J,(A D {x £ X | f(x) > a}) for all a £ [0, oo). 

We remark that the Sugeno integral defined by M. Sugeno[20] and the (N) fuzzy integrals 
defined by N. Shilkret[19] are the special kinds of (G) fuzzy integrals and the corresponding 
generalized triangular norms are T[x,y] = min{.T,y} and T[x,y] = xy, respectively. Recall 
that 

lim^co/n = inf sup{/„}, (2) 

k > l n>k 

for all {/«} C J~(X). In [4], the authors have shown the following theorems which are 
convergence properties of the (G) fuzzy integral. 
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Theorem 2.1. ([4]) Let {/„} C T{X), f G T(X), AeB, and f n \f on A. Then we have 



lim (G) / /„d/i = (G) / /d/z (3) 

i/ onii only if the following conditions are satisfied 
(i) for any given e > t/iere exists no G N such that 

MA,/ no (c + £) < oo, (4) 

where c = sup{a > : T[a, oo] < (G) J^ /d/x} and HAJ n ( c o + e ) = M^ fl {x G X | /„ (x) > 
c o + £■}) an d 

(ii) /or any {a n } with a n /* oo ora„ \ 0, 



lim n _ HX ,T[a„,MA,/ n (an)] < (G) / /d/i (5) 

where {J>A,f n {a) — A* (-4 n {2 G X | / n (a;) > a}) /or a// n G N and a G R + . 

Theorem 2.2. ([4]) Let {/„} C .F(X), / G .F(X), yu(A) < oo, and f n \ f. Then we have 

lim (G) / f n dn = (G) / /du (6) 



i/ and only if for any {a n } with a n /* oo, 

lim n _ > . 0O T[a n ,A*A,/ n (an)] < (G) / /d/z, (7) 

where HA,f n {ot) — l^(A f] {x £ X \ f n (x) > a}) for all n £ N and a G R + . 



3. The (IG) fuzzy integral of measurable interval-valued functions 

In this section, we consider the intervals and define an interval- valued generalized triangular 
norm. Let I(Y) be the set of all bounded closed intervals (intervals, for short) in Y as follows: 

I(Y) = {a = [ai, a r ] \ ai,a r £ Y and ai < a r }, (8) 

where Y is [0, oo) or [0, oo]. For any a £ M. + , we define a = [a, a]. Obviously, a £ I(]R + ) 
(see[3, 9-12, 18, 21, 24-26]). 



Definition 3.1. If a = [ai,a r ],b = [bi,b r ],a n = [a n .i,a n _ r ],a a = [a ai ;,a a , r ] G I(Y) for all 
n £ N and a G [0, oo), and k G [0, oo), then we define arithmetic, maximum, minimum, order, 
inclusion, supremum, and infinimum operations as follows: 

(1) a + b= [at +bi,a r + b r ], 

(2) ka — [kai, ka r ], 

(3) ab = [aibi,a r b r ], 

(4) aVo = [at V6/,a r V b r ], 

(5) a A b = [a; A 6/ , a r A 6 r ] , 

(6) a < 6 if and only if a; < 6; and a r <b r , 

(7) a <b if and only if a < b and a =/=b, 

(8) a C 6 if and only if bi < ai and a r <b r , 
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(9) sup„a„ = [sup„a„ i( ,sup„a„, r ], 

(10) inf„a„ = [inf„a n ,;,inf n a„, r ], 

(11) sup Q a Q = [sup Q a Q j,sup Q o a , r ], and 

(12) m£ a a a = [inf a a a ,i, inf Q a a , r ]. 

Note that if a mapping <if/ : /(Y") x /(F) —¥ [0, oo] is denned by 



dn(A, B) = max < sup inf \x — y\, sup inf \x — y\ > , (9) 

{xeAV^B yeB x ^ A J 

for all A,B £ -f(^), then d// is called a Hausdorff metric and (I(Y),cIh) is a metric space. It 
is well-known that for every a — [oj, a r ], 6 = [6/, 6 r ] G I(Y), 

d H (a,b) = max{|a ; - 6;|, |o r - & r |} • (10) 

For a sequence of intervals {a n }, we say that {a n } converges in the Hausdorff metric to a, in 
symbols, du — lim„_j. (X) a n = a if linin^oo diiifin-, &) = 0. Then, it is easy to see that 

(iff — lim a n = a if and only if lim a n ,i = ai and lim a n . r = a r . (11) 

n— >oo ' ro— >oo 71— >oo 

Now, we consider an interval-representable generalized triangular norm as follows(see [3]): 

Definition 3.2. Let D = 7([0,oo]) 2 \ {(0, oo), (oo, 0)}. The mapping T : D -> I([0,oo]) 
is called an interval-representable generalized triangular norm if there are two generalized 
triangular norm XJ and T r such that TJ < T; and T = [Tjr,T r ]. 



Theorem 3.1. If we take Ti[x,y] = min{x,y} and ^[x, j/] = kx y(k > 0), then Ti and T2 
are interval-representable generalized triangular norms. 

Proof. If we define T\j[x,y] = min{x,y} and Ti r [x,y] = min{a;,y}, then, by Remark 
2.1, Xi ; ; and Xi ;r are generalized triangular norms. Thus, by Definition 3.2, we see that 
Ti = [Ti t i,Ti <r is an interval-representable generalized triangular norm. Similarly, if we 
define T2.i[x,y] — T2. r [x,y] = kxy(k > 0), then, by Remark 2.1, T2.1 and X2.7- are generalized 
triangular norms. By Definition 3.2, we see that T2 = \T2.uT2.r is an interval-representable 
generalized triangular norm. 

Let IJ-(X) the set of all measurable interval-valued functions / : X — *• I([0, 00)) \ {0}. 
Then we define the (IG) fuzzy integral with respect to a fuzzy measure by means of an 
interval-representable generalized triangular norm of interval-valued functions as follows. 

Definition 3.3. Let (X, B, /u) be a fuzzy measure space, T = [Ti, T r ] be an interval-representable 
generalized triangular norm, A £ B, and / = [/;, f r ] £ IF(X). 

(1) An interval- valued function / is said to be measurable if for any open set O C [0, 00), 

T\o) = {x£X\ ~]{x) nO^}e6. (12) 

(2) The (IG) fuzzy integral with respect to a by means of X of / on A is defined by 



(IG) / jd[i = swp1[a,fj, A 7(a)], (13) 

J A a>0 



where 



(J>Aj( a ) = [fiAj,(a),/iA,/ r (a)] for all a £ [0, < 
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(3) / is said to be integrable on A if 



{IG) / /d M eP([O,oo))\{0}, 

J A 



(14) 



where P([0, oo)) is the set of all subsets of [0, oo) 



Let IF*(X) be the set of all integrable interval- valued functions. We can obtain the 
following basic characterizations of the (IG) fuzzy integral with respect to a fuzzy measure by 
means of an interval-representable generalized triangular norm of interval- valued functions. 



Theorem 3.2. Let (X,B,/j,) be a fuzzy measure space and T = [Ti,T r ] be an interval- 
representable generalized triangular norm. (1) If f,g € IT* (X) and f <g, then we have 

(15) 



(16) 



(IG) J fdu < (IG) I gdix. 
(2) If A G B and a G I([0, oo)), then we have 



(IG) / ad^ = <S\a u n{A)\ V 1[a r , [0, n(A)]]. 

J A 

Proof. (1) Since / <g~, fi < gi and f r < g r . Thus, we have 

jUA,/i(a) < (iA, g ,(a) and fx A j r (a) < fj,A,g r {a) 

for all a G [0, oo). By Definition 3.2, 

^[a^ A j(a)} = [Ti[a,fi A ,fi(a)],T r [a,fj,A,f,(a)] 
< [Ti{a,n A , gi (a)],T r {a,fi A . m (a)} 
= 1[a, HA,g(ot)}. 

for all a G [0, oo). Therefore we obtain 



(IG) / fdfj, = sup%[a, fi A j(a)} 



Q>0 



< supX[a, fj, A ,g(a)] = (IG) / gd/x. 

a>0 J A 



(2) Note that if /z is a fuzzy measure and a = [a;, a r ] G [0, oo), then we have 

HA,a(a) = [HA, ai (0l),HA,a r (0c)\ 

\fi(A),n(A)] ifaG(0,oj] 

[0,/j,(A)} ifcnG(a;,a r ] 

if a G (a r , oo). 

Thus, by Definition 3.1 (11) and Definition 3.3(2), we have 



(IG) / adfi 

J A 
supT[a,/iA,a(a)] 

sup [Ti [a, Li A . ai (a), T r [a, \x A ,a T (a)} 

a>0 

sup Ti [a, HA, ai (a) , sup T r [a, fi A>ar (a) 

a>0 a>0 

sup Ti[a, n(A)\, max{ sup T r [a, /j,(A)], sup T r [a,/i(A)]} 

0<a<ai 0<a<ai ai<a<a r 

Ti[a U Li(A)],T r [a r ^(A)]]. 



(17) 
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Finally, we obtain the following important theorem which is used in the next section and 
give a simple example for the (IG) fuzzy integral. 

Theorem 3.3. Let Ti,T r be generalized triangular norms and T[x, y] — [Ti[xi,yi],T r [x r ,y r ]\ 
for all x = [xi,x r ],y — [yi,y r ] € 7([0, oo)) be an interval-representable generalized triangular 
norm. If f = [//, f r ] £ XT*(X), and A £ B, then we have 



(IG) / fdfi = 

I A 



(18) 



(G) / f t dn, (G) / f T dn , 

J A J A 

where (G) J A f u d\x is the (G) fuzzy integral with respect to a fuzzy measure by means of a 
generalized triangular norm T u of a measurable function f u for u = l,r. 



Proof. For any / = [/), f r ] £ IT*(X), we have 

(IG) / fd/i = supT[a, fi A j (a)] 

= sup < I[a,[nAj l (a),iJ,Aj r (a)}] 

= sup[T; [a, ii A j l (a)} ,T r [a, /j, A j r (a)}} 

= [sup T r [a, [i A . fl (a)} , sup T r [a, /i A j r (a)} 

a>0 a>0 



(G) / fid/*, (G) / f r dn 

J A J A 

where (G) J. f u d/J. is the (G) fuzzy integral with respect to a fuzzy measure by means of a 
generalized triangular norm T u of a measurable function f u for u = l,r. 



Example 3.1. Let Ti[xi, y{\ = min{min{x;, y{\, xi -y{\ and T r [x r , y r ] — max{min{x r , y r }, x r ■ 
y r }, and %\x, y] = [Ti[xi,yi],T r [xi,y r ]] be an interval- valued generalized triangular norm for 
all x = [xi,x r ],y — [yi,y r ] £ 7([0, oo)), and m be the Lebesgue measure on [0, oo). Note that 
if x, y C [0, 1], then we have 

Ti[x u yi] =xryi and T r [x r ,y r ] = min{x r ,y r } 

If we take X = [0,1] and / : X — > 7([O,oo))\0 by / = [\x,2x] for all x £ X is an 
interval- valued function, and /i = m 2 , then we have 



(IG) / fdfi = sup[Ti[a,/j,f t (a)},T r [a,iJ,f r (a)}] 



a>0 



sup {a • (1 — 4a) }, sup min{o:, (1 a) } 

0<a<2 2 



0<a<i 

1 



27' 



.3-V5 



4. Convergence properties for the (IG) fuzzy integral by means of an 

INTERVAL-REPRESENTABLE GENERALIZED TRIANGULAR NORM 



In this section, we consider monotone convergent sequences of measurable interval-valued 
functions in the Hausdorff metric and investigate some convergence properties of the (IG) 
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fuzzy integral with respect to a fuzzy measure by means of an interval-representable general- 
ized triangular norm of measurable interval- valued functions. 



Definition 4.1. If {/„} be a sequence of measurable interval-valued functions and {/} E 
lF(X)_&n& AeB. 

(1) f n / A fonA'm the Hausdorff metric if {/„} is an increasing sequence of interval-valued 
functions and lim rl _ 5 . 00 du(f n (x), f{x)) — 0, in symbols 

d H - lim f n (x) = fix), (19) 

n— >oo 

for all x E X. 

(2) f n \, / on A in the Hausdorff metric if {/„} is an decreasing sequence of interval- valued 
functions and dn — ^On-^oo f n (x) — f(x). 



By using Definition 4.1, we obtain the following theorem under an interval-representable 
generalized triangular norm which is an extension of Theorem 2.1. 



Theorem 4.1. Let Ti,T r be generalized triangular norms and 

1[x,y] = [T[xi,yi},T[x r ,y r }} (20) 

be an interval-representable generalized triangular norm for all x = [xi,x r ],y — [yi,y r ] € 
J([0,oo)). // {/„} C XT*(X) and J E 1T*(X), and A E B, and /„ \ j on A in the 
Hausdorff metric, then we have 



d H - lim (IG) [ f n dix = (IG) [ fdfi, (21) 

"^°° J A J A 



I A J A 

if and only if the following conditions are satisfied 

(i) for any given e > there exists a uq E N such that 

~Pa1 ( c o + e) < oo, (22) 

where cq = max {sup{a > : Ti[a, oo] < (G) J A fid/i}, sup{a > : T r [a, oo] < (G) J A f r d/i}} 
and 

(ii) for any a n with a„ /"■ oo or a n \ 0, 

lim„_ >00 T[a„,^ A7 (a„)] < (IG) / fdfx. (23) 

J A 



Proof. By Theorem 3.3, we have 

(IG) f Jd^i = (G) f f ni ,d», (G) f f n>r dn (24) 

JA L JA JA 

for all n E N and 

(25) 



(IG) f fdfi = (G) f fidn, (G) f f r dn , 

JA L JA JA 

where where (G) J. f n ,udiJL and (G) f. f u dfx are the (G) fuzzy integrals with respect to a fuzzy 
measure by means of a generalized triangular norm T u for u = l,r. By (11), (18), (24) and 
(25), (21) implies that 

lim (G) / f n jdfi = (G) / fdfi, (26) 

™^°° J A J A 
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and 



lim (G) / f n ,rd[i = (G) / f r dfj,. 
n^oo J A J A 



(27) 



By Theorem 2.1, (26) holds if and only if the following conditions are satisfied 
(i) for any given e > there exists a n\ <G N such that 

/»A,/ ni ,,(ci +e) < oo, 

where c\ = sup{a > : T}[a,oo] < (G) J^ fidfi}. 
(ii) For any {a„} with a„ / oo or a„ \ 0, 

Hm n ^ocTi[a n , /j,Aj n ,(an)} < (G) / fid/j,. 

JA 

and (27) holds if and only if the following conditions are satisfied 
(i) for any given e > there exists a «2 € N such that 

MA,/ n2 , r (c 2 +e) < oo, 

where c 2 = sup{a > : 7][a, oo] < (G) f. f r d)j>} and 
(ii) for any {a„} with a„ / a or a„ \ 0, 

lim n _ > . oo r[a n ,/x J 4,/ r .„(a n )] < (GF) / / r d/i. 



(28) 



(29) 



Without loss of the generality, we assume that n\ > ri2 and c\ < C2- Thus, / ni ./ < /n 2 .z and 
/m,r < /n 2 ,r and hence 

MA,/ ni ,,(c 2 +e) < MA,/ ni ,,(ci +e), (30) 

and 

MA,/„ lir (c2+e) < MA,/ n2 , r (c 2 +e). (31) 

If we take Co = max{ci,C2}, then (30) and (31) implies that for any given e > 0, there 
exists a no = ni e N such that 

\x A j (c + e) 

< Ma 7 ( c 2 + e ) 

= [ma,/„ 1>; (c 2 + e), MA,/ ni , r (c 2 + s)} 

< [ma,/„ 1>; (ci + e),HAj n2 , T {c2 + e)] 

< [oo, oo] = oo. 

Thus, the condition (22) holds. For any {a n } with a„ / oo or a„ \ 0, by Theorem 2.1, we 
have 



and 



lim r , 



lim r 



,T t [a n ,HA, /„,,(«„)]< (G) / //d/x, 



3 T r [a n ,MA,/ nr (an)] < (G) / / r d/x. 



(32) 
(33) 



By (32) and (33) and (20) and Theorem 3.3, 



lim w ^ oo r[o;», [nAjtia), HA,f r {.Ci)]] 
limn^oo [Ti[a„, [/J, a j, {a)],T r [a n , jj, A j r (a)]] 
[lim^coTi [a„, \jJ,A,f, (a)], lim„^ 00 T r [a„, /UA,/ r (a)] 

: (G) / /,dM, (G) / / r rfM 
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= (IG) [ fdn. 
J A 



Thus, the condition (23) holds. Similarly, we can derive the converse that (22) and (23) 
implies (21). 



Theorem 4.2. Let Ti,T r be generalized triangular norms and 1[x,y] — [Ti[xi,yi],T r [x r ,y r ]] 
be an interval-representable generalized triangular norm for all x = [xi,x r ],y = [xi,x r ] € 
J([0 < oo)). If {/„} C 1F*(X) and / e XT*(X), and A e B, and /„ \ / on A in the 
Hausdorff metric, then we have 

d H - Iim„^ co / n ( a; ) = (IG) f Jdfi, (34) 

J A 



if and only if for any {«„} with a n /* oo, 



i1[a n ,iJ, A -f («„)] < (IG) / fd/j,. (35) 

J A 



Proof. By (11), (18), (24) and (25), (34) implies the following two equations: 

lim (G) / f n jdfi = (G) f fidn, (36) 

™^°° J A JA 



and 



lim (GF) f fmdn = (GF) f f r d/i. (37) 

n ^°° J A J A 



I A J A 

By Theorem 2.2, (36) and (37) hold if and only if for any {a n } with a n /* oo, 



Um Ti[a n ,HA,f n ,(a„)]< (G) / fidfi, (38) 

rwoo ' J A 

and 

lim T r [a n ,n A j n r K)] < (G) \ f r d[i. (39) 

n-S-oo ' j A 

By (38), (39) and Definition 3.1 (9) and (10), we have 



lim 1[a n ,/i A -f (a n )} 

lim [Ti[a n , HA,f n<l {&„)}, T r [a n , \x A j n<T (a n )] 



= [ lim Ti[a n , HA.f n ,(a n )}, lim T r [a n , fj, A ,f n r ( a n)}] 

n—too ' n— >-oo 

< [(G) f frfu, (G) [ frdfx] 

J A J A 



= (IG) / fdp, 

J A 

Thus, the condition (35) holds. Similarly, we can derive the converse that (35) implies (34). 
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5. Conclusions 



In this paper, we considered the concept of an interval-representable generalized trian- 
gular norm (see [3] and Definition 3.2)and studied some characterizations and convergence 
properties of the (IG) fuzzy integral with respect to a fuzzy measure by means of an interval- 
representable generalized triangular norms of measurable interval-valued functions (see Defi- 
nition 3.3) which is an extension of the (G)fuzzy integral with respect to a fuzzy measure by 
means of a generalized triangular norm of measurable functions by Fang [4]. 

From Theorems 3.1 and 3.2, we investigated some characterizations of the (IVG) fuzzy 
integral with respect to a fuzzy measure on the space of measurable interval-valued functions. 
Theorem 3.3 are used in the proof of Theorems 4.1 and 4.2. From Theorems 4.1 and 4.2, 
we discussed some convergence properties of the (IG) fuzzy integral with respect to a fuzzy 
measure of measurable interval- valued functions. 
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Abstract 

Molodtsov initiated the concept of soft set theory, which can be used as a generic mathematical tool 
for dealing with uncertainty. However, it has been pointed out that classical soft sets are not appropriate to 
deal with imprecise and fuzzy parameters. In this paper, the notion of the soft rough set theory is proposed. 
Soft rough set theory is a combination of a rough theory and a soft set theory. The complement, relative 
complement, union, restricted union, intersection, restricted intersection, "and" and "or" operations are 
defined on the soft rough sets. The basic properties of the soft rough sets are also presented and discussed. 
Keywords: Rough sets; Soft sets; Soft rough sets; Properties 
MR2000: 08A99. 

1 Introduction 

Soft set theory was firstly proposed by Molodtsov in 1999 [7]. It is different from traditional tools for 
dealing with uncertainties, such as the theory of probability [13], the theory of fuzzy sets [16], the theory of 
rough sets [12]. It has been demonstrated that soft set theory brings about a rich potential for applications 
in many fields such as function smoothness, Riemann integration, decision making, measurement theory, 
game theory, etc. 

Soft set theory has received much attention since its introduction by Molodtsov. The concept and basic 
properties of soft set theory are presented in [9,7]. Chen et al. [2] presented a new definition of soft set 
parameterization reduction and compared this definition with the related concept of knowledge reduction 
in the rough set theory. In fact, the soft set model can also be combined with other mathematical models 
[15]. For example, by amalgamating the soft sets and algebra, Aktas and Cagman [1] introduce the basic 
properties of soft sets, compare soft sets to the related concepts of fuzzy sets [16] and rough sets [12], 
point out that every fuzzy set and every rough set may be considered a soft set, and give a definition of soft 
groups. Feng et al. [4] defined soft semirings and several related notions to establish a connection between 
soft sets and semirings. Maji et al. [11] presented the concept of the fuzzy soft set which is based on a 
combination of the fuzzy set and soft set models. Xu et al. [14] introduce the notion of vague soft sets 
which is an extension to the soft sets and is based on a combination of the vague set [5] and soft set models. 
Majumdar and Samanta [8] further generalized the concept of fuzzy soft sets as introduced by Maji et al. 
[10], in other words, a degree is attached with the parameterization of fuzzy sets while defining a fuzzy soft 
set. Jiang et al. [6] presented the concept of the interval-valued intuitionistic fuzzy soft sets by combining 
the interval-valued intuitionistic fuzzy set and soft set models. 

The purpose of this paper is to combine the rough sets and soft sets, from which we can obtain a new 
soft set model: soft rough set theory. 



*E-mail: yangcfl@163.com (C.F.Yang).Tel.:+86 0936 8280868; fax:+86 0936 8282000. 



1291 



YANG:SOFT ROUGH SETS 



The rest of this paper is organized as follows. The following section briefly reviews some background 
on soft sets, rough sets. At the same time some operations of rough sets are defined. In Section 3, we 
propose the concepts and operations of soft rough sets and discuss their properties in detail. Finally, in 
Section 4, we draw the conclusion and present some topics for future research. 

2 Preliminaries 

Given a non-empty universe U, by &(U) we will denote the power-set on U . If p is an equivalence 
relation on U then foe every x e U, [x] p denotes the equivalence class of p determined by x. For any X c U, 
we write X c to denote the complementation of X in U, that is the set U - X. 

Definition 2.1 [3]. A pair (U,p) where U + and p is an equivalence relation on U, is called an approxi- 
mation space. 

Definition 2.2 [3]. For an approximation space (U,p), by a rough approximation in (U,p) we mean a 
mapping p : &>(U) -> 9>{JT) X &>(U) defined by for every X e 0>(U), p(X) = (p(X),p(X)), where 

p(X) = {x e X\[x] p c X], p(X) = {x e X\[x] p n X * 0). 

p(X) is called a lower rough approximation of X in (U,p), where as p(X) is called a upper rough approxi- 
mation of X in (U,p). 

Definition 2.3 [3]. Given an approximation space (U,p), a pair (A,B) e ^(U) x £P(U) is called a rough 
set in (U,p) iff (A, B) = p(X) for some X e ^(t/). 

Definition 2.4. Let p(X) be is a rough set over £/ with respect to an equivalence relation p, then the comple- 
ment of p(X) is denoted by p c (X) = (p c (X),~p(X)), is arough set, where p c (X) = jie X c \[x] p c X'} ,p e (X) = 

(i£F|[i] p nx c ^j. 

By the definition of rough set, obviously, p c (X) = p(X c ). 
Definition 2.5. Let p(X) and p(Y) be two rough sets over U with respect to an equivalence relation p, then 
union of p(X) and p(Y) denoted by p(X) U p(Y), is a rough set p(Z), where 

p(Z) = {x e X U T|[x] p c(Xu T)}, p(Z) = [x e X U T|[x] p n (X U F) # 0). 

By the definition of rough set, obviously, p(Z) = p(X U Y). 
Definition 2.6. Let p(X) and p(T) be two rough sets over U with respect to an equivalence relation p, then 
intersection of p(X) and p(Y) denoted by p(X) n p(F), is a rough set p(Z), where 

p(Z) = {x e X n T|[x] p c(xn F)}, p(Z) = {x e X n T|[x] p n (X n T) # 0). 

By the definition of rough set, obviously, p(Z) = p(X n Y). 

Molodtsov [7] defined the soft set in the following way. Let U be an initial universe of objects and E the 
set of parameters in relation to objects in U . Parameters are often attributes, characteristics, or properties of 
objects. Let £P(U) denote the power set of U and A c E. 
Definition 2.7. A pair (F,A) is called a soft set over U, where F is a mapping given by F : A — > £P(U). 

In other words, the soft set is not a kind of set, but a parameterized family of subsets of the set U. For 
any parameter s e A, F(s) may be considered as the set of e-approximate elements of the soft set (F, A). 

3 Soft rough sets and their properties 

Definition 3.1. Let U be an initial universe and £ be a set of parameters. RS(U) denotes the set of all 
rough sets of U with respect to an equivalence relation p. Let A c E. A pair (F, A) is a soft rough set over 
U, where F is a mapping given by F : A — > RS(U). 
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In other words, a soft rough set is a parameterized family of rough subsets of U, thus, its universe is the 
set of all rough sets of U, i.e., RS(U). A soft rough set is also a special case of a soft set because it is still a 
mapping from parameters to RS(U). 

Definition 3.2. The union of two soft rough sets (F, A) and (G, B) over a common universe U with respect 
to an equivalence relation p is a soft rough set (//, C), where C — A U B and Ve e C, 

C F(e), if seA-B, 

//(e) = I G(e), if seB-A, 

[ F(e) u G(s), ifseAnB. 

We write (F, A>U<G, B) = (H, C). 

Definition 3.3. The intersection of two soft rough sets (F,A) and (G, B) over a common universe U with 

respect to an equivalence relation p is a soft rough set (H, C), where C — A U B and Ve e C, 

f F(e), ifseA-B, 

//(e) = I G(e), if seB-A, 

{ F(e) n G(e), ifseAnB. 

We write (F, A)n{G, B) = (H, C). 

Definition 3.4. Let E - [e\,ei,..., e„} be a parameter set. The not set of E denoted by ~\E is defined by 

~\E - \~\e\, ~\ei, . . . , ~\e n ) where ~|e; = not e; . 

Definition 3.5. Let (F,A) be a soft rough set over a common universe U with respect to an equivalence 

relation p, then complement of (F,A) denoted by (F,A) C - (F C ,~\A) is a soft rough set, and V]e e]A, 

F c Qs) = p c (X) = p(X c ), where F(s) = p(X). 

Definition 3.6. Let (F,A) and (G,B) be two soft rough sets over a common universe U with respect 

to an equivalence relation p such that A n B ^ 0. The restricted union of (F, A) and (G, B) is denoted by 

<F, A>U<G, B), and is defined as <F, A>U<G, B) = <//, C), where C = AnB and Ve e C, //(e) = F(e)UG(e). 

Definition 3.7. Let (F,A) and (G, B) be two soft rough sets over a common universe U with respect to an 

equivalence relation p such that A n B ^ 0. The restricted intersection of {F,A) and (G, B) is denoted by 

<F, A)iRi<G, B), and is defined as <F, A)iRi(G, B) = <//, C), where C = AnB and Ve e C, //(e) = F(e)nG(e). 

Definition 3.8. Let (F, A) be a soft rough set over a common universe U with respect to an equivalence 

relation p, then restricted complement of (F, A) denoted by (F, A) r = (F r , A) is a soft rough set, and Ve e A, 

F r (e) = p c (X) = p(X c ), where F(e) = p(X). 

Definition 3.9. A soft rough set (F,A) over U with respect to an equivalence relation p is said to be a null 

soft rough set denoted by 0^, if e e A, F(e) = p(0). 

Definition 3.10. A soft rough set (F,A) over U with respect to an equivalence relation p is said to be a 

absolute soft rough set denoted by S^, if e e A, F(e) = p(L0. 

Theorem 3.11. Let E be a set of parameters, A c E. If 0^ is a null soft rough set, 2^ a absolute soft rough 

set, and (FA) and (F, F) two soft rough sets over a common universe U with respect to an equivalence 

relation p, then 

(1) <F,A)U(F,A> = (F,A); 

(2)<F,A>n<F,A> = <F,A>; 

(3)<FF>U0 A = <FF>; 

(4)<FF>n0 £ =0 £ ; 

(5)<FF>UE £ = E £ ; 

(6)<FF>nE A = <F,F>. 

Proof. It is easily obtained from Definitions above. 

Theorem 3.12. Let (F,A) and (G, B) be two soft rough sets over a common universe U with respect to an 

equivalence relation p such that A n B # 0. Then 
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(1) ((F,A) V) (G,B)) r = (F,A) r R (G,B) r ; 

(2) ((F,A) a {G,B)) r = (F,A) r W (G,B) r . 

Proof. For VseAflB, let F(s) = p(X), G{e) = p(F), and (F, A) W <G, B> = (H, C). According to definition, 
//(e) = F(s) U G(e) = p(X) U p(Y) = p(X U F), and then H r (s) = p c {X U F) = p(X c n F c ). 

Now </%A) r (Hi <G,B) r = (F r ,A) tt (G r ,B) = (K,C), where C = A n B. So by definition, we have 
#(£) = F r (e) n G r (e) = p c (X) n p e (F) = p(X c n F e ) = // r (e) Ve e C. 

Hence «F,A> P <G,B» r = {F,A) r fit {G,B) r . 
(2) Let (F, A) (Hi <G, B) = (H, C) where C=AnB#0, thus //(e) = F(e) n G(s) = p(X) np(Y)= p(X n F) 
for all s e C. 

Since «F, A) [fit (G, B» r = <//, C) r = <// r , C), by definition, //'"(e) = p((X n F) e ) = p(X c U F c ). 

Now (F,A) r y <G,B) r = <F r ,A> y <G r ,B) = <A",C), where C = A n B. So by definition, we have 
K(s) = F r (s) U G r (e) = p e (X) U p e (F) = p(X c U F e ) = // r (e) Ve e C. 

Hence «/%A> IR1 <G,B» r = </%A) r U <G,B) r . 
Theorem 3.13. Let (F,A) and (G, B) be two soft rough sets over a common universe U with respect to an 
equivalence relation p. Then we have the following: 

(1) ((F,A)U(G,B)Y = (F,A) c n(G,B) c ; 

(2) «F,A)n<G,B» c = </%A> e U<G,B> e . 

Proof. (1) For the convenience, we do following assumptions, Ve e A U B : 

if e e A - B, then F(e) = p(X); 

if e € B - A, then G(e) = p(F); 

if e e A n B, then F(e) = p(Z), G(e) = p( W). 

Suppose that <F,A)U<G,B> = (H,A U B>. Then «F,A>U<G,B» C = (ff,AU B) e = <// e ,l(A U B» = 
<// e , 1AU1B)). For Ve e A U B, we have 



( F(s) = p(X), if seA-B, 

//(e) = I G(e) = p(Y), ifseB-A, 

{ F(s) U G(e) = p(Z U W), ifseAnB. 



Thus 



( p(X c ), Z/leelA-lB, 

// c Qe)-| p(F c ), Z/leelB-lA, 

[ p(Z c n W c ), // le e\Art]B. 

Moreover, let <F,A) e n<G,B) c = <F c ,lA>n<G cl ,lB> = (K,~\AU~\B). Then 

( F c (\s) = p{X c ), Z/leelA-lB, 

KQe) = { G e (le)=p(F c ), Z/leelB-lA, 

{ F c (]e) n G c (le) = p(Z c n W e ), // e e"|An"|B. 

Since //'' and /T are indeed the same rough-set-valued mapping, we conclude that ((F,A)U(G, B)) e = 
<F,A) c n<G,B) e as required. 
(2) The proof is similar to that of (1). 

Definition 3.14. Let (F,A) and (G, B) be two soft rough sets over a common universe U with respect to an 
equivalence relation p. Then "(F^) and (G, B)" is a soft rough set denoted by {F,A) A (G, B), is defined as 
(F,A) A (G, B) = (H, A x B), where //(or,/?) = F(a) n G(B), V(a,/3) e A x B. 

Definition 3.15. Let (F,A) and (G, B) be two soft rough sets over a common universe U with respect to an 
equivalence relation p. Then "(F^) or (G, B)" is a soft rough set denoted by (F,A) V (G, B), is defined as 
(F,A) V <G,B> = (0,A x B>, where G(a,fi) = F(a) U G(fi),\f{a,B) eAxB. 
Theorem 3.16. Let (F,A) and (G, B) be two soft rough sets over a common universe U with respect to an 
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equivalence relation p. Then we have the following: 

(1) ((F,A) A (G,B)) C = (F,A) C V (G,B) C ; 

(2) ((F,A) V (G, B)) e = (F, A) c A (G, B) e . 

Proof. ( 1) Suppose that (F, A) A (G,B) = (H,AxB). Then ((F,A)A(G,B)) C = {H,AxB) c = (// e ,~|(AxB)). 
For V"|(a,/3) e~|(A x B), let F(or) = p(X), G(B) = p(Y). By definition, H(a,B) = F(a) n G(B) = p(X n T). 
Thus // e (~|(a,B)) = p c (X nF)= p((X n T) e ) = p(X c U F e ). 

Since (FA)" = (F C ,"|A> and (G,B) C = (G C ,~\B), then (F,A) C V (G,B) e = (F e ,lA) V (G C ,~|B). Assume 
that (F C ,"|A> V (G C ,~|B) = (0,"|Ax"|B> = (0,"|(A x B)>, where VQa, 1/3) &\Ax\B, by definition, 0("|a,"|/3) = 
F c (]a) U G e (l/3) = p c (X) U p e (T) = p(X e U p(Y c ) = p(X c U T e )- 

Consequently, // c and are the same operators. Thus, ((F,A) A (G, B)) e = (F, A) c V (G, B) e . 
(2) The proof is similar to that of (1). 

Theorem 3.17. Let (F,A), (G,B) and (H,C) be three soft rough sets over a common universe U with 
respect to an equivalence relation p. Then we have the following: 

(1) (F,A) A «G,B) A (H,Q) = ((F,A) A <G,fi» A (H,C)\ 

(2) (F,A) V «G, B) V (//, C» = «F A) V <G, B» V <//, C). 

Proof. (1) Assume that (G, B) A <#, C) = {I,Bx C). For V(a,/3) eBxC, let G(a) = p(T), //(B) = p(Z). 
By definition, I(a,B) = G{a) n ff(B) = p(T n Z). 

Since (F,A)A((G,B)A(//,C)) = (F, A) A{I,BxC), we suppose that (F,A)A(/,BxC) = (/T,Ax(BxC)). 
For V((5, or,jS) e A x (B x C), let F(<5) = p(X), by definition, £(£ a,B) = F{5) n /(ar,B) = p(X) n p(T nZ) = 

p(x n y n z). 

On the other hand, we take (6, a) e A x B. Suppose that (F,A) A (G,B) - {J, Ax B), by definition, 
J(S, a) = F(S) n G(a) = p(X n y). 

Since ((F, A) A (G,B)) A (H,C) = {J,AxB)A{H,Q, we suppose that (J,AxB}A(H,C) = (0, (AxB)xC)), 
where 0(5, a,/3) = /(5, a) n H{B) = p(X n y n Z), (5, a,B) e(AxB)xC=AxBxC. 

Consequently, /T and O are the same operators. Thus, (F,A) A «G, B) A (H, C» = «F, A) A <G, B)) A 

(H,C). 

Theorem 3.18. Let (F, A), (G, B) and (//, C) be three soft rough sets over a common universe U with 
respect to an equivalence relation p such that A n B n C # 0. Then we have the following: 

(1) (F, A) iRi «G, B> R (//, C» = «F, A) (Hi <G, B» mi (//, C>; 

(2) (F, A) y «G, B> y (//, C» = «F, A) U <G, B» U (//, C); 

(3) <F, A) iRi «G, B) y (H, C» = «F, A) (Hi <G, B» P «F, A) ifi) <//, C»; 

(4) <F, A) y «G, B> a (//, C» = «F, A) y <G, B» ifii «F, A) P </f, C». 

Proof. In the following, we shall prove (1) and (3); (2) and (4) are proved analogously. 

For the convenience, we do following assumptions, Ve e A U B U C, 
if e e A - B - C, then F(e) = p(XO; 
if e e B - A - C, then G(e) = p(X 2 ); 
ifeeC-A-B, then //(e) = p(X 3 ); 
if e e A n B - C, then F(e) = p(X 4 ), G(e) = p(X 5 ); 
if e e A n C - B, then F(e) = p(X 6 ), //(e) = p(X 7 ); 
if e e B n C - A, then G(e) = p(X 8 ), //(e) = p(X 9 ); 
if e e A n B n C, then F(e) = p(Xi ), G(e) = p(X n ), //(e) = p(X 12 ). 

(1) Suppose that (G,B)iRi(//,C) = (I,D), whereD = BnC. For Ve e D, by definition, /(e) = F(e)n//(e) = 
p(X g nl9)orp(InnX 12 ), 

Since {F,A} n ({G,B} 1R1 (//,C)) = (F,A) R (I,D), we assume that {F,A} 1R1 (/,£)) = {J,S}, where 
5 = A n D. By definition, for Ve e S, 7(e) = F(e) n /(e) = p(X w ) n p(X xl n X i2 ) = p(X 10 n X n n X l2 ). 

On the other hand, assume that (F,A) n (G,B) = (K, V), where V = A n B. For Ve e V, K(s) = 
F(e) n G(e) = p(X 4 n X 5 ) or p(X 10 n X n ). 
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Since ((F,A) [fit «G, B» ifi <#, C> = <X, V) IR1 <//, C), we assume that (K, V) ifil (//, C> = (L, W>, where 
W = VnC=AnBnC. By definition, for Ve e W, L(e) = K(s) n //(e) = p(X 10 nX n )n p(X i2 ) = 

p(ii nx u nx 12 ). 

Therefore, L(e) = 7(e) for all Ve e A C\ B C\ C. That is, / and L are the same operators. Thus, 
(F,A)n «G, B> (Hi <//, C» = «F, A) fli <G, B» ifii <//, C). 

(3) Let <G, B> y (H, C) = (I, D), where D = B n C. For Ve e D, by definition, 7(e) = G(e) U //(e) = 
p(X 8 UX 9 )orp(X„UX 12 ). 

Since <F,A) 1R1 «G,B> P <//,C» = (F,A) iffi (I,D), we assume that (F,A) a </,£>> = </T, V), where 
V = A n D. For Ve e V = A n B n C, /T(e) = F(e) n /(e) = p(X w ) n p(X n U X i2 ) = p(X 10 n (X n U X i2 )). 

On the other hand, suppose {F,A) ifil (G, B) = {J, M) and (F,A) R <//, C) = (L, W), where M = A n B, 
W = AnC. Since «F,A)(fii<G,B»y«F,A)(ni(//,C» = (J,M)V)(L, W), assume that {J,M)U{L, W) = <<9,JV>, 
where JV = MC\W. ForV e JV = AnBnC, by definition, 0(e) = /(e)UL(e) = (F(e)nG(e))U(F(e)n//(e)) = 

(p(x lQ ) n p(X u )) u (p(x lQ ) n p(X 12 )) = P (x 10 n x„) u p(X 10 n x 12 ) = P ((x l0 n x u ) u (X 10 n x 12 )) = 
p(X 10 n(X u ux 12 )). 

Therefore, /T(e) = 0(e) for all Ve e A n B n C. That is, K and O are the same operators. Thus, 
(F,A) iffi «G,B> y <//,C» = ((F,A) iffi (G,B)) y ((F,A) iffi <//,C». 

Theorem 3.19. Let (F, A), (G, B) and (//, C) be three soft rough sets over a common universe U with 
respect to an equivalence relation p. Then we have the following: 

(1) <F, A>n«G, B)n<//, C» = «F, A)n<G, B»n(//, C>; 

(2) <F,A)U«G,B)U<//,C» = «F,A)U<G,B»U<//,C>; 

Proof. In the following, we shall prove (1), (2) is proved analogously. 

For the convenience, Ve e A U B U C, we do following assumptions: 
if e € A - B - C, then F(e) = p(X t ); 
if e e B - A - C, then G(e) = p(X 2 ); 
if e e C - A - B, then //(e) = p(X 3 ); 
if e e A n B - C, then F(e) = p(X 4 ), G(e) = p(X 5 ); 
if e e A n C - B, then F(e) = p(X 6 ), //(e) = p(X 7 ); 
if e e B n C - A, then G(e) = p(X 8 ), //(e) = p(X 9 ); 
if e e A n B n C, then F(e) = p(X 10 ), G(e) = p(X n ), //(e) = p(X 12 ). 
(1) Suppose that <G, B)n<//, C> = </, D), where D = B U C. For Ve e D, by definition, 



( G(e) = p(X 2 ) or p(X 5 ), seB-C, 

/(e) = i //(e) = p(X 3 ) or p(X 7 ), s e C - B, 

{ G(e) n //(e) = p(X 8 n X 9 ) or p(X n n Xi 2 ), e e B n C. 



Since <F, A>n«G, B)C\{H, C» 
By definition, for Ve e 5 , 



(F,A)n(I,D), we assume that (F,A)n(I,D) = </, 5), where 5 = AUD. 



( F(e) = p(Xi), e e A - £>, 

7(e) = i /(e) = p(X 2 ) or p(X 3 ) or p(X 8 n X 9 ), e e D - A, 

{ F(s) n /(e) = p(X 4 n X 5 ) or p(Xi n Xu n X 12 ) or p(X 6 n X 7 ), e e A n £>. 



p(Xi), 


seA-B- 


-c, 


P(X 2 ), 


seB-A- 


-c, 


P(X 3 ), 


seC-B 


-A, 


P (x 8 nx 9 ), 


eeBnC- 


-A, 


P(x 4 nx 5 ), 


ee A nB- 


-c, 


P(x 6 nx 7 ), 


ee AnC- 


-B, 



. p(Xi n Xu n X 12 ), e e A n B n C. 
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On the other hand, assume that (F, A)U<G, B) = (K, V), where V - A U B. For Ve e V, 
K(s) 



F(e) = p(Xi) or p(X 6 ), seA-B, 

G(e) = p(X 2 ) or p(X s ), seB-A, 

F(e) n G(e) = p(X 4 n X 5 ) or p(X m nln), seAnB. 



Since ((F,A)n((G, B))n(H, C) = (K, V)n(H, C), we assume that (K, V)n(H, C) = (L, W), where W = 
VUC=AUBUC. By definition, for Ve e W, 



L{e) 



K(s) = p(Xi) or p(X 2 ) or p(X 4 C\X 5 ), seV- C, 

//(e) = p(X 3 ), seC-V, 

K(s) n //(e) = p(X % n X 9 ) or p(X w nx u n X l2 ) or p(X 6 nx 7 ), seCn V. 



p(Xi), 


seA-B- 


-C 


P(X 2 ), 


seB-A- 


-C 


P(X 3 ), 


seC-B 


-A 


P(x$nx 9 ), 


seBnC- 


-A, 


P (X 4 nx 5 ), 


seAfiB- 


-c, 


P(x 6 nx 7 ), 


seAfiC- 


-B, 



piAg I I A7J, 6 : <= A II C — D 

v p(X m n Xn n X x2 ), seAnflnC 



Therefore, L(e) = 7(e) for all Ve e A U B U C. That is, J and L are the same operators. Thus, 

(F, A)n((G, B)n(H, C» = «F, A>n<G, fi»n<//, C). 

The following example shows that if (Ri and W of assertions (3) and (4) of theorem 3.18 are replaced by 
n and U respectively, then assertions (3) and (4) of theorem 3.18 do not hold, i.e., (F, A)n((G, B)U{H, C)) = 
«F, A)n<G, B»U«F, A)n(H, C» and (F, A>U«G, fi>n<//, C» = «F, A)U<G, £»n«F, A)U<//, C» are both 
incorrect. 

Example. Lett/ = {xi,x 2 ,x 3 ,X4,X5,X6} be an initial universe andF = {ei, e 2 ,e 3 ,e4) be a set of parameters. 
Letp be an equivalence relation on U such that p-equivalence classes are the subsets {xi,x 3 }, {x 2 ,X4,x$} 
and {xf,}. (F,A), (G, B) and (H, C) are three soft rough sets over U with respect to an equivalence relation 
p. Here A = {ei,e 2 ,e 3 }, B — (ei,e 2 ,e 4 }, C — {e\,e-i,e 4 }. 

We take X\ — {xi,x 3 }, X 2 — {x\,X(,}, X 3 — {x 2 ,X4,x^}, X4 — {x 2 ,x$}, X5 — {xi,X4}, X(, — {xi,x 2 ,x 3 }, 
X-j - {x 3 ,X(,}, X& - {x4,X6} andX 9 = {x\,x 3 ,X(,}. Let 
F(ei) =p(Xi) = ({xi,x 3 },{xi,x 3 }); 
F(e 2 ) =p(X 2 ) = ({x 6 },{x u x 3 ,x 6 }y, 
F(e 3 ) = p(X 3 ) = ({x 2 ,X4,x 5 },{x 2 ,x 4 ,x 5 }); 
G(ei) = p(X 4 ) = (0,{x 2 ,x 4 ,x 5 )); 
G(e 2 ) = p(X 5 ) = (0,{xi,x 2 ,x 3 ,x 4 ,x 5 }); 
G(e 4 ) = p(X 6 ) = ({xi,x 3 },{xi,x 2 ,x 3 ,x 4 ,x 5 }); 
H(ei) =p(X 7 ) = ({x 6 },{xi,x 3 ,x 6 }); 
H(e 3 ) =p(X 8 ) = ({x 6 },{x 2 ,x 4 ,x 5 ,x 6 }); 
H(e 4 ) = p(X 9 ) = ({xi,x 3: x 6 },{x 1 ,x 3 ,x 6 }). 

Suppose that <G, B)U(H, C) = (I, D), where D = B U C. By definition, 
/(ei) = G(ei)Ui/(ei) = p(X 4 )Up(X 7 ) = p(X 4 UX 7 ) = p({x 2 ,x 3 ,x 5 ,x 6 }) = ({x 6 },{xi,x 2 ,x 3 ,x 4 ,x 5 ,x 6 }); 
/(e 2 ) = G(e 2 ) =p(X 5 ) = (0,{xi,x 2 ,x 3 ,x 4 ,x 5 }); 
/(e 3 ) = #(e 3 ) =p(X 8 ) = ({x 6 },{x 2 ,x 4 ,x 5 ,x 6 }); 

I(e 4 ) = G(e 4 ) U #(e 4 ) = p(X 6 ) U p(X 9 ) = p(X 6 U X 9 ) = p({xi , x 2 , x 3 , x 6 }) 
= ({xi, x 3 , x 6 ), {xi, x 2 , x 3 , x 4 , x 5 , x 6 }). 
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Since (F,A)n((G,B)U(H,C)) = (F,A}C\(I,D), we assume that (F,A)n(I,D) = (J, S >, where S = AUD. 
By definition, 

J{e x ) = F{ei) n i(ei) = p(*i) n p(X 4 u X 7 ) = p(Xi n (X 4 u X 7 )) = p({x 3 }) = (0, {xi, x 3 }); 
/(e 2 ) = F(e 2 ) n 7(e 2 ) = p(X 2 ) n p(X 5 ) = P (X 2 n X 5 ) = p({jci }) = (0, {*i , x 3 }); 
J(e 3 ) = F(e 3 ) n 7(e 3 ) = p(X 3 ) n p(X 8 ) = p(X 3 n X g ) = p({x 4 }) = (0, {x 2 , x 4 , x 5 }); 
7(e 4 ) = /(e 4 ) = p(X 6 UX 9 ) =p({x 1 ,x 2 ,x 3 ,x 6 }) 
= ({Xi, x 3 , x 6 ), {xi, x 2 , x 3 , x 4 , x 5 , x 6 }). 

On the other hand, suppose that (F, A)n(G, B) = (K, V) and (F,A)n(H, C) = (L, W), where V = A U B, 
W = A U C. Since «F, A)n(G, B»U«F, A>n</f , C» = (A", V>U<L, W), assume that (A, V)U<L, W> = <0, AT), 
where N = V UW. By definition, 

0( ei ) = K(e x ) u L(«i) = (F(ei) n G{e x )) u (F(ei) n H(«i)) = p(Xj n X*) U p(X, n X 7 ) = p(0) U p({X 3 }) = 
p({x 3 }) = (0,{x 1 ,x 3 }); 

0(e 2 ) = A(e 2 ) U L(e 2 ) = (F(e 2 ) n G(e 2 )) U F(e 2 ) = (p(X 2 ) n p(X 5 )) u p(X 2 ) = p((X 2 n X 5 ) u X 2 ) = p(X 2 ) = 
p({xi,x 6 }) = ({x 6 },{xi,x 3 ,x 6 }); 

0(e 3 ) = A(e 3 ) u L(e 3 ) = F(e 3 ) u (F(e 3 ) n ff(e 3 )) = p(X 3 ) U p(X 3 n X g ) = p(X 3 u (X 3 n X g )) = p(X 3 ) = 
p({x 2 ,x 4 ,x 5 }) = ({x 2 ,x 4 ,x 5 },{x 2 ,x 4 ,x 5 }); 

0(e 4 ) = K(e 4 ) U L(e 4 ) = G(e 4 ) U //(e 4 ) = p(X 6 ) U p(X 9 ) = p(X 6 U X 9 ) = p({xi , x 2 , x 3 , x 6 }) 
= ({Xi, x 3 , x 6 ), {xi, x 2 , x 3 , x 4 , x 5 , x 6 }). 

Since 7(e 2 ) ^ C(e 2 ) and 7(e 3 ) ^ G(e 3 ). That is, J and (9 are not the same operators. Thus, 
(F, A)n«G, B>0<#, C» ^ ((F A)n<G, B»U«F, A)n<i/, C». 

Likewise, we may show that <F, A)U«G, B)n(H, C» = «F, A)U<G, B»n«F, A)U<//, C» is incorrect. 

4 Conclusion 

In this paper, the notion of the soft rough set theory is proposed, soft rough set theory is a combination 
of a rough set theory and a soft set theory. The complement, restricted complement, union, restricted union, 
intersection, restricted intersection, "and" and "or" operations are defined on the soft rough sets. The basic 
properties of the soft rough sets are also presented and discussed. This new extension not only provides 
a significant addition to existing theories for handling uncertainties, but also leads to potential areas of 
further field research and pertinent applications. Our work in this paper is completely theoretical. As far as 
future directions are concerned, these will include the parameterization reduction of the soft rough sets. It 
is also desirable to further explore the applications of using the soft rough set approach to solve real world 
problems such as decision making, forecasting, and data analysis. 
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Abstract 

This paper deals with the determination of the rate of convergence to 
the unit of some multivariate neural network operators, namely the the 
normalized "bell" and "squashing" type operators. This is given through 
the multidimensional modulus of continuity of the involved multivariate 
function or its partial derivatives of specific order that appear in the right- 
hand side of the associated multivariate Jackson type incqualitiy. 
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1 Introduction 

The multivariate Cardaliaguet-Euvrard operators were first introduced and stud- 
ied thoroughly in [3], where the authors among many other interesting things 
proved that these multivariate operators converge uniformly on compacta, to 
the unit over continuous and bounded multivariate functions. Our multivariate 
normalized "bell" and "squashing" type operators (f ) and (16) were motivated 
and inspired by the "bell" and "squashing" functions of [3]. 

The work in [3] is qualitative where the used multivariate bell-shaped func- 
tion is general. However, though our work is greatly motivated by [3], it is 
quantitative and the used multivariate "bell-shaped" and "squashing" functions 
are of compact support. 

This paper is the continuation and simplification of [1] and [2], in the mul- 
tidimensional case. We produce a set of multivariate inequalities giving close 
upper bounds to the errors in approximating the unit operator by the above 
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multidimensional neural network induced operators. All appearing constants 
there are well determined. These arc mainly pointwise estimates involving the 
first multivariate modulus of continuity of the engaged multivariate continuous 
function or its partial derivatives of some fixed order. 

2 Convergence with rates of multivariate neural 
network operators 

We need the following (see [3]) definitions. 

Definition 1 A function b : R — > R is said to be bell-shaped if b belongs to L 1 
and its integral is nonzero, if it is nondecreasing on (-co, a) and nonincreasing 
on [a, +oo), where a belongs to R. In particular b(x) is a nonnegative number 
and at a, b takes a global maximum; it is the center of the bell-shaped function. 
A bell-shaped function is said to be centered if its center is zero. 

Definition 2 (see [3]) A function b : R d — > R (d > 1) is said to be a d- 
dimensional bell-shaped function if it is integrable and its integral is not zero, 
and for all i = I , ..., d, 

t-> b(xi,...,t,...,Xd) 

is a centered bell-shaped function, where x :— (x\, ...,Xd) € R d arbitrary. 

Example 3 (from [3]) Let b be a centered bell-shaped function over R, then 
(xi, ...,Xd) —* b(xi) ...b(xd) is a d-dimensional bell- shaped function. 

Assumption 4 Here b(x) is of compact support B :— Yl i=1 [—Ti,Ti], Ti > 

and it may have jump discontinuities there. Let f : R d — > R be a continuous 
and bounded function or a uniformly continuous function. 

In this paper, we study the pointwise convergence with rates over R d , to the 
unit operator, of the "normalized bell" multivariate neural network operators 

M n (/) (1?) := 

Et-n» - X£=-n» / (tT> -, fr) b (n 1 - (xx |) , -, n 1 - (x d - k jt)) 

r£=- n * -E£=-^ b (n 1 - (-i - it) . -.n 1 - (*- - if)) 

(1) 
where < a < I and x :— (x\, ...,Xd) € K d , n E N. Clearly M n is a positive 
linear operator. 

The terms in the ratio of multiple sums (1) can be nonzero iff simultaneously 



n 1 a | Xi 

n 



< Ti, all i = 1, ..., d, 
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i.e., \xi - =*| < ^r^r, all i = 1, ...,d, iff 

nxi-Tin" < ki <nxi + Tin a , alii = l,...,d. (2) 

To have the order 

-n 2 < riXi - T! ( n" < fa < nx { + T % n a < n 2 , (3) 

we need n > Tj + |xj|, all i = 1, ..., <i. So (3) is true when we take 

n> max (Ti + IxA) . (4) 

ie{i, ...,<*} 

When 1? £ B in order to have (3) it is enough to assume that n > 2T* , where 
T* := max{Ti, ...,T d } > 0. Consider 

Ii := [nXi — Tin a , nxi + Tin a ] , i = 1, ..., d, n £ N. 

The length of Jj is 2Tin a . By Proposition 1 of [1], we get that the cardinality 
of ki £ Z that belong to Ii :— card (ki) > max (2Tjn" — 1,0), any i £ {1, ..., d}. 
In order to have card(ki) > 1, we need 2Tin a - 1 > 1 iff n > T ; ° , any 

ie{l,...,d}. 

Therefore, a sufficient condition in order to obtain the order (3) along with 
the interval Ii to contain at least one integer for all i = 1, ..., d is that 



n> 

■ie 



{ i aX d}{ T4 + N ' T * "I" (5) 



Clearly asrn +oo we get that card(ki) — > +oo, all i = 1, ...,d. Also notice 
that card (ki) equals to the cardinality of integers in [\nxi — Tin a ~\ , [nxi + Tin a ]] 
for all i = 1, ...,<i. Here, [•] denotes the integral part of the number while. ["•] 
denotes its ceiling. 

From now on, in this article we will assume (5). Furthermore it holds 

E[nx 1 +T 1 n a ] splnx d +T d n a ] r / fe^ k d \ 

,. . ki = \nxi—Tin a ~\ •" ^fc e j=[wz t i-T t ira'*l J \ n ' '"' n ) ,„n 

V(~x) 
all ~x ■= (xi,...,Xd) £ K d , where 

[nii+Tin°] [nx d +T d n a ] / / ; \ / , 

£ - E »(»-(..-£)...,..'-(*-£ 
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Denote by IHI^ the maximum norm on M. , d > 1. So if n 1 a [Xi 
Ti, all i — 1, ..., d, we get that 



< 



< 



rp* 



where k := (fei, ..., kd) . 
Definition 5 Let f :R d -> 

«i(M) 



We call 

sup^ I/O?) -f(y] 

all x , y : 

11^-711 <^ 



where h > ; £/ie /irs£ modulus of continuity of f. 

Here is our first main result. 
Theorem 6 Let ~x £ R d ; then 



rp* 



|(M„(/))0?)-/0?)l<wi [f,-^ 



Inequality (8) is attained by constant functions. 

Inequality (8) gives M n (/) ( x ) — ► / ( x ), pointwise with rates, as n 
where ~x £ R d , d > 1. 



Proof. Next, we estimate 

i(M n (/))(-?)-/c?)r= 

[ncci+Tin Q ] [nx d +Tdn a ] 



(<0 



E 



E /(-,-> 



E 



fc 1 = fnxi— Tin"] td = [nid- r d n a ] 



n n 



/0?) 



F("?) 



< 



E 



\n x — 1 n" 



/0?) 



K("j?) 



n. 



< 



(7) 



(8) 
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\nx+Tn° 



E 



Wl /. 



k = nx—Tn a 



V(x) 



b n 1 



That is 



|(M„ (/))(!?) -/(I?) I < 

[rax d +T d n Q ] 



[na;i+Tin Q ] 

E - E *("' " 

fci = [raxi— Tin™] kd=\nxd — Td« Q l 



"1 (/» gj 



Xi , . ... 

n 



1-q / rc d 

n 






proving the claim. ■ 

Our second main result follows. 



(9) 



Theorem 7 Let ~x £ R d , f £ C N (R d ) , N £ N, suc/i i/»o< a// o/ ite parfiaZ 
derivatives f a of order N , a : \a\ — N, are uniformly continuous or continuous 
are bounded. Then, 

|(M„(/))0?)-/0?)l< (io) 



d 



dx,. 



/(T 



— - — ttt- r • max wi is, — ; 

Inequality (10) is attained by constant functions. Also, (10) gives us with rates 
the pointwise convergence of M n (/) — > / ewer R d , as n — > +oo. 

Proof. Set 



0* (*):=/ " ? +* 



x , < t < 1. 



Then 



E 

Vi=l 





N 


8 " 


\\1 


n 


~~ ^Z 


&£» 


) ; J 



<# (*) 



Xi + r x 



n 



x d + t\ x d 

n 



and g-g (0) = / ( x ) . By Taylor's formula, we get 



j=0 



jv <£>(0) 



i? w I — ,0 , 
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where 



Rn — ,0 = 

n I ./o \jo 



AN) 



(AT) 



Here we denote by 



h 






9^>(t N )-g^>(0) dt N 



a := (ax, ...,<Xd) , on G Z H 



d*i. 



i = 1, ..., d, such that |a| := Ylj—i a, = TV. Thus, 



F("?) 



W ff ( | (0) & f n l-a (^ __ 1 



Therefore 



V(x) 



V(x) 



■Rn[—,0 
\ n 



(M„ (/))(!?) -/("?) 



ni + Tn" 



E 



/ 



fc = n X — Tn a 



V(Y 



6 n 1 



fix. 




\n~x+Tn"} 

E $(°)- 



6 ( n 



,1-a 



F(^) 



ni-J n 




where 



\nx+Tn° 



k — n~x — T n a 

Consequently, we obtain 



bin 1 - [~x 



V(x) 



■Rn — ,0 
\ n 



7 

Noyice that 



E 



E 



</4 } (0) 



Mk'-Mi- A ) A 



V fc: 



v(i?) 



liTI =:9. 



n a; — J n 



^ (°) 



< 



Ti* 



a 



E 



(9x, 
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and 



TV 



e^EK^TilS 



dxi 



f(2)\\ + \ir\. (ii) 



That is, by (11), we get 



|(M„ (/))("?) -/("?)!< 



jy 



2-^ jl^Kl-a) I I 2-^ 



Sx,; 



/(*; 



Ii?* 



Next, we need to estimate \R*\. For that, we observe (0 < tjv < 1) 



,W 



^( ijv )-«^(0) 



(JV) 



JV 



5Z I "r - ^ ) ^rr I / I "^ + *iv I — - ■'• 



si=l 



dx,. 



N 






W ^JV 



fei 



- n N ^- a ) a:\a\=N \ n 



Thus, 



iiivl — ,0 



< 



wo 



tiV — 1 



,W 



(JV) 



{T*fd N 



( ?>(tN)-9'r>(0) 



rp* 



til 



...\ 



< TTTi — ,7771 7 ' max Wl fc, — j 



Therefore, 



(12) 



dh 



\nx+Tn°' 

\R*\< Yl 

k — nx ' — Tn 



n [ X — 



V(x 



Rn[—,0 

\ n 



{T*fd N 



rp* 



< — . — 77777 7 • m a x Wl fa, —. , ■ 

- JSr\ n N(l-a) 3 .| 5 | =JV I""' „l « / 

By (12) and (13) we get (10). ■ 



(13) 
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Corollary 8 Here, additionally assume that b is continuous on R d . Let 



r:=n[-7i.7i]cR d , 7*>0, 



and take 



Consider p> 1. Then, 



n> max ( T 4 + 7^ 
ie{i,...,d} 



T* 



l^»/-/ll„r<wi /,-^ 2^n 



7i 



(14) 



attained by constant functions. From (14-), we ge£ the L p convergence of M n f 
to f with rates. 

Proof. By (8). ■ 

Corollary 9 Same assumptions as in Corollary 8. Then 

N 



H^/-/IUr<{E^fe) 



d a x 3 

a 



E 



dx.i 



p,T. 



(T*) N d N / T* \ dX i 



N\ n N(l- a ) 3: | 5 | =A r 



(15) 



2 = 1 



attained by constants. Here, from (15), we get again the L p convergence of 
M n (/) to f with rates. 

Proof. By the use of (10). ■ 

3 The multivariate "normalized squashing type 
operators" and their convergence to the unit 
with rates 

We give the following definition 

Definition 10 Let the nonnegative function S : M. d —>M.,d>l,S has compact 
support B := Yli=i [~Ti,Ti], Ti > and is nondecreasing there for each coor- 
dinate. S can be continuous only on either Y[i=i(~ 00, Ti] or B and can have 
jump discontinuities. We call S the multivariate "squashing function" (see also 
[3])- 
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Example 11 Let S as above when d = 1. Then, 

S (1?) := S ( Xl ) ...S (x d ) , l?:=(x u ...,x d )€R d , 

is a multivariate "squashing function". 

Let / : M. d — > R be either uniformly continuous or continuous and bounded 
function. 

For x £ Mr, we define the multivariate "normalized squashing type opera- 
tor", 

Ln (/) ("£) := 

fei &d\ c t^l-a /„. _ fei s 



E^=_„. - ££=-»» / (£, -, **) ^ K- (-i - £) , .... n 1 - (*„ - **)) 



(16) 



W(z) 
where < a < 1 and n <G N : 

n> max \t, + \x t \ , T~" } , (17) 

i£{l,...,<i} I J 



and 



fci = — n 2 fcrf — — n 2 



Obviously L„ is a positive linear operator. It is clear that 

(M/))o?) = E^ ^sU 1 -- (*--£-) J, (19) 

where 

*(-):=_ E 5 K~" --- ))■ ( 2 °) 



Here, we study the pointwise convergence with rates of (L n (/)) (x) — > / ( x ), 
as n — > +oo, 1? e M d . 

This is given by the next result. 

Theorem 12 Under the above terms and assumptions, we find that 

l(M/))(^W("?)l<«i(/,^). (2i) 

Inequality (21) is attained by constant functions. 
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Proof. Similar to (8). ■ 
We also give 

Theorem 13 Let ~x e R d , f e C N (R d ) , «eN, such that all of its partial 
derivatives /g of order N, a : \a\ — N, are uniformly continuous or continuous 
are bounded. Then, 

\(L n (/))(!?) -/("?)!< (22) 



JV 

E 



(T 



v 



1 J ' 




<) 



dx. 




{T*fd N ( , T* \ 

Inequality (22) is attained by constant functions. Also, (22) gives us with rates 
the pointwise convergence of L n (/) — > / over WL d , as n — > +oo. 

Proof. Similar to (10). ■ 

Note 14 We see that 



M n (1) = L n (1) = 1. 
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NEW APPROACH TO THE ANALOGUE OF 

LEBESGUE-RADON-NIKODYM THEOREM WITH 

RESPECT TO WEIGHTED p-ADIC g-MEASURE ON Z p 

JOO-HEE JEONG, JIN- WOO PARK, AND SEOG-HOON RIM 



Abstract In this paper we reprove the result in Kim et al 2011 by using Mahler 
expansion of uniformly differentiable function over C p . This result is related with 
Frobenius-Eulcr numbers. 

1. Introduction 

Let p be a fixed odd prime number. Throughout this paper, the symbols Z p , Q p , 
and C p denote the ring of p-adic integers, the field of p-adic rational numbers, and 
the p-adic completion of the algebraic closure of Q p , respectively. Let v p be the 
normalized exponential valuation of C p with \p\ = p~ u p(p"> = - and v p (0) = oo. 
When one speaks of g-extension, q can be regarded as an indeterminate, a complex 
q £ C, or a p-adic number q £ C p . In this paper we assume that 9 e C p with 
|1 — q\ < 1 and we use the notations of g-numbers as follows: 

, and \x \_„ = 

1-q' [ i q 1 

For any positive integer TV, let 

a+p N Z p = {x£Z p \x = a (modp^)}, (1.2) 

where a £ Z satisfies the condition < a < p N (see [1-8]). 

It is known that the fermionic p-adic ^-measure on Z p is given by Kim as follows: 



[x:q] = -^-^r, and [x}_ q = /, ■ (1.1) 






U_ g (a + p N Z p ) = A«L_ = ^^_(_ g )« ; ( S ee [7, 12, 13, 14, 15]). (1.3) 



Let C(Z p ) be the space of continuous functions on Z p . From (1.3), the fermionic 
p-adic g-intcgral on Z p is defined by Kim as follows: 

P N -i 

I- q (f) = I /(aO<*M- 9 (aO = Jim y^r- E H x )(-<l) x > ( L4 ) 

f £ C(Z p )(see [1, 7, 12, 13, 14, 15]). From (1.4) we have the following integral 
equation. 

ql- q (f 1 )+l- q {f) = [2] g f(x) (1.5) 

where fi{x) = f(x + 1). 

Let us take f(x) — e tx in (1.5), we have 

(«e* + l) / e xt du- g (x) = [2} q . (1.6) 



2010 Mathematics Subject Classification : 11B68, 11S80. 
Key words and phrases : p-adic g-measure, Lebesgue-Radon-Nikodym . 
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Thus 

qeJ + 1 e l + q l 

,n (1-7) 

*-^ n! 

n=0 

where H n (—q~ l ) is well-known the nth Frobenius-Euler number(see [3]). Thus 

x n d^ q (x)=H n (-q- 1 ). (1.8) 

The relation between Frobenius-Euler numbers H n {q) and g-Eulcr numbers e„ i<? 
are given as follows(see, [3]) 

rJg- _ rr / -In 

^-e n ,g — n n {-q ). 

We will reprove the analogue of the Lebesgue-Radon-Nikodym theorem with 
respect to weighted p-adic g-measure on Z p . We use Mahler expansion of uniformly 
differcntiablc function over C p , this result is related with Frobenius-Euler numbers. 
In special case, the weight q x is 1, we can derive the same result as Kim et al, 
2011(scc [10]). And if q = 1, we have the same result as Kim, 2012(see [4]). 

2. Lebesgue-Radon-Nikodym's type theorem with respect to 

WEIGHTED p-ADIC (J-MEASURE ON Z p 

For any positive integer a and n with a < p n , and / G C(Z p ), let us define 



H f ,_ q (a+p n Z p )= q- x f(x)dn- q (x), (2.1) 

J a+p n, Lp 

where the integral is the fermionic p-adic g-intcgral on Z p . 
From (1.3), (1.4) and (2.1), we note that 

£/.-,(«+P n Zp) = Jm ^-^ P J2 q - {a+pnx) .f(a + p n x)(-qy+^ 



\P J -« x=0 



P 



[P" 



J^}Jy- E f(a+P n x)(-q)- pnx q pnx (-ir 

2]q -(-l) a Urn r — ^ >' /(a + p"/)(-r/')-' 



£C = 



[2] gP n m-too [p" 

LjJg /• i\a / „-p"x. 



J -9" ,— n 



J -9" ^=0 



-(-l) a / 9 - pa: /(a+p"x)d M _^(.T) 



(2.2) 



By (2.2), we get 



£ /f _,(o + p"Z p ) = J^(-l)°/ g- p ' ,a! /(o + P n a;)d/i-^»(*). (2-3) 



[2], 
Therefore, by (2.3), we obtain the following theorem 



1311 



NEW APPROACH TO THE ANALOGUE OF LEBESGUE-RADON-NIKODYM THEOREM 
Theorem 2.1. For f,g e C(Z p ) ; we have 

ij, a f+0g,- q = ajl f - q + Pfig-q, (2.4) 

where a, ft are constants. 

From (2.2) and (2.4), we note that 

|j5/,_ g (o+p n Zp)| < MH/glloo, (2.5) 

where ||/q||oo = su Pa:ez k _a: /( a ')l an d -^ i s some positive constant. 

Now, we recall the definition of the strongly fermionic p-adic q-measure on Z p . 
If fj,- q is satisfied the following equation: 

|/u_ g (a+p n Z p )-/i_,(a + p n+1 Z p )| <5 n , q , (2.6) 

where 5 ntq — > and n — > oo and 6 n . q is independent of a, then /x_g is called the 
weakly fermionic p-adic g-measure on Z p . 

If 6 n , q is replaced by Cp~ n ( C is some constant), then /i_ q is called strongly 
fermionic p-adic q-measure on Z p . 

Let P(x) G C p [x] be an arbitrary polynomial with ^a^x 2 . Then we see that 
\xp-q is strongly fermionic p-adic q-measure on Z p . Without a loss of generality, it 
is enough to prove the statement for P(x) = x k . 

Let a be an integer with < a < p n . Then we get 

fi Pt _ g (a+p n Z p ) = ^(- q ) a lim J2 (a + ^") fc (-l)V ni , (2-7) 

and 

(a + ip n ) k = J2 ak ~ l (!) (*P n )' = ak ( mod P")- 



By (1.8) and (2.7), we easily get 

pp,-,(a + p"Z p ) ee ^(---^V.//,,!--/ j (n.,,,1 p" , 
\ q p 

2[2] g 



(2.8) 



~ [21 2 
We can rewrite (2.7) as 
£t p - q (a + p n Z p ) 

m q p ^"- 1 

"Mr 



-(- 9 ) a P(a)tf (-g p ) (modp n ). 



[2] gP 
where 



-(-r?) a lim V (aV ni (-l) i + a fe ~ 1 (p"^ pni (-l) i + --- + (p™«)V' li (-l) i l 
(-g) a {a fe e , 9 p" + o*-Vei,flP» + • ■ ■ + P" fc 4, g p" } 



^z,q ' 


Jz p 


g x x' 


d/Zi 


(*. 


= 


2 
l2l 


-#i(- 


-9~ 


i 



(see [3]). 
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Let x be an arbitrary in Z p with x = x n (mod p n ) and x = x n+ \ (mod p" +1 ), 
where x n and x„ +1 are positive integers such that < x n < p n and < x n+ i < 
p n+1 . Thus, by (2.8)), we have 

\fi P ,- q (a+p n Z p ) -fi P ^ q (a + p n+l Z p )\ < Cp- n , (2.9) 

where C is a positive some constant and n ^$> 0. 
Let 

/ Ap _» = lim fi P ._ q (a+p n Z p ). (2.10) 

Then, (2.5), (2.7), and (2.8), we get 



/Ap.-» - %(-l) a « fe 



2 

(-l)°P(a). 



[2], 



(2.11) 



2 
Since /^ p _ (x) is continuous on Z p , it follows for all i£Z p 

/Ap,_>) = ^(-irP(x)- (2-12) 

Let g G C(Z p ). By (2.10), (2.11) and (2.12), we get 

f p"-i 

/ g(x)djj,p- q (x) = lim V" g(i)ft P .- q (i + p n Z p ) 

\rjj n— >oo * — * 

= ^ lim X>(i)(- g )¥ ( 2 - 13 ) 

q~ x g(x)x k d/j,- q (x). 



Therefore, by (2.13), we obtain the following theorem. 

Theorem 2.2. Lef P(x) G C p [x] be an arbitrary polynomial with ^aix 1 . Then 
fi-P.-q is a strongly fermionic weighted p-adic q-measure on Z p and for all x G Z p 

/Ap,-, = (-l) x ^P(x). (2.14) 

Furthermore, for any g G C(Z p ), we /lave 

g(x)dfip- q (x) = / q~ x g(x)P{x)d[i- q (x), (2.15) 






where the second integral is fermionic p-adic q-integral on Z p . 

We adopt the technique of Kim in [4] . 

Let f(x) = X^riLo a "(n) ^ e t ne Mahler expansion of a uniformly diffcrentiablc 
function of/, where ( x ) stands for the binomial coefficient. In this case, lin^^oo n\a n 
0. Let f m (x) = EZo a i(l) e C pN- Then 

11/ -/mil < sup n|a„| p . (2.16) 
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Writing / = f m + f - f m , we easily get 

\£Lf.- q (a+p n Z p )-(i f ^ q (a+p n+1 Z p )\ 

< ma,x{\p, fm! _ q (a+p n Z p )-jj, fm! _ q (a+p n+1 Z p )l (2.17) 

\Vf-f m ,-v(a + p n Zp)-H-f m ,- q {a+p n+1 Z p )\}. 
From Theorem 2.2, we note that 

\vf-f m ,- q (a+P n % P )\ < \\f-U\oo < C ip - n , (2.18) 

where C\ is some positive constant. 
For to > 0, we have \\fWoo = ||/ m ||oo- 
So, 

|A/ m ,-,(a + P n Z P ) -jif m ,- q (a+p n+1 Z p )\ < C 2P - n , (2.19) 

where C 2 is also some positive constant. 
By (2.18) and (2.19), we see that 

|/(a)-j5/,_ g (a + p n Z p )| 

< max{|/(a) - / m (a)|, \f m (a) - p,f m - q (a +p n Z p )\, \p,f_f m _ q (a+p n Z p )\} 

< max{|/(a) - / m (a)|, |/ m (o) - /}/ m ,_,(a + p n Z p )|, ||/- / m ||oo}- 

(2.20) 

If we fix e > and fix m such that ||/ — f m \\ < e, then for n ^> 0, we have 

\f(a)-jif,- q (a + p n Z p )\<e. (2.21) 

Hence, we have 



= &(-l)°J 



/„,,_» = lim A/,-,(o + p n Zp) = ^(-l) a .f(a). (2.22) 

Let to be the sufficiently large number such that ||/ — / m ||co < P n ■ 
Then we get 

jif,-q(a + p n Z p ) = fx fm - q (a + p n Zp) + fif- fm _ q (a + p n Z p ) 

= a fm ,_ q (a+p n z p ) (223) 

= (-l) Q J^/(«) (modp"). 

[ z \qP n 

For any g G C(Z p ), we have 

g{x)djj, f ^ q (x) = / q- x f{x)g{x)dn_ q {x). (2.24) 

Assume that / is the function from C(Z p ) to Hp(Z p ). By the definition of ji- q , 
we easily see that fi- q is a strongly p-adic q-measure on Z p and for n 3> 

|/ A _,(a)-/i-,(a + p n Z p )| <C 3 p-", (2.25) 

where C3 is some positive constant. 

If Mi.-g is associated strongly fermionic weighted p-adic q-measurc on Z p , then 
we have 

\fn,_ q (a + p n Z p ) - / A _»| < C 4 p-", (2.26) 

where n ^> and C4 is some positive constant. 
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From (2.26), we get 

\fj,- q (a + p n Z p ) - jjt,i t _ q (a + p n Z p )\ 

<|M- g (o + p n Z p )-/ A _,(o)| + |/ A _,(o)-Ai,-,(o + P n Z P )| <K, 

where K is some positive constant. 

Therefore, jj,_ q — pi,- q is a g-measure on Z p . Hence, we obtain the following 
theorem. 

Theorem 2.3. Let \X- q be a strongly fermionic weighted p-adic q-measure on Z p; 
and assume that the fermionic weighted Radon- Nikodym derivative fp,_ on Z p is 
continuous function on Z p . Suppose that p\.- q is the strongly fermionic weighted 
p-adic q-measure associated to fp i _ . Then there exists a q-measure JJ>2,-q on Z p 
such that 

P—q = P'l-q + p2 ,-q- (2.30) 
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Generalized Tikhonov regularization method for 
large-scale linear inverse problems* 

Di Zhang} Ting-Zhu Huang* 

School of Mathematical Sciences, 

University of Electronic Science and Technology of China, 

Chengdu, Sichuan, 611731, P. R. China 

Abstract 

In this paper we propose a regularization of general Tikhonov type for 
large-scale ill-posed problems. We introduce the projection method of iter- 
ative bidiagonalization and show that the regularization parameter can be 
chosen without prior knowledge of the noise variance by using the method of 
balancing principle. An algorithm implicate the efficient numerical realization 
of the new choice rule. Numerical experiments for severely ill-show benchmark 
inverse problems show that new method is effective compared with other cri- 
terions. 

Key words: General Tikhonov regularization; Lanczos bidiagonalization; 
Iterative method; Balancing princple. 

1 Introduction 

This paper is concerned with the computation of an approximate solution of linear 
inverse problems. We focus on a common degradation model: 

Ax = b, (1.1) 

where x G C n , A G Qmxn^ j n particular A is severely ill-conditioned and may be 
singular. An additive zero-mean Gaussian white noise e G C m of standard deviation 
Sq, and we assume that the So is unknown. Thus the right-hand side b is obtained 
by 

b = b + e, (1.2) 
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(12ZC1802). 

^E-mail: zhangdil2300@sina.com 

"■"E-mail: tingzhuhuang@126.com 
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and assume that the unavailable noise-free system 

Ax = b. (1.3) 

Let x denote the solution of (1.3), e.g., the least-squares solution of minimal Eu- 
clidean norm. We would like to determine an approximation of x by computing a 
suitable approximate solution of minimal least-squares (LS) problem 

min 1 1 Ax — 611, (1-4) 

xeC" 

where || • || denotes the Euclidean vector norm. Due to the vector b is very sensitive 
to perturbations, the naive least-squares solution xi s = A^b (where ^denotes the 
pseudoinverse of A) is dominated by inaccuracies, therefore the LS problem generally 
does not yield meaningful approximation of x. It is well known, the replacement of 
the LS problem commonly is referred to as Tikhonov regularization, which is one of 
the most popular method. This method amounts to replacing the LS problem (1.3) 
by 

mm{\\Ax-b\\ 2 + i^\\Lx\\ 2 }, (1.5) 

where the matrix L G C lxn is a regularization operator, with / < n, and the scalar 
/i > is a regularization parameter. For future reference, let M* denote the adjoint 
of the matrix M. We note that the normal equations associated with (1.5) are given 
by 

(A* A + i^L*L)x = A*b, (1.6) 

whose solution is x^ = (A* A + fiL*L)~ 1 A*b, and the problem is how to select the 
parameter \x such that x^ becomes as close as possible to the noise-free solution. We 
assume that 

N(A)nN(L) = {0}, 

where N(M) denotes the null space of the matrix M, which guarantees the unique- 
ness of the minimizer. 

The choice of a suitable value of \x is an essential part of Tikhonov regular- 
ization. The value of \x determines how sensitive the solution x M of (1.6) is to the 
error e and how close x^ is to the solution x. How the discrepancy principle to de- 
termine a suitable value of parameter /j, for large-scale problems is discussed in [3] , 
but the discrepancy principle must be employed only when the norm of e is known. 
Other choice rules are especially attractive in not requiring any precise knowledge 
of the noise level S, e.g. quasi-optimality criterion [10], generalized cross-validation 
(GCV) [9], and L-curve criterion [5, 16]. The latter two have been very popular in 
the engineering community since they have been delivered encouraging results for 
many practical inverse problems. In the case of GCV, efficient implementation for 
Tikhonov regularization requires computing the SVD of the matrix A [17], which 
may be computationally impractical for large scale ill-posed problems. Then we take 
the very popular L-curve criterion for an instance. Theoretically, various nonconver- 
gence results have been established for the L-curve criterion, and the existence of a 
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corner is not ensured. In this paper we propose an augmented Tikhonov functional 
balancing principle for choosing the regularization parameter, then we combine this 
rule with quasi-optimality criterion to form a new parameter selection method. 

There are many efficient methods available for the solution of large-scale Tikhonov 
minimization problems (1.5) with a general linear regularization operator. When the 
matrices A and L are of small to moderate size, one of most popular method to solve 
(1.6) is the generalized singular value decomposition (GSVD) method, see, e.g., [1], 
[2]. If we are concerned with the situation when A and L are computed their GSVD, 
for the mass matrix singular value decomposition (SVD) is likely just a waste. So 
looking for a low-cost method is very necessary and meaningful. 

A popular approach to determine an approximation of x for large-scale discrete 
ill-posed problems is to apply a few steps of an iterative method to (1.5). The new 
choice rule applies readily to Tikhonov regularization of a very general type. An it- 
erative algorithm is based on Lanczos bidiagonalization and QR factorization, which 
is chosen for solve the general type. This makes the method suitable for the solu- 
tion of large-scale Tikhonov minimization problems (1.5) with fairly general linear 
regularization operators L. The iterative method is easier to calculate regulariza- 
tion parameters base on general type. It is very important to determine a reliable 
stopping rule that can be partially chosen by combining Krylov subspace projection 
method with the convergency of regularization algorithm. 

The rest of the paper is organized as follows. Section 2 reviews the iterative 
method which transform the large-scale minimization problem into a small size mod- 
el. Section 3 discusses how to compute an regularization parameter, proposes an 
iterative algorithm for efficient numerical computation and determines a stopping 
rules. Section 4 presents numerical results for several benchmark inverse problems 
to illustrate relevant features of the proposed method, and a comparison with the 
quasi-optimally, L-curve criterion. Concluding remarks can be found in section 5. 

2 The Lanczos and QR projection 

In this section we describe an approach to regularization of the projected problem 
that arises from using Krylov subspace method, give enough details to make the 
costs apparent and show that the ideas are easy to program. Many projected prob- 
lems have been proposed in [9]. We can solve large-scale, ill-posed inverse problems 
efficiently through combination the projected problem like the Lanczos bidiagonal- 
ization (LBD) with a direct method like the Tikhonov regularization. Good low-rank 
approximations can be directly obtained from the Lanczos bidiagonalization process 
which apply to the given matrix without computing any SVD, and this technique 
reduces the corresponding residual computational cost. The Lanczos bidiagonal 
process is introduced in details by Simon and Zha [12]. 

We want to evaluate an approximate solution of the Tikhonov minimization 
problem (1.5), by computing a partial Lancos bidiagonalization of the matrix A. 



1319 



Generalized Tikhonov regularization method 



DI ZHANG, TING-ZHU HUANG 



The methods compute sequences of projections of A onto judiciously chosen low- 
dimensional subspaces. We apply k steps of partial Lanczos bidiagonalization to 
the matrix A with initial unit vector u\ = b/\\b\\. After the k step iterations, it 
has effectively computed three matrices: a lower-bidiagonal matrix B k E Q(k+i)xk^ 

U k = [ui, . . . , Mfc+i] and V k = [vi, ■ ■ ■ ,Vk], with the relationship 

b = \\b\\u! = E/fc+ieiH&H, AV k = U k+1 B k , (2.1) 

where e, denotes the ith unit vector, U k E C™'^ 1 ', V k E C nxk , columns of U k and 
V k form an orthogonal basis, V k spanned the k dimension subspace. 

Now suppose we want to solve (1.5), the solution we seek in k dimension sub- 
space is the form of x^ = V k y^ for some vector y^ of length k. The corresponding 
residual is given by r^ = b — Ax^ and observe that 

r W = ||6||«i - AV k yW = C/ fc+1 (||6|| ei - B k yW). 

Since U k+ i has orthogonal columns, computed the solution of the Tikhonov mini- 
mization problem (1.5) that we wish to solve 

min {|| J B fe ^-||6||e 1 || 2 + /i||LW fc )|| 2 }. (2.2) 

t/WeC" 

In this minimization problem, though the matrix L is sparse matrix and the effort 
of evaluating the matrix-vector products is much smaller than matrix A and A T , we 
still need to calculate the matrix- vector products LV k . It is convenient to use the 
QR factorization of LV k , introduce the factorizations 

LV k = Q k R k , (2.3) 

where Q k E C pxk has orthogonal columns and R k E C hxk is upper triangular. In 
applications of interest k <^l, the factorization (2.3) can be computed quite rapidly. 
Through the projection transformation, and unitary invariance of the norm, the 
data fitting term and the penalty term have been changed. So the problem (2.2) 
will be translated into the reduced minimization problem 

min {llW^-llfrlleiir + ^llW^ir}, (2-4) 

with the associated normal equations 

{B T k B k + fiR T k R k )y {k) = i?n|6|| ei . (2.5) 

Therefore, we store [B k , fiR k ] T and use it when solving the least squares prob- 
lems. Since typically the k— dimension subspace is quite small, this Tikhovov min- 
imization problem can be solved efficiently by (2.5), also this method makes the 
evaluation of the parameter selection method cheaper than the initial evaluation. 
When the number of bidiagonalization steps k is increasing, the QR factorization 
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of LVk has to be updated, because of the k is quite small, the QR factorizations 
can be updated at negligible cost. It is worth noting that only the upper trian- 
gular matrices Rk, k — 1, 2, • • • , are required, but not the associate matrices Qk 
with orthogonal columns. After a suitable parameter values is calculated, the third 
part will introduce parameter selection method, then we choose a method working 
out the minimum solution y^ of (2.4) which is easy to solve, the corresponding 
approximate solution x^ of (1.5) is given by 



x (k) = v k y( k \ and \\x {k) \\ = \\y {k) \\. 

Since the projection process only used k steps of the Lanczos bidiagonalization, 
we must choose an integer k properly. It is worth noting that the integer k is 

(k) 

assumed to be small, so that the approximate solution yjj, for /z-values of interest 
provide meaningful approximations of the corresponding solution x u of (1.6). There 
may be many approaches for selecting a suitable number of bidiagonalization steps. 
In generally, it was choose at will, but in this paper, we set the smallest integer for 
which 

min{<7fc < e<7i, 30}. (2.6) 

k 

A typical value of e is e = ^machine precision, where <Jk are the singular values of 
Bk given by its SVD. 

3 Determining the regularization parameter 

3.1 Parameter selection method 

Firstly, we give the definition of the value function F(fj) as follow 

F(fj) = mi{\\Ax - b\\ 2 + /i|M| 2 }. (3.1) 

X 

The value function F(/a) is monotonically increasing and concave. Thus it is contin- 
uous everywhere and differentiable except perhaps on a countable set (see [7] for the 
theoretical studies details). In this section we discuss the computation of \x based 
on the balancing principle so that the solution of (2.4) meet y k = y^ ■ 

We introduce the augmented Tikhonov (a-Tikh) functional J{x, A,r) which is 
derived from the hierarchical Bayesian inference [4]. The functional is defined by 

3{x, A, r) = t\\Ax — 6|| 2 -r-A||La;|| 2 -r- /3nA — an In A + (3\T — a.\ lnr, (3.2) 

where an ~ \ {. m ' = rank(L)), a.\ ~ |, and the parameter pairs (an, /3n), (ai, fi\) 
are related to shape parameters of Gamma distributions for the scalar unknowns A 
and r, respectively, which afford a priori statistical knowledge of the fidelity and the 
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penalty [4, 13]. Let \x = X/t. Then the necessary optimality condition of the a-Tikh 
functional (3.2) is given by 

x s = argmnXj-IUAc — b\\ 2 + /i||La;|| 2 }, 

\* __ qq 

A - \\Lx% || 2 +A) ' 



||AB*-6|P+/9r 

Hence the regularization parameter fi* satisfies 

%*(||L4|| 2 + /3 ) = P4-6|| 2 + /3 1 . (3.3) 

The fix-point method can be regarded as a realization of a parameter choice rule 
which was devised in [8]. We assume F{^i) is positive for all fi > 0, which holds for 
all commonly models. A rule finds a fi > by minimizing 

%w = w^tar (3 4) 

for proper 7 > 0, i.e. 7 = — . The rule $(/x) follows from the equation (3.3) and 
the derivation method of $(/i) is similar to the rule in [7]. If fi* > is a local 
minimizer of $(/i), then fi* = A*/r* holds for all minimizers x^ of (1.5), when F is 
differentiable at fi. 

Next we use a-Tikh functional based on the iterative decompose method as 
described in the previous section. Respectively, y 5 , A*, r*, were expressed as follows, 

y^ = avgmm y {\\B k y - ||6||ei|| 2 + fi\\R k y\\ 2 }, 

A _ l|R fe <ll 2 +/3o' (3.5) 

T- * «1 



" ||B fc y*-||6||e 1 ||2+/3r 

Equation (3.5) and the numerical experiments in [4] indicate that the quantity 

5 2 = r*- 1 = (|| J B fc ^)-||6||e 1 || 2 + /3 1 )«r 1 , 

which estimates the accurate noise level 8$. However, for a ~ ^r7^ with < d < 2, 
that is to say a ~ r d , < d < 1, a is positive and it would been required by the 
convergence. In this where an is replaced by aoT d , we rewrite the estimate of A*: 

"ll^ll 2 + /3o- (3 ' 6) 

which help the algorithm as follows faster convergence to the optimal solution. 

Now, we consider the following alternating iterative algorithm, through com- 
bining the equation (3.5) with Tikhonov's quasi-optimality principle to solve the the 
projected problem (2.4). The algorithm constructs a finite parameter sequence of 
{fit}, which convergence to the minimizer of criterion $ 7 . 

Algorithm 1. Alternating iterative algorithm 
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1. Choose Ho, /c max , the parameter pairs (a , «i) and (/3 , (3i). 

2. Apply k LBD steps to A with starting vector b and form the matrix B p . 

3. Apply QR decomposition to LVk and form the matrix R p . 

4. For i = 0, 1, ••• , I max . 

5. Solve for y^+i by the Tikhonov regularization method 

y i+1 E argmin{|| J B fc y - ||&||ei|| 2 + /i fc ||.R fc y|| 2 }. 
y 

Set x i+ i = VkVi+i- 

6. Update the parameter Aj+i and Tj+i by 



, , , Mil r 

r «+i ~~ 777^ iTTTi — ii9 , o i A 



||5 p2 / m -||6||e 1 || 2 + /3i' i+1 ll^^xP + ^o' 



set fi i+ i = \+iT i+1 , 

7. Check the stopping criterion, until 

i = argmin \\x i+ i — Xj||, 

i 

do /i* = Hi. 

8. Compute the regularized solution x^*. 

For large-scale problems, we use a projection method to change it into a small- 
or medium-scale problem. We would point out that we do not specify the solver for 
the regularization problem in step 5 deliberately. Therefore, the linear system may 
be solved directly, or solved by other methods, i.e. the conjugate gradient method. 
Our numerical experiments indicate that an accurate approximate solution suffices. 

3.2 Stopping criteria analysis 

The stopping rules are easy to find. We could choose the criteria base on the 
changes or convergence of either the regularization parameter \x or the solution x. 
We can stop the iteration when \\n — Ho\ < ei|^o|, where e± is a small tolerance 
parameter. We note that because the //n is often random. A disadvantage of the 
stopping criterion is that the approximate solution have the greater error relative 
to the true solution. To circumvent this trouble, we use another stopping criterion. 
The following lemma which provides a surprising and important observation on the 
monotonicity of the sequence fj,i+i — ^i+i T i+i which are generated by alternating 
iterative algorithm. The monotonicity is the key about the demonstration of the 
convergence of the total algorithm. 
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Lemma 3.1. For any initial guess fa, the sequence Xi is generated by the iterative 
algorithm and converges to a critical point x* of (3.1). Moreover, the sequence fa^ 
is monotonically convergent, showing that there exists some fa*, such that 



lim fa = jj* , (3.7) 



I— >oo 



from which it follows that 

lima;f = a;*. (3.8) 

Proof. See [15 Lemma 4.1]. □ 

For each fa the corresponding regularized solution is now denoted by yf, then 
x\ = Vkyf. For a parameter choice algorithm, we have to choose a certain i as the 
stopping criteria. This is done by the quasi-optimality principle, the discredited 
version we use in this paper could be found in [6]: 

Definition 3.1 (quasi-optimality). For x\ and fa as in (3.5) the regularization 
parameter fa^ defined by the quasi-optimality principle is obtained as 

i* = argmm||xf-^ +1 ||. (3.9) 

Notice that because the sequence Xi is convergent, then \\xi — x i+ i\\ is mono- 
tone decreasing, especially in section 4.1 some examples illustrate the convergence 
property of \\xi — Xi+i\\ and show that the sequence fa increase very quickly. So the 
solution Xi t approximate equals the solution x*. The solution Xj„ is the iterative 
optimal solutions for any given a max iterations. In other words, it is stopped if the 
relative change of the iterates solution (x) at the low point. However this method 
needs calculate the all iteration solutions, so in order to reduce iterative time, we 
could set a critical value as the minimum jif maximum iterations is very large, or 
we set a small maximum iterations. 

4 Numerical results 

In this section, we illustrate the efficiency of the Algorithms 1 when applied pa- 
rameter selection method to typical large-scale linear ill-posed problems. For this 
purpose the numerical results can be divided into two parts, Section 4.1 we choose 
three benchmark linear inverse problems, e.g. baart, shaw, gravity, which are consid- 
ered as the test problems, from Hansen's package Regularization Tools [14]. Section 
4.2 we consider the restoration problem of a grayscale image as the test problem. 

In each case we generate triples A, x, b, so that Ax = b. The size of A is 
taken to be 256 x 256 and then simulated distinct noisy vector b, b = b + e, where 
e was generated by the Matlab randn function with the seed value set to zero. The 
vector e is scaled to yield a specified noise level £ = ||e||/||6||. The noise level £, 
i.e., C, = 5 x 10~ 3 , is considered in section 4.1. In algorithm 1, the initial guess fa) 
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is taken to be 1 x 10 6 , and we get access to the i* when \\xf — xf +1 \\ falls below 



i+ll 

10~ 4 ||a;* +1 ||. The parameter d is set to d — |. The choice of the parameter pairs 



(ao,ai), (/3q, /3\) are based on the value of k. In the numerical examples, for the 
regularization of small dimension inverse problem, we choice an = § and a± — |. 
The tridiagonal regularization operator L is a scaled approximation of the second 
derivative operator. 

The relative error (ReErr) is used to measure the quality of the regularized 
solutions of different algorithms. It is defined as follows: 



ReErr 






x 



The accuracy of the solution x s is measured by ReERR. In follows, 5 and 8 at stand 
for the norms of true noise level and estimated noise level by Algorithm 1. 

4.1 Test problems from Hansen's package 

Comparisons are made for the regularized solutions of the Algorithm 1 chosen by 
different parameter selection method. In this example, numerical results are giv- 
en to compare the quasi-optimal (q-o) method, L-curve (L-c) method against the 
optimal (opt) choice of the regularization parameter on several test problems. To 
illustrate the performance of algorithm on the above test problems, we run 10 re- 
alizations and then compute average values of regularization parameters, average 
relative errors. The optimal regularized solution produces the minimum relative 
error, the parameter values are are summarized in parentheses, and comparison of 
ReErr for three parameter selection methods on the projection problem in Table 1. 
First we observe that the estimated residual noise 5 a t agree very well with the exact 



Table 1: Numerical results for three problems from Hansen's MATLAB package. 





(6) Sat 


(li a t) ReErr 


(L-c) ReErr 


(q-o) ReErr 


(opt) ReErr 


baart 


(1.45c-2) 
1.56e-2 


(6.98e-3) 
1.65c-l 


(2.64) 
4.49c- 1 


(6.16e-5) 
1.79e-l 


(1.13e-6) 
1.05e-l 


shaw 


(1.86e-l) 
1.84c-l 


(6.59e-4) 
1.47o-l 


(4.28e-6) 
3.37c-l 


(3.36e-3) 
1.68c-l 


(2.34e-4) 
1.49e-l 


gravity 


(3.74c-l) 
3.71e-l 


(3.10c-3) 
1.49e-l 


(3.36e-3) 

1.50e-l 


(1.00e-10) 

7.1534 


(3.36e-3) 
1.50e-l 



one 6. Second observation is that the balancing principle gives an error fairly close 
to the optimal one. This illustrates clearly the benefit of using iterative method for 
large-scale inverse problem. The results of the comparison for three problems are 
displayed in Fig.l- Fig. 3, where the figures display the reconstructed solutions and 
exact solution. In each of figures the third line show the sequence {/Zj} is monotonic 
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Figure 1: General Tikhonov for Baart problem. The first four graphs show the approx- 
imate solution with three parameter selected methods and the true solution (solid line). 
Bottom: the convergence analysis of the parameter and the norm of difference of neigh- 
bouring approximate solution. 
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convergence history of Tikhonov paramer 



convergence history of rormfx -x 
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1.5 2 2.5 3 3.5 4 4.5 5 



Figure 2: General Tikhonov for Shaw problem. The first four graphs show the approximate 
solution (red dashed line) with three parameter selected methods and the true solution (solid 
line). Bottom: the convergence analysis of the parameter and the norm of difference of 
adjacent to approximate solution. 
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Figure 3: General Tikhonov for Gravity problem. The first four graphs show the ap- 
proximate solution (red dashed line) with three parameter selected methods and the true 
figurename solution (solid line). Bottom: the convergence analysis of the parameter and 
the norm of difference of adjacent to approximate solution. 
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increasing and the relative change of the regularization solutions which are solved 
by the Algorithm 1 is monotone decreasing. Other quantities are shown in the third 
line, the sequences {/Zj} are convergent and the convergent rates are very quickly, 
such as in Fig.l, at about k = 3 the /ij begin to flat. The stopping criterion for 
Algorithm 1 may be based on this quantities, however we choose some combination 
of the quantities as the stopping criteria. Combined the Fig.l and Fig. 2 with Table 
1, the ReErr of the computed approximate solutions with L-curve parameter choice 
method, are larger than the other two methods. In Fig. 3 the computed approxi- 
mate solutions with quasi-optimal method is deviating from the optimal solution, 
therefore the ReErr is the largest of three princples. So we summarize that in three 
problems the solutions for our method is more close to the true solution. 

4.2 Example for grayscale 

To test our algorithm on a large-scale problem we consider a denoising problem of 
a greyscale image cameraman that is represented by an array of 256 x 256 pixels. 
The pixels are stored columnwise in a vector in 7?. 65536 . A block Toeplitz with 
Toephlitz blocks blurring matrix A e 7^ 65536x65536 i s determined with Gaussian 
point spread function and the width sigma= 4.0. Three different relative noise 
values are generated with £ = 5 x 10~ 3 , 5 x 10~ 3 , 5 x 1CT 3 . As we can see from the 
figures, the computed solutions yield images that resemble the true image relatively 
well. The stopping criterion is important which determined the time cost. The 
conclusion in this case is that the alternating iterations % of the Algorithm 1 is 
very small. By comparing with L-curve, quasi-optimal criterion when they achieved 
the optimal solutions when the ReErr are identical, respectively the iterations are 
% — 3, % = 2, i = 2 for different perturbation levels. However the quasi-optimal and 
L-curve have to calculate all approximate solutions, and then choice the best one. 
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Figure 4: General Tikhonov for greyscale image. Image restoration with relative noise 
level 5 x 10~ 2 . 
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Figure 5: General Tikhonov for greyscale image. Image restoration with relative noise 
level 5 x 10~ 3 . 



1329 



Generalized Tikhonov regularization method 



DI ZHANG, TING-ZHU HUANG 



ture image blurring and noisy image 



l-curve 






quasi-optimal 



optimal 



a-Tikh image restoration 






Figure 6: General Tikhonov for grey scale image. Image restoration with relative noise 
level 5 x 10~ 4 . 

5 Conclusion 

In this work we have presented a method for solving the general Tikhonov regulariza- 
tion on large-scale ill-posed problems. We have shown that determining regularizing 
parameters based on the /c-dimensional subspace, our selection method is convenient. 
The examples indicate that the combination of a-Tikh parameter choice method and 
the iterative projection method is perfected. And our computing method involves 
less computational expense for solving large-scale ill-posed problems. 
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Abstract. We consider the Cauchy problem for stochastic Zakharov-Kuznetsov equation forced 
by a random term of additive white noise type. We obtain a local existence and uniqueness result 
for the solution of this problem. Our proposed technique is based on employing Banach contrac- 
tion principle method, fixed point theory, Fourier analysis and some basic inequalities. We also get 
global existence of solution in the function space Z s (T) . Detailed computations and implemented 
examples are explicitly provided. 

Keywords: Stochastic; Well-Posedness; Zakharov-Kuznetsov. 

1 Introduction 

This paper is devoted to establish local and global well-posedness to stochastic Zakharov-Kuznetsov 
equation (SZK) forced by a random term of additive white noise type i.e., 

|d« + («S + & + w) (ft = * <W '' (^)eM 2 xM+ (ii) 

I u(x,y,0) = uo{x,y) for all (x,y)eM 2 . 

Where u is a stochastic process on M 2 x M + , W(t) is a cylindrical Wiener process on L 2 (M 2 ) 
and $ is a linear bounded operator not depend on u i.e., the noise QdW is additive. The 
notion of well-posedness will be the usual one in the context of nonlinear dispersive equations, 
that is, it includes existence, uniqueness, persistence property, and continuous dependence upon 
the data. Equation (1.1) can be considered as a 2-dimensional generalization of the stochastic 
KdV equation and arises when modelling the propagation of weakly nonlinear ion-acoustic waves 
in noisy plasma[l,2,3]. Recently, many researchers pay more attention to study of random waves, 
which are important subjects of stochastic partial differential equation (SPDE). Wadati [4] first 
answered the interesting question, How does external noise affect the motion of solitons? and 
studied the diffusion of soliton of the KdV equation under Gaussian noise, which satisfies a diffusion 
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equation in transformed coordinates. Wadati and Akutsu also studied the behaviors of solitons 
under the Gaussian white noise of the stochastic KdV equations with and without damping [5]. 
In addition, a nonlinear partial differential equation which describes wave propagations in random 
media was presented by Wadati [4]. Debussche and Printems [6,7], de Bouard and Debussche 
[8,9], Konotop and Vazquez [10], Printems [11], Ghany [12] and others also researched stochastic 
KdV-type equations. By local well-posedness (LWP) of a stochastic PDE we mean pathwise LWP 
almost surely. That is, for almost every fixed u> G f£ , the corresponding PDE is LWP. Similarly, 
global well-posedness (GWP) of a stochastic PDE will be defined as pathwise GWP almost surely. 
Linares and Pastor [13] studied the initial value problems (IVPs) associated with both the ZK and 
modified ZK equations. They improved the results in [14,15] by showing that both IVPs are locally 
well-posed for initial data in H S (M?) , s > 0.75 . Moreover, by using the techniques introduced in 
Birnir at al. [16,17], they proved that the IVP associated with the modified ZK equation is ill-posed, 
in the sense that the flow- map data-solution is not uniformly continuous, for data in H S (M?) , 
s ^ . It should be noted that the method employed in [13,14] to show local well-posedness, 
was the one developed by Kenig, Ponce, and Vega [18] (when dealing with the generalized KdV 
equation), which combines smoothing effects, Strichartz-type estimates, and a maximal function 
estimate together with the Banach contraction principle. This paper is organized as follows: In 
Section 2, we introduce some notations and some function spaces along with their embeddings and 
state deterministic linear estimates from [19,20]. In Section 3, we state two Theorems, as main 
result of our paper, that guarantees and establishes local and global well-posedness for stochastic 
Zakharov-Kuznetsov equation forced by a random term of additive white noise type. In Section 4, 
we prove our main results by establishing the type nonlinear estimate on the second iteration for 
the integral formulation of the mild solution of equation (1.1). 

2 Notations and Preliminaries 

Suppose that <S(R ) and S (M ) denote the Schwartz space and its completion with respect to 
the family of seminorms 

II/IIm : = su p {(i + \M^Wf(x)\}, aeN d , fee N . 

xeR d 

For a Banach space X and s £ K we denote by H s (M. d ; X) the space of all functions / £ 
S'(R d ;X) such that 

*.<*•*) := (j£ d (l + IKII^ s/2 |l/(OII W) < oo 

where ? denote the Fourier transform. In general case equation (1.1) can be considered on a 
stochastic basis (Q,T, P; {Ft}t^o', {W(t)}t^o) , where {£l,T, P) a probability space, {Ft}t^o a 
filtration on and {W(i)}t^o a cylindrical Wiener process adapted to {^Ft}t^o ■ The mild 
solution of equation (1.1) is given in the form 

u{t) = U(t)u + / U(t - s)uu x ds + / U{t-s)$dW(s) (2.1) 

Jo Jo 
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where {U(t)}t^o is the unitary group of operators generated by the deterministic Zakharov- 
Kuznetsov equation, more precisely the solution of the linear equation 

v t + v xxx + v xyy = 0, (i,y,t)Gl 2 xK + (2.2) 

with v(x,y, 0) = Vo(x,y) for all (x,y) G R 2 is given by 

v(x, y, t) = U(ffro{(, rj) = e^MC, v) (2-3) 

where the phase function $ is given by <£(£, rj) = C{C 2 + v) ■ The solution of the linear equation 

with UL(x,y,0) = for all (x,y) G M 2 is given by 

« L = /" U(t - s)$dW(s) (2.5) 

Suppose that L 2 ' s := L2(L 2 (IR rf ); .£P(R rf )) denote the space of Hilbert-Schmidt operators from 
L 2 (M d ) into iP(M d ) . Its norm is given by 



I^IIl^-Hii^II^ 



where {ejji^i is any orthonormal basis of L 2 (M ) . For simplicity we will use the following shorter 
notations: L p ([0,T]; Li(R d )) := L p t (L q x ) and L9(M d ; U>([0,T\)) := L q x {L p t ) . For a fixed u G 9, we 
define 

Z s (r) = {u G Ll{C t {H s X:y )) n L 2 (L 2 i3/ (Lr)),^^n G L 2 (L~ (L 2 )),c^ G L 2 (L*(L~ ))} (2.6) 

where the Riesz's operator D s [21] is defined by 

DHL((,r 1 ) = (( 2 +r 1 2 yu((,r 1 ), s G R (2.7) 



3 Main Results 

In this section we give the precise statement of our results, more precisely, we give two theorems 
below. Theorem 1 gives the sufficient conditions for obtaining local will posedness of equation (1.1). 
Theorem 2 concerning the linearized stochastic Zakharov-Kuznetsov equation (2.4). As usual in 
the context of nonlinear estimation, Theorem 2 is essential for proving Theorem 1. Eventually, 
one can find that the results of Theorem 1 are true for arbitrary large T , this gives the global 
well-posedness of equation (1.1). 

Theorem 1. 
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Assume that uq G L^(H^. ) n L^(L 2 ) is .Fn — measurable and $ G L 2 ' , then there ex- 
ists a unique solution of equation (1.1) in Z s (Tq) almost surely for any To and any s with 
0.75 < s < 1. 

By virtue the arguments of fixed point theory and the following theorem we can easily prove 
the above theorem. 



Assume that $ € L 2 ' s for some s > 0.75 then ul is almost surely in Z S {T) for any T > and 



Theorem 2. 

Assume that 

any s such that 0.75 < s < s . Moreover there exists a constant C(s, s, T) such that 

E[M!. ( :r)]<C(M,T)||$||2 0i , (3.1) 



-"2 



4 Computations and Proofs 

The proof of Theorem 1 will require four key Propositions concerning the above mentioned spaces. 
In this section we present these Propositions. 

Proposition 3. 

For any s ^ s we have ul £ L^,(L^°(H^. y ) and 

E[sup \\u L \\ 2 H .]^C(T)\m 2 ,. (4.1) 

Proof. We use ltd formula on the functional ||.||?r s [16] and deduce 

x,y 

IKIIhj =2 /" (J S « L) J S W( S )) L 2 + /" Tr(J s 2 $$*)d s 

where the Bessel's operator J s is defined by 

J^((, V ) = (l + ( 2 + V 2 y/ 2 u((,r ] ) (4.2) 

and has the property [21] 

llTll lll|2 t A 0\ 

\\ J s-\\l? = \\-\\h s K 4 - 6 ) 

Now, we write Tr(Js<I><I>*) = ||$|Lo,s and hence applying a martingale inequality [20] 

sup I (J aUL ,J a *dW(8)) L 2 <2E[([ \\$*u L \\ 2 H s ds) - 5 ] 
t Jo ,y Jo ' v 

]e[sup\\u l \\ 2 H s ] + C(T)||$|| L o 
implies the required result. 



<^E[supK||^J+C(r)||$|| L o, s (4.4) 
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The proof of the above proposition implies directly the following 
Corollary. 

u L e Ll(C t (Hl y )) (4.5) 

The above Proposition and its corollary give a draws attention regularity property of the solution 
ul of the linear problem, that is, they decide that ul is a square integrable random variable with 
values in L^(H^. y ) especially in Ct(H^ y ) for any s ^ s . 

Now, we will give a simple priori estimate of ul by giving the following result: 



Proposition 4 

;y 



ul G Ll(L 2 x JLf) and 



R[[ sup \u L \ 2 dxdy] ^C(s,T)\\$f ,- s (4.6) 

Proof. Let {ejjj^i be an orthonormal basis for L 2 (R 2 ) and {h k } k ^i a partition of unity on 
R 2 + such that: 

b) supp/i fc C [2*" 1 , 2 fc+1 ] 2 , fe ^ 1; 

c) supp/io C [— 1, l]f . 

We also consider h k G C 00 ^ 2 ) with swpph k C [2 fc ~ 2 ,2 fc+2 ] such that h k ^ and h k = 1 on 
supp/ifc . For fc G N , we define the group {U k (t)} te ^ by 

tmf(C,v) = h k (\C\Av\)^f(C,v) = ^h k (\c\,\ v \)f(C, v ) (4.7) 

and the operator $& by 

C^i(C,»7) = fcfc(KI,H)^(C,»7) (4-8) 

Since, U k (t)3> = U k (t)® k implies U(i)$ = J2 k >i U k (t)$ k . Then, by using Minkowski's integral 
inequality we will get 

E[/ sup| / U{t-s)$dW(s)\ 2 dxdy} - 5 < Ve[/ sup | / I7 fc (t - s)$ fc dW(s)| 2 dxdy] ' 5 
Jr 2 t io ^ Jr 2 t Jo 

^ C(T,s)^ Sk \\^k\\ L o,o < C(r,s)(^2 2 ( s - s ) fc )°- 5 (^2 25fc ||$ fc || 2 o,o) - 5 ^ C(T,8,a)\\*\\ L o,, 

where, 0.75 < s < s . 

Remark. 

From [16] We have used 

E[/ sup | / C7 fc (t- S )$ fc dW(s)| 2 ^dy] ^C(T, s)2 2sk \\<S> k \\ 2 , 

JR 2 t Jo 2 
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and for 0.75 < s < s we were used 

Z y?i Lnn — > Z f 16,' f 

11 K|I L2' Z-w " K lnL *,y 

and 

^2 2 ^||$^|iL i ^c( s -)ii^nl f|ia 

fe 

Its well known that, the Riesz's operator D s is a powerful tool for checking the regularity of the 
solutions of nonlinear partial differential equations. Proposition 5 will clarify the success of the 
solution ul under this checking. 

Proposition 5. 

Suppose < 5 < inf{s,2} , then D s ~ 5 d x u L G Ll({L 2 xy {L 2 )) and 



E[sup f \D~ s - & d x u L \ 2 dt] ^C(<5,T)||$|| 2 ,, S - (4.9) 

x,y£RJ0 2 

Proof. Let q = -? . By virtue of the stochastic integral properties [20]: 

E| f D 1+s U{t - T)$dW{T)\ 2 dt < f y2\D 1+s U(t-T)<£> ei \ 2 dT 
Jo Jo t>1 

So, we can easily find that: 

\\D l +- s u L \\ q LOO L2 = supE[(/ | f D^U(t-T)^dW(r)\ 2 dtyf 2 } 
^ C sup f E[| f D l+ ~ s U{t-T)<5>dW{T)\ 2 ] q/2 dt 

x,yeRJ0 Jo 

^Csup f ([ y^\D l+ ~ s U{t-T)$>ei\ 2 dT) q,2 dt 

x,y&wJo JO t>l 

^C [ (V sup f \D 1+s U{t - T)$ei\ 2 dT) ql2 dt 

Jo i>1 x,y&.Jo 

As pointed in [21, Lemma 2.1], we have 

sup f \D 1+ ~ s U(t-T)$ei\ 2 dT^C\\D~ s $ei\\ 2 T 2 ^C\\$ei\\ 2 „- S (4.10) 



hence 



Dl+ " UL ^ y (Lu^) < c As n^iW 2 * < c( T )\\n Lr (4.H) 
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Similarly we can derive 



I^IIU.WW)) ^ c ^lr ^ 



Inequality (4.11) and [9, proposition A.l] implies 

D^-l u L G L% y (Ll(L 2 t )) (4.13) 

and 

\\D l+s -^u L \\ LULly{L 2 t)) = \\D 1+ ~ s -iu L \\ Lly{LUq)) ^ C\\n\ r (4.14) 

Also we have 

KIII«U« <i?\\= f E I(/ I / f/(i-r)$dW(r)| 2 dt)5/ 2 ]dxdy 

< C [ [ E(\ [ U(t-T)$dW(T)\ 2 ) q/2 dtdxdy 
Jm. 2 Jo Jo 



'o Jo 

^ C I f ( / Yl \ U ^ - r)^ei\ 2 dT) q/2 dtdxdy 
Jm 2 Jo Jo i>1 



So, 



Hence, 



ul\\lI{l%{l 2 )) < CII^IIl^- (4-15) 



l^lli4(LS,(^)) < C [(r^lUme^dr^dxdy 

JR JO j^ x 



Applying Minkowski's intgral inequality gives, 



I u ^IIl1(lS, w (l?)) 



^ C Y(f (f \U{t)$>ei\ 2 dT) q l 2 dxdy) q l 2 



So, 

II«*IIlS<l!„(l?)) < C E H^(')^lli» (LSis) < C||$|| 2 o, s - (4.16) 



%>\ 



Obviously, equations (4.14) and (4.15) implies that D 1+s ~ 5 ul G L^L^^L 2 )) and 

P 1+S "- 5 ^II^(^(L ?) ) < C||*||^,, (4.17) 

Recalling the definition of the Hilbert transform [21] 

H/(C,»7) = (j£| + j|)/(C,i7) (4.18) 
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implies, 



D s - s d x u L = [ D s - s d x U(t - T)<5>dW{T) 
Jo 

= [ D l+ ~ s - 5 d x U{t- T )H$dW{T) 
Jo 



Then, 



\D s - 5 d x u L \\ Ll{L „ y{q)) < C\\Hn 2 Lr < C\\n% (4.19) 



Now we can present the last regularity property of the solution ul by giving the following result: 



Proposition 6. 

o 



8 x u L e Ll(Lf(L™) and 



E[( f sup |a x « L | 4 dt) - 5 ] < \M\-s (4.20) 

JO x,j/GK 2 

Proof. Let e = s- 0.75 and g = 4(1 + 1/e) . Noting that D l+e u L G tf{L™ y {Ll)) we have, 

i+^/r IL„ ,..„„„„ = / aim Ml / n 5+1 /47-r^_ ,^^w^^igi4/g 



|£ 1+£ «l| 



L*(L~{Ll)) 



f sup E[| /" L> m/4 t/(t-r)$dW(r)| 9 ] 

x,j/6R Jo 

< C [ sup [V f \D s+l ' A U{t - T)^eidr\ 2 ] A ' 2 dt 

Jo x,y&Si i>1 Jo 

^ C{T)[J2( [ sup \D~ s+l ' 4 U{t - r)$ ei | 4 dr)5] 2 
.^, Jo x,«eR 



-T 

Applying [21, Theorem 2.4] with a = 2,9 = 1,(3 = 1/2 we get 



[ sup \D~ s+1 ^U{t - r)$ ei | 4 dr < C\\D~ s <S> ei 

Jo x,y6M 



|4 



So, 



Therefore, 



1+e «L|Ui*> (L£)) < cil^ll^ 



II^|| L 4 (L 2 iw(l£)) < c||$|| L o,o < c||$|| L o, s - 

By virtue of the above inequalities and [9, proposition A.l] we obtain for all t G [0,T] that 

II nl+e/2 II ^ rtll ll 2 /? II nl+e 1 1 1 — 2/qr 

\\ D + ' ul\\lz, v {li)) < ^II^IIl^^))!^ u ^W&) 
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< C\\M\Li{Ll y{ Ll))\\D 1+e U L \^-^ y {a)) < C||$|| L o, s - 

Using Fuibini's theorem, we have 

W\\L*(Ll(Ll ty )) < G|I^IIl4(l4 ( ^ h)) 

<C(/ E[|| /"V(t-r)*(W(r)||^ left) 
Jo io ' a 



So, 



o Jo 

Jo Jo ^ 



l«^llit(^(^£,y)) ^ C H $ Hl°' S 



Since qe/2 > 1 , Then 

\\d x u L \\ Lt{Li{LTy)) ^ C(T)\\n Lr (4.21) 

Now, Theorem 2 is a direct result from the global results of the above propositions. To prove 
Theorem 1 i.e., to solve the stochastic Zakharov-Kuznetsov equation forced by a random term of 
additive white noise (1.1). We will use a fixed point argument in Z S (T) for some T > and 
s £ (0.75, 1) , then a priori estimate will give us the global solution in H\ . From Theorem 2, we 
have ul € Z s {Tq),Tq > for almost all u> € Q . 

Proposition 7. [21] For any s > 0.75 and any T > there exists C(T,s) nondecreasing with 
respect to T such that: 



/ U(t-r)(ud x v)dT\\ Zs{T) ^C(T, s )\\ U \\ Zs{T) \\v\\ Zs{T) (4.22) 

Jo 



'0 

for any u, v G Z S (T) and 

\\U(t)u \\z s (T)^C(T,s)\\ U \\ Hly for all u € f£„ (4.23) 

Proof of Theorem 1. Firstly, we introduce the mapping J defined by 



Ju(t) = U{t)u Q + / U(t- T){ud x u)dT + u L (t) (4.24) 

Jo 

Let 0.75 < s < 1 , since $ 6 L 2 ' so by Theorem 2 and Proposition 5 we have uq G -£P(R 2 ) , J7 
maps Z S (T) into itself. Moreover, let i?o satisfies: 

R ^ C(T ,s)||uo||tf*(R 2 ) + \\ul\\z s (t) 
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and choose T such that: 



C(T ,s)T^R ^l 



then, J maps the ball of center and radius 2i?n in Z S (T) into itself and 

\\Ju - Jv\\ Zs (T) <: ^h - v\\ Zs (T) (4.25) 

for any u, V € Z S (T) with norm less than 2 Rq . By virtue of fixed point theorem, J has a unique 
fixed point, denote by u , in this ball. It is obvious that this solution u for Equation (1.1) belongs 
to the function space Z S (T) . 

5 Concluding Remarks 

This paper is devoted to establish some methods like Banach contraction principle and successive 
approximations method for handling stochastic nonlinear partial differential equations and for prov- 
ing local and global well-posedness results for their solutions in selected function spaces. In fact, we 
restricted our efforts in stochastic Zakharov-Kuznetsov equation, but we believe that, similar ideas 
can be applied to other stochastic nonlinear partial differential equations in mathematical physics, 
such as the generalized KdV, KdV-Burgers, Modified KdV-Burgers and Swada-Kotera equations. 
Also we remark that, if we assume that uq € L^(iJ| ) n L^(L%. ) with 0.75 ^ s < 1 and un is 
J-q — measurable , then we cannot construct a solution on a fixed interval, even a finite one of the 
form [0, To] . Moreover, by using a standard truncation argument we can extend our results under 
the assumption that uq G iJ 1 (IR 2 ) almost surely. 

Acknowledge. Authors Thanks the reviewers' for their notes which improved the quality of 
the paper. 
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A modified nonlinear Uzawa algorithm for solving 
symmetric saddle point problems * 

Jian-Lei Li a | Zhi- Jiang Zhang 6 , Ying-Wang a , Li-Tao Zhang c 

College of Mathematics and Information Science, North China University of, 
Water Resources and Electric Power, Zhengzhou, Henan, 450011, PR China. 

Minsheng College of Henan University, Kaifeng, Henan, 475001, PR China. 

Department of Mathematics and Physics, Zhengzhou Institute of Aeronautical 

Industry Management, Zhengzhou, Henan, 450015, PR China . 



Abstract 

In this paper, a modified nonlinear Uzawa algorithm for solving symmetric saddle point 
problems is proposed, and also the convergence rate is analyzed. The results of numerical 
experiments are presented when we apply the algorithm to Stokes equations discretized by 
mixed finite elements. 

Keywords: Convergence rate; Modified nonlinear Uzawa algorithm; Saddle point prob- 
lems; Schur complement 

AMS classification: 65F10 

1 Introduction 

Let Hi and Hi be finite-dimensional Hilbert spaces with inner product denoted by (•, •). In this 
paper, we propose a modified nonlinear Uzawa algorithm for solving systems of linear equations 
with the following two- by- two block structure: 

<:)-(' £)(:)-(.')■ 

where/ G Hi, 9 G H 2 are given, and x G Hi,y G H 2 are unknown. Here A : Hi — » Hi 
is assumed to be linear, symmetric and positive definite operator, B : Hi — ► Hi is a linear 
map and B T : Hi — ► Hi is its adjoint. In addition, C : Hi — > Hi is linear symmetric and 
positive semidefinitc. Such system is usually referred to as saddle point problem, which is 
typically resulted from mixed or hybrid finite element approximations of second-order elliptic 
problems, or the Stokes equation, including computational fluid dynamics as well as constrained 
optimization problems [1, 2, 6-11,14]. 

On the solution methods for saddle point systems there is a very good reference [2]. 

In [1], Bramble et al, considered the linear system (1) with C — and assumed that the 
following LBB condition [13] holds, i.e., 

(BA- 1 B T v,v) = sup ^\ BU \ > colMI 2 , W G Hi, (2) 



lit 



Hl (Au,u) 



*This research was supported by Doctoral Research Project of NCWU (2001119) and by NSFC of Tianyuan 
Mathematics Youth Fund (11226337, 11126323). 

T Corresponding author. E-mail: hnmaths@163.com 
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for some positive number cq. A nonlinear Uzawa algorithm is first proposed by defining the 
nonlinear approximate inverse of A as a map <f> : Hi — > Hi, i.e., for any ip G H\, <fi(if) is an 
approximation to the solution £ of A£ = 99. 

In [3], Cao considered the linear system (1), and assumed that the following stabilized 
condition [7, 8] holds, i.e., 

{{BA- l B T + C)v,v)>c a \\v\\ 2 , VveH 2 , (3) 

for some positive number cq. Cao proposed another nonlinear Uzawa algorithm by defining 
the nonlinear approximate inverse of approximate Schur complement (BQ^ B T + C) as a 
map ip : Hi — ^ H%, i.e., for any if £ H%, ip(f) is an approximation to the solution £ of 
(BQ^ B T + C)£ = if, where Qa is a symmetric positive definite operator. 

In [4] , Lin and Cao proposed another nonlinear Uzawa algorithm by defining the nonlinear 
approximate inverse of A and the Schur complement (BA" 1 B T + C). In [5], Lin and Wei 
proposed a modified nonlinear Uzawa algorithm and modified the Cao's results. In this paper, 
we present another modified nonlinear Uzawa algorithm for solving the system (1). At the same 
time, its convergence is analyzed. 

The inexact Uzawa algorithms [1,3,4,6,14] are of interest because they are simple, efficient 
and have minimal numerical computer memory requirements, this could be important in large- 
scale scientific applications implemented for today's computing architectures. Therefore, the 
inexact Uzawa methods are widely used in the engineer community. 

The paper is organized as follows. In section 2, we review the Uzawa type algorithms men- 
tioned in section 1 and their convergence results. In section 3, we give our modified nonlinear 
Uzawa algorithm (MNUAS) and analyze convergence results. In section 4, the MNUAS algo- 
rithm is applied to solve system (1) , which is resulted from the discretization of Stokes equations 
by mixed finite element method and the results of the numerical experiments are presented. 
Finally, the conclusions are drawn. 

2 The Uzawa algorithms and convergence 

First, some notions are given. Let Q be a symmetric and positive definite matrix, we define a 
inner product 

(v,u) Q = (Qv,u) = ( Q^v,Q^u) , Vti,M£ H 2 , 

and denote the Euclidean norm by || • ||. So 



IMIq = (v,v) 2 q = (Q*v,Q*v) 
Denote residue of x and y as 



Q*v 



x-Xi, e v i =y-y i . 



The Nonlinear Uzawa algorithm (which is related to the approximate inverse of the matrix 
A, and is called as NUA algorithm) for solving system (1) is as follows ([1,3,4]). 

Algorithm 1 (NUA algorithm) ([1, 3]) For xq E Hi and ?/o <= Hi given, the iterative 
sequence {(xi,yi)} is defined, Qb is a symmetric positive definite operator, for i = 0,1, ..., by 

x l+ i = x, + (j){f - Axi-B T yi), (4) 

Vi+i =yj + Qi 1 (-Bx i+ i -Cyi-g). (5) 
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It is assumed that 

\\<f>(v) - A- l v\\ A < %|U-i,Vt; G H u (6) 

for some positive S < 1. In [1], the authors also pointed out that (6) is a reasonable assumption 
which is satisfied by the approximate inverse associated with the Preconditioned Conjugate 
Gradient algorithm (PCG algorithm) [12]. 
It is assumed that the following inequality 

(1 - !){Qbw, w) < {{BA- l B T + C)w, w) < (Qbw, w),Vw G H 2 (7) 

holds for some 7 in the interval [0, 1). In practice, preconditioners satisfy (7) with 7 bounded 
away from one. 

The result on the convergence of the NUA algorithm is given as follows [1,3]. 

Theorem 1 Assume that (6) and (7) hold. Let {(x,y)} be the solution pair of (1), and 
{(xi,yi)} be defined by the Algorithm 1. Then, Xi and y-i converge to x and y, respectively, 

In this case, the following two inequalities hold: 

-^- 5 (Ae*, ef ) + (Q B el ef ) < p^ (^(Aeg, eg) + (Q B ^, e^ , (9) 

and 

(Aet, et) < (1 + S)(l + 26)p 2i ~ 2 (j^g(Ae x , eg) + (Q B el eg)) , (10) 

7 + 2(5 + yj(-y + 2S) 2 + 4(5 (1 - 7) 



where 



(11) 
2 V ; 

The following Algorithm 2 is the Nonlinear Uzawa method, which is relate to the approxi- 
mate inverse of the approximate Schur complement matrix BQ^B T + C. We call it as NUS 
algorithm. 

Algorithm2 (NUS algorithm) ([3]) For xq G Hi and yo G H2 given, Qa is a symmetric 
positive definite, the iterative sequence {(xi,yi)} is defined, for i = 0, 1, ..., by 

x i+1 = Xi + Q- A 1 {f-Ax i -B T y i ), (12) 

3/*+i = V% + tp(Bx i+1 - Cyi - g), (13) 



where ip(w) is an approximation to the solution £ of the system 



{BQ- A X B T + C)i = w. 



It is assumed that 

(l-w)(Q A v,v) < (Av,v) < (Q A v,v)yv G H u v ^ 0. (14) 

holds for some u> in the interval [0, 1), and the approximate Schur complement matrix satisfies 

\Mw) - {BQ A 1 B T + C)- 1 w\\ {bq - a1bt+c) < e||w|l cao - lBr+0) _ 1 .Vti; G F 2 . (15) 

for some positive e < 1. Analogous to (6) in [1], (15) is a reasonable assumption [3], which 
is satisfied by the approximate inverse associated with the Conjugate Gradient algorithm (CG 
algorithm) . 

In [3], Cao gave the following convergence result. 
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Theorem 2 Assume that (14) and (15) hold. Let {(x,y)} be the solution pair of (1), and 
{(xi,yi)} be defined by the Algorithm 2. Then, Xi and yi converge to x and y, respectively, if 



to < - and e < 1 - 2w. (16) 



In this case, the following two inequalities hold: 

u>(l + e)(Q A e*,ef) + ((L 
< P 2 >(1 + s)(Q A e x , eg) + {{BQ-/B 1 + C)e y , e y Q )), (17) 



w(l + e)(Q A e* , ef ) + ((BQ^B 7 " + G)e\, e?) 



W^,^)<(i + i ^]p w - 2 



where 



(w(l + e)(Q A eg, eg) + (BQ^B 1 + C)e y , e y )), (18) 



/3 - ^ + £ + v / ^ + £ ) 2 + 4 ^ . (19) 



The following Algorithm 3 is another Nonlinear Uzawa method, which is relate to the 
approximate inverse of the matrix A and the approximate inverse of the Schur complement 
matrix BA^ 1 B T + C. We call it as NUAS algorithm. 

Algorithm 3 (NUAS algorithm) ([4]) For xo E H\ and j/o G H% given, the iterative se- 
quence {{xi,yi)} is defined, for i = 0, 1, ..., by 

x i+1 ^x l + 4>(f-Ax l -B T y t ), (20) 

Vi+i = Vi + i>{Bx i+ i - Cy % - g), (21) 

where <p(v) is an approximation to the solution ip of the system 

A(p = v, 

and ip(w) is an approximation to the solution £ of the system 

{BA- X B T + C)f = w. 



Let 
It is assumed that 



5 = BA- X B T + C. 

|Mv) - A-^IU < 5||«|U-i,Vw G ffi, (22) 

HVW - S-^Hs < e||«;|| s -i,Vt« G # 2 , (23) 

hold for some positive 6 < 1 and e < 1, respectively. 

The result on the convergence of the NUAS algorithm is given as follow [4]. 

Theorem 3 Assume that (22) and (23) hold, Let {(x,y)} be the solution pair of (1), and 
{(xi,yi)} be defined by the Algorithm 3. Then, Xi and yi converge to x and y, respectively, if 

1 1 Q A 

0<(5<- and < e < -— -r. (24) 

3 1 + 6 
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In this case, the following two inequalities hold: 

5(l + e)(Ae*,e*) + (l + 6)(Seley) 



and 



whe 



<p 2 \S(l + s)(Ael eg) + (1 + S)(Se%, eg)), (25) 



(6(l + e)(Ae* ,e x ) + (l + 6)(Sele v )), (26) 



_ £ + 2(5 + ed + y/(£ + 25 + e5) 2 + g 



In [5], Lin and Wei modified the Algorithm 2, and gave the following Modified NUS al- 
gorithm (called MNUS algorithm). 

Algorithm 4 (MNUS algorithm) For xo G H\ and yo E Hi given, the iterative sequence 
{(Xi,yi))} is defined, for i = 0, 1, ..., by 

x i+1 = Xi + Q A 1 {f-Ax i -B T y i ), (28) 

yi+i = yi + i>(Bxi+i-Cyi-g), (29) 

Xi+i = Xi+i - Q A 1 B T (y i+1 - j/i). (30) 

The result on the convergence of the MNUS algorithm is given as follow [5]. 

Theorem 4 Assume that (14) and (15) hold. Let {(x,y)} be the solution pair of (1), and 
{(xi,yi)} be defined by the Algorithm 4- Then, Xi and y^ converge to x and y, respectively, if 

u) < - and e < 1 - 2w. (31) 



In this case, the following two inequalities hold: 

to(l + e)(Q A e*,e*) + s((i 
<p 2 >(l + e)(Q A e x , eg) + e((BQ A 'B r + C)e y Q , e y )), (32) 



w(l + e)(Q A e*, ef ) + e((BQ^B T + C)e\,e\) 



and 



where 



(w(l + e)(gAeg, eg) + e((BQ- 1 B T + C)e y , e y )), (33) 



e + 2oj + euj+ J(e + 2oj + eu;) 2 - Aeu; 

P= o • ( 34 ) 



In [5], Lin and Wei compare the convergence rate between NUS algorithm and MNUS algo- 
rithm, and also gave the conclusion that MNUS algorithm is better than NUS algorithm. 
In fact, inequalities (22) and (23) contain exact inverse, and too many iterations may be 
need in order to evaluate A~ l u. A practical nonlinear Uzawa algorithm was proposed in [4]. 
But the authors only consider using Q A replace A in inequality (23), the inequality (22) also 
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contain A. Here, we replace A^ 1 with Q^ 1 in both inequalities (22) and (23) to result in another 
result for the algorithm 3. 

First, we give two assumptions and some lemmas. For the symmetric and positive definite 
matrix Qa, 4>{v) is an approximation to the solution ip of the system 

Qa^P = v, (35) 

and ip(w) is an approximation to the solution £ of the system 

{BQ~ A l B T + C)i = w. (36) 



Let 

It is assumed that 



S a = BQ A X B T + C. 



U{v)-Qa 1 v\\Qa<5\Mq- a ^Vv&H 1 , (37) 

HVM - S- 1 w\\ Sa < e||«;|| s -i,Vu) G H 2) (38) 

hold for some positive 6 < 1 and e < 1, respectively, and also the inequality (14) holds. Inequal- 
ities (37) and (38) are also two reasonable assumptions which are satisfied by the approximate 
inverse associated with the CG algorithm. 
Lemma 1 For any v G Hi, we have the following inequality 

||Bv|| s -i < \\v\\ Qa . (39) 

Proof. 



(S; 1 Bv,Bv) = \\Bv\\ 2 s - 1 = sup 






(Bv,u;) 2 {Q\v,Q A -B T u:f 
= sup — . = sup (Q s 

{Q A v,v){BQl 1 B T u,u) 

— SU P f o \ 

u£H 2 (o a U,U) 

<(Qav,v) = \\v\\ 2 Qa . 

The proof of the lemma 1 is completed. □ 

Lemma 2 For a symmetric positive definite matrix Q, \\A\\q = \\Q^AQ2\\ 2 . Proof. By the 

definition of the matrix norm [15], ||A||q = max L y ° , then 



\A\\ Q =max 

x^O 



x^O 

(q^Ax,Q^Ax 



(Q2X,Q2 

'QiAQ-iy,QiAQ-iy 



max 



y^o, y=Qix (y,y) 2 

\\9l^pyh = ]]Q i AQ i h . 

v^o \\y\\ 2 
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Therefore, Lemma 2 holds. □ 

Lemma 3 Assume inequality (14) holds, / is a unity matrix with appropriate dimension, we 

have the following inequality 

||J-Q^||q a <u;, (40) 

\\Av + B T w\\ Q - A i<\\v\\ QA + \\w\\s a . (41) 

Proof. From inequality (14), we know that 

{{I-Q^A)v,v)<u{v,v), 

so p(I — Q A A) < u>, where p is the spectral radius of the corresponding operator. 
By the Lemma 2, we have 

\\i - Qa 1 M\q a = \\Q\{i - Qa 1 a)q- a ^\\ 2 

= \\I-Q~ a *AQ-j}\\ 2 

= p(I - Q-} AQY) 
= P (I-Q- A l A)<u J 

i.e., ||7 — Q~ A A\\q a < u>. It follows from the triangular inequality that: 

\\Av + B T w\\ Q -i<\\Av\\ Q -i + \\B T w\\ Q -i 

< \\Qav\\ q -i + \\w\\ bq -i bT 

< \\v\\Qa + \\ w \\s a - 

The proof of the Lemma 3 is completed. □ 

Theorem 5 Assume that (37), (38) and (14) hold, Let {(x,y)} be the solution pair of (1), and 
{(xi,yi)} be defined by the Algorithm 3. Then, Xi and yi converge to x and y, respectively, if 

1 , 1 - 2w 1 - 3<5 - 2w 

0<lu < - , 0<5 < — - — and < e < . (42) 

2 6 1 + 

In this case, the following two inequalities hold: 

(e + 1)(<5 + u)(Q A ef, ef ) + (1 + 5){S a el e\) 
<p 2 \e + 1)(«5 + w){Q A e x , eg) + (1 + 5)(S a el e y Q ), (43) 



(Q.v;:<»<[i + s+j^i)p"-'> 



where 



((e+l)(S + Lu)(Q A e x ,e x ) + (l + 8)(S a e v ,el)), (44) 



e + 2S + eS + uj+ J(e + 25 + eS + u) 2 + 4(6 + w) 

P= " o • ( 45 ) 
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Proof. From Algorithm 3, then we have the following equations 

e* +1 = e*-^Ae* + B T e!), (46) 

er +1 = eV-V(Cer-Be? +1 ). (47) 

Eq. (46) gives 

ef+i HQa 1 - 4>)(Aef + B T e y) + e* - Q A \Aef + B T e\) 

= (Qa' 4>)(M + B T e\) + (I Q A 1 A)e^ Q A 1 B T e\. 
Substituting ef +1 in Eq. (47) by the above equation, we have 

Ce\ Be* +1 = S a et B(I Q-/A)e* - B(Q~/ - <j>)(Ae* + B T e\). (48) 

4 + i ={Sa l V>)(Cef - Be* +1 ) + ef - S-\Ce\ - Be? +1 ) 

=(^ i -^)(c e r-i? e r +1 ) 

+S- 1 £((7 - Q^e? + (g^ 1 - ^)(A e * + B T e f)). (49) 

It follows from the triangular inequality that: 

M + i\\Q A = \\(Qa 4>)(Ae* + B T e y) + (I- Q- A 1 A)ei Q A 1 B T e y \\ QA 

^IKQ^ 1 - cj>)(Ae* + B T em QA + \\{I~ Q^KHq. + WQa&JIWQa 
<8\\Ae* + B T e\\\ Q - Al + \\I- Q~ A X A\\ Q A M \\ Qa + \\e y \\ Sa (by(38)) 

<S(M\\ Qa + ||e?|k) +u\\e*\\ QA + \\ef\\ Sa (by Lemma 3) 

= (* + a»)|K|| Qx + (l + <J)||e?|| So . (50) 

Using triangular inequality, from Eq. (49) and Lemma 1 we have 

IK+ilk =||(5- 1 - ^){Ce\ - Be* +1 ) + e\- S-\Ce\ - Be? +1 )|| So 
<||(5- 1 -^(Cer-Be^ 1 )|| Sa 

+ \\S?B{{I Q A 1 A)e^ + (Q-/ - 4>)(Ae* + B T ef))|k (by(49)) 
<e\\Ce y - Bef +1 || s -i + \\(I Q A 1 A)e^ + (Q^ 1 ^)(Ae* + B T e\)\\Q A 



<e\\e y \\s a + (e + 1)(||(J - Q^K|| Q , + \\(Q? <f,)(Ae* + B T e y)\\ QA ) 
<s\\e v i \\s a + {£ + lW + w)\\^\\ QA +6\\e v i \\s a ) (by(37) and Lemma 3) 
= (e+l)(6 + Lo)\\e*\\ QA +(e + 5 + e8)\\ey\\ Sa . (51) 

It follow from (50) and (51) that 

!l!h )<M i ( jj1|!^ ) , (52) 

!l e flls a / V H e olls a / 

where M is given by 

M=( 6 + UJ 1 + S 

\ (e + l)(S + uj) s + 5 + s5 

Obviously, M is symmetric with respect to the following inner product of the two-dimensional 
Euclidean space 



xi \ I x 2 

Vl )\V2 



(e+l)(S + iu) \f xi\ f x 2 

= (e + 1)((5 + uj) Xi x 2 + (1 + 5) y lV2 . 
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Thus, from (52), we have 

(e + 1)(5 + u)(Q A ef,ef) + (1 + 5){S a e\, e\) 



\( \\<Wq a \ ( 


, HeTlls. ). 




M i ( \\ e a\\ QA 


)> M iw 


Qa ^ 



< 

<p 2 \{e + l)(5 + w){Q A e x , eg) + (1 + 6)(S a e y , el)), 

where p is the spectral radius of M. The eigenvalues of M are the roots of 

A 2 - (25 + e + e5 + lu)X -(u> + 8)=0. 

From above equation, we know that A G R and 26 + e + eS + u> > 0. Obviously, the spectral 
radius p of M is equal to its positive eigenvalue which is given by (45). 

It is easy to see if (42) is satisfied, then p < 1. This completes the proof of (43). 

To prove (44), we apply the following elementary inequality 



{a + bf <(l + r ? )a 2 + (l + r/- 1 )6 2 



to (50), and get for any r/ > 0, 



iiefii^^a+^^+^iief.iii^ + a+oa+^iier-iiii.- 



Inequality (44) follow from taking r\ = 
of the theorem. □ 



_ (i +£ )(i+g) 



8+ui 



and applying (43). This completes the proof 



Remark 1. When u> = 0, Theorem 5 is the theorem 3, it is the result of [4]. In the ex- 
periment, we compute the incomplete Cholesky factorization of A, i.e., A = LL T — R, where L 
is the incomplete Cholesky factor. Let Qa — LL T , which can insure id < | in (14). 

3 A new Nonlinear Uzawa method and convergence re- 
sults 

In this section, we propose a new Nonlinear Uzawa method by using the modified idea of 
[5,9] to modified NUAS method. We call this algorithm as MNUAS algorithm. 

Algorithm 5 (MNUAS algorithm) For x e Hi and y € H 2 given, the iterative sequence 
{(xi,yi)} is defined, for % = 0, 1, ..., by 



Xi+i = Xi + <f>(f - Axi - B T y i ) 1 
Vi+i = Vi + ^{Bx i+ i - Cyi - g), 
Xi+i = Xi+i - Q A ^B T {y i+1 - jft), 



(53) 
(54) 
(55) 



where <p(v) is an approximation to the solution ip of the system 

Qa¥> = v i 

for the symmetric positive definite operator Qa and ip{w) is an approximation to the solution 
£ of the system 

{BQ- A 1 B T + C)i = w. 
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It is also assumed that (14), (37) and (38) hold. We will give the main results of the paper in 
the following series. 

Theorem 6 Assume that (14), (37) and (38) hold, Let {(x,y)} be the solution pair of (1), and 
{(xi,yi)} be defined by the Algorithm 5. Then, Xi and yi converge to x and y, respectively, if 

1 ,. 1 - 2w , 1 - 3<J - 2w 

0<lu < - , 0<5 < — - — and < e < -. . (56) 

2 3 1 + 

In this case, the following two inequalities hold: 

(5 + W )(l + e)(Q A e?, e?) + (e + 25 + e6)(S a e y ,e y ) 
<p 2 *((5 + W )(l + e)(Q A e x , eg) + (e + 2d + eS)(S a e v , e y )), (57) 



and 



(s + 2) 2 (d + u)\ „._ 2> 



whe 



(Q A ef,e*)<\e + 26 + e8+ ± '^ ' \ f/^x 

((5 + w)(l + e )(g A eg, eg) + (e + 25 + eS)(S a e y , e y )), (58) 

_ 3(5 + e + 2e<5 + 2uo + ecu + ^(35 + e + 2eS + 2ui + euS) 2 - 4e(<5 + u) 



2 
Proof. Let ef +1 = x — x i+1 . From (53)-(55), then we have the following equations: 



(59) 



e- + i = et-<i> {Ae* + B T e y ) , (60) 

e y +1 = e y -4,(Ce y -Be* +1 ), (61) 

ef + i = ^ f i + Ql 1 B T (eV-er +1 ). (62) 



In fact, by the proof of Theorem 5, we know that 

\\e? +1 \\s a <(e + l)(6 + u)\tf\\Q A + (e + 8 + e5)\\eV\\s a . (63) 

From (60) and (62), it can be concluded that 

e?+i - (Qa 1 - <t>)(Ae* + B T e\) Q A \Ae* + B T e y ) + e* + Q A 1 B T (e v e y i+1 ) 

= {Q A l - <f>)(Aef + B T e y ) + (I Q A 1 A)ef Q A 1 B T e\ +v (64) 

Using triangular inequality, from Eq.(64) we have 

M+i\\q a = IKQI 1 - 4>)(A^ + B T e\)\\ QA + W - Qa^WQa + \\Q A 1 B T e y +l \\ QA 



< 5\\Ae* + B T e\\\ Q -, + \\I QaA\\ Qa M\\q a + \\e y +1 \\s a (by(37)) 

<(5 + cu)\\e*\\ QA +S\\e y \\ Sa + \\e y +1 \\ Sa (by Lemma 3) 

<(e + 2)(5 + w)\\e*\\ QA + (s + 2d + e5)\\eV\\ Sa . (by(63)) (65) 



It follows from (63) and (65) that 



\ e i II S„ J \ II' nll.v, 



M^ <W lJ y y ), (66) 
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N = 



where N is given by 

(e + 2)(<5 + w) e + 2(5 + e(5 

(e + l)((5 + cj) s + 5 + sS 

Obviously, N is symmetric with respect to the following inner product of the two-dimensional 
Euclidean space 



Xi 



x 2 

y-2 



(e + l)(S + uj) 

e + 2(5 + eS 



Xi 

2/i 



•7'2 
V2 



= {e+ 1)(<5 + uj) Xi x 2 + (e + 2(5 + eS) Vl y 2 . 
Thus, from (66), we have 

(e +1)(6 + w)(Q A e*, ef ) + (e + 2(5 + e5){S a e\, e\) 



< 



AH 



C.WII 



l "S a 



oV\\ 



,N l 



-0\\Q A 

"0 II S a 



< P 2 \{e + 1)((5 + a,)(Q A eg, eg) + (e + 2(5 + e5)(5„eg, eg)), 

where p is the spectral radius of N. The eigenvalues of N are the roots of 

A 2 - (3(5 + e + 2e(5 + 2w + ew)A + 4e(<5 + w) = 0. 

From above equation, we know that A G R and A > 0. Obviously, the spectral radius p of TV is 
equal to its max positive eigenvalue which is given by (59). It is easy to see if (56) is satisfied, 
then p < 1. This completes the proof of (57). 

To prove (58), we apply the following elementary inequality 

{a + bf <(l + r ? )a 2 + (l + r/- 1 )6 2 

to (65), and get for any r/ > 0, 

||erilL<(l + ? 7)[( £ + 2)( ( 5 + c)] 2 || e t 1 ||^+(l + r ? - 1 )(e + 2(5 + £ (5) 2 ||et 1 || 2 Sa . 



Inequality (58) follow from taking r\ = (e 2 2 )2 1 g< J\ and applying (57). This completes the 

proof of the theorem. □ 

Corollary 1. In Algorithm 5, assume that Qa — A hold, let {(x, y)} be the solution pair of (1), 

and {{xi, j/i)} be defined by the Algorithm 5. Then, x% and yi converge to x and y, respectively, 

if 

1 . 1-3(5 



< (5 < - and < e < , 

3 1 + 5 

In this case, the following two inequalities hold: 

(5(e + l){Q A e?, ef ) + (e + 2(5 + e5){S a e? , e\) 
<p 2i S(e + l){Q A e x , eg) + (e + 2(5 + e6)(S a e», e v ), 

and 

(QAef,ef)<( £ + 2,5 + e ,5+^±^p 2 - 2 x 

((5(1 + e)(QAe§, eg) + (e + 2(5 + £<5)(S eg, e v )) 



(67) 



(68) 



(69) 
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where 

36 + e + 2eS + J(35 + e + 2e5) 2 - 4e5 , N 

P = 2 ' (70) 

Proof. For Qa = A, hence lo — 0. In Theorem 6, let w = 0, we can complete this corollary. □ 
In the rest of this section, we analyze the convergence factors between MNUAS Algorithm 
and NUAS Algorithm under the same condition with different nonlinear approximate assump- 
tion. 

1. Under the conditions (22) and (23), denote by pmn and pn the convergence factors of 
MNUAS and NUAS, respectively; 

2. under the conditions (37) and (38), denote by pimn & n d Pin the convergence factors of 
MNUAS and NUAS, respectively. 

Case 1: From Theorem 3 in [4], the convergence factor of NUAS is 



Pn 



e + 2S + e5+ \J (e + 26 + e5) 2 + 45 



2 
when 5 3> £, the convergence factor pn is approximately equal to 5 + y/6 2 + 6. Thus 

p N ~ S + \J6 2 + 6. 

From the above corollary, the convergence factor of MNUAS is 

35 + e + 2e5 + y/ (35 + e + 2e5) 2 - 4e5 
Pmn — 2 ' 

When (S> £, the convergence faetorpMN is approximately equal to 3<5. Thus 

Pmn ~ 3(5. 

If < 5 < |, we have p M N ~35 < 5 + ^/5 2 + 5 w p N - 

Case 2: Theorem 5 gives the convergence factor of NUAS is 

e + 25 + eS + lo + y/(e + 25 + s5 + w) 2 + 4(5 + w) 
Pin - 2 • 

when u) ^> 5, £, the convergence factor pin is approximately equal to ^ + ^ +4u> . Thus 



LO + \/u> 2 + 4W 

PIN « 2^ • 

Theorem 6 gives the convergence factor of MNUAS is 

35 + e + 2e5 + 2u + euo + ^J(35 + e + 2e5 + 2io + ecu) 2 - 4e(5 + to) 
Pimn — -z • 

When lo ^> 6, s, the convergence factor pimn is approximately equal to 2io. Thus 

Pimn ~ 2co. 

If < to < 5, we have pimn ~ 2lo < " + 2 +4 " ~ Pin- From the above comparison of the 
convergence factors, we expect that the MNUAS may be better than NUAS, if the nonlinear 
approximation is appropriate. 

In the next section, numerical experiments confirm our analysis of the results on the con- 
vergence of the nonlinear Uzawa methods. 
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4 Numerical experiments 

The problem under consideration is the classic incompressible steady state Stokes problem 

-cAm + Vp = /, in f2, 



divu = 0, in Q, 



(71) 



here v is the viscosity. Many discretization schemes for this problem will lead to saddle point 
problems of the form (1) see for instance [2]. We generate the test problem (leaky lid-driven 
cavity) with the IFISS software written by Howard Elman, Alison Ramage and David Silvester 
[11]. The mixed finite element used is the bilinear-constant velocity-pressure Q\ — Pq pair 
with global stabilization or local stabilization [10]. The finite element subdivision is based on 
n x n uniform grids of square elements. Using the IFISS software to discretize (71), then the 
coefficient matrix A of the linear system, which is equivalent to (1), is the following 

A=( A BT 
\ B -f3C 

where [3 is a stabilizing parameter [10]. A remark on the local stabilization was given by Cao 
in [3] to state that D. Silvester pointed out that f3 should be 0.25 in the local stabilized case. 
Consequently, Cao took [3—1 and 0.25 in the numerical experiments for global and local 
stabilizations, respectively. Similarly, in our numerical experiments we also take /3 = 1 and 0.25 
for global and local stabilizations, respectively. 

Now we describe the algorithms and notions for the test problem. In our experiments, we 
take v = 1. NUS denotes the NUS algorithm only using the nonlinear approximation to the 
inverse of Schur complement {BQ^B T + C) _1 . MNUS denotes the Modified algorithm of 
NUS. NUAS denotes the NUAS algorithm using both the nonlinear approximations to Q^ 1 
and {BQ^ l B T + C) _1 at the same time. MNUAS denotes the Modified algorithm of NUAS. 
In the next experiments, we only compare those four algorithm. 

By using the sparsity of .A, we may compute the incomplete Cholesky factorization of A, 
i.e., A — LL T — R, where L is the incomplete Cholesky factor [12]. In the incomplete Cholesky 
factorization, we consider the case in which the drop tolerance is tol=0.01 and the case with 
no fill-in [12]. In NUS and MNUS, Q A = LL T and ip is defined by two steps of CG applied 
to approximate the action of inverse of the approximate Schur complement. In NUAS and 
MNUAS, <f> is defined by two steps of CG applied to approximate the action of Q^ 1 and %p is 
defined by two steps of CG applied to approximate the action of the inverse of the approximate 
Schur complement BQ~ A X B T + C with Qa — LL T . 

All computations are performed in Matlab 7.0. The stop criterion for the iteration is 

IN 



< 10" 



r 



where r$ is the initial residual vector and r^ is the fcth residual vector of (1). 

In Table 1-4, we show the iteration numbers and the CPU time (in seconds) of the four 
algorithms in four mesh grids for global and local stabilizations, respectively. We can see from 
these tables that all these algorithms are convergent, but NUS and NUAS converge rather slowly. 
In contrast, MNUS and MNUAS converge rapidly. It means that the modified algorithms have 
better convergerce rate. With the mesh grids refined, among all these algorithms, MNUAS 
need the smallest number of steps in the four algorithm, and most case the CPU time is the 
smallest. Finally, we give, in Figures 1-4, convergence plots for these algorithms. These figures 
show that the modified algorithms converge more quickly, and MNUAS is better than NUAS. 
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Table 1: 


Iteration number and CPU time for global stabilization (no fill-in) 


Grid 


NUS MNUS NUAS 


MNUAS 


8x8 
16 x 16 
32 x 32 
64 x 64 


20(0.0310) 19(0.0310) 20(0.0320) 

58(0.2180) 36(0.1560) 35(0.1720) 

174(2.7970) 118(2.2500) 95(1.8440) 

>500(33.8590) 343(28.1400) 311(25.9070) 


16(0.0310) 
22(0.1410) 

54(1.2340) 
188(18.5320) 



Table 2: Iteration number and CPU time for global stabilization (tol=0.01) 
Grid NUS MNUS NUAS MNUAS 



8x8 22(0.0150) 

16 x 16 24(0.0940) 

32 x 32 59(0.9840) 

64 x 64 184(12.0780) 



21(0.0310) 
18(0.0930) 
36(0.7190) 
108(8.8900) 



23(0.0470) 

24(0.1250) 

45(0.9380) 

141(12.0160) 



21(0.0320) 
17(0.0940) 
24(0.5930) 
75(7.4070) 



Table 3: Iteration number and CPU time for local stabilization (no fill-in) 



Grid 


NUS 


MNUS 


NUAS 


MNUAS 


8x8 


25(0.0310) 


9(0.0160) 


16(0.0470) 


12(0.0310) 


16 x 16 


61(0.2180) 


24(0.1250) 


38(0.1880) 


20(0.1090) 


32 x 32 


176(2.5160) 


70(1.2660) 


119(2.2030) 


61(1.3280) 


64 x 64 


485(27.7190) 


309(21.7180) 


419(29.8600) 


171(15.0470) 



Table 4: Iteration number and CPU time for local stabilization (tol=0.01) 



Grid 



NUS 



MNUS 



NUAS 



MNUAS 



8x8 12(0.0160) 

16 x 16 27(0.0940) 

32 x 32 62(0.9530) 

64 x 64 163(9.8750) 



9(0.0150) 
9(0.0470) 
23(0.4380) 
70(5.4060) 



12(0.0160) 
19(0.0940) 
48(0.9370) 
126(9.6250) 



9(0.0160) 
12(0.0620) 
24(0.5620) 
66(6.0940) 




1) 
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MNUS 


-1 
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\A V - -x 

v\ v 


*v\ 
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Figure 1: Global stabilization. 32 x 32 mesh. Left: no fill-in; right: tol = 0.01 
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Figure 2: Global stabilization. 64 x 64 mesh. Left: no fill-in; right: tol = 0.01 
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Figure 3: Local stabilization. 32 x 32 mesh. Left: no fill-in; right: tol = 0.01 
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Figure 4: Local stabilization. 64 x 64 mesh. Left: no fill-in; right: tol = 0.01 
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5 Conclusion 

In this paper, we present a Modified Nonlinear Uzawa algorithm (MNUAS), which is modi- 
fied the NUAS algorithm contained two nonlinear approximate inverses, for solving symmetric 
saddle point problems. At the same time, its convergence result is given, and the convergence 
factors are compared. Numerical experiments show that MNUAS algorithm needs less itera- 
tions and CPU time than the NUAS algorithm when applied to the Stokes equation by mixed 
finite element discretization. 
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Abstract 

In this paper, we discuss the existence of solutions for fractional differential equations of order 
q G (2, 3] with anti-periodic type integral boundary conditions. Our results are based on Leray- 
Schaudcr nonlinear alternative and some standard tools of fixed point theory. 
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1 Introduction 

Boundary value problems for nonlinear differential equations arise in a variety of areas of applied 
mathematics, physics and variational problems of control theory. The existing literature mainly deals 
with second-order boundary value problems and there are a few papers on third/higher order problems 

([l]-[3])- 

In the last few years, much work has been completed on boundary value problems of fractional 
differential equations. For examples and details, we refer the reader to the books ([4]-[9]) and papers 
([10]- [23]). In [19], the authors studied a boundary value problem of nonlinear fractional differential 
equations of order ge (1, 2] with non-separated integral boundary conditions. In this paper, we study 
the existence of solutions for a boundary value problem of fractional differential equations of order 
q G (2, 3] with anti-periodic type integral boundary conditions. Precisely, we consider the following 
problem 

c D q x{t) = /(£, „(*)), t € [0, T], T > 0, 2 < q < 3, 

r T (!) 

„W(0)-A^W(T) = Mj / gj (s,x(s))ds, j = 0,1, 2 
Jo 

where c D q denotes the Caputo derivative of fractional order q, „'•"(•) denotes jth derivative of x(-) with 
a;( )(-) = „(•), f,gj : [0,T] xI^K are given continuous functions and Xj, /ij G M. (Xj ^ 1). 

We remark that problem (1) reduces to a fractional boundary value problem with anti-periodic type 
boundary conditions for Xj = — 1,/Zj = 0,j = 0, 1,2 [12]. 

The main aim of the present work is to establish some existence results for problem (1) by means 
of Leray- Schauder nonlinear alternative, Banach contraction mapping principle and Krasnoselskii fixed 
point theorem. 
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2 Preliminary result 

Let us recall some basic definitions of fractional calculus [4, 6]. 

Definition 2.1 For (n— 1) — times absolutely continuous function g : [0,oo) — ► R, the Caputo derivative 
of fractional order q is defined as 

c D«g{t) = 1 f (t - s) n ^- 1 g^(s)ds, n - 1< q < n,n = [q] + 1, 
r(n — <?) Jo 

where [q] denotes the integer part of the real number q. 

Definition 2.2 The Riemann-Liouville fractional integral of order q is defined as 



" m =w)L 



i r »(«) 



- — ds, q > 0, 

1 — g * ' 



(t-s) 1 -« 

provided the integral exists. 

In the sequel, the following lemma plays a pivotal role. 

Lemma 2.3 For a given y E C([0,T],R) and 2 < q < 3, the unique solution of the equation c D q x(t) 
y(t), t e [0,T] subject to the boundary conditions of (1) is given by 



x(t) 



y(s)ds -\ob / l Jl y(s)ds 



+Ai?72 



o T(a) 

T (T-s)i- 2 



r(q) 

y(s)ds + \ 2 r) 1 — _ y(s)ds 



o r(q - 1 

T /.T 

A*o£i / 9o(s,x(s))ds + nir]2 / #i(s,a;(s))ds 



(2) 



+M2?7i / g2(s,x(s))ds, 
Jo 



whe 



m = 6 



6 = 



-A (Ai + 1)T 2 + 2A!(A - l)tT - (A - l)(Ai - l)t 2 

% = 6[A r-(Ao-l)*], 

1 



e 



6 



i 



Ao-l' s (A -1)(A 1 -1)' s " 2(A -1)(A 1 -1)(A 2 -1) 



Proof. For 2 < q < 3, it is well known [6] that the solution of fractional differential equation c D q x(t) 
y(t) can be written as 



»(*)=/ p7) y^rfg-co-c^-cat 2 , i€[0,T], 
where Co, Ci, c 2 € K are arbitrary constants. Applying the boundary conditions of (1), we get 
(A - l)co + A Tci + X T 2 c 2 = no / go(t,x(s))ds + A / — — -r y(s)ds, 



(Ai - l)ci + 2AiTc 2 



(3) 



2(A 2 - 1)C3 



Jo Jo r (<?) 

/•T ,T (T _ s)g _2 

Mi/ gi{s,x(s))ds + Xi — _ y(s)ds 

f T f T (T - s)9- 3 

M2 / g 2 (s,x(s))ds + A 2 / _ 2 £/(g)<te. 



(4) 



Solving the system (4), we find the values of co,ci and c 2 . Substituting these values in (3), we obtain 
(2). 
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3 Main results 

Let C = C([0,T],R) denotes the Banach space of all continuous functions from [0, T] — > K endowed 
with the usual sup-norm ( ||x|| = sup te r jn |x(£)|). 

By Lemma 2.3, the problem (1) can be transformed to a fixed point problem as x = F(x), where 
F : C —* C is given by 

(Fx)(t) = J* ( *r ( gp ^ ^W)^ - A( ^ / T ^rff' 1 /^, *(*))& 

f T (T-s) q - 2 [ T (T - s) q - 3 

+Ai??2 / -Y7-—^-f{s,x{s))ds + X 2 m T , _ 2 , f(s,x(s))ds 

~Mo£i / .9oO,£(»)ds + ^i?72 / ffiO, »(a))ds 
Jo Jo 

+M2?7i / ff2(s,a;(s))ds, ig[0,T]. 
Jo 

For the sake of computational convenience, we introduce 

rpq 

Ai = r(g+1) {1 + |AoCi| + lAi^kT- 1 + |A 2 i7i|ff(« - 1)T- 2 } . (6) 

Our first existence result is based on Leray-Schaudcr nonlinear alternative. 



Theorem 3.1 (Nonlinear alternative for single valued maps) [24]- Let E be a Banach space, C a closed, 
convex subset of E, U an open subset of C and € U. Suppose that F : U — > C is a continuous, compact 
(that is, F(U) is a relatively compact subset of C) map. Then either 

(i) F has a fixed point in U , or 

(ii) there is a u G dU (the boundary of U in C) and A G (0, 1) with u — XF(u). 

Theorem 3.2 Assume that /, gj : [0, 1] X 1 -» 1 are continuous functions and the following conditions 
hold: 

(Ai) there exist a function p G L 1 ([0, 1], M + ), and ip : M + — ► M + nondecreasing such that \f(t, x)\ < 
p(t)ip(\\x\\) for each (t,x) G [0,T] x R; 

(A 2 ) there exist continuous nondecreasing functions ipj : [0,oo) — > (0,oo) and functions pj G L 1 ([0,T],M + ) 
such that 

\ gi (t,x)\< Pj (t)^(\\x\\), j = 0,1, 2, for each {t,x) G [0,T] x R; 

(A 3 ) there exists a number M > such that 

M 

^(M)fii||p||ii +M m )\^A\\po\W +M M )\vim\\\pi\W + ^(M)|/i 2 »h|||P2||ii > ' 

where 

rpq-l 

«i = p-T" {1 + |Ao6l + |Air?2|(g - l)^ 1 + \\ 2 Vi\q(q - 1)(« - 2)7f- 2 } . 
TTien i/ie boundary value problem (1) has at least one solution on [0,1]. 
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Proof. Consider the operator F : C — > C denned by (5). It is easy to prove that F is continuous. 
Next, we show that F maps bounded sets into bounded sets in C([0,T],R). For a positive number p, 
let B p = {x £ C([0,T],R) : ||x|| < p} be a bounded set in C([0,T],R). Then, for each x £ B p ,we have 



+ |Al%| / 

Jo 



lT '"" 2 |/(^^))M S +|A 2 r; 1 |^(||x||) " 



r(g-l) uv ' w " ' z ' 1|rv " ">J T(q-2) 

-|Mo£i| / \9o{s,x(s))\ds + \fj,ii]2\ \gi(s,x(s))\ds 



+ lM2»?i| / |52(a,ar(s))|ds 
Jo 

< tf(NI) {^ + iMrl ^ + lAi^lp^ij + l^lp^^ 
+V'o(||a;||)lMo£i| / Po(s)ds + V'i(||a;||)|Mi^2| / Pi(s)ds 



p{s)\ds 



+Tp2(\\x\\)\p2Vl\ / P2(s)ds 
JO 

< vdklD^ilblUi +Vto(||a;||)|/io6ll|polUi + V'i(lkll)lm%||bi||Li 

+V'2(||a;||)|M2'7l|lb2||Li- 



p(s)ds 



Thus, 



1 1 -Pa; 1 1 < ^(p)^ilblU 1 +^o(p)|MoCi|lbo||z,i + ^i(p)bi»72||MUi + V^MI/^ilH^IUi- 



Now we show that F maps bounded sets into equicontinuous sets of C([0,T],R). Let t',t" £ [0,T] 
with t' < t" and x £ -Bp, where B p is a bounded set of C([0,T],R). Then we have 



< 



\[F.r)il")-{Fx){H)\ 

*' r (t"- S )9- 1 -(t'- S )9- 1 



1MMI 



r(?) 



p{s)ds 



*" (f - s)"- 1 



r(g) 



-f(s,x(s))ds 



+ 1(1 - Ao)Ai6||«" - ^(IMI) jf ( r( g - )g i) 2 p O0 d5 + IA26I [2|(1 - A )A 1 |T|i" - t'| 
+ |(1 - A )(l - AOHt" 2 - t' 2 |] V(N|) ^ ( r (g ! ) 2)% ( g )^ 
+|(l-A )Mi6||t ,, -t , |^i(||a;||) / j>i(*)|d« 



+ |A 2 6m 2 | 2|(1 - A )AiT|t" - t'| + |(1 - A )(l - Ai)||i" 2 - t' 2 \ M\M) / P 2{s)ds. 



Obviously the right hand side of the above inequality tends to zero independently of x £ B p as t"—t' — > 0. 
Therefore it follows by the Ascoli-Arzela theorem that F : C([0,T],R) -» C([0,T],R) is completely 
continuous. 

The result will follow from the Leray-Schauder nonlinear alternative (Theorem 3.1) once we have 
proved the boundedness of the set of all solutions to equations x = XFx for A £ [0, 1]. 

Let a; be a solution. Then, for t £ [0, T], and using the computations in proving that F is bounded, 
we have 



\x(t)\ < iKIMI) 



frpq-1 



rpq—1 rjiq — 2 rpq—3 



p(s)ds 
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+MIMI)lMi£i| / PoO)ds + -0i(||x||)|^ 2 ?72| / Pi(s)ds 
Jo Jo 

+^2(||a;||)|M3»7i| / P2(s)ds 
Jo 

< V(||a;||)fii||p|Ui H-V'odklDI/Ui^llbolUi +^i(ll»ll)lA*2»j2|||pi||ii 

+V'2(IMI)Im3?7iIIIp2||li- 

Consequently, we have 

INI < L 

^(IMD^ilHU 1 H-V'odklDlMo^illbolli 1 +V , i(lFll)lMi^2||bi||i,i +V'2(||a;||)|M2»?i|lb2||Li 

In view of (A3), there exists M such that ||x|| ^ M. Let us set 

U = {x € C{[0,T],R) : \\x\\ <M+1}. 

Note that the operator F : U —> C([0,T],R) is continuous and completely continuous. From the choice 
of U, there is no x G dU such that x = XFx for some AG (0, 1). Consequently, by the Leray-Schaudcr 
alternative (Theorem 3.1), we deduce that F has a fixed point x € U which is a solution of the problem 
(1). □ 

Our next result is based on the celebrated fixed point theorem due to Banach. 
Theorem 3.3 Assume that f,gj : [0,T] xl->l are continuous functions satisfying the conditions: 
(Ai) \f(t,x)-f(t,y)\<L\x-y\,Vte[0,T\, L > 0, x,yeR; 
(A 5 ) \g j (t,x)-g j (t,y)\<C j \x-y\,Vt€[0,T}, C, > 0, j = 0,1,2, x,y G R. 
Then the boundary value problem (1) has a unique solution if 

LAi + {£o|W)&| +£iMa| + A|/i2»7i|}r < 1, 
where hi is given by (6). 
Proof. Let us fix Sup te r 0;T i \f(t, 0)| = M, sup te [ T j \gj(t, 0)| = Adj, j = 0, 1, 2 and choose 

MAi + {MolMil + -Mi|ah»&I + A^l/^il)? 1 
r > . 

" 1- (lAi + {co\i«£i\ + Ci\vnm\ + £2\iMtm\}T) 

Then we show that FB r C B r , where B r = {x G C : \\x\\ < r}. For x G B r , we have 

|(Fa;)(t)| < sup j f {t ^^ \f( S ,x( S ))\ds+\X ^\ f {T ~ ^ \f(s,x(s))\ds 
te[o,T] [Jo r (<?) Jo r (<?) 

/■ T (T - s) q - 2 r T (T-s) q - 3 

+\ x ^\J q r(g-i) l/O^OO^ + l-Wiy r( g -2) 1^'^))!^ 

+lMo€i| / lfl'o(s,a;(s))|rfs+ |/«i%| / |5i(s,a:(s))|ds 
Jo Jo 

+l^2»7i| / |fif2(s,a;(s))|da> 



< sup . 

te[o,T] uo r (9) 




* (t-s^-ir 



|/(a,x(*)) -/(*, 0)| + |/(«, 0)| 



r/.s 
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|Ao6 



+ |Air? 2 | 



+|A 2 »?i| 



>o6 



mm\ 



WVi\ 



(T-s) 



9-1 r 



r(«) 



- «^- 2 



(T-s) 



r(?-i) 



|/(s,z( S ))-/( S ,0)| + |/M)ds| 



!/(«,»(*)) -/(a, 0)| + |/(*,0)da| 



rf.s 
ds 



(T-s) 



u r(g - 2) 

T , 



\f( s , x (s))-f(s, 0)| + |/( 5 ,0)| 



rf.s 



|3o(s,x(s)) -g o (s,0)| + |5o(s,0)| 



| ff i(s,x(s))-ffi(s,0)| + |ffi(s,0)| 



|92(*,»(a))-fl2(«,0)| + |fl2(s,0)| 



y/ 



ds 
ds 



~ {Lr + M) T(q+l) ^ + |Al61 + ^^T- 1 + \*am\q(q - l)^ 2 } 
+(C r + M )\^i\T + (dr + M^m^T + (C 2 r + M 2 )\^ 2 r ll \T 

= (LAi + £ |MoCi|T + Ci\niV2\T + C 2 \fi 2 Vi\T)r 

+(AfAi + Mo|mo6|T + Mi|a*i»J2|T + M 2 |/i 2 »7i|r) < r. 

Now, for x,y gC and for each £ G [0, T], we obtain 

||(Fs)(t)-(Fi,)(t)|| < sup { [ t{ I—^\f( s ,x(s))-f(s,y(s))\ds 



te[o,T] LJo 



+|A 2 ?7i| 



(T - s)«~ 3 



!/(*,*(«)) -/(*,l/(*))|d« 



/o r(«-2) 

+ lMo£i| / IffoO^O)) -.9oO,yO))|<is 
Jo 

+Imi»72| / \gi(s,x(s))-gi(s,y(s))\ds 

Jo 

+ lM2??i| / Iff2(s,x(s))-.g 2 (s,y(s))|ds 



< ||x — y 



LT'i 



- {1 + lA^il + lAa^kT- 1 + \X 3m \q(q - l)T- 2 } 



r(« + i) 

+A)lk-2/|||/«o£i| +^ilk-y|||Mi ? 72|r + /: 2 |M2?7i|7 1 ||a;-y|| 
= (LAx+^olMoCilr + AlMi^lT + AI/i^il^Hx-yll. 

As LAi + (jCo |a*o^i I + £i|/ii?7 2 | + £2 1/^2*71 \)T < 1, therefore -F is a contraction. Thus, the conclusion of 
the theorem follows by the contraction mapping principle (Banach fixed point theorem). □ 

Our final existence result is based on Krasnosclskii's fixed point theorem [25]. 

Lemma 3.4 (Krasnoselskii's fixed point theorem) [25]. Let M be a closed bounded, convex and nonempty 
subset of a Banach space X. Let A, B be the operators such that (i) Ax + By G M whenever x, y G M; 
(ii) A is compact and continuous and (Hi) B is a contraction mapping. Then there exists z G M such 
that z — Az + Bz. 
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Theorem 3.5 Let f,gj : [0,T]xK^R 6e continuous functions satisfying the assumptions (A4) — (-A5). 
In addition we suppose that 

(A 6 ) \f{t,x)\<v{t), y(t,x) e [0,T] xl, andve C([0,T],R+); 

(A 7 ) |5j(t,a;)| < !>■_,•(*), j = 0,1,2, V(i,ar) e [0,T] x R, and z/j G C([0,T],R+). 

2/ 

L< V|1 (y+ L,_ T " ] <£o\^i\+Ci\viri2\+£2\V2m\)T<l, (7) 



r(« + i) 

then problem (1) has at least one solution on [0,T] 



Proof. Letting sup te[0T] \u(t)\ = \\v\\, sup te[0T] \vj(t)\ = \\vj\\, j = 0, 1,2, we fix 

r > Allien + (ImoCiIIMI + Imi^HI^iII + l^mlW^lDT 

and consider Br — {x ^C : \\x\\ <r}. We define the operators V and Q on Br as 
(7V)(£) = jf r(g) f(*Ms))ds, 

r T (T - s) q - 1 f T (T - s) q - 2 

(Qx)(t) = -Ao^ijf l ; f( s ,x( s ))ds + x lV2 j r( g -i) ^ s '^) ds 

+A 2 r?i / ^ f(s,x(s))ds - fioti / 9o(s,x(s))ds 

+Him gi{s,x(s))ds + H2V1 92{s,x(s))ds, te[0,T]. 
Jo Jo 

For x,y £ Br, we find that 

||Ps + Qj/ll < AiHi/ll + (WillNI + iMUfellHI + |M2??i|INl)T < f. 

Thus, Px + Qy <G i?F- It follows from the assumption (A4) together with (7) that <2 is a contraction 
mapping. Continuity of / implies that the operator V is continuous. Also, V is uniformly bounded on 
Br as 

IM < ^11* 

Now we prove the compactness of the operator V . 

We define sup/ ta .) £ r 0iT i xB _|/(i, x)\ = f s < 00, and consequently, for £1,^2 € [0,2] with t 2 < £1, we 
have 

rti /-t 2 



|(Px)(t 2 )-(Px)(ti)| < '' 



r(«) 



[(t 2 - s)^ 1 - (h - af-^da + / (£2 - s) 9 - 1 ^ 

Jt x 



which is independent of x. Thus, V is equicontinuous. So V is relatively compact on B^. Hence, by the 
Arzela-Ascoli Theorem, V is compact on B^. Thus all the assumptions of Lemma 3.4 are satisfied. So 
the conclusion of Lemma 3.4 implies that the boundary value problem (1) has at least one solution on 
[0,T|. □ 
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Example 3.6 Consider the following boundary value problem 

' c D b/2 x{t) = L{cQst + t&rr 1 x{t)), i€ [0,1], 



u^ l f 1 f e s x{s) 1\ , ( 8 ) 



wh 



ere 



f{t,x) = L(cost + t<m 1 x(t)), g {t,x)= „,l„ , gi(t,x) = *,*'. + -, gi{t,x)~ '"" 



(1 + t) 2 ' * iV ' ; l + 2e* 2' a v ' ; 1 + e* 4 
(X to 6e /srred later), and Ai = A2 = A3 = — 1, /Ui = 1, ^2=5, M3 = g- 
Clearly, £ - -1/2, 6 = 1/4, 6 = -1/16, r?i = 1/16, 772 = 1/4, 

\f(t,x) - f(t,y)\ < L\x-y\, \go(t,x) - go(t,y)\ < \x-y\, \gi(t,x) - gi(t,y)\ < -\x-y\, 

\92{t,x) -g 2 {t,y)\ < -\x-y\,£o = 1, £1 = ^,£2 = 3- 

T 9 151 

Al = ^^y {1 + \\&\ + \\2m\qT- 1 + \X 3m \q(q - l)^ 2 } = ^-^, 

and 

LAi + J£ |mi£i| + £i|M2?72| + £ 2 |m3??i| j < 1 

implies that L < — ^4 • Thus, all the conditions of Theorem 3.3 are satisfied. So there exists at least 
one solution of the problem (8) on [0, 1]. 

Remark 3.7 The existence results for a third-order nonlinear boundary vale problem of ordinary dif- 
ferential equations with anti-periodic type integral boundary conditions follow as a special case if we take 
q = 3 in the results of this paper. We emphasize that these results are new. 

Acknowledgment. The research of B. Ahmad was partially supported by Deanship of Scientific 
Research (DSR), King Abdulaziz University, Jeddah, Saudi Arabia. 
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Abstract 

In this paper, we introduce a notion of weakly increasing mappings with two vari- 
ables. Several coupled common fixed point theorems for weakly increasing mappings 
in ordered metric spaces are established. Then, by using a scalarization method, we 
obtain two coupled common fixed point theorems in ordered cone metric spaces, which 
extend some earlier results about weakly increasing mappings with one variable. 
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ordered metric space; ordered cone metric space. 
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1 Introduction 

Recently, there is a large literature about fixed point theorems in cone metric spaces and 
ordered cone metric spaces, and such problems have attracted more and more authors. We 
refer the reader to [1-12] and references therein for some of recent developments on such 
topics. Especially, Altun et al. [3] introduced the notion of weakly increasing mapping, 
and obtained the following result: 

Theorem 1.1. Let (X,Q,d) be an ordered complete cone metric space, and (f,g) be a 
weakly increasing pair of self-maps on X w.r.t. C. Suppose that the following conditions 
hold: 
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(i) there exist a, (3, 7 > such that a + 2/5 + 27 < 1 and 

d(fx, gy) ^ ad(x, y) + 0[d(x, fx) + d(y, gy)) + j[d(x, gy) + d(y, fx)} 
for all comparable x,y £ X; 
(ii) f or g is continuous, or 

(ii 1 ) if an nondecreasing sequence {x n } converges to x in X , then x n Q x for all n £ N. 
Then f and g have a common fixed point x* £ X. 

In fact, Theorem 1.1 can be seen as an "ordered" variant of a result of Abbas and 
Rhoades [2]. Very recently, Kadelburg et al. [8] generalized Theorem 1.1 and obtained the 
following theorem: 

Theorem 1.2. Let (X,Q,d) be an ordered complete cone metric space, and (f,g) be a 
weakly increasing pair of self-maps on X w.r.t. Q. Suppose that the following conditions 
hold: 

(i) there exist p, q, r, s, t > such that p + q + r + s + t < 1 and q = r or s = t, such that 

d(fx, gy) ^ pd(x, y) + qd(x, fx) + rd(y, gy) + sd(x, gy) + td(y, fx) 

for all comparable x,y £ X ; 

(ii) f or g is continuous, or 

(ii' ) if an nondecreasing sequence {x n } converges to x in X , then x n C x for all n £ N. 

Then f and g have a common fixed point x* £ X. 

The aim of this paper is to make further studies on such problems, and to extend the 
results in [3, 8]. Inspired by [3, Definition 14], we introduce the following concept of weakly 
increasing mappings with two variables: 

Definition 1.3. Let (X, C) be a partially ordered set. Two mappings F, G : X x X — > X 
are said to be weakly increasing if 

F(x, y) E G(F(x, y),F(y, x)), G(x, y) E F(G(x, y), G(y, x)) 

hold for all (x, y) £ X x X. 
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Example 1.4. Let X = [1, oo), endowed with the usual ordering <. Let F, G : X x X — ► X 
be defined by F(x, y) = x + 2y, G(x, y) = xy 2 . Then, for all (x, y) G X x X, 

F(x, y) = x + 2y< G{F{x, y),F(y, x)) = G{x + 2y,y + 2x) = (x + 2y)(y + 2xf 

and 

G(x, y) = xy 2 < F(G(x, y),G(y, x)) = F(xy 2 , x 2 y) = xy 2 + 2x 2 y. 

Thus, F and G are two weakly increasing mappings. 

2 Main results in ordered metric spaces 

Throughout this section, we denote by (X, C, d) an ordered metric space, i.e., Q is a partial 
order on the set X, and d is a metric on X. In addition, we call that (x, y),(u,v) £ X x X 
are comparable if x Q u and y Q v or u C x and v Q y. We will prove several coupled 
common fixed point theorems for two weakly increasing mappings. 

Theorem 2.1. Let (X, C,d) be a complete ordered metric space, and F, G : X x X — > X 
be two weakly increasing mappings w.r.t. C. Suppose that the following assumptions hold: 

(i) there exists A G [0, 2) such that 

d(F(x,y), G(u,v)) <X-z 

for all comparable (x,y), (u,v) £ X x X, where 

z = m&x{d(x, u),d(y, v),d(x, F(x, y)),d(y, F(y, x)),d(u, G{u, v)), d(v, G(v, u)), 
d(x, G(u, v)),d(y, G(v, u)),d(u, F(x, y)),d(v, F(y, x))}; 

(ii) F or G is continuous, or X has the following property: 

(P) if an nondecreasing sequence {x n } converges to x in X , then x n C x for all 
n G N. 

Then F and G has a coupled common fixed point, i.e., there exists (x* , y*) £ X x X such 
that 

F(x*,y*) = G(x*,y*)=x* 

and 

F(y*,x*) = G(y*,x*) = y*. 
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Proof. Take xq, yo G X. Define two sequences {x n }, {y n } in X as follows: x 2n +i = 

F{x 2n ,y 2n ), X 2n +2 = G(x 2n +1, V2n+l), V2n+1 = F(y 2n ,X 2n ) and y 2n +2 = G(y 2n +1, X 2n +l) 

for all n > 0. 

Since -F and G are weakly increasing, we have 

xi = F(xo,yo)tG(F(x ,yo),F(yo,xo)) = G(xi,yi) 

= x 2 E F(G(xi, yi), G(j/i, xi)) = F(x 2 , j/2) = a; 3 E ■ ■ ■ , 

yi = ^(2/0, so) E G(F(y , xo),F(x , y )) = G(yi,x{) 

= y2 E F(G(yi,xi),G(xi,yi)) = F(y 2 , z 2 ) = y 3 E ■ ■ ■ ■ 

So the sequences {x„}, {y n } are non decreasing. 
Since 

(x 2 n+l,^2n+2) = (F{x 2n ,y 2n ) , G(x 2n+ i,y 2n+ i)) , (y2n+l,y2jH-2) = (-P 1 (y2n,X2n),G r (y2 n+ l,X2n+l)), 

by the condition (i), we have 

max{d(x2n+i,Z2n+2),d(2/2Ti+i,y27i+2)} ^ ^z, (2- 1 ) 

where 

z = max{d(x 2n , x 2n +i), d{y 2n , y2n+i),d(x 2n+ i,x 2n+2 ),d(y 2n+ i,y 2n+2 ),d(x 2n , x 2n+2 ),d(y 2n , y2n+2)}- 

Now, we consider the following three cases: 
1° if z = max{d(x 2n ,x 2n+ i),d(y 2n ,y 2n+1 )}, then 

max{d(x 2n+ i,x 2n+2 ),d(y 2n+ i,y 2n+2 )} < Xz < ——max{d(x 2n ,x 2n+ i),d(y 2n ,y 2n+1 )}; 

2° if z = max{d(x 2n+ i,x 2n+2 ),d(y 2n+1 ,y 2n+2 )}, then by (2.1), we have 

max{d(x 2n+ i,x 2n+2 ),d(y 2n+1 ,y 2n+2 )} = < — — max{d(x 2n ,x 2n+ i),d(y 2n ,y 2n+1 )}; 

3° if z = max{d(x 2 n,x 2n+2 ),d(y 2 n,y2n+2)}, it follows from (2.1) that 

max{d(x 2 n+l,Z2n+2),d(y2n+l,y2n+2)} < Xz 

< X[max{d(x 2n , x 2n+1 ),d(y 2n , y 2n +i)} + max{d(x 2n+1 ,x 2n+2 ), d(y 2n+1 ,y 2n+2 )}], 
which means that 

max{d(x 2n+ i,X 2n+2 ),d(y 2n+ i,y 2n+2 )} < — JT max{d(x 2n , X 2n +l), d(y 2n , y2n+l)}- 
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Thus, in all cases, we have 

max{d(x 2n +l,X2n+2),d(y2n+l,y2n+2)} < y— T max{d(x 2 n, X 2n +l),d(y2n, V2n+l)}- 

By a similar proof, one can also show that 

max{d(x 2n ,X2n+l),d(y2n,y2n+l)} < ——rmax{d(x2n-l,X2n),d(y2n-l,y2n)}- 

So we get 

max{d(x n ,x n+1 ),d(y n ,y n+1 )} < — — max{d(x n -i,x n ),d(y n -i,y n )}. 

Since A G [0, j), < j^j < 1. Then, by a standard proof, one can conclude that 
{x n },{y n } are Cauchy sequences. Thus, there exist x* , y* G X such that x n — ► x* and 
y n -^ y* as n ->■ oo. 

In order to show that x* , y* is a coupled common fixed point of -F and G, we consider 
the following three cases: 

Case I. F is continuous. 

Obviously, x* = F(x*,y*) and y* = F(y*,x*). Noticing that 

d(x*,G(x*, y *)) = d(F(x*, y *),G(x*,y*)), d(y* ,G(y* ,x*)) = d(F(y* ,x*),G(y* ,x*)), 

by (i'), we obtain 

maxMx*, G(x*, y*)), d{y\ G(y*, x*))} < Xmax{d(x*, G(x*, y*)), d(y*, G(y*, x*))}, 

which yields that 

x* = G(x*,y*), y* = G(y*,x*). 

Case II. G is continuous. 

The proof is similar to that of Case I. 

Case III. X has the property (P). 

In view of x n Q x* and y n Q y* for all n G N, one can use (i') to obtain the following: 

mayi{d(F(x*,y*),X2n+2),d(F(y*,x*),y2n+2)} < Az*, 
where 

z* = max{d(x*,X2n+i),d(y*,y 2 n+i),d(x*,F(x*,y*)),d(y*,F(y*,x*)) 1 d(x2n+i,X2n+2), 
d{y2n+i,y2n+2),d{x*,X2n+2),d(y*,y2n+2),d(x2n+i,F(x*,y*)),d(y 2 n+i,F(y*,x*))}. 
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Letting n — ► oo, we get 

max{d(x*,F(x*,y*)),d(y*,F{y*,x*))} < Xm a x{d(x* ,F(x* ,y*)),d(y* ,F(y* ,x*))}. 

Thus x* = F(x*,y*) and y* = F{y*,x*). Analogously to the above proof, one can also 
obtain that x* = G(x*,y*) and y* = G(y*,x*). □ 

Theorem 2.2. Suppose that all the assumptions of Theorem 2.1 except for (i) are satisfied, 
and the following assumption holds: 

(i') there exists A G [0, 1) such that 

d(F(x,y), G(u,v)) < A • w 

for all comparable (x,y), (u,v) £ X x X, where 

w = max{d(x, u), d(y, v),d(x, F(x, y)),d(y, F(y, x)),d(u, G(u, v)),d(v, G(v, u)), 
d(x, G(u, v)) + d(u, F(x, y)) d(y, G(v, u)) + d(v, F(y, x)) 
2 ' 2 '' 

Then, the conclusion of Theorem 2.1 also holds. 

Proof. Let {x n }, {y n } be as in the proof of Theorem 2.1. By using (i') and the construction 
of {x n },{y n }, one can conclude 

max{d(x 2n +l,X2n+2),d(y2n+l,y2n+2)} < Xw, (2.2) 

where 

u; = max{d(x 2 n, x 2n +i), <%2n, J/2n+i), a(x 2n +i,a;2n+2), d(y 2n +i, 2/2n+2J, 2 ' 2 *' 

< max{<i(x2„, x 2n +i), d(x 2n +i, x 2n +2)} 

< max{d(y2n,y2n+i),d(y2n+i,y2n+2)}, 

W = TCaax{d(X2n,X2n+l),d(y2n,y2n+l),d(x2n+l,X2n+2),d(y2n+l,y2n+2)}- 

We also note that if w = vaax{d(x2n+i,X2n+2),d(y2 n +i, 2/271+2)}, then (2.2) yields u; = 0, 
and thus w = m&x{d(x2 n ,X2n+i),d(y2n,y2n+i)}- So we conclude 

W = max{d(x2n,X2n+l),d(y2n,y2n+l)}- 
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d{x 2 n,X2n+2) 

2 


and 


d{y2n,y2n+2) 

2 


it follows that 
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Then, (2.2) equals to 

max{d(x2n+l,X2n+2),d(y2n+l,y2n+2)} < A max{d(x 2 n, X2n+l), d(y2n, V2n+l)} ■ 

Similarly, one can also obtain 

max{d(x2n,X2n+l),d(y2n,y2n+l)} < Amax{d(x 2 n-1, X 2n ), d(V2n-l, 2/2ra)}- 

So we get 

max{d(x n ,x n+1 ),d(y n ,y n+1 )} < Xm.ax.{d(x n -i,x n ),d(y n -i,y n )}. 

Then, by a standard proof, one can conclude that {x n },{yn} are Cauchy sequences. 
Thus, there exist x* , y* G X such that x n — ► x* and y n — > y* as n -> oo. The remaining 
proof is similar to that of Theorem 2.1. So we omit the details. 

□ 

Example 2.3. Let X = {1,2}, C= {(1, 1), (2, 2)}, d(x, y) = \x-y\, and F = G : XxX -► 
X defined by 

F(l, 2) = F(l, 1) = 1, F(2, 1) = F(2, 2) = 2. 

It is easy to verify that all the assumptions of Theorem 2.1-2.2 are satisfied. So F has a 
coupled fixed point. In fact, (1, 2) is obviously a coupled fixed point of F. 

3 Ordered cone metric space cases 

In this section, we suppose that E is a Banach space, P is a convex cone in E with 
intP ^ 0, ■< is the partial ordering induced by P, e £ intP, and £ e : .£7 — > M is defined by 

£ e (y) = hif{r G R : y G re - P}, y £ E. 

First, let us recall some definitions about cone metric space. For more details, we refer 
the reader to [1-12]. and references therein. 

Definition 3.1. Let X be a nonempty set and P be a cone in a Banach space E. Suppose 
that a mapping d : X x X — > E satisfies: 

(i) ^ p(x, y) for all x, y G X and p(x, y) = 9 if and only if x = y ,where 6 is the zero 
element of P; 
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(ii) p(x, y) = p(y, x) for all x, y G X; 

(Hi) p(x, y) ^ p(x, z) + p(z, y) for all x,y,z G X. 

Then p is called a cone metric on X and (X, p) is called a cone metric space. 

Definition 3.2. Let (X,p) be a cone metric space, and {x n },{y n } be sequences in X. 

(i) Let x G X. If\/c^>9, there exists N G N such that for all n > N, p(x n ,x) <C c, 
then we call that {x n } converges to x, and we denote it by lim x n = x or x n — > x, 

n — ► oo. 

(ii) // Vc 3> 9, there exists N G N suc/i £/ta£ /or all n,m > N , p(x n ,x m ) <C c, i/ien {a;„} 
is called a Cauchy sequence in X. 

(Hi) (X, p) is called complete if every Cauchy sequence in (X, p) is convergent. 

(iv) A mapping F : X x X — ► X is called continuous if x n — ► x and y n — > y imply that 
F{x n ,y n ) ->■ F(x,y) as n -»■ oo. 

Next, let us recall some properties about the scalarization function £ e . 

Theorem 3.3. The following statements are true: 

(a) £ e (") is positively homogeneous and continuous on E; 

(b) y, z G E with y < z implies £ e (y) < £,e(z); 

(c) Ce(y + z) < Ce(y) + ie{z) for all y, z G E; 

(d) if (X, p) is a complete cone metric space, then (X, £ e op) is a complete metric space; 

(e) x n — ► x in (X, p) <^=^> x n — > x in (X, £ e o p), as n — > oo. 

Proof, (a)-(b) has been prove in [7]. (e) can be seen from the proof of [7, Theorem 2.2]. □ 

Now, by using the scalarization function £ e , one can deduce many results on cone metric 
spaces from our theorems in Section 2. For example, we have the following theorem: 

Theorem 3.4. Let (X, Q, p) be an ordered complete cone metric space, i.e., C is a partial 
order on the set X, and p is a complete cone metric on X with the underlying cone P. 
Suppose that F,G:IxI-»I are two weakly increasing mappings w.r.t. r_ satisfying 
the following assumptions: 
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(HI) there exists A G [0, |) and 

z e {p(x, u),p(y, v),p(x, F(x, y)),p(y, F(y, x)),p(u, G(u, v)),p(v, G(v, u)), 
p(x, G(u, v)),p(y, G(v, u)),p(u, F(x, y)),p(v, F(y, x))} 

such that 

d(F(x,y), G(u,v)) <\-z 

for all comparable (x,y), (u,v) £ X x X; 

(H2) F or G is continuous, or X has the following property: 

(P) if an nondecreasing sequence {x n } converges to x in X, then x n C x for all 
n e N. 

Then F and G has a coupled common fixed point. 

Proof. Let d = £ e °P- By (d) of Theorem 3.3, (X, d) is a complete metric space. Moreover, 
by (HI) and (a)-(c) of Theorem 3.3, one can show that (i) of Theorem 2.1 holds. In 
addition, by (H2) and (e) of Theorem 3.3, we know that (ii) of Theorem 2.1 holds. So 
Theorem 2.1 yields the conclusion. □ 

Theorem 3.5. Suppose that all the assumptions of Theorem 3.4 except for (HI) are 
satisfied, and the following assumption holds: 

(HI ') there exists A G [0, 1) and 

z e {p(x, u),p(y, v),p(x, F(x, y)),p(y, F(y, x)),p(u, G(u, v)),p(v, G(v, u)), 
p(x,G(u,v)) + p(u,F(x,y)) p(y, G(v, u)) + p(v, F(y, x)) 
2 ' 2 j 

such that 

d(F(x,y), G(u,v)) <\- z 

for all comparable (x,y), (u,v) G X x X. 

Then F and G has a coupled common fixed point. 

Proof. By using Theorem 2.2, one can get the conclusion by a similar proof to that of 
Theorem 3.4. □ 
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On strictly and semistrictly quasi a— preinvex functions^ 
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Abstract 

In this paper, two new classes of generalized convex functions are introduced, which are called strictly quasi 
a— preinvex functions and semistrictly quasi a— preinvex functions, respectively. The characterization of quasi 
a— preinvex functions is established under the condition of lower semicontinuity, or upper semicontinuity or 
semistrict quasi a— preinvexity. Furthermore, the characterization of semistrictly quasi a— preinvex functions is 
also obtained under the condition of quasi a— preinvexity or lower semiconitinuity. A similar result can also be 
obtained for strictly quasi a— preinvex functions. Finally, an important result stating that 'a local minimum of 
either a strictly quasi a— preinvex functions or a semistrictly quasi a— preinvex functions over a— invex set is 
also a global minimum' is established. 

Keywords: Convex programming; Quasi a— preinvex functions; Semistrictly quasi a— preinvex functions; Strictly quasi 
a— preinvex functions; Semicontinuity. 

1 Introduction 

Convexity and generalized convexity play a central role in mathematical economics, engineering and op- 
timization theory. Therefore, the research on convexity and generalized convexity is one of most important 
aspects in mathematical programming. In recent years, the concept of convexity has been generalized and 
extended in several directions using novel and innovative techniques. An important and significant generaliza- 
tion of convexity is the introduction of invexity, preinvexity, semistrictly preinvexity and (semistrictly, strictly) 
prequasi-invexity, see [1-10] and references therein. Recently, Jeyakumar and Mond in [11,12] introduced and 
studied another class of generalized convex functions, which is known as strongly a— invex function. Noor and 
Noor in [13] introduced a new class of generalized convex functions, which is called the strongly a— preinvex 
functions, and established the equivalence among the strongly a— preinvex functions, strongly a— invex func- 
tions and strongly ar\— monotonicity of their differential under some suitable conditions. Fan and Guo in [14] 
have studied the relationships among (pseudo, quasi) a— preinvexity, (strict, strong, pseudo, quasi) a— invexity 
and (strict, strong, pseudo, quasi) arj— monotonicity in a systematic way. 

In this paper, we introduce two new classes of generalized convex functions, which are called strictly quasi 
a— preinvex functions and semistrictly quasi en— preinvex functions. We establish the relationships between the 
quasi a— preinvex functions, strictly quasi a— preinvex functions and semistrictly quasi a— preinvex functions 
under some suitable and appropriate conditions. Finally, we prove that for general mathematical programming 
problem, when object function are strictly quasi a— preinvex and semistrictly quasi a— preinvex , a local min- 
imum of a strictly quasi a— preinvex and semistrictly quasi a— preinvex functions over an invex set are also a 
global minimum. 

The paper is organized as follows, in Section 2, two new concepts concerning strictly quasi a— preinvex 
functions and semistrictly quasi a— preinvex functions are introduced. In Section 3, the characterization of 
quasi a— preinvex functions are introduced under the condition of lower semicontinuity or upper semicontinuity 
or semistrict quasi a— preinvexity. The characterization of strictly quasi a— preinvex functions are introduced 
in Section 4. Applications of two new types of generalized convex functions are given in Section 5. 
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2 Preliminaries 

Let H be a real Hilbert space with inner product (., .) and norm |.| and K be a nonempty subset of H. 
Let / : K — > H and a : K x K — > R \ {0} be two real-valued functions and r](., .) : K x K — > R be a 
vector- valued mapping. 

Firstly, we recall the following well-known results and concepts. 
Definition 2.lJ 13 l. Let y G K. Then the set K is said to be a-invex at y with respect to rj(., .) and a(., .), if, 
for all x € K, t g [0, 1], 

y + ta(x,y)r](x,y) G K. 

K is said to be an a-invex set with respect to r\ and a if if is a-invex at each y G K. The a-invex set K is also 
called a?7-connected set. Note that the convex set with a(x, y) = 1 and 7j(x, y) = x — y is an invex set, but the 
converse is not true. 

From now on, unless otherwise specified, we assume that K is a nonempty a— invex set with respect to rj 
and a. 
Definition 2.2l 13 l. The function / on the a-invex set K is said to be a-preinvex with respect to a and rj, if 

f(y + ta(x, y)r](x, y)) < tf(x) + (1 - t)f{y), Vx, y G K,t G [0, 1]. 

Remark 2.ll 13 l. Every convex function is a preinvex function, but the converse is not true. For example, the 
function f(x) = —\x\ is not a convex function, but it is a preinvex function with respect to r\ and a(x,y) = 1, 
where 

I x — y, if x < 0, y < and x > 0, y > 0, 

n(x, y) = \ 

I y — x, otherwise. 

Definition 2.3I 13 '. The function / on the a-invex set K is said to be quasi a-preinvex with respect to a and 
n, if 

f(y + ta(x, y)n{x, y)) < max{/(x), f(y)}, Vx, y G K,Vt G [0, 1]. 

Definition 2.4' 15 '. The function / on the a-invex set K is said to be strongly quasi a-preinvex with respect 
to a and 77, if there exists a constant f3 > such that 

f(y + Xa(x, y)n(x, y)) < max{/(x), f(y)} - /3A(1 - X)\\ V (x, y)|| 2 , Vx, y G K, VA G [0, 1]. 

We now introduce two new kinds of generalized convex function termed strictly quasi a— preinvex functions 
and semistrictly quasi a— preinvex functions as follows. 

Definition 2.5. The function / on the a-invex set K is said to be strictly quasi a-preinvex with respect to 
a and rj, if for any x,y G K,x =/= y, such that 

f(y + Xa(x,y)r](x,y)) <max{f(x),f(y)}, VA G (0,1). 

Definition 2.6. The function / on the a-invex set K is said to be semistrictly quasi a-preinvex with respect 
to a and rj, if for any x,y G K, f(x) =/= ,f{y), such that 

f(y + Xa(x,y)rj(x,y)) <max{f(x),f(y)}, VA G (0,1). 

Remark 2.2. It is obvious that strict quasi a— preinvexity implies semistrict quasi a— prcinvexity as well 
as quasi a— prcinvexity. However, quasi a— preinvexity does not imply semistrict quasi a— preinvexity, and 
semistrict quasi a— preinvexity does not imply quasi a— preinvexity. 
Example 2.1. This example illustrates that a quasi a— preinvex function is not a semistrictly quasi a— preinvex 

I — x %f x ^> 
function. Let f{x) — I ' ' and r/(x,y) =x — y, and 

0, if x < 0, 



a{x,y) = 



1, if x>0,y>0, 

1, if x<0,y<0, 

-1, if x<0,y>0, 

-1, if x>0,y<0. 



Then, it is easy to verify that / is a quasi a— preinvex function with respect to a and rj. However, let 
y = -l,x = 1, A = I, we have f(y) = /(-l) = > -1 = /(l) = f{x). That is f(y) 56 f( x ). And 

f(y + Xa(x,y)rj(x,y)) = /((-l) + (l/2)a(l,-l)r,(l,-l)) = /(-2) = 
= max{/(l),/(-l)} = 0. 
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This shows that / is not a semistrictly quasi a— prcinvcx function for the same a and r\. 

Example 2.2. This example illustrates that a semistrictly quasi a— preinvex function is not a quasi a— preinvex 

( -\x\, if \x\ < 1, 
-1, if \x\>l, 



function. Let f(x) 



and 



r)(x,y) 



x-y, if x>0,y>0, 

x-y, if x<0,y<0, 

x-y, if x>l,y< -1, 

x-y, if x < -l,y > 1, 

-1, */ -l<x<0,y>0, 

y-x, if x>0,-l<y<0, 

y-x, if 0<x<l,y<0, 

y — x, if x < 0, < y < 1. 



a(x,y) 



1. 
1. 
1, 
1, 

x-y, 
l, 
1. 
l, 



i/ z>0,y>0, 

i/ a;<0,2/<0, 

if x> l,y < -1, 

i/ ar < — l,y > 1, 

*/ -l<a:<0,2/>0, 

«/ a; > 0,-1 < y< 0, 

»/ 0<x<l,2y<0, 

i/ x<0,0<y<l. 



Then, it is easy to verify that / is a semistrictly quasi a— prcinvcx function with respect to a and r\. However, 
let x = 2,y = -2, A 



|. Since 



f(y + Xa(x,y)r](x,y)) 



> 



/(-2+ia(2,-2)r?(2,-2)) = /(0)=0 
-l = /(2) = /(-2)=max{/(x),/(2/)}, 



/ is not a quasi a— preinvex function for the same a and 77. 

Remark 2.3. Example 2.2 also shows that a semistrictly quasi a— preinvex function is not necessarily a 

semistrictly prequasi-invex function. 

Definitions 2.3 to 2.6, with a(x,y) = 1, reduce to those of perquasi-invex, strongly perquasi-invex, strictly 
prequasi-invex, semistrictly prequasi-invex functions. See references [6,7,9] for details. 

Example 2.3. This example illustrates that a quasi a— prcinvcx function is not a strongly quasi a— prcinvcx 
' -\x\, if \x\<l, 
-1, if M>1, 



function. Let f(x) 



and 



v(x,y) 




if x>0,y>0, 

if x<Q,y<Q, 

if x<Q,y>0, 

if x>Q,y<0. 



a(x,y) 




if x>0,y>0, 

if x<0,y<0, 

if x<0,y>0, 

if x>0,y<0. 



Then, it is easy to verify that / is a quasi a— preinvex function with respect to a and 77. However, for any 
/3 > 0, if we let x = 1, y = 2, A = \, we get 

f(y + Xa(x,y)r,(x,y)) = /(2 + i a (l, 2)r/(l, 2) = -1 

> max{/(l), /(2)} - |(1 - i)/3||(l - 2)|| 2 = -1 - \(J. 

Thus, / is not a strongly quasi a— preinvex function for the same a and r\. 

Example 2.4. This example illustrates that a strictly quasi a— preinvex function is not a strongly quasi 

a— prcinvcx function. Let f(x) = — |x|, and rj(x,y) = x — y, and 



a(x,y) = 



) 


if 


x>0,y>0, 


, 


if 


x<0,y<0, 


-1, 


if 


x<0,y>0, 


-1, 


if 


x>0,y<0. 



Then, it is easy to verify that / is a strictly quasi a— prcinvcx function with respect to a and r\. However, 

1 

2- 



for any /3 > 0, if we let x = | , y = i , A = |, we get 



f(y + \a(x,y)r)(x,y)) 



fa 



& 



1 . 1. ft 

2 '■ v/9 



J)) 



/3 



> max{/(|),/(I)}-I(l-i)/3(i 



i )2 



/3 



Thus, / is not a strongly quasi a— preinvex function for the same a and r\. 

Example 2.5. This example illustrates that a semistrictly quasi a— preinvex function is not a strongly quasi 
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a— prcinvcx function. Let f(x) = 



■\x\, if \x\<l, 



-1, 



*/ N>i, 



and T](x, y) = x — y, and 



a(x,y) = < 



1, if x>0,y>0, 

1, i/ ^<0,y<0, 

1, if x> l,y < -1, 

1, »/ »<-l,i/>l, 

-1, i/ -l<x<0,y>0, 

-1, i/ x > 0, — 1 < 3/ < 0, 

-1, i/ 0<a;<l,j/<0, 

-1, i/ x < 0,0 < y < 1- 

Then, it is easy to verify that / is a semistrictly quasi a— prcinvcx function with respect to a and r\. However, 
for any A > 0, if we let x = 2, y = — 2, A = \ , we get 

f(y + Xa(x, y)r,(x,y)) = /((-2) + |a(2, -2)r?(2, -2)) = /(0) = 

> max{/(2), /(-2)} - ±0(2 + 2) 2 = -1 - 4/3. 

Thus, / is not a strongly quasi a— preinvex function for the same a and 77. 

Remark 2.4. From Example 2.4 and 2.5, we know that strongly quasi a— preinvex functions are different 

from strictly quasi a— preinvex functions and semistrictly quasi a— preinvex functions and quasi a— preinvex 

functions. 

We also need the following assumptions introduced in [13]. 
Condition A 



f(y + a(x, y)r](x, y)) < f(x) 



\/x, y € K. 



which plays an important part in studying the properties of the a— prcinvcx (a— invex) functions. For a(x, y) 
1, Condition A reduces to the following for preinvex functions. 
Condition B 

f(y + r](x,y))<f(x), Vx,y E K. 

For the applications of Condition B see references [9, 16]. 
Condition C Let rj(., .) : K x K — > R and a(., .) : K x K — > R\0 satisfy the assumptions 



r)(y,y + \a(x,y)r)(x,y)) 

i](x,y + \a(x,y)j](x,y)) 



-Ar?(a;,y), 

(1-X)r,(x,y), Vx,y€K, Ae[0,l]. 



3 Characterizations of quasi a— preinvx functions 

First of all, we give two important lemmas. 
Lemma 3.ll 15 ]. Let K be an cn-invex set with respect to a and 77, for any x, y € K, A <G [0, 1], if a and r\ satisfy 
the assumptions 

v(y, y + ^ a ( x > y)v(x, y)) = -\v( x , y), 

a(x, y) = a(y, y + Xa(x, y)rj(x, y)), 

then VAi, A2 € [0, 1] and A2 < Ai, the following equalities hold 

(i) r](y + Aia(x, y)rj(x, y),y + A 2 a(a;, y)r](x, y)) = (Ai - A 2 ??(a;, y), 

(ii) a(x, y) = a(y + Aia(x, y)rj(x, y),y + X 2 a(x, y)rj(x, y)). 

Lemma 3.2. Let K be an a-invex set with respect to a and rj, and Condition A and C hold. Assume that 

the following conditions are satisfied: 

(i) there exists a 9 <E (0, 1) such that, for all x,y € K, 



f(y + 0a{x, y)y(x, y)) < max{/(x), f(y)} 

(ii) for any x,y e K,\ e K[0, 1], 

V(y, y + Aa(a;, y)rj{x, y)) = -Xr](x, y), 
a(x, y) = a(y, y + Xa(x, y)r?(x, y)). 



(3.1) 
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Then the set defined by 

A = {X e [0, 1] \f(y + Xa(x, y)rj(x, y)) < max{/(x), f(y)}, Mx, y e K} 

is dense in the interval [ 0,1]. 

Proof. By contradiction. Suppose that A is not dense in [ 0,1]. Then, there exists a Ao G (0,1) and a 

neighborhood -/V(Ao) of Ao such that 

7V(A o )nA = 0. (3.2) 

From Condition A and (3.1), we have 

{Ae A\X> A o }^0 
{Ag A\X< A o }^0. 

Define 

A! = inf{A <= A\X > A } (3.3) 

A 2 = sup{A e A\X < A } (3.4) 

Then, by (3.2), we have < A 2 < Ai < 1. 

Since {9, (1 — 9)} G (0, 1), we can choose U\,u-2 G A satisfying u\ > Ai, w 2 < A 2 such that 

max{6>, (1 - 0)}(ui - u 2 ) < Ai - A 2 . (3.5) 

Next, let us consider A = 9u\ + (1 — 6)112 . From A 2 < Ai and Lemma 3.1, for any x,y € K, we have 

y + Xa(x,y)r](x,y) 
= y + (dui + (l-$)u2)a(x,y)r)(x,y) 
= y + u 2 a(x, y)r)(x, y) + 9a(x, y) ■ (m - u 2 )r](x, y) 
= y + u 2 a(x,y)r](x,y) 

+9a(y + ma(x, y)t){x, y), y + u 2 a(x, y)r)(x, y))rj(y + ui<x(x, y)r]{x, y),y + u 2 a(x, y)r)(x, y)). 

Hence, from (3.1) and the fact that U\, u 2 G A, we get 

f(y + Xa(x,y)r](x,y)) 
= f{y + U2<x(x,y)r)(x,y) 

+9a(y + ma(x, y)rj(x, y),y + u 2 a{x, y)r)(x, y))rj(y + ma(x, y)rj(x, y),y + u 2 a(x, y)rj(x, y))) 

< max{/(j/ + ma(x, y)r](x, y)), f{y + u 2 a(x, y)r](x, y))} 

< max{max{/(i), /(i/)},niax{/(i), /(?/)}} 
= max{ f(x),f (y)}. 

That is, Xe A. 

If A > Ao, then it follows from (3.5) that 

A - u 2 = 9(ui - u 2 ) < Ai - A 2 , 

and therefore A < Ai. Because of A > Ao and A G A this is a contradiction to (3.3). Similarly, A < Ao provides 

a contradiction to (3.4). Hence, A is dense in [ 0, 1]. 

Theorem 3.1. Let K be an a-invex set with respect to a and 77. If the following assumptions hold: 

(i) Condition A and C are satisfied; 

(ii) for any x, y G K, 9 G [0, 1], 

a{x, y) = a(x, y + 9a(x, y)rj(x, y)) = a(y, y + 9a(x, y)r)(x, y)); 

(iii) / is an upper semicontinuous function; 

then / is quasi a— preinvex function on K if and only if exists a 9 G (0, 1), such that, for all x, y G K 

f(y + 9oi(x, y)v(x, y)) < max{f(x), f(y)}. 

Proof. The necessity is obvious from Definition of quasi a— preinvex functions. We only prove the sufficiency. 
Suppose that / is not quasi a— preinvex functions on K. Then, there exist x,y G K and A G (0, 1) such that 

f(y + Xa(x, y)rj(x, y)) > max{f(x), f(y)}. (3.6) 
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Let 

Z = y + \a(x,y)i](x,y), 
A = {\e[0,i\\f{v + Xa(x,y)v(x,v))<max{f(x),f{v)},Vx,y€K}. 

From Lemma 3.2, there exists a {A„} C A, A„ < A such that A„ — > A, n — > oo. 

Define y n = z — 1 _^ a(x, z)r/(x, z). From Condition C and (ii), we have y n = y + ]Z^" oc(x, y)rj(x, y). Then, 

Vn^y, n -)• oo. 

Since K is an a— invex set, it follows that, for sufficiently large n, y n G K. 
Again from Condition C and (ii), we get 

y n + \ n a(x,y n )r)(x,y n ) 
=V + i r^a{x, y)r](x, y) 

+ X n a(x, y + r^a(x, y)rj{x, y))f](x, y + r^a(x, y)r](x, y)) 

1 - A„ 1 - A n (3.7) 

=y + --, T^aix, y)v(x, y) + A„ • ^-a(x, y)v(x, y) 

1 — A„ 1 — A n 

=y + \a(x,y)rj(x,y) 

=z. 
By the upper semicontinuity of / on K, for any e > 0, there exists an N > such that 

f(Vn) < f(y) + e, for n> N. 
Therefore, from (3.7) and A n £ A, we have 

f( z ) = f(Vn + Ka{x,y n )-q{x,y n )) 

< max{/(x),/(y„)} 

< max{ f (x), f(y) + e}, for n>N. 

Since e > is arbitrarily small, we have 

f(z) < max{ f(x),f(y)}, 

which contradicts the inequality (3.6). Thus, / is a quasi a— prcinvex function for same a and r\ on K. 

Remark 3.1. By [15, example 3.1], there exist a and r\ that satisfy both Condition C and the equality 

a(x, y) — a(x, y + 9a(x, y)rj{x, y)) = a(y, y + 9a(x 7 y)i](x, y)). For example, when a(x 7 y) = 1, the Condition C 

above is exectly the same as Condition C in [5]. 

Theorem 3.2. Let K be an a-invex set with respect to 77 and a. If the following assumptions hold: 

(i) Condition A and C are satisfied; 

(ii) for any x, y E K, 9 e [0, 1], 

a(x, y) = a(x, y + 9a(x, y)rj{x, y)) = a(y, y + 9a(x, y)rj(x, y)); 

(iii) / is lower semicontinuous functions; 

then f is quasi a— prcinvex functions on K if and only if for any x,y € K, there exists a 9 € (0, 1) such that 

f(y + 9a(x, y)rj(x, y)) < max{/(x), f(y)}. 

Proof. The necessity is obvious from Definition of quasi a— preinvex functions. We only prove the sufficiency. 
By contradiction, we assume that there exist distinct x,y G K and 9 G (0, 1) such that 

f(y + $a(x,y)r](x,y)) > max{ f(x),f(y)}. 

Let 

z = y + 9a(x,y)i](x,y), 
x t = z + ta(x, z)rj(x, z). 

From Condition C and (ii), we have 

xt = y + 9a(x, y)r](x, y) + ta(x, y + 6a(x, y)rj(x, y))r](x, y + 9a(x, y)r](x, y)) 
= y + 9a(x, y)r](x, y) + ta(x, y) ■ (1 - 6)r](x, y) 
= y + [e + t(l-d)]a(x,y)v(x,y). 
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Let 

B = {x t eif|ie(0,l],/(xO<max{/(x),/(y)}}, 
u = inf{t£ (0,1] |x t £ B}. 

It is obvious that Xi £ B from Condition A, but Xq (fi B. Thus, x t ^ B, < t < u, and there exist t n > u, x tn £ B 
(from Lemma 3.2), such that 

t n — > u, u — > oo. 

Since / is a lower semicontinuous function, we have 

/(x„) < liminf /(x t J < max{.f (x), /(y)}. 

Hence, x u £ B. 

Similarly, let j/t = 2 + (1 — t)a(y, z)r)(y, z). From Condition C and (ii), we have 

J/t = y + t9a(x,y)r](x,y). 

Let 

I> = {j/ t £ K\t £ [0,1), f(y t ) = f{v + i9a{x,y)v(x,y)) < max{/(x),/(y)}}, 
u = sup{«e[0,l)|y t eD}. 

It is obvious that 

yo = y e D, 

j/! = y + 6a(y,z)r](y,z)=z(£D, 

Vt i D, v < t < 1, 
and there exist i„ < u, y tn G D (from Lemma 3.2), such that 

t„ — > v, n — > oo. 
Since / is a lower semicontinuous function, we have 

f(y n ) < liminf f(y tn ) < max{/(x),/(y)}. 

Hence, y v £ D. 
Let 

0i = i>0, 

e 2 = e + u- u6. 

Then, < 0i < < 2 < I- 

Now, from Condition C and (ii), we have 

x u + \a(y Vl x u )r)(y v ,x u ) 
=y + 2 a(x,y)i](x,y) 

+ Xa(y + 0ia(x, j/)»y(x, y),y + 2 a{x, y)rj(x, y)) 

• ri(y + 0ia(x, y)r?(x, y), y + 2 a(x, y)»?(x, y)) 
=y + 2 a{x, y)rj(x, y) + Xa(x, y) ■ (0i - 2 )r/(x, y) 
=y + [A0i + (l-A)0 2 ]a(x,y)r?(x,y), VA e [0,1]. 
Hence, from the definitions of 0i and 9 2l we have 

f(x u + Xa(y v ,x u )r](y v ,x u )) = f{y + [A0i + (1 - A)0 2 ]a(x,y)?y(x,y)} 

> max{/(x),/(y)} 

> max{/(y„),/(x„)}, VAe(0,l), 

contradicting the assumptions of the theorem. 

Theorem 3.3. Let K be an a— invex set with respect to a and r\. If the following assumptions hold: 

(i) Condition C is satisfied; 

(ii) for any x, y £ K,9 £ [0, 1], 

a(x, y) = a(x, y + 0a(x, j/)??(a;, y)) = a(y, y + 0a(x, y)??(x, y)); 
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(iii) / is a semistrictly a— prcinvcx functions; 

Then, / is a quasi a— prcinvcx function on K if and only if the following condition is satificd: 

there exists a € (0, 1) such that, for all x,y € K, 

f(y + 0a(x, y)v{x, y)) < max{/(s), f(y)}. (3.8) 

Proof. The necessity is obvious from Definition of quasi a— prcinvcx functions. We prove the sufficiency. 
Suppose that there exist x,y G K and A € (0, 1) such that 

f(y + Aa(x, y)r](x, y)) > max{/(x), f(y)}. 
Without loss of generality, assume that f(x) > f{y) and let z = y + \a{x,y)rj{x 1 y). Then, 

/(*) > fix). (3.9) 

If f{x) > f(y), it follows from the semistrict quasi a— preinvexity of / that 

/(*) < fix), 

contradicting (3.9). 

If fix) = f(y), then (3.9) implies that 

/(*) > f{x) = f(y). (3.10) 

There are two cases to be considered. 
Case 1 < A < < 1. Let z\ = y + ^ ot{x, y)f]ix, y)- Thus, from Condition C and (ii), we have 

y + 6a{zi,y)r){zi,y) 
= y + Qa(y + ya{x, y)vix, y), y)viy + |a(a;, y)vi x , y),y) 
= y + 9a(x, y)r){y + |a(x, y)v(x, y),y+ f a (a;, y)»?(a;, y) - ^a(», y)r?(a;, j/)) 
= j/ + 0a(a;, y)»y(j/ + %a{x, y)r}{x, y),y+ £a(a;, y)i](x, y) 

+aiy, y + |a(x, 2/)r?(x, i/))jy(y, y + §a(x, y)v{%, y))) 
= y-&viy,y + ^a(x,y)v{x,y)) 
= y + Qa(x,y)vi x ,y) 

= z. 
According to (3.8), we have f(z) < max{ f (zi), f(y)}. From (3.10) and the above inequality, it follows that 

/(*) < f(zi). (3.11) 

Let b = gkzj) ■ Since < A < # < 1, it is easy to show that < b < 1. Thus, from Condition C and (ii), we 



have 



e(i-A)- 



z + baix, z)ti{x, z) 
= y + Xa(x, y)v(x, y) + ba(x, y + Aa(x, y)r)(x, y))r){x, y + Xa{x, y)i){x, y)) 
= J/+[A + 6(l-A)]a(a;,3/)7?(a;,y) 

= V+ [A+ A- ^ 1 p-]a(x,y)rjix,y) 
= y+^Oiix,y)r)ix,y) 

= Z\. 

Since / is a semistrictly quasi a— preinvex function, it follows from inequality (3.10) and the above equality that 

f(zi) < max{/(x), f(z)} = f{z), 

contradicting (3.11). 

Case 2 0<#<A<1. In this case, we still get a contradiction by just exchanging the roles of and 1 — 8 and 

the roles of A and A — in Case 1. 

Theorem 3.4. Let K be an a-invex set with respect to a and r\. If the following assumptions hold: 

(i) Condition A and C are statisfied; 

(ii) for any x,y e K,0 e [0, 1], 

a(x, y) = a{x, y + 0a{x, y)r)(x, y)) = a{y, y + 6a(x, y)v(x, y)); 

(iii) / is lower semicontinuous functions and if there exists afle (0, 1) such that, for every x,y <G K, f(x) ^ f(y) 
implies 

fiy + (1 - 0)a(x, y)r,ix, y)) < max{.f (x), f(y)}, ) (3.12) 
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then / is a quasi a— preinvex function for same rj and a on K. 

Proof. By Theorem 3.2, we need only to show that, for each x, y G K, there exists a A £ (0, 1) such that 

f(y + Xa(x,y)r](x,y)) < max{/(x),/(y)}, (3.13) 

By contradiction, we assume that there exist x,y € K such that 

f(y + Xa(x, y)n{x, y)) > max{f(x),f(y)}, VA € (0, 1). (3.14) 

If f{x) j- f{y), it follows from (3.12) that 

f(y + (1 - B)a{x, y)rj(x, y)) < max{/(x), f(y)}, 

which contradicts (3.14). 

If f(x) = f(y), then (3.14) implies 

f(y + Xa(x,y)v(x,y))>f(x) = f(y), VAe(0,l). (3.15) 

By (3.15), we obtain 

f(y + Aa(a;, y)v(x, y) + (1 - $)a(x, y + Xa(x, y)r){x, y))v(x, y + Xa(x, y)v{x, y))) 
= f(y + Xa(x,y)r](x,y) + (l-d)a{x,y)-(l-X)'n(x,y)) 
= f(y + [X+(l-e)(l-X))a(x,yHx,y) 

> f(y), VAe(0,l). 

And, from (3.12) and (3.15), we have 

f[y + ^u{x, y)rj(x, y) + (1 - 6)a(x, y + Xa(x, y)r](x, y))rj(x, y + Xa(x, y)r](x, y))] 

< max{f(x),f(y + Xa(x,y)ri(x,y))} (3.17) 
= f(y + Xa(x,y)v(x,y)), VAe(0,l). 

Again by (3.12), (3. 16), (3.17), we have 

f(y + 6ia{x,y)ri{x,y)) 

= f(y + l a (x, y)v(x, y)-{l- 6)ia(x, y)v(x, y)) 

= f(y + l a (x, y)v( x , y) + (1 - 0)a{y, y + ja(x, y)r]{x, y))y(y, y + -fa(x, y)rj(x, y))) 

< ma,x{f(y)J(y + ja(x,y)T](x,y))} 
= f(y + ia(x,y)r](x,y)) 

< f(y + Xa(x,y)r](x,y)), VAe(0,l), 

where 7 = A + (1 - 0)(1 - A). 

Let A = -^tq G (0, 1). Then, the above inequality implies 

f) f) 

f(y + YTe a( - x ' y ^ x ' y ^ < ^ y + ~i+~e aiyX '' y ^ x ' y ^' 

which is a contradiction. 

4 Characterizations of Strictly quasi a— preinvex Functions 

Theorem 4.1. Let K be an a-invex set with respect to a and rj. If the following assumptions hold: 
(i) Condition C is satisfied; 
(ii) for any x,y E K,9 E [0, 1], 

a(x, y) = a(x, y + 6a(x, y)r](x, y)) = a(y, y + 6a(x, y)rj(x, y)); 

Then / is a strictly quasi a— preinvex function on K if and only if the following two conditions hold: 

(a) / is a quasi a— preinvex function on K; 

(b) there exists an 8 € (0, 1) such that, for every pair of distinct points x,y e K, 

f(y + da(x,y)r](x,y)) < max{/(x),/(y)}. (4.1) 

Proof. The necessity is obvious from Definition 2.3 and 2.5. We prove the sufficiency. Suppose that / is not 
a strictly quasi a— preinvex function for the same a and 77 on K. Then, there exist x, y € K, x 7^ y, A € (0, 1) 
such that 

f(y + ^ot{x, y)v(x, y)) > max{/(x), f(y)}. 
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Since / is quasi a— preinvex function, we have 

f(y + Aa(x, y)r)(x, y)) < max{f(x),f(y)}. 
Hence, 

f(y + Aa(x, y)v{x, y)) = max{/(x), f(y)}. (4.2) 

Let us choose /?i , /3 2 so that 

< /3i < A < & < 1, 

where A = 6»/?i + (1 — 0)f3 2 . 

Let 

» = J/ + /?ia(a;,y)»?(a;,i/), 
y = y + @2a(x,y)r](x,y). 

Then, from Condition C and (ii), we get 

y + 0<x(x,y)r)(x,y) 

= y + f3 2 a(x,y)r](x,y) 

+9a(y + /?ia(x, y)n{x, y), y + (3 2 a(x, y)r](x, y))v(y + Pia{x, y)r)(x, y), y + f3 2 a(x, y)rj(x, y)) 
= y + I3 2 a(x, y)v(x, y) + 9a(x, y) ■ (/?i - f3 2 )r](x, y) 
= y + ^a(x,y)r](x,y). 

That is, 

y + Oa(x,y)r)(x,y) = y + \a(x,y)r)(x,y). (4-3) 

Again, since / is quasi a— preinvex function, we have 

/(s)<max{/(s),/(y)}, (4.4) 

/(y)<max{/(aO,/(y)}. (4.5) 

By (4.1) and (4.3)-(4.5), we have 

f(y + ><Oi{x, y)r)(x, y)) < max{f(x),f(y)}, 

which contradicts the inequality (4.2). 

Theorem 4.2. Let / be a lower semicontinuous function and satisfy Condition A, and a(x,y) = a(x,y + 

9a(x, y)r/(x, y)) = a{y 1 y + $a(x,y)r](x, y)),\/x, y G K,6 € [0,1]. Then, / is a strictly quasi a— preinvex function 

on K if and only if the following condition hold: 

there exists an 9 £ (0, 1), for every pair of distinct points x,y € K 1 we have 

f(y + Qa(x, y)rj(x, y)) < max{f(x),f(y)}. 

Theorem 4.3. Let K be an a-invex set with respect to a and rj, and r/ satisfy Condition C, and a(x,y) = 
a(x, y + 9a(x,y)r)(x,y)) = a(y,y + 9a(x,y)rj(x,y)) 1 \/x, y G K,9 e [0, 1]. Then, / is a strictly quasi a— preinvex 
function on K if and only if / is a semistrictly quasi a— preinvex function and the following condition hold: 
there exists an 9 e (0, 1), for every pair of distinct points x,y G K, we have 

f(y + 9a(x, y)v(x, y)) < max{f(x), f(y)}. (4.6) 

Proof. The necessity is obvious from Definition 2.5 and 2.6. We prove the sufficiency. Since / is a semistrictly 
quasi a— preinvex function, it suffices to show that f(x) = f(y), x ^ y, implies 

f(y + Xa(x, y)n(x, y)) < max{/(»), f(y)}, VA e (0, 1). 

From (4.6) and for each x, y G K, x ^ y, we have 

f(y + 9a(x, y) V (x, y)) < f(x) = f(y). (4.7) 

Let x = y + 9a{x, y)r)(x, y). Let A e (0, 1). If A < 9, then, n = {6- \)/9 e (0, 1). 
From Condition C and (ii), we have 

x + fia(y, x)r)(y, x) = y + \a(x, y)t]{x, y). 
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Since / is semistrictly quasi a— preinvex functions for same 77 and a on K and (4.7) holds, we have 

f(y + Xa(x,y)r](x,y)) = f(x + /j,a(y,x)r](y,x)) 

< max{/(j/),/(x)} 

= /(»)■ 
If A > 8, then 

i/=(A-0)/(l-0)€(O,l). 

From Condition C and (ii), we have 

x + va(x, x)r](x,x) = y + Aa(x, y)r/(x, y). 
Since / is semistrictly quasi a— preinvex function on K and (4.7) holds, we have 

f(y + Xa(x,y)r](x,y)) = f(x + va(x,x)r](x,x)) 

< max{/(x), fix)} 
= f{x). 

This completes the proof. 

5 Applications of Strictly and Semistrictly quasi a— preinvex Func- 
tions 

Let the problem of minimizing f(x) subject to x G K be denoted by (P). The following two theorems show 
that a local minimum of a strictly quasi a— preinvex functions and semistrictly quasi a— preinvex functions over 
an a— invex set are also a global minimum. 

Theorem 5.1. Let if be a nonempty a— invex set with respect to a and 77, and / be a strictly quasi a— preinvex 
for the same a and r] on if. If x G K is a local minimum to the problem (P), then x is a global minimum. 
Proof. Assume that x G K is a local minimum to the problem (P). Then there exists an e-ncighborhood 
N £ (x) C K around x such that 

f(x)<f(x), VxeKnN £ (x). (5.1) 

Suppose that x is not a global minimum of (P), then there exists a x* G K such that 

/(**) < m- 

Since if is a nonempty a— invex set with respect to a and 77, and / is strictly quasi a— preinvex function, for 
any A G (0,1), x + \a(x* ,x)r)(x* ,x) G K, we have 

f(x + \a(x* , x)t](x* ,x)) < max{/(j*), f(x)} 

< m 

i.e., for any A G (0, 1), we have 

f(x + Aa(x*,ir)?7(x*,a;)) < f(x). 
Thus, for a sufficiently small A > 0, we have 

x + Xa(x* , x)r)(x* , x) G K n N e (x), 

which is a contradiction to (5.1). This completes the proof. 

Theorem 5.2. Let if be a nonempty a— invex set with respect to a and 77, and / be a semistrictly quasi 

a— preinvex for the same a and 77 on K . If x G K is a local minimum to the problem (P), then a; is a global 

minimum. 

Proof. Assume that x G K is a local minimum to the problem (P). Then there exists an e-ncighborhood 

N £ (x) C if around x such that 

f{x) < f{x), VxeKnN £ (x). (5.2) 

Suppose that x is not a global minimum of (P), then there exists an x* G if such that 

fix*) < fix). 

1401 



Tang: strictly and semistrictly quasi a-preinvex functions 



Since K is a nonempty a— invex set with respect to r\ and a, and / is semistrictly quasi a— prcinvcx function, 
for any A G (0, 1), x + \a(x* ,x)rj{x* ,x) G K, we have 

f(x + Xa(x*,x)r](x*,x)) < max{/(i*),/(x)} 

< m 

i.e., for any A G (0, 1), we have 

f(x + Xa(x*,x)r](x* 1 x)) < fix). 
Thus, for a sufficiently small A > 0, we have 

x + Xa(x* , x)r](x* , x) G K n N £ (x), 

which is a contradiction to (5.2). This completes the proof. 

Remark 5.1. Theorem 5.1 and 5.2 illustrat that strictly quasi a— preinvex functions and semistrictly quasi 

a— prcinvcx functions are very important in mathematical programming. 
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ON STABILITY OF FUNCTIONAL INEQUALITIES AT RANDOM LATTICE 

^-NORMED SPACES 



SUNG JIN LEE AND REZA SAADATI* 



Abstract. We establish some stability results concerning the following functional inequalities 

ll/(*) + /(l/) + /(*)ll<ll/(* + !/ + *)ll 
and 

ll/(«0 + /(») + 2/(*)||< 
in the setting of latticctic random y?-normed spaces. 



Vl^ + * 



1. Introduction and preliminaries 

Let C = (i,>i) be a complete lattice, i.e., a partially ordered set in which every nonempty subset 
admits supremum and infimum, and 0£ = inf L, lc = supL. The space of latticetic random distribution 
functions, denoted by A J, is defined as the set of all left continuous non-decreasing mappings F : 
R U {-co, +00} ->• L with F(0) = £ , F(+oo) = l c . 

D+ C A+ is defined as B\ = {F e A+ : l~F (+00) = l c }, where l~f(x) denotes the left limit of 
the function / at the point x. The space A \ is partially ordered by the usual point-wise ordering of 
functions, i.e., F > G if and only if F(t) >l G(t) for all t in R. The maximal element for Aj in this 
order is the distribution function given by 

.. / Oc, if*<0, 

e {t) = < 

[ lc, if* > 0. 

The concept of Menger probabilistic <p-normed space was introduced by Golet; in [1] . 
Let ip be a function defined on the real field R into itself, with the following properties: 

(a) <p(—t) = (p(t) for every t £ R; 

(b) p(l) = 1; 

(c) ip is strictly increasing and continuous on [0, 00), (f(0) = and lim Q _ 5 . 00 ip(a) = 00; 

(d) ip(st) = if(s)(p(t) for every t, s > 0. 

An example of such functions is: ip(t) = \t\ p , p e (0,oo) (see [2, Theorem 1.49]). 



2010 Mathematics Subject Classification. Primary 39B82. 

Key words and phrases. Stability, random Banach space, random vp-normed space, lattice, additive functional inequality, 
additive functional equation, generalized Hycrs-Ulam— Rassias stability. 
•This work was supported by Daejin University Rearch Grants in 2012. 
*The corresponding author: rsaadati@eml.ee (Reza Saadati). 
Tel :+98 121 2263650, Fax: +98 121 2263650. 

1 

1403 



2 LEE AND SAADATI 

Definition 1.1. A latticetic random ip-normed space is a triple (A, /i, A), where A is a vector space and 
/i is a mapping from X into D~£ (for x G X, the function /i(x) is denoted by fi x , and /^(i) is the value 
/i x at t € K) such that the following conditions hold: 

(LRN1) fi x (t) = e (t) for alii > if and only if x = 0; 
(LRN2) /x ax (i) = ^ (-^)) for a11 i in X, a ^ and t > 0; 
(LRN3) fi x+y (t + s) >l A(/j, x (t),/j,y(s)) for all i,i/el and i, s > 0. 

We note that from (LPN2) it follows fj,- x (t) = ^(t) (i€l,i>0). 

It is also worth noting that latticetic random i^-normed spaces include, in a natural way, p-normed 
spaces ([1, 3]). 

Example 1.2. Let L = [0, 1] x [0, 1] and operation >l be defined by: 

L = {(01,02) : (01,02) € [0,1] x [0,1] and Oi + a 2 < 1}, 

(61,02) >l (ai,a 2 ) <$=> 01 < 61, a 2 > 62, Va = (01,02), 6 = (61,62) € L. 

Then (L, >l) is a complete lattice (see [4]). In this complete lattice, we denote its units by 0l = (0, 1) 
and 1_l = (1, 0). Let (X, || • ||) be a normed space. Let fi be a mapping defined by 

Hx(t) = ( — S-n-, , ,, Y VieR+, 0<p<l. 

Then {X, /x, A) is a latticetic random tp-normed spaces. Note that, here, y>(a) = a p . 

Definition 1.3. Let (A, /x, A) be a latticetic random (/3-normed spaces. 

(1) A sequence (x n ) in X is said to be convergent to cc in X if, for every < t G K the sequence 
(jUx n -x(£)) i s order convergent to l£. 

(2) A sequence (x„) in X is called Cauchy sequence if, for every < t € R the sequence {^x„-x m (i)) 
is order convergent to 1^ whenever n,m tend to 00. 

(3) A latticetic random </?-normcd spaces (A, /1, A) is said to be complete if and only if every Cauchy 
sequence in X is order convergent to a point in X. 

Theorem 1.4. If (A, /x, A) is a latticetic random ip-normed space and {x n } is a sequence such that 
x n -)■ x, i/ien lim^oo /i Xn (t) = /U x (£). 

Proof. The proof is the same as classical random normed spaces, see [5]. □ 

Lemma 1.5. Let (A, /1, A) be a latticetic random ip-normed space and x £ X. If 

fj, x (t) = C, /or all t > 0, 

i/ien C = l£ and x = 0. 

Proof. Let /x x (i) = C for all £ > 0. Since Ran(^) C Dj, we have C — lc and by (LRN1) we conclude 
that x = 0. □ 
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The generalized Hyers-Ulam-Rassias stability of the functional inequality (1.1) has been proved by 
Fechner [6] and Gilanyi [7] . Gilanyi [8] showed that if / satisfies the functional inequality 

(1-1) II 2f(x) + 2f(y)-f(x-y) \\<\\ f(x + y) \\ 

then / also satisfies the Jordan-von Neumann functional equation 

2f(x)+2f(y) = f(x-y) + f(x + y), 
see also [9]. Park, Cho and Han [10] investigated the Cauchy additive functional inequality 
(1-2) \\f(x) + f(y) + f(z)\\<\\f(x + y + z)\\ 

and the Cauchy- Jensen additive functional inequality 
(1-3) \\f(x) + f(y) + 2f(z)\\<\\2f(^±y+z 

and proved the generalized Hyers-Ulam-Rassias stability of the functional inequalities (1.2) and (1.3) in 
Banach spaces. We also mention here the paper [11]. The stability of the Cauchy additive functional 
equation in the settings of fuzzy, probabilistic and random normed spaces and random <p-normed spaces 
has been recently investigated by Mirmostafaee, Mirzavaziri and Moslehian [12, 13], Alsina [14], Mihet; 
[15], Mihelj and Radu [16] and Mihe^, Saadati and Vaezpour [3, 17, 18]. 

The aims of this paper are a synthesis of these two theories, probabilistic normed space [5] and vector- 
lattice-normed space [19, 20] respectively, named by latticetic random tp-normed spaces and to prove the 
generalized Hyers-Ulam-Rassias stability of the functional inequalities (1.2) and (1.3) in these spaces. 

For more details on this preliminary part, the reader is referred to [21], [22], [23], [24], [25], [26], [27]. 

2. Main results 
We start our work with the main result in a latticetic random tp-normed space. 

Lemma 2.1. Let X be a linear space, (Z, fi, A) be a latticetic random (p-normed space and f : X — > Z 
be a function such that 

(2- 1 ) Vf(x)+f(y)+f(z)(t) >l Hf( x + y +z) f -T^y J (x,y,z€ X,t > 0). 

Then f is Cauchy additive, i.e., f{x + y) = f(x) + f{y) for all i,y£ X . 
Proof. Putting x = y = z = 0in (2.1), we obtain 

**/«»(*) >l M/(o) (^y) >l M/(0) (^y) (* > 0). 
By Lemma 1.5, it follows that /(0) = 0. Putting y = —x and z = in (2.1), one obtains 

M/(x)+/(-*)(*) >l M/(o) ( ^?2) ) = ^° ( ^(2) ) = lc (* > °^' 

hence 

f(x) = -f(-x) (x€X). 
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Putting z = —x — y in (2.1) wc deduce that 



l i f(x) + f(y)-f(x+y)(t) - Hf(x) + f(y)+f(-x-y)(t) 

( t \ / £ 



> 



L ^/(O) 777^ = MO 



V^(2); " u v^(2) 

and thus, from (LRN1), 

/(aj) + /(») = /(x + tf), Vx,yeX. 

Similarly one can prove the following 



□ 



Lemma 2.2. Let X be a linear space, (Z, fi, A) &e a latticetic random (p-normed space and f : X — > Z 
be a function such that 

( 2 - 2 ) M/(*)+/(i/)+2/w (*) >l M 2 /(£±^ +z) f ^y J ( x ' y,^ e x, * > o). 

TTien / is Cauchy additive. 

Theorem 2.3. Let X be a linear space, $ be a mapping from X 3 to D~£ ( $>(x, y, z)(t) is denoted by 
&x,y,z(t)), such that for some < a < <p(2), 

(2.3) $2x,2 y ,2z( at ) >L $*,!/,*(*) {x, y,z£X,t>0) 

and (Y, jjl, A) be a complete a latticetic random ip-normed space. 
If f : X —¥ Y is an odd mapping satisfying the inequality 

(2-4) a (M/(x)+/(!/)+/(«)(*).M/(x+i/+«)(*)) >l ®x, y ,z(t) (x,y,z £ X,t > 0), 

then there exists a unique Cauchy additive mapping A : X — > Y such that 

(2.5) l*f(x)-A{x)(t) >L $x,x,-2x((<P(2) - a)t) {x£X,t>0). 

Proof. Putting x = y and z = —2x in (2.4) we get 

(2-6) t l 2f(x)-f(2x)(t) = A(/i 2 /( x )-/(2a;)(*))ljC) 

>L A (M2/(x)-/(2x)(*)>M/(0)(*)) 
>L $x,x,-2x(*) (^l,t>0), 

From (2.6) we have 

(2-7) M/(2») /(x) f — — J = H2f(x)-f(2x)(t) >L $x,x,-2x{t) (x £ X,t > 0). 

Replacing x by 2™£ in (2.7), and using (2.3) we obtain 

(2.8) /i /pn+l.) ,(■,».) ( ) > L $2n x ,2»x,-2n+lxft) (& G X, * > 0, 71 G N) , 

1406 



ON STABILITY OF FUNCTIONAL INEQUALITIES 

that is, 

(2.9) M /(2-+m /(»».)(*) >l <S>2r. x ^ x ._ 2n+lx (v{2 n+l )t) 

2 n+l 2" 

Since *£*! - /(*) = E^o( Zi S^ 1 - ^), by (2.9) we have 

/ " a fc \ 

M/fi^)_ /(x) I *2 y(2fc+1) j >L (A)fc=o *x,x,-2x(t) = $x,x,-2x(£) 

that is, 

I + \ 

(2.10) M /g^g) f( x )( f ) ^L $x,x,-2x 



En g" I 

fe=0 v (2 fc + 1 ) / 

By replacing x with 2 m a; in (2.10) we obtain: 

ft 

(l f ( 2 n+m x) f ( 2 m x) (t) >L < &2 m x,2 m X,-2 m + 1 x 



2» + " 



(2.11) >L $ 



fc=0 tp(2) m + k + 1 
t \ 



L ^x,x,-2x 



En a m + k 

k=0 v (2) m + k + 1 

t \ 



— L X,X, 2X I ^-^724.772 a k 



As &x,x,-2x I — „ +m — ^s — I tends to lc as m,n tend to oo, we conclude that ( 2 „ x ) is a Cauchy 
\Y lk=m v(2 °fc+i / 

sequence in (Y,/j,,A). Since (Y, /j,, A) is a complete latticetic random i^-normed space, this sequence 
converges to some point A{x) G Y. Fix a; € X and put m = in (2.11) to obtain 



(2-12) M /O^*) f(x) (t) >L &x,x-2x 



-\n a« 



En 

from which we obtain for every t, 6 > 

(2.13) MA(x)-/(x)(i + ^) >L A (^ 1(j;) /(2^) ffl,^ /(^x) /(a) W) 

>L A I M /1(x) f(2»») (fl) , $x.x.-2x 



n a fc 



En 
fc=0 ¥ ;(2) fc + 1 

Taking the limit as n — > oo and using (2.13) we get 

(2-14) HA(x)-f(x){t + S ) >L ^x,x,-2x(*(¥'(2) - a)). 

Since 5 was arbitrary, by taking S — > one obtains 

MA(x)-/(s)(*) >i *x,x,-2x(t(v( 2 ) - «))• 
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Now, we show that the mapping A is Cauchy additive: 



Ul-J^)\ /til 



{2.lfy A{x)+A{y)+A{z) (t) > L a (m a(x) _/(^») ^ .^(j, 



M^ (z) _/(|^1 I o ,Myl (a+i/+z) _ /g!M|+3d^)) 



, /i /(2"(,f»+ Z )) /c 2 " 3 ') /< 2 r y) /(2 r z) 



"'-R2) 



for all x, y, z G X and for all t > 0. The first four terms on the right-hand side of the above inequality 
tend to i£ as n — >■ oo. Also, from (LRN3), 



fj. f(2»-(x + y + z)) /(2"x) /(2"y) /(2"z) 



2 



/ M 2 )™ A, ! \ \ M 2 )"/-, ! \ \ 



,p(2)J J , ^ n ^ x+V+X "\ 4 V v (2), 
4 V p(2)> 



that is, the fifth term also tends to i£ when n tends to oo. Therefore, we have 



VA(x)+A(y)+A(z){t) >L ^A(x+y+z) ( "7^7 J 



hence by Lemma 2.1 we conclude that the mapping A is Cauchy additive. 

To prove the uniqueness of the Cauchy additive function A, assume that there exists a Cauchy additive 
function B : X — > Y which satisfies (2.5). Fix xtX. Clearly A(2 n x) = 2 n A(x) and B(2 n x) = 2 n B(x) 
for all n £ N. It follows from (2.5) that 

fJ>A(x)-B(x){t) — ll A^x) B{2 n x) (t) 

>L A [l A^x) /(2"x) - , ^ fi(2"x) /(2"x) I - 

y 2" -2 n \Z J 2" 2" y^; 

, ,^(2»)( V (2)-a)t 

>L *2»x,2"x,-2"+ 1 



>r, $, 



/^(2)V l (^(2)-«)t N 



Since a < <p(2), we get 



lim $ 






cp(2)\ n (<p(2) - a)t 



n— s-oo ' ' U a / 2 

Therefore /U J 4(x)-B(x)(*) = IjC f° r an t > 0, whence A (a;) = B(x). D 
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Corollary 2.4. Consider Example 1.2. If f : X — >• Y is a mapping such that, for some p < I, 

Hv>f(x)+f(v)+f(z){i),IJ>f(x+v+z)(i)) 

>L ( * M' + Nf + Mr 3 ) {xyzeXt>0) 

~ L \t + (\\x\\p + \\y\\P + \\z\\pyt + (\\x\\P + \\y\\P + \\z\\p)J K ,y ' ' h 

then there exists a unique Cauchy additive mapping A : X — > Y" such that 

m > ( (2-2")t (2 + 2P)||xf x 

Vf(x)-A( x ){ ) -L l v (2-2P)t+(2 + 2P)||a;||P' (2 - 2P)t + (2 + 2P)\\x\\p)' 

for all x G X and t > 0. 

Proof. Let $ : X 3 — ► Dj be defined by 

( t ||x|| p + ||y|| p + ||z|| p \ 

* w(t) = vi+(Wp + ii2/r + N|p)' *+(Nip + iii/r + N|p)J • 

Then the corollary is followed from Theorem 2.3 with a — 2 P . D 

Corollary 2.5. Consider Example 1.2. If f : X —¥Y is a mapping such that 

a (m/(*)+/(v)+/(»)(*).m/(*+»+*)(*))>l (r^'^y (a;,2/,2 ; eX,i>o) 

and /(0) = 0, i/ien i/iere exists a unique Cauchy additive mapping A : X —$■ Y such that 

for all x G X and t > 0. 

Proof. Let $ : X 3 — > D\ be defined by 

Then the corollary is followed from Theorem 2.3 with a = i. □ 

Theorem 2.6. Let A" oe a linear space, $ 6e a mapping from X 3 x [0, oo) to D~£ such that for some 
< a < <p(S), 

(2.16) *te,3»,3*(o*) >i *x,»,«(*) (»,»,« e*,t>0). 

Let (y,/x, A) 6e a complete latticetic random tp-normed space. If f : X — > Y" is an odd mapping such that 

( 2 - 17 ) A(^ /(a . )+/(2/)+2/(z) (t),^ /( x+y +z) (t)) > L $x,j,,z(*) (ar,J/,« e X,i > 0), 

then there exists a unique Cauchy additive mapping A : X — > Y such that 

(2.18) IJtf( x )-A(x){t) >£$x,-3x,z((^(3)-a)i) (i€l,i>0). 

Proof. As the proof is similar to that of the preceding theorem, we only sketch it. 
Putting y = — 3x and z = x in (2.17) we get 

(2-19) A*3/(x)-/(3x)(*)>£$ a; ,-ite,x(t) (ar€Jf,t>0). 
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From this relation it follows 



( 2 - 20 ) »IigH- nx) (t) >l $x,-3x,x I ^» t ak 

\2^fe=0 v (3) fc + 1 



and then, as in the proof of Theorem 2.3, 



M f(3"+"x) /(3™») W >L *x,-3x,x v^n+m „fc ' 

on. -I- m ^ 7TT \ > - 1 — ■ ' 

3 \Z^fc=m ^gpT 1 / 

proving that, for every x, ( L'' ) is a Cauchy sequence in (Y, /U, A). Denote j4(x) € V its limit. From 



(2.21) ^ /(3 " x) /(x)^) — L ^z,-3a:,x 



En a « l 

fe=0 v (3) fc + 1 / 

and 

(2.22) »A(x)-f(x)(t + 8) >l a {^a(x) ayi W-i" ffl^ /w^y 



En a« 

. fc=0 ^(3p 

we obtain 

V>A(x)-f(x)(t) >L *x,-3a; 1 x(*(v(3) - «))■ 

The additivity of ^4 follows from 



)+A(y)+2A( Z )(i) >L A^ A(a;) _/(p 



l-ffi)*\ A 1 -**- 



^^fal-^."' 



12 .f*A(„)-ii|^ 12 






i _ y( 2 ) ii 

1 vwy 



MP) 

/ A 2/(3"(^+,)j ^gng) /(gny) 2 /(3"z) I Q 

Ha(^+z) f ^y J ) (a;, y, ^ e X, i > 0) 
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and 



i _ MS )ot ' 



'2/(3"(^+^)) /(3"x) f(3"y) 2/(3"*) 



i-SS>(3)"A /(i-ggW3)V 



>L A^/( 3 n a;)+/( 3nj /)+ 2/(3n 2 ) I J , M 2 /(3»(2±S+*)) 

by using Lemma 2.2. 

Finally, the uniqueness of the Cauchy additive mapping A subject (2.18) follows from 

HA(x)-B(x)(t) — At A(3"x) B(3"x) (t) 

3" 3" 

>L A |l j(3-,) /(3"x) - )^ B(3".) /(3"x) - 

y 3" ~ 3" \2/ 3" 3" yi 

. <T> ,^(3)"(^(3) - a 



^ 2n H 2 ; 

M3)\" (y(3)- 



, ,Yy(3)V (y(3)-a) t 

>L *a;,-3x,a; I I I : 



a 
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Abstract. In this paper, we investigate the solution and Hyers-Ulam stability of the fol- 
lowing bi-cubic functional equation 

f(2x + y,2z + w) + f(2x - y,2z - w) = 2f(x + y,z + w) + 2f(x -y,z- w) + 12f(x, z) 

in Banach spaces. 

1. Introduction 

We say a functional equation (£) is stable if any function g satisfying the equation (£) 
approximately is near to a true solution of (£). It seems that the stability problem of func- 
tional equations had been first raised by Ulam (cf. [13, 11]). In 1941 this problem was solved 
by Hyers [ ] in the case of Banach spaces. This type of stability is called the Hyers-Ulam 
stability. In 1978, Th. M. Rassias [10] extended the Hyers-Ulam stability (see [■">]). This 
type of stability is called Hyers-Ulam-Rassias stability. 

The functional equation 

h(x + y) + h(x - y) = 2h(x) + 2h(y) (1.1) 

is the quadratic functional equation and every solution of (1.1) is said to be a quadratic 
mapping. The general solution and Hyers-Ulam-Rassias stability of (1.1) are established in 
[1, 12, 3]. 

The function f(x) = ax + bx 2 satisfies the following functional equation 

h(x + y + z) + h(x) + h(y) + h(z) = h(x + y) + h(y + z) + h(z + x). (1.2) 
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Hence the functional equation (1.2) is said to be additive-quadratic. PL Kannappan [8] 
proved that, the function h is quadratic if and only if there exists a unique symmetric bi— 
additive mapping B such that h(x) = B(x,x) and h is additive-quadratic if and only if 
there exist a unique symmetric bi-additive mapping B and a unique additive mapping A 
such that h(x) = A(x) + B(x, x). 
The functional equation 

g(2x + y) + g(2x - y) = 2g(x + y) + 2g(x - y) + 12g(x) (1.3) 

is called the cubic functional equation and every solution of the cubic functional equation 
is said to be a cubic function. The function g(x) = x fi satisfies (1.3). Jun and Kim [ I 
established the general solution and Hyers-Ulam-Rassias stability of the functional equation 
(1.3). They proved that a function g between real vector spaces X and Y is a cubic function 
if there exists a unique function C : X x X x X — y Y such that g(x) = C(x,x,x) for all 
x £ X, where C is symmetric for each fixed one variable and additive for each fixed two 
variables. The mapping C is given by 

C{x,y,z) = T^{g{x + y + z) -g(-x + y + z) -g(x + y- z) - g(x - y + z)) 

for all x,y,z 6 X. 

The stability problem of various cubic functional equations have been extensively investi- 
gated by number of authors [1, 7, 9, 11]. 
The functional equation 

/(2.x + y, 2z + w) + f(2x -y,2z-w) = 2f(x + y,z + w) + 2f(x -y,z- w) + 12f(x, z)(1.4) 

is called the bi-cubic functional equation and every solution of (1.4) is called a bi-cubic 
function. For instance, let X be a real algebra. If the mapping / : X x X — > X is given by 

f(x, y) = ax + bx y + cxy + dy 

for all x, y £ X and a, b, c, d G R, then it is easy to show that / is a bi-cubic function. 

In this paper, we investigate the general solution and the Hyers-Ulam stability of the 
functional equation (1.4) and generalize the results in [ ]. 

2. Main Results 

In this section, we investigate solution and stability of the bi-cubic functional equation 
(1.4). Moreover, we establish the Hyers-Ulam stability of (1.4). 
We start our work by the following theorem. 

Theorem 2.1. Let X and Y be real vector spaces and f : X x X —¥ Y be a mapping 
satisfying (1.4). We define g : X -^ Y by g(x) = f(x,x) for all x 6 X . Then g satisfies the 
functional equation (1.3). 
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Proof. We have 

g{2x + y) + g{2x - y) = f{2x + y,2x + y) + f{2x-y,2x-y) 

= 2/ (a; + y,x + y) + 2f{x -y,x-y) + I2f{x, x) 
= 2g{x + y) + 2g{x-y) + 12g{x). 

I I 

Example 2.2. Assume that X is a real algebra and D : X — > X is a derivation on X . 
We define a mapping f : X x X — > X by 

f(x, y) = D(x 2 y) = x 2 D(y) + D(x 2 )y = x 2 D(y) + xD(x)y + D(x)xy 

for all x, y 6 X . It is easy to see that f satisfies (1.4). Now we define g : X — > X by 

g(x) = x 2 D(x) + (Dx 2 )x = x 2 Dx + x(Dx)x + D(x)x 2 . 

It follows from theorem 2.1 that g satisfies (1.3). 

Assume that X and Y are real vector spaces. The mapping / : X x X — > Y is called a 
two variables odd function, if /(— x, —y) = —f(x, y) for all i,j/6l. 

Remark 2.3. The bi-cubic function / that satisfies (1.4) is a two variables odd function. 
Putting x = y = z = w = 0in (1.4), we get /(0, 0) = 0. Letting x = z = in (1.4), gives 
f(y, w) + f(-y, -w) = 2f(y, w) + 2f(-y, -w). Hence f(-y, -w) = -f(y, w). 



The cubic functional equation (1.3) induces the bi-cubic functional equation (1.4) with 
an additional condition. 

Theorem 2.4. Assume that a, b, c, d £ R and X, Y are real vector spaces. Suppose g : X — > 
Y is a function satisfying (1.3). If f : X x X —¥ Y is the mapping given by 

b c 

f{x,y) = ag(x) + -{g(x + y) - g(x - y) - 2g(y)) + -(g{x + y) + g(x - y) - 2g(x)) + dg{y)(2.1) 
b b 

then f satisfies the equality (1.4). Furthermore, f(x, x) = g(x) if and only ifa+b + c+d = 1. 
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Proof. Because g satisfies (1.3), we get from (2.1) that 

f(2x + y,2z + w) + f(2x-y,2z-w) 

= ag(2x + y) + ~(g(2x + y + 2z + w) - g(2x + y - 2z - w) - 2g(2z + w)) 
6 

+ -(g(2x + y + 2z + w) + g(2x + y-2z- w) - 2g(2x + y)) + dg(2z + w) 
6 

+ ag(2x -y) + ~(g(2x - y + 2z - w) - g(2x - y - 2z + w) - 2g(2z - w)) 
6 

+ -(g(2x - y + 2z - w) + g(2x - y - 2z + w) - 2g(2x - y)) + dg(2z - w) 
6 

= a(2g{x + y)+2g{x-y) + l2g{x)) 

+ -(2g(x + z + y + w) + 2g(x + z — y — w) + 12g(x + z) — 2g(x — z + y — w) 
6 

— 2g(x — z — y + w) — 12g(x — z) — 4g(z + w) — ^g(z — w) — 24g(z)) 

c 

+ -(2g(x + z + y + w) + 2g(x + z — y — w) + I2g(x + z) + 2g(x — z + y — w) 
6 

+ 2g(x — z — y + w) + I2g(x — z) — 4p(a; + y) — 4g(a; — y) — 2Ag(x)) 
+ d(2g(z + w) + 2g(z - w) + 12 g(z)) 

= 2ag(x + y) -\ — (2g(x + y + z + w) — 2g(x + y — z — w) — 'Igiz + w)) 
6 

c 
+ -(2g(x + y + z + w) + 2g(x + y — z — w) — 4g(x + y)) + 2dg(z + w) 

6 

+ 2ag(x -y) + ~(2g(x - y + z - w) - 2g{x - y - z + w) - Ag(z - w)) 

D 
C 

+ r( 2 9(x -y + z-w) + 2g(x -y-z + w)- Ag(x - y)) + 2dg{z - w) 
b 

+ 12ag(x) + -(12g(x + z) - 12g(x - z) - 2Ag(z)) 
6 

+ C -{12g(x + z) + 12g(x - z) - 24g(x)) + 12dg(z) 
b 

= 2f(x + y,z + w) + 2f{x -y,z-w) + 12f{x, z). 

for all x,y £ X. Letting x = y = in (1.3), we have g(0) = 0. Letting y = in (1.3), we 
obtain that g(2x) = 8g(x) for all i£l. Therefore, we see that 

f(x,x) = ag(x) + -{g(2x)-2g(x)) + %{2x)-2g{x))+dg(x) 
b 6 

= ag(x) + bg(x) + cg(x) + dg(x) = (a + b + c + d)g(x) 
for all x e X. □ 

In the following theorem, we find two necessary conditions for (1.4). 
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Theorem 2.5. Let X, Y be real vector spaces and f : X x X — > Y be a mapping which 
satisfies (1.4). Then the following equalities hold. 

f(x + t - y, z+p — w) + f(x + t + y,z+p + w) = f(t + y,p + w) + f(t - y,p- w) + 

f(x + y,z + w) + f(x -y,z-w) + 2f(x + t,z+p)- 2f(x, z) - 2f(t,p) (2.2) 

f(x + t + y,z+p + w)-f{x-t-y,z-p-w) = f{x + t,z+p)-f{x-t,z-p) + 

f(x + y )Z + w)-f(x-y,z-w) + 2/(j/ + t,p + w)- 2f(y, w) - 2f(t,p) (2.3) 

for all x, y, z,p, t,w € X. 

Proof. Setting y = w = in (1.4), we obtain that f(2x,2z) = 8f(x,z). Replacing y by 2y 
and w by 2w in (1.4) and by using Remark 2.3, we get 

f(2y + x, 2w + z) - f(2y - x, 2w - z) = 4f(x + y,z + w) + 4f(x -y,z-w)- 6f(x, z)(2A) 

for all x, y,z,w 6 X. Interchange x with y and z with w in (2.4), we get 

f(2x + y,2z + w) - f(2x -y,2z - w) = 4f(x + y,z + w) - 4f(x - y,z - w) - 6f(y, w)(2.5) 

for all x, y,z,w 6 X. By adding (1.4), (2.5), we have 

f{2x + y, 2z + w) = 3f(x + y, z + w) - f(x - y, z - w) + 6/(x, z) - 3f(y, w) (2.6) 

for all x, y,z,w G X. If we subtract (2.5) from (1.4), we get 

f(2x -y,2z-w) = -f{x + y,z + w) + 3f(x -y,z-w)+ 6/(.x, z) + 3f{y, w) (2.7) 

for all x, y, z, w G X. We substitute x + 1 in place of x and z +p in place of z in (2.7) to get 

f(2x + 2t - y, 2z + 2p - w) = -f(x + t + y,z + p + w) + 

3f(x + t-y,z + p-w) + 6f(x + t,z+p)+3f{y,w) (2.8) 

for all x, y, z, t,p, w G X. We substitute x + y in place of y and z + w in place of w in (2.8) 
to obtain 

f(x + 2t - y, z + 2p - w) = -f(2x + t + y,2z + p + w) + 

3f{t -y,p-w) + 6f{x + t,z+p)+ 3f{x + y,z + w) (2.9) 

for all x, y, z, t,p,w £ X. We substitute t in place of x, x — y in place of y, p in place of z 
and z — w in place of w in (2.6), to get 

f(2t + x — y, 2p + z — w) = 3f(t + x — y,p + z — w) — 

f(t-x + y,p-z + w) + &f(t,p) - 3f(x -y,z-w) (2.10) 

for all x, y, z, t,p,w G X. We substitute t + y in place of y and p + w in place of w in (2.6) 
to obtain 

f(2x + t + y,2z + p + w) = 3/(.t + t + y, z + p + w) - 

f(x-t-y,z-p-w)+6f(x,z) -3f(t + y,p + w) (2.11) 
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for all x,y, z,t,p,w G X. Now by using (2.10) and (2.11) in (2.9), and dividing by 3 and 
oddness of / we obtain (2.2). If in the equality (2.2) interchange x with y and z with w and 
using oddness of /, we obtain the equality (2.3). This completes the proof of Theorem. □ 

Lemma 2.6. Let X,Y be real vector spaces. Then f : X —±Y is a solution of (1.2) if and 
only if it satisfies the following equation 

f(2x + y)+ 2f{x) + f(y) = f(2x) + 2/(x + y) (2.12) 

for all x, y G X. 

Proof. Putting x = z in (1.2) we obtain (2.12). Conversely, suppose that / satisfies the 
functional equation (2.12). We show that / satisfies (1.2). Interchanging x with y in (2.12), 
we get 



f(2y + x) = f(2y) + 2f(x + y) - 2f(y) - f(x) 
for all x, y G X. Replacing y by 2y in (2.12), we have 

f(2x + 2y) = f(2x) + 2/(22/ + x) - 2f(x) - f(2y) 
for all x,y G X. It follows from (2.13) and (2.14) that 

f(2x + 2y) = /(2.x) + f(2y) + 4/(x + y) - 4/(y) - 4f(x) 
for all x, y £ X. Replacing x by x + z in (2.12), we obtain 

f(2x + 2z + y)= f(2x + 2z) + 2f(x + y + z) - 2f(x + z) - f(y) 
for all x,y,z G X. Interchanging z with y in (2.16) to get 

f(2x + 2y + z) = f(2x + 2y) + 2f(x + y + z) - 2f{x + y) - f(z) 
for all x,y,z G X. By employing (2.17) and (2.15), we have 

f(2x + 2y + z)= 2f(x + y + z) + 2f(x + y) + f(2x) + f(2y) - Af{x) - 4f(y) - f(z) 
for all x,y,z G X . Replacing x by x + z in (2.13) to obtain 

f(2y + x + z) = f(2y) + 2f(x + y + z) - 2f(y) - f(x + z) 
for all x,y,z G X. Replacing y by y + z in (2.12), we get 

f(2x + y + z) = f(2x) + 2f(x + y + z) - 2f(x) - f(y + z) 
for all x,y,z G X . Replacing y by 2y in (2.20) to get 

f(2x + 2y + z) = f(2x) + 2f{2y + x + z) - 2f(x) - f(2y + z) 
for all x,y,z G X. Replacing x by z in (2.13), we have 

f(2y + z) = f(2y) + 2f(z + y) - 2f{y) - f(z) 



2.13) 

2.14) 
2.15) 
2.16) 
2.17) 
2.18) 
2.19) 
2.20) 
2.21) 
2.22) 



for all y, z G X. By applying (2.18), (2.19) and (2.22) in (2.21) and divide by 2, we obtain 
(1.2). □ 
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Theorem 2.7. Let X,Y be real vector spaces. If a mapping f : X x X —¥ Y satisfies (1.4), 
then there exist mappings S\ , S 2 : X x X x X — > Y and g : X x X — ► Y such that 

f(x,y)=S 1 (x,x,x) + g(x,y)+S 2 (y,y,y) (2.23) 

for all x,y G X. Where S\,S 2 are symmetric for each fixed one variable and additive for 
fixed two variables, and g is an additive-quadratic for each fixed one variable. 

Proof. Suppose that / is a solution of (1.4). Define /i,/2 : X — > Y by fi(x) = f(x,0), 
/2(2/) = /(0, y). One can easily verify that /1, f 2 are cubic. By [7] there exist two mappings 
Si, 52 : X x X x X — > Y such that f\{x) = Si(x,x,x) and /2(y) = S 2 iy, y, y) for all 
x, y G X and Si, S2 have the properties mentioned in the theorem. Define jilxl-ti" 
by g(x,y) = f(x,y) — f(x,Q) — f(0,y). We show that g is an additive-quadratic for each 
fixed y. Putting y = z=p = 0ln (2.3) to get 

fix + t, w) - fix - t, -w) = fix + t, 0) - fix - t, 0) + 

/(*, w) - f{x, -w) + 2 fit, w) - 2/(0, w) - 2 fit, 0) (2.24) 

for all x, t, w G X. Interchanging w by y in (2.24) to obtain 

fix + t,y)- fix - t, -y) - 2 fit, y) - fix + t,0) + 

fix -t,0) + 2 fit, 0) = fix, y) - 2/(0, y) - fix, -y) (2.25) 

for all x, t, y € X. It follows from (2.25) that 

(3/(.x + t,y)- fix - t, -y) + 6/(.i, 0) - 3/(t, y)) - (3/(x + 1, 0) - /(x - t, 0) + 
6/(0:, 0) - 3/(t, 0)) + 2/(x, j/) - 2 fix, 0) + /(f, y) - fit, 0) - /(0, y) = 
2 f\x + t,y)- 2fix + 1, 0) + (3/(.t, y) - /(x, -y) + 6/(1, 0) - 3/(0, y)) - 8/(x, 0X2.26) 

for all x,t,y € X. By applying (2.6) and (2.26), we obtain 

/(2s + t, y) - /(2.x + 1, 0) - /(0, y) + 2/(.x, y) - 2/(.x, 0) - 2/(0, y) + fit, y) - fit, 0) - 

/(0, y) = 2/(s + t,y)- 2 fix + t, 0) - 2/(0, y) + /(2.x, y) - /(2.x, 0) - /(0, y) (2.27) 
for all x, t,y G X . It follows from definition of g and (2.27) that 

gi2x + t,y) + 2gix, y) + git, y) = 2y(x + t,y) + g(2x, y) 

for all x,t,y € X . Hence for fixed y, by Lemma 2.6, <?(., y) is an additive-quadratic mapping. 
By the same method, we prove that for fixed x, g(s, .) is an additive-quadratic mapping. □ 

Theorem 2.8. Let X, Y be real vector spaces. If we define f : X x X — > Y by 

fix,y)=S 1 ix,x,x) + B 1 ix,x)A 1 iy) + B 2 iy,y)A 2 ix) + S 2 iy,y,y), (2.28) 

then f satisfies (1.4), where Si,S 2 : X x X x X — >Y are symmetric functions for each fixed 
one variable and additive for fixed two variables and B\,B 2 : X x X — > Y are symmetric 
functions and additive for each fixed one variable and Ai, A 2 : X — > Y are additive mappings. 
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Proof. It follows from (2.28) that 

f{2x + y, 2z + w) + f(2x-y,2z-w) = 16S 1 (x,x,x) + l2Si(x,y,y) 

+ I6B1 (x, x)Ai (z) + 4Bx (y, y)A 1 (z) + +8B t (x, y)A x (w) 

+ 16B 2 (z,z)A 2 (x) + 4B 2 {w,w)A 2 {x) + 8B 2 {z,w)A 2 {y) 

+ 16S 2 (z,z,z) + l2S 2 (z,w, w) 

= 2Si (x, x, x) + 6S1 (x, x, y) + 6S!(x,y,y)+ 2Si (y,y,y) 

+ 2B 1 (x, x)A 1 (z) + 4Bi(a;, y)A 1 (z) + 2B x {y, y)A 1 (z) 

+ 2Bi {x, x)A 1 (w) + 4Bx (x, y)A 1 (w) + 2B X (y, y)A x (w) 

+ 2B 2 (z,z)A 2 {x) + 4B 2 {z,w)A 2 {x) + 2B 2 {w,w)A 2 (x) 

+ 2B 2 {z,z)A 2 (y) + AB 2 {z,w)A 2 (y) + 2B 2 {w,w)A 2 (y) 

+ 2S 2 (z,z,z) +6S 2 (z,z,w) +6S 2 (z,w,w) + 2S 2 (w,w,w) 

+ 2Si (x, x, x) - 6S1 (x, x, y) + 6S1 (x,y,y)- 2Si (y,y,y) 

+ 2B 1 (x, x)A 1 (z) - 4B 1 (x, y)A 1 (z) + 2B 1 (y, y)A 1 (z) 

- 2Bi (x, x)A 1 (w) + 4Bi (x, y)A 1 (w) - 2B 1 (y, y)A 1 (w) 
+ 2B 2 {z,z)A 2 (x) - AB 2 {z,w)A 2 (x) +2B 2 (w,w)A 2 {x) 

- 2B 2 {z, z)A 2 (y) + 4B 2 (z, w)A 2 (y) - 2B 2 {w, w)A 2 (y) 

+ 2S 2 (z,z,z) - 6S 2 (z,z,w) + 6S 2 (z,w,w) - 2S 2 (w,w,'w) 

+ 125i(x,cc,x) + \2B 1 (x,x)A 1 (z) + 12B 2 {z,z)A 2 {x) + 12S 2 {z,z,z) 

= 2f(x + y,z + w) + 2f(x -y,z-w) + 12f(x, z). 

for all x, y,z,w £ X. This completes the proof. □ 

Theorem 2.9. Let X, Y be unital real algebras. Let f : X x X —¥Y be a mapping satisfying 
(1.4). Define g : X x X -»• Y by g(x,y) = f(x,y) - f(x,0) - /(0, y) and A 1 ,A 2 ,h 1 ,h 2 : 

X -> Y by 

Mv) = 5(1, V) + ff(-l, J/) 4j(a;) = 5(1, 1) + g(x, -I) 

h\{x) = -(g(x,l)-g(x,-l)) h 2 (y) = -(g(l,y) - g(-l,y)) 

for all x,y G X . Then hi, h 2 are quadratic mappings and A\, A 2 are additive. 

Proof. First, we show that A 2 is additive. In (2.2), we put y = z = p = 0,w = 1, and we 
obtain 

f(x + 1, -1) + f(x + t,l) = f(t, 1) + f(t, -1) + f(x, 1) + 

f{x, -1) + 2f(x + 1, 0) - 2f(x, 0) - 2/(t, 0) (2.29) 
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for all t, x £ X. By Remark 2.3 and (2.29), we conclude that 

/(x + t, -1) - f{x + t, 0) - /(0, -1) + fix + t, 1) - /(x + 1, 0) - /(0, 1) = 
/(x, 1) - /(x, 0) - /(0, 1) + /(.*, -1) - /(x, 0) - /(0, -1) + 

/(«, 1) - /M) - /(0, 1) + fit, -1) - /(t,0) - /(0, -1) (2.30) 

for all (,i£l. By definition of g and (2.30), we get 

g(x + t, -1) + gix + t, 1) = <?(x, 1) + <?(x, -1) + g(i, 1) + g(t, -1) (2.31) 

for all x, t 6 X. We conclude that A^ is additive. Similarly, it is proved that A\ is additive. 
Now we show that h\ is a quadratic mapping. In (2.3) putting y = z = p = 0, w = — 1, we 
have 

fix + t, -1) - fix - t, 1) = /(a: + 1, 0) - /(a: - 1, 0) + 

/(x, -1) - /(x, 1) + 2/(t, -1) - 2/(0, -1) - 2/(t, 0) (2.32) 

for all x, t£X Putting y = z = p = 0, w = lin (2.3) to get 

fix + 1, 1) - /(x - t, -1) = /(x + 1, 0) - /(x - 1, 0) + 

/(x, 1) - fix, -1) + 2/(«, 1) - 2/(0, 1) - 2f(t, 0) (2.33) 

for all x, tel. If we subtract (2.32) from (2.33), it follows that 

fix + t, 1) - /(x + f, -1) + fix - t, 1) - /(x - t, -1) = 

2(/(x, 1) + /(t, 1) - fix, -1) - fit, -1) - /(0, 1) + /(0, -1)) (2.34) 

for all x, t£X By using of (2.34), we conclude that 

/(x + 1, 1) - /(x + 1, 0) - /(0, 1) - /(x + 1, -1) + /(x + 1, 0) + /(0, -1) + 

/(x - t, 1) - /(x - t, 0) - /(0, 1) - /(x - t, -1) + /(x - t, 0) + /(0, -1) = 

2(/(x, 1) - /(x, 0) - /(0, 1) - fix, -1) + /(x, 0) + /(0, -1)) + 

2(/(t, 1) - fit, 0) - /(0, 1) - fit, -l) + fit, 0) + /(0, -1)) (2.35) 

for all x, tdX. By definition of g and (2.35), we have 

<?(x + 1, 1) - ff(x + t, -1) + gix - t, 1) - g(x - t, -1) = 

2( fl (x, 1) - gix, -1) + git, 1) - ff (t, -1)) (2.36) 

for all x,t € X. By dividing both sides of (2.36) by 2, we conclude that h\ is a quadratic, 
similarly, we can show that hi is quadratic. □ 

Now by using the idea of Gavruta [••], we exhibit the stability of functional equation (1.4). 
In the sequel we assume that X is a real vector space and Y is a real Banach space. We 
define the difference operator Df : X A — > Y by 

D f ix,y,z,w) = fi2x + y,2z + w) + /(2x - y,2z - w)- 
2/(x + y,z + w)- 2 f\x -y, z -w)- 12 fix, z) 
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for all x,y,z,w £ X 

Theorem 2.10. Let f : X x X — > Y be a two variables odd function and let 

\\D f (x,y,z,w)\\<e (2.37) 

for all x, y,z,w € X. Then the limit 

T(x,z):= lim ±f(2 n x,2 n z) 

exists for all x, z € X and T : X x X —>Y is a unique bi-cubic function satisfying 

\\f(x,z)-T(x,z)\\<^ (2.38) 

for all x, z 6 X . 
Proof. Putting y = w = in (2.37), we get 

\\f(2x,2z)-8f(x,z)\\<^ (2.39) 

for all x, z £ X. Dividing both sides of (2.39) by 8, we obtain 

\\±f(2x,2z)-f(x,z)\\< £ -x± (2.40) 

for all x,z £ X. If we replace x and z by 2 3 x and 2 3 z respectively, in (2.40), and then divide 
both sides of inequality by 8 3 , we get 

II— *— f(2 3+1 x,2 j+1 z) - —f(2 :i x,2 j z)\\ < - x -^ (2.41) 

for all x, z € X. It follows from (2.41) that 

1 1 m_1 1 

11-/(2™*, 2™,) - ^/(2^,2 fc ,)|| < | E ^TT ( 2 - 42 ) 

for all non- negative integers m, k with k < m and all x, z £ X. By (2.42), the se- 
quence { — f(2 3 x, 2 3 z)} is a Cauchy sequence for all x,z £ X. By completeness of Y, 

the sequence { — /(2 J :r, 2 J 2;)} converges for all x, 2 £ X. Define T : X x X — > Y by 

8^ 

T(x,z) = lim — /(2 n a;,2 n z) for all x, z £ X. Then we have T(2x, 2z) = 8T(x,z). It 
follows from (2.37) that 

\\D T (x, y, z, w) || = lim ^\\f(2 n+1 x + 2 n y, 2 n+1 z + 2 n w) + f{2 n+1 x - 2 n y, 2 n+1 z - 2" W ) - 

2f{2 n x + 2 n y, 2 n z + 2 n w) - 2/(2 n * - 2 n y, Tz - 2 n w) - 12f(2 n x, 2 n z)\\ < lim — = (2.43) 

for all x, y, z, w £ X. Hence by (2.43) the function T satisfies the equation (1.4). Thus T is 
a bi-cubic function. Letting k = and passing the limit m — > oo in (2.42) we receive (2.38). 
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On bi-Cubic functional equations 

To prove the uniqueness of T, suppose that T" : X x X — > Y is another bi-cubic function 
satisfying (2.38). We have 

\\T(x,z)-T'(x,z)\\= lim h\T{2 n x,2 n z)-T'{2 n x,2 n z)\\ 
< lim h\f(2 n x,2 n z)-T(2 n x,2 n z)\\ + lim -l||/(2"x,2"z) - T'(2"x,2^)|| 

n— »-oo o" - n— J-oo o 

£ 1 
< lim - x — =0 

n— >oo 7 8 n 

for all x, z e X. This means that T = T" . □ 
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A note on the second kind generalized g-Euler polynomials 

C. S. RYOO 
Department of Mathematics, Hannam University, Daejeon 306-791, Korea 

Abstract. In this paper we introduce the second kind generalized q-Eulcr numbers E nxq and 
polynomials E n ^ x _ q (x). We obtain the Witt-type formulae of the second kind generalized q-Eulcr 
numbers E n . Xtq and polynomials E n ^ x . q (x) attached to \- 

Key words: The second kind Eulcr numbers and polynomials, the second kind q-Eulcr numbers 
and g-Euler polynomials, the second kind generalized q-Euler numbers and polynomials 

1. INTRODUCTION 

Throughout this paper we use the following notations. By Z p we denote the ring of p-adic rational 
integers, Q denotes the field of rational numbers, Q p denotes the field of p-adic rational numbers, 
C denotes the complex number field, and C p denotes the completion of algebraic closure of Q p . Let 
v p be the normalized exponential valuation of C p with \p\ p = p _y p(p) = jT 1 . When one talks of 
g-extension, q is considered in many ways such as an indeterminate, a complex number q G C, or 
p-adic number q G C p . If q G C one normally assume that \q\ < 1. If q G C p , we normally assume 
that \q — l| p < p^p^ 1 so that q x — exp(xlog(7) for \x\ p < 1. 

Let UD(Z p ) be the space of uniformly differentiable function on Z p . For g G UD(I* p ) the 
fcrmionic p-adic invariant q-integral on Z p is defined by Kim as follows: 



P "-i 



(1.1) 



f 1 

I- q (g) = / g{x)dn_ q (x) = Jirn^ Y^ 9{x){-q) x , see [3, 4] . 

If we take g n (x) — g(x + n) in (1.1), then we see that 

n-l 

q n I q (g n ) + {-l) n - l IM = [2} q ^(-lr- 1 -*^). (1.2) 

1=0 

Let a fixed positive integer d with (p, d) = 1, set 

X = X d = lim(Z/dp N Z),X 1 = Z p , 

N 

X* = M a + dpZ p , 

0<a<dp 
(o,p)=l 

a + dp N Z p = {x <E X \ x = a (mod dp N )}, 

where a G Z satisfies the condition < a < dp N . 
It is easy to see that 



A' 



!-q(9) = / g(x)dfj,- q (x) = / g{x)d^_ q {x). (1.3) 



For g G UD(Z p ), the fcrmionic p-adic invariant integral on Z p is defined by 

I-i(g) = g(x)d^ 1 (x) = g(x)dn- 1 (x) = lim V 5 W(-1) X . (1.4) 
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If we take g n (x) = g(x + n) in (1.4), then we see that 

n-1 

7_!( 5 „) = (-l) n I-i(g) + 2 ^(-l)"- 1 -'^/). (1.5) 



;=o 



First, we introduce the second kind Euler numbers and Euler polynomials(see [5]). Ryoo [5] inves- 
tigated the zeros of the second kind Euler polynomials E n (x). The second kind Euler numbers E n 
are defined by the generating function: 



2t ^^ 4-Tl 



n=0 



where we use the technique method notation by replacing E n by E n (n > 0) symbolically. We 
consider the second kind Euler polynomials E n (x) as follows: 

Opt °° /« 

F (^) = ^rxr eXt -E £ «w-- ( L6 ) 

n=0 

Note that E n (x) = Y^l=o (k)EkX n ~ k - In the special case x = 0, we define E n (0) = _E„. 

In [8], we observed the zeros of the second kind g-Euler polynomials E n , q (x). The second kind 
g-Eulcr numbers E n _ q are defined by the generating function: 

n t °° j-n 

y n=0 

We consider the second kind g-Euler polynomials E n ^ q (x) as follows: 

o„t °° +n 



Many mathematicians have studied Euler numbers and Euler polynomials(sec [1-10]). The 
purpose of this paper is to construct the second kind generalized g-Euler polynomials E n ^ q (x) 
attached to \ an d derive a new /-series which interpolates the second kind generalized g-Euler 
polynomials E n ^ q {x). 

2. The second kind generalized g-Euler numbers and 

polynomials 

In this section, our goal is to give generating functions of the second kind generalized q- Euler 
numbers and polynomials. These numbers will be used to prove the analytic continuation of the 
/-series. Let q be a complex number with \q\ < 1. Let \ be Dirichlct's character with conductor 
d e N with d = l(mod 2). Then the second kind generalized g-Euler numbers associated with 
associated with x, E n . Xtq , are defined by the following generating function 

x ' q{ -> ~ q d e 2dt + 1 ~ ^ na ' q ri' ( ' 

n=0 

We now consider the second kind generalized g-Euler polynomials associated with \, E ntX _ q (x), are 
also defined by 

2 V d_1 y(a)(-l) a a a e ( - 2a+1 ^ t ^ t n 

^„(*.*) - L -° x s4r — ext = 5>™(*4 ( 2 - 2 ) 

n— 
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When x = X°i above (2.1) and (2.2) will become the corresponding definitions of the second kind 
Eulcr numbers E n and polynomials E n (x). 

Since 

2EtoxW(-i)V^ (2a+1)t c , t 

q d e 2dt _|_ I 

' 2e rf « e ( 2a+1 * +x ~ d ) rft \ 



5>(a)(-l)V 



„d e 2dt _|_ I 
a— \ 



d 2dt 



^(r^x(a)H)Y£ m! /' 2 "^ K ' ! ^ /l|r 



m— \ a— 

we have the following theorem. 

Theorem 1. Let \ be Dirichlet's character with conductor (JeN with d = l(mod 2). Then 
we have 

(1) E nM>q (x) = d m J2x(a)(-l) a q a E miqd f 2a+1 + x - d 

a=0 ^ 



(2) E n , x , q = d m Y,x(a)(-l) a q a E„ hqd ( 2a+l d ) 



(3)25„ lX ,,(aO = X;(?W Xl , 






i- 1 



For n£N with n = 0(mod 2), we have 

-2EtoX(a)(-l)Ve (2a+1) * „, 2ndt , 2EtoX(«)(-l)> a e (2a+1)t 



oo / nd— 1 



]T 2^ X (a)(-l)V(2a+ir - 



m— \ a— / 

JL7TC 

By comparing coefficients of — - in the above equation, we have the following theorem: 

m! 



Theorem 2. Let \ be Dirichlet's character with conductor d e N with d = 1 (mod 2),n a 
positive even integer, and m£N. Then we have 

nd—l 

2 J! x(«)(-l)V(2a+ l) m - E m , x , q - q nd E ma j2nd). 

a=0 

Next, we introduce the second kind /-series and two variable /-series. 

Definition 3. For s <G C, define two variable /-series as 

(-l) m X (m)q m 



- l (s,x\x) = 2j2 



(2m + 1 + x) s 

m=0 x ' 
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By using (2.2), we easily see that 



^x,q\ x ^ v 



2Etox(«)M)'W 2a+1)t x* 



Q(tp2dt _i_ ^ 

d— 1 oo 

= 2 ^ X (a)(-l)Ve (2a+1+a;)t ]T(-1) Y d e 2dW 

a=0 Z=0 

d— 1 oo 

a=0 Z=0 



oc 



2^xH(-i) m ? 



■m (2m-\-l-\-x)t 



m—0 



Then we have 



and 



dt 



x,q\ x > > 



= 2Y J X(n)(-l) n q n (2n + l + x) k , (2.3) 

t=0 "=0 



d\ k ( °° t n \ 

J t ) \Jl E n,xAx)-A\ t = = Ek, x , q {x),iork&n. (2.4) 



By (2.3), (2.4), we have the following theorem. 

Theorem 4. For any positive integer k, we have 

E k , X ,q{x) = l q {-k,x\x)- 

Definition 5. For s E C, define /-scries as 

(-l) m X (m)q r ' 



l q (s\ X )=2j2 



(2m + IV' 



By simple calculation, we have the following theorem. 
Theorem 6. For any positive integer k, we have 



3. Witt-type formulae on Z p in ]>adic number field 

Our primary aim in this section is to obtain the Witt-type formulae of the second kind generalized 
g-Eulcr numbers E n ^ q an d polynomials E n ^ q (x) attached to \- We assume that g £ C f with 
\q — l\ p < 1. Let x be the primitive Dirichlct character with conductor d € N with d = l(mod 2). 
Let g(y) = X (y)q v e {2v+1+x)t - By (1.4), we derive 



h (x{y)q V e (2v+1+x)t ) = I X{y)q v e {2y+l+x)t d^ l {y) 



2EtoX(a)M)ye ( 

q d e 2dt _|_ I 

z — < >»••* n l 

n=0 
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By using Taylor series of e ( 2 v+ 1 + x ) t j n the above equation (3.1), we obtain 



E / X(y)q y (2y + 1 + x) n d»-i{y) ) -j = £ E ^ 

™ — n \J X / ■ „_ n 



n=0 

By comparing coefficients of — - in the above equation, we have the Witt formula for the second kind 
generalized q- Eulcr polynomials attached to \ a s follows: 

Theorem 7. For positive integers n, we have 

En, x , q {x) = I X(y)q y (2y + 1 + x) n dn-i(y). (3.2) 

J x 

Observe that for x = 0, the equation (3.2) reduces to (3.3). 

Corollary 8. For positive integers n, we have 

E n ^ q = / x(y)9 y (2y + l) n dfi-i(y). (3.3) 

Jx 

By (3.1) and (1.5), we have the following theorem: 
Theorem 9. For positive integers n, we have 

nd— 1 

q nd E m ^ q (2nd) - (-l) n E rn ^ q = 2 J2 (-lY^-'xilWiZl + l) m ■ 

1=0 
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Analytic Approximation of Time- Fractional 

Diffusion- Wave Equation Based on Connection of 

Fractional and Ordinary Calculus 

H. Fallahgoul* S. M. Hashemiparast 1 " 

Abstract 

In this paper, we present a connection between fractional and ordinary derivative, which can be used 
in various fields of science and engineering deal with dynamical systems for solving fractional ordinary 
and partial differential equations. Some examples are given to show ability of the method for solving 
the fractional nonlinear equations. 

Keywords: Diffusion Equation; Fractional Calculus; Fractional Partial Differential Equation 

AMS subject classifications: 35Kxx, 34K37, 35R11 

1 Introduction 

The theory of the fractional derivatives (FD) has a long history, but the application of FD goes back to 
the 19th century. For example, Caputo and Mainardi found good agreement with experimental results 
when using FD for the description of viscoelastic materials [3]. Recently, many works from various 
fields of science have been described by fractional differential equation, for example, the time-fractional 
diffusion-wave equation (TFDWE) and the space-fractional diffusion equation (SFDE) have been widely 
researched [2]. A fractional diffusion equation can be interpreted a fractional Fick law replacing the 
classical Fick law, which describes transport processes with a long memory [6]. 

Authors have considered FD of Rcimann-Liouville, Caputo and Grounwald-Lctnikov and their ap- 
plications having different points of views of definitions [15]. Some approximations for these fractional 
derivatives and Laplace transform of fractional derivative are also considered [7, 8] . Because of the wide 
application of fractional derivatives — fractional ordinary differential equation (FODE) and fractional par- 
tial differential equation (FPDE) — in the various fields of science and engineering, the connection between 
fractional and ordinary derivative (OD), for solving related problems is important. A little works have 
been done in this field 1 . In this paper, we are going to overcome this problem by providing a robust 
connection between FD and OD. 

In this paper, we provide a strategy for obtaining an analytic approximation of the SFDE and TFDWE. 
Specifically, we employ analytic approximation method homogony perturbation method — to compute 
the fundamental solutions of the SFDE and TFDWE 2 . These three methods offer efficient approaches 
for solving nonlinear problems. 



'Department of Mathematics, Faculty of Science, K. N. Toosi University of Technology, hfallahgoul@dcna.kntu.ac.ir and 
hfallahgoul@gmail.com 

^Department of Mathematics, Faculty of Science, K. N. Toosi University of Technology, hashcmiparast@kntu.ac.ir 

1 In the time of writing this paper, we could not find any work. 

2 We only use the homogony perturbation method, the other analytic methods as Adomian decomposition method, and 
variational iteration method can be used. 
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We have organized our presentation as follows. In Sections 2, we will present a review of the homotopy 
perturbation method (HPM). In Section 3, we provide a connection between FD and OD. Finally, some 
experiments to clarify the methods are provided in Sections 4. 

2 Homotopy Perturbation Method 

The principals of the HPM and its applicability for various kinds of differential equations are given in 
[9, 10]. For convenience of the reader, we will present a review of the HPM. To achieve our goal, we 
consider the nonlinear differential equation 

L(u) + N(u)) = f(r), re!!, (1) 

with boundary conditions 

B(u,—) = 0, reT, 

where L is a linear operator, while N is nonlinear operator, B is boundary operator, T is the boundary 
of the domain f2 and f(r) is known analytic function. By the homotopy technique proposed by He in 
[9, 10], we construct a homotopy of equation (1), v(r,p) : Q x [0, 1] — > R which satisfies 

H(«, p) = (1 - p) [L(v) - L(u )} + p[L(v) + N(v) - f(r)] = 

or 

U(v,p) = L(v) - L(u )+pL(u )+p[N(v) - f(r)} = 0, 

where r € fl and p£ [0,1] is an impeding parameter, uq is an initial approximation which satisfies the 
boundary conditions. The changing process of p from zero to unity is just that of v{r,p) from uq to u(r). 
In topology, this called deformation, L(v) — L(uo) and L(y) + N(v) — /(r) are nomotopic. 

We assume that the solution of equation (1) can be expressed as 

v=p° Vo +P 1 vi +P 2 v 2 +p 3 v 3 + --- , (2) 

so, the approximate solution of equation (1) can be obtained as follows 

u = lim v = uo + Vi + v 2 + v 3 + ■ ■ ■ . (3) 

It is well known that the series (3) is convergent for most of the cases and also the rate of convergence is 
dependent on L(u), see [10, 13]. 

3 The Connection of Fractional and Ordinary Calculus 

In this section we will reach a formula that it provide a robust connection between fractional and ordinary 
derivatives. Suppose < a < 1, based on binomial series we will have 

{l-Lr = l-aL-^^>- --.. = £«,.#, (4) 

j=o 

where the sequence {aj}°?Q is obtained from the following recurrence relation: 

j — 1 — a 

a = 0, otj = ' ; Oj_i, j = 1, 2, • • • . 

J 
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Now, let D a and / be the fractional derivative of order a and arbitrary function, respectively. Ac- 
cording to the equation (4), the following approximation can be obtained: 



where L = (1 - D). 
So, we will have 



D a f =(1-1 + D) a f, 



oo J 



E^Ec- 1 )* ^)/. 

j=Q i=0 



(5) 



,j=0 i=0 



(6) 



In equation (6), the fractional derivative D a f is approximated based on a sequence of ordinary derivative. 
In fact, equation (6) provide a connection between fractional and ordinary derivatives. Now, we will 
compute some approximations of fractional derivative for different amount of k 



• k = 0, 

• k = l, 

• fc = 2, 



£><*/ ~ a D°f. 

D a f^{a + a 1 )D°f-a 1 D 1 f. 

D a f ~ (oo + ai + a 2 )Z? / - (ai + 2a 2 )£ 1 / + a 2 D 2 f. 



k — n, —t 



D a f ~ (E«<)£> / - (E^) 131 / 



-l) n a nJ D'7- 



(7) 



4 = 



In equation (7), the coefficients and the sign of coefficients are obtained from Figl to Fig3. The fol- 
lowing algorithm can be arranged for the getting the approximation formula of fractional derivatives: 




Figure I: The coefficients of ordinary derivatives in the approximation of fractional derivatives. 
Algorithm 1: 

• Step 1. Select the numbers of series terms. 
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The sign of the coefficients of D° 



The sign oft he coefficients of D 1 



of the coefficients of D 2 




ii^r : ;_ ! _ £ :c.£~icient5 of D s 



1 



The sign e~:he coe~icier:s c~ I' 4 



The sign of the coefficients of D 5 
4 The sign of the coefficients of D a 



□ 



Figure 2: The sign of the coefficients of ordinary derivatives in the approximation of fractional derivatives. 



The signs o£a 



The signs ofa.. 



The signs ofa 2 



The signs ofa 3 



The signs ofn 4 



The signs ofa s 



The signs a£a 6 



\r 



Kr 



V 



□ 



I 



Figure 3: The sign of ajin the approximation of fractional derivatives and number of series terms. 



• Step 2. Find the coefficients of terms from Figl. 

• Step 3. Find the sign of the coefficients from Fig2. 

To show the efficiency of the described approximation, we apply some experiments used extensively 
in many natural processes in physics [12], finance [1] and hydrology [2] are tested. We summarize the 
described procedure for solving a problem in Algorithm 2: 

Algorithm 2: 

• Step 1. Select the number of series's terms. 

• Step 2. Find the approximate formula from Algorithm 1. 

• Step 3. Find the equivalent problem for solving. 

• Step 4. Select an analytic methods as HPM, VIM, and ADM. 

• Step 5. Find the analytic approximation solution of the problem. 

4 Application 

In this section, we derive the analytic solution of SFDE and TFDWE by using the homotopy perturbation 
method. 
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Example 1 We first consider 

d a u(x,t) d 2 u(x,t) 



< x < 7r, t>0, 1 < a < 2, (8) 



dt a dx 2 ' 

where the initial and boundary condition are u(x, 0) = sin(x) onci u(0,t) = u(ir,t) — 0, respectively. 

Now, we will use Algorithm 2 for getting the solution of equation (8). Ifk~0 the equivalent differential 
equation will be 

du(x,t) d 2 u(x,t) 



dt dx 2 



(9) 



To solve equation (9) with initial conditions u(x,0) = sin(x) and u t (x,0) = 7 according to the HPM, we 
construct the following homotopy: 

.„ . f dv du \ ( dv d 2 v\ „ ,„ . 

(i - p) U"^J +p U"^J =0 - (10) 

Substituting equation (2) into equation (10), and comparing coefficients of terms with identical powers of 
p, leads to: 

<9w <9u 

! dvi d 2 v Q du , nA n 

2 dv 2 d 2 v 1 



„ dv n d 2 v n _ 1 

P : — =D-^-, v n (x,0)=0. 

For simplicity, we take vo{x,t) = Uo(x,t) = sin(x). According to the above equations, we derive the 
following recurrence equation 

Vi(x,t) = — sin(x) x t, 

V2(x,t) = sin(cc) x -t , 

1 3 
v 3 (a;,i) = -sin(ar) x -t , 





Therefore 



v n (x,t) = (-l) n sm(x)x 1 t n . 

1 (n + 1) 



oo .. 

i=0 ^ ' 
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If k = 1, from Algorithm 2 we derive 

d a u du 

— -(ao + aOu-a^. 

So, the equivalent differential equation of equation (8) will be 

i \ 9u d 2 u 

{a Q + a 1 )u-a 1 — = -^. (11) 

To solve equation (11) with initial conditions u(x, 0) = sin(x) and Ut(x,0) = 0, according to the HPM, 
we construct the following homotopy: 

dv ( d u \ 

ai m^ p { {ao + ai)v 'd^)- (12) 

Substituting equation (2) into equation (12), and comparing coefficients of terms with identical powers of 
p, leads to: 

dv o n 

1 dvi ( , \ d2v ° t n^ n 
P ■■ on— = {a + <xi)vq - -jT-^ , v 1 (x,0) = 0, 

2 d y 2 d 2 vi 

p : ai— = (a + ai)«i - — —, v 2 {x,0)=0, 



dv n , . , d 2 v n _ 1 
p : ai— — = (ao + ai)v n -i » 2 , v n (x,0). 

For simplicity, we take vo(x,t) = Uo(x,t) = sin(x). According to the above equations, we derive the 
following recurrence equation 

m (x, t) = M — 1 J sin(.T) J x t, 

, ., f /a + ai + 1\ 2 . , A 1,2 
U2(x,*)=l( I sin(x)lx-r, 

c *\ //a + ai + l\ 3 . \ 1 3 
V3(x, t) = I I I sin(x) I x -r , 



Therefore 



" J "HI^).*)«^- 



'(M)-E (^)*(ff^''' 



//A: = 2, t/ie equivalent differential equation of equation (8) will be obtained. Using HPM we get the 
analytic solution for k — 2. So, Algorithm 2 provide a procedure for getting the analytic solution of 
equation (8). Also, the solution can be verified through substitution in equation (8). 
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Example 2 We first consider: 

d a u(x,t) _ d 2 u{x,t) 



0<x<2, t>0, l<a<2, (13) 



dt a dx 2 ' 

with the initial condition u(x,0) — f(x), and Ut{x, 0) = where 

™ = { X 2- X ,°-?ix<2, ™ 

and boundary condition u(0,t) = u(2,t) = 0. 

Since f(x) is a periodic function with period 2. The Fourier series of f(x) in [0, 2] can be obtained as 

ft ^ V- ( S(-l)"' 1 ^ • f(2n-l)irx 



so, we will have 

«o(x) - «(x,0) + ^(^,0) = 2 { {2n _ irjT 2 ) sin (" ^j ■ ( 15 ) 

Now, we will use Algorithm 2 for getting the solution of equation (13). If k = the equivalent differential 
equation will be 

du(x,t) d 2 u(x,t) 

-^ t - = ^ 2 -- ( 16 ) 

To solve equation (16) with initial conditions (15), according to the HPM, we construct the following 
homotopy: 

, ( dv du \ I ' dv d 2 v\ , , 

^ 1 -^{dt-^) +P {dt-dx 2 )=°- (1?) 

Substituting equation (2) into equation (17), and comparing coefficients of terms with identical powers of 
p, leads to: 

dv du Q 
P : ^-^=°' 



1 dvi d 2 v du 

p : ^t=^"^t' "1^°) = °' 



2 dv 2 d 2 vi 



p: ^=a^' ^,o) = o, 



„ dv n d 2 V n -l , n . „ 
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For simplicity, we take Vo(x,t) = u a (x). According to the above equations, we derive the following 
recurrence equation 



vi 



l'2 



( X ,t) = -J2 



n=l 



(2n — 1)ttx 



(-iy 



(2n-l) 2 7T 2 



(2n — l)7rx\ 
sin I — - — x t, 



(x,t) = j2 



{In- \)-nx\ ( 8(-l) 



(2n- lWaA 1 9 
(2n-l)^J Sm { 2 J X 2* 



Therefore 



i'k 



(x,t) = (-i) k j2 



ksr^ f{2n-l)irx 



(2n — l)-7ra 
x sm I z I x 



2 k 



8(-l)"- 1 
(2n-l) 2 7r 2 



r(fc + i) 



i(x,t) = E (-!) fc E 

fc=l V n=l 

(2n — l)nx 
x sin ' 



(2n — l)7ra; 



2k 



(2n-l) 2 7r 5 



r(fc + i) 



If k = 1, from Algorithm 1 we derive 

d a u du 

_~(oo + ai)u-ai^. 

So, the equivalent differential equation of equation (8) will be 

du d 2 u 
(a + a 1 )u-a 1 - = l ^. 



(18) 



(19) 



To solve equation (19) with initial conditions u (x), according to the HPM, we construct the following 
homotopy: 



dv ( d 2 u 

a i^7 =P| («o + ai)« - -5-2 



a* 



ax 2 



(20) 



Substituting equation (2) into equation (20), and comparing coefficients of terms with identical powers of 
p, leads to: 



o dv Q 


= o, 




i dvi 


= (c*o + ai)v - 


d 2 vo 
dx 2 


2 9v 2 


— (n/n 4- <Ti "17)1 - 


d 2 vi 



c)l 



dx 2 



v 1 {x,0)=0, 

v 2 (x,0)=0, 
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n ® v n , x 9 2 V n -i 

p : ai— — = (a + ai)v„_i 2 , v n (a;,0). 

For simplicity, we take Vo(x,t) = un(x). According to the above equations, we derive the following 
recurrence equation 



vi 



(x,t) =J2 



2 2 (a + ai) + ((2n - l)7nr)' 



2 2 c*i 

71=1 V 

l)™- 1 \ ((In- l)nx\ 



''2 



(*,*) =E 



(2n-l) 2 7r 2 

2 2 (a + ai) + ((2n - l)7ra) 



2 2 ai 

n— 1 v 

(-1)™- 1 \ , /(2n- l)7ra\ 1 2 



x -7 rw-^ sin x -t , 

\{2n-l) 2 ^ 2 ) \ 2 ; 2 



, ,-- /2 2 (a + ai) + ((2n-l)7ra;) 



2 2 ai 
x f 8( ~ 1) "" 1 "l sin ( Q n -V™ \ x 1 t k 



Therefore 



u(x,t) = 51X1 



k=ln=l 



2 2 (a + a 1 ) + ((2n- l)nx) 2 ^ '"' 
2^ 

l)"- 1 \ . /(2n- l)7ra 



(2n - l) 2 7r 5 



sm 



r(fc + i) 



If k ~ 2, the equivalent differential equation of equation (13) will be obtained. Using HPM we get the 
analytic solution for k = 2. So, Algorithm 1 provide a procedure for getting the analytic solution of 
equation (13). Also, the solution can be verified through substitution in equation (13). 

Example 3 Let us consider (1+1) -dimensional nonlinear fractional equation: 

d a u(x,t) d 2 u(x,t) , ,, ,„„. 

g ta ' ~ I 2 gj ' + <?<X, t) - 0-U 3 (x, t) = 0, (21) 

t>0, 1 < a < 2, 

with initial conditions u(x,0) — ecos(kx), and Ut(x,0) = 0. 

Now, we will use Algorithm 1 for getting the solution of equation (21). If k = the equivalent 
differential equation will be 

du(x.t) ^d 2 u(x,t) 9 . . n. . . . 

— ^ ^ 7 2 qJ ' - c 2 u(x, t) + au 3 (x, t). (22) 

To solve equation (22) with initial conditions u(x, 0) = £COs(fcx) ; and Ut(x, 0) = 7 according to the HPM, 
we construct the following homotopy: 

^ = P l^ 2 ^ - c 2 u(x,t) + auHx,t)) . (23) 
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Substituting equation (2) into equation (23), and comparing coefficients of terms with identical powers of 
p, leads to: 

p 1 :^=7 2 ^^-c 2 v Q (x,t)+av 3 (x,t), Vl (x,0) = 0, 

P 2 : ^ =7 2 ^^ -Ai(M) + -?(M), v 2 (x,0) = Q, 



For simplicity, we take Vo(x,t) = u a (x). According to the above equations, we derive the following 
recurrence equation 

vo(x,t) = (ecos(kx)), 

vi(x,t) = ((-~f 2 k 2 + c 2 )s cos{kx) +e 3 cos 3 (kx)) xt, 
v 2 {x, t) = [(-e 2 fc 2 (-7 2 fc 2 + c 2 ) cos(fca;)) + (3e 3 fc 2 cos 3 (fcir) 
—6k 2 sin 2 (kx) cos(kx)) , 

-c 2 ((—f 2 k 2 + c 2 )e cos(kx) + e 3 cos 3 (kx)) x ^rxrt 2 , 

r(3) 



+cr((-7 2 fc 2 + c 2 )ecos(fca;) +e 3 cos 3 (kx)) c 



1 2 
x —r^t, 

r(3) 



(24) 

and so on. 

Ifk = l, from Algorithm 2 we derive 

d a u du 

— ^{ aa + ai )u- ai -. 

So, the equivalent differential equation of equation (21) will be 

(a + a 1 )u - ai— = 7 — ^ c u(x,t) + au (x,t). (25) 

Using HPM we get the analytic solution for k = 1. So, Algorithm 2 provide a procedure for getting the 
analytic solution of equation (21). Also, the solution can be verified through substitution in equation (21). 

Example 4 Consider space-fractional diffusion equation [5] 

du d a 

— = C^—uix, t), i€R,O0,0<q<2, (26) 

at ox a 



1439 



Analytic Approximation of Time-Fractional 
Diffusion-Wave Equation 



H. Fallahgoul, S. M. Hashemiparast 



subject to initial condition u(x,0) = f(x), and Cis positive coefficient. We can see from Theorem 1 
of [?], that the fundamental solution K(x,t) of equation (26) is the density of the stable distribution 
S a ({— Cicos(^)) « , 1, 0), where the initial condition is u(x, 0) = 5(x). 

Now, we will use Algorithm 2 for getting the solution of equation (26). If k = 0, the equivalent 
differential equation of (6) will be 

d 

ttu(x, t) ~ Cu(x, t), xeR,t>0,0<a<2. (27) 

The problem (27) is a linear ordinary differential equation of first order. So, from the initial condition, the 
solution of it will be 

u(x,t) ~ exp(t)<5(x). 

If k = 1, the equivalent differential equation of (26) will be 

d d 

— u(x,t) ~ (ao + ai)u(x,t) — oi\—- u(x,t), x e R, t > 0,0 < a < 2. (28) 

at ox 

Now, we will use the analytic methods for getting the analytic solution of problem (28). To solve equation 
(28) with initial condition u(x, 0) = S(x), according to the homotopy perturbation technique, we construct 
the following homotopy: 

(1 ~ P) (ft " l!t) +P (jit ~ C ((«« + «!>(»,*) - a ^ V ^ f ))) = °' ( 29 ) 

Substituting equation (2) into equation (29), and comparing coefficients of terms with identical powers of 
p, leads to: 

<9w du n 

P 1 ■ -^r = ~-pfr + c f ( a o + a i) v o(x,t) -ai—v (x,t)\ , «i(a;,0) = 0, 
P 2 ■ -qjt = C ( (a + ai)ui(x,i) - ai— ui(a;,*) J , v 2 {x,Q) = 0, 



5f / U 

P n ■ -r*r = C ( (a + ai)v„_i(a;,t) - ai— v„_i(o;,t) ) , v n (x,0) = 0, 

For simplicity we take vo(x,t) = Uo{x,t) = 6(x). So we derive the following recurrent relation 
vi(x,t) = (c((a + a 1 )vo{x,t)-a 1 —v (x,t)\]dt 



C ( (ao + ai)S(x) - ai—5(x) ) x t, 
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and so on. 
Therefore 

u(x,t) = lim u n (x,t) = 6(x) + y^ / \C [ (ao + ai)vk-i(x,t) - a\—-Vk-i(x,t))) dt. 

n-±oo ^J Q \ \ dx J J 

If k = 2, the equivalent differential equation of (6) will be 

d ( d d 2 \ 

—u(x,t) ~ C I (a + ai + a 2 )u(x,t) - (ai + 2a 2 )j-u(x,t) + a 2 -—u(x,t) I , 

x e R, t > 0,0 < a < 2, 

using HPM we get the analytic solution for k = 2. 5o, Algorithm 2 provide a procedure for getting the 
analytic solution of equation (26). 

5 Conclusion 

In this paper, we have shown that the HPM can be used successfully for finding the solutions of space- 
fractional partial differential equation based on connection of FC and OD. It may be concluded that 
this technique is very powerful and efficient in finding the analytical solutions SFDE and TFDWE. Sonic 
experiments supported the theoritical results. 

A Fractional Calculus 

Fractional calculus goes back to the beginning of the theory of differential calculus and deals with the 
generalization of standard integrals and derivatives to a non-integer, or even complex order [14, 16, 15]. 

In this section we give the basic definitions and some properties of the fractional calculus. More 
detailed information may be found in the book by Samko et al. [16] and [11]. 

Let $7 = [a, 6](oo < a < b < oo) be a finite interval on the real axis R. The Riemann-Liouville 
fractional integrals 7°+ and I?L of order a € C QR(a) > 0) are defined by 

(^/)(*) = f£jf j/^L (x>a,»(a)>0) > 

and 

respectively. Here T(a) is the Gamma function. These integrals are called the left-sided and the right-sided 
fractional integrals. 

The Riemann-Liouville fractional derivatives D" + y and D"_y of order a £ C (3i(a) > 0) arc defined 

by 

(D: + y)(x) = (^-r(I^ a y)(x) 
1 :(£) w r ,_ ^1-n+i . (x>a,n=Ma)] + l), 



r(n — a) dx J a [x — t) 
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and 



d 

dx' 



(DZ_y)(x) = (--r(IZ_- a y)(x) 



' {-i) n f u yi ! d Li , (x<b,n = Ma)] + l), 



T(n-a) y dx' J x {t-x) a - n+1 
respectively, where [3t(a)] means the integral part of 5ft(a). If < Jft(a) < 1, then 
/ n. w x 1 d f x y(t)dt , m , s 

^-y^ = -T^)i[ {t -T-^ («<M<»(a)<l). 
For / € C/x, /i > — 1, a,/3 > and 7 > —1 the following properties will be easily obtained: 

• I a I f3 f{x) = I a+fs f(x), 

• I a Pf{x) = I^I a f(x). 
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Abstract The purpose of this paper is to consider a class of nondifferentiable multiob- 
jective fractional programming problems in which every component of the objective and 
constraints functions contains a term involving the support function of a compact convex 
set. Usual duality theorems are established for two types of higher order dual models 
under the assumptions of higher order (F, a, p, d) — V— type I functions. 
Keywords: Fractional programming; Nondifferentiable programming; Support function; 
Generalized convexity; Higher order duality 

1. Introduction 

In recent years, optimality conditions and duality theory for nondifferentiable multiob- 
jective fractional programming problems involving different kinds of generalized convexity 
assumptions have received much attention by many authors [6, 7, 8, 9] and the references 
therein. Under the assumption of (C, a, p, d) convexity, Long [9] established sufficient 
optimality conditions and duality results for a nondifferentiable multiobjective fractional 
programming problem in which every component of the objective function contains a 
term involving the support function of a compact convex set. 
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Second and higher-order duality in nonlinear programming has been studied in the 
last few years by many researchers. One practical advantage of second and higher-order 
duality is that it provides tighter bounds for the value of objective function of the primal 
problem when approximations are used because there are more parameters involved. 
Mangasarian [10] first formulated a class of higher-order dual problems for a nonlinear 
programming problem. Mond and Zhang [11] obtained duality results for various higher- 
order dual problems under higher-order invexity assumptions. Motivated by the various 
kinds of generalized convexity Liang et al. [7], introduced a unified form of generalized 
convexity called (F, a, p, cQ-convex function. Gulati and Agarwal [2] introduced second 
order (F, a, p, <i)-V-type I functions for a multiobjective programming problem and proved 
duality results involving aforesaid functions. 

Recently, Suneja et al. [12] formulated higher order Mond- Weir and Schaible type dual 
programs for a nondifferentiable multiobjective fractional programming problem where 
the objective functions and the constraints contain support function of compact convex 
sets in R n and established weak and strong duality results involving higher order (F, p, a)- 
type I functions. Gulati and Geeta [5] introduced a new class of higher-order (V, a, p, d)- 
invex function and established duality results for Schaible type dual of a nondifferentiable 
multiobjective fractional programming problem. Gulati and Agarwal [4] focus his study 
on a nondifferentiable multiobjective programming problem where every component of 
objective and constraint functions contain a term involving the support function of a 
compact convex set and established duality theorems for Wolfe and unified higher order 
dual problems involving higher order (F, a, p, d)-type I function. 

Motivated by earlier work of Ahmad [1], Gulati and Agarwal [2] and Suneja et al. 
[12], we establish higher order duality results for two types of dual models related to 
nondifferentiable multiobjective fractional programming problem where the objective and 
the constraints functions contain support functions of compact convex sets in R n . 

This paper is organized as follows: In Section 2, we have introduced the concept of 
higher-order (F, a, p, d)-V-type I functions. In Sections 3 and 4, the duality results have 
been established for higher order Mond- Weir and Schaible type duals of a multiobjective 
nondifferentiable fractional problem. Finally, conclusion and further development are 
given in Section 5. 
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2. Preliminaries 

Let R n be ra-dimensional Euclidean space and RJ] its non-negative orthant. If x, y G 
R n then x < y <3- x% < m, i = 1, 2, . . . , n; x ^ y <3- Xi ^ yi, i = 1, 2, . . . , n and x < y 44> 
Xi^yi,i = l,2,...,n and x / y. 

Definition 2.1. A functional F:IxIxJJ"4fi(IC R n ) } is said to be sublinear in 
its third argument, if V x, x € X, 

(i) F(x, x; ai + 02) ^ F(x, x; a\) + F(x, x; 02) V a±, ai G i? ra , 

{%%) F(x, x; aa) = aF(x, x; a) V a G i? + , a G R n . 

By (ii), it is clear that .F(x,x;0) = 0. 

Definition 2.2. Let C be a compact convex set in R n . The support function of C is 

defined by 

s(x\C) = max{x y : y G C}. 

A support function, being convex and everywhere finite, has a subdifferential, that is, 
there exists z G R n such that s(y\C) ^ s(x|C) + z T (y — x) for all y G C. 
The subdifferential of s(x|C) is given by 

ds(x\C) = {zeC : z T = s(x\C)}. 

For any set D C -R n , the normal cone to D at a point x G D is defined by 

AT D ( X ) = { y £ R n \ y T ( z - x ) ^ for all z G D}. 

It is obvious that for a compact convex set C, y G Nc(x) if and only if s(y|C) = x y, or 

equivalently, x G ds{y\C). 

Consider the following multiobjective programming problem: 

(P) Minimize f{x) 

subject to x G A = {x G X : h(x) < 0}, 
where A C R n be open, / : A — > R k , h : A — >■ i? m are continuously differentiable 
functions. 

Definition 2.3. A point x G A is an efficient solution of (P) if there exists no x G A 
such that /(x) < /(x). 
Lemma 2.1. x° G Ao is an efficient solution of (P) if and only if x° is an optimal solution 

3 
1446 



Ahmad et al: Higher order duality in nondifferentiable fractional programming 

of P r (x°) for each r = 1, 2, ..., k, 

P r (x°) minimize f r (x) 

subject to 

fi(x) < fi{x°), for all z = 1,2, ..., k, i / r, 
h(x) < 0, 
xGX 
Let fi: X ^ R,hj : X ^ R,Ki: XxR n ^ R and Hj : X x R n ->• i? be differentiable 
functions where i = 1,2, ..., k and j = 1, 2, ...,m. Let d:lxX->i?isa pseudo matric. 
Definition 2.4. The pair of functions (/, h) is said to be higher-order (F,a,p,d) — 
V— type I at u G X, if there exist vectors a = (a\, ..., a\, a 2 , ..., a^J and p = (p*, ...,p\,p\, ...,p^J, 
where a, 1 ,^ :lxI-> Z? + \ {0} and p\, p 2 G i? such that for each x G Xq and for all 
p,q £ R n , i = 1,2, ..., A; and j = 1, 2, ..., m, 

/i(x) - fi(u) ^ F{x,u;a]{x,u){V h{u) + V p K i {u,p))) 

+ Ki(u,p) -p T V p Ki(u,p) + p}d 2 {x,u), 

— hj(u) ^ F(x, u; a|(x, u)(Vhj(u) + V q Hj(u, q))) 

+ Hj(u, q) - q T V q Hj(u, q) + p]d 2 (x, u). 
Remark 2.1. 

(i) If Ki(u,p) = \p l V 2 fi(u)p and Hj(u,q) = \q l V 2 hj(u)q for i = 1,2,..., A; and j = 
1, 2, ...,m, then we obtain the second order (F, a, p, d)-V-type I introduced by Gulati 
and Agarwal [2]. 

(ii) Let Ki(u,p) = and Hj(u, q) = for i = 1,2, ..., /c and j = 1, 2, ...,m. Then above 
definition becomes that of (F, a, p, <i)-V-type I [3]. 

(in) If a\ = a 2 = 1 for i = 1,2, ..., /c and j = 1, 2, ...,m, then the higher-order (i 7 , a,/?, d)- 
V-type I reduces to the higher order (F, p, cr)-type I given by Suneja et al. [12]. 

We now consider the following the multiobjective nondifferentiable fractional program: 

fFP^ minimi*. \ IM±3^A f2Jx) + S(x\C 2 ) fkjx) + S(x\C k Y 

(tr) minimize — — — — , — , ..., — 

_5i(x) - S(x|Di) 5f 2 (x) -6(x|L> 2 ) 5 fc (x) -6(x|D fc )_ 

subject to /ij(x) + S(x\Ej) ^ 0, j = l,2, ...,m, 
where x G X C R n , fa,gi : X —> R (i = 1,2,..., k) and hj : X — >■ i? (j = 1,2, ...,m) are 
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continuously differentiable functions. 

fi(.) + S(.\Ci) ^ and gi(.) — S(.\Di) > 0; Ci,Di and Ej are compact convex sets 
in R n and S(x\Ci), S(x\Di) and S(x\Ej) denote the support functions of compact convex 
sets, Ci,Di and Ej, respectively. 
Lemma 2.2. If u is an efficient solution of (FP), we have the following results. 

(VT3-\ ■ ■ ■ fr(x)+S(x\C r ) 

(Ire) minimize — — 



g r (x)-S(x\D r ) 



subject to 



fi(.x)+S(x\C t ) < - . _,„ , . / 

gi(x)-S(x\Di) - e *' l — ±*,—,K, L7=l, 

hj(x) + S(x\Ej)S0, j = l,2,...,m, 



where e ? ; 



j^H+gHCQ 



gi(u)-S(u\Di)' 

Since g%{x) — S(x\Di) > 0, for each i = 1,2, ..., /c, therefore (FPe) can be rewritten as 
(FP 1 *) minimize gggg|gj 
subject to 

fi(x) + S{x\Ci)-€ i {g i (x)-S(x\D i ))<0, i = 12,...,k, i ± r, 
hj{x) + S(x\Ej)S0, j = l,2,...,m. 
Lemma 2.3. u is an efficient solution of (FP) if and only if u solves (FP 1 *) for each 



r = 1, 2, ..., k, where e. 



fi(u)+S(u\Ci) 
gi(u)-S(u\Di)' 



3. Higher order Mond-Weir type dual 

In connection to (FP) we now consider the following higher order Mond-Weir type 
dual problem [12]: 
(MFD) maximize 



f 1 (u)+u T z 1 f2(u)+u T z 2 f k (u)+u T z k 

g 1 (u)-u T v 1 ' g2(u)-u T v 2 ' ""' g k (u)-u T v k 



subject to 



V 



x> 



fi(u) +U T Zi 



+ ^2n J (h j {u)+u T w j ) 



i \9i{u)-u T Vi> . , 

k 

+ y^ j X i 'VpGi(u,p) + '^2fi j V q H j (u,q) = 0, 



i=i 



3=1 



Y, Vj{{hj(u) + u 7 ^-) + Hj(u, q) - q T V q Hj{u, q)} ^ 0, 



i=i 



2Ai(G«(«,p) -^V q Gi{u,p)) Z 0, 



i=i 



Zi G Cj, Vi e D i: i = 1,2,..., k, wj € Ej, j = 1,2, ...,m, 



(1) 
(2) 

(3) 
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Mj ^0, j = 1,2,..., to, 
k 
Ai = 0, 1 = 1,2,...,*;, Y, Xi = 1 - 

Theorem 3.1 (Weak duality). Let x and (u, z,v, /i, X,w,p,q) be feasible solutions to 
(FP) and (MFD), respectively such that 

(*) 'wt^' i ^j(-) + {■) Tw j 1S higher-order (F,a,p,d) — V— type I with respect to 
d and -f/j, at u for i = 1,2, ..., *; and j = 1, 2, ...,to, 

(") E ^r^y = l,a](x,u) = 1, j = 1,2,..., to, 

2 = 1 ' 

Then 

/ i (x) + 5 , (x|C l Q < fi(u) + u T Zi i = 1 2 k / 4 n 

3i(a;) - 5(x|A) = 5i(«) ~ ^ T ^' 

and 

/ r (x) + S'(x|C r ) f r (u) + u T z r 

~~T^ c? m S < ~T~\ r— , for some r = 1,2,...,*;, (5) 

g r {x) — b(x\L> r ) g r {u) — u 1 v r 

cannot hold. 

Proof. Suppose on the contrary that inequalities (4) and (5) hold. Then as Aj > 0, x T Zi ^ 

S(x\Ci),x T Vi ^ S(x\Di) using hypothesis (ii), we get 

EA; / fi(x) + X 1 Zi fi(u) + U T Zi\ , . 

i/ J ^ T^-^ri r 1 ) <0 - (6) 

i=1 "il 1 )") V SH X ) -s-'fi 3iW ~ «!' 

Because a^(x,u) = 1 for j £ M, hypothesis (i) gives 



/i(a;)+x T ^ fi(u) + u T Zi / x , ,/i(u) + u T z^ 

^ F(x,u;o; i (x,u)(v(— ^- =— J + V p Gi(u,p) 



gi(x)-x T Vi gi(u)-u T Vi V y gi(u) -u T Vi 

+ Gi(u,p) - p T V p Gi(u,p) + pjd 2 (x,u). (7) 



— (/tj (w) + u to j) ^ F( £,«; (V(hj(u) + u Wj) +V q Hj(u,q) 

+ Hj(u,q) - q T V q H j (u,q)+p 2 j d 2 {x,u). (8) 

On multiplying the above inequalities (7) and (8) by t ,' , and pj, respectively, then 
summing the two resultant inequalities, we obtain 

Ai (fi{x)+X T Zi fi(u)+U T Zi 



y 

^ aj(x,u) \gi(x) - x T Vi gi(u) - u T Vi 
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^FUn-J2x t (v( ^^y -Y,a l{t , l n 



i=l 



y gt(u) -u T Vi 



Xip}d 2 (x,u) 



m m 

y^[ij(hj(u) + u Wj)^.F(x,u;y^fij(V(hj(u) + u Wj) + V q Hj(u,q)) 



(9) 



3=1 



3=1 



+ ^2fi j (H j (u,q)-q T V q H j (u,q))+^2 f i j p 2 j d 2 (x,u). (10) 

3=1 3=1 

Using equation (1) and sublinearity of F, we have 



= F 



x,u 



f l \ _i_ T m 



i V5i(u) - n T -Uj 



i=i 



+ y^AiV p Gi(u,p) + y^fijV q Hj(u,i 

3=1 



i=l 

k 



fi(u) +U T Zi 



S Fk,;^A,(V( ^;";; ) + V^(n,p) 



i=i 



5i(u) - u 7 ^ 



+ F(x, u; J^ ^ (V(/tj(u) + u T Wj) + V q Hj(u, q))j . 

3=1 

The inequalities (9), (10), (11) and hypothesis (in) give 



(11) 



n<V^ Xi (fi{x)+x T Zi fi(u) + u T Zi\ ^ T 

< > — =- — ^ ^ t^- - > Hj(hj(u) + "U Wj) 



^ a}(x, u) \gi(x) - x T Vi gi(u) - u T v 



3=1 



~Y] YT \ { G i(. u 'P) -P T ^p G i(u,p)) ~y]iUj(Hj(u,q) - q T V q Hj(u,q)). 

4=1 ' J=l 



That is, 



E 



h (fi{x)+X T Zi fi(u)+U T Zi 



J i a}(x,u)\g i (x)-x T Vi gi(u)-u T Vi 

m 

= X/ ^ (M n ) + u T Wj + Hj(u, q) - q T V q Hj(u, q)) 



3=1 



+ y j ^ T ^-AG t (u,p)- P T V p G l (u,p)) 

From the inequalities (2), (3) and the positivity of a\(x, u), i = 1, 2, ..., k, we have 
y^ Aj r fi(x)+x T Zj _ /j(n) +n T ^ \ > 



^ a}(x, u) \gi{x) - x T Vi gi(u) - u T Vi 
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which contradicts (6). This completes the proof. 

Theorem 3.2 (Strong duality). If u is an efficient solution of (FP), Gi(u, 0) = 0, i = 
1, 2, ..., k, Hj(u, 0) = 0, j = 1, 2, ...,m, and a constraint qualification is satisfied for (FPe) 
for at least one r = 1,2,..., A;, then there exist A G R ,fi G R m ,Zi G R n ,Vi G R n and 
idj G R n , i = 1, 2, ..., /c, j = 1, 2, ..., m, such that («, z,v,fi, X,w,p = 0,q = 0) is a feasi- 
ble solution of (MFD) and the corresponding values of the objective functions are equal. 
Further if the conditions of Weak duality theorem 3.1 are satisfied for each feasible so- 
lution x of (FP) and each feasible solution (u,z,v,/l,w,p = 0, q = 0) of (MFD) then 
(u, z, v,p,, A, w,p = 0, q = 0) is an efficient solution of (MFD). 

Proof. The proof follows along the lines of Theorem 3.2 [12] in light of the discussions 
given above and hence being omitted. 

4. Higher order Schaible type dual 

Now we consider the following Schaible type higher order dual problem for (FP): 
(SFD) maximize (71,72, -,1k) 
subject to 

k 



V 



^ Aj I (fi(u) + u T Zi) - ji(gi(u) - u T Vi)\ + ^2 Vj( h j( u ) + u T Wj) 

i=\ 7=1 



+ ^2X i V p (K i (u,p) - ^Gi(u,p)) +J2^ q H j (u,q) = 0, (12) 



i=l 



i=i 



i=i 



^ Aj{ (fi(u) + u T Zi) - %{gi{u) - u T Vi) + (Ki(u,p) - 'y i G i (u,p)) 
-p T V p {Ki{u,p) - 7iG«(«,p))} ^ 0, 

m 

5Z Vjiihjiu) + « T Wj) + #j(u, 9) - q T V q Hj(u, q)} ^ 0, 
i=i 
Zi G Q, ViGDi, i = l,2,...,k, Wj G Ej, j = 1,2, ...,m, 



^0, i = 1,2,..., 



m. 



Ai>0, 1 = 1,2,...,*;, J] Ai = 1 ' 



i=l 



7^0, i = l,2,...,k. 



(13) 
(14) 
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Theorem 4.1 (Weak duality). Let x and (it, 7, z,v,w, fi,X,p,q) be feasible solutions of 
(FP) and (SFD), respectively such that 

(i) (fi(.) + (-) T Zi, hj(.) + (.) T Wj) is higher-order (F, a, p, d) — V— type I with respect to 
Ki and Hj and [— (<7i(.) — (-) T Vi, hj(.) + (.) T Wj] is higher-order (F, a, p, d) — V— type 
I with respect to — Gi and Hj, at u for i = 1,2, ..., k and j = 1, 2, ..., m, 

(u) a|(x, u) = a 2 (x,u) = a(x,u), i = 1,2, ..., &;, j = 1, 2, ...,to, 

(in) £ A^f + EJii HPl ^ 0, where p? = p}{\ + 7i ). 



< 



7i, i = 1,2,..., A;, (15) 



Then 

/i(a) + 5(g|Ci) 

5i(x) - S{x\Di) 

and 

/ r (x) + S(x|C r ) ^ , 1 _ , ,_ 

—^ — -— < 7 r , for some r = 1,2,..., fc, (16) 

3 r (ar) - S(x|.D r ) 

cannot hold. 

Proof. Suppose on the contrary that inequalities (15) and (16) hold. Then as \ > 

0, i = 1, 2, ..., fc, using hypothesis (ii), we get 

A; 



V ^^ (/i(x) + x T z; - lt (g t (x) - x T Vi )) < 0. (17) 

*— ' ax, n V / 



Since (/«(.) + (.) T Zi,hj(.) + (.) T Wj) is higher-order (F,a,p,d) — V— type I with respect 
to i*Q and iJj and [— (gi(.) — (.) Vi),hj(.) + (.) T Wj] is higher-order (F,a,p,d) — V— type 
I with respect to —Gi and i7j, at u for i = 1, 2, ..., /c and j = 1, 2, ..., m, we have 

((/i(x) + x T Zi ) - (fi(u) + u r Zi )) ^ F (x,u;c4(x,u)(V(/i(u) + u T z*) + V p Ki(u lP ))) 

+ Ki(w,p) - p T V p Ki(u,p) + /^(x, u) (18) 

(-(gi(x) - x T Vi) + (&(«) - u T Vi)) ^ F (x, u; -a\(x 1 u){y(g i (u) - u T Vi) - V p Gi(u,p))) 

- G i (u,p)+p T V p G i (u,p) + pjd 2 (x,u) (19) 

and 

— (hj(u) + u Wj)^.F[x } u;a i (x } u)(y(hj(u) + u Wj) + V q Hj(u,q)) 



+ H j (u,q) - q T V g H 3 {u,q)+p 2 d 2 (x,u) (20) 
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On multiplying (19) by ji and adding with (18), we get 

[(fi(x) + x T Zi) - ji(gi(x) - x T Vi)\ - [(/j(u) + u T Zi) - 7i(ft(u) - u T Vi)} 



>F 



x,u;al(x,u)\V(fi(u) + u T Zi - ji{gi(u) -u T Vi)) 
+ V p (Ki(u,p) - jiGi(u,p))) + Ki(u,p) - jiGi(u,p) 
-p T V p (Ki(u,p) -~fiGi(u,p)) + pfd 2 (x,u), 



(21) 



where p\ = p\{l + yi). 

Multiplying (21) by Aj > and (20) by p,j ^ 0, i = 1,2, ...,k,j = i,2,...,m, and adding, 

we obtain 

k m 

y^\i{[(fi(x)+x T , z i )--fi(g i (x)-x 7 ^Vi)]-[(fi(u)+u T ' Zi)--/ i (g i (u)-u T Vi)}}-y^ Hj(hj(u)+u T Wj) 



i=i 



>F 



3=1 



,u;^\ia}(x,u)\V(fi(u)+u T Zi-ji(g i (u)-u T Vi)))+^fj, j a 2 (x,u)(\7(h j (u)+u 



i=i 



i=i 



+ ^2Xial(x,u)rVp(Ki(u,p) -jiGi{u,p))) + ^n j a 2 (x,u)V q H j (u,q) 



i=i 

k 



i=i 



+ ^AifKi(u,p) -7jGi(u,p)J + ^/zJiTj(u,g) -q T V q H j (u,q) 



i=l 



i=i 



- J^ \ip T V p (Ki(u,p) - jiGi(u,p)) + ( J^ Ai/o? + J^ p jP 2 )d 2 (x, u). (22 

i=l i=l j'=l 

Using (13), (14) and hypothesis £j =1 \(% + Ej=i Hjf% = °> ( 22 ) reduces to 
Ei=i ^i[(fi( x ) + x T Zi) - ji(gi{x) - x T Vi)] 



>F 



,u;^Aja J 1 (x,u)fv(/i(n)+n T Zj-7j(5i(n)+n T -Uj))j+^/ija J 2 (a;,u)(V(/ij(u)+u 



i=\ 

k 



■Wj, 



i=i 



+ Y^\®l(x,u)(V p (K i (u,p)-y i G i (u,p))) +^2fi j a 2 (x,u)V q H j (u,q) J (23) 



i=i 



As a*(x, u) = af (x, w) = a(x, u), using the sublinearity of F, we have 

k A, 
Y] w - A (fi( x ) + x T Zi) - ii(gi(x) - x T Vi)] 



1=1 



a x,u 



>F 



x,u: 



i^M y(fi( u ) + u T z i -ji{gi(u) -U T Vi))\ +^2nj(V(hj(u) + U T Wj) 



j=l 



3=1 



+ ^2Xi(Vp(Ki(u,p) --/iGi(u,p))) +^2n J V q H j (u,q) 



i=i 



3=1 



(24) 
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Now by the feasibility condition (12) and the result F(x,u;0) = 0, we get 

k 

T,&tir ) [Ui{x) + x T z i )- li {g 

i=l 

which contradicts (17). This completes the proof. 



E 5&IT [(/*(*) + xTz i) ~ H(9i(x) - x T v t )} ^ 0, 



Theorem 4.2 (Strong duality). If u is an efficient solution of (FP) and Ki(u,0) = 
0,Gi(u,0) = 0, i = 1,2, ..., k, Hj(u, 0) = 0,j = 1,2, ...,m, and a constraint qualifica- 
tion is satisfied for (FP l e) for at least one r = 1,2, ...,k, then there exist A G R , p, G 



.R m ,7 G -R fe ,Zj G R n ,Vi e R n and Wj G i? n , i = 1,2, ...,k, j = 1,2,..., m, such that 
(u,^,z,v,w,fi,X,p = 0,q = 0) is a feasible solution of (SFD). Further if the conditions 
of Weak duality theorem 4.1 are satisfied then (u,a,z,v,w,p,,X,p = 0, q = 0) is an ef- 
ficient solution of (SFD) and the corresponding values of the objective functions are equal. 

Proof. The proof follows along the lines of Theorem 4.2 [12] in light of the discussions 
given above and hence being omitted. 

5. Conclusion 

In the present analysis, we focus on a Mond-Weir type and Schaible type dual pro- 
grams of a nondifferentiable multiobjective fractional programming problem in which 
every component of the objective and constraints functions contains a term involving the 
support function of a compact convex set and established weak and strong duality theo- 
rems under the assumptions of higher order (F, a, p, d)-V-type I functions. The question 
arise whether the duality results developed in this paper still holds for the nondiffer- 
entiable minimax fractional programming problem involving the support function of a 
compact convex set. This will orient the future research of the authors. 
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Fuzzy implicative filters of 5E"-algebras with degrees in the interval 

(0, 1] 
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Abstract. In defining a fuzzy filter and a fuzzy implicative filter in BE-algebras, several degrees are provided, 
and then related properties arc investigated. 

1. Introduction 

In [5], H. S. Kim and Y. H. Kim introduced the notion of a BE-dXgehia,. S. S. Ahn and K. S. 
So [3,4] introduced the notion of ideals in BE-a\gehras. S. S. Ahn et al. [1] fuzzified the concept 
of BE-dXgehras, investigated some of their properties. 

In this paper, we provide several degrees in defining a fuzzy filter and a fuzzy implicative filter. 
It is a generalization of a fuzzy filter. 

2. Preliminaries 

We recall some definitions and results discussed in [3,4,5]. 

An algebra (X; *, 1) of type (2, 0) is called a BE-algebra if 

(BE1) x * x = 1 for all x G X; 

(BE2) x * 1 = 1 for all x G X; 

(BE3) 1 * x = x for all x G X; 

(BE4) x * (y * z) = y * (x * z) for all x,y,z £ X (exchange) 

We introduce a relation "<" on a BE-algebra X by x < y if and only if x * y — 1. A non-empty 
subset S of a .BE'-algebra X is said to be a subalgebm of X if it is closed under the operation 
" * " . Noticing that x * x = 1 for all x G X, it is clear that 1 G S. A BE-algebra (X; *, 1) is said 
to be self distributive if x * (y * z) = (x * y) * (x * z) for all x,y,z G X. 

Definition 2.1. ([5]) Let (X; *, 1) be a 5i5-algebra and let F be a non-empty subset of X. Then 
F is called a filter of X if 

(Fl) 1 G F; 

(F2) x *y G F and x G F imply y G F. 
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Example 2.2. ([5]) Let X : = {1, a, b, c, d, 0} be a BE-algebra, with the following table: 
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Then F\ := {1,0,6} is a filter of X, but i*2 := {l,a} is not a filter of X, since a * b G i<2 and 
a G F 2 , but 6 £■ F 2 . 

Proposition 2.3. Let (X; *, 1) be a BE-algebra and let F be a filter of X . ff x < y and x G F 
for any y G X, then y G F . 

Proposition 2.4. Let (X; *, 1) be a self distributive BE-algebra. Then the following hold: for 
any x,y,z G X , 

(i) if x < y, then z * x < z *y and y * z < x * z. 
(ii) y * z < [z * x) * (y * z). 
(iii) y * z < (x * y) * (x * z) . 

A L?.E-algebra (X; *, 1) is said to be transitive if it satisfies Proposition 2.4(iii). 

3. Fuzzy filters of _B_E-algebras with degrees in (0, 1] 

In what follows let X denote a BE-aXgehra, unless specified otherwise. 

Definition 3.1. A fuzzy subset fi of a L?.E-algebra X is called a fuzzy filter of X if it satisfies 
for all x, y G X 

(di) Mi) > t*(x), 

(d2) u,{x) >mm{/j,(y*x),/j,(y)}. 

Proposition 3.2. Let fi be a fuzzy filter of a BE-algebra X. Then for any x,y G X, if x < y, 
then n(x) < fi(y). 



Proof. Straightforward. 



□ 



Definition 3.3. Let F be a non-empty subset of a BE-aigehra, X which is not necessary a filter 
of X. We say that a subset G of X is an enlarged filter of X related to F if it satisfies: 

(1) F is a subset of G, 

(2) 1 G G, 

(3) (VyeX)(VxeF)(x*yeF^ye G). 1457 
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Obviously, every filter is an enlarged filter of X related to itself. Note that there exists an 
enlarged filter of X related to any non-empty subset F of X. 

Example 3.4. Let X = {1, a,b, c, d, 0} be a BE-algebra which is given in Example 2.2. Note 
that F := {1, a} is not a filter since a*b = a£F,a£F and b ^ F. Then G := {1, a, b, c} is an 
enlarged filter of X related to F and G is not a filter of X since b * d = c,b G G and d ^ G. 

In what follows let A and k be members of (0, 1], and let n and k denote a natural number and 
a real number, respectively, such that k < n unless otherwise specified. 

Definition 3.5. A fuzzy subset \x of a -B-E-algebra X is called a fuzzy filter of X with degree 
(A, k) if it satisfies: 

(1) (Vx e X)M1) > A/x(x)), 

(2) (Vx,y G X)(/i(x) > ranin{//(y * x),^(y)}). 

Note that if A 7^ K, then a fuzzy filter with degree (A, k) may not be a fuzzy filter with degree 
(k,X), and vice versa. Obviously, every fuzzy filter is a fuzzy filter with degree (A, k), but the 
converse may not be true. 

Example 3.6. Let X := {l,o, b, c} be a BE-algebra in which the *-operation is given by the 
following table: 
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Define a fuzzy subset [/, : X —> [0,1] by 

/i = 

Then \x is a fuzzy filter of X with degree 
filter of X with degree 



1 a b c 
0.4 0.3 0.7 0.7 



•4 4\ 
-7' 7/' 



but it is neither a fuzzy filter of X nor a fuzzy 



•4 4\ 

-5' h' 



since 



/i(l) =0.4^/i(&) = 0.7 



and 



li(a) = 0.3 ^ - x 0.4 = - x /x(l) = - x min{/i(c * a) = /i(l), //(c)}. 



5 ■") 

Define a fuzzy subset v : X — ¥ [0, 1] by 



5 



1 a b c 
0.6 0.4 0.7 0.7 



Then v is a fuzzy filter of X with degree (1,1), but it is neither a fuzzy filter of X nor a fuzzy 



filter of X with degree 



•3 4\ 

-5' h' 



since 



v(l) 



0.6 >u(c) 

«58 



0.7 
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and 

4 4 4 

via) = 0.4 ~± 0.48 = - x 0.6 = - x z/(l) = - x min{z/(c * a) = z/(l), z/(c)}. 

5 5 5 

Note that a fuzzy filter with degree (A, k) is a fuzzy filter if and only if (A, k) = (1, 1). Let Ai 
and A2 be members of (0, 1]. If Ai > A2, then every fuzzy filter with degree A2, but the converse 
is not true (See Example 3.6). 

Proposition 3.7. Every fuzzy filter of a BE-algebra X with degree (A, k) satisfies the following 
assertions. 

(i) (\/x,yeX)(u,(x*y)>\Ku,(y)). 
(ii) (\fx,y G X)(y < x => u.(x) > \Ku,(y)). 

Proof, (i) For any x, y G X, we have 

u,(x * y) >Kmm{u,(y * (x * y)),u,(y)} 

=Kmm{u.(x* (y*y)),n(y)} 

=/tmin{/i(x * 1), fi(y)} 
=Kmin{/i(l),/i(y)} 

>Kmin{A)u(y),)u(y)} 
=K\u,(y). 

(ii) Let xjGXbe such that y < x. Then y * x — 1. Hence we have 

u,(x) >K,mm{u,(y*x),u,(y)} 

=/tmin{/i(l),/i(i/)} 

>K,mm{\u,(y),u,(y)} 

=\nix{y) 
for any x,y G X. □ 

Corollary 3.8. Let u. be a fuzzy filter of a BE-algebra X with degree (A, k). If \ = k, then 

(i) (\/x,yeX)( f i(x*y)>\ 2 f i(y)). 
(ii) (yx,y G X)(y < x =► ju(x) > A 2 /i(y))- 

Denote by -^(X) the set of all filters of a i?i?-algebra X. Note that a fuzzy subset fi of a 
5-E-algebra X is a fuzzy filter of X if and only if 

(V£G[O,l])([%;t)G^(X)U{0}). 

But we know that for any fuzzy subset [i of a 5i?-algebra X there exist A,k6 (0, 1) and t G [0, 1] 
such that 

(1) fi is a fuzzy filter of X with degree (A, k), 
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Example 3.9. Consider the fuzzy subset \x of X — {l,a,b,c} which is given Example 3.6. If 
t G (0.4, 0.6], then U(/i] t) = {1,6, c} is not a filter of X. But \x is a fuzzy filter of X with degree 
(0.4,0.6). 

Theorem 3.10. Let \x be a fuzzy subset of a BE-algebm X. For any t G [0,1] with t < 
max{\, k}, ifU(fi; t) is an enlarged filter of X related to U(fi; ma J x B i ) , then fi is a fuzzy filter of 
X with degree (A, k). 

Proof. Assume that /i(l) < t < Xfi(x) for some x G X and £ G (0, A]. Then /x(x) > | > max r A K i 
and so x G £/(/U; max ( AK | ); i-e., ?7(/i; max | A . ) ^ 0. Since ?7(/U; t) is an enlarged filter of X related to 
U([i; max r AB | ); we have 1 G ?7(/i; t), i.e., /i(l) > t. This is a contradiction, and thus /i(l) > \/j,(x) 
for all x G X. 

Now suppose that there exist a,b,c G X such that /i(a) < /tmin{/i(6 * a),/i(6)}. If we take 
t := Kmin{/i(6 * a),fi(b)}, then £ G (0, k] C (0, max{A, «;}]. Hence b*a <E U(/i; ^) C f/(/i; max r A K i ) 
and b G U(u,;^) C £/(/i; max r AK | )- It follows from Definition 3.3(3) that a G U(u,;t) so that 
/i(a) > t, which is impossible. Therefore 

fi(x) > K,mm{fi(y * x) , fi(y)} 

for all x, y G X. Thus /x is a fuzzy filter of X with degree (A, k). □ 

Corollary 3.11. Let n be a fuzzy subset of a BE-algebra X. For any t G [0, 1] with t < -, if 
U(fj,;t) is an enlarged filter of X related to U(fi; |t), then [i is a fuzzy filter of X with degree 



■ k Ap 



Theorem 3.12. Let t G [0, 1] be such that U(fi; t)(^ 0) is not necessary a filter of a BE-algebra 
X . If fi is a fuzzy filter of X with degree (A, k), then U(fj,; tmin{\, k,}) is an enlarged filter of X 
related to U(fj,; t). 

Proof. Since tmin{A, k,} < t, we have U(u,;t) C U(fi; tmin{A, n}). Since U(fi;t) ^ 0, there exists 
x G U(n;t) and so fi(x) > t. By Definition 3.5(1), we obtain /i(l) > Xfi(x) > At > tmin{A, k}. 
Therefore 1 G U(fi; tmin{A, k,}). 

Let x, y, z G X be such that y * x G U(fi; t) and y G U(fi; t). Then /x(y * x) > t and /i(y) > t. 
It follows from Definition 3.5(2) that 

li(x) >K,mm{u,(y*x),u,(y)} 
>K,t > tmin{A, k}. 

so that x G U(fi; tmin{A, k,}). Thus U(fi; tmin{A, k,}) is an enlarged filter of X related to U(fi; t). 

□ 

Proposition 3.13. Let u. be a fuzzy filter of a BE-algebra X with degree (A, k). If the inequality 
x < y * z holds for any x,y,z G X , then jjl(z) > min{Kfi(y), \k, 2 u,(x)}. 
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Proof. Suppose that x < y * z for all x,y,z G X. Then x * (y * z) = 1 and hence we have 

/i(y * z) >/tmin{/i(x * (y * z)), /J,(x)} 

=/tmin{/i(l), fi(x)} 

>ranin{A/z(a;), /i(x)} 

=k\[i(x). 

It follows that 

/j,(z) >Kmm{n(y * z), /J,(y)} 

>Kicam{KXn(x), fi(y)} 

=ram{K,fj J (y) , k, 2 \u,(x)} 

for all x,y,z & X. D 

Corollary 3.14. Let fi be a fuzzy filter of a BE-algebra X with degree (A, k). If A = k and the 
inequality x < y * z holds for any x,y,z G X, then 

/j,(z) > min{A/i(|/), X 3 fi(x)} 

for all x,y,z G X. 

Corollary 3.15. Let fi be a fuzzy filter of a BE-algebra X . If the inequality x < y * z holds for 
any x,y,z G X , then 

fi(z) > min{u.(y),u.(x)} 
for all x,y,z G X. 

4. Fuzzy implicative filters of .BE'-algebras with degrees in (0, 1] 

Definition 4.1. A non-empty subset F of a BE- algebra X is called an implicative filter of X if 
it satisfies (Fl) and 
(F3) x * (y * z) G F and x *y G F imply x * z G F 

for all x,y,z G X. 

Example 4.2. Consider a i?.E-algebra X = {1, o, b, c, d, 0} which is given Example 2.2. It is 
easy to see that the set F :— {1, a, b} is an implicative filter of X. 

Note that every implicative filter of a 5i?-algebra X is a filter of X. 

Definition 4.3. A fuzzy subset fi of a 5i?-algebra X is called a /n^y implicative filter of X if 
it satisfies (dl) and 

(d3) u,(x * z) > min{/i(x * (y * z)), fi(x * y)} 
for all x,y,z G X. 

Definition 4.4. Let F be a non-empty subset of a Z?i?-algebra X which is not necessary an 
implicative filter of X. We say that a subset G of X is an enlarged implicative filter of X related 
to F if it satisfies: 

1461 
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(1) F is a subset of G, 

(2) 1 G G, 

(3) (Vx, y,z E X)(x* (y * z) E F and i*|/6Fi>a;«6G). 

Obviously, every implicative filter is an enlarged implicative filter of a BE-algebra X related to 
itself. Note that there exists an enlarged implicative filter of X related to any non-empty subset 
F oiX. 

Example 4.5. Consider a -Bi^-algebra X = {1, a, b, c, d, 0} which is given in Example 2.2. Note 
that F := {l,o} is not both a filter and an implicative filter of X. Then G := {l,a, 6, c} is an 
enlarged implicative filter of X related to F. 

Proposition 4.6. Let F be a non-empty subset of a BE-algebra X . Every enlarged implicative 
filter of X related to F is an enlarged filter of X related to F. 

Proof. Let G be an enlarged implicative filter of X related to F . Putting x — 1 in Definition 
4.4(3) and use (BE3), we have 

(Vy, z E X)(l * (y * z) = y * z E F and l*y = yEF^l*z = zEG). 

Hence G is an enlarged filter of X related to F. □ 

The converse of Proposition 4.6 is not true in general as seen in the following example. 

Example 4.7. Let X := {l,a,b,c} be a BE-algebr&([3}) in which the *-operation is given by 
the following table: 
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Let F := {1} and G := {l,c}. Then G is an enlarged filter of F but it is not an enlarged 
implicative filter of F since b * (a * c) = 1 E F, b * a = 1 E F and b * c = a ^ G. 

Definition 4.8. A fuzzy subset // of a BE-algebra X is called a fuzzy implicative filter of X with 
degree (A, «) if it satisfies Definition 3.5(1) 

(2) (Wx,y,z E X)(u,(x * z) > Kmm{fi(x * (y * z)),u.(x * y)}). 

Note that if A ^ K, then a fuzzy implicative filter with degree (A, k) may not be a fuzzy 
implicative filter with degree (k, A), and vice versa. Obviously, every fuzzy implicative filter is a 
fuzzy implicative filter with degree (A, k), but the converse may not be true. 

Example 4.9. Consider a BE-algebra X = {1, a, b, c, d, 0} which is given in Example 2.2. Define 
a fuzzy subset (x : X — >■ [0, 1] by 

a b c d 



l ' l 0.7 0.8 0.8 0.4 0.5 0.4 

1462 



Young Bae Jun and Sun Shin Ahn 

Then u, is a fuzzy implicative filter of X with degree (|, |), but it is neither a fuzzy filter of X 
nor a fuzzy implicative filter of X with degree (§, §) since 

/i(l) = 0.7^ ju(o) = 0.8 

and 

/i(l * 0) = //(0) = 0.4 ^0.42 = - x 0.5 = - x u.(d) 

6 6 

5 

= - x min{/i(l * (a * 0) = /i(cf), /x(l * a) = /i(a)}. 
6 

Obviously, every fuzzy implicative filter of a i?i?-algebra X is a fuzzy implicative filter of X 
with degree (A, «), but the converse may not be true. In fact, the fuzzy implicative filter // of 
X with degree (|, |) in Example 4.9 is not a fuzzy implicative filter of X. Note that a fuzzy 
implicative filter with degree (A, k) is a fuzzy implicative filter if and only if (A, k) = (1, 1). 

Proposition 4.10. If fi is a fuzzy implicative filter of a BE-algebra X degree (A, k), then u. is 
a fuzzy filter of X with degree (X,k). 

Proof. Putting x :— 1 in Definition 4.8(2), we have 

u,(z) = /x(l * z) >/tmin{/i(l * (y * z)),/j,(1 * y)} 
=K,mm{u,(y*z),u,(y)} 

for any y, z G X. Thus \x is a fuzzy filter of X with degree (A, k). □ 

The converse of Proposition 4.10 is not true in general as seen in the following example. 

Example 4.11. Consider a BE- algebra X = {1, a, b, c} which is given in Example 4.7. Define a 
fuzzy subset /i : X — > [0, 1] by 

1 a b c 



'' \0.6 0.3 0.3 0.7 

•3 4 



Then // is a fuzzy filter of X with degree (1,1), but it is neither a fuzzy filter of X nor a fuzzy 



implicative filter of X with degree (|, |) since 

/i(l) = 0.6 ^ jk(c) = 0.7 

and 

4 4 

^{b * c) = u,(a) = 0.3 ^0.34 = - x 0.6 = - x ^(1) 

4 
= - x min{ / u(6 * (a * c)) = u,(l), u,(b * a) = //(l)}. 

Proposition 4.12. Every fuzzy implicative filter of a BE-algebra X with degree (A, k) satisfies 
the following assertions. 

(i) (\/x,yeX)(u,(x*y)>\Ku,(y)). 
(ii) (\fx,y e X)(x <y^ n(y) > \ku.(x)). 

1463 
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Proof. It follows from Proposition 3.7 and Proposition 4.10. □ 

Corollary 4.13. Let fi be a fuzzy implicative filter of a BE-algebra X with degree (X,k). If 
X — K, then 

(i) (Vx,yeX)(fi(x*y)>\ 2 fi(y)). 
(ii) {Vx,ye X){x<y^ fi{y) > X 2 fi(x)). 

Proposition 4.14. Let fi be a fuzzy implicative filter of a BE-algebra X with degree (X,k). 
Then the following are hold: 

(i) Wx,y G X)(u,(x * y) > \ku.(x * (x * y)))- 
(ii) (Vx,y,z G X)(u,(y*z) > XK 2 min{fi(x* (y * (y * z))) , fi(x)}) . 

Proof, (i) Assume that \x is a fuzzy implicative filter of a BE-algebra X with degree (A, k). 
Putting z := y,y := x in Definition 4.8(2), we have 

n(x * y) >K,mm{fi(x * (x * y)), ji{x * x)} 

=/tmin{/i(x * (x * y)), fi(l)} 

>K,mm{/i(x * (x * y)), A/i(x * (x * y))} 

=n\fj J (x * (x * y)) 

for all x, y G X. Thus (i) holds. 

(ii) Since /i is a fuzzy filter of X with degree (A, k) and using (i), we have 

/j,(y*z) >\Ku,(y* (y*z)) 

>\K 2 min{n(x * (x * (y * z))), fx(x)} 

for any x,y,z G X. Hence (ii) holds. 

□ 

Corollary 4.15. Let fi be a fuzzy implicative filter of a BE-algebra X with degree (A, k). If 
A = k, then 

(i) {\fx,y eX)(fi(x*y) > X 2 fi(x * (x * y))). 
(ii) (Vx,y,z G X)(u,(y * z) > K 3 min{/i(x* (y * (y * z))) , u,(x)}) . 

Proposition 4.16. Let X be a self distributive BE-algebra X. Then fi is a fuzzy filter of X 
with degree (A, k) if and only if it is a fuzzy implicative filter of X with degree (A, k). 

Proof. Proposition 4.10, a fuzzy implicative filter of a BE-dlgehra, X with degree (A, k) is a fuzzy 
filter of X with degree (A, k). 

Conversely, assume that /i is a fuzzy filter of a .BE'-algebra X with degree (A, k). Since X is a 
self distributive .Bi^-algebra, we have 

ji{x * z) >Kmin{fi((x * y) * (x * z)), fi(x * y)} 
=/tmin{/i(x * (y * z)), u,(x * y)} 
for any x,y,z G X. Hence X is a fuzzy implicative filter of X with degree (A, k). □ 
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Denote by J-'i(X) the set of all implicative niters of a BE- algebra X. Note that a fuzzy subset 
H of a BE-algebra X is a fuzzy implicative filter of X if and only if 

(WG[0,l])(%t)GJ;(I)UM). 

But we know that for any fuzzy subset [i of a L?.E-algebra X there exist A,k6 (0, 1) and t G [0, 1] 
such that 

(1) /i is a fuzzy implicative filter of X with degree (A, k), 

(2) C/0M) £ -F/PO U {0}. 

Example 4.17. Let X := {1, a, 6, c} be a set in which the *-operation is given by the following 
table: 
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Then X is self distributive BE-algebra. Define a fuzzy subset \x : X — \ [0, 1] by 

1 a 6 c 



/( \0.4 0.3 0.2 0.6 

If t E (0.4, 0.6], then U(/u,; t) = {1, c} is not an implicative filter of X since 1 * (c* a) = 1 G {1, c}, 
and 1 * c G {1, c} but l*a = a^{l,c}. But /i is a fuzzy implicative filter of X with degree 
(0.4,0.6). 

Theorem 4.18. Let fi be a fuzzy subset of a BE-algebra X. For any t G [0,1] with t < 
max{A,/t}, ifU(u,;t) is an enlarged implicative filter of X related to U(/i; ma J x K i ) , then u, is a 
fuzzy implicative filter of X with degree (X,k). 

Proof. Assume that /x(l) < t < \u,(x) for some i6l and t G (0, A]. Then fx{x) > | > max r A K | 
and so x G f/(/i; max | AK | ), i.e., f/(/i; max | A K i ) 7^ 0- Since £/(/i; t) is an enlarged filter of X related to 
U(n; max ( AK | ); we have 1 G £/(/i; t), i.e., /i(l) > t. This is a contradiction, and thus /i(l) > \u.(x) 
for all rr G X. 

Now suppose that there exist a,b,c G X such that fi(a * c) < /tmin{/i(a * (6 * c)), fi(a * b)}. If 
we take t := /tmin{/i(a * {b * c)),fi(a * b)}, then t G (0, «;] C (0,max{A, k}]. Hence a * {b * c) G 
Ufa {) C [/(^u; ^^) and a * 6 G f/(/i; ^) C C/^; ^^y). It follows from Definition 4.8(2) 
that a * c G £/(//; t) so that ^(o * c) > t, which is impossible. Therefore 

/j,(x * z) > Kmm{/j,(x * (y * z)), n(x * y)} 

for all x,y,z G X. Thus u- is a fuzzy implicative filter of X with degree (A, k). □ 

Corollary 4.19. Let /i be a fuzzy subset of a BE-algebra X. For any t G [0, 1] with t < -, 
ifU(fi;t) is an enlarged implicative filter of X related to U(fi; |t), then \x is a fuzzy implicative 
Glter of X with degree ' '"' l; '• 



•n> n> 
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Theorem 4.20. Let t G [0, 1] be such that U(fi; t)(^ 0) is not necessary an implicative filter of 
a BE-algebra X. If fi is a fuzzy implicative filter of X with degree (A, k), then U(n; tmin{\, k,}) 
is an enlarged implicative filter of X related to U(fi; t). 

Proof. Since £min{A, k] < t, we have U(u.;t) C U(/i;tm.m{\, k}). Since U(/j,;t) ^ 0, there exists 
x G U(/j,;t) and so /j,(x) > t. By Definition 4.8(1), we obtain /i(l) > \ji{x) > \t > tmin{A, k}. 
Therefore 1 G U(fi;tmin{\, k,}). 

Let x, y, z G X be such that x * (y * z) G U(fi; i) and x * y G U(fi; t). Then fi(x * (y * z)) > t 
and n(x *y) >t. It follows from Definition 4.8(2) that 

/j,(x * z) >Kmm{n(x * (y * z)),/j,(x * y)} 

>Kt > tmin{A, k}. 

so that x * z G U(u.;tmm{\, k}). Thus U(/i; imin{A, k}) is an enlarged implicative filter of X 
related to U(/j,;t). □ 
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Abstract. In this paper, we prove the Hyers-Ulam stability of an additive-quadratic functional 
equation in paranormed spaces. 
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1. Introduction and preliminaries 

The concept of statistical convergence for sequences of real numbers was introduced by Fast [9] and 
Stcinhaus [35] independently and since then several generalizations and applications of this notion 
have been investigated by various authors (see [10, 19, 22, 23, 33]). This notion was defined in normed 
spaces by Kolk [20]. 

We recall some basic facts concerning Frechet spaces. 

Definition 1.1. [37] Let X be a vector space. A paranorm P : X — >• [0, oo) is a function on X such 
that 

(1)P(0)=0; 

(2) P(-x) = P(x) ; 

(3) P(x + y) < P(x) + P(y) (triangle inequality) 

(4) If {£„} is a sequence of scalars with t n — > t and {x n } C X with P(x n — x) — >• 0, then 
P(t n x n — tx) — > (continuity of multiplication). 

The pair {X, P) is called a paranormed space if P is a paranorm on X. 
The paranorm is called total if, in addition, we have 

(5) P{x) = implies x = 0. 

A Frechet space is a total and complete paranormed space. 

The stability problem of functional equations originated from a question of Ulam [36] concerning the 
stability of group homomorphisms. Hyers [13] gave a first affirmative partial answer to the question 
of Ulam for Banach spaces. Hyers' Theorem was generalized by Aoki [2] for additive mappings 
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and by Th.M. Rassias [27] for linear mappings by considering an unbounded Cauchy difference. A 
generalization of the Th.M. Rassias theorem was obtained by Gavruta [12] by replacing the unbounded 
Cauchy difference by a general control function in the spirit of Th.M. Rassias' approach. 

In 1990, Th.M. Rassias [28] during the 27* ft International Symposium on Functional Equations 
asked the question whether such a theorem can also be proved for p > 1. In 1991, Gajda [11] 
following the same approach as in Th.M. Rassias [27], gave an affirmative solution to this question 
for p > 1. It was shown by Gajda [11], as well as by Th.M. Rassias and Semrl [32] that one cannot 
prove a Th.M. Rassias' type theorem when p = 1 (cf. the books of P. Czerwik [5], D.H. Hyers, G. 
Isac and Th.M. Rassias [14]). 

In 1982, J.M. Rassias [25] followed the innovative approach of the Th.M. Rassias' theorem [27] in 
which he replaced the factor ||x|| p + \\y\\ p by ||a;|| p • \\y\\ q for p,g€R with p + q ^ 1. 

The functional equation 

f(x + y) + f(x-y) = 2f(x) + 2f(y) 

is called a quadratic functional equation. In particular, every solution of the quadratic functional 
equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for the quadratic func- 
tional equation was proved by Skof [34] for mappings / : X —¥ Y, where A is a normed space and Y 
is a Banach space. Cholewa [3] noticed that the theorem of Skof is still true if the relevant domain 
A is replaced by an Abelian group. Czerwik [4] proved the Hyers-Ulam stability of the quadratic 
functional equation. The stability problems of several functional equations have been extensively 
investigated by a number of authors and there are many interesting results concerning this problem 
(sec [1, 8, 15, 17, 18, 24, 26], [29]-[31]). 

Throughout this paper, assume that (A, P) is a Frechet space and that (Y, || • ||) is a Banach space. 

In this paper, we prove the Hyers-Ulam stability of the following additive-quadratic functional 
equation 

2/ (^) + /(^) + /(^) =/<„ + /<„> (I.I) 

in paranormed spaces. 

One can easily show that an odd mapping / : A — > Y satisfies (1.1) if and only if the odd mapping 
mapping / : A — > Y is an additive mapping, i.e., 

2/(^) =/(*) + /(»)■ 

One can easily show that an even mapping / : X — > Y satisfies (1.1) if and only if the even mapping 
/ : X — } Y is a quadratic mapping, i.e., 

2/(^) + 2/ (^) = /(*) + /(„). 

2. Hyers-Ulam stability of the functional equation (1.1): an odd mapping case 

For a given mapping /, we define 

Df{z,y): = 2/ (^) + /(^)+/(^) -/(*)-/(„). 

In this section, we prove the Hyers-Ulam stability of the functional equation Df(x,y) = in 
paranormed spaces: an odd mapping case. 
Note that P(2x) < 2P(x) for all x £ Y. 
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Theorem 2.1. Let <f> : Y — > [0, oo) fee a function such that 

oo 

/or all x,y G y. £e£ f :Y —¥ X be an odd mapping such that 

P(Df(x,y))<<j>(x,y) (2.1) 

/or all x,y G y. TTien £/iere exists a unique additive mapping A : Y — > X such that 

P(f(x)-A(x))<n(x,0) (2.2) 

for all x € Y . 
Proof Considering / as an odd mapping, we have 

P (if ( X -^\ f{x) f(y)) < <f>(x, y) (2.3) 



for all x, y G 


Y. 




















Letting y 


= 


in 


(2 


•3) 


, we 


get 


-*(?)) 


< 


0(ar, 


o; 


for all i,i/£ 


Y. 




















Hence 
































ph. 


"/(£)- 2" 


•' V2™// 


< 


m— 1 

E 


2-' 



|,0) (2.4) 

holds for all non-negative integers n and m with m > n and all a; G y. It follows from (2.4) that the 
sequence {2 fe /(^)} is a Cauchy sequence for all x G Y. Since X is complete, the sequence {2 fc /(^)} 
converges. So the mapping A : Y — > X can be defined as 

x 
.2*- 
for all x G y. 
By (2.1), 



A(x) := lim 2 fe .f f- 



P(ZM(,, y)) = lim P ( 2 *D/ (£, * )) < Jim 2^ (J, £) = 

for all x,y G Y. So DA(x,y) = 0. Since / : V — > X is odd, A : y — >• X is odd. So the mapping 
A : y — >• X is additive. Moreover, letting n = and passing the limit to — >• oo in (2.4), we get (2.2). 
So there exists an additive mapping A : Y — >• X satisfying (2.2). 

Now, let T : Y — > X be another additive mapping satisfying (2.2). Then we have 

P(A(X)-T{x)) = P(2M(^)-2«T(| 

<- '(»(*(Z)-f(m+ p ("( T (Z)-f(* 

< 2x2%(^,0), 

which tends to zero as q — ¥ oo for all i6 7. So we can conclude that A(x) — T(x) for all x G Y . This 
proves the uniqueness of A. Thus the mapping A : Y — > X is the unique additive mapping satisfying 

(2.2). □ 



1469 



T.M. Kim, C. Park, S.H. Park 

Corollary 2.2. Let r,9 be positive real numbers with r > 1, and let f : Y — > X be an odd mapping 
such that 



P(Df(x,y))<9(\\x\\ r + \\y\n 
for all x,y G Y . Then there exists a unique additive mapping A : Y — > X such that 

P(f(x) - A(x)) < ^-^6\\x\\ r 
for all x G Y . 

Proof Letting <j>(x,y) := #(||a;|| r + \\y\\ r ) in Theorem 2.1, we obtain the result. 
Theorem 2.3. Let (j> : X — >• [0, oo) be a function such that 

n(x, y) := ^2 —<p (2 J x, 2 3 y) < oo 

for all x,y G X . Let f : X — > Y be an odd mapping such that 

\\Df(x,y)\\<4>(x,y) 
for all x,y G X . Then there exists a unique additive mapping A : X — > Y such that 

\\f(x)-A(x)\\<ir(x,0) 
for all x G X . 



Proof. Considering / as an odd mapping, we have 

' x + y 



2/ 



- /(*) - f(y) 



< <t>{x,y) 



for all x,y G X. 

Letting y — and replacing x by 2x in (2.8), we get 



\2f(x)-f(2x)\\<<t>(2x,0) 



for all x,y G X. 
Hence 



^-f{2 n x) - ^-f{2 m x) 



m — 1 



^E^o^Vo) 



j=n 



(2.5) 



D 



(2.6) 
(2.7) 



(2.8) 



(2.9) 



holds for all non-negative integers n and m with m > n and all x G X. It follows from (2.9) that 
the sequence {^kf(2 k x)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
{^r/(2 fc x)} converges. So the mapping A : X ^ Y can be defined as 



^(x) := lim Xf(2 k x) 



for all x G X. 
By (2.6), 



||Di4(a;,y)||= lim 

/c— »-oo 



¥ Df(2 k x,2 k y) 



1 



< lim -^(2 fe a;,2 fc y)=0 



for all x,y E X, and -DA(a;, y) = follows. Also, since / : X — >• Y is odd, A : X — >• Y is odd. So the 
mapping A : X — > Y is additive. Moreover, letting n — and passing the limit m — > oo in (2.9), we 
get (2.7). So there exists an additive mapping A:X^rY satisfying (2.7). 
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Now, let T : X — > Y be another additive mapping satisfying (2.7). Then we have 
\\A(x)-T(x)\\ 

1 



— A(2 q x)-— T(2 q x) 
2 «j v ) 2<i y ' 



< 



2" 



(A(2«x)-f(2«x)) 



1 



(T(2V)-/(2^)) 



< 2x-7r(2^,0), 



which tends to zero asi|->oo for all x £ X. So we have A(x) = T(x) for all x £ X. This proves the 
uniqueness of A. Thus the mapping A : X — > Y is the unique additive mapping satisfying (2.7). □ 

Corollary 2.4. Let r,6 be positive real numbers with r < 1, and let f : X —$■ Y be an odd mapping 
such that 



\\Df(x,y)\\<9(P(xY + P(yY) 
for all x,y G X . Then there exists a unique additive mapping A : X — > Y" such that 



(2.10) 



||/(x)-^(x)||< 



2 r 



2-2 r 



9P(x) r 



for all x (z X . 

Proof. Letting <fi(x,y) := 8(P(x) r + P(y) r ) in Theorem 2.3, we obtain the result. □ 

3. HYERS-ULAM STABILITY OF THE FUNCTIONAL EQUATION (1.1): AN EVEN MAPPING CASE 

In this section, we prove the Hyers-Ulam stability of the functional equation Df(x,y) = in 
paranormed spaces: an even mapping case. 
Note that P(2x) < 2P(x) for all x £ Y. 

Theorem 3.1. Let <f> : X — >• [0, oo) be a function such that 

n( x > y) '■= X! ji^ ( 2Ja; ' 23y ) < +o ° 



A? 

for all x,y £ X . Let f : X — > Y" be an even mapping such that /(0) = and 

\\Df(x,y)\\ <<t>(x,y) 
for all x,y £ X . Then there exists a unique quadratic mapping Q : X — > Y such that 

\\f(x)-Q(x)\\<7r(x,0) 
for all x £ X . 

Proof. Letting y = in (3.1), we get 

||4/(!)-/(x)||<#r,0) 

for all x € X. 

Replacing x by 2^ +1 x in (3.3), we get 

||4/ (2 j x) - f (y +1 x) || < <j> (2 3+1 x,Q) 

for all x € X. Hence 

1 m 

11-/(2™^) --/(2»») || < Yl Ti*V'- 



(3.1) 
(3.2) 

(3.3) 



j=n+l 



^4>[2 J .r.{)) 



(3.4) 
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for all non- negative integers n and m with m > n and all x G X. 

It follows from (3.4) that that the sequence { jt/ (2 fc x)} is a Cauchy sequence for all x € X. Since 

Y is complete, the sequence {j^/ (2 fc x)} converges. So one can define the mapping Q : X —$■ Y by 

1 

fe^ri 4 fe ■ 

for all a; € X. 

By (3.1), 

||£Q(x,y))|| = km \\±Df (2 k x,2 k y) \\ < km -U (2 k x, 2 k y) = 

for all x, y € X. So DQ{x 1 y) = 0. Since / : X — > y is even, Q : X — >• F is even. So the mapping 
Q : X — > V is quadratic. Moreover, letting n = and passing the limit m — > oo in (3.4), we get (3.2). 
So there exists a quadratic mapping Q : X — > Y satisfying (3.2). 

Let T : X — >• V be a quadratic mapping satisfying (3.2). Since T satisfies 4T (|) = T(x), we have 
T(x) = ±T (2«x) for all integer q. Hence 

||0(x)-t(x)|| = ||1q( 2 %)- It (2^)11 

< || 1 (Q (2%) - / (2«x)) || + || 1 (T (2%) - / (2«*)) || 

< 2xli(2%,0), 

which tends to zero as q — > oo for all i£l. So Q(x) = T(x) for all x G X. This proves the uniqueness 
of Q. Thus the mapping Q : X — > Y is the unique quadrative mapping satisfying (3.2). □ 

Corollary 3.2. Let r,6 be positive real numbers with r < 2, and let f : X -^ Y be an even mapping 
such that / (0) = and 

\\Df(x,y)\\<e(P(xY + P(y) r ) 

for all x,y £ Y . Then there exists a unique quadrative mapping Q : X —$■ Y such that 

Wm-QWW^^ePixy 

for all x € Y . 

Proof. Letting <p(x, y) := 6(P (x) r + P (y) r ) in Theorem 3.1, we obtain the result. □ 

Theorem 3.3. Let <f> : Y — >• [0, oo) be a function such that 



r(x,y):=^4>(J,^) < +oo 



3=0 

for all x,y G Y. Let f : Y — > X be an even mapping such that /(0) = and 

P(Df(x,y))<<j>(x,y) (3.5) 

for all x,y € Y. Then there exists a unique quadratic mapping Q : Y — > X such that 

P(f(x)-Q(x))<7r(x,0) (3.6) 

for all x € Y . 
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Proof. Letting y = in (3.5), we get 

P (4/ (!)-/(*)) <0(s,O) (3-7) 



■ all x e y. 




Replacing a; by |j- 


in (3.7), we get 




p MJn)-'(Z))s*&° 


• all x <G y. Hence 






771 — 1 



|,0) (3.8) 

for all non- negative integers n and to with m > n and all x G y. 

It follows from (3.8) that that the sequence {4 fc / (■§;)} is a Cauchy sequence for all x G y. Since X 

is complete, the sequence {4 fe / (p-)} converges. So one can define the mapping Q : Y — >• X by 

Q(x) := lim 4 fe / (J 

fc— >oo \ Z 

for all x E Y. 

By (3.5), 



x 

.29 



P Wl ,))) B kp(4'D/(J,|))<^(^)=0 

for all x,y E Y. So DQ(x,y) = 0. Since / : y — > X is even, Q : y — >• X is even. So the mapping 
Q : Y — >• X is quadratic. Moreover, letting n = and passing the limit m — > 00 in (3.8), we get (3.6). 
So there exists a quadratic mapping Q : Y — > X satisfying (3.6). 

Let T : Y — >• X be a quadratic mapping satisfying (3.6). Since T satisfies AT (|) = T(x), we have 
T(x) = 4«T (§) for all integer g. Hence 

P(Q(x)-T(x)) = p(4«Q(^)-4«T(^)) 

< 2x4%(^,0), 

which tends to zero as g — > 00 for all i£l. So Q(x) = T(x) for all x G X. This proves the uniqueness 
of Q. Thus the mapping Q : Y — > X is the unique quadrative mapping satisfying (3.6). □ 

Corollary 3.4. Let r,6 be positive real numbers with r > 2, and let f : X — > Y be an even mapping 
such that /(0) = and 

P(Df(x,y))<d(\\x\\ r + \\y\\ r ) 

for all x,y G Y . Then there exists a unique quadrative mapping Q : Y — > X such that 

P(f(x) - Q(x)) < 2^4*IMr 

for all x G y . 

Proof. Letting <f>{x,y) := 6*(||x|| r + \\y\\ r ) in Theorem 3.3, we obtain the result. □ 

Let fo(x) := 2 ^ an( i fe{%) := 2 — . Then /„ is odd and / e is even. /„, / e satisfy the 

functional equation (1.1) if and only if / does. 
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Theorem 3.5. Let r, be positive real numbers with r > 2. Let f : Y — > X be a mapping satisfying 
/(0) = and (2.5). Then there exist an additive mapping A : Y — > X and a quadratic mapping 
Q : Y — > X such that 

P (2f(x) - A(x) Q(x)) < (J?^ + J^l) e\\x\\ r 

for all x € Y . 

Theorem 3.6. Let r,6 be positive real numbers with r < 1. Let f : X — > Y" be a mapping satisfying 
/(0) = and (2.10). Then there exist an additive mapping A : X — >• Y and a quadratic mapping 
Q : X — *• Y such that 

\\2f(x) A(x) Q(x)\\ < (J^ + £^j 9P(x) r 

for all x € X . 
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Abstract 

In the present paper we establish several fuzzy differential subordinations regardind the operator RD™ a , 
given by RD^ a : A n -> A„, RD% a f{z) = (l-a)R m f(z)+aD% f(z), where R m f(z) denote the Ruscheweyh 
derivative, D™f(z) is the generalized Salagean operator and A n — {/ £ TL(U), f(z) — z+a n +iz n+1 +. . . , z € 
U} is the class of normalized analytic functions with Ai — A. A certain fuzzy class, denoted by TZV^ (8, A, a) , 
of analytic functions in the open unit disc is introduced by means of this operator. By making use of the 
concept of fuzzy differential subordination we will derive various properties and characteristics of the class 
TZT>m (8, A, a) . Also, several fuzzy differential subordinations are established regarding the operator RD™ a . 

Keywords: fuzzy differential subordination, convex function, fuzzy best dominant, differential operator, gen- 
eralized Salagean operator, Ruscheweyh derivative. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

One of the most recently study methods in the one complex variable functions theory is the admissible 
functions method known as "the differential subordination method" introduced by S.S. Miller and P.T. Mocanu 
in [11], [12] and developed in [13]. The application of this method allows to one obtain some special results and 
to prove easily some classical results from this domain. More results obtained by the differential subordinations 
method are differential inequalities. From the development of this method has been written a large number of 
papers and monographs in the one complex variable functions theory domain. 

A justification of the introduction of the differential subordinations theory was presented in [14], "knowing 
the properties of differential expression for a function we can determine the properties of that function on a 
given interval." By publication of the papers [14] and [15] the authors wanted to launch a new research direction 
in mathematics that combines the notions from the complex functions domain with the fuzzy sets theory. 

In the same way as mentioned, the author can justify that by knowing the properties of a differential 
expression on a fuzzy set for a function one can be determined the properties of that function on a given fuzzy 
set. The author has analyzed the case of one complex functions, leaving as "open problem" the case of real 
functions. 

The author is aware that this new research alternative can be realized only through the joint effort of 
researchers from both domains. The "open problem" statement leaves open the interpretation of some notions 
from the fuzzy sets theory such that each one interpret them personally according to their scientific concerns, 
making this theory more attractive. 

The notion of fuzzy subordination was introduced in [14]. In [15] the authors have defined the notion of 
fuzzy differential subordination. In this paper we will study fuzzy differential subordinations obtained with the 
differential operator defined in [4]. 

Denote by U the unit disc of the complex plane, U = {z e C : \z\ < 1} and H(U) the space of holomorphic 
functions in U. 

Let A n = {/ e H(U) : f(z) = z + a n+1 z n+1 + ..., z e U} with A\=A and H[a, n) = {/ € H(U) : f(z) = 
a + a n z n + a n+1 z n+1 + . . . , z E U} for a e C and n e N. 

Denote by K. = < f £ A : Re Hrnty + 1 > 0, z € U > , the class of normalized convex functions in U. 



1476 



Alina Lupas: special fuzzy differential subordinations 



In order to use the concept of fuzzy differential subordination, we remember the following definitions: 

Definition 1.1 [10] A pair (A, Fa), where Fa ■ X — > [0, 1] and A = {x E X : < Fa{x) < 1} is called fuzzy 
subset of X . The set A is called the support of the fuzzy set (A, Fa) and Fa is called the membership function 
of the fuzzy set (A, Fa)- One can also denote A = supp(A, Fa). 

Remark 1.1 [8] In the development work we use the following notations for fuzzy sets: 
Ff{D) (/ (*)) =8upp{f (D) , F f{D y) = {zeD:0< F f{D) f (z) < 1}, 
F p (u)P(z) =supp(p(U),F p{uy ) = {z G U : < F p(u) (p(z)) < 1}. 

We give a new definition of membership function on complex numbers set using the module notion of a 
complex number z = x + iy, x,y E R, \z\ = \/x 2 + y 2 > 0. 

Example 1.1 Let F : C -> R+ a function such that F c (z) = \F (z)\, V z E C. Denote by F c (C) = {z E C : 
< F (z) < 1} = {z E C : < \F (z)\ < 1} =supp(C,Fc) the fuzzy subset of the complex numbers set. We call 
the subset Fc (C) = U?r (0, 1) the fuzzy unit disk. 

Definition 1.2 ([14]) Let D C C, zq E D be a fixed point and let the functions f,gE TL{D). The function f 
is said to be fuzzy subordinate to g and write f <p g or f (z) -<j? g (z) ; if are satisfied the conditions: 

V /Oo) = g{zo), 

2)F f{D) f{z)<F g(D) g{z),zED. 

Definition 1.3 ([15, Definition 2.2]) Let ip : C 3 x U — > C and h univalent in U, with ip (a,0; 0) = h (0) = a. If 
p is analytic in U , with p (0) = a and satisfies the (second- order) fuzzy differential subordination 

F4,(c3y.u)ip{p{z),zp' {z),z 2 p"{z);z) < F h(u) h{z), z E U, (1.1) 

then p is called a fuzzy solution of the fuzzy differential subordination. The univalent function q is called a 
fuzzy dominant of the fuzzy solutions of the fuzzy differential subordination, or more simple a fuzzy dominant, if 
F p (u)P( z ) ^ F q (rj\q(z), z E U , for allp satisfying (1.1). A fuzzy dominant q that satisfies Fg^q(z) < F q ^q{z), 
z E U, for all fuzzy dominants q of (1.1) is said to be the fuzzy best dominant of (1.1). 



Lemma 1.1 ([13, Corollary 2.6g.2, p. 66]) Let h E A and L[f](z) = G (z) = \j*h{t)dt, z E U. If 
Re (j^- + l) > -\, z G U, then L (/) = G G K. 

Lemma 1.2 ([16]) Let h be a convex function with h(0) = a, and let 7 G C* be a complex number with 
Re 7 > 0. If p E H[a, n] with p (0) = a, ip : C 2 x U — > C, tp (p (z) , zp' (z) ; z) = p(z) + -zp' (z) an analytic 
function in U and 

F 4,(C*y.u) \P{z) + -zp'(z) J < F h(u) h(z), i.e. p(z) + -zp'(z) -<? h(z), z Ell, (1.2) 

then F p{u) p{z) < F g(u) g(z) < F h{u) h{z), i.e. p(z) -<yr g(z) < r h(z), z EU, where g(z) = ^^ J Q Z h{t)t^/ n - 1 dt, 
z E U. The function q is convex and is the fuzzy best dominant. 

Lemma 1.3 ([16]) Let g be a convex function in U and let h(z) = g{z) + nazg'(z), z G U, where a > and n 
is a positive integer. 

Ifp(z) — g(0) +p n z n +p n +iz n+1 + . . . , z E U, is holomorphic in U and F p ^ (p(z) + azp'{z)) < Ff l nj^h(z), 
i.e. p{z) + azp'(z) <f h(z), z E U, then F p (jj^p{z) < F g ^u^g(z), i.e. p{z) <f g(z), z E U, and this result is 
sharp. 

We use the following differential operators. 

Definition 1.4 (Al Oboudi [9]) For f G A n , A > and n,m G N, the operator D™ is defined by D™ : A n — » A n , 

Dlf(z) = f(z) 

D\f(z) - (l-\)f(z) + \zf'(z) = D x f(z), ... 
D™ +1 f(z) = (l-\)D?f(z) + \z(DZf(z))' = D x (D?f(z)), zeU. 
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Remark 1.2 Iff € A n and f(z) = z + Yf% n+l o.jZ' , then D™f (z) = 2 + £~ n+1 I 1 + 0' ~ l ) A P a 3 z " ''> zeU - 

Remark 1.3 For A = 1 in the above definition we obtain the Salagean differential operator [18]. 

Definition 1.5 (Ruscheweyh [17]) For f e A n , n,m E N, the operator R m is defined by R m : A n — ► A n , 

R°f(z) = f(z) 
R}f{z) = zf'(z), ... 
(m + 1) R m+1 f (z) = z{R m f{z))' + mR m f{z), z e U. 

Remark 1.4 // / e A n , f(z) = z + £°L„ +1 a^ , then R m f (z) = z + £°l„+i C^^a.zJ , z e [/\ 

Definition 1.6 ([4]) Let a, A > 0, n, m e N. Denote by RD™ a the operator given by RD' Xa ■ A n — ► -An., 
^£ a /(*) = (l-a)^/(*) + a0A7(*). ^ eC/ - 

Remark 1.5 7/ / e -4„, /(z) = z + £jl„+i Oj^, ^en 

RDlJ{z) = z + E~ n+1 {a [1 + (j - 1) \} m + (1 - a) C^i-i) «M z e U. 

Remark 1.6 For a = 0, RD r x n f(z) = R m f{z), z e U, and for a = 1, RD^J (z) = D^f(z), z e U. 
For A = 1, we obtain RD™ a f (z) = L™f (z) which was studied in [1], [2], [5]. For m = 0, RD X a f (z) = 
(1 - a)R°f(z) + aD" x f(z) = f (z) = R° f (z) = D° x f(z), z e U. The operator 777)™ Q was studied in [3], [4], 
[6], [7]. 

2 Main results 

Using the operator RD x n a denned in Definition 1.6 we define the class T^D^ (5, A, a) and we study fuzzy 
subordinations. 

Definition 2.1 [8] Let f (D) =supp{f (D) ,F f{D) ) = {z € 7J : < F f(D) f (z) < 1}, w/iere F /(£ >)- is tfie 
membership function of the fuzzy set f (D) asociated to the function f. The membership function of the fuzzy 
set (nf) (7)) asociated to the function [if coincide with the membership function of the fuzzy set f (7?) asociated 
to the function f, i.e. F/„f\r D \((fj,f)(z)) — Fji D \f{z), z G D. The membership function of the fuzzy set 
(/ + g) (D) asociated to the function f + g coincide with the half of the sum of the membership functions of 
the fuzzy sets f (D), respectively g (D), asociated to the function f , respectively g, i.e. Ftf +g \m\ ((/ + g) (z)) = 

Ff (D) f(z) + F g{D) g(z) z ^ D 

Remark 2.1 [8] Ftf +g \t D \((f-\-g)(z)) can be defined in other ways. Since < Fft D \f(z) < 1 and < 
Fg{D)9 {z) < 1, it is evidently that < F(f+ g )(D) ((/ + g) (z)) < 1, z € D. 

Definition 2.2 Let S £ [0, 1), a, A > and n, m € N. A function f £ A n is said to be in the class TZ'D m (6, A, a) 
if it satisfies the inequality 

F {RD T< j)' { U){ RD tJ^))' '><*> ** U - (2- 1 ) 

Theorem 2.1 The set TZV^ (S, A, a) is convex. 

Proof. Let the functions fj(z) = z+ Y^jL n +i a 3k z ^ k = 1,2, z <G U, be in the class TZV^ l (S,\,a). It 
is sufficient to show that the function h (z) = r\\f\ (z) + 772/2 (z) is in the class 'R.T) m (S, A, a) , with r/i and 772 
nonncgative such that 771 + 772 = 1 • 

We have h! (z) = (mi/i + ^2/2)' (z) = M1/1 ( z ) + M2/2 ( z ), z elf, and 
(RDl) a h (Z))' - (RD^ (/ii/i + M2 / 2 ) («))' = Ml (iiDJ| Q /i («))' + ^2 (i?^a/2 («))'■ 

From Definition 2.1 we obtain that 

F {RD ta H)\u) (RD^Mz)) - f (RD ™ >l/l+ , /2) )' ([/) ^o (/il/l +M2/2) («))' - 

^(hds.^A+m.A)) '(CO (^ (^^^ (Z) )' + ^ 2 (^V* /2 (Z) )'^ 

2 
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2 ' ' 

Since hJ 2 G KV^ (5, A, a) we have 6 < F {rdtJi) , {u) (RD^Ji (zj)' < 1 and 6 < J^m^)'^ (RD^J 2 («))' 

rr ™ , * F K/ 1 )' m fe /lM ) l+f K ft )' m ( lifl "- / ' ( ' 1 ) 1 ^ T , k + • + w 

< 1, z G [/. Therefore <5 < -* — hs—L —A — ^s_^l < i anc i we obtain that 

8 < F/ RDm h y ( rp. ( RD 7 \ a h ( z )j < 1, which means that /i € TZX>m (<5, A, a) and TZV^ (S, A, a) is convex. ■ 

We highlight a fuzzy subset obtained using a convex function. Let the function h(z) = j^, z E U. After 
a short calculation we obtain that Re I z fe ',A^ + 1 ) = R e jz^ > 0, so /i G /C and ft, ([/) = {z G C : i?ez > 
0}. We define the membership function for the set h(U) as F h ( U - j (h(z)) — Reh(z), z G U and we have 
F h(u) h{z) =supp(ft, ([/) , F h(u) ) = {z G C : < F h(c0 (/i (z)) < 1} = {z G U : < Rez < 1}. 

Theorem 2.2 Let g be a convex function in U and let h(z) = g (z) + -A^zg' (z) , where z G U, c > 0. 
// / e ftX>„ (<5, A, a) and G (z) = I c (/) (z) = $£ / Q z £ c .f (t) dt, z G 17, i/ien 

V^W^^^)'^^), ie- (RDlJ{z))' <rh{z), z G U, (2.2) 

implies F/ RL)m G y ,„ I RD™ a G (z) I < F g (u^g(z), i.e. (RD™ a G (z)\ -<p g(z), z G £/, and iftis result is 
sharp. 

Proof. We obtain that 

z c+1 G(z) = (c + 2) / t c f(t)dt. (2.3) 



,/rj 

Differentiating (2.3), with respect to z, we have (c + 1) G (z) + zG' (z) = (c + 2) / (z) and 

(c + l)RDZ a G(z) + z(RD% a G(z))' = (c+2)RD% a f(z), z G U. (2.4) 

Differentiating (2.4) we have 

(RDZ a G (z))' + ^z (UD^G (z))" = (RDU (z))' , z € J7. (2.5) 

Using (2.5), the fuzzy differential subordination (2.2) becomes 

F R D Ta G(u) [{RDt a G (z))' + -^z (i?^ Q G (z))") < F s(c/) (g (z) + -^z.g' (z)) . (2.6) 

If we denote 

p(z) = {RD% a G(z))', zeU, (2.7) 

then p G H [l,n] . 

Replacing (2.7) in (2.6) we obtain F p{u) (p(z) + ^zp' {z)\ < F g{u) (g(z) + ^zg' (z)Y z G U. Using 

Lemma 1.3 we have F p ^p(z) < F g ^g(z) , z e U, i.e. F, RE)m G y (c/) \RD^ >a G (z)J ^ F g(U )g(z), z e U, and 

^ is the best dominant. We have obtained that I RD™ a G (z) 1 -<jr g (z) , z G U. ■ 



Theorem 2.3 Lei h (z) = 1+( 1 2 ^ 1)z , <5 G [0, 1) and c> 0. If a, A > 0, m G N and J c (/) (z) = |±| ^ t c f (i) dt, 
z G U, then 

I c \RV T m (5, A, a)] c -K£>£ (<5* , A, a) , (2.8) 

w/tere 5* - 26 - 1 + (c+2) ^ 2j) /? (^ _ 2 ) arl d /3 (x) - ^ g^dt. 

Proof. The function h is convex and using the same steps as in the proof of Theorem 2.2 we get from the 
hypothesis of Theorem 2.3 that -fp(tr) \P (z) + -^r^zp' (z) ) < F^uyh (z) , where p (z) is defined in (2.7). 
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Using Lemma 1.2 we deduce that F p ^u^p(z) < F g ( U - ) g{z) < F h (u)h(z) , i.e. F/ RE)m g)'(u) \RD™ a G(z)) < 

F g{u)9 (z) < F h{u) h(z) , where g (z) = -^ /* i^" 1 1 + i ^dt = (25 1) + (c+2) <^ 2a) £ ^dt. Since ff 
is convex and g (U) is symmetric with respect to the real axis, we deduce 



nz 



F {RD Za G)(u) (RDt a G{z))' > minF g{u) g(z) = F g{u) g(l) (2.9) 

and S* = g(l) = 25-l + ( C + 2 )&~ 2S ) @ (5±2 _ 2 ) . From (2.9) we deduce inclusion (2.8). ■ 

Theorem 2.4 Lei g be a convex function, g(0) = 1 and let h be the function h(z) = g{z) + zg'(z), z € U. If 
a, A > 0, n, m G N, / G .4„ and satisfies the fuzzy differential subordination 

F (RD T< J)' { U)( RD X,J( Z ))' ^ F HU)h(z), i.e. (RDlJ(z))' ^ h(z), z G U, (2.10) 

,i 7-i RD 1 ? n f(z) _-, / \ ■ RDZ 1 ~f(z) / N rr 7 ,7 - 7, - 7 

men rRD m f(u) 5 S ^g<u)9{Z), l - e - j ^ <?( z )i z € U, and this result is sharp. 

Proof. By using the properties of operator RD™ a , we have 
RDZJ(z) = z + E°l„+i {" [1 + (3 - 1) A] m + (1 -a) C" + ,-i} a^, z G [7. 

Consider „(*) = RD -f z) = ^^.H'WM^V = j + ^ n + p „ +lZ «+i + ..., z e £/. 
We deduce that p G 7i[l, n]. 

Let RD^J{z) = zp(z), z G U. Differentiating we obtain (rD^J{z)\ = p(z) + zp'(^), z € U. Then (2.10) 
becomes F p(;7) (p(z) + zp'(z)) < F h(u) h(z) = F 9(;7) ( 3 (z) + zg'(z)) , z G U. 

By using Lemma 1.3, we have F p ^p(z) < F g{u) g(z), z G U, i.e. F RD ™ f^ — A '° < Fg( U} g(z), z eU. 



We obtained that lRD™ a f(z) j -<^ /i(-z), z 6(7, and this results is sharp. ■ 

Theorem 2.5 Let h be an holomorphic function which satisfies the inequality Re I 1 + z ' ,V ) > —h, z € U, 
and h(0) = 1. // a, A > 0, n, m G N, / G .A n and satisfies the fuzzy differential subordination 

F {RD-J)\u) (RDZJ(z))' < F h(u) h(z) , i.e. (RD^J(z))' < r h(z), z G U, (2.11) 

i/ien Ffi£,m f(jj\ — ^ < F q nj\q(z), i.e. — — —^ -<j? q(z), z G U, where q(z) = — t In h(t)t"~ 1 dt. The 

function q is convex and it is the fuzzy best dominant. 

Proof. Let plz) = RD ^ f{z) = 2 +^r=~+i{ a l 1 +(J- 1 ) A r+(i-«)C +J - 1 }°^ J = 
1 + £°l„+i {a [1 + (j - 1) A] m + (1 - a) C^j-i} ajz"- 1 = 1 + £°l„ +1 ^-\ z G U, p G H[l,n]. 

Since Re (l + "uu V ) > — 1> z £ U, from Lemma 1.1, we obtain that q(z) = —^ J* h(t)t™~ 1 dt is a 
convex function and verifies the differential equation asscociated to the fuzzy differential subordination (2.11) 
q (z) + zq' (z) = h (z), therefore it is the fuzzy best dominant. 

Differentiating, we obtain I RD™ a f '(z) ) = p(z)+zp'(z), for z GU and (2.11) becomes F p ^ (p(z) + zp'(z)) < 

Fh(U)H z ), z G U. Using Lemma 1.2, we have F p{u) p{z) < F q{u) q{z), z G U, i.e. F RD ^ af(u) A ' z ° < 

F q r u \q(z), z G U. We have obtained that — ^f — - — <jr q(z), z G U. m 

Corollary 2.6 Let h(z) = jl~ a convex function in U, < /? < 1. // a, A > 0, n, m G N, / G yl„ and 

satisfies the fuzzy differential subordination 

F (RD Tia f)'(u) (RDZJ(z))' < F h(u) h(z) , i.e. (RD^J(z))' <r h(z), z G U, (2.12) 

then F RD m f(jj\ ^^ < F q aj\q(z), i.e. ^ -<jr q(z), z G U, where q is given by q(z) — 2/3 — 1 + 

— — ~Tp- f *i" +t dt, z G U. The function q is convex and it is the fuzzy best dominant. 
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Re 



Proof. We have h{z) = 1+( ^; 1)z with ft. (0) = 1, ft' (z) = z ^p and h" (z) = $^$, therefore 



(1+z) 

— p cos Q—ip sin fl \ 1 — p . ri . 1 

+p cos 0+ip sin 6 ) ~ l+2pcos0+p 2 ^ U ^ ~~ 2' 



Following the same steps as in the proof of Theorem 2.5 and considering p(z) = x ' a , the differential 



subordination (2.12) becomes F RD m ^/^n (p(z) + zp'(z)) < Fh{u)h{z), z € U. By using Lemma 1.2 for 7 

Jo 



1, we have F p{u) p(z) < F q{u) q(z), i.e. F RD ™ f^ A '° < F q{u) q(z) and g (z) 



hr ft Kty^dt = 






Example 2.1 Lei ft, (z) = jj^ a convex function in U with ft, (0) = 1 and Re ( z h i/*\ + 1 1 > —\. 

Let f (z) = z + z 2 , z E U. For n = 1, m = 1, A = \, a = 2, we obtain RD\ „f(z) = —R 1 f(z) + 

2D\f{z) = -zf{z) + 2(\f(z) + \zf{z)) = f{z) = z + z 2 ,zEU. Then (RD\ >2 f(z))' = f(z) = l + 2z 



and 



RD\ f(z) 



= 1 + z. We have q(z) = \ j Q j^dt = — 1 



21n(l + z) 



Using Theorem 2.5 we obtain 1 + 2z -<jr fx^, z E U, induce 1 + z -<f —1 -| ™ — 51 ; z E U. 



Theorem 2.7 Let g be a convex function such that g(0) = 1 and let h be the function h(z) = g(z)+zg'(z), z E U. 
If ce,\ > 0, n,m E N, / E A n and the fuzzy differential subordination Frjj™ f(u){ — ? — RDTa f ( z ) ~ 



(m + l)(2m + l) RD ^+l f{z)+ ^ RDTJ{z) _ 

q2_ (i-a) 2 ^ 

-D™f(z))<F h{u) h(z),i.e. 



q[(m+l)(m+2)-^] 



D^f(z) + 



fl [(m+l)(2m+l)-^] nm+ 



^r +1 /w- 



(m + rj(m + 2) Dnro+2 ., . (m+l)(2m + l) pnro+1 



[(m + l)(m + 2)- £] 2/ (z) + « 



WW + T ^Ea/W 



(m+l)(2m+l) - ^%^ 



^rvw 



m 2 ^^ 



-D?f{z)-<rh{z), zeU, (2.13) 

z 

holds, then Fr RDm ,y ( U \[RD\' a f{z)]' < F g (jj^g{z), i.e. \RD™ a f(z)]' -<,j? g{z), z E U. This result is sharp. 

Proof. Let 

p(*) = (i?^; Q / (z))' = (1 - a) (i? m /(z))' + a (£>?/(*))' (2-14) 

= 1 + ET=n+i {« [1 + (J - 1) A P + (1 - a) C^+^i} ia,-^'- 1 = 1 + Pn z n + Pn+1 z n+1 + .... We deduce that 
P EH[l,n]. 

By using the properties of operators RD™ a , R m and D™, after a short calculation, we obtain 

p (z) + Z P ' (z) = (m+1) i m+2) i?^»+ 2 / (z) - {rn+l){2m+l) RD rn+l f {z) + ™L RD ™J {z) _ 



a[(m+l)(m+2)- ^gj ^ m+2 , , v a[(m+l)(2m+l)- 2|1 > / ) ] ^ m+1 



2_(1-A)' 



^r/w 



Using the notation in (2.14), the fuzzy differential subordination becomes F p (jj) (p(z) + zp'(z)) < Ff l m\h(z) = 
^((7) (s(^) + ^'(z)). By using Lemma 1.3, we have F p(t/) p(z) < F g(t/) 3(z),z e C/, i.e. F RD ^ af{u) [RD^ a f{z)j 
— ^s(^)3( z )' z ^ ^> an( l ^ n ^ s resu lt is sharp. ■ 

zh" (z) 



Theorem 2.8 Let h be an holomorphic function which satisfies the inequality Re 

and h (0) = 1. If a, A > 0, n, to G N, / G .4„ and satisfies the fuzzy differential subordination 



h'(z) 



> -L z E u, 



F, 



RD™ a f(U) 



{ ( m+ l){m + 2) RD rn+2 f (j?) _ (m+l)(2m+l) fl£) m+l / (j?) + vLjUyn J {z ) - °[(">+D(^)- M £) m+2 / (z) 



I "[("+ 1 )( 2m + 1 )- g V 1 ] i:) m+l / / > 



2 (1-A)' 

a I m — - — -^- 



D^f(z))<F h{u) h(z), i.e. 



{m+^im+2) +2 (TO+l)(2TO+l) pnm+1 



[(m + l)(m + 2)-^] gTO+2/ + 



i?D™+7W + — RDlJ{z)- 



2(1-A) 



(to+1)(2to+1)-^9 



Dl i+1 f(z) 



1481 



Alina Lupas: special fuzzy differential subordinations 



to 2 -^ 



D?f(z)^h(z), zEU, 



(2.15) 



then F RD ™j(u)lRD^ a f(z)\ < F q ^ u) q(z). i.e. (RD x n a f(z)\ -<? q(z), z G U, where q is given by q(z) 
r /n h(t)t^~ l dt. The function q is convex and it is the fuzzy best dominant. 



n z 



Proof. Since Re 1 1 + \/A) ) > ~ §> z G U, from Lemma 1.1, we obtain that q(z) = — ^ J Q Z h(t)t n x dt is 
a convex function and verifies the differential equation asscociated to the fuzzy differential subordination (2.11) 
q (z) + zq' (z) — h(z), therefore it is the fuzzy best dominant. 

Using the properties of operator RD™ a and considering p(z) = ( RD™ a f (z) 1 , we obtain p(z) + zp'(z) = 



(m+l)(m+2) RD m+2 f ^ _ (m+l)(2m+l) RD ™+1 f ( z ) + raL RD nJ^_ 
ct[(m+l)(2m+l)- 2(1 2 X) 



q[(m+l)(m+2)-^j n ,„-2 



flr/w+ 



^ m+1 /w 



2_(1-A)' 
X 2 



DJ?/ (z) , z G U. 



Then (2.15) becomes i*p(r_/) (p(z) + zp'(z)) < F h (jj)h{z), z G EL Since p G W[l,n], using Lemma 1.2, we 
deduce F p(u) p{z) < F q{u) q{z), z G E/, i.e. F RD ^j {u) \RD™ a f{z)} < F q{u) q(z), z £ U. m 

Corollary 2.9 Lei L(z) = — Mp jz &e a convex function in U, where < (3 < 1. //a, A > 0, n, m G N, / G -4„ 

and satisfies the fuzzy differential subordination F R £>m f(u)( — 7^ — ^-^Ta f ( z ) ~~ — ^T^ — ^-^Ta f ( z ) 



a[(m+l)(m+2)-^ 



a[(m+l)(2m+l)-^] +1 



m ~-RDij{ Z )- ^-'7-'-?i fl^/( Z ) + " [im " inzm ; ij ^ ^^r +1 /(^- - — — ^™/(z)) 

< Fh(u)h{z), i.e. 



(to + 1) (to + 2) nm+2 (to + 1) (2m + 1) pnm+1 



a[(m + l)(TO + 2)-^] ^ +2/ ^ + « 



K/W + T ^A|a/(*)- 



(m + 1) (2m + 1) - ^^ 



DT +1 f(z)~ 



TO 2 -^ 



-D?f(z)^h(z), zEU, (2.16) 

i/ien F RDTaf(u) [RD^ a f{z)j < F q(u) q{z) , i.e. (#L>^ Q /(z)J -<? q(z), z G 17, w/iere g is graen oy q(z) = 
2/3 — 1 H — - — r^- J„ *" (it, z E U. The function q is convex and it is the fuzzy best dominant. 

Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z) = I RD™ a f (z) ) , the 
differential subordination (2.16) becomes ^(m (p(z) + zp'(z)) < Fh(u)h(z), z E U. By using Lemma 1.2 for 7 = 
1, we have F p([f) p(^) < F q{u) q(z), i.e. F( RD ™jy {u) \R D ™ a f ( z )) - F q(U)l( z ), i- e - \R D ZJ{ Z )) -<r q{z), 
and ?(«) = A- Jo Ht)t"^dt = ^x /* ^- I l+( 1 2 ^7 1)t dt = 2/3-1+ "^ J? *^dt, z G (7. ■ 



Example 2.2 Lei ft, (z) = j— - a convex function in U with h (0) = 1 and Re ( ',,,^ + 1 ) > — ^ 

Lei / (z) = z + z 2 , z E U. For n — 1, to = 1, A = 2 > a — 2, we obtain RD\ f (z) = —R 1 f(z) + 

2D1 / (z) = -z/' (z) + 2 (§/ (z) + iz/' (z)) = / (z) = z + z 2 and (n + 1) 71DJ+V (*) - (n - 1) i?£>5J >a / (z) - 

a (n + 1 - i) [L>™ +1 / (z) - L>™/ (z)] = 2RD\ J (z) = -2 + 2z, where RD\ J (z) = -R 2 f (z) + 2D? / (z) = 

- (1 + 3z 2 ) + 2 {\z + |z 2 ) = -1 + z. W^e hale q{z) = \ f* ±*dt = -1 + 2 ^ l + z \ 

Using Theorem 2.8 we obtain —2 + 2z -<jr jyt, z E U, induce z + z 2 -<jf —1 H ^ — —, z E U. 
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Abstract 

In this paper we establish several fuzzy differential subordinations regardind the operator defined as 
Hadamard product of Salagean operator S m and Ruscheweyh derivative R m , denoted SR m , given by SR m : 
A-> A, SR m f (z) = (S m * R m ) f (z) and A n = {/ £ H(U), f(z) = z + a n+1 z n+1 + ..., z £ U} is the 
class of normalized analytic functions with Ai — A. A certain fuzzy class, denoted by SIZ^ (8) , of analytic 
functions in the open unit disc is introduced by means of this operator. By making use of the concept of 
fuzzy differential subordination we will derive various properties and characteristics of the class STZ^ (5) . 
Also, several fuzzy differential subordinations are established regarding the operator SR m . 

Keywords: fuzzy differential subordination, convex function, fuzzy best dominant, differential operator, con- 
volution product, Salagean operator, Ruscheweyh derivative. 
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

In [10] and [11] the authors wanted to launch a new research direction in mathematics that combines the 
notions from the complex functions domain with the fuzzy sets theory. Also the author can justify that by 
knowing the properties of a differential expression on a fuzzy set for a function one can be determined the prop- 
erties of that function on a given fuzzy set. The author has analyzed the case of one complex functions, leaving 
as "open problem" the case of real functions. The "open problem" statement leaves open the interpretation 
of some notions from the fuzzy sets theory such that each one interpret them personally according to their 
scientific concerns, making this theory more attractive. 

The notion of fuzzy subordination was introduced in [10]. In [11] the authors have defined the notion of 
fuzzy differential subordination. In this paper we will study fuzzy differential subordinations obtained with the 
differential operator defined in [1] . 

Denote by U the unit disc of the complex plane, U = {z £ C : \z\ < 1} and H(U) the space of holomorphic 
functions in U. 

Let An = {/ e H(U) : f(z) = z + a n+1 z n+1 + ..., z £ U} with Ai = A and H[a, n] = {/ £ H(U) : f(z) = 
a + a n z n + a n+1 z n+1 + . . . , z £ U} for a £ C and n £ N. 

Denote by K, = < f € A : Re z tit*\ + 1 > 0, z £ U> , the class of normalized convex functions in U. 

In order to use the concept of fuzzy differential subordination, we remember the following definitions: 

Definition 1.1 [6] A pair (A, Fa), where Fa ■ X — ► [0, 1] and A = {x £ X : < Fa(x) < 1} is called fuzzy 
subset of X . The set A is called the support of the fuzzy set (A, Fa) and Fa is called the membership function 
of the fuzzy set (A, Fa)- One can also denote A = supp(A, Fa)- 

Remark 1.1 [5] In the development work we use the following notations for fuzzy sets: 
F f{D) (f(z))=supp(f(D),F f{D y)={z€D:0<F f{D) f(z)<l}, 
p{U) =supp(p(U),F p{uy ) ={z£U:0< F p(u) (p(z)) < 1}. 

We give a new definition of membership function on complex numbers set using the module notion of a 
complex number z = x + iy, x, y £ K, \z\ = y x 2 + y 2 > 0. 
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Example 1.1 Let F : C -> R + a function such that F c (z) = \F {z)\, V z £ C. Denote by F c (C) = {z £ C : 
< F (z) < 1} = {z £ C : < \F (z)| < 1} —supp(C, Fq) the fuzzy subset of the complex numbers set. We call 
the subset Fc (C) = C/jf (0, 1) the fuzzy unit disk. 

Definition 1.2 ([10]) Let D C C, z £ D be a fixed point and let the functions f,g£ TL{D). The function f 
is said to be fuzzy subordinate to g and write f -<f g or f (z) -<jf g (z), if are satisfied the conditions: 

V f Oo) = g Oo) , 

2)F f{D) f(z)<F g(D) g(z),z£D. 

Definition 1.3 ([11, Definition 2.2]) Let ip : C 3 x U — ► C and h univalent in U, with ip (a,0; 0) = h (0) = a. If 
p is analytic in U , with p(0) = a and satisfies the (second- order) fuzzy differential subordination 

F^(c*xU)i>(p{z), z p' ( z ) , z 2 p"{z); z) < F h{u) h(z), z £ U, (1.1) 

then p is called a fuzzy solution of the fuzzy differential subordination. The univalent function q is called a 
fuzzy dominant of the fuzzy solutions of the fuzzy differential subordination, or more simple a fuzzy dominant, if 
F p (u)P( z ) < Fq(U)l{ z ), z € U, for allp satisfying (1.1). A fuzzy dominant q that satisfies Fq(u\q{z) < F q n;\q(z), 
z £ U, for all fuzzy dominants q of (1.1) is said to be the fuzzy best dominant of (1-1). 

Lemma 1.1 ([9, Corollary 2.6g.2, p. 66]) Let h £ A and L[f]{z) = G{z) = \$*h{t)dt, z £ U. If 
Re (%^- + l) > -\, z € U, then L (/) = G £ K. 



Lemma 1.2 ([12]) Let h be a convex function with h(0) = a, and let 7 £ C* be a complex number with 
Re 7 > 0. If p £ H[a, n] with p(0) = a, ip : C 2 x U — > C, ip (p (z) , zp' (z) ; z) — p(z) + ^-zp' (z) an analytic 
function in U and 

F^(c^xu) Ip( z ) + -zp'{z) J < F h(u) h(z), i.e. p{z) + -zp'(z) -<?■ h(z), z £ll, (1.2) 

then F p{u) p{z) < F g(u) g(z) < F h{u) h{z), i.e. p{z) <? g{z) ^jr h(z), z £ U, where g(z) = ^^ J Q Z h(t)p/ n - 1 dt, 
z £ U. The function q is convex and is the fuzzy best dominant. 

Lemma 1.3 ([12]) Let g be a convex function in U and let h(z) — g{z) + nazg'(z), z £ U, where a > and n 
is a positive integer. 

If p{z) — g(0) +p n z n +p n +i zn+1 + • • • , z £ U, is holomorphic in U and F p ^ (p(z) + azp'{z)) < Ff l nj)h(z), 
i.e. p{z) + azp'(z) -<f h(z), z £ U, then F p (u\p[z) < F g ^u^g(z), i.e. p{z) <jr g(z), z £ U, and this result is 
sharp. 

We use the following differential operators. 

Definition 1.4 (Salagean [14]) For f £ A, m £ N, the operator S m is defined by S m : A — ► A, 

S°f( z ) = f(z) 
S'fiz) = zf'(z),... 
S m+l f{z) = z{S m f{z))', z£U. 

Remark 1.2 If f £ A, f(z) = z + Y^L 2 a i zi > then 5 "™/ ( z ) = z + J2f=2 J m ajZ j , z£U. 
Definition 1.5 (Ruscheweyh [13]) For f £ A, m £ N, the operator R m is defined by R m : A — ► A, 

R°f( z ) - /(*) 

R'fiz) = zf'(z), ... 
(m + 1) R m+1 f (z) = z(R m f(z))' + mR m f(z), z £ U. 

Remark 1.3 If f £ A, f(z) = z + £~ 2 aj z j , then R m f (z) = z + E7= n +i C^ +j _ 1 a j z j , z£U. 

Definition 1.6 [1] Let m £ N U {0}. Denote by SR m the operator given by the Hadamard product (the 
convolution product) of the Salagean operator S m and the Ruscheweyh operator R m , SR m : A —> A, SR m f (z) = 
(S m * R m ) f (z) . 

Remark 1.4 [1] If f £ A, f(z) = z + £~ 2 aj z j , then SR m f (z) = z + ^°1 2 C^ +j _ l j m a 2 j z : > , z£U. 

Remark 1.5 The operator SR m was studied in [1], [2], [3], [4]- 
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2 Main results 



Using the operator RD™ a defined in Definition 1.6 we define the class SlZ m {$) and we study fuzzy subor- 
dinations. 

Definition 2.1 [5] Let f (D) =supp(f (D) ,-F/(r>)) = {z £ D : < F f{D) f (z) < 1}, where F f{Dy is the 
membership function of the fuzzy set f (D) asociated to the function f. The membership function of the fuzzy 
set (nf) (D) asociated to the function fj,f coincide with the membership function of the fuzzy set f (D) asociated 
to the function f, i.e. F^f)(D) {{l^f) {z)) = Ff(D)f {%)> z £ D. The membership function of the fuzzy set 
(/ + g) (D) asociated to the function f + g coincide with the half of the sum of the membership functions of 
the fuzzy sets f (D), respectively g (D), asociated to the function f , respectively g, i.e. F(f+ g )(D) ((/ + <?) ( z )) = 

Ff (D) f(z) + F g{D) g(z) z ^ D 

Remark 2.1 [5] F(f+ g )(D)((f + g)( z )) can be defined in other ways. Since < Ffi D \f(z) < 1 and < 
Fg(D)9 ( z ) < 1, it is evidently that < F(f+ g )(D) ((/ + 3) ( z )) < I, z £ D. 

Definition 2.2 Let S £ [0, 1) and m £ N. A function f £ A is said to be in the class SlZ m (<5) if it satisfies the 
inequality 

F {SRmfy(u) (SR m f(z)y>5, z£U. (2.1) 

Theorem 2.1 Let g be a convex function in U and let h(z) — g (z) + jr^zg' (z) , z £ U, where c > 0. If 
f £ STlf n (S) and G (z) = I c (/) (z) = 0, ^ t c f (t) dt, z £ U, then 



F {SRmf y (u) {SR m f{z))' <F h{u) h{z),i.e. (S R m f («))' < r h (z) , z £ U, (2.2) 

implies -F(s.R m G)'((7) (SR m G (z)) < F g (jjyg (z), i.e. (SR m G (z)) ■<,? g{z), z £ U, and this result is sharp. 

Proof. We have z c+1 G (z) = (c + 2) L t c f (t) dt. Differentiating, with respect to z, we obtain (c + 1) G (z) + 
zG' (z) = (c + 2) / (z) and 

(c + 1) SR m G (z) + z (SR m G (z))' = (c + 2) SR m f (z) , z£ U. (2.3) 

Differentiating (2.3) we have 

(SR m G (z)Y + -^—z (SR m G («))" = (SR m f (z))' , z £ U. (2.4) 

Using (2.4), the fuzzy differential subordination (2.2) becomes 

F {SRmGy{u) ((SR m G (z))' + ^z (SR m G (*))") < F g{u) (g (z) + ^zg' (*)) . (2.5) 

If we denote 

p(z) = (SR m G(z))' (2.6) 

then p £H[l,n] . 

Replacing (2.6) in (2.5) we obtain 



F P (u) [p 0) + -^^ z p' ( z ) ) ^ F 9(u) ig{z) + -^^3' 0) 



Z£U. 



Using Lemma 1.3 we have F p(u) p(z) < F g{uy g(z), z eU, i.e. F {SRmG y (u) (SR m G(z))' < F g(u) g(z), z £ U, 
and g is the fuzzy best dominant. We have obtained that (SR m G (z)) -<? g (z), z £ U. m 

Theorem 2.2 Let h (z) = y\_~ , £ [0, 1) and c > 0. If m £ N and I c is given by Theorem 2.1, then 

I c [Sn^(5)]£Sn^(8*), (2.7) 

where j3* = 2/3 - 1 + (c + 2) (2 - 2/3) £ j^r dt. 
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Proof. The function h is convex and using the same steps as in the proof of Theorem 2.1 we get from the 

hypothesis of Theorem 2.2 that F p ^ (p(z) + -^.zp 1 (z) ) < F h (jj^h (z) , where p (z) is defined in (2.6). 

Using Lemma 1.2 we deduce that F p ^ U )p(z) < F g ^u)g{z) < F h ^u)h{z) , that is FrsR m G)'(u) (SR m G(z)) < 

F g(u)9 (z) < F h(u) h{z) , where g(z) = $& J* t c+1 1+ % 1]t dt = 2/3-1+ {c+2) J^ m J* £<**■ Since g is convex 
and g (U) is symmetric with respect to the real axis, we deduce 



F(SR-GY(U) (SR m G (z))' > mmF g(u) g ( z ) = F g(u) g (1) (2.8) 

\Z\ — 1 

and (3* = g (1) = 2/3 - 1 + (c + 2) (2 - 2/3) J* j^dt. From (2.8) we deduce inclusion (2.7). ■ 

Theorem 2.3 Let g be a convex function, g (0) = 1, and let h be the function h (z) = g (z) + zg' (z), z£ U. If 
meNU {0}, / G A and verifies the fuzzy differential subordination 

F {SRmf y {u) (SR m f(z))'<F h{u) h(z),t.e. (S R m f («))' -< F h (z) , z G U, (2.9) 

then F SR mfnj\ z ' < F g (jj\g (z), i.e. -<f 9( z )> z E U, and this result is sharp. 

Proof. Consider p(z) = SRm JW = *±glk c W^ a !^ = i + '£°° =2 C% +j _ 1 j m a}z i - 1 . We have p(z) + 
zp' (z) = (SR m f («))', z G U. Then F {SRmf y (u) {SR m f (z))' < F h{u) h (z), z G U, becomes F p{u) (p (z) + zp' (z)) 
< F h (jj)h(z) = F g (u) (g(z) + zg' (z)), z eU. By using Lemma 1.3, we obtain F p ( U) p(z) < F g{u) g(z), z G U, 

i.e. F SRm f(u^ J^ z ' < Fgfrj^g (z), z G U. We obtain that z z ' -<p g (z), z G U, and this result is sharp. ■ 

Theorem 2.4 Let h G H(U), with h(0) — 1, which verifies the inequality Re (l + z h ,, V ) > —\, z G U. If 



m£N, / G A and verifies the fuzzy differential subordination 

F(SR^fY(u) (SR m f(z))' < F h(u) h(z), i.e. (SR m f(z))' ^ h(z), z G U, (2.10) 

then Fs R ™f(jj) / < F q (uyq(z), i.e. j-^- <jr q(z), z G U, where q(z) = - J Q h(t)dt. The function q is 

convex and it is the fuzzy best dominant. 

Proof. Let p(z) = ^M = i + ^% 2 C£ +J ._ 1 j m a^- 1 = 1 + ££W' -1 - z G U, p G W[l, 1]. 

Since Re 1 1 + z , l( V ) > — |, z G f , from Lemma 1.1, we obtain that g (z) = - J„ h{t)dt is a convex function 

and verifies the differential equation asscociated to the fuzzy differential subordination (2.10) q(z) + zq' (z) = 
h (z), therefore it is the fuzzy best dominant. 

Differentiating, we obtain (SR m f(z))' = p(z) + zp'(z), z G U, and (2.10) becomes F p ^ (p(z) + zp'(z)) < 
F h{U )h(z), z eU. 

Using Lemma 1.3, we have F p ^ u yp(z) < F q ^ u yq(z), z G U, i.e. F SRm ^ U) f^- < F q ^ u yq(z), z G U. We 

have obtained that ^^ -<p q{z), z G U. ■ 

Corollary 2.5 Let h(z) = — .\_~~ a convex function in U, < j3 < 1. // m G N, / G A and verifies the 
fuzzy differential subordination 

F(SR^fY(u) (SR m f(z))' < F h{u) h(z), i.e. (SR m f(z))' < r h(z), z G U, (2.11) 

then Fs R mf(rj\ z ' < F q ^q(z), i.e. -<p q(z), z G U, where q is given by q(z) = 2/3 — 1 + 

— — — In (1 + z) , z G U. The function q is convex and it is the fuzzy best dominant. 

Proof. We have h{z) = 1+( ^; 1)z with h (0) = 1, /i' (z) = =^1^ and h" (z) = §+^, therefore 
i?e (^M + l)=Re (±=A - i?e f ^I pcos g7 ips ? n f > ) = n,, 1- ^, 2 > > -i 

V /i (2) y 11+2 J V l+pcos y+2psm 9 J l+2pcos 0+p 2 2 

Following the same steps as in the proof of Theorem 2.4 and considering p(z) = ii£i j the fuzzy differential 

subordination (2.11) becomes ^(ry) (p(^) + z p'{ z )) ^ Ff l m\h(z), z G C/. 

By using Lemma 1.2 for 7 = 1 and n = 1, we have F p (u)p(z) < F q{u) q(z), i.e. F SR mf(u) — J {z) < F q ^q (z) 
and ? (z) = \ Jo h (t) dt - \ /„* 1+( g; 1)t ^ - 2/3 - 1 + ?M In (1 + z) , z G C/. ■ 
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Example 2.1 Let h (z) = j— - a convex function in U with h (0) = 1 and Re ( z h ,( z V + 1 ) 

Let f (z) = z + z 2 , z G U. For n = 1, to = 1, we obtain SR 1 / (z) = z + C\ ■ 2 • l 1 • z 2 = z + 4z 2 . Then 

(SR\f (z))' = 1 + 8z and ^f^ = 1 + 4z. We have q{z)=\ f* ±=f dt = -1 + 21n( z 1+z) . 

Using Theorem 2.4 we obtain 1 + 8z -<p jt^-, z € U, induce 1 + 4z -<y? — 1 -\ — z — — , z E U. 

Theorem 2.6 Let g be a convex function such that g (0) = 1 and let h be the function h (z) — g (z) + zg' {£), 
Z G U . I/m£NU {0}, / G A and verifies the fuzzy differential subordination 

fzSR m+1 f(z)\' „ ,., fzSR m+1 f(z)\' ,., rr . .. 

^^)( ^/(z) J ^)M*)>- ( SR-f(z) ) ■<**&> ** U > (2 ' 12) 

then FsRmftir) SR m f() — F g (u)9 ( z ), *- e - sfl m ffzF ""^ sM? z E U, and this result is sharp. 

Frooi. Consider p(zj - S fl™/( z ) ~ z+ v~ ,.C"*, . .j™^ ~ i+v- ,, c™ . .j-a^i-i- We have P ( z ) - 

{S T^}(f ~P (*Y %T4$' ■ Thcnp (z)+zp' (z) = ( zS / fi " m 7ff ) )'. Relation (2.12) becomes F p(t/) (p(z) + zp' (z)) < 
Fh(u)h (z) = F g (Tj) {g (z) + zg' (z)), z G U. and by using Lemma 1.3, we obtain F p rjj\p (z) < F g nj^g (z), z G U, 
i.e. F gflro/(y) g g^gf < F g(U) g{z), z G 17. We obtained that 5 g^(g } -^ 5 (z), z G 17. ■ 

Theorem 2.7 Leig &e a convex function such that g (0) = 1 anrf Zei ft. &e the function h(z) = ff (z)+ m+1 zg' (2), 
z G C/, m G N. If f E A. and the fuzzy differential subordination 

F SRm f ( u) (^-SR m+1 f {z)\ < F h{u) h(z) , i.e. l -SR m+1 f (z) -< F h{z), ze U, (2.13) 

holds, then Ftg Rm /wry) {SR m f{z)) < F g rmg (z), i.e. (SR m f(z)) <r g(z), zGU, and this result is sharp. 

Proof. With notation p{z) = (SR m f(z))' = 1 + Y.%,2 c ™+ 1 -iJ m+la ] zJ ~ 1 and p(0) = 1, we obtain for 
/(*) - » + ET=2 ajZ j , P (z) + zp' (z) = \SR m+1 f (z) + z^ (SR m f (z))" . 

We have F p(u) \p(z) + ^zp' (z)J < F h{u) h(z) = F g{u) [g(z) + ^zg' (z)J, z e U. By using Lemma 

1.3, we obtain F p ^u^p{z) < F g ^g(z), z GU, i.e. Ffg R m.fy/ u \ {SR m f{z)) < F g ^g(z), z G U, and this result 
is sharp. We obtained that (SR m f (z))' -< F g (z), z G U. ■ 



h'(« 



> -i z G £7. // 



Theorem 2.8 Lei /i G Ti(U) with h(0) — 1, which verifies the inequality Re 
to G N, f G A and satisfies the fuzzy differential subordination 

FsR-f(u) (- z SR m +\f(z)\ < F h(u) h(z), i.e. l -SR m+1 f(z) < F h(z), z G U, (2.14) 

then F( SRm fy({jj (SR m f (z)) < Fg^g^z), i.e. {SR m f{z)) -< F q( z )i Z G U, where q is given by q(z) = 
™£h J h(t)t m dt. The function q is convex and it is the fuzzy best dominant. 

Proof. Since Re ( 1 + z fe)( -^ ) > — |, z G U, from Lemma 1.1, we obtain that q (z) = ™^~+i Jq h(t)t m dt is 
a convex function and verifies the differential equation associated to the fuzzy differential subordination (2.14) 
q (z) H Irjzq' ( z ) = h(z), therefore it is the fuzzy best dominant. 

Using the properties of operator SR m and considering p (z) = (SR m f (z))', we obtain F SRm ^ u - ) SR m f (U) = 
F p(U) (p(z) + ^fizp'(zyj ,zeU. Then (2.14) becomes F p{u) (p(z) + ^^(2)] < F h{u) h{z), z G U. Since p G 
H[l, 1], using Lemma 1.3 for 7 = ro+1, we deduce F p ^u)p{z) < F q ^q(z), z G U, where q(z) = fsrrr Jq h(t)t m dt, 
zeU, i.e. F (SRmf y (U) (SR m f(z))' < F q{u) q(z), z G U. We have obtained that (SR m f (z))' < F q(z), z G U. m 

Corollary 2.9 Let h{z) = - \\_~ a convex function in U, < < 1. If m G N, f G A and verifies the 
fuzzy differential subordination 

F SRmf{u) f- z SR m +\f(z)\ < F h(u) h(z), i.e. l -SR m+1 f(z) < r h(z), z G U, (2.15) 

then F( SR m f y( U ){SR m f{z))' < F q{JJ )q{z), i.e. {SR m f{z))' -<? q(z), z G U, where q is given by q(z) = 
2(3 — 1 H — - — z ™+i — /n T+i^t z G U. The function q is convex and it is the fuzzy best dominant. 
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Proof. Following the same steps as in the proof of Theorem 2.7 and considering p(z) = (SR m f(z)) , the 
fuzzy differential subordination (2.15) becomes Fp(u) (p(z) + m+l zp'(z) ) < Ff l /ij\h(z) , z E U. 

By using Lemma 1.2 for 7 = m+1 and n = 1, we have F p ^p(z) < F q m^q(z), i.e. Ff SRm fyr U \ (SR m f(z)) < 
F q(u) q (z) and q (z) = %& £ fe(t)* m d* = f££ £ t m ±±%^dt = 2/? - 1 + 2(1 -/j<? +1) f* g- t dt, z G U. m 

Example 2.2 Let h (z) = y=| a convex function in U with h (0) = 1 and Re ( z h ,i^\ + 1 ) > — \- 

Let f(z) = z + z 2 ,ze U. Forn=l,m= 1, we obtain SR 1 / (z) = z + 4z 2 . Then (SR 1 / (z))' = l + 8z. We 
obtain also \SR m+1 f(z)= \SR 2 f{z) = l + 12z, where SR 2 f(z) = z + Cj -2 2 ■ l 2 -z 2 + Cj -3 2 -0-z 3 = z + 12z 2 . 
We have q (z) = J, Q ^tdt = -1 + \ - *™g*l. 

Using Theorem 2.8 we obtain 1 + 12z -<jr jxf , Z E U, induce 1 + 8z -<jf — 1 -\ — z2 , z E U. 
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Abstract 

In this paper we study certain strong differential superordinations and give a sandwich theorem, obtained 
by using a new integral operator introduced in [21]. 

Keywords. Analytic function, univalent function, starlikc function, convex function, strong differential super- 
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1 Introduction and preliminaries 

The concept of differential subordination was introduced in [11], [12] and developed in [13], by S.S. Miller 
and P.T. Mocanu. The concept of differential superordination was introduced in [14], like a dual problem of the 
differential superordination by S.S. Miller and P.T. Mocanu. The concept of strong differential subordination 
was introduced in [10] by J. A. Antonino and S. Romaguera and developed in [1], [2], [3], [4], [5], [16], [18], [19], 
[20], [22], [24]. The concept of strong differential superordination was introduced in [17], like a dual concept of 
the strong differential subordination and developed in [6], [7], [8], [9], [21], [23]. 

Let 7_([7 x U) denote the class of analytic function in U x U, U — {z e C : \z\ < 1}, U — {z E C : \z\ < 
1}, dU = {zeC: |z| = l}. _ 

ForoeCandneN*, let7.C[o,n] = {/(*,<) <EH(UxU) : f(z,Q = a + a n (() z n + . . . + a_ n+1 (() z n+1 + . . .} 
with z € U, £ £ U, a,k(C) holomorphic functions in U, k > n, A( n = {/(z, C) <= 7~L{U x U) : f(z,() = z + 
On+i (C) z?l+1 + a n+2 (C) z n+2 + . . .} with z e U, ( € U, afc(C) holomorphic functions in U, k > n+1, so A(i = A(, 
KCuiU) = {f(z, C) € Ht[a, n] : f(z, C) univalent in U, for all ( e U}, S( = {f(z, () € AC, f(z, () univalent in U, 
for all C e U}, denote the class of univalent functions in U x U, S*( — {f(z, C) € A£ : Re z f(c \ > 0, z G U, for 



f(z,0 



z/"(z,C) I 1 



> 



all C s [/}, denote the class of normalized starlike functions in U x U, KC, = {f(z, £) G A( : Re 

0, z G U, for all ( € U}, denote the class of normalized convex functions in U x U. 

For r € N, A(r)( denote the subclass of the functions f(z, () E (U x U) of the form f(z, () = z r + 
_Xr+i a k {Qz k , reN, z € U, ( eU and set _4(1)C = ^C- 

To prove our main results, we need the following definitions and lemmas: 

Definition 1.1 [16], [18] Let f(z,() and F(z,() analytic functions from H(U x U). The function f(z,() is 
said to be strongly subordinated to F(z,Q, or F{z 1 Q) is said to be strongly superordinated to f(z,Q, if there 
exists a function w analytic in U with w(0) — and \w(z)\ < 1, such that f(z,Q — F(w(z),Q. In such a case 
we write f(z,Q ^^ ^X-^C)- 

If F(z, C) is univalent then f(z, () -<-< F(z, () if and only if /(0, C) = ^(0, C) and f(U X U) C F(U X U). 

Remark 1.1 If f(z,C) = f(z) and F(z,C) = F{z), then the strong differential subordination or strong differ- 
ential superordination becomes the usual notion of differential subordination or differential superordination. 

Definition 1.2 [14], [16] We denote by Qq the set of functions q(z, £) that are analytic and injective with respect 
to z on U\E(q(z, ()), where E{q(z 1 Q) = < £ <G dU : lim q 
The class of Qq for which q{Q,C) = a, is denoted by Q^(a) 



to z onU\E(q(z,C)), where E(q(z,0) = UeW: limg(z,C) = oo } and q'{£,() ^ 0, for £ e dU\E(q(z,()) 
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We mention that all the derivatives which appear in this paper are considered with respect to variable z. 
Let ip : C 3 x U x U ^ C and let h(z, £) be univalent in U, for all ( <G U. If p(z, £) is analytic in U x U and 
satisfies the (second-order) strong differential subordination 

i>(p(z,(),z'(z,0,z 2 P "(z,0;z,<;) ^ h(z,0, zeu, Cef7 (l.i) 

then p(z, is called a solution of the strong differential subordination. 

The univalent function q(z, () is called a dominant of the solutions of the strong differential subordination 
or simply a dominant, if p(z,0 -<-< q(z,0 for all p(z,£) satisfying (1.1). 

A dominant q(z,Q that satisfies q(z,Q ^^ q(z,Q for all dominants q(z, C) of (1.1) is said to be the best 
dominant of (1.1). (Note that the best dominant is unique up to a rotation of U). 

Let tp : C 3 x U x U ^> C and let h(z, () be analytic in U x U. 

If p(z, Q and ip(p(z, £), zp'(z, Q, z 2 p"(z 1 £); z, £) are univalent in U, for all £ S U and satisfy the (second- 
order) strong differential superordination 

h(z, C) ■<■< <p(p(z, CW(*, Q,z 2 p"{z, C); z, C) (1.2) 

then p(z, is called a solution of the strong differential superordination. An analytic function q{z, £) is called 
a subordinant of the solutions of the differential superordination, or more simply a subordinant, if q(z, -<-< 
p(z, for all p(z, C) satisfying (1.2). A univalent subordinant q(z, that satisfies q(z,0 ^^ <f(z, C) f° r a ^ 
subordinants of (1.2) is said to be the best subordinant. (Note that the best subordinant is unique up to a 
rotation of U). 

In order to prove the original results of this paper, we need the following definitions and lemmas. 

Definition 1.3 [11] For f(z,() <= A( n , n e N*, m e N, 7 € C, let L 7 be the integral operator given by 

L-y : AQn > AQ n 

L° 1 f(z,C) = f(z,0 

7+1 

Zf 

i2/( ZjC )=I±l / LlfizX^-'dt 



^/(z,C) = 1 V / L^zX^^dt 



ZT 







i™/(z,C) - ^tl f" L?- 1 f(zX)F- 1 dt. 



71 I 7 
z /0 



By using Definition 1.3, we can prove the following properties for this integral operator: 

For /(z, C) € A( n , n e N*, m G N, 7 e C, we have 

OO / 1 1 \ 771 

L™/(z,C) = z+ 2 7 + m flfc (C)z fc , z€t/, C€^ (1.3) 

k=n+l ^ ' 

and 

z[L™f(z, C)]' z = (7 + i)^ _ V(«, - iL n x l I(z, C), z e [/, C e 17. (1.4) 

Definition 1.4 /£!#/ For reN, f(z, £) € -A(r)£, ^ -^ ^ e ^ e integral operator given by H : A(r)( — > A(r)C 

H°f(z,0 = f(z,0 

H'fizX)^— [ Z H°f(t,Odt 

z Jo 

H 2 f(z,0=— I* H\f(t,()dt,... 

z Jo 

H m f(z, C) = — f F ro -V(i, C)d*. * e £7, C e 17. 
From Definition 1.4 we have 

ff™/(z,o=z*+ x; £xrt°*(o* fc (1.5) 

fc=r+l l ' 

and 

z[H m f(z, C)]' z = (r+ l)H m -\f(z, - H m f(z, Q, z e U, ( e U. (1.6) 
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Lemma 1.1 [14-, Corollary 9.1] Let hi(z,([) and fi2(z,() be starlike in U x U , with /^(OjC) = h 2 {Q, C) = an d 
the functions <7i(z,C) defined by qi(z,() = L hi{t,C ) )t~ 1 dt, for i — 1,2. If p{z,C,) E [0,1] H Q^ and zp'(z,£) is 
univalent in U xU, then hi(z,() ■<-<. zp'(z,Q) ^^ h 2 {z, £) implies qi{z,C,) ^^p(z,() -<-< 92(2, C)- 

The functions qi(z,() and (72(2, C) are convex and they are respectively the best subordinant and best domi- 
nant. 

Lemma 1.2 [15, Theorem 3] Let 6 and 4> be analytic in a domain D, and let q{z, C) be univalent in U , for all 
C E U, with q(0, C) = a and q(U xU) C D. Let Q(z, C) = zq'{z, () ■ (f>(q(z)), h(z, C) = 0{q{z, ()) + Q{z, () and 
suppose that 



(i) Re 



<P(q(z,Q) 



> 0, and 



(ii) Q{z, C) is starlike in U , for all £ £ U. 

Ifp(z,() E [a, 1] H Q(, p(U x U) C D and 9(p(z,()) + zp'(z,() ■ (j)(z,£) is univalent in U, for all £ G U, 
then h(z, () -<-< 8(p{z, C,)) + zp'(z, £) • 4>{p(z, C,)) implies q{z, C,) -<-< p(z, (), z € U, ( G U and q(z, () is the best 
subordinant. 

2 Main results 

Theorem 2.1 Let h\{z, Q = -S^ and h2(z, () = jt^, be starlike in U , for all ( G U , with hi(0, Q) — /12(C), () = 
0, and qi(z,() = Jq ^r t dt = Cln^ and q 2 {z,(j = Jo c+i dt = ln ^- For m E N, -/ E C, f{z,Q G AC, if 
Z %{[ Z f G [0, 1] n Q C and gIS/C*Q]^/(*g^ ls unwahnt m v> for M 

Q € U, then 

(z 2z 2 [L™f(z, ()}'L™f(z, C) + z 3 [L™f(z, Q]"L™f(z, Q - z 3 [(L™f(z, Q)f z 



C-z [L™f{zAW C + z 

implies (In ^ -«-« "^Ij^f ■<■< In ^, z G 17, C G F. 

TTie functions qi(z, C) — C m tz^; aw ^ 92(2, C) = m ^^ are convex and they are respectively the best subordi- 
nant and best dominant. 

Proof. In order to prove the theorem, we shall use Lemma 1.1. 

We have Rc z ^ff = Re ^ = \ > 0, z G 17, ( e [/ and Re 'ffi'ffi =R c c+I = l>0, « € 17, ( EU 

hence h\{z, £) and h^iz, Q are starlikc in U, for all ( E U. 
We consider 

*' 0= ^o' itKiiK (2 - 2) 



Using (1.3) m (2.2), wehavep(z,C) = ^^^ ( ^D"» ,^ fc = , ,^00 ( 7+ d- „ .. ,^. fc ~- Since p(0,C) = 0, 



we have p(z, C) G [0, 1]C ("I Q^. 

Differentiating (2.2), and after a short calculus we obtain 



,, n _ 2z 2 [L"/(z, Q]^y/(z, Q + ^ 3 [^/(z, Q]"L™f(z, C) z 3 [^"/(z, Q]' 2 
ZP(Z ' C) " [L™f(z,0? [L™f(z,0}* ■ [2 - 6) 



Using (2.3) in (2.1), we have 



t, ~" «zp'{z,C,) ^ -j^—, zeU, (E U. (2.4) 



C-z ' v '" c + *' 

Using Lemma 1.1, we obtain Cln ^ -<-< Z jfj/^ff 1 -<-< In ^, z E U, ( E U. m 

Theorem 2.2 Let m E N, 7 G C, A G C, q(z, () = e Az< » starlike (univalent) function in U, for all ( E U, with 
(7(0,C) = 1, and suppose that 

(j)Re\zC>-\, 

(jj)Re\(>0. 
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Let Q(z, C) = Az(e 2AzC and h(z, () = \z(e 2Xz < + e Xz < , z£U,(£U. If f{z, () £ A(, [L™f(z, ()}' e [1, l]f\Q c 
and [L™f(z,()Y + z[L™f(z,0]'[L™f(z,()]" is univalent in U, for all (£U, then 

Az(e 2AzC + e x < « [L™f(z, ()}' + z[L™f(z, Q]'\L™f{z, ()}" (2.5) 

implies e Az ^ -<-< [L™f(z,Q]', z £ U, C € U and q(z,C t ) — e Az ^ is the best subordinant. 

Proof. In order to prove the theorem, we shall use Lemma 1.2. For that, we show that the necessary 
conditions are satisfied. 

Let the functions 9 : C — > C, (p : C — > C, with 

QO) = to (2.6) 

and 

p(to) = w. (2.7) 

We check the conditions from the hypothesis of Lemma 1.2. Using (2.6), (2.7), (i) and (ii) we have 

9'(q(z,C)) A(e Az ^ , N 

Re Pj 'I'' = Re \ , = Re AC > 0, (2.8) 

and 

zO'iz C) 
Re !:/ 'V = Re (1 + 2AzC) > 0. (2.9) 

We consider 

p(«,C) = [#?/(*, C)]', «eJ7, (eu. (2.10) 



(7+l) m „.^„fc 



(7+1)" 1 „. //\[,,H 



Using (1.3) in (2.10), we have p(z,Q = [z + £^=2 $3 j n>a k (Qz k \ = 1 + ££L 2 $$ F a k (Qkz k - 1 . Since 
p(0, C) = 1, we have p(z, C) € [1, 1] fl Q^. Differentiating (2.10) and after a short calculus we obtained 

p(z, C) + zp'(z, Qp{z, C) = [L?/(«, C)]' + z[L™f(z, Q]"[L™f{z, 0]'- (2.11) 

Using (2.6) and (2.7), we have 

9(p(z, 0) = p(z, C) and p(p(z, ()) = p(s, C) (2.12) 

and (2.11) becomes 

9(p(z, 0) + **/(*, (Mp(z, 0) = [£?/(*, 0]' + *[#?/(*, C)]'W/(*. C)]'- (2.13) 

Using (2.6) and (2.7), we have 0(q(z,Q) = q(z,() and (p(q(z,Q) — q(z,Q, 

h(z, C) = q(z, C) + */(*, ()q(z, C) - e AzC + \z(e 2X <. (2.14) 

Using (2.13) and (2.14), the strong superordination (2.5) becomes 

h(z, C) -<■< 9(p(z, 0) + zp'(z, CMp(z, 0), z€U,C€U. (2.15) 

Since (2.8) and (2.9) give the conditions from the hypothesis of Lemma 1.2 and using (2.15) by applying Lemma 
1.2 we obtain q(z, () = e Azc; « [L" l f(z, £)]', z £ U, ( £ U and q(z, () = e Az ^ is the best dominant. ■ 

Theorem 2.3 Let p £ N, m £ N, hi(z,() = jx^, h 2 (z,() = y^c ^ e star ^ e in U, for all ( £ U, with 
to (0,0 = to(0,C) = 0, and qi (z,0 = J Zh ^dt = Jvj^-dt = ln(l + (z), q 2 (z,0 = J * ^t^dt = 

Jo ihc dt = - ln(1 r° - V g "£i'° e [0, 1] n g c a«d '^/('.oi'-^-ir/i'.o zs univa i ent m ^ /or ^ c G jj, 

then 

< ^ zlH m f(z,()]'~(r-l)H m f(z,C) ^ _^_ , m 

1 + z( z r ~ x 1 - zQ 

implies ln(l + zQ <-< "I^V « -Mi_£0 ? z€ jj, (£U. 

The functions qi(z,Q — 7 and q 2 (z, Q = — n ^ 7 Z ' are convex and they are respectively the best 
subordinant and best dominant. 
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Proof. In order to prove the theorem, we shall use Lemma 1.1. 

We have Re ''ffiffi' = Re ^ = \ > 0, z€U, ( G U and Re ^fc'g 1 ' = Re ^ = 5 > 0, z G U, ( eU. 
Hence hi(z,Q and h 2 (z,C,) are starlike in U, for £ G J7. 

We consider 

H m f(z C) — 

p(z,c) = — J ^-, zeU,(eU. (2.17) 

z T L 

Using (1.3), we have p(z,() = ^^g^ip^ ^ = 2 + £^+1 ^s^Ofc(C)« fc " r+1 - Since p(0,C) - 0, we 
have p(-2, C) G A£. Differentiating (2.17) and after a short calculus, we obtain 

,, N z\H m f(z,C)Y ~(r- l)H m f(z,() — 

zp'(z, C) = J JK ' WJ ;_, ' ^-^, z G U, ( G [/. (2.18) 

z' 



Using (2.18) in (2.16), we have 



" C -<-< zp'(zX) ■<■< T^—^ zeU > ( eU - ( 2 - 19 ) 



1 + zC ' " "' 1-zC 

From Lemma 1.1, we obtain ln(l + z() -<-< — J-i ~<^ — "^ 7 zt ^ , z £ U, ( G (7. The functions <7i(z,£) = 

ln(l + z£) and 92(^5 C) — — g Z are convex and they are respectively the best subordinant and best dominant. 

■ 

Example 2.1 Let 7 - 2, m - 1, /(z,C) = z + 5(> 3 7 ^/(z,C) = §z + 2Cz 3 , p(z,Q = j^, zp'(z,Q = 

z+18<z 3 -36< 2 z 4 j? rp, a i , Cz . . z 3 + 18Cz 5 -36< 2 z 7 , , z i- >, C , , z+9Cz 2 . . 

(i+3Cz 2 ) 2 ' hTom theorem 2.1, we have ^ -<-< ( z + 3 ^ z 3)2 <-< ^+j implies C m ^ ^^ i+6Cz 2 -<-< 

^, zee/, CgU. 
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Abstract 

In this paper we study certain strong differential subordinations and strong differential superordinations, 
obtained by using a new integral operator introduced in [21]. We also give some results as a sandwich 
theorem. 

Keywords. Analytic function, univalent function, starlike function, convex function, strong differential subor- 
dination, strong differential supcrordination, best dominant, best subordinant. 
2000 Mathematical Subject Classification: 30C80, 30C20, 30C40, 34C40. 

1 Introduction and preliminaries 

The concept of differential subordination was introduced in [11], [12] and developed in [13], by S.S. Miller and 
P.T. Mocanu. The concept of differential supcrordination was introduced in [14], [15] like a dual problem of the 
differential superordination by S.S. Miller and P.T. Mocanu. The concept of strong differential subordination 
was introduced in [10] by J. A. Antonino and S. Romaguera and developed in [1], [2], [3], [4], [5], [16], [18], [19], 
[20], [22], [24]. The concept of strong differential superordination was introduced in [17], like a dual concept of 
the strong differential subordination and developed in [6], [7], [8], [9], [21], [23]. 

In [16] the author defines the following classes: 

Let H(U x U) denote the class of analytic function in U x U, U = {z G C : \z\ < 1}, U = {z G C : \z\ < 
1}, dU={z<=C: |*| = 1}. _ 

Fora.CandneN*,lctH([a,n] = {/ (z,C) eH(UxU) : f(z,() = a + a n (() z n + . . . + a_ n+1 (() z n+1 + . . .} 
with z G U, ( G U, cik(0 holomorphic functions in U, k > n, A( n = {f(z,() G H(U x U) : f(z,() = z + 
a n +i (C) z n+1 + a n+2 (C) z n+2 + . . .} with z G U, ( G U, (Zfc(C) holomorphic functions in U, k > n+1, so A(i = A(, 
H( U {U) = {f(z, C) G HC\a, n] : f(z, C) univalent in U, for all ( G U}, S( = {f(z, () G A(, f(z, Q univalent in U, 
for all C G C/}, denote the class of univalent functions in U x U, S*C = {/(-?, C) € ^C : R° Z tu r) > ^' z ^ U, for 



Z/"(Z,C) I 1 

f'(z,0 +i 



> 



all C G C/}, denote the class of normalized starlikc functions in U x U, KQ = {f(z, C) G AC, : Re 

0, z G U, for all ( G U}, denote the class of normalized convex functions in U x U. 

For r G N, A(r)( denote the subclass of the functions f(z, () G (U x U) of the form f(z, () = z r + 
SfcLr+i a fe(C) zfe ! rGN, z £ U, ( _ !7 and set A(1)C, = AC,. To prove our main results, we need the following 
definitions and lemmas: 

Definition 1.1 [16], [18] Let f(z,C) and F(z,() analytic functions from Ti{U x U). The function f(z,Q is 
said to be strongly subordinated to F(z,Q, or F(z,Q is said to be strongly superordinated to f(z,Q, if there 
exists a function w analytic in U with w(0) = and \w(z)\ < 1, such that f(z,Q = F(w(z),()- In such a case 
we write f(z,() -<-< F(z,()- 

If F(z, C) is univalent then f(z, () -<-< F(z, () if and only if /(0, C) = ^(0, () and f(U x U) C F(U X U). 
If f(z,() = f(z) and F(z,() = F( z ), then the strong differential subordination, or strong differential 
supcrordination, becomes the usual notion of differential subordination or differential supcrordination. 
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Definition 1.2 [14], [16] We denote by Q^ the set of functions q(z,Q that are analytic and injective, with 



respect to z on U \ E(q(z, £)), where E(q(z, £)) = < £ G dU : lim q(z, £) — oo > and are such that </(£, C) 7^ 0> 

I z ^i J 

/or £ G 9J7 \ E(q(z,C)). The class of Qq for which q{0, £) = a, is denoted by Q^(a). 

Wc mention that all the derivatives which appear in this paper are considered with respect to variable z. 
We shall not indicate that in the paper due to the complexity of the writing. 

Let ^:C 3 x(/x(7^C and let h(z, () be univalent in U, for all £ G U. If p(z, () is analytic in U x U and 
satisfies the (second-order) strong differential subordination 

i;(p(z,0,z'(z,0,z 2 p"(z,0;z,(:) ^ h(z,0, zeU, C g 17 (l.l) 

then p(z, C) is called a solution of the strong differential subordination. 

The univalent function q(z, () is called a dominant of the solutions of the strong differential subordination 
or simply a dominant, if p(z, £) -<-< q(z,() for all p( z jC) satisfying (1.1). 

A dominant q(z,Q that satisfies g(z,C) ^~< q( z , C) f° r a H dominants g(z, C) of (1.1) is said to be the best 
dominant of (1.1). (Note that the best dominant is unique up to a rotation of U). 

Let ip : C 3 xU xU — » C and let h(z, () be analytic in U x U. lip(z, () and <p(p(z, Q,zp'{z, (),z 2 p"(z, £); z, £) 
are univalent in {/, for all £ G U and satisfy the (second-order) strong differential supcrordination 

h(z, -<-< v( P (z, Q,zp'{z, 0, «V(«, 0; «, (1.2) 

then p(z, C) is called a solution of the strong differential supcrordination. An analytic function q{z, C) is called 
a subordinant of the solutions of the differential supcrordination, or more simply a subordinant, if q(z, () -<-< 
p(z,() for all p(z,() satisfying (1.2). A univalent subordinant q(z,Q that satisfies q(z,Q) -<-< q(z,Q) for all 
subordinants of (1.2) is said to be the best subordinant. (Note that the best subordinant is unique up to a 
rotation of U). 

Definition 1.3 [20] For f(z,Q G AC, n , n G N*, m G N, 7 G C, let L 1 be the integral operator given by 
Lj : AQ n ► AQ n 

L° 7 f(z,0 = f(z,0 

L\f(z,Q = l±± [* Vlf^QV-Ht 



zl 

L 2 1 f{zx)= i - ± ^- r^nzx^-'dt,... 

z ' Jo 

L™f(z, C) = 1 ^f L™-\f(z, ot-y-'dt. 

By using Definition 1.3, we can prove the following properties for this integral operator: 

For f(z, C) G A( n , n G N*, m G N, 7 G C, wc have 

L™f(z,0 = z+ £ (7 ^ } " a fc (C)z fc , zeU, CeV, (1.3) 

k=n+l ^ ' ' 

and 

z[L™f(z, 01 - (7 + l)L^-\f(z, C) - ll%f{z, C), z G C/, C e 17. (1.4) 

Definition 1.4 /SO/ For r G N, f(z, () G A(r)C,, let H be the integral operator given by H : A(r)( — > -A(r)£ 

H°f(z,C) = f(z,Q 

H\f(z,C) = — [ Z H°f(t,0dt 

z Jo 

H 2 f(z,0=— f H\f(tX)dt,... 

z Jo 

H m f(z, C) = — f F m -V(i, C)d*, * e f/, C e U. 

z Jo 
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(r + 1) 1 



fl™/(*,C) = z r + £ L^atiQz* (1.5) 

and 

z[H m f(z, 01 = (r+ l)H m -\f(z, C) - H m f(z, <), z £ U, ( £ U. (1.6) 

Lemma 1.1 /J5, Corollary 3.1] Let (3, 7 £ C, and (7(2, C) univalent in U, for all C, £ U, with q(0,Q — a. Let 

h ( Z , C) = 9(^7 C) + /3q[z£)+'y aTld SU PP 0Se that 

(1) Re [0q(z, C) + 7]' > 0, and 
( U ) fadlf+j is starlike - 

Ifp(z,() € CK l]HQc and p(z, C) + p X n+i * s univalent in U, for all ( £ U, then h(z,() « p{z, 0+ /Wz cf-l-y 
implies q(z, () -<-< p(z, £) and q(z, £) is £/ie &es£ subordinant. 

Lemma 1.2 /J5, Theorem 3.2b, p. 83] Let h(z,Q be convex in U, for all £ £ U , and n a positive integer. 
Suppose that the differential equation q(z, () + ^ z ? (z ^ = h(z, £) has an univalent solution q(z, £) that satisfies 
q{z,Q-<-<h(z,C)- 

If p(z,£) £ CI ;"] satisfies p(z,() + r ZP (zC)+ "^ M z jC)j then p(z,() ^^ q(z,C) an d q( z >C) * s the best 
dominant. 

Lemma 1.3 [14, Corollary 6.1] Let hi(z, C) and h,2(z, £) be convex in U , for all (, £ U , with h\(0, £) = ft.2(0, C) = 
a. Let 7 e C, 7 ^ 0, with Rej > 0, and the functions qi{z,Q be defined by qi(z,Q — pr Jo hi{t,C])t 1 ~ 1 dt for 
i = 1,2. 

Ifp(z,() G [a, l]flQ( and p(z, Q + zp is univalent, then h\(z,C) -<^ p(z, C)+ zp -<-< ^2(2, C) implies 

qi (z, -x p(«, C) -<^ qn{z, C), «el7, C e 17. 

TTie functions q\{z,C]) and qi(z, C) are convex and they are respectively the best subordinant and best domi- 
nant. 

2 Main results 

Theorem 2.1 Let 7 £ C, wit/i Re 7 > 0, and q(z, £) = ^ Z S be univalent in U , for all ( £ U, with q(0, £) = 1. 
Let 

h{z ' ° = t^c + iffh = t^c + 2(i^o = ^r^o (2 - 1} 



Re^l +r -^ = Re— >0 (2.2) 

oud 

r{z ' t} -q(z,o + i-i-zc; (2 - 3) 

starlike in U, for all C, £ U. 

V z[L^f(z,oy e I 1 ' !] n( ?c anrf z[L^f(zx)]' + L™f(*x) ~ iL™f(z,c)V ~ l is univalent in u > f or al1 C e u , then 

2 + 3z( ^ ^ L™f(z,t) [L™f(z,()Y [L™f(z,Q]" 1 



2(i-<) z[i™/(z,C)]' ^/( Z 'C) [^/(*,C)]' 

implies ^_ Z S- -<^ zTH^TCzCW 1 z ^ U, ^ £U and q{z,Q — jz^ * s ^e &es^ dominant. 

Proof. In order to prove the theorem, we shall use Lemma 1.1. For that, we show that the necessary 
conditions are satisfied. 

Let the functions 9 : C — > C and <f> : C — > C with 

0(tu) = to (2.5) 
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and 



<j>{w) 



1 



w + 1 



(w) ? 0. 



(2.6) 



We check the conditions from the hypothesis of Lemma 1.1. For (3 = 1, 7 = 1, we have Re [1 • q(z, £) + 1] = 



Re ( jz^r + 1 ) = Re 1 _ zC > 0, hence condition (i) is satisfied 



Let r (*, = i*,(i,o+i = I 7& 1 = — • We havc Re ^^ = Re I ^ 11 - 



1-zC 



r(z,0 



(ii) is satisfied. 
We consider 






P{z,() = 



z[L?f(z,Q] 



-, z€U, (<=U. 



Re jir^i > 0, hence condition 



(2.7) 



Using (1.3) in (2.7), we obtain 



p(*,0 = 



(7+1)" 



i+Er= n+ it#i^ a *(o^ 



v *;-i 



i + E* 



(7+1) 



^a fe (C)fcz 



fe-i 



i+Er=„ + iP^^(o^ 



y fe-i 



sk=n+l (f+k 

Since p(0, C) = 1, we have p(z, () e [1, 1] n Qq. Differentiating (2.7) and after a short calculus we obtain 



p(z,Q + 



zp'(zX) = L™f(z,Q [L™f(z,Q]' [L™f(z,Q]» 

p(z,0 + l z[L™f{z,Q]' L™f(z,() ' [L?f(z,0]' 



1. 



(2.8) 



(2.9) 






Using (2.9) in (2.4), the strong differential superordination becomes 2 (i-zC) ~^^p( z >0 + X O+i • 



From Lemma 1.1, we have q(z,Q -<-< p(z,Q, i.e., jzjr -<-< z r Lm j/ z ^1 
the best subordinant. ■ 



£?/(*,0 



7 , z e 17, ( eU and g(z, C) 



1 + 2C 
1- Z ( 



Theorem 2.2 Lei h(zX) = c ^ , be a convex function in U, for all (e [/, with h(0) = 1. Suppose that the 
Briot-Bouquet differential equation 

zq'(z,() _ C-3z 



q(z,Q + 

has an univalent solution q(z,() — tjt > that satisfies 7^-7, -<-< ^~°' 



Ifp(z, C) = Hmf z ( r zX) e [1, 1] n Q c safe/ies 



<z(z,C) + i C + ^ 

C+z C+z ' 



(2.10) 



[ff m /(z,C)] 2 #"*/(*, C) 



^^ 



C-3z 



(2.11) 



i/ien fr ^^ Axf j z E U, ( G E7 and q(z,C) — fepf * s ^ e ^ es ^ dominant. 



Proof. In order to prove the theorem, we shall use Lemma 1.2. For that, we show that the necessary 
conditions are satisfied. 

After a short calculus we obtain 



Re 



1 



zh"(z,Q 



Re 



h'(z,() 

zq"(z,Q 



He I 4—^ 1 >0, ze t/, Ce U. 



C + z 



The function g(z, £) — 7-rf is the univalent solution of equation (2.10), hence 



We consider 



<?'(*, C) 



p(*,0 



= Rc 



1 - 



2z 



>0. 



H m f(z,() 



(2.12) 



(2.13) 



(2.14) 



Z r +Y.T=T+1 ( r+ fc)m a fc(C)z _ _ | ; ^00 (r + 1)"' ^ (f^^k-T 



Using (1.5) in (2.14), we obtain p(z, C) = - ' ^*- +M;+*>-""'- = l+£~ r+1 t£sfc°*(0* ■ Since p(0,C) 
1, we have p(z, £) G C[l> 1] ^ Qc- Differentiating (2.14) and after a short calculus we obtain 

zp'(z,0 H m f(z,0 , z r+1 [#"7(^,0]' rz r 



p(«.0 + 



p(«,C) + i 



[#™/(z,C)] 2 H^f(zX)' 



(2.15) 
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Using (2.15) in (2.11), the strong differential supcrordination becomes 



(2.16) 



From Lemma 1.1, we have Jf ^^ Mi z G U, C G U and q(z, () = j— - is the best dominant. 



Theorem 2.3 Let hi(z,Q — i+ff an ^ ^(zX) = 1 + 7- be convex in U, for all ( e [/, with hi(0,Q = 
^•2(0, C) = 1- ^ e ^ 7 G C, A 7^ 0, with RC7 > 0, and the functions defined by q\{z, Q = — 1 -\ — ^ • cti(z, £)> where 
cri(z, C) is given &y 

°^) = [^dt (2.17) 



and <? 2 (z, C) = 1 + ^ • T' Z G U > C ' eU - 

H m f(z£)[H™f(zX)]' e [l^lnQ and H m f(zX)(H™f(z,C))' , _(.//'" ./V- -O )']- ././'" J( : -Qi ././'"/(:., i)" 

^ r ~ ' I2J-1 — is univalent in U , for all ( G U , then 



Iff(z,() G A((r), »"-n*,W-n*,<.>Y e [l,l]nQ c , anrf — _ ,-.„ ;: --^- 



7fz i 



^TZ^ 



■"yrz* 



1-zC j (2-2r)H m f(z,0(H m f(z,()Y , [(#"7M)T + H m f(z,0(H m f(z,())" - z 2 



l + z( 



^^ 



r yrz z 



jrz z 



--1+-, (2.18) 



g'"/( ^ ,C)(g"'/( Z ,C)) , 



implies — 1 + -3f(Ti(z, £) -<-< 

TTie functions qi(z,C) = 
i/ie 6esi subordinant and best dominant 



-<-<! + ^|_ ' %) w/iere ci(^)C)> flwen & 2/ (2-17), z eU, ( G £/. 



TTie functions qi(z,Q = — 1 + "^rCi^O and 52(^5 C) = 1 H — +2 ' T" are convex an d they are respectively 



Proof. In order to prove the theorem, we shall use Lemma 1.3. For that, we show that the necessary 



conditions are satisfied. Re 
U, ( G U we put 



1 



h[(z,0 



= Re ^pf| > 0, zeU, ( G U and Re 



1 



K(z,Q) 



H m f(z,C)(H m f(z,Q)' ._,- _,-. 
P(2,C) = ._ ■■->,- 1 > z€U, C G (7. 



,2r-l 



= Rc2 > 0, z G 
(2.19) 



Using (1.5) in (2.14), we obtain p{z,Q = 1 (T+ ' J ^^ + (7+ ' *■ = 



l + Er=, + igS-« fc (C)^j [r + EZr + im^^Okz k ' r _ . 

Since p(0, £) = 1, we have p(z, C) G ([I, 1]HQ(. Differentiating (2.14), and after a short calculus we obtain 

z^(z,c) (2 - 2r)g m /(z, o(g m /(^ oy , [(#"7(3, o)f + g m /(^ o(g m /(^ or (oon . 

Using (2.20) in (2.18), we have 

1-zS 



•jrz 



«p{z,Q + 



zp/{zX K <l+ z ^,zeU,(eU. 

7 C 



l + z( 
Using Lemma 1.3, we have —1 H — -!fo~i(z,Q -<-< L-i 



(2.21) 



■<-< 1 + - J - ■ — 



Example 2.1 let 7 = 1, m = 1, r = 3, /(«,<) = x 3 + x 4 (, H x {z,Q = f J ^(* 3 + * 4 C)^ = |^ 3 + f z 4 

p(*> = r e + r z+ 1J rt z2 ' p^ + V(2, = | + H^+ If^ 2 ' fli(*. = -1 + M ^ 1 , Q2(z, = 1 + fj- 

From Theorem 2.3, we have ~ Z S -<-< § + jiz-\ — ^-z 1 -<-< 1 + |j implies — 1 + 



^±±^^iz 3 +fz 4 ^ 



1 + Ij, «ei/; cgc/. 
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